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Abstract

This thesis aims to study quantum transport in one-dimensional and quasi one-dimensional lat-
tice systems. The first part deals with non-interacting fermions showing long-range power-law
decaying hopping on an open one-dimensional lattice subjected to dephasing noise. Firstly, the
steady-state transport driven by boundary baths has been explored by finding the scaling of current
with system size. Subsequently, time dynamics is studied by investigating wave-packet spreading.
Both of these help to classify transport in the system. Universal super-diffusive transport is ob-
served in the numerical simulations. Analytical calculations support the results obtained. The next
part of the thesis deals with ladder set-ups, which are quasi one-dimensional systems. Fermionic
transport has been studied in primarily two set-ups: (i) symmetric hopping in the ladder in the pres-
ence of a gauge field and (ii) asymmetric hopping in the two legs of the ladder. Transfer matrices
and their exceptional points have been studied owing to their connection with transport, and previ-
ously known relations in one dimension are generalized to a ladder set-up. A transport-based phase
diagram with the phase boundaries corresponding to the exceptional points has been obtained.
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Introduction

Thermodynamics is the study of systems with a large number of degrees of freedom. An equilib-

rium state has all the macroscopic observables at a steady value with vanishing fluctuations in the

thermodynamic limit. A small number of state variables like internal energy, temperature, pres-

sure, entropy, etc completely describe the macrostate. Left to themselves, generic chaotic systems

(usually) relax to an equilibrium state, forgetting their initial condition. An equation of state re-

lates state variables of a system, describing the system in a given thermodynamic phase. All of

this comes under equilibrium thermodynamics. Non-equilibrium thermodynamics, as the name

suggests, aims to describe a system that isn’t in equilibrium. For instance, a system relaxing to

an equilibrium state is essentially a non-equilibrium system, although describing such a system,

in general, is a difficult problem. Therefore, for simplicity, one tends to describe systems near

equilibrium where linear response theory might be applicable. Another class of non-equilibrium

systems includes steady states. Here, a steady macroscopic current flows through the system by

virtue of some gradient, but all the physical observables are at steady time-independent values.

For instance, consider an iron rod with two ends subjected to different temperatures. Provided

that the boundary temperatures are fixed by some large baths, the rod will develop a steady heat

current very soon, flowing from the hot end to the cold end. These non-equilibrium steady states

(NESS) are essential for understanding transport phenomena in the system. Transport is described

by some equations, such as the diffusion equation, and is associated with transport coefficients like

diffusivity, heat conductivity, etc.

One can also study similar notions in quantum systems, which comes under Quantum Thermo-
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dynamics. Quantum systems are unique because of the possibility of coherence and entanglement.

Understanding quantum systems is crucial to fuel advancement in quantum technologies. Real

quantum systems can’t be isolated from the environment, leading to dissipation and decoherence.

This is a major challenge in quantum computing, demanding a good understanding of open quan-

tum systems to prolong or optimally manage it. However, it must be mentioned that dissipation

isn’t always a problem; for instance, the environment enhances transport in otherwise no-transport

regimes [1–3]. Quantum transport is an essential part of non-equilibrium quantum thermody-

namics and involves the transport of particles, energy, magnetization, etc, driven by the gradient

provided by the boundary baths. A prototypical setup for studying quantum transport involves the

central system of interest described by the Hamiltonian HS, coupled to baths at its left and right

ends via coupling Hamiltonians HSL and HSR respectively, as shown in the Fig. 1. The baths are

themselves described by their Hamiltonians HL and HR. This describes a boundary-driven system,

and the total Hamiltonian describes the full system:

H = HS +HL +HR +HSL +HSR

Figure 1: A schematic diagram of a boundary-driven open system

The system’s Hamiltonian could contain interactions, coupling with baths could be non-linear,

etc. Moreover, the system could be periodically driven, which would break the conservation of

energy. All these lead to interesting transport steady states, but can usually be only approximately

solved. In this thesis, we will mainly concern ourselves with non-interacting system Hamiltonians.

It is found that these can also be very interesting due to the interplay of coherence in the system

and the dissipation by the environment. Understanding the simpler case is essential to move on
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to complicated cases. The system could also be coupled to multiple baths, and this case is also

investigated.

This thesis is organized as follows. In Chapter 1, we briefly discuss some preliminaries to

provide some background. In Chapter 2, the non-equilibrium Green’s function (NEGF) technique

is used to calculate conductance for a noisy long-range hopping one-dimensional setup driven

by boundary baths. In Chapter 3, the Lindblad master equation approach is used to model the

dephasing probes, and the spread of excitation is studied. A derivation for the fractional diffusion

equation [4] describing the anomalous transport in the system is presented. In Chapter 4, we

calculate conductance for various ladder setups and derive an analytical formula in terms of the

transfer matrix. In Chapter 5, we conclude by presenting a summary of the main results of the

work.
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Chapter 1

Preliminaries

Here, I will briefly introduce some important concepts and formulas that will be frequently used

afterwards in the thesis. In the first section, we discuss the Landauer-Buttiker formalism, which

is useful for studying transport in mesoscopic systems, where the quantum effects are important.

Next, we briefly discuss the construction of transfer matrices and some of their basic properties.

1.1 Landauer-Buttiker Formalism

The Landauer-Buttiker formalism relates a system’s conductance to the transmission which is a

local property [5]. We will be dealing with a non-interacting system, but a generalization for the

interacting case exists [5]. The analytical derivation of the formula is derived in terms of non-

equilibrium Green’s functions, using the equation of motion approach [6]. We first discuss the

Landauer formula, which is applicable when the system is coupled to two boundary baths. Then,

we discuss the Landauer-Buttiker formula where multiple baths are connected to the system.
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1.1.1 Landauer Formula

Consider an open system as shown in Fig. 1. The non-equilibrium steady state (NESS) fermionic

current is given by:

I =
Z dw

2p
T (w)[ fL(w)� fR(w)] (1.1)

Here, we consider spinless fermions, and there is a factor of e
} multiplying the above expression

but is set to 1 because we set e = } = 1. T is known as the transmission function and given by

T (w) = Tr[Gr(w)GL(w)Ga(w)GR(w)] and

Gr/a(w) =
1

w �HS �Sr/a
L �Sr/a

R

(1.2)

are the retarded/advanced Green’s functions of the system in the presence of baths. The re-

tarded/advanced self energies Sr/a
L/R(w) and the bath spectral density functions GL/R(w) are given

by:

Sr/a
L/R(w) = HSL/SRgr/a

L/R(w)H†
SL/SR (1.3)

GL/R(w) = i(Sr
L/R(w)�Sa

L/R(w)) (1.4)

Here, gr/a
L/R is the retarded/advanced Green’s function for the isolated bath. The Fermi-Dirac dis-

tribution gives the average occupation of the left or right bath fL/R(w) as we study fermionic

transport. This takes into account the chemical potential µL/R and the temperature TL/R of the

boundary baths.

When calculating current exactly via the NEGF approach described above, we will mostly

be concerned with the zero temperature conductance in the linear response regime unless stated

otherwise. This leads to several simplifications as discussed below [7]. Firstly, assuming that only

the two boundary sites are connected to the reservoir, say site 1 and M, we have the transmission

function simplified to
T (w) = GL(w)GR(w)

��Gr
1,M(w)

��2 (1.5)
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Now, taking zero temperature, we get a simplified form for the average occupation, giving:

I =
Z µR

µL

dw
2p

T (w) (1.6)

Furthermore, taking the linear response assumption with µL = µ and µR = µ � dµ , we get the

conductance G = I /DV where DV = µL�µR
e , as:

G (µ) = G0T (µ) = G0GL(µ)GR(µ)
��Gr

1,M(µ)
��2 (1.7)

where G0 = e2/2p} = 1/2p is the universal quantum conductance. We will take the wide-band

limit for the self-energy unless stated otherwise, making the spectral density functions GL/R(w)

independent of w , i.e., GL/R(w) = gL/R.

1.1.2 Landauer-Buttiker Formula

We will now discuss a more general case where the system is connected to multiple baths. Now,

we can index the baths, and the average current flowing out of bath n is given by [8]:

In = Â
a

Z dw
2p

Tna(w)[ fn(w)� fa(w)] (1.8)

Now, the transmission function is given by Tna(w)= Tr[Gr(w)Gn(w)Ga(w)Ga(w)], and fn(w)=
⇣

1+ ebn (w�µn )
⌘�1

is the occupation of the n-th bath, and

Gr/a(w) =
1

w �HS �Âa Sr/a
a

(1.9)

are the retarded/advanced Green’s functions of the system in the presence of baths.

We will be concerned with a specific situation where all the sites are connected to dephasing

Buttiker voltage probes in addition to the boundary baths. The Buttiker probes can be modeled as

baths in a self-consistent state such that no average current flows into them in a steady state. Let the
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coupling with the boundary baths be gL/R, and let there be uniform coupling of gp with the Buttiker

probes. The exact solution in the linear response regime is provided in [3] and the conductance is

given in terms of W matrix given by:

W =

0

BBBBB@

Âa 6=1
R •
�• T1a(e)

⇣
� ∂ feq(e)

∂e

⌘
de �

R •
�• T12(e)

⇣
� ∂ feq(e)

∂e

⌘
de �

R •
�• T13(e)

⇣
� ∂ feq(e)

∂e

⌘
de . . .

�
R •
�• T21(e)

⇣
� ∂ feq(e)

∂e

⌘
de Âa 6=2

R •
�• T2a(e)

⇣
� ∂ feq(e)

∂e

⌘
de �

R •
�• T23(e)

⇣
� ∂ feq(e)

∂e

⌘
de . . .

�
R •
�• T31(e)

⇣
� ∂ feq(e)

∂e

⌘
de �

R •
�• T32(e)

⇣
� ∂ feq(e)

∂e

⌘
de Âa 6=3

R •
�• T3a(e)

⇣
� ∂ feq(e)

∂e

⌘
de . . .

. . . . . . . . . . . .

1

CCCCCA

(1.10)

Setting the temperature of the boundary baths and the probes to zero simplifies the form of W

matrix as follows:

W =

0

BBBB@

Âa 6=1 T1a(µ) �T12(µ) �T13(µ) . . .

�T21(µ) Âa 6=2 T2a(µ) �T23(µ) . . .

�T31(µ) �T32(µ) Âa 6=3 T3a(µ) . . .

. . . . . . . . . . . .

1

CCCCA
(1.11)

The conductance is then given by G (µ) = G0Te f f (µ), where the effective transmission function

is:
Te f f (µ) = TRL(µ)+Â

n j
TRn(µ)W �1

n j T jL(µ) (1.12)

The Buttiker probes effectively mimic the incoherent dephasing effects present in the system due

to coupling with the environment or interactions in the system.

1.2 Transfer Matrices

In this section, we’ll introduce transfer matrices and their basic properties. Given a Hamiltonian,

one can construct the transfer matrix corresponding to it, which is a non-Hermitian matrix, having

pseudo-Hermitian property, i.e., its eigenvalues are either purely real or occur as complex conjugate

pair(s). This comes from the anti-linear nature of the transfer matrix [9].

There is a deep connection between the spectrum of the Hamiltonian and the eigenvalues of the

transfer matrix, which will be explained in Section 4.2. To illustrate the construction of a transfer
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matrix, consider a simple fermionic nearest neighbor tight-binding Hamiltonian:

H = �t
N�1

Â
m=1

c†
mcm+1 +h.c. (1.13)

Let
⇣

y1 y2 · · ·yN

⌘T
denote the energy eigenstate in site basis. Let the corresponding energy

be e . Then, from the time-independent Schrodinger equation, we have:

eyn = �tyn+1 � tyn�1 (1.14)

=) yn+1 = �e
t

yn �yn�1 (1.15)

The above equations can be written in terms of the transfer matrix as follows:

 
�e/t �1

1 0

! 
yn

yn�1

!
=

 
yn+1

yn

!
(1.16)

An exceptional point (EP) of a matrix is when some of the eigenvectors and the eigenvalues coa-

lesce. This is different from degeneracy, where only the eigenvalues become equal. The order of

EP is the number of eigenvectors that coalesce. In our example, for e = ±2t, one gets 2nd order

exceptional point. Exceptional points are known to be ubiquitous in many physical problems [10],

and we will see their role in quantum transport later.

9
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Chapter 2

Quantum transport in 1D Long-range

hopping Lattice

In this chapter, we will study the long-range hopping of fermions in a 1D lattice subjected to de-

phasing noise. We would first study the non-equilibrium steady state (NESS) due to driving by the

boundary baths at zero temperature and in the linear response regime. Landauer-Buttiker formal-

ism is used to calculate the conductance, modeling the dephasing noise via coupling to Buttiker

probes. Universal superdiffusive transport is observed for strong coupling to the probes, which

crosses over to diffusive transport as a function of the long-range parameter a . This is confirmed

by plotting the chemical potential profiles. Subsequently, the transition to super-diffusive scaling

is understood by tuning the probe coupling from weak to strong.
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Figure 2.1: A schematic of long-range hopping in a fermionic lattice subjected to dephasing mod-
eled by Buttiker probes connected at each site.

2.1 Long Range Hopping Chain

The Hamiltonian for the long-range hopping lattice chain is given by

HS = �
N

Â
m=1

N�m

Â
r=1

1
ma c†

r cr+m +h.c. (2.1)

where a is the long-range exponent. Here c†
r is the fermionic creation operator at the r-th site,

and cr is the annihilation operator. The above Hamiltonian can be diagonalized assuming periodic

boundary condition/taking thermodynamic limit, by going to the Fourier space defining operators

c†
k and ck. Here, we can prove that:

Â
r

c†
r cr+m = Â

k
eikmc†

kck (2.2)

We finally get the dispersion relation as:

e(k,a) = �2
•

Â
m=1

m�acos(mk) (2.3)

The above is convergent for all k for a > 1. The lower and upper band edges are given by Rie-

mann’s zeta function and Dirichlet’s eta function. [7]

Buttiker dephasing probes are connected to each site of this chain, in addition to the boundary

baths attached to the ends of the chain as schematically shown in Fig. 2.1. The linear response

conductance is calculated using the Landauer-Buttiker formalism.

12



Figure 2.2: Figure for the lattice dispersion relation as given in Eq. 2.3 for different values of long-
range exponent a .

First, we would look at the system size scaling of conductance at large system sizes for strong

coupling to the probes. Here, due to the extensive broadening of the energy levels, we get a

universal scaling exponent independent of the chemical potential of the boundary baths, depending

only on the long-range parameter a .

2.2 Strong Probe Coupling

For a . 1.5, a super-diffusive scaling is observed for conductance for large N for sufficiently high

coupling with the probes. A crossover to diffusive scaling is observed for a > 1.5, making it an

effectively short-ranged model. This is shown by the plot below (Fig. 2.3), which was obtained by

numerically simulating the conductance given by the Landauer-Buttiker formula. The plot includes

two gp values, 100 and 1000, for comparison. The scaling is very nearly independent of µ; hence,

13



when plotting, an average is taken over some chosen µ values. I have also plotted the error bars

using the standard deviation about the average. It is observed that the error bars nearly vanish

for gp = 1000. Also, even for gp = 100, error bars are found to rapidly decrease as a increases.

This could be because of a reduction of the bandwidth of the system’s spectrum as alpha increases,

leading to less variation with µ . In summary, the universal a dependent super-diffusive exponent

is realized for strong coupling to the probes.

Figure 2.3: The transition from superdiffusive to diffusive regime as a is increased for gp =
100,1000. The Conductance G ⇠ N�d (N upto 5431) and g = 1 (same for left and right baths).
Average is taken with selected µ spanning the whole band, and error bars tell the standard devia-
tion.

.

To investigate the critical ac, beyond which transport becomes diffusive, we went for larger
system sizes (upto N = 16384). The results are as tabulated below:

14



a µ N = 5431 N = 16384 a µ N = 5431 N = 16384

1.1 -20.67 0.2334684435 0.2279934851 2.2 -2.48 0.9999260341 0.9999629184

1.2 -10.68 0.3995437221 0.3993140798 2.5 -2.18 1.000149493 1.000071058

1.3 -7.36 0.5774845175 0.5825519394 2.6 -2.11 1.000174544 1.000082984

1.4 -5.71 0.7418660491 0.7518811974 2.8 -1.99 1.000204027 1.000097007

1.5 -4.72 0.8681394736 0.8805219208 3 -1.90 1.000220011 1.000104605

1.6 -4.07 0.9439254188 0.9539299171 3.2 -1.83 1.000229528 1.000109126

1.8 -3.26 0.9926762827 0.995305777 3.5 -1.75 1.000237732 1.000113024

2 -2.79 0.9990618455 0.9995024461 3.6 -1.73 1.000239521 1.000113871

Table 2.1: Comparizon of a �d plot data for system sizes upto 5431 and 16384. µ is taken to be
0.5 above the respective lower band-edge and gp = 1000

From the table, d ⇡ 2�2a for a < 1.5. This is a surprisingly simple relation. We plot this line

along with more data points in Fig. 2.4.

Figure 2.4: a �d plot with gp = 100,1000, and d is extracted by computing conductance for three
large system sizes, N = 8192, 11585 and N = 16384. with µ taken 0.5 above the lower band edge.
The predicted linear relation for a < 1.5 shows close agreement with numerical results.

15



2.3 Chemical Potential Profile

To ascertain superdiffusive behavior, we calculate the local chemical potential of the Buttiker

probes in the steady state. This controls the number density at each site. The shape of the profile

gives useful information about the nature of transport. We find clear super-diffusive profile for

a = 1.2, and diffusive profiles for a = 2.5 and a = 3.5

(a) a = 1.2 (b) a = 2.5

(c) a = 3.5

Figure 2.5: Chemical potential profile for different a values. The system size is N = 1000, and µ
is chosen to be the middle of the band for all the cases. Dµ = 0.01 (linear response). gp = 1000,
and g = 1, as usual.
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2.4 Weak to Strong Probe Coupling

Linear response conductance (at zero temperature) for a = 1.2,1.3 and 1.8 for different µ values

is extensively analyzed with gp varying from 10�3 to 104. This is done to understand the eventual

approach to a universal a� dependent exponent for strong gp.

10�3 10�2 10�1 100 101 102 103 104

�p

0.0

0.2

0.4

0.6

0.8

1.0

�

µ=-11.6832

µ=-11.1832

µ=-10.6832

µ=-4.8678

µ=0.9477

µ=1.4477

µ=1.9477

� =0.4

Figure 2.6: The variation of conductance exponent d for a = 1.2 with the probe coupling strength
gp for chemical potential µ taking 7 values spanning the band. The exponent is extracted by
fitting for large N (8192,11585, and 16384 are used). For ballistic behavior due to oscillations, the
exponent isn’t plotted.

In Fig. 2.6, we clearly see that for a = 1.2, the conductance exponent d becomes universally

0.4, for gp greater than 100. It is interesting to note that for µ close to the lower band edge, there is

a ballistic to super-diffusive crossover. In contrast, for µ close to the upper band edge, we observe

a diffusive to super-diffusive crossover. This suggests the distinct nature of the two band edges.

We notice a weak superballistic conductance scaling for µ close to the lower band edge (0.5 above
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it). This is discussed in the next section.

10�3 10�2 10�1 100 101 102 103 104

�p

�6

�5

�4

�3

�2

�1

0

1

� µ=-8.3639

µ=-7.8639

µ=-7.3639

µ=-3.1937

µ=0.9764

µ=1.4764

µ=1.9764

� =0.6

Figure 2.7: The variation of conductance exponent d for a = 1.3 with the probe coupling strength
gp. The methodology is same as Fig. 2.6

In Fig. 2.7, we have a plot for a = 1.3. Here, except for a prominent superballistic behavior,

which is discussed later, it is qualitatively similar to the case for a = 1.2. The universal exponent

at strong coupling is ⇡ 0.6.

Fig. 2.8 shows a universal diffusive scaling for strong coupling to the probes. This is expected

as we are now in a > 1.5 regime, which is effectively short-ranged. However, the superballistic

regime is found to be wider for the lower band edge as compared to the upper band edge.
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10�3 10�2 10�1 100 101 102 103 104

�p

0.0

0.2

0.4

0.6

0.8

1.0

� µ=-4.2645

µ=-3.7645

µ=-3.2645

µ=-1.0811

µ=1.1023

µ=1.6023

µ=2.1023

� = 1

Figure 2.8: The variation of conductance exponent d for a = 1.8 with the probe coupling strength
gp. The methodology is same as Fig. 2.6

2.4.1 Superballistic scaling at band edges

Short-ranged models are known to host a superballistic regime for intermediate system sizes when

the chemical potential of the baths is tuned to the band edge of a system in the presence of weak

incoherent effects [11]. The upper band edges, without exception, abide to this rule. Fig. 2.9

shows this for a = 1.2.

But for the lower band edge, we don’t see a superballistic scaling for a = 1.2. However, we

see it at the lower band edges at higher a values, such as 2.5 and 3.5. This suggests that some

transition is happening as a is decreased. To investigate, more simulations were carried out, with

the following results:

For a = 1.3, in Fig. 2.10, we see a weak superballistic scaling, but for gp = 1, which is
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(a) gp = 10�3 (b) gp = 10�2

(c) gp = 10�1

Figure 2.9: Log-log plot of conductance with system size showing superballistic scaling at the
upper band edge (i.e. µ = 1.44765) for a = 1.2 and different values of gp. The slope at large N is
also indicated.
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considerably stronger than the usual probe coupling for observing superballistic scaling. Also, the

superballistic scaling is followed by an almost constant conductance (weakly decreasing). If we

increase gp, the superballistic regime will slowly disappear, and we’ll move on toward the universal

superdiffusive exponent corresponding to the a value.

Figure 2.10: Log-log plot for Conductance vs system size a = 1.3, µ at lower band edge and
gp = 1

Weak superballistic scaling is observed for µ slightly above the lower band edge (i.e. within

the band but close to the lower band edge) as shown in Fig. 2.11. We claim that this is not really

”superballistic” scaling but rather a late onset of ballistic behavior. To substantiate the claim, the

following Fig. 2.12 shows ballistic oscillation after the ”superballistic rise” for a = 1.4. Therefore,

the same can happen for a = 1.2, albeit at even larger system sizes.
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Figure 2.11: Weak super-ballistic scaling above the lower band edge for a = 1.2. µ =�10.683165
and gp = 10�2

Figure 2.12: Log-log plot of conductance with system size for a = 1.4, µ to be 0.5 above lower
band edge and gp = 0.1
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In summary, it is observed that the transport near the lower band edge is influenced by the

transport at the lower band edge, which is subdiffusive (⇠ 1/N2). This may be due to the non-

analyticity at the lower band edge. It is seen in the following ways.

Firstly, the transport below the lower band edge doesn’t quickly go to the value of N�2a , as

it should. A very large system size is probably needed to realize the expected scaling. Secondly,

ballistic behavior is suppressed near the lower band edge within the band edge. This is evident

in the initial 1/N2 scaling of conductance with N in the plot below. The probes are probably

weakening this dependence on the lower band edge. As probe coupling strength is increased, the

probes start to steer the transport towards the universal superdiffusive regime.

2.5 Conductance scaling with probe coupling strength

Now, we look at how conductance scales with the strength of the coupling with the Buttiker probes.

Note that the simulations are done assuming the wide-band limit. This scaling helps us know about

the environment’s role in transport.

The scaling is similar to the one obtained for noisy AAH and GAAH models in [3].1 It is

interesting to note that even a long-range model follows the same scaling as a quasi-periodic short-

range model.

In large gp limit, the conductance goes as 1/g2
p, independent of a or µ . This is known as the

quantum Zeno effect [12] as shown by the following plot:

1In [3], tight-binding self-energy is used, and hence gp there is different from the one used by us, but related. When
this is considered, the scaling is the same
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Figure 2.13: A plot showing the conductance scaling with gp. The plot is representative of all
parameter values, in large gp limit. Here, specifically, N = 1000, µ = 0.91762, and a = 1.1

Scaling for No-transport regimes

It has been found that weak coupling with the probes indeed enhances transport in no-transport

regimes [1–3], which here corresponds to µ outside the band. In addition to scaling as 1/g2
p in the

large gp limit, we find that in the small gp limit, the conductance roughly scales as g2
p. For a = 1.2,

the scaling is a bit less than 2. This could again stem from the non-analyticity of the lower band

edge. Following are the plots for the three a values:
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(a) a = 1.2 (b) a = 2.5

(c) a = 3.5

Figure 2.14: Log-Log plot for conductance vs gp for different a values in a no-transport regime.
The system size is N = 1000, and µ is chosen to be 0.5 less than the lower band edge. g = 1, as
usual.
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Chapter 3

Excitation Dynamics in 1D Long-range

hopping Lattice

In this chapter, we will look at the same long-range hopping system, but we will model the de-

phasing by the probes using the Lindblad master equation. It is known to show anomalous super-

diffusive transport in the same parameter regime 1 < a < 1.5, and diffusive transport for larger

values of a [13]. We will use unitary unraveling of the master equation to study excitation spread-

ing in the system numerically. Wavepacket dynamics has been used to study transport in other

systems as well [14]. The results are presented and subsequently supported by analytical calcula-

tions.

Consider the same long-range power-law decaying hopping free fermionic Hamiltonian:

HS = �
N

Â
m=1

N�m

Â
r=1

J
ma c†

i ci+m +h.c. (3.1)

Zeno-type dephasing is added at each site of this chain as shown in Fig. 3.1 We model the system

via Lindblad formalism. We will set J = 1. The time evolution of the density matrix is given by:
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Figure 3.1: A schematic of long-range hopping in a fermionic lattice subjected to Lindblad de-
phasing.

dr(t)
dt

= �i[HS,r(t)]+ gp

L/2

Â
j=�L/2

✓
n jr(t)n j �

1
2
{n2

j ,r(t)}
◆

(3.2)

3.1 Unitary Unraveling

The master equation 3.2 describes the evolution of the density matrix, whose dimension is N 2

if N is the Hilbert space dimension. This becomes very large as the number of sites increases.

Therefore, an effective way to numerically simulate such an evolution is by using unitary unravel-

ing [15, 16]. Here, we work with a stochastic Hamiltonian, where the noise takes into account the

effect of the environment. Subsequently, we must do an average over all the noise trajectories to

extract physical quantities. In the limit of a large number of trajectories, the two approaches can

be shown as equivalent.

The time evolution operator is given by:

Û(t +dt, t) = e�iĤdt�i
p

gpdt Âi hi(t)n̂i (3.3)

Here, hi(t) is delta-correlated Gaussian white noise with unit variance. The time step dt must be

less than all the time scales present in the system. For our case, we require dt ⌧ min{J�1,g�1
p };
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Consider a one-dimensional lattice of length N = 2l + 1 with lattice points from �l to l. We

will study the spread of a density excitation. We start with a single particle at the middle site, i.e.,

at 0, and let the system evolve. Eq. 3.2 doesn’t change the number of particles in the system. In

this sense, we can understand it as a continuous monitoring of local number density. Also, notice

that because the Lindblad jump operators are Hermitian, it can be shown that r• = 1
N 1 is a steady

state, and hence the time dynamics will converge to this state. This is the infinite temperature state,

as all the states are equally likely. But, we are interested in the dynamics and not the steady-state

solution.

We’ll study the time dynamics of the probability distribution. This tells us how the excitations

locally relax, which is exactly how a closed system approaches the equilibrium situations. Because

our system is discrete, we deal with discrete probability distributions, also known as probability

mass functions. It is given by the corresponding element of the single particle propagator, as

follows:
P(i, t) =

��Ui,0(t,0)
��2 (3.4)

As mentioned, the probability is obtained by averaging over the probabilities obtained from all the

noise trajectories. In the next section, we present the results of the numerics.

3.2 Numerical Results

We simulate the system with the number of lattice points N = 201. It is ensured that there are no

significant boundary effects by remaining in a time window. Therefore, we consider long times

but staying within the window. The regime of transport is found by extracting the spatio-temporal

scaling dependence. If x ⇠ tb , then b will tell us about the regime of transport. The probability

distribution function will be given by:

P(x, t) = (Dt)�b K
✓

x
(Dt)b

◆
(3.5)
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Here, K is a scaling function dependent only on one variable, namely x/(Dt)b , and D is a general-

ized diffusion coefficient. If we accordingly scale the x� and y� axis, we would see a collapse of

trajectories at different times for the correct scaling exponent b .

Transport regimes can be identified based on the value of b . b = 1 holds for ballistic transport,

b = 0.5 for diffusive transport. For b < 0.5, we are in the sub-diffusive regime, while for 0.5 <

b < 1 is the super-diffusive regime (but sub-ballistic). b > 1 is super-ballistic. Generally, for short-

ranged models, a diffusive regime is expected for sufficiently large coupling with the dephasing

probes [17, 18]. Now, we will look at the results for the long-ranged model:

The results for a = 1.2 and a = 1.8 are in the Fig. 3.2 and Fig. 3.3 respectively. We notice that

we have a super-diffusive scaling exponent for a = 1.2, while a diffusive exponent for a = 1.8

A Gaussian scaling function fits the bulk for a = 1.8, but heavy tails are observed deviating

from the Gaussian function. Also, collapse in the tail is not as good as the bulk. Fig. 3.4 shows the

Gaussian fit for the bulk.

3.3 Fractional Diffusion Equation: Microscopic derivation

The high dephasing gp in Eq. 3.2 renders the transport classical. Using the renormalization tech-

nique [19], we will see how such a classical master equation arises. We will adapt the procedure

given in [20].

Consider the equation of motion of Dm,n(t) ⌘
⌦
a†

m(t)an(t)
↵
:

d
dt

Dm,n(t) =iJ Â
l 6=0

✓
Dm,n+l(t)�Dm+l,n(t)

|l|a

◆
+ gp (dm,n �1)Dm,n(t) (3.6)

We change the variables to t = gp t, and work in the strong dephasing limit i.e., gp � J where
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Figure 3.2: Scaling collapse for a = 1.2, gp = 50, and N = 201 lattice sites. Noise averaging is
done over 60 noise trajectories. The black curve is the analytical function fitting the collapse very
well. The exponent b = 1/(2a �1) for 1 < a < 1.5, and the form of Da is discussed in the text.
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Figure 3.3: Scaling collapse for a = 1.8, gp = 50, and N = 201 lattice sites. Noise averaging is
done over 60 noise trajectories. It is noted that the tails don’t collapse with the scaling used, but the
bulk shows a diffusive collapse. The analytical function (with corrections) used here is specifically
for time t = 160, and is elaborated further in the text, along with form for Da

.
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Figure 3.4: Scaling collapse for a = 1.8, same as Fig. 3.3. A Gaussian function is found to be a
good fit in the bulk. Heavy tails are clearly seen, which are not captured by the Gaussian function
and corrections are required, as discussed in the text.
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recall that J is the hopping strength. el =
Jg�1

p
la , l � 1. We will expand in terms of a small parameter

e = Â
l�1

el, (3.7)

which converges for a > 1. We then receive,

d
dt

Dm,n(t) =i Â
l 6=0

e|l|

✓
Dm,n+l(t)�Dm+l,n(t)

◆
+lm,nDm,n(t) (3.8)

where lm,n = dm,n �1. Now, expanding Dm,n(t) in powers of e , we have

Dm,n(t) = D(0)
m,n(t)+ e D(1)

m,n(t)+ e2 D(2)
m,n(t)+ ... (3.9)

Substituting this in Eq. (3.8), and matching order by order, we get:

d
dt

D(0)
m,n(t) =lm,nD(0)

m,n(t) (3.10)

e d
dt

D(1)
m,n(t) =e lm,n D(1)

m,n(t)+ i Â
l 6=0

e|l|

⇣
D(0)

m,n+l(t)�D(0)
m+l,n(t)

⌘
(3.11)

e2 d
dt

D(2)
m,n(t) =e2lm,nD(2)

m,n(t)+ i Â
l 6=0

e|l|e
⇣

D(1)
m,n+k(t)�D(1)

m+k,n(t)
⌘

(3.12)

... (3.13)

ea d
dt

D(a)
m,n(t) =ealm,nD(a)

m,n(t)+ i Â
l 6=0

e|l|ea�1
⇣

D(a�1)
m,n+k(t)�D(a�1)

m+k,n(t)
⌘

(3.14)

34



which gives,

d
dt

D(0)
m,n(t) =lm,nD(0)

m,n(t) (3.15)

d
dt

D(1)
m,n(t) =lm,nD(1)

m,n(t)+
i
e Â

l 6=0
e|l|

⇣
D(0)

m,n+l(t)�D(0)
m+l,n(t)

⌘
(3.16)

d
dt

D(2)
m,n(t) =lm,nD(2)

m,n(t)+
i
e Â

l 6=0
e|l|

⇣
D(1)

m,n+l(t)�D(1)
m+l,n(t)

⌘
(3.17)

... (3.18)
d

dt
D(a)

m,n(t) =lm,nD(a)
m,n(t)+

i
e Â

l 6=0
e|l|

⇣
D(a�1)

m,n+l(t)�D(a�1)
m+l,n(t)

⌘
(3.19)

Let us now consider the initial condition to be such that Dm,n(t = 0) = D(0)
m,n(t = 0). This makes

D(a)
m,n(t = 0) = 0 for all a > 0. Solving the 0th order equation, we have

D(0)
m,n(t) =Am,nelm,nt , (3.20)

D(1)
m,n(t) =

ielm,nt

e

Z t

0
dt 0 e�lm,nt 0 Â

l 6=0
e|l|

⇣
D(0)

m,n+l(t
0)�D(0)

m+l,n(t
0)
⌘
. (3.21)

Now, substituting the 0th order solution into 1st order equation, we get for the diagonal and non-

diagonal elements of D(1)
m,n(t) as

D(1)
m,m(t) =

i(1� e�t)

e Â
l 6=0

e|l|
�
Am,m+l �Am+l,m

�
(3.22)

D(1)
m,m+b(t) =

ite�t

e Â
l 6=0,�b

e|l|
�
Am,m+b+l �Am�l,m+b

�

+
i(1� e�t)e|b|

e
�
Am,m �Am+b,m+b

�
(3.23)
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Now, because we are interested in the populations (upto 2nd order), we focus on D(2)
m,m(t)

D(2)
m,m(t) =

i
e

Z t

0
dt 0 Â

l 6=0
e|l|

⇣
D(1)

m,m+l(t
0)�D(1)

m+l,m(t
0)
⌘

(3.24)

=
2t
e2 Â

l 6=0
e2
|l|
�
Am+l,m+l �Am,m

�
+ (Convergent term in t) (3.25)

Therefore, collecting the terms upto the second order, the complete solution for Dm,m is given by,

Dm,m(t) ⇡Am,m + i(1� e�t)Â
l 6=0

e|l|
�
Am,m+l �Am+l,m

�

+2t Â
l 6=0

e2
|l|
�
Am+l,m+l �Am,m

�
+ (Convergent term in t)

(3.26)

The first term of the second order term diverges with t ! •. Therefore, we need to cancel the

divergence by introducing a parameter t 0 and changing Am,m ! Am,m(t 0) and get:

D0
m,m(t,t 0) ⇡Am,m(t 0)+ i(1� e�t)Â

l 6=0
e|l|
�
Am,m+l �Am+l,m

�

+2(t � t 0)Â
l 6=0

e2
|l|
�
Am+l,m+l(t 0)�Am,m(t 0)

�

+ (Convergent term in t)

(3.27)

The condition we impose is:
d

dt 0 D
0
m,m(t,t 0)

���
t=t 0

= 0 (3.28)

This gives us the following equation for Am,m(t):

d
dt

Am,m(t) = 2 Â
l 6=0

e2
|l|

✓
Am+l,m+l(t)�Am,m(t)

◆
(3.29)

Now, Dm,m = Am,m and since Am,m is a function of t , so is Dm,m. This gives us the following:

d
dt

Dm,m(t) = 2 Â
l 6=0

e2
|l|

✓
Dm+l,m+l(t)�Dm,m(t)

◆
(3.30)
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Transforming back to the time variable t as t = gpt, we get:

d
dt

Dm,m(t) =
2J2

gp
Â
l 6=0

✓
Dm+l,m+l(t)�Dm,m(t)

|l|2a

◆
. (3.31)

The above is exactly the classical master equation that is phenomenologically argued via Fermi’s

golden rule [21,22]. This completes a microscopic derivation leading to no phenomenological free

parameter. In a continuum, Eq. 3.31 becomes a fractional diffusion equation for some regime of a

values, leading to anomalous superdiffusive transport in that regime, as shown in the next section,

where we expand on the calculations in Ref. [21].

3.4 Solving the Classical Master Equation

Consider the following general classical master equation describing hard-core particles.

∂t f j(t) = Â
i 6= j

(Wi! j fi(1� f j)�Wj!i f j(1� fi)) (3.32)

The transition rates Wi! j are determined by the microscopic Hamiltonian via our derivation using

renormalization in section 3.3. This gives:

Wi! j =Wj!i =
l

|i� j|2a (3.33)

Here, l�1 is a characteristic time scale determined by the evolution of the system in the presence

of probes. As calculated in the previous section l = 2J2

gp

Therefore, now the classical master equation becomes:-

∂t f j(t) = Â
i 6= j

Wi! j( fi � f j) (3.34)
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Let

W (k) =
L/2

Â
i� j=�L/2,i6= j

e�ik(i� j)Wi! j (3.35)

then we have,
Wi! j =

1
L+1 Â

k
eik(i� j)W (k) (3.36)

Here, k = 2pn/L with n = �L/2, · · · ,L/2. Starting with RHS of Eq. 3.34, we get:

Â
i 6= j

Wi! j( fi � f j) =
1

(L+1)2 Â
i6= j

Â
k,k0

(eik(i� j)W (k)eik0i f (k0)� eik(i� j)W (k)eik0 j f (k0)) (3.37)

=) =
1

(L+1)2 Â
k,k0

(e�ik jW (k) f (k0)Â
i6= j

ei(k+k0)i � ei(k0�k) jW (k) f (k0)Â
i6= j

eiki) (3.38)

=) =
1

L+1 Â
k,k0

(e�ik jW (k) f (k0)dk+k0,0 � ei(k0�k) jW (k) f (k0)dk,0) (3.39)

=) =
1

L+1
(Â

k
e�ik jW (k) f (�k)�Â

k0
eik0 jW (k = 0) f (k0)) (3.40)

=) =
1

L+1
(Â

k
eik jW (�k) f (k)�Â

k
eik jW (k = 0) f (k)) (3.41)

=) =
1

L+1 Â
k

eik j(W (k)�W (k = 0)) f (k) (3.42)

We got the above by noting W (k) = W (�k). Now, taking Fourier transform on both sides of Eq.

3.34, we get:
∂t f (k, t) = (W (k)�W (k = 0)) f (k, t) (3.43)

Now, using Eq. 3.35, we have:

W (k)�W (k = 0) =
L/2

Â
i� j=�L/2,i6= j

(e�ik(i� j) �1)Wi! j (3.44)

=) = l
L/2

Â
i� j=�L/2,i6= j

e�ik(i� j) �1
|i� j|2a (3.45)

=) = 2l
Z L/2

1
dx(cos(kx)�1)/x2a (3.46)

=) = 2l
Z L/2

0
dx(cos(kx)�1)/x2a �2l

Z 1

0
dx(cos(kx)�1)/x2a (3.47)
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For long times, large wavelengths dominate; therefore, we look at k ⌧ 1. For the second term,

since x is upper bounded (by 1, which isn’t extensive in system size), therefore, for k ⌧ 1, we have

kx ⌧ 1, and we can do Taylor series expansion of the cosine about zero. Also, we can change the

variables in the first term and take the upper bound to •

W (k)�W (k = 0) = 2l
Z •

0
dx(cos(kx)�1)/x2a +lk2

Z 1

0
dxx2a�1 (3.48)

=) = l
✓

�ca |k|2a�1 +
k2

3�2a

◆
(3.49)

Here,

ca = �2
Z •

0
dz

cos(z)�1
z2a = �2G(1�2a)sin(ap) (3.50)

Although going from Eq. 3.46 to Eq. 3.47 we assumed a < 1.5, it is found that Eq. 3.49 is a valid

approximation for the integral for all a > 0.5. But it is expected to break down when a is large

enough that approximating the sum as integral fails. We would later see that we require a > 1

when we study the system size dependence of current.

Now, for 0.5 < a < 1.5, the term containing |k|2a�1 is leading, and hence from Eq. 3.43, we

get
∂t f (k, t) = �lca |k|2a�1 f (k, t) =) f (k, t) = f (k,0)exp(�lca |k|2a�1t) (3.51)

For initial localization, f (k,0) = 1, taking the fourier transform we arrive at:

f j(t) ⇡
Z dk

2p
exp(ik j �lca |k|2a�1t) = (Dat)�ba Fa

✓
| j|

(Dat)ba

◆
(3.52)

where, ba = 1
2a�1 , Da = lca , and

Fa(y) =
Z dk

2p
exp(�|k|1/ba )exp(iyk) (3.53)

For a > 1.5, the second term is the leading term, and hence from Eq. 3.43, we get,

∂t f (k, t) = � l
2a �3

k2 f (k, t) =) f (k, t) = f (k,0)exp(� l
2a �3

k2t) (3.54)
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For initial localization, f (k,0) = 1, taking the fourier transform we arrive at:

f j(t) ⇡
Z dk

2p
exp(ik j � l

2a �3
k2t) = (Dat)�1/2G

✓
| j|

(Dat)1/2

◆
(3.55)

where Da = l
2a�3 , and G(y) = exp(�y2/4)

2
p

p .

The scaling functions obtained here are exactly the ones that are used as analytic functions in

Fig. 3.2 and Fig. 3.4. For a = 1.8, because of finite times, even the first term in Eq. 3.49 has finite

contributions leading to heavy tails deviating from the Gaussian scaling that is seen in the bulk. A

modified analytical function, as derived in Ref. [21] is used in Fig. 3.3.

3.5 Connection with the Conductance exponent

Now, we have to get the system size scaling of the current that would flow through the open system.

We know that for 0.5 < a < 1.5, we get a family of symmetric, a� dependent, stable distributions

corresponding to classical Levy flights.

In accordance with Ref. [23], suppose in the probability distribution P(x, t), x ⇠ t1/b , then for

an open system, current J ⇠ L1�b , where L is the system size. We note that b = 1/ba = 2a � 1.

b is also known as the dynamical scaling exponent (z) characterizing the transport. For a > 1.5,

b = 2, i.e., the dynamics is diffusive. Therefore, we get:

J ⇠ L2�2a for 1 < a < 1.5 (3.56)

J ⇠ L�1 for a > 1.5 (3.57)

This exactly matches the scaling of conductance we got in the previous chapter. There is a slight

subtlety that remains. In Ref. [23], the classical master equation is slightly different, leading to

ballistic peaks at the extreme ends of the dynamic probability distribution. But, the conductance
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exponent remains the same, as verified numerically in [24]. This completes the analytical calcula-

tions that is consistent with the numerical results.
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Chapter 4

Quantum Transport in Quasi 1D Lattice

Systems

In this chapter, we shift our focus to different ladder setups which are quasi one-dimensional lattice

systems. We study fermionic transport in such open ladder setups. It is important to study because

they form the connecting link between 1D and 2D systems. Ladders with quasiperiodic potential

have been used to model molecular structures like artificial DNA, which can be used for rectifica-

tion purposes [25]. Spin ladders are also interesting owing to their relation with high-temperature

superconductivity [26]. We first start with finding transfer matrices and their exceptional points

(EPs) for various ladder models. Then, a general relation is provided between transfer matrices

and band spectra of the model. Furthermore, the conductance is expressed in terms of transfer ma-

trix elements, which provides a useful way to extract the scaling of conductance analytically. The

phase diagram for a ladder with a gauge field [27] is looked at with the lens of steady-state quan-

tum transport. We end the chapter by providing some interesting transport properties dependent on

the geometry of the baths’ placement and the system size’s parity.
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Figure 4.1: A schematic of a simple ladder set-up driven by boundary baths. The baths could be
placed in either of the legs, and the figure shows one possibility.

4.1 Transfer Matrix analysis for different ladder models

4.1.1 Simple ladder with nearest neighbor hopping

The Hamiltonian is given by:

HS = �t1
N�1

Â
j=1

(c†
1, jc1, j+1 +h.c.)� t2

N�1

Â
j=1

(c†
2, jc2, j+1 +h.c.)� tr

N

Â
j=1

(c†
1, jc2, j +h.c.) (4.1)

Now, let’s formulate the transfer matrix for our model. Let
⇣

y1 y2 · · ·yN

⌘T
denote the energy

eigenfunction vector (with the element yi denoting the energy eigenfunction amplitude at the site

i for the top leg). Similarly, let
⇣

f1 f2 · · ·fN

⌘T
denote the energy eigenfunction vector for the

bottom leg of the ladder. Let the corresponding energy be e . Then, from the time-independent

Schrodinger equation, we have:

eyn = �t1yn+1 � t1yn�1 � trfn (4.2)

efn = �t2fn+1 � t2fn�1 � tryn (4.3)

=) yn+1 = � e
t1

yn �yn�1 � tr
t1

fn (4.4)

fn+1 = � e
t2

fn �fn�1 � tr
t2

yn (4.5)
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The above equations can be written in terms of the transfer matrix as follows:

0

BBBB@

� e
t1

� tr
t1

�1 0
� tr

t2
� e

t2
0 �1

1 0 0 0
0 1 0 0

1

CCCCA

0

BBB@

yn

fn

yn�1

fn�1

1

CCCA
=

0

BBB@

yn+1

fn+1

yn

fn

1

CCCA
(4.6)

It can be verified that Det(T ) is 1, where T is the above transfer matrix.

Symmetric hopping simple ladder

Let us analyze the above transfer matrix for the case of t1 = t2 = t. Let a = � e
t and b = � tr

t , for

simplicity. Therefore, the transfer matrix now becomes:

T =

0

BBB@

a b �1 0
b a 0 �1
1 0 0 0
0 1 0 0

1

CCCA
(4.7)

Then, it can be diagonalized and written as T = SJS�1 where

S =

0

BBBBB@

1
2

⇣p
(a�b)2 �4�a+b

⌘
1
2

⇣
�
p
(a�b)2 �4�a+b

⌘
1
2

⇣
�
p
(a+b)2 �4+a+b

⌘
1
2

⇣p
(a+b)2 �4+a+b

⌘

1
2

⇣
�
p
(a�b)2 �4+a�b

⌘
1
2

⇣p
(a�b)2 �4+a�b

⌘
1
2

⇣
�
p
(a+b)2 �4+a+b

⌘
1
2

⇣p
(a+b)2 �4+a+b

⌘

�1 �1 1 1
1 1 1 1

1

CCCCCA

J =

0

BBBBBB@

1
2

⇣
�
p
(a�b)2 �4+a�b

⌘
0 0 0

0 1
2

⇣p
(a�b)2 �4+a�b

⌘
0 0

0 0 1
2

⇣
�
p
(a+b)2 �4+a+b

⌘
0

0 0 0 1
2

⇣p
(a+b)2 �4+a+b

⌘

1

CCCCCCA

Now, the columns of matrix S represent the right eigenvectors (the left eigenvectors of T will

be the rows of S�1). Clearly, it is not possible to have a fourth-order exceptional point. The first
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two eigenvectors merge when a�b =±2, while the last two eigenvectors merge when a+b =±2.

Therefore, there can be at most two second-order exceptional points, given an energy.

By substituting the values of a and b, we find that all the exceptional points occur at band edges

(k = 0,±p).

Two second-order exceptional points occur for two cases:

• a =±2, b = 0. This case is when the two bands merge into one single band. But in this case,

since tr = 0, it means that the two legs of the ladder are disconnected; hence, the system

should be describable using two transfer matrices, one for each leg. This would yield a

second-order exceptional point at the band edges for each transfer matrix. Therefore, we are

in fact getting two second-order exceptional points for our 4⇥4 transfer matrix.

• a = 0, b =±2. This case is more interesting. It lies at the boundary of gapped and ungapped

regions. Notice that at e = 0, we find two degenerate states, corresponding to k = 0 and

k = p(or �p).

Asymmetric hopping simple ladder

We now consider the general case of asymmetric hopping in the two legs. Using the band disper-

sion, we will get the exceptional points of the general transfer matrix for this model. This already

indicates a deeper relation between them, which is proved later.

We diagonalize the Hamiltonian exploiting translational invariance of the Hamiltonian (in ther-

modynamic limit or by imposing periodic boundary conditions) and get the energy dispersion

relation as follows:

m = E±
k = �(t1 + t2)cos(k)±

q
(t1 � t2)2 cos2 (k)+ t2

r (4.8)
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When t1 = t2 = t, the energy spectrum reduces to:

E±
k = �2t cos(k)± tr (4.9)

Exceptional Points for the asymmetric hopping in the ladder by analyzing the band

It is observed that the odd derivatives of the dispersion relation vanish at k = 0,p because of the

parity of the function.

Therefore, a second-order exceptional point always exists for k = 0,p . Now, we want to look

for the fourth-order exceptional point, which is the highest that we can get given the dimension of

the transfer matrix. For that we need the second derivative also to vanish. Since the third derivative

must vanish, we’d get a fourth-order exceptional point when the second derivative vanishes.

Let t1 + t2 = a, t1 � t2 = b and tr = c, for the ease of writing. The second derivative is found to

be:

d2E±
k

dk2 = acos(k)±
 

� b2 cos2 (k)p
b2 cos2 (k)+ c2

+
b2 sin2 (k)p

b2 cos2 (k)+ c2
� b4 sin2 (k)cos2 (k)

(b2 cos2 (k)+ c2)3/2

!
(4.10)

At k = 0,p , we have it simplified to:

d2E±
k

dk2 = acos(k)± �b2
p

b2 + c2
(4.11)

Setting the second derivative to zero, we observe that we get fourth-order exceptional points at

k = 0 for the upper band and k = p for the lower band when:

a =
b2

p
b2 + c2

(4.12)

And we get the opposite, i.e fourth order exceptional points at k = 0 for the lower band and k = p
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for the upper band when:

a = � b2
p

b2 + c2
(4.13)

Now, t1 = (a+b)/2 and t2 = (a � b)/2. The above equations will help us find the exact hopping

amplitudes for both legs to get exceptional fourth-order points.

4.1.2 Crossed ladder

Consider the following setup. We will write the transfer matrix for this. Let the hopping amplitude

Figure 4.2: Crossed Ladder

along the legs be t, along the rungs be tr, and along the crosses be ts. Then, using the time-

independent Schrodinger equation, we have:

eyn = �tyn+1 � tyn�1 � trfn � tsfn+1 � tsfn�1 (4.14)

efn = �tfn+1 � tfn�1 � tryn � tsyn+1 � tsyn�1 (4.15)

=) yn+1 = �e
t

yn �yn�1 � tr
t

fn � ts
t

fn+1 � ts
t

fn�1 (4.16)

fn+1 = �e
t

fn �fn�1 � tr
t

yn � ts
t

yn+1 � ts
t

yn�1 (4.17)

We’ll use the equation for fn+1 to get:

tstyn+1 = �etfn � t2fn�1 � t2fn+1 � trtyn � tstyn�1 (4.18)
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But we also have:

yn+1 = �e
t

yn �yn�1 � tr
t

fn � ts
t

fn+1 � ts
t

fn�1 (4.19)

=) tstyn+1 = �tseyn � tstyn�1 � trtsfn � ts2fn+1 � ts2fn�1 (4.20)

Comparing the equations for tstyn+1, we have:

� etfn � t2fn�1 � t2fn+1 � trtyn � tstyn�1 = �tseyn � tstyn�1 � trtsfn � ts2fn+1 � ts2fn�1

(4.21)

We finally get:

(t2
s � t2)fn+1 = (et � trts)fn +(t2 � t2

s )fn�1 +(trt � tse)yn (4.22)

Similarly, we get:

(t2
s � t2)yn+1 = (et � trts)yn +(t2 � t2

s )yn�1 +(trt � tse)fn (4.23)

Therefore, we see that we get a 4 ⇥ 4 transfer matrix for the crossed ladder. Also, note that for

ts = ±t, we note that the recursion relation ceases to exist.

T =

0

BBBB@

et�trts
t2
s �t2

trt�tse
t2
s �t2 �1 0

trt�tse
t2
s �t2

et�trts
t2
s �t2 0 �1

1 0 0 0
0 1 0 0

1

CCCCA
=

0

BBB@

a0 b0 �1 0
b0 a0 0 �1
1 0 0 0
0 1 0 0

1

CCCA
(4.24)

By inspecting the structure of the transfer matrix, which is similar to the symmetric hopping case

with a simple ladder, we can conclude that there is no fourth-order exceptional point for this matrix.
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Figure 4.3: A schematic of a simple ladder in the presence of a gauge field, driven by boundary
baths. The boundary baths could have also been on the same leg.

4.1.3 Simple ladder with gauge field

Here, we study a simple fermionic ladder with a perpendicular gauge field. The Hamiltonian for

the system is given by:

HS = �
 

Jk Â
l,p

ei f
2 (�1)p+1

a†
l,pal+1,p + J? Â

l
a†

l,1al,2 +h.c.

!
(4.25)

The dispersion relation yields two bands obtained using the Bogoliubov transformation [27] and

is given by:

e±
k = �2Jk cos(f/2)cos(k)±

q
J?2 +(2Jk sin(f/2)sin(k))2 (4.26)

Here, the k does not denote the momentum label of the particle. It is rather denoting quasiparticle

momenta.

As before, let |yi and |fi be energy eigenvectors for the top and bottom leg of the ladder

(i.e p=1 and 2, respectively) with |yi =
⇣

y1 y2 · · ·yN

⌘T
and |fi =

⇣
f1 f2 · · ·fN

⌘T
, both
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written in the position basis, as before. Now, using Schrodinger equation gives us:

eyn = �Jkeif/2yn+1 � Jke�if/2yn�1 + J?fn (4.27)

efn = �Jke�if/2fn+1 � Jkeif/2fn�1 + J?yn (4.28)

=) yn+1 = � e
Jk e�if/2yn � e�if yn�1 � J?

Jk e�if/2fn (4.29)

fn+1 = � e
Jk eif/2fn � eif fn�1 � J?

Jk eif/2yn (4.30)

In terms of the transfer matrix we have:-

0

BBBB@

� e
Jk e�if/2 � J?

Jk e�if/2 �e�if 0
� J?

Jk eif/2 � e
Jk eif/2 0 �eif

1 0 0 0
0 1 0 0

1

CCCCA

0

BBB@

yn

fn

yn�1

fn�1

1

CCCA
=

0

BBB@

yn+1

fn+1

yn

fn

1

CCCA
(4.31)

Now, the opening of the band gap is given by the condition:

J?
c = 2Jk cos(f/2) (4.32)

The Meissner to Vortex quantum phase transition is observed in a fermionic system where an artifi-

cial gauge field is generated using superconducting qubit circuits [28]. The ground state properties

change across the transition, which is given by:

J?
c = 2Jk tan(f/2)sin(f/2) (4.33)

Before proceeding, we’ll briefly derive the equations of the special lines.

The Meissner-Vortex Line: We note that the line is characterized by the vanishing of the second

derivative of the band (upper or lower at k = 0,p depending on the parameters, as we shall see).

d2e±
k

dk2 = 2Jk cos(f/2)cos(k)±

0

@ (2Jk sin(f/2))2 cos(2k)q
J?2 +(2Jk sin(f/2)sin(k))2

� 4(Jk sin(f/2))2 sin(2k)2

(J?2 +(2Jk sin(f/2)sin(k))2)3/2

1

A

(4.34)
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Figure 4.4: Band structures and phase diagram for a ladder in a gauge field. Figure included
from [27].

Now, let us take k = 0 and set the second derivative to zero:

d2e±
k

dk2 = 2Jk cos(f/2)± (2Jk sin(f/2))2
��J?
�� = 0 (4.35)

=)
���J?
���= ⌥2Jk tan(f/2)sin(f/2) (4.36)

Therefore, to have a fourth-order exceptional point for the upper band at k = 0, we must have Jk to

be negative. The dispersion relation is insensitive to the sign of J?.

Now, the same procedure can be done for k = p . Interestingly, it is found that both the points

(i.e., for k = 0,p) develop fourth-order EPs simultaneously, one for the upper band and the other

for the lower band, with the exact locations determined by the sign of Jk (and also the quadrant to

which f belongs if its range is extended). When Jk is positive, and f 2 [�p,p], then the fourth

order EP occurs at k = p for the upper band and k = 0 for the lower band, while when Jk is neg-
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ative, and f 2 [�p,p], then the fourth order EP occurs at k = p for the lower band and k = 0 for

the upper band.

The Gapped-ungapped line: This line marks the transition from gapped to ungapped phases.

Therefore, the line is characterized by the energy corresponding to the global minima of the upper

band, which should match the energy corresponding to the global maxima of the upper band.

It can be easily verified that the required extremum either corresponds to k = 0 or k = p de-

pending on the parameters.
e±

k=0 = �2Jk cos(f/2)±
���J?
��� (4.37)

e±
k=p = 2Jk cos(f/2)±

���J?
��� (4.38)

Now, e+k=0 = e�
k=p yields:- ���J?

���= 2Jk cos(f/2) (4.39)

And, having e�
k=0 = e+k=p yields:-

���J?
���= �2Jk cos(f/2) (4.40)

The above completes the derivation for the two special lines in the phase diagram in Fig. 4.4. Also,

it extends the phase diagram by including the negative hopping amplitudes.

The characteristic equation for the gauge field ladder

Let’s rewrite the general transfer matrix for the ladder with gauge field f by substituting � e
Jk = a

and � J?

Jk = b
0

BBB@

ae�if/2 be�if/2 �e�if 0
beif/2 aeif/2 0 �eif

1 0 0 0
0 1 0 0

1

CCCA
(4.41)
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The characteristic equation for eigenvalue x is given by:

x4 �2ax3 cos
✓

f
2

◆
+
�
a2 �b2 +2cos(f)

�
x2 �2axcos

✓
f
2

◆
+1 = 0 (4.42)

The above can provide the eigenvalues and their multiplicities for various parameter values. After

that, to check for an exceptional point, the merging of eigenvectors needs to be ascertained.

On the Meissner-Vortex line

It is found that up to three derivatives of the band spectra vanish for k =±p for the upper band and

k = 0 for the lower band.

This is intuitively expected because the band changes its extrema properties at these points.

More clearly, take, for instance, the upper band. In the Meissner regime, there is a maximum at

k = p . Now, this changes to a local minimum as the line is crossed. For this to happen, the second

derivative must vanish at the line. It turns out that the third derivative also vanishes. This indicates

the presence of a fourth-order exceptional point on the line.

This is more clearly seen by explicitly calculating the eigenvalues using the general character-

istic equation. For the Meissner-Vortex line, we have:

• For the upper band at k = p:

b =�2tan(f/2)sin(f/2)

a =� (2Jk cos(f/2)+ J?)

Jk =) a = � 2
cos(f/2)
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Substituting this in the characteristic equation, we get the characteristic equation to be:

x4 +4x3 +6x2 +4x+1 = 0

=) (x+1)4 = 0

Therefore, there is an eigenvalue �1 of the transfer matrix for the upper band at k = p ,

with multiplicity 4. The four eigenvectors of the transfer matrix also coalesce, making it a

fourth-order exceptional point.

• For the lower band at k = 0:

b =�2tan(f/2)sin(f/2)

a =
2

cos(f/2)

The characteristic equation then comes out to be:

x4 �4x3 +6x2 �4x+1 = 0

=) (x�1)4 = 0

This implies a fourth-order exceptional point at k = 0, with eigenvalue 1.

On the gapped-ungapped line

This line hosts two second-order exceptional points with real eigenvalues 1 and -1 corresponding

to points k = 0 and p , respectively, at the energy value 0. This happens because, at this energy, we

have a minimum for the upper band (at k = 0) and a maximum for the lower band at k = p .

Now, we will explicitly solve the characteristic equation for the transfer matrix at zero energy

for this gapped-ungapped line.
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b =�2cos(f/2)

a = 0

Therefore, the characteristic equation becomes:

x4 �2x2 +1 = 0

=) x = ±1

The multiplicity is 2 for both the eigenvalues. Since the eigenvectors also merge, this implies two

second-order exceptional points, one at k = 0 and the other at k = p .

4.2 General Relation between the Transfer Matrix and the Band

spectrum

4.2.1 Discrete Translational Symmetry

The discrete translational symmetry is essential for having a transfer matrix formulation of the

problem. Now, I will use this symmetry to see how the transfer matrix can be used to get the

energy dispersion relation in general.

We have assumed a unit distance separating the lattice points. Let the unit cell be of length b,

i.e., a translation by b units will leave the system unchanged. Let Tnb be the translation operator,

translating by nb units, where n is an integer. Then [Tnb,H] = 0. Therefore, it is possible to find an

energy basis comprising of eigenstates of Tb. Let |yi be such a state. Now, note that Tb is a unitary

operator. Therefore, we have:
Tb |yi = eikb |yi (4.43)
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Note that b got factored out in the phase. This is because we also need to satisfy the following

property of translation operators: TnbTmb = T(n+m)b. Note that k is the momentum (and sometimes

quasimomentum) that labels the energies. k is unique only in some range, and we conveniently

chose it to be the Brillouin zone. Also, when k is restricted to be in the Brillouin zone, every

energy eigenstate has a single k value associated with it, but the converse doesn’t hold, as we can

have multiple bands.

As we shall see in the next section, Eq. 4.43 is essential to establish a connection between

transfer matrix eigenvalues and the band spectra.

4.2.2 The General Relation

In this section, I will state and prove the relation for a one-dimensional chain, but it is easily

extended for the case of ladders.

Let M be the transfer matrix for a one-dimensional system (at some particular energy) with

nearest neighbor hopping. Then, for any n, we will have:

M

 
yn

yn�1

!
=

 
yn+1

yn

!
(4.44)

Now, because the system has translational invariance, using Eq. 4.43 we have:

M

 
yn

yn�1

!
=

 
yn+1

yn

!
=

 
eikyn

eikyn�1

!
= eik

 
yn

yn�1

!
(4.45)

The above implies that the eigenvector(s) and eigenvalue(s) of M are given by

0

@ yn

yn�1

1

A and

eik. Since M depends on the energy, this gives a relation us the band dispersion starting from the
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transfer matrix.

Note that for the energies not in the system’s spectrum, the transfer matrix’s eigenvalue won’t

be a unit complex number as required otherwise.

4.3 Greens’s function and the transfer matrix for the ladder

4.3.1 Asymmetric hopping ladder

To calculate the conductance, we need to know the Non-equilibrium Green’s function (NEGF). It

is given by:
G(µ) = (µ1�H �Ss �Sd)

�1 (4.46)

Since we only need to know the scaling of conductance, we can use the bare Green’s function of

the system without the self-energy terms. Therefore, we have:

G0(µ) = (µ1�H)�1 (4.47)

Now, the translation symmetry and the banded nature of µ1 � H, will help us to calculate the

inverse using the transfer matrix powers. The following procedure is a generalization of the calcu-

lation in [29], and follows analogously. Let M(µ) = µ1�H. Therefore, we need to find M(µ)�1.

By definition, we have:

Â
j

hi|M(µ)| ji h j|M(µ)�1|ki = dik (4.48)

Let, m = j � i
b (i)

Â
m=a(i)

hi|M(µ)|i+mi hi+m|M(µ)�1|ki = dik (4.49)
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From now on, for simplicity of notation, I’ll write M(µ) ⌘ M. For any odd i > 1, we get the

following.

t1 hi�2|M�1|ki+µ hi|M�1|ki+ tr hi+1|M�1|ki+ t1 hi+2|M�1|ki = dik (4.50)

Similarly, for any even i > 2, we will get:

t2 hi�2|M�1|ki+ tr hi�1|M�1|ki+µ hi|M�1|ki+ t2 hi+2|M�1|ki = dik (4.51)

Now, it can be verified that we get exactly the above two relations from the transfer matrix in the

following manner:

0

BBBB@

�µ
t1

� tr
t1

�1 0
� tr

t2
�µ

t2
0 �1

1 0 0 0
0 1 0 0

1

CCCCA

0

BBB@

hi|M�1|ki
hi+1|M�1|ki
hi+2|M�1|ki
hi+3|M�1|ki

1

CCCA
=

0

BBBB@

hi�2|M�1|ki� dik
t1

hi�1|M�1|ki� dik
t2

hi|M�1|ki
hi+1|M�1|ki

1

CCCCA
(4.52)

In the above equation, i is odd. This implies i+ 1 is even, and this satisfies the even row index

equation. If i is chosen, even then, we will have to take slightly different vectors.

To be clear, the sites are labeled such that all the odd indices label the sites in the upper leg,

and the even indices label the sites in the lower leg.

The above relation strongly motivates us to define a starting vector to construct the matrix

elements of M�1. For notation purposes, changing the dummy index k to j. Let the vector be:

V�1( j) =

0

BBB@

0
0

h1|M�1| ji
h2|M�1| ji

1

CCCA
(4.53)

For notational ease, we assume that hi|M�1| ji is 0 if the indices go out of bound. Then define,

59



Vi( j) =

0

BBB@

hi|M�1| ji
hi+1|M�1| ji
hi+2|M�1| ji
hi+3|M�1| ji

1

CCCA
; |1i =

0

BBB@

1
0
0
0

1

CCCA
; |2i =

0

BBB@

0
1
0
0

1

CCCA
(4.54)

Note that we are always taking i to be odd. Then, we can write:

T (µ)Vi( j) =Vi�2( j)�
di, j |1i

t1
�

di+1, j |2i
t2

(4.55)

Finally, we obtain:

Vi( j) = T (µ)�
i+1

2 V�1( j), if j > i+1 (4.56)

Vi( j) = T (µ)�
i+1

2 V�1( j)�T (µ)�( i� j
2 +1) |1i

t1
, if j < i+1 and odd (4.57)

Vi( j) = T (µ)�
i+1

2 V�1( j)�T (µ)�( i� j+1
2 +1) |2i

t2
, if j  i+1 and even (4.58)

Now, Vi( j) contains the matrix elements of M�1. We finally get:
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hi|M�1| ji =
2

Â
m=1

h1|T (µ)�
i+1

2 |2+mi hm|M�1| ji , if j > i+1 (4.59)

hi|M�1| ji =
2

Â
m=1

h1|T (µ)�
i+1

2 |2+mi hm|M�1| ji� h1|T (µ)�( i� j
2 +1)|1i

t1
, if j < i+1 & odd

(4.60)

hi|M�1| ji =
2

Â
m=1

h1|T (µ)�
i+1

2 |2+mi hm|M�1| ji� h1|T (µ)�( i� j+1
2 +1)|2i

t2
, if j  i+1 & even

(4.61)

hi+1|M�1| ji =
2

Â
m=1

h2|T (µ)�
i+1

2 |2+mi hm|M�1| ji , if j > i+1 (4.62)

hi+1|M�1| ji =
2

Â
m=1

h2|T (µ)�
i+1

2 |2+mi hm|M�1| ji� h2|T (µ)�( i� j
2 +1)|1i

t1
, if j < i+1 & odd

(4.63)

hi+1|M�1| ji =
2

Â
m=1

h2|T (µ)�
i+1

2 |2+mi hm|M�1| ji� h2|T (µ)�( i� j+1
2 +1)|2i

t2
, if j  i+1 & even

(4.64)

Now, if we can find hm|M�1| ji for m = 1,2, then we have all the matrix elements of the bare

Green’s function. This is achieved by noting that the last two entries of V2N�1( j) are 0. There

are two subcases: j is odd or even. For each of these cases, we get two linear equations in two

variables, which can be solved for hm|M�1| ji. When j is odd, we have:

2

Â
m=1

h3|T (µ)�N |2+mi hm|M�1| ji� h3|T (µ)�( 2N+1� j
2 )|1i

t1
= 0 (4.65)

2

Â
m=1

h4|T (µ)�N |2+mi hm|M�1| ji� h4|T (µ)�( 2N+1� j
2 )|1i

t1
= 0 (4.66)

When j is even, we have:

2

Â
m=1

h3|T (µ)�N |2+mi hm|M�1| ji� h3|T (µ)�(N+1� j
2 )|2i

t2
= 0 (4.67)

2

Â
m=1

h4|T (µ)�N |2+mi hm|M�1| ji� h4|T (µ)�(N+1� j
2 )|2i

t2
= 0 (4.68)
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The above set of equations is sufficient if the baths are connected only at the terminal sites of the

ladder.

Choose j = 2N for the site at which the right bath is connected. Clearly, j is even. Therefore,

we have the equations, in matrix form as:

 
h3|T �N |3i h3|T �N |4i
h4|T �N |3i h4|T �N |4i

! 
h1|M�1|2Ni
h2|M�1|2Ni

!
=

 h3|T�1|2i
t2

h4|T�1|2i
t2

!
(4.69)

 
h1|M�1|2Ni
h2|M�1|2Ni

!
=

 
h3|T �N |3i h3|T �N |4i
h4|T �N |3i h4|T �N |4i

!�1 h3|T�1|2i
t2

h4|T�1|2i
t2

!
(4.70)

T �1 =

0

BBBB@

0 0 1 0
0 0 0 1

�1 0 �µ
t1

� tr
t1

0 �1 � tr
t2

�µ
t2

1

CCCCA
(4.71)

This gives:

h1|M�1|2Ni = h3|T �N |4i
t2(h3|T �N |3i h4|T �N |4i� h3|T �N |4i h4|T �N |3i)

(4.72)

h2|M�1|2Ni = �h3|T �N |3i
t2(h3|T �N |3i h4|T �N |4i� h3|T �N |4i h4|T �N |3i)

(4.73)

4.3.2 Ladder in presence of gauge field

For this case, we follow a nearly similar procedure. We find that the equation analogous to Eq.

4.55 is:
T (µ)Vi( j) =Vi�2( j)�

di, j |1i
Jk exp{if/2}

�
di+1, j |2i

Jk exp{�if/2}
(4.74)
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Therefore, we notice that we can essentially replace, t1 by Jk exp{if/2} and t2 by Jk exp{�if/2},

and all the calculations will remain valid till Eq. 4.70, and we will get:

 
h1|M�1|2Ni
h2|M�1|2Ni

!
=

 
h3|T �N |3i h3|T �N |4i
h4|T �N |3i h4|T �N |4i

!�1
0

@
h3|T�1|2i

Jk exp{�if/2}
h4|T�1|2i

Jk exp{�if/2}

1

A (4.75)

Finally, we get:

h1|M�1|2Ni = h3|T �N |4ie�if

Jke�if/2(h3|T �N |3i h4|T �N |4i� h3|T �N |4i h4|T �N |3i)
(4.76)

h2|M�1|2Ni = �h3|T �N |3ie�if

Jke�if/2(h3|T �N |3i h4|T �N |4i� h3|T �N |4i h4|T �N |3i)
(4.77)

4.4 Properties of the Green’s function for the ladder

For both the cases- asymmetric hopping ladder and gauge field ladder, it is observed that if we

reflect one of the bands about E = 0 (or about E =V if there is a non-zero onsite potential V ) and

then do a translation of k by p , then we obtain the other band.

Therefore, mathematically,
e+(k) = �e�(k+p) (4.78)

Now, for a ladder, we have:
G(µ) = (µ1�H �Ss �Sd)

�1 (4.79)

For the time being let’s ignore the self-energy terms. Then we have:

G(µ) = Â
k

��f+
k
↵⌦

f+
k

��
µ � e+(k)

+Â
k

��f�
k
↵⌦

f�
k

��
µ � e�(k)

(4.80)

Now, suppose we are interested in G1,2N(µ), because baths are connected at the two extremes

on different legs. We want to show G1,2N(µ) = G1,2N(�µ). We’ll see that this would be true in
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general for any component of Green’s function, and hence, G(µ) = G(�µ).

h1|G(µ)|2Ni = Â
k

⌦
1
��f+

k
↵⌦

f+
k

��2N
↵

µ � e+(k)
+Â

k

⌦
1
��f�

k
↵⌦

f�
k

��2N
↵

µ � e�(k)
(4.81)

h1|G(µ)|2Ni = Â
k

pq⇤ exp{�(N �1)ik}
µ � e+(k)

+Â
k

p0q0⇤ exp{�(N �1)ik}
µ � e�(k)

(4.82)

A subtle thing to note is that p, p0,q,q0 are all themselves dependent on k because when k changes,

so do the energies, which is used to determine the relation between p and q. Therefore, we can’t

pull them out of the summation sign.

Now, suppose N is even. If N is even, if we replace k with k+p , the set of k over which we are

summing won’t change. Since p,q (and p0,q0) depend on k, it can be shown that when k ! k+p ,

then pq⇤ ! �p0q0⇤ and p0q0⇤ ! �pq⇤.

h1|G(µ)|2Ni = Â
k

�p0q0⇤ exp{�(N �1)i(k+p)}
µ � e+(k+p)

+Â
k

�pq⇤ exp{�(N �1)i(k+p)}
µ � e�(k+p)

(4.83)

h1|G(µ)|2Ni = Â
k

�p0q0⇤(�1)exp{�(N �1)ik}
µ + e�(k)

+Â
k

�pq⇤(�1)exp{�(N �1)ik}
µ + e+(k)

(4.84)

h1|G(µ)|2Ni = Â
k

�p0q0⇤ exp{�(N �1)ik}
�µ � e�(k)

+Â
k

�pq⇤ exp{�(N �1)ik}
�µ � e+(k)

(4.85)

h1|G(µ)|2Ni = �
 

Â
k

pq⇤ exp{�(N �1)ik}
�µ � e+(k)

+Â
k

p0q0⇤ exp{�(N �1)ik}
�µ � e�(k)

!
(4.86)

= �h1|G(�µ)|2Ni (4.87)

Now, as a consequence of the above, consider µ = 0. Then we find that:

h1|G(0)|2Ni = �h1|G(0)|2Ni (4.88)

=) h1|G(0)|2Ni = 0 (4.89)

Now, suppose we had baths connected on the p leg’s extremes; then we’ll have everything the same

except, instead of pq⇤ (and p0q0⇤), we’ll have pp⇤ = |p|2 (and |p0|2) as factors.
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Now, if the self-energy terms are included, at least numerically, as far as I could check, the

conductance is still equal for ±µ . Therefore, this needs to be confirmed and established more

strongly.

It was also observed numerically that if the baths are placed at extremes but on different legs,

it gives the same conductance for both the ways in which this can be done. Similarly, and perhaps

more surprisingly, this was also observed when both the baths were on one leg. This claim needs to

be proven and verified more rigorously, as numerically some very small deviations were observed.

The following is a rough proof showing the connection between the two geometries that exist when

baths are connected to different legs.

Assume N to be even. Then, we have:

h2|G(µ)|2N �1i = Â
k

qp⇤ exp{�(N �1)ik}
µ � e+(k)

+Â
k

q0p0⇤ exp{�(N �1)ik}
µ � e�(k)

(4.90)

Now, do the transformation k ! �k. Then, because of time reversal symmetry, e±(k) = e±(�k).

Therefore, we have:

h2|G(µ)|2N �1i = Â
k

qp⇤ exp{(N �1)ik}
µ � e+(�k)

+Â
k

q0p0⇤ exp{(N �1)ik}
µ � e�(�k)

(4.91)

h2|G(µ)|2N �1i = Â
k

qp⇤ exp{(N �1)ik}
µ � e+(k)

+Â
k

q0p0⇤ exp{(N �1)ik}
µ � e�(k)

(4.92)

h2|G(µ)|2N �1i =
 

Â
k

pq⇤ exp{�(N �1)ik}
µ � e+(k)

+Â
k

p0q0⇤ exp{�(N �1)ik}
µ � e�(k)

!⇤

(4.93)

=) h2|G(µ)|2N �1i = h1|G(µ)|2Ni⇤ (4.94)

4.5 Numerical Results

In what follows, the numerical calculations were done with the baths connected at extremes, either

on different or on the same leg. A wide band limit is taken for the baths, making the self-energy
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Figure 4.5: Ballistic behavior in a gauge field ladder because the chemical potential µ cuts through
the band

matrix have a non-zero constant diagonal value at the sites where baths are connected. Unless

otherwise stated, it has �i as its first and last diagonal element, with all other elements at zero.

Also, Jk is taken to be 1, unless stated otherwise.

Ballistic regime:

This was observed whenever the e = µ cuts any of the bands. Singularities (or very large

conductance values) were observed without the self-energy terms, but adding the self-energy terms

made the conductance bounded. This is shown in Fig. 4.5. Subdiffusive regime (1/N2 scaling):

This was observed when µ corresponds to band edges (single 2nd order EP or 4th order EP)

without intersecting any of the band. This is shown in Fig. 4.6. Oscillating Subdiffusive regime:

In the vortex regime, we find the existence of 2 second-order EPs at the extreme band edges.

The k difference between them is between p and 2p , and hence, they show an overall subdiffusive

scaling of 1/N2 but with oscillations.

Interestingly, the oscillations are greater when the bath is connected to different legs. This is
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Figure 4.6: Conductance showing 1/N2 scaling corresponding to a band edge without intersecting
the band, with the extrema at k = p

precisely why the scaling is slightly different from 1/N2. This is shown in Fig. 4.7.

The oscillations are caused due to the complex nature of the eigenvalues of the Transfer matrix.

Localized regime:

An exponential decay of conductance is observed with N when µ doesn’t intersect any of the

bands, and we are in the Meissner regime. This is shown in Fig. 4.8.

Oscillating Localized regime:

This is the analogous localized transport for the vortex regime. Interestingly, there are negligi-

ble or no fluctuations when baths are connected on the same leg. This is shown in Fig. 4.9.

These oscillations seem to occur generally, even for the Meissner regime when µ is in the

localized regime (and sufficiently large so that the eigenvalues become complex-valued). So, the

Meissner regime is different from the Vortex regime because there exists a window wherein one

gets real eigenvalues in the localized regime. The above claim is based on observations for test
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Figure 4.7: Conductance showing 1/N2 scaling with oscillations corresponding to a band edge
without intersecting the band, with the extrema between k = 0 and k = p , leading to complex
eigenvalues of the transfer matrix.

Figure 4.8: The conductance is exponentially localized because the chemical potential is outside
the bandwidth.
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Figure 4.9: This shows a localized regime with fluctuations, primarily when baths are connected
on the same leg. This happens due to the complex nature of eigenvalues, with more details in the
text.

cases and needs to be proved properly.

Special cases:

µ = 0: For this case, the conductance goes to zero for even N when baths are connected across

and for odd N when baths are connected on the same side, for any value of other parameters. Note

that for the gapped-ungapped phase separating line, µ = 0 also serves as a band edge for both the

upper and lower band, and hence, one sees the subdiffusive (⇠ 1/N2 scaling of conductance). All

the regimes are shown in Fig. 4.10, 4.11 and 4.12

f = p: For this case, the two second-order exceptional points occur at k = ±p/2. Here, the

lower band is just the reflection of the upper band about the x-axis. When the baths are connected

on different legs, this leads to a vanishing conductance for even N for any arbitrary values of other

parameters. This is shown in Fig. 4.13.
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Figure 4.10: Ballistic conductance with µ = 0, vanishing based on odd or even no. of sites.

Figure 4.11: Subdiffusive 1/N2 scaling of conductance with µ = 0, vanishing based on odd or
even no. of sites.
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Figure 4.12: Exponentially localized conductance with µ = 0, vanishing based on odd or even no.
of sites.

Figure 4.13: Ballistic conductance with f = p , vanishing based on odd or even no. of sites for
baths connected on the same leg, while no special transport for baths connected on different legs.

71



72



Chapter 5

Conclusion and Outlook

We studied quantum transport in a one-dimensional lattice system hosting long-range power-law

decaying hopping with inelastic scattering. An anomalous super-diffusive scaling is obtained in

a long-range parameter regime via two approaches. The first is an exact method using Landauer-

Buttiker formalism to study a boundary-driven lattice with Buttiker probes attached at each site

mimicking dephasing. The second method uses the Lindblad equation to model the dephasing

probes and study wavepacket dynamics. It is interesting to see the agreement between these meth-

ods and it suggests a universality in the strong probe coupling regime. The fractional diffusion

equation describing the super-diffusive transport is microscopically derived using the renormali-

sation technique, and the scaling exponents and scaling functions are compared analytically and

numerically. This opens up several prospects, like determining the stability of scaling in the pres-

ence of weak interactions, investigating the universality class to which our model belongs, etc.

Also, one could attempt to apply similar techniques to predict hydrodynamic transport for other

models.

We move on to study fermionic transport in boundary-driven quasi one-dimensional ladder models.

Transfer matrix techniques prove very useful in obtaining analytically tractable forms for conduc-

tance. Exceptional points of the matrix are shown to correspond to phase boundaries for a simple
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ladder in a gauge field. We report some special parameter values for which conductance shows

dependence on the system size being odd or even and the placement of the boundary baths. Sym-

metries of the model are argued to be the reason behind this. There is a possibility of generalizing

the models to two dimensions in an appropriate manner.

In summary, we have investigated quantum transport in non-interacting one-dimensional and quasi

one-dimensional systems. We have found some interesting transport phenomena which open up

exciting future possibilities.
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