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Abstract

Over the past few deccades Tropical Geometry has emerged as an enticing subfield of

Algebraic Geometry. In Tropical Geometry one often deals with combinatorial objects

which come from algebraic varieties - retaining a lot of their original structure. In

this thesis we look at Tropical Geometry and see how one can use Tropical methods

to solve problems in Algebraic Geometry. The primary problem we look at in this

thesis is the curve counting problem: how many curves of degree d pass through 3d→1

points in the plane? We study the original proof of this problem, given by Maxim

Kontsevich - using the moduli space of stable maps. Then we allude to Mikhailkin’s

correspondence result, which showed that these numbers are the same in the Tropical

world. We then look at proof of this result in the Tropical world and compare the

methods used in this proof to those of Kontsevich’s.
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Chapter 1

Tropical Geometry

This chapter introduces the field of Tropical Geometry. After some definitions and

examples we quickly build up to important theorems in this field - the fundamental

theorem and its consquences.

1.1 Introduction and Examples

1.1.1 Tropical Arithmetic and Polynomials

Definition 1.1.1. The tropical semiring (R↑ {↓},↔,↗), is defined as the semiring

whose underlying set is R with the binary operations:

x↔ y = min(x, y)

x↗ y = x+ y

We refer to ↔ as the tropical sum, and ↗ as the tropical product.

Like in algebraic geometry, our source of geometric objects in the tropical world

comes from polynomials. We will look at how polynomials behave on the tropical

semiring to get an idea of the geometric objects we will soon be dealing with. For

any polynomial f =
!

i cix
i ↘ R[x], the tropical analougue, trop(f), is:

trop(f) =
"

i

ci ↗ x→i

= mini(ci + i · x),

1
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a piecewise linear function from R to R.

Example 1.1.1. Consider the polynomial f = x2+x+1, then in the tropical semiring

this polynomial looks like: min(2x, x, 1). Its graph looks like the following.

x

y

(1, 0)

(0, 1)

A piecewise linear function. ↭↫↭

In tropical geometry the points in the domain where the tropical polynomial is

not linear are referred to as the “roots” of the function. The reasoning behind this

terminology will be justified in remark 1.1.5 and the fundamental theorem in later

sections.

The tropical polynomial in 2 variables serve as a more instructive example to

understand what the set of non-di!erentiable points look like.

Example 1.1.2. For a quadratic polynomial f = ax2 + bxy + cy2 + dx+ ey + g, the

tropicalisation looks like the tent above the plane in the figure below. With the “roots”,

as defined earlier as the projection onto the plane below. ↭↫↭

Remark 1.1.2. Note that the tropicalisation of polynomials in the rest of the thesis

will be slightly di!erent from the tropicalisations considered in this section. From

now on we will be dealing with valuations and when we move the tropical world we

will consider the valuations of the coe”ecients instead. This will be elaborated upon

in the next section.
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1.1.2 Valuations and Varieties

Definition 1.1.3. For a field K we define the valuation val as a function val : K ≃

R ↑ {↓} such that:

1. val(a) = ↓ ⇐ a = 0,

2. val(ab) = val(a) + val(b),

3. val(a+b) ⇒ min(val(a), val(b)).

The image of val is an additive subgroup, #val ⇑ R, called the value group.

An important assumption we make is that 1 ↘ #val. Further, we define K↑ :=

{a ↘ K : val(a) ⇒ 0}, and K↑↑ := {a ↘ K : val(a) > 0}. And the residue field

K̃ := K↑/K↑↑.

Lemma 1.1.4. When val(a) ⇓= val(b) for a, b ↘ K, then,

val(a+ b) = min(val(a), val(b)).

It’s not hard to see that the algebraic structure induced on the image of the

valuation map is almost same as the algrbaic structure on the tropical semiring. This

observation motivates us to define tropicalisation of a polynomial with respect to a

given valuation (as hinted in 1.1.2). For f =
!

i cix
i ↘ K[x], a polynomial in a valued

field (K, val), the valued tropicalisation is defined as

tropval(f) = mini(val(ci) + i · x).

When the valuation is evident from context, we drop the subscript val in tropval(f)

for notational conveniece.

Remark 1.1.5. For any tropical polynomial (tropicalisation of a standard poly-

nomial) in one variable, we refer to the points where it’s not di!erentiable as its

roots. Suppose f(x) =
#n

i=1(x → ωi) ↘ K[x], where K is some valued field, then

trop(f) =
!n

i=1 min(val(x), val(ωi)). It’s clear that the “roots” of trop(f) are val(ωi).

This relation between the two types of roots will be further generalised, and will lead

to the fundamental theorem of tropical geometry.

Lemma 1.1.6. Suppose K is an algebraically closed valued field, then the value

group #val is divisible and dense in R.
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Lemma 1.1.7. When K is an algebraically closed valued field, the surjection K↓ ↬

#val splits.

The splitting is a map ε : #val ≃ K↓, but we always denote ε(w) with tw. This

notation is inspired from the splitting in the case where K is the field of Puiseux

series.

Other than the standard a”ne and projective spaces, in tropical geometry we

often deal with n-dimensional algebraic tori : T n
K := T n = (K↓)n. The coordinate

ring of T n is K[x±1
1 , . . . , x±1

n ], the ring of laurent polynomials. Zero set of ideals in

the laurent polynomial ring define varieties in T n, these varieties are called very

a!ne varieties. We can also define a Zariski topology on T n.

We have the inclusions i : T n ϑ≃ A
n and j : An ϑ≃ P

n. The a”ne closure of a very

a”ne variety X is i(X), and the projective closure of a a”ne variety X is j(X). For

an ideal I ⇑ K[x±1
1 , . . . , x±1

n ], define Ia! := I ⇔K[x1, . . . , xn].

Proposition 1.1.8. For I ⇑ K[x±1
1 , . . . , x±1

n ] let X = V (I) ⇑ T n, then V (Ia!) =

i(X).

Proposition 1.1.9. (K, v) be a valued field with splitting #val ↬ R, w ≃ tw. Let

ϖ1, . . . ,ϖn ↘ K̃↓ and w1, . . . , wn ↘ #val. Conisder the set of y = (y1, . . . , yn) ↘ T n

such that val(yi) = wi and t↔wiyi = ϖi for all 1 ↖ i ↖ n. This set is dense in T n with

respect to the Zariski topology.

1.1.3 Polyhedral Geometry

We now very quickly go through some elementray definitions and constructions in

Polyhedral Geometry. This section very closely follows the exposition in section 2.3

of [MS15].

A set X ⇑ R
n is said to be convex if for any two points in X the line connecting

those two points also lies in X. The convex hull, conv(U), of a set U ⇑ R
n is the

smallest convex set containg U . When U is a finite set conv(U) is a polytope. A

polyhedral cone C ⇑ R
n is the positive hull of a finite subset of Rn. For a set

U = {u1, . . . , un}:

C = pos(U) =

$

n
%

i=1

ωiui : ωi ⇒ 0

&
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When the ui’s are linearly independent, the cone is said to be simpilicial. It’s easy to

see that every polyhedral cone is a finite intersection of half n-spaces, this perspective

allows to define cones as the set {x ↘ R
n : Ax ↖ 0}, where A is a d↙ n matrix. For

a dual vector w ↘ (Rn)↗ we define the associated face in the cone C as:

facew(C) = {x ↘ C : w · x ↖ w · y for all y ↘ C}

For d↘, the dimension of the face, there also exists a d↘ ↙ n matrix A↘ such that

{x ↘ C : A↘x = 0}. A polyhedral fan is a collection of polyhedral cones such that

every face of the cone is part of the collection, and the intersection of any two cones is

a face of both the cones. A polyhedron P ⇑ R
n is the intersection of finitely many

a”ne half spaces, allowing us to define it as the set {x ↘ R
n : Ax ↖ b} where b ↘ R

d

and A is a d↙ n matrix. We can define faces of polyhedra in the same manner as we

defined faces of a cone.

A polyhedral complex, $, is a collection of polyhedra such that: if P ↘ $ then

all faces of P also lie in $, and if P,Q ↘ $ then P ⇔ Q = ∝ or P ⇔ Q is a face of

both P,Q. The support of a polyhedral complex, |$|, is the underlying set of points

in $. The lineality space of a polyhedral complex, if it exists, is the largest linear

subspace which lies in it. For any set of points in R
n, their a!ne span is defined as

the smallest a”ne subspace containing those points.

The regular subdivision is an important construction since it helps us create a

link between the newton polytope and tropical variety.

Definition 1.1.10. For an ordered list of vectors v1, . . . , vr ↘ R
n, fix a weight vector

w = (w1, . . . , wn) ↘ R
n. The regular subdivision is the polyhedral fan with support

pos(v1, . . . , vn) whose cones are pos(ϱ) for all ϱ ⇑ {v1, . . . , vn} such that there exists

c ↘ R
n+1 for which:

• c · vi = wi for all vi ↘ ϱ

• c · vi < wi for all vi ⇓↘ ϱ

Although defined as a fan, regular subdivisions are usually defined for polyhedral com-

plexes.

Suppose you have a polyhedron P given by conv(ui : 1 ↖ i ↖ r), we look at the

vectors vi = (ui, 1). The regular subdivision of v1, . . . , vr with respect to a weight
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vector w = (w1, · · · , wr) can be interpreted as projection of the bottom faces of the

polytope Pw = conv{(ui, wi) : 1 ↖ i ↖ r}. That is, in the polytope Pw consider the

faces F whose normal vector has positive final coordinates and project them onto the

first r coordinates, this gives the regular subdivision of P with respect to w.

1.2 Tropical Hypersurfaces

Definition 1.2.1. Consider polynomial f =
!

cux
u ↘ K[x0, . . . , xn], and let

W = trop(f)(w) = minu≃Zn+1{val(cu) + u · w}.

Then we define the initial form of f with respect to w as

inw(f)(x) =
%

val(cu)+u·w=W

cut↔val(cu)xu.

We can also define the initial form for a laurent polynomial f in the same way.

It’s easier to discuss properties of these initial forms once we understand their

relation to tropical hypersurfaces. So before we further study these intial forms, we

will first look at tropical hypersurfaces.

Definition 1.2.2. For a laurent polynomial f ↘ K[x±1
1 , . . . , x±1

n ], the tropical hyper-

surface trop(V (f)) is the set:

{w ↘ R
n : minimum in trop(f)(w) is acheived atleast twice}.

Similarly, for a tropical polynomial F , V (F ) denotes the set:

{w ↘ R
n : minimum in F (w) is acheived atleast twice}.

It’s clear that for a laurent polynomial f : V (trop(f)) = trop(V (f))

That next theorem gives various characterisations for a tropical hypersurface.

The generalisation of this theorem to varieties of higher codimensions is called the

Fundamental Theorem of Tropical Geometry.

Theorem 1.2.3 (Kapranov’s Theorem). Let K be an algebraically closed field with

a non-trivial valuation. Fix a laurent polynomial f ↘ K[x±1
1 , . . . , x±1

n ]. The following
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sets are the same:

1. A = V (trop(f)).

2. B = {w ↘ R
n : inw(f) is not a monomial}.

3. C = closure of {(val(y1), . . . , val(yn)) : (y1, . . . , yn) ↘ V (f)} in R
n.

Further, if f is irreducible and w ↘ #val ⇔ trop(V (f)), then the set {y ↘ V (f) :

val(y) = w} is Zariski dense in V (f).

Proof. Showing A = B is straightforward. If x ↘ A then there exist atleast two

u1, u2 such that trop(f)(x) = val(cu1
) + u1 · x = val(cu2

) + u2 · x. This implies inx(f)

has atleast the terms corresponding to u1 and u2, implying it’s not a monomial, and

A ⇑ B. Now consider a w ↘ B, the initial form inwf =
!

i val(cui
)+ui ·w has atleast

two terms, say for i = 1, 2. Therefore trop(f)(w) = val(cu1
)+u1 ·w = val(cu2

)+u2 ·w,

implying w ↘ A. Hence A = B.

To show C ⇑ A, since A is already closed, we just need to show that the set

{(val(y1), . . . , val(yn)) : (y1, . . . , yn) ↘ R
n} lies in A. Say y = (y1, . . . , yn) ↘ V (f),

this implies

f(y) =
%

u

cuy
u = 0

′val(
%

u

cuy
u) = ↓

′minu(val(cu) + u · val(y)) = ↓

For this equality to hold, for any pair u1, u2 with cui ⇐=0 we need to have val(c1) =

val(c2), else by [1.1.4] val(f(y)) < ↓, which is a contradiction.

To finish of the proof, we show B ⇑ C and the density statement in the next

propostion.

This proposition uses notation from the statement of Kapranov’s Theorem.

Proposition 1.2.4. Fix a laurent polynomial f ↘ K[x±1
1 , . . . , x±1

n ], and let w ↘ #valn .

Suppose w ↘ B and ϖ ↘ (K̃↓)n satisfies inw(f)(ϖ) = 0. There exists y ↘ (K↓)n such

that f(y) = 0, val(y) = w, and t↔1iyi = ϖi for 1 ↖ i ↖ n. Further, if f is irreducible,

then the set of such y is Zariski dense in the hypersurface V (f).
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Proof. We go about proving this proposition via induction on n.

Base Case. Consider n = 1.

We can multiply by a unit and assume that f =
!s

i=0 cix
i such that c0, cs ⇓= 0.

Since we are working in an algebraically closed field K, f =
#s

j=1(ajx → bj). Then,

inw(f) =
#s

j=1 inw(ajx→ bj). Since ϖ ↘ K̃ and inwf(ϖ) = 0, there exists j such that

inw(ajx→ bj)(ϖ) = 0. Futher, since w ↘ B, the initial form inw(f) is not a monomial.

This implies that inw(ajx→ bj) is not a monomial, hence:

val(aj) + w = val(bj)

ϖ = t↔wbj/aj.

Setting y = bj/aj we get f(y) = 0, and t↔val(y)y = ϖ, proving the base case.

Inducting on n. Consider n > 1. We first show that there exists an automor-

phism on ε ↘ K[x±1
1 , . . . , x±1

n ] such that ε(f), when seen as a polynomial in xn, has

coe”cients which are monomials in K[x±1
1 , . . . , x±1

n↔1]. It’s easy to construct such a

automorphism:

• Choose l ↘ Z>0.

• Define ε↓
l : K[x±1

1 , . . . , x±1
n ] ≃ K[x±1

1 , . . . , x±1
n ] as:

xi ∞≃ xix
li

n for 1 ↖ i ↖ n→ 1

xn ∞≃ xn.

• Any monomial in the polynomial f can be expressed as xuxr
n, where u ↘ Z

n↔1,

and:

ε↓
l (x

uxr
n) = xux

r+
!n→1

i=1
li

n .

• It’s clear now that we can choose l large enough such that each monomial of f

under ε↓
l has a unique exponent in xn.

Hence, we have found an automorphism ε↓
l which satisfies the required propeties.

If y ↘ T n satisfies:

ε↓
l (f)(y) = 0

val(yi) = wi → liwn

t↔wi↔liwnyi = ϖiϖ
↔li

n ,
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then for y↘ ↘ T n, defined by y↘i = yiy
li

n for 1 ↖ i < n, and y↘n = yn:

f(y↘) = 0

val(y↘i) = wi

t↔wiy↘i = ϖi.

Therefore we can replace f with ε↓
l (f). By construction of ε↓

l , we know that when f

is regarded as a polynomial in xn, all coe”cients are monomials in K[x±1
1 , . . . , x±1

n↔1].

Consider the set V := {(y1, . . . , yn↔1) ↘ T n↔1 : val(yi) = wi, t↔wiyi = ϖi}. From

proposition 1.1.9, we know that the set V is Zariski dense in T n↔1. Additionaly, for

each such point y ↘ Y the polyomial defined by g(xn) = f(y1, . . . , yn↔1, xn) is non-

zero. For u ↘ Z
n we denote with u↘ ↘ Z

n↔1 the projection of u onto the first n → 1

coordinates.

With u = (u↘, i), the polynomial g has the form,

g(xn) =
%

i

cuy
u
↑

xi
n

And for each monomial corresponding to u we have:

val(cu) + val(yu
↑

) + wn · i

= val(cu) +w · u.

Therefore, trop(g)(wn) = trop(f)(w), implying:

inwn
(g)(xn) =

%

u: val(cu)+val(yu
↑

)
+wn·un=trop(g)(wn)

t↔val(cu)cut↔u↑·w↑yu↑xun

n

=
%

u: val(cu)+w·u
=trop(g)(wn)

t↔val(cu)cuϖ
u
↑

xun

n

= inw(f)(ϖ1, . . . ,ϖn↔1, xn).

So from inw(f)(ϖ) = 0 we get inwn
(g)(ϖn) = 0. From the n = 1 case there exists

a yn ↘ K↓ such that val(yn) = wn, t↔val(wn)yn = ϖn, and g(yn) = 0, implying

f(y1, . . . , yn) = 0. Therefore, we have found the required point y ↘ V (f).

We are now left with the last claim of the proposition - if f is an irreducible poly-
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nomial the set Y = {y ↘ V (f) : val(y) = w, t↔wiyi = ϖi, 1 ↖ i ↖ n} is dense in V (f).

For each point (y1, . . . , yn↔1) ↘ V we constructed a point y = (y1, . . . , yn↔1, yn) ↘ Y .

Now consider any g ↘ I(Y) (that is g(y) = 0 for all y ↘ Y), if we show that g ↘ ∈f∋,

then denseness follows. We know that V is dense in T n↔1. As a consequence, the

projection of Y onto the first n→ 1 coordinates can’t be the solution set of any poly-

nomial in K[x±1
1 , . . . , x±1

n↔1]. Hence, the ideal ∈f, g∋ contains no non-trivial polynomial

in K[x±1
1 , . . . , x±1

n↔1]. Since f is irreducible, it follows that g = h · f for some laurent

polynomial f , implying g ↘ ∈f∋. Therefore, Y is dense in V (f).

Theorem 1.2.5. For f ↘ K[x±1
1 , . . . , x±1

n ], and trop(V (f)) = |%|. Where % is a pure

#
n
val→rational polyhedral complex of dimension n→ 1, more specifically:

% =
'

dual
'

r-subdivval(cu) (Newt(f))
(([n↔1]

Proof. Let f =
!

u≃Zn cux
u

• P = conv{u : cu ⇓= 0} ⇑ R
n .

• Pval = conv{(u, cu) : cu ⇓= 0} ⇑ R
n+1.

Defining the following will be helpful:

• facev(P ) = {x ↘ P : x · v ↖ y · v for all y ↘ P}. Here the vector v is an inward

pointing normal vector of the face.

• ς : Rn+1 ≃ R
n projection onto first n-coords.

The regular subdivision of P with weight vectors given by cu is the projection of the

lower faces of Pval. A face is called a lower face if it can be defined with a vector v

for which vn+1 > 0.

Now that we have the regular subdivision, we define the dual:

• The Normal Cone of a face is the set of all defining vectors of the face. Formally,

for a face F ⇑ Pval, the Normal Cone N (F ) = {v ↘ R
n+1 : facev(Pval) = F}.

• And F = {v ↘ N (F ) : vn+1 = 1}.

• ς̃(F ) = ς(F)
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And the complex D = {ς̃(F ) : F is a lower face of Pval} defines the dual of the

regular subdivision. Let’s see what the initial form defined by v ↘ ς̃(F ) looks like

(let v̄ = (v, 1) ↘ F be the pre-image of v).

inv(f) =
%

val(cu)+v·u=w

cut↔val(cu)xu

Where w = minu{val(cu) + u · v}. Notice val(cu) + v · u = v̄ · (u, cu), so if xu↑

has

non-zero coe”cient in inv(f):

(u↘, cu↑) · v̄ ↖ (u, cu) · v̄ △u

Which is precisely the condition required for (u, cu) to be a vertex of the face F defined

by v̄, and consequently for u to be vertex of ς(F ). Therefore inv(f) is not a monomial

i” facev(Pval) has more than vertex.

So w ↘ trop(f)(v) i” face(w,1)(Pval) is a not a vertex. Implying, w ↘ D[n↔1].

1.3 Gröbner and Tropical Bases

Kapranov’s theorem hints at the fact that the set of weights used to define the initial

forms for a laurent polynomial have some additional structure. Over the course of

this section we will see that for an ideal I the set of weights which induce a non-trivial

ideal of initial forms has the structure of a #val→raitonal polyhedral complex.

Before we develop the theory of initial forms of laurent polynomials, we will look

at initial forms for homogenous polynomials (and ideals). The reasoning behind this

is explained in remark 1.3.3.

Definition 1.3.1. For a homogenous ideal I the initial ideal inw(I) is defined as the

ideal in K̃[x0, . . . , xn] generated by intial forms of polynomials in I. A set G ⇑ I is

called a groebner basis of I with respect to w if ∈inw (G)∋ = inw(I).

Lemma 1.3.2. I ⇑ K[x0, . . . , xn] be a homogenous ideal; fix w ↘ R
n+1. Then inw(I)

is a homogenous ideal, and there exists a homogenous greobner basis for I. Further,

if w ↘ #val then g ↘ inw(I) has the form g = inw(f) for f ↘ I.

Remark 1.3.3. The reason we are dealing with homogenous ideals is because unlike

standard gröbner basis theory the ordering of monomials is also dependent on the
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(valuations of the) coe”cients. This implies that gröbner bases needn’t always gen-

erate the original ideal like usual. But when the ideals are homogenous, the gröbner

basis generates the original ideal.

Lemma 1.3.4. For a fixed polynomial f ↘ K[x0, . . . , xn] and w, v ↘ R
n+1 there exists

φ > 0 such that for all 0 < φ↘ < φ:

inv(inw(f)) = inw+ω↑v(f).

Remark 1.3.5. The previous lemma should be interpreted in a geometric context.

From Kapranov’s theorem we know that the set of weights of initial forms has the

structure of a polyhedral complex. Therefore, the above lemma implies that when

take the initial form of the initial form (inv(inw(f))), it’s equivalent to initialising just

once at a point close to w in the polyhedral complex of weights. This is infact also

true at the level of Ideals - formalised in the next proposition.

Proposition 1.3.6. For a homogeonous ideal I ↘ K[x0, . . . , xn] and w, v ↘ R
n+1

there exists φ > 0 such that for all 0 < φ↘ < φ:

inv(inw(I)) = inw+ω↑v(I).

Lemma 1.3.7. If I ⇑ K[x0, . . . , xn] is a homogenous prime ideal of dimension d and

w ↘ #
n+1
val , then every minimal associated prime of inw(I) has dimension d.

1.3.1 Gröbner Complexes

We now build towards generalising Kapranov’s theorem to abritary very a”ne va-

rieties. We continue to work with homogenous ideals over a field which admits a

splitting, and in the next section we will move to the ring of laurent polynomials.

Definition 1.3.8. Consider a homogenous ideal I ⇑ K[x0, . . . , xn]. For each w ↘

#
n+1
val

we define the polyhedra:

CI [w] := {w↘ ↘ R
n+1 : inw(I) = inw↑(I)}.

The closure of this set with respect to the euclidean topology is given by CI [w].

Proposition 1.3.9. I ⇑ K[x0, . . . , xn] be a homogenous ideal. There exist only

finitely many distinct monomial ideal inw(I) as w varies over Rn+1.
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Remark 1.3.10. If for w ↘ R
n+1 the ideal inw(I) is not a monomial ideal, there

exists a w↘ ↘ R
n+1, such that:

• inw↑(I) is a monomial ideal.

• CI [w↘] is a proper face of the polyhedra CI [w].

Additionaly, the set CI [w] is a #val-rational polyhedron, with a lineality space given

by R1 := span{(1, 1, . . . , 1)}. We refer the reader to theorem 2.5.2 of [MS15] for the

proof of this claim.

Since we don’t care about the lineality space, we identify with CI [w] the space

CI [w]/R1. As we vary w across Rn+1, we can glue CI [w] to from a polyhedral comples

- we prove this in theorem 1.3.13.

Definition 1.3.11. Let F : Rn+1 ≃ R be a tropical polynomial function, we denote

with $F the coarsest polyhedral complex, such that F is linear on each cell of $F .

The maximal cells of $F is of the form ϱ = {w ↘ R
n+1 : F (w) = a + w · u}, where

a↗ x→u is an element in the polynomial F .

Remark 1.3.12. Given an ideal I we can construct a polynomial g such that if

w ↘ relint(ϱ) where ϱ is a maximal cell of $trop(g), then ϱ = CI [w] for w ↘ R
n+1. We

now describe the construction of the polynomial g.

• For a r ↙ s matrix A, and a cardinality r subset J of the set of columns of A,

we denote with AJ the r ↙ r submatrix corresponding to the columns indexed

by J .

• Let I ⇑ K[x0, . . . , xn] be a homogenours ideal, and for d ↘ Z>0, let Sd :=

{f1, . . . , fr} be a basis for K-the submodule Id ⇑ I of degree d elements of I.

• We know that every homogenous polynomial of degree d on n+1 variables has
'

n+d

n

(

coe”cients. Let Hd be an indexing set for the
'

n+d

n

(

coe”cients. Let Ad

be a r ↙
'

n+d

n

(

matrix, with rows indexed by Sd and columns indexed by Hd;

thus, Aij is the jth coe”cient of the polynomial fi.

• Consider the vector:

P (Id) := (det(AJ
d ))J≃{J⇒Hd:|J |=r}.
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We call P (Id) the Plücker coodrinates of the point Id in the grassmanian

G(r,Hd) (space of dimension r subspaces in |Hd|-dimensional vector space).

• It’s easy to see that the Plücker coordinate, P (Id), of the matrix Ad is indepen-

dent of the choice of the basis set Sd.

• For each d we define the polynomial:

gd :=
%

J≃{J⇒Hd:|J |=r}

det(AJ
d )

)

u≃J

xu.

• Since there exist a finite number of initial monomial ideals (from proposition

1.3.9), there exists a D ↘ Z>0 such that inw(I)has generators of degree less that

D.

• Finally the polynomial g is defined as:

g =
D
)

d=1

gd.

We refer the reader to theorem 2.5.7 of [MS15] for the proof of the claim made at the

start of this remark.

Theorem 1.3.13. The polyhedra formed by gluing CI [w] while varying w ↘ R
n+1

forms a #val-rational polyhedral complex.

Sketch of Proof. From the previous remark it follows that the top-dimensional cells

of the (#val-rational) polyhedral complex $trop(g) are CI(w), for w ↘ R
n+1 and inw(I)

a monomial ideal. For v ↘ R
n+1,

invinw(I) = inw(I),

since inw(I) is a monomial ideal. From proposition 1.3.6 it follows that inw(I) =

inw+ωv(I), for small φ > 0. This implies that CI [w] is of full dimension ( in $trop(f)). It’s

also obvious that the set of top dimensional cells, CI [w], where inw(I) is a monominal

ideal are all disjoint and finite. From the claim made in remark 1.3.10 it follows that

if inw↑I is not a monomial ideal, it is a proper face of some top dimensional cell of

$trop(g), hence proving the theorem.
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1.3.2 Tropical Bases

Until now we have develoved the theory of Gröbner basis for homogenous ideals.

But to work with tropical varieties we need to extend these results for ideals in the

Laurent polynomial ring. In this section we look at Gröbner theory for the Laurent

polynomial ring and introduce the idea of tropical morphisms.

Definition 1.3.14. For a ideal I ⇑ K[x±1
1 , . . . , x±1

n ], we define the ideal Iproj in

K[x1, . . . , xn] in the following manner:

• Choose an basis {f1, . . . , fr} of I such that fi ↘ K[x1, . . . , xn] for all i.

• Let f̃i ↘ K[x0, . . . , xn] denote the homogenisation of fi, then:

Iproj = ∈f̃1, . . . , f̃r∋.

The following proposition formally defines a way to move between the ideals I

and Iproj.

Proposition 1.3.15. Let I ⇑ K[x±1
1 , . . . , x±1

n ] an ideal, w ↘ R
n+1. Then, inw(I) can

be obtained from in(0,w)(Iproj) by setting x0 = 1. Further, every element h ↘ inw(I)

is of the form xug, for xu is a laurent monomial, and g = f(1, x1, . . . , xn) for some

f ↘ in(0,w)(Iproj).

Definition 1.3.16. Assume K is any valued field. A tropical basis T ⇑ K[x±1
1 , . . . ,

x±1
n ] is a finite generating set such that, if for all w ↘ R

n:

▽ f ↘ I such that trop(f)(w) achieves minimum only once,

if and only if

▽ g ↘ T such that trop(g)(w) achieves minimum only once.

Remark 1.3.17. Theroem 2.6.6 of [MS15] proves that for any valued field K,the

ideal I ⇑ K[x±1
1 , . . . , x±1

n ] admits a finite tropical basis.

Until now we have looked at how very a”ne varieties behave under the tropical-

isation. We finally see how we can translate the morphisms of very a”ne varieties

into the tropical world.
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Definition 1.3.18. Remember that a morphism of algebraic groups ε : T n ≃ Tm

induces a monomial map ε↓ : K[x±1
1 , . . . , x±1

m ] ≃ K[z±1
1 , . . . , z±1

n ]. We can also rep-

resent this monomial map as a map ε↓ : Zm ≃ Z
n where ε↓(ei) = u for ε↓(xi) = zu.

We define the tropicalization of ε as the map:

trop(ε) : Hom(Zn,Z) ≠ Z
n ≃ Hom(Zm,Z) ≠ Z

m,

f ∞≃ f ◦ ε↓.

Sadly, the tropicalisation of morphisms is not functorial, but it almost is! - we

will elaborate on this in corollary 1.4.2.1. We now look at a key property of trop(ε).

Lemma 1.3.19. Let ε↓ : K[x±1
1 , . . . , x±1

m ] ≃ K[z±1
1 , . . . , z±1

n ] be a monomial map

(it’s induced from map between algebraic groups). Let I ⇑ K[z±1
1 , . . . , z±1

n ] be an

ideal, with I ↘ := ε↓↔1(I). Then,

ε↓(introp(w))(I
↘) ⇑ inw(I).

In particular, if inw(I) ⇓= ∈1∋, then introp(w)(I
↘) ⇓= ∈1∋.

Proof. Let ai ↘ Z
n, such that ε↓(xi) = zai for 1 ↖ i ↖ m. Define the n ↙m matrix

A as:

A :=









...
...

...

a1 . . . ai . . . am
...

...
...









.

Then, for u ↘ Z
m, ε↓(xu) = zAu. Let f =

!

cux
u ↘ I ↘ and define, W :=

trop(f)(ATw), then:

W = mincu ⇐=0(val(cu) + ATw · u)

= mincu ⇐=0(val(cu) + w · Au)

= trop(ε↓(f))(w).
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Further,

ε↓(introp(ε)(w)(f)) = ε↓





%

val(cu)+trop(ε)(w)·u=W

t↔val(cu)cu · x
u





= ε↓





%

val(cu)+ATw·u=W

t↔val(cu)cu · x
u





=
%

val(cu)+w·Au=W

t↔val(cu)cu · z
Au

= inw(ε
↓(f)).

Hence, ε↓(introp(w))(I
↘) ⇑ inw(I).

1.4 Arbritary Tropical varieties

In this section we look at the generalisations of the theorems discussed for hypers-

ufaces earlier. We refer the reader to sections 3.2 to 3.5 of [MS15] for the detailed

proofs.

Definition 1.4.1. For an ideal I ⇑ K[x±1
1 , . . . , x±1

n ] the tropicalisation of the very

a!ne variety X = V (I) is defined as:

trop(X) =


f≃I

trop(V (f))

It’s easy to see that if T is the tropical basis of I then trop(X) =


f≃T trop(V (f)).

The following theorem generalises Kapranov’s theorem to arbritary tropical vari-

eties.

Theorem 1.4.2 (Fundamental Theorem of Tropical Algebraic Geometry). Let K be

algebraically closed with a non trivial valuation, and let I ⇑ K[x±1
1 , . . . , x±1

n ] with

X = V (I) a very a”ne variety. Then the following three sets are the same:

1. trop(X).

2. {w ↘ R
n : inw(I) ⇓= ∈1∋}.

3. the closure of set {(val(y1), . . . , val(yn)) : (y1, . . . , yn) ↘ X}.
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Further, if X is irreducible and w ↘ #val⇔ trop(X), then the set {y ↘ X : val(y) = w}

is Zariski dense in X.

A consequence of the fundamental theorem is the following corollary, which proves

a very important property for tropicalisations of morphisms of varieties.

Corollary 1.4.2.1. Let ε : T n ≃ Tm be a morphism of algebraic groups. Let

X ⇑ T n be a subvariety, then,

trop(ε(X)) = trop(ε)(trop(X)),

where ε(X) is the Zariski closure.

Proof. Let I = I(X), and I ↘ = ε↓↔1(I) (the ideal of ε(X)). From lemma 1.3.19, if

inw(I) ⇓= ∈1∋, then introp(ε)(w)(I) ⇓= ∈1∋, implying trop(ε)(trop(X)) ⇑ trop(ε(X))

For the reverse inclusion we use the Fundamental Theorem - trop(ε(X)) is the

closure of the set {val(z) : z ↘ ε(X)}. Since trop(ε)(trop(X)) is a closed subset, we

just need to show that if w ↘ #
m
val ⇔ trop(ε(X)), then w ↘ trop(ε)(trop(X)). We

know that the set {z ↘ ε(X) : val(z) = w} is Zariski dense in ε(X). Hence there

exists z = ε(y) for y ↘ X, with val(z) = w. Since val(ε(y)) = trop(ε)(val(y)), it

follows that w ↘ trop(ε)(trop(X)).

Theorem 1.4.3 (Structure Theorem for Tropical Varieties). Let X be an irreducible

d-diminsional subvariety of T n. Then, trop(X) is the support of a balanced-weighted

#val→rational purely d-dimensional polyhedral complex, which is connected through

codimension 1.

For hypersurfaces, a converse of the structure theorem exists, which we formalise

in the next proposition.

Proposition 1.4.4. Let $ be a weighted balanced #val rational polyhedral com-

plex in R
n, of pure dimensiion n → 1. Then there exists a laurent polynomial

f ↘ K[x±1
1 , . . . , x±1

n ] such that |$| = trop(V (f)).
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1.5 Berkovich Analytic Spaces

1.5.1 The Berkovich Analytification

In this section the norm | · | : K ≃ R is defined as |x| = exp(→val(x)). This norm is

non-archimedian, that is:

• |a| = 0 i” a = 0

• |ab| = |a||b|

• |a+ b| ↖ |a|+ |b|

We also assume K is complete with respect to this norm for the rest of this chapter.

Definition 1.5.1. Consider and a!ne scheme, X = Spec(A), of finite type over K.

The Berkovich analytic space, Xan, is the set of seminorms on A which extend

the norm | · | on K. So p : A ≃ R+ is a seminorm if:

1. p(fg) = p(f)p(g)

2. p(1) = 1

3. p(f + g) ↖ p(f) + p(g)

4. p(ϖ) = |ϖ| when ϖ ↘ K

This set is given the coarsest topology such that the maps εf : Xan ≃ R+ given by

εf (p) = p(f) are continuous for all f ↘ A.

For a point p ↘ Xan we can construct a valued field (L,w) over K, along with

the L→rational point P in Spec(A) such that for all a ↘ A, p(a) = |a(P )|w. Here

L = A/{a ↘ A : p(a) = 0}. Conversely given a valued extension (L,w) of K and any

L→rational point P of A gives an element p ↘ Xan defined by p(a) = |a(P )|w.

1.5.2 Tropicalisation

Consider a free abelian group M ≠ Z
n of rank n, and define N = Hom(M,Z).

Then T := Spec(K[M ]) is the multiplicative torus with character group M . Let
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NR = R∀N = Hom(M,R). Then the tropicalization map is defined as:

tropv : T
an ≃ NR,

p ∞≃ tropv(p).

Such that for the character ↼u of T corresponding to u ↘ M ,

∈u, tropv(p)∋ = →log(p(↼u)).

For a choice of coodinates x1,≃, xn in T n,

tropv(p) = (→log(p(x1)), . . . ,→log(p(xn))).

So for any a”ne scheme of finite type, X, we define the tropical variety as-

sociated to X as Tropv(X) = tropv(X
an). This construction makes many tropical

objects easier to deal with. For example if X is connected then we know Xan is

connected (see [Ber12]), since trop is a continuous map it’s image also must be con-

nected, proving that the tropical variety is also connected. Further, the proof of the

Fundamental Theorem of Tropical Geometry also becomes much more simpler in this

case.



Chapter 2

Kontsevich’s formula in Algebraic

Geometry

The goal of this chapter is to understand the proof of Kontsevich’s curve counting

formula. We start with studying some moduli theory to understand the language

used in Kontsevich’s proof. We then look at various relevant moduli spaces and their

properties, before stating and proving the curve counting formula.

This chapter’s exposition is majorly ispired from [JK06]. We also recommend the

reader to refer to [FP97] for details (and further generalisations) we don’t discuss

during the course of this chapter.

2.1 Moduli Theory

2.1.1 Introduction and Motivation

The goal of a moduli problem is to classify a collection of geometric objects upto

some sort of equivalence. The geometric object can vary significantly from one moduli

problem to another. For example, in the rest of this thesis we will majorly be dealing

with two moduli problems - one where the object in consideration is a rational plane

curve, and the other where the rational plane curve comes together with its embedding

µ in P
r.

Before I state what exactly a Moduli problem entails, consider the following ex-

ample:

21
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Example 2.1.1.

X = {{(x, ax+ b) ↘ R
2 : x ↘ R} : (a, b) ↘ R

2}

Each object in this set X is a line given by the equation y = ax+ b. Notice that this

set X is parametrised by points in R
2, that is, we have a map ↽ : X ≃ R

2, which

sends the line y = ax+b to (a, b). Therefore, we can think of the family of nonvertical

lines in R
2 as the map:

X

R
2

ϑ

With the fibre ↽↔1(p) over the point p = (a, b) being the line y = ax+b. An advantage

of describing the set of lines X with this parametrisation is that points close to each

other in R
2 correspond to lines which are “close to each other”.

↭↫↭

This example motivates the definition of a family:

Definition 2.1.1. A morphism X ≃ B between schemes (with possibly additional

structure) will be referred to as a family over the scheme B. This will often be denoted

as X /B.

The fibres over points of the scheme B correspond to out geometric objects, in

context of example 2.1.1 the fibres were non-vertical lines in R
2.

It’s usually easier to deal with families when we define a notion of equivalent

families. That is, an equivalence relation on the set of families, S(B), over the

scheme B. Since we are dealing with schemes, an obvious notion of equivalence

between families X/B and X ↘/B can be defined with isomorphisms. That is, an

isomorphism, ⇀ : X ≃ X ↘ such that the following diagram commutes:

X X ↘

B

ϖ
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Note that isomorphisms over the scheme B is just an example of an equivalence

relation on S(B), over the rest of the thesis we will encounter di!erent equivalence

realtions which are appropriate for the given situations. When two families X /B and

N /B lie in the same equivalence class in S(B), we write X /B ∃ N /B.

Finally, a moduli problem consists of:

• A class of geometric objects.

• A family of these geometric objects over a parameter space (base scheme).

• And an equivalence relation on the set of families, S(B), over a base B.

An important idea while dealing with families of objects is being able to change

your base space. If we have a family X /B and a morphism ↽ : B↘ ≃ B then one can

define a new family over the base B↘ given by the fibre product X ↙B B↘ ≃ B↘.

↽↓X := X ↙B B↘ X

B↘ B
ϑ

The family ↽↓X /B↘ is called the pullback family of X/B along the morphism ↽. For

our families to behave “nicely” we would like pullbacks to commute with equivalence.

That is, if X /B ∃ N /B and ↽ : B↘ ≃ B is a morphism then we would like:

↽↓X /B↘ ∃ ↽↓N /B↘.

Before we formally define a moduli problem in the context of categories let’s revisit

example 2.1.1.

Example 2.1.2. In example 2.1.1 we defined a parameter space for non-vertical

lines in R
2. But we would like to define a parameter/base space such that we can

characterize all lines (including vertical ones) in R
2.

Embed R
2 in R

3 as the plane z = 1. For each line ax + by + c = 0 in R
2, there

exists a plane, L := ax+ by + cz = 0, through the origin in R
3 such that L⇔ {z = 1}

corresponds to the line ax+ by + c = 0.

We also know that each plane through the origin, R3, corresponds to a line through

the origin (its normal vector). This gives a bijection between the set of lines in R
2
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and the points of RP2\{[0 : 0 : 1]}, which can be seen as the family:

Y := {set of lines in R
2}

RP
2\[0 : 0 : 1]

ϖ

Notice that we are one point away from our parameter space being the entire projective

space RP
2. It’s natural to ask what space does RP

2 parametrise? Luckily the answer

to this question is quite striaghtforward. We have a bijection between lines in RP
2

and points in RP
2 given by:

RP
2 {lines in RP

2}

[a : b : c] {[x : y : z] ↘ RP
2 : ax+ by + cz = 0}.

↘ ↘

ϱ

And this can be seen as a family ⇁ : RP2 ≃ RP
2 of lines in RP

2.

We can now interpret the families X /R2 (example 2.1.1) and Y/{RP2\[0 : 0 : 1]}

as families of lines in RP
2 by embedding R

2 in RP
2, giving us the three families:

• ↽ : X ≃ R
2

• ⇀ : Y ≃ RP
2\[0 : 0 : 1]}

• ⇁ : RP2 ≃ RP
2.

For the inclusion maps,

• i : R2 ϑ≃ RP
2,

• j : RP2\[0 : 0 : 1]} ϑ≃ RP
2,

we have:

i↓RP2 ∃X

j↓RP2 ∃Y .
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Further, for any family of lines in RP
2, Z/B, there exists a unique morphism ε :

B ≃ RP
2, such that Z/B is equivalent to the pullback family along ε. We will see

that the family ⇁ : RP2 ≃ RP
2 satisfies the properties of a universal family, with

the base space being defined as a fine moduli space. ↭↫↭

Definition 2.1.2 (Fine moduli spaces). A universal family for a moduli problem

is a family U/M such that for any other family X /B there exists a unique morphism

↽ : B ≃ M with the property that ↽↓U ∃ X .

The base space of the universal family M is called a fine moduli space. The

morphism ↽ is called the classifying map of the family X /B.

2.1.2 Moduli Problems in the language of Categories

The properties of a moduli problem, like commutativity of pullback families with

equivalences can be stated elegantly in the language of categories. To see this, consider

the following commutative diagram:

↽↓X := X ↙B B↘ X

B↘ B
ϑ

Given a morphism ↽ : B↘ ≃ B we get a map from S(B) to S(B↘) which sends X /B

to ↽↓X /B↘. Remember that S(B) denotes the equivalence class of families over B

- hence ensuring that pullback is defined upto equivalence. We can interpret this

reversing of directions as a contravariant functor (called the moduli functor) which

sends each scheme to the equivalence class of families over it. Consider a functor S

defined as:

S : Schop ≃ Sets

X ∞≃ S(X) := {Equivalence classes of families over X},

where for ↽ ↘ Mor(A,B), S(↽) = ↽↓ ↘ Mor(S(B), S(A)).
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Representable Funtors and Fine Moduli Spaces

Definition 2.1.3 (Functor of Points). For any scheme X there exists a contravariant

set-valued functor, hX , called its funtor of points. This funtor is defined as:

hX : Schop ≃ Sets

B ∞≃ Hom(B,X),

where for ↽ : B↘ ≃ B, hX(↽) is defined as:

hY (↽) : Hom(B,X) ≃ Hom(B↘, Y )

β ∞≃ β ◦ ↽

Definition 2.1.4 (Representable Functors). A functor S isomorphic to a functor

points (for some scheme X) is called a representable functor. If U : hY ≃ S is

an isomrphism of functors, then we say that the pair (Y,U) represents S.

By Yoneda’s Lemma (appendix) we know that we can identify the natiral trans-

formation U : hY ≃ S with an element of S(Y ). Suppose the element of S(Y )

corresponding to U is U . Then (Y, U) is said to represent S.

Proposition 2.1.5. A family U/M is the universal family (with M the fine moduli

space) for a moduli problem, if and only if the pair (M,U) represents the moduli

functor S.

Proof. Suppose (M,U) represents the moduli functor F .

Then there exists an isomorphism of functors:

U : hM ≃ F,

which at the level of objects maps in the following manner:

UM : hM(M) ≃ F (M)

idM ∞≃ U/M.

Let V := U↔1 be the inverse functor. Now consider any ↽ : B ≃ M , we have the
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commutative diagram:

hM(M) F (M) hM(M)

hM(B) F (B) hM(B)

UM VM

UB VB

F (ϑ)↑ϑ ↑ϑ

Since U is an isomorphism UB is a bijection for all B. Implying that for all X/B ↘

F (B) there exists ↽X ↘ hM(B) such that UB(↽X) = X/B. For this morphism, ↽X,

consider the following diagram (with the element being chased on the right).

hM(M) F (M) idM U/M

hM(B) F (B) ↽X X/B = F (↽X)(U/M) = ↽↓
X
U/B

UM

UB

F (ϑX)↑ϑX

UM

UB

↑ϑX F (ϑX)

Via commutativity of the above diagram it follows that X/B = ↽↓
X
U/B. The clas-

sifying map, ↽X, is unique since the UB is a bijection. Hence, we have proved one

direction of the hypothesis.

Suppose U/M is a universal family.

We need to show that the naturam transformation U : hM ≃ F , which corresponds

to U/M ↘ F (M) (via the bijection from Yoneda’s lemma), is an isomorphism of

functors. Recall that a natural transformation, U , is an isomorphism if for a each

B ↘ Sch the induced map UB is a set theoretic bijection. We showed above that for

any ↽ ↘ hM(B), UB(↽) = ↽↓U/B:

UB : hM(B) = Hom(B,M) ≃ F (B)

↽ ∞≃ ↽↓U/B.

Further, via the universal propety of U/M , for each family X/B there exists a unique

morphism (the classifying map) ↽X ↘ hM(B). Let this correspondence between fam-

ilies over B and morphisms in Hom(B,M) by a map L. Then,

L ◦ UB(↽) = L(↽↓U/B) = ↽

UB ◦ L(X/B) = UB(↽X) = ↽↓
X
U/M = X/B.

Therefore, UB is a bijection for all B ↘ Sch, proving that U is an isomorphism of
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functors.

Coarse Moduli Spaces

Notice that the previous proposition doesn’t deal with the existence of fine moduli

spaces in general. There are many interesting moduli functors (one which we will

encounter later) in the thesis which aren’t representable. That is, fine moduli spaces

need not exist for such moduli problems. It’s now natural to ask if there is a way

we can relax the definition of a fine moduli space to construct some sort of a best

approximation? We will call this approximation the coarse moduli space.

Definition 2.1.6. A coarse moduli space for a moduli functor S is the pair (M,V),

where M is a scheme and V : S ≃ hM is a natural transform of functor such that:

• (M,V) is initial across all such pairs,

• The map between sets,

VSpecC : S(SpecC) ≃ Hom(SpecC,M),

is a bijection.

2.1.3 Families of Points in P
1

In this section we will look at families of distint point in P
1. This example will serve

as an important building block for the study of moduli spaces of marked rational

plane curves. For the rest of this section we denote with x, the point [x : 1] ↘ P
1, and

↓ for the point [0 : 1].

By a family of n points in P
1 over a scheme B we mean a diagram:

B ↙ P
1

B

ς φi

Where ϱi are disjoint sections. Therefore for each b ↘ B we get n points in P
1 given

by the n sections.
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For the rest of this section we are interested in the case where n ⇒ 4, since for any

three distinct points, p1, p2, p3, there exists an automorphism of P1 which sends them

to 0, 1, and ↓ respectively - implying all tuples of three or less points are equivalent.

Projective Equivalence of Families

Two families of n-points over a scheme B are said to be projectively equivalent if

there exists an automorphism ε ↘ Aut(P1) such that the diagram:

B ↙ P
1 B ↙ P

1

B B

ς φi ς φ↑

i

id⇑ε

commutes.

Family of 4 points - Quadruples

Define Q := P
1↙P

1↙P
1↙P

1\{diagonals}. Then for any family of four points over a

scheme B we have a map ϱ : B ≃ Q where each coordinate is defined by the section

ϱi. This map ϱ acts as the classifying map, and shows that Q is a fine moduli space

for families of four points and the universal family is of the form:

Q↙ P
1

Q

ς φi

with ϱi(p) = (p, pi).

Now we want to take into consideration the notion of projective equivalence. Re-

member that any three points p1, p2, p3 define an automorphism ϖ of P1 which sends

them to 0, 1 and ↓. For a quedrupule of points p1, . . . , p4, let ϖ be the automorphism

determined by the first three points going to 0, 1, ↓. Then we define the cross ratio

of the quadruple as ϖ(p4) ↘ P
1\{0, 1,↓}.

It follows that each quadruple (p1, . . . , p4) is projctively equivalent to (0, 1,↓, q)
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where q is the cross ratio of the quadruple. Consquently we have a bijection:

M0,4 := {Equivalence class of quadruples} ¬ P
1\{0, 1,↓}.

It’s easy to show that M0,4 is the fine moduli space for families of quadruples with

the universal family given by:

M0,4 ↙ P
1

M0,4,

ς ↼i

where τ1 := 0, τ2 := 1, τ3 := ↓, τ4(p) = p.

Family of n-points

For a quadruple of points (p1, p2, p3, p4) let ω((p1, p2, p3, p4)) denote their cross ratio.

Then we can characterise projective equivalence of two n-tuples in the following man-

ner. Let (p1, p2, p3, . . . , pn) and (p↘1, p
↘
2, p

↘
3, . . . , p

↘
n) be two n-tuples; they are said to be

projectively equivalent if and only if for all i ⇒ 4:

ω(p1, p2, p3, pi) = ω(p↘1, p
↘
2, p

↘
3, p

↘
i).

With this characterisation it’s easy to see that:

M0,n ∃ M0,4 ↙ · · ·↙M0,4\{diagonals},

where the product has n→ 3 elements.

2.2 Stable n-pointed Curves

For the rest of this thesis, a rational plane curve (or a plane curve) will refer to

a one dimensional variety that’s birational to P
1. In this section we will look at

moduli spaces of plane curves with n-marked points. This will help us in building

intution for understanding the moduli space of stable maps, which we will use to prove

Kontsevich’s forumla. A plane curve, C, with n distinct point p1, . . . , pn ↘ C will be

called a n-pointed rational curve, and will be denoted by the tuple (C, p1, . . . , pn).
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2.2.1 Families of smooth n-pointed curves

Definition 2.2.1. A family of n-pointed rational plane curves is a flat and proper

morphism of schemes ς : X ≃ B, such that the geometric fibres ς↔1(b) for all b ↘ B

are projective rational curves. Further, this morphism is equipped with n disjoint

sections ϱi : B ≃ X which represent the n marked points on each fibre.

An equivalence between two families ς : X ≃ B and ς↘ : X↘ ≃ B is an isomorphism

ε : X ≃ X
↘ such that the following diagram commutes:

X X
↘

B B

ς φi ς φ↑

i

ε

For families, X/B where the geomteric fibres are isomorphic to P
1:

• If n = 1 then X ∃ P(φ), where φ is a rank 2 vector bundle on B.

• For n = 2 this vector bundle splits.

• And for n ⇒ 3 there is a unique isomorphism X ≃ B ↙ P
1. Which makes this

case equivalent to classification of families of n points on P
1 upto projective

equivalence.

From the third point above it follows that, for n ⇒ 4, there exists a fine moduli

space M0,n for the problem of classifying n-pointed smooth rational curves up to

isomorphism. We have seen that for n = 3, M0,3 is a single point space, hence are

first interesting example is M0,4 which can be interpreted as P1\{0, 1,↓}.

2.2.2 M0,4 and Compactification of M0,n

When we see M0,4 as the projective line minus three points it’s clear that it is not

a compact space. In general, for a good intersection theory to exist on our moduli

space, it is necessary for them to be compact.

Example 2.2.1. We look at the universal family over M0,4 and see what happens

when we compactify it to P
1. As discussed in the previous section, the universal family



32 CHAPTER 2. KONTSEVICH’S FORMULA IN ALGEBRAIC GEOMETRY

is ς : M0,4 ↙ P
1 ≃ M0,4, with sections τ1 := 0, τ2 := 1, τ3 := ↓, τ4(p) = p. This

can be visualised as the following diagram, where Uq = ς↔1(q)

M0,4

τ1

τ2

τ3

τ4

q0 1 ↓

0

1

↓

Uq
P
1

If we compactify M0,4 to P
1 then the sections will no longer be disjoint. The

diagnoal section τ4 will intersect the other τ ↘is at 0, 1 and ↓ respectively. Therefore,

the geometric sections over the points 0, 1, and ↓ are 3-pointed curves, rather than

4 pointed ones.

To fix this problem we can blow up the universal family P
1↙P

1 at the three points,

τ4 ⇔ τi, for 1 ↖ i ↖ 3. This process of blowing replaces each point τ4 ⇔ τi with a copy

of P1 (the exceptional divisor). Let τ̃i denote the sections to the the blowup of the

unversal family, then the fibre over 0, U0, looks like the following.

τ̃3(0)

τ̃2(0)

τ̃1(0) τ̃4(0)

This fibre clearly isn’t a smooth variety isomorphic to P
1, but it gives us an idea

of curves we may want to include in our family if we want our moduli space to

be compact. To be specific, we will include reducible curves with some additional

structures in our family. ↭↫↭
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Taking the preceeding example as motivation we introduce the notion of trees and

stable curves.

Definition 2.2.2. A tree of projective lines is a connected curve such that:

• All irreducible components are isomorphic to P
1.

• The points of intersection between irreducible components are ordinary double

points (so no intersections are tangential).

• There are no closed cricuits, that is, if a node is removed, then the curve becomes

disconnected.

We will refer to these as just trees. Further, the irreducible components are called

twigs.

Definition 2.2.3. Let n ⇒ 3. We refer to the marked points and nodes as special

points. A stable n-pointed rational curve is a tree C of projective lines, with n distinct

marked points (which don’t overlap with the nodes) such that each twig has atleast 3

special points.

Notice that the fibres over 0, 1, ↓ in Example 2.2.1 are stable 4-pointed curves

with two twigs.

Remark 2.2.4. The stability condition in the previous definition is equivalent to

saying that curve is automorphism free. Any automorphism of a n-pointed stable

curves sends the marked point to itself. Therefore, any twig with one node will be

sent to itself. Since singular points are mapped to singular points, the node must

be sent to itself to himself. By induction it’s easy to see that all nodes will mapped

to themselves, and consquently, all twigs are sent to itself. This implies that an

automorphism of a stable curve is formed by gluing together automorphisms of the

twigs. But by stability, each twig has more than three special points, each of which is

mapped to themselves, implying that their automorphisms are trivial. Showing that

the automorphisms for stable curves are trivial.

2.2.3 Forgetting points, Stabilisation and Contraction

The addition of reducible curves to our problem gives rise to a few key operations

on them. These operations answer questions regarding what happens to a n-pointed

curve when we add or remove points from it.
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Stabilisation

Consider a n-marked curve (C, p1, . . . , pn). There are two possibilities for where a

n + 1th point can be added. If the new point doesn’t overlap with any of the other

special points, the n + 1 marked tree is a stable curve. The case which is intersting

is when the n+ 1th point overlaps one of the special points.

We first look at the case where the new point overlaps with a marked point.

The red circle in the left picture on top dentoes the additional point. We treat

this curve as the limit of a family of curves where the a the fourth point approaches

the middle point, as shown in the middle picture. As seen in the earlier example of

moduli spaces of 4-pointed curves, the limit of this family is a reducible curve with

twigs, as shown in the right picture. The curve on the right is called the stabilisation

of the left most curve.

Similartly When a new point overlaps a node, we treat it like like a limiting family

curves where the new point approaches the node like above. Then the limit curve

formed by a blowup in the universal family gives us the stabilisation.

We can also stabilise in families, which is formalised in the next proposition (given

without proof).

Proposition 2.2.5. For a family (X/B, ϱ1, . . . , ϱn) of stable n-pointed curves, let ▷

be an additional section. Then there exists a family (X↘/B, ϱ↘
1, . . . , ϱ

↘
n+1) of stable

n+ 1-pointed curves and a morphism ↽ : X↘ ≃ X such that:

• The restriction of ↽ on ↽↔1(X\▷) ≃ X\▷ is an isomorphism.

• ↽ ◦ ϱ↘
n+1 = ▷, and ↽ ◦ ϱ↘

i = ϱi for i ↖ n.

This family is unique upto isomorphism, and is called the stabilisation of (X/B, ϱ1,

. . . , ϱn). Further, stabilisation commutes with fibre products.
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Forgetful Maps and Contraction

We now discuss the converse, how do we forget a marked point of a stable n-pointed

curve? That is, what happens when we go from (C, p1, . . . , pn+1) to (C, p1, . . . , pn).

If pn+1 lies on a twig with 4 or more special points, the resulting n pointed curve

remains stable, hence the resulting curve is just the same curve with one less point.

Problems start occuring when the n + 1th point lies on a twig with 3 or less special

points. This has two cases.

1. pn+1 lies on a twig with two nodes.

When we remove a point a on a twig with two other nodes we contract the twig

to a single point, resulting in the two adjacent twigs intersecting with each other,

like in the diagram above. So this is a two step proccess, forgetting followed by

contraction.

2. pn+1 lies on a twig with a node and a marked point.

Here again, after the marked point is removed, we contract the unstable twig.

The key di!erence here is that the point of intersection with the other twig becomes

a marked point after contraction. This again can be formalised for familes, as we do

in the next proposition without proof.

Proposition 2.2.6. For a family (X↘/B, ϱ↘
1, . . . , ϱ

↘
n+1) of stable n+ 1-pointed curves

there exists a family (X/B, ϱ1, . . . , ϱn) and B-morphism ↽ : X↘ ≃ X such that:

• ↽ ◦ ϱ↘ = ϱ for 1 ↖ i ↖ n.

• for each b ↘ B the morphism at the level of fibres X↘
b ≃ Xb is an isomorphism

when restricted to any stable twig of (X↘
b, ϱ

↘
1(b), . . . , ϱ

↘
n(b)).
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This family is unique upto isomorphism, and we shall is say that it is obtained from

X
↘/B by forgetting the section ϱ↘

n+1. Further, forgetting commutes with fibre prod-

ucts.

When we forget the last section for the universal family over n+ 1 points, we get

a family of n-points over M0,n+1. Via the universal propery of U0,n/M0,n there exists

a unique morphism:

φ : M0,n+1 ≃ M0,n,

which we call the forgetful map.

2.2.4 M0,n and Boundary Divisors

A Set Theoretic bijection between M0,n+1 and U0,n

We understand the bijection between M0,n+1 and U0,n by examining the n = 4 case.

Consider a point p ↘ U0,4; to this point we are going to assign a stable 5-pointed

curve Cp. Let Fp denote the 4-pointed curve ς↔1(ς(p)) where ς : U4 ≃ M0,4. Then

p lies on the curve Fq; if p doesn’t overlap with any of the special points, then define

Cp := (Fp, p), else if p overlaps with a special point define Cp to be the stabilisation

of (Fp, p). If we interpret Cp as it’s corresponding point in M0,5 we have established

an injective map U0,4 ≃ M0,5.

It’s easy to check the surjectivity of this map. Consider a 5-pointed curve (C, p1,

. . . , p5), let Fq be the four pointed curve obtained by forgetting the last point (con-

tracting, if required). That is, the 4-pointed curve corresponding to the image of the

curve under the forgetful map φ : M0,5 ≃ M0,4. To obtain a point in the universal

family U0,4, we consider the fibre over the point in M0,4 and choose the point to

be the image of p5 under forgetting and contracting. It’s easy to see that this is an

inverse to the previous map, and hence a bijection between M0,5 and U0,4.

This set-theoretic bijection is also an isomorphism of schemes.

Construction of the Universal Family U0,5

Now that we have shown M0,n+1 and U0,4 are isomorphic, to construct M0,n for any

n we need to see how to obtain the universal family from the moduli space. We draw

inspiration from the n = 4 case and look at the fibre products of M0,5 with itself over
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the base scheme M0,4. Let U0,5 denote the stabilisation of M0,5 ↙M0,4
M0,5, over the

base M0,5. We then have the following diagram.

U0,5

U0,4 ↙M0,4
U0,4 M0,5 ∃ U0,4

M0,5 ∃ U0,4 M0,4

φi↽ φi

By using commutativity of stabilisation with fibred products it’s easy to show that

this stabilisation U0,5 is the universal family over M0,5. And hence U0,5 := U0,5.

Boundary Divisors

By the boundary of M0,n we mean the set M0,n\M0,n. The points of the boundary

correspond to reducible curves. In this section we will classify the set of reducible

curves, and discuss the properties of the set of reducible curves of codimension 1.

Proposition 2.2.7. The the subset $↽ ⇑ M0,n consisting of curves with ▷ ↖ n → 3

number of nodes is of pure dimension n→ 3→ ▷.

Proof. hm.

Definition 2.2.8 (Ordered Partition). Let S be a set with |S| = n < ↓. A partition

of S is a set of disjoint subsets {Ai}
r
i=0 such that

r

i=0 Ai = S. On each element Ai

we can define an ordering of its elements given by <i (usually this ordering is given by

the ordering of points in the set S). We refer to the partition along with the ordering,

{(Ai, <i) : 0 ↖ i ↖ r}, as a ordered partition. We will call an ordered partition

stable if |Ai| ⇒ 2 for all i.

Definition 2.2.9 (Labeled Configuration). Consider the set S = {p1, . . . , pn} of

marked points for the moduli space M0,n. Over each stable ordered partition, A, of

the set S we can construct a set of n-marked curves:

• Let the ordered partition be {(Ai, <i) : 0 ↖ i ↖ r}.
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• Consider a tree C with r nodes.

• Since a tree is connected with no cycles, there exist r + 1 twigs in C.

• Label the twigs Ti for 0 ↖ i ↖ r, such that for all i, the intersection Ti⇔Ti+1 ⇓= ∝.

It’s easy to see that there exist only two such sequences, Ti and Tr↔i.

• To each twig Ti assign |Ai| marked points, and label them with respect to the

ordering <i - making C a n-marked curve.

• Let FA denote the set of all these n-marked curves upto automorphisms (pre-

serving the ordered partitioning).

The set FA is called a labeled configuration.

Example 2.2.2. Consider a curve in M0,4, with marks {x1, . . . , x4}. The labeled

configuration given by the partitioning {{x1, x3}, {x2, x4}} looks like the figure below.

x1

x3 x2

x4

↭↫↭

Definition 2.2.10. The closure of each labeled configuration is a smooth and irre-

ducible subvariety of M0,n, called a boundary cycle.

The boundary of boundary cycles are made from other boundary cycles of higher

codimension (more elements in the ordered parition).

Remark 2.2.11. Since the set S = {p1, . . . , pn} we partition to define cycles already

has an ordering, we will assume that the ordering on the partitions is induced from

this ordering. Hence we choose to drop the term ordered while referring to partitions.

Definition 2.2.12 (Boundary Divisors). Boundary cycles of codimension 1 are called

boundary divisors. They are the closure of a labeled configuration TA, where A is

a stable partition with two elements. For a stable partition S = A ↑B of the marked

points, the divisor defined by the induced labeled configuration is denoted as D(A|B).

A general point of the divisor D(A|B) is a curve with two twigs, such that the set

of marks A and B are distributed among di”erent twigs.
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The curve in example 2.2.2 is what a general point in the divisor D(x1, x3|x2, x4)

of M0,4 looks like.

Proposition 2.2.13 (The recursive structure of divisors). Each boundary cycle can

be expressed as a finite product of moduli spaces of lower dimension. In paritcular,

a divisor D(A|B) is isomorphic to M0,A⇓{x} ↙M0,B⇓{x}.

We will just discuss the idea behind the proof for the case of divisors and leave it

to the reader to extend the ideas to the case of boundary cycles.

Sketch of a proof. A general point of the divisor D(A|B) is a reducible curve C with

two twigs - with marks A on one twig, and marks B on the other. Conisder each twig

separately, the A-twig has the points in A and the node {x} as the marks. Similarly,

the B-twig has the points in B and the node {x} as the marks. Thus, we have

elements in M0,A⇓{x} and M0,B⇓{x}.

Similarly, every element of M0,A⇓{x} ↙M0,B⇓{x} produces an element of D(A|B)

via the identification of the marks x. This gives the isomorphism:

M0,A⇓{x} ↙M0,B⇓{x} ∃ D(A|B).

Since we know that the moduli spaces M0,n are smooth and irredcuble - it follows

that the divisors D(A|B) are smooth and irreducible as well.

Remark 2.2.14. Forgetful maps are compatible with boundary divisors. That is,

for the forgetful map φ : M0,n+1 ≃ M0,n,

φ↓D(A|B) = D(A ↑ {q}|B) +D(A|B ↑ {q}).

We describe this equivalence set theoretically and refer the reader to [JK06] for further

details. When we pullback the divisor D(A|B), there are two possible curve in general

position (in M0,n+1). The additional marked point, {q}, can lie on either A or B -

hence giving the divisors D(A|B ↑ {q}) and D(A ↑ {q}|B).

Remark 2.2.15. The previous remark has a crucial consequence in the proof of

Kontsevich’s curve counting formula. It gives rise to the WDVV relations (that we

will now describe). We iteratively compose forgetful maps to arrive at the map,

M0,n ≃ M0,4.



40 CHAPTER 2. KONTSEVICH’S FORMULA IN ALGEBRAIC GEOMETRY

For a divisor D(ij|kl), the pullback divisor consists of a sum boundary divisors

D(A|B), where i, j ↘ A, and k, l ↘ B. Since all divisors on M0,4 ∃ P
1 are lin-

early equivalent, we obtain the following relation:

%

i, k≃A
j, l≃B

D(A|B) ∅
%

i, j≃A
k, l≃B

D(A|B) ∅
%

i, l≃A
k, j≃B

D(A|B).

2.3 Stable Maps

Over the course of this section we will define and understand the properties of moduli

spaces of stable maps M0,n(P
r, d). Since the goal of this chapter is to study the

intersections of degree d curves in projective space, these moduli spaces will serve as

an important tool.

Definition 2.3.1. A family of maps of smooth raional curves is a diagram

X P
r

B

µ

ς

where ς is a flat family with geometric fibres isomorphic to P
1. The map µ restriced

to the fibres Xb of points b ↘ B, denoted µb, is a map from a smooth eational curve.

Futher, it can be shown that all fibres µb have the same degree.

2.3.1 Moduli Spaces of maps to P
r

The Space of Parametrisations

Definition 2.3.2 (Degree of a map). The degree of the map µ : P1 ≃ P
r is defined as

the degree of the direct image cycle µ↓[P
1]. That is, if e is degree of the image curve,

and k the degree of the field extension corresponding to the map µ, then the degree is

defined to be k · e.

An easier way to understand this notion of degree is by looking at the explicit

form of the morphism µ. µ is of the form µ([x; y]) = [F0(x, y); · · · ;Fr(x, y)] where

Fi’s are homogenous polynomials, then deg(µ) = deg(Fi) for any 0 ↖ i ↖ r. This
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characterisation makes sense since all Fi’s are homogenous. This interpretation of µ

also helps us define thee space of degree d maps P1 ≃ P
r. Note that each degree d

map P
1 ≃ P

r is a parametrisation of the image curve, hence we refer to the set of all

such maps as the space of parametrisations, and denote it W (r, d).

Defining a map µ : P1 ≃ P
r of degree d is equivalent to defining r + 1 degree d

forms, upto a constant factor. This condition characterises W (r, d) as a Zariski open

subset:

W (r, d) ⇑ P



r
"

i=0

H0(OP1(d))



.

Here H0(OP1(d)) is the set of global sections on P
1 of degree d. The dimension of

W (r, d) is 1 less than the dimension of the space with r + 1 degree d forms since we

are going modulo a constant factor,

dim(W (r, d)) = (r + 1)(d+ 1)→ 1 = rd+ r + d.

W (r, d) admits a canonical family of maps P1 ≃ P
r. For the family given by the

projection ς : W (r, d) ↙ P
1 ≃ W (r, d), the fibre over each morphism µ ↘ W (r, d) is

mapped to curve µ(P1) ⇑ P
r. It turns out that this canonical family is the universal

family of the moduli space for maps P1 ≃ P
r of degree d.

Definition 2.3.3. A map µ : P1 ≃ P
r is called an immersion when the induced

tangent map is injective at all points.

Lemma 2.3.4 (On Codimension of Space of Parametrisations). The set W ↑(r, d) ⇑

W (r, d) of all immersions is open. For d = 1, W ↑(r, 1) = W (r, 1). For d ⇒ 2, its

complement is of codimension r → 1.

An important subset of W (r, d) is the maps which are birational onto their image,

we denote this subset with W ↓(r, d). Just like in the previous lemma, we will now

try to find a bound on the codimension of the complement of W ↓(r, d). We there for

ask, what does the complement of W ↓(r, d) look like? For d = 1 this is trivial since

W ↑(r, 1) = W ↓(r, 1) = W (r, 1). dotted arrow latex

Before, examining the d ⇒ 2 case, recall the following proposition.

Proposition 2.3.5 ([Har92]). Let f : X ⊜⊜≿ Y be a dominant rational map between

two varieties. The general fibre of the map f is finite i” the map f ↓ : K(Y ) ≃ K(X)
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is a finite field extension. Further, when the base field K is of characteristic 0, the

degree of the map is equal to the cardinality of the general fibre.

Returning to the d ⇒ 2 case, since the map µ in discussion is not birational the

cardinality of the general fibre is atleast 2. Consequently, from the above lemma, the

degree of the field extension corresponding to the map is of atleast degree 2. We refer

to maps of this kind as multiple covers.

Every multiple cover µ : P1 ≃ P
r factors via P

1 as P
1 ⇀
→≃ P

1 ϖ
→≃ P

n, where ◁

is a multiple cover of the projective line, and ⇀ a map birational onto its image.

This factorisation is not unique since for every automorphism ε of P
1 we have a

factorisation (⇀ ◦ε↔1)◦ (ε◦◁). Remember that the degree d of µ is defined as d = ke,

where e is the degree of the image curve and k the degree of the associated field

extension. In the above factorisation of µ, ◁ is a k-fold cover of P1, and the image of

⇀ is a degree e curve in P
r.

This gives a relation between factorisations of d and factorisations of µ via P
1. To

establish a bound on the codimension of the complement of W ↓(r, d), we study the

locus of maps associated with each factorisation of d in the complement. In particular,

we are looking for factorisations where the associated locus achieves the least possible

codimension.

Lemma 2.3.6. The locus in W (r, d) of k-fold covers of curves of degree e, for d = ke,

is closed of codimension (k → 1)(e(r + 1)→ 2).

Sketch of proof. As discussed earlier, if a map µ lies in the locus, then it factors

through P
1 in the following manner,

P
1

P
r

P
1

µ

⇀ ϖ .

Here, ◁ is a k-fold cover of P
1, and ⇀ is a degree e map birational to its image.

We know that this factorisation is not unique (since Aut(P1) is non trivial). This

factorisation implies that the map:

W (1, k)↙W (r, e) ≃ W (r, d)

(◁,⇀) ∞≃ ⇀ ◦ ◁,
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is surjective on the locus. Since the fiber over each point in W (r, d) is of dimension

3 (dimAut(P1) = 3), the codimension of the locus is:

dim(W (r, d)) + 3→ dim(W (1, k))→ dim(W (r, e))

= rd+ r + d+ 3→ 2k → 1→ re→ e→ r

= rke+ ke→ 2k → re+ 2→ e

= k(e(r + 1))→ e(r + 1)→ 2(k → 1)

= (k → 1)(e(r + 1)→ 2).

The idea behing why the locus is closed follows from the fact that any multiple cover

of a line can’t degenerate into a parametrisation of di!erent.

Proposition 2.3.7. The locus W ↓(r, d) ⇑ W (r, d) is open, and for d ⇒ 2 the codi-

mension of its complement is atleast:

min{(r → 1)(d→ 1), (r + 1)d/2→ 2}.

For r ⇒ 2 this locus is dense in W (r, d).

Problems with this space of Parametrisations

We now see why the space W (r, d) is not good enough:

• The families assosciated with W (r, d) are such that all parametrisations are

induced from the same P
1 (see example 2.1.10 of [JK06] for counterexample).

• The space W (r, d) isn’t compact, which makes it hard to define a good inter-

section theory on it.

• Additionaly, reparametrisations of the same family are considered as di!erent

elements of the moduli space.

To remedy the third drawback in the above discussion, we give the quotient

W (r, d)/AutP1 the structure of a variety. The following lemma hints at the like-

lyhood for the existence of a coarse moduli space.

Lemma 2.3.8. Let µ : P1 ≃ P
r be a non-constant map. Then there exists only a

finite number of automophisms ε of P1 such that µ = µ ◦ ε. If µ is birational onto

its image, Aut(µ) is trivial.
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Proof. Let K ϑ≃ L be the field extension on the function fields K := K(µ(P1)) and

L := K(P1). Then there exists a natural identification between Aut(µ) and the group

of automorphisms of L fixing K. If µ is birational onto int’s image, then L = K,

hence the automorphism group Aut(µ) is trivial.

Notice that a consquence of the previous lemma is that the open set W ↓(r, d) ⇑

W (r, d) is precisely the set of automorphism free maps - since maps are birational

onto their image if and only if the field extension is of degree 1. The set,

M↓
0,0(P

r, d) ∃ W ↓(r, d)/Aut(P1)

is the fine moduli space for the family of autmorphism free maps into P
r.

Further, when d ⇒ 1 the maps in the complement of W ↓(r, d) are the multiple

cover maps discussed earlier. When we take these maps into account, we get the

coarse moduli space:

M0,0(P
r, d) ∃ W (r, d)/Aut(P1).

The dimension, dimM0,0(P
r, d) = rd+ r+ d→ 3. Notice when r ⇒ 2 and d ⇒ 1, from

proposition 2.3.7 it follows that M↓
0,0(P

r, d) is dense in M↓
0,0(P

r, d).

Proposition 2.3.9. For n ⇒ 3 there exists a fine moduli space M0,n(P
r, d) for iso-

morphism classes of n- pointed maps of degree d,

M0,n(P
r, d) = M0,n ↙W (r, d).

In fact, M0,n(P
r, d) is a smooth variety.

2.3.2 Kontsevich Stable Maps

The space of Stable Maps

We now introduce the notion of Kontsevich Stable Maps. Just like how we defined

the notion of stability for n-marked curves, we will define a similar notion of stability

for maps into P
r.

Definition 2.3.10 (n-pointed maps). An n-pointed map is a morphism µ : C ≃ P
r,

where C denotes a tree of projective lines with n distinct marked smooth points of C.
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An isomorphism of n-pointed maps, µ : C ≃ P
r and µ↘ : C ↘ ≃ P

r is a morphism

ε : C ≃ C ↘ such that following diagrams commute:

C C ↘ C C ↘

SpecC SpecC P
r

ε ε

µ µ↑

ς ς↑φi φ↑

i

A family of n-pointed maps can be understood as the diagram,

X P
r

B

µ

ς φi

where ς is a flat family of trees, and ϱi are n disjoint sections which don’t intersect

the singularities (nodes) of the fibres.

Definition 2.3.11. An n-pointed map µ : C ≃ P
r is called Kontsevich Stable if any

twig mapped to a point is a stable pointed curve.

Lemma 2.3.12 (Equivalence of Stability and Cardinality of Automorphism Group).

An n-pointed map is Kontsevich stable if and only if it has a finite number of auto-

morphisms.

We now state the existence theorem for Kontsevich moduli spaces, without proof.

Theorem 2.3.13. There exists a coarse moduli space M0,n(P
r, d) parametrising iso-

morphism classes of Kontsevich stable maps of degree d.

Theorem 2.3.14. M0,n(P
r, d) is a projective normal irreducible variety, and it is

locally ismorphic to a quotient of a smooth varity by the action of a finite group. It

contains M
↓

0,n(P
r, d) as aa smooth open dense subvariety which is a fine moduli space

for maps without automorphisms.

Remark 2.3.15. Since each marked point adds one to the dimension:

dimM0,n(P
r, d) = (r + 1)(d+ 1)→ 1→ 3 + n

= rd+ r + d+ n→ 3.
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Idea behind the construction of M0,n(P
r, d)

Although we did state the existence of the mouduli space of stable maps in theorem

2.3.13 we would like to know how this space behaves. We will now look at the case of

stable maps into P
2 and discuss some of its properties. We describe a class of open

sets of M0,n(P
2, d) which cover the entire space.

Fix lines l0, l1, l2 in P
2, defined by the linear forms x0, x1, x2 ↘ H0(OP2(1)). The

open set, U , set we are interested is the set given by maps in M0,n(P
2, d) such that

their images intersect transversaly with the lines li. This is equivalent to saying that

the inverse image of the divisor l0+l1+l2 consists of 3d distinct non-special points of C.

The inverse image of this divisor is equally distributed among twigs of C. Remember

that the degree of a curve can also be defined by the number of intersection of the

curve with a transverse hyperplane divisor. Since each li is a hyperplane divisor in

P
2, if the restriction of µ onto a twig is of degree d↘ then the inverse image divisor µ↓lj

has d↘ points on this twig. We denote with Dj := µ↓lj the inverse image divisor, and

with qj1, . . . , qjd the points of Dj. It’s also easy to see that the divisors Dj are linearly

equivalent, since they come from the sections µ↓xi of the line bundle µ↓OP2(1).

Remark 2.3.16. In the previous paragraph we assigned to each map µ : C ≃ P
2

(which were transversal to three linearly equivalent divisors) a (n + 3d)-point curve

C̃. It turns out that this curve C̃ is a (n + 3d)-pointed stable curve if and only if

µ : C ≃ P
2 is a stable map. We formalise this in the next proposition.

Proposition 2.3.17. For a map µ : C ≃ P
2 the constructed (n+ 3d)-pointed curve

is stable if and only if the map µ is stable.

Proof. Suppose µ is Kontsevitch stable.

Then by defininition, the degree 0 twigs (where restriction of µ is of degree 0) of

C̃ are already stable. As for the twigs with degree d↘ ⇒ 1, there exist atleast 3d↘ ⇒ 3

marked points on them - hence satisfying the stability condition for pointed curves.

Suppose C̃ is a stable (n+ 3d)-pointed curve.

We go about this via contradiction, say µ was not kontsevitch stable - there would

exist a twig of degree 0 with less that 3 special points. Consequently the curve C

wouldn’t be stable as a pointed curve. This degree zero twig will remain unstable

even we add the 3d marked points to construct C̃ - since all these points are added to

twigs with nonzero degree. This contradicts that C̃ is a stable pointed curve - hence

µ is Kontsevich stable.
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Proposition 2.3.18. Let C̃ with marks p1, . . . , pn, q01, . . . , q0d, q11, . . . , q1d, q21, . . . , q2d

be a stable curve. Define divisors Dj :=
!

qjk. If the divisors are linearly equivalent

there exists an element µ ↘ M0,n(P
2, d) such that the (n+ 3d)-curve constructed by

the inverse image divisors of
!

i li is C̃.

Proof. Since the divisors Dj are linearly equivalent, they arise from sections of the

same line bundle, say O(D). Let s̃0, s̃1, s̃2 be the sections which give rise to D0, D1,

D2; respectively. Since these sections are disjoint, they define a morphism µ̃ : C̃ ≃ P
2

given by x ∞≃ [s̃0(x); s̃1(x); s̃2(x)]. We can choose a ε ↘ Aut(P2) such that (ε◦ µ̃)↓li =

s̃i for the divisors li defined by the linear forms xi. If we now forget the 3d marked

points and let µ := ε ◦µ be a map from C, the curve with n-marked points, then the

n + 3d-pointed curve induced by µ is same as the C̃ we started o! with. Hence we

are done.

Remark 2.3.19. We define B ⇑ M0,n+3d to be the set of pointed curves such that

divisors Dj (defined in the above proposition) are linearly equivalent. A condition for

(C̃, (pi), (qjk)) ↘ M0,n+3d to lie in B equivalent to the linear equivalence of divisors

is that the number of points of the divisor Dj lying on a twig is independent of j;

that is, each divisor contributes the same number of points on a twig. It follows that

the complement of B consists of boundary divisors D(A|A↘) such that A intersects

Dj at more points than A↘. Implying, B is a open subset in M0,n+3d. Further, B

also clearly contains all the irreducible n+ 3d pointed curves in P
1, showing that it’s

non-empty.

The Group Action

The curve C̃ in M0,n+3d, can be induced by several non-isomorphic maps µ : C ≃ P
2.

Indeed, for any such map µ we can choose an automorphism ε of P2 which fixes the

three lines li, then the map ε ◦ µ also induces C̃. The automorphisms which fix li’s

are of the form,

ε : [x0; x1; x2] ∞≃ [ω0x0;ω1x1;ω2x2].

We can fix ω0 = 1 and we get that the set of non-isomorphic maps which induce

the same (n + 3d)-pointed curve is in bijection with C
↓ ↙ C

↓. Additionaly, when

we defined the map µ : C ≃ P
2 for the curve C̃, we could have composed µ with

any of the automorphism corresponding to the set C↓ ↙ C
↓ to obtain an element of
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M0,n(P
2, d). We use this set of automorphisms to define a (C↓ ↙ C

↓)-bundle Y over

the open set B.

Notice that when we assigned 3d additional points to C to form (n+ 3d)-pointed

stable cuvre C̃ we never chose a particular ordering of these marks. There are d!d!d!

possible ways of ordering these marked points, and this observation will help us define

a group action on Y .

Let G = Sd ↙ Sd ↙ Sd, where Sd is the permutation group on d elements. Then

there exists an obvious action of G on the total space Y , for g = (g0, g1, g2) and curve

(C̃, (pi), (qjk)), the action of g on this curve permutes the marked point and results

in (C̃, (pi), (qjgj(k))). It’s easy to see that the quotient Y/G is in bijection with the

open set U ⇑ M0,n(P
2, d) we defined earlier. This can also be verfied by checking the

dimension of Y , which is:

dimY = 2 + (n+ 3d)→ 3 = n+ 3d→ 1 = dimM0,n(P
2, d).

2.3.3 Evaluation and Forgetful Maps

Evaluation Maps

For each marked point pi there exists a map,

0i : M0,n(P
r, d) ≃ P

r,

(C, p1, . . . , pn, µ) ∞≃ µ(pi),

which is called the evaluation map. This map is also a morphism of schemes.

Lemma 2.3.20. The evaluation maps are flat.

A consquence of flatness of evaluation maps is that codimension is preserved for

inverse images. Say H ⇑ P
r is a hyperplane, then for each i, 0↔1

i (H) is a divisor

(hence codimension 1) which consists of all maps whose ith point is mapped to H. If

Q is a point in P
2 then the inverse image 0↔1

i (Q) is of codimension 2 in M0,n(P
2, d).

Remark 2.3.21. We can take all the evaluation maps togehter and define a total
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evaluation map,

0 : M0,n(P
r, d) ≃

n
)

i=1

P
r

(C, p1, . . . , pn, µ) ∞≃ (µ(p1), . . . , µ(pn)) .

Although the individual component maps are flat, the total evaluation map is not

flat.

Forgetful Maps and Their Properties

Just like we did for pointed stable curves, for each subset of marks B ⇑ A we can

define forgetful maps M0,A(P
r, d) ≃ M0,B(P

r, d) which forget the marks in A\B.

Each such forgetful map can be constructed by iteratively composing maps which

forget one marked point:

φ : M0,n+1(P
r, d) ≃ M0,n(P

r, d).

These maps behave a lot like the forgetful maps for pointed stable curves. If we forget

a point on a twig with non-zero degree, the forgetful map is straightforward. But if

we forget a point on a twig with zero degree such that the twig becomes unstable,

the source curve undergoes a contraction where the twig is mapped to a point under

the forgetful map.

Example 2.3.1 (Universal Family over M
↓

0,n(P
r, d)). We will now use the forgetful

map to construct the universal family over M
↓

0,0(P
r, d).

Conisder a map µ : C ≃ P
r, for every point p ↘ C we can produce a 1-pointed

map to P
r. If p is a non smooth point on C, the associated 1-pointed map is the

stabilisation of the curve C. The new twig added to this 1-pointed curve will be of

degree 0 and mapped to a point in P
r. This observation gives a bijection between the

fibre Fµ of φ over µ and the set of 1-pointed maps we just produced. It’s also clear that

the evaluation map on these 1-pointed curves in the fibre Fµ is given by the morphism

µ. That is, if µq ↘ Fµ is the 1-pointed map corresponding to the point q ↘ C, then:

01([µq]) = µ(q).

We have used φ to create a tautological family of maps over M
↓

0,0(P
r, d). This fam-



50 CHAPTER 2. KONTSEVICH’S FORMULA IN ALGEBRAIC GEOMETRY

ily is infact the universal family when we are concerned with the moduli problem of

automorphism free stable maps. ↭↫↭

Remark 2.3.22. When we try accounting for automorphisms we quickly run into

problems. For example the forgetful map φ : M0,1(P
r, d) ≃ M0,0(P

r, d) is not even a

family of stable maps.

Definition 2.3.23. Consider the locus of 0↔1
n+1(H

k) in M0,n+1(P
r, d), where Hk is a

codimension k linear subspace (for k ⇒ 2). If we forget the last point pn+1 then we

get the locus of maps that are just incident to Hk. We define the set of these maps

as:

inc(Hk) := φ
'

0↔1
n+1(H

k)
(

.

This is a subvariety of codimension k → 1.

In the case of stable maps, we another forgetful map - forgetting the map µ and

just looking at the source curve. A map:

M0,n(P
r, d) ≃ M0,n.

We can construct this map by defining a map from the open set Y/G. Since we

are forgetting the map µ, the map is invariant of the action of G (G permutes the

additional marked points induced by µ) and we have a well defined map Y/G ≃ M0,n.

Lemma 2.3.24. The forgetful map 1 : M0,n(P
r, d) ≃ M0,n is flat for n ⇒ 3.

2.3.4 Boundary Divisors

The boundary of M0,b(P
r, d) can be described in ways similar to the boundary of

M0,n.

Definition 2.3.25 (d-weighted partition). A d-weighted partition of a set S = {s1,

. . . , sn} is a tuple (A,B, dA, dB), where A, B are disjoint subsets of S such that

A ↑ B = S, and dA + dB = d.

We call a d-weighted partition stable when |A| ⇒ 2 if dA = 0, and |B| ⇒ 2 if

dB = 0.
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Definition 2.3.26 (Boundary Divisor). For each stable d-weighted partition on the

set of marks {x1, . . . , xn} there exists a divisor, denoted D(A,B; dA, dB).

A general point of a divisor D(A,B; dA, dB) consists of a map µ from a tree with

two twigs, C = CA ↑ CB, such that,

• marks A and B lie on twigs CA and CB respectively,

• deg(µ|CA
) = dA, and deg(µ|CB

) = dB.

We visualise the divisor D(A,B; dA, dB) as the following picture.

A B

dA dB

Remark 2.3.27. Boundary divisors for the space of stable maps also admit a recur-

sive structure. We have the following natural gluing morphism:

M0,A⇓{x}(P
r, d)↙Pr M0,B⇓{x}(P

r, d) ≃ D(A,B; dA, dB). (2.1)

Here the fibre products are taken over the maps to P
r given by the evaluation maps

at the mark x,

0xA
: M0,A⇓{x}(P

r, d) ≃ P
r,

0xB
: M0,B⇓{x}(P

r, d) ≃ P
r.

This just enforces the condition that the marks x from both boundary divisors are

mapped to the same point P r so that the gluing map is well defined. The map 2.1 is

almost always an isomorphism, and we refer the reader to [FP97] for the details.

Remark 2.3.28. We consider the forgetful map, M0,n(P
r, d) ≃ M0,n ≃ M0,4. From

earlier discussions in this section we know that this map is flat. Let D(ij|kl) be the

divisor in M0,n(P
r, d) defined as the inverse image of the divisor (ij|kl) in M0,4, then,

D(ij|kl) =
%

D(A,B; dA, dB).

Where the sum runs over all stable d-weighted partitions such that i, j ↘ A, and

k, l ↘ B. We can follow arguments similar to those in remark 2.2.14 to show that the
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coe”cients of the divisors in the above sum are all 1. Again using the fact that all

divisors on M0,4 ∃ P
1 are linearly equivalent, we arrive at the relations:

%

i, k≃A
j, l≃B

D(A,B; dA, dB) ∅
%

i, j≃A
k, l≃B

D(A,B; dA, dB) ∅
%

i, l≃A
k, j≃B

D(A,B; dA, dB).

For the rest of this chapter we refer to these relations as the WDVV equations.

2.4 Kontsevich’s Formula

We now have all the required prerequisites in our arsenal to derive Kontsevich’s curve

counting forumla.

2.4.1 The problem statement

The question we look to answer now is, how many degree d curves in P
2 pass through

3d→1 points in general position. Before moving onto the problem, we will first explain

why we are looking at 3d→ 1 points in particular.

Remark 2.4.1 (Why 3d → 1 points? [EH16]). Any degree d rational curve C in P
2

is given by a map:

P
1 ≃ P

2

[x; y] ∞≃ [F (x, y);G(x, y);H(x, y)],

where F, G, and H are degree d homogenous polynomials which have no common

zeros. The vector space, V , of triples of degree d homogenous polynomials (with

no common roots) in 2 variables is of dimension 3d + 3. We have a map ⇀ : V ≃

Hom(P1,P2), which identifies each triple (f, g, h) with the curve given by [f ; g;h]. This

map is clearly surjective on the set of degree d rational curves C in P
2 The dimension

of the fibre of each degree d curve defined by µ : [x; y] ∞≃ [F (x, y);G(x, y);H(x, y)] is

of dimension 4. Since composing with an automorphism of P1 gives the same curve,

this contributes to three to the dimension of the fibre, secondly, the curve is defined

upto a scalr multiple of polynomials, which contributes to the fourth dimension of

the fibre. This shows that the space of degree d curves in P
2 is of dimension 3d→ 1.

Implying the largest number, n, for which there might exist non zero number of
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degree d curves passing through n points in general position is n = 3d→ 1. Hence the

question we now seek to answer is, how many degree d curves pass through 3d → 1

points?

Definition 2.4.2. We denote with Nd the number of degree d curves that pass through

3d→ 1 points in general position.

2.4.2 The formula

Although it’s quite easy to compute the d = 2 case with classical methods, the

computations for computing N2 serve as instructive examples for the general case.

We strongly recommed the reader to look at the computation for n = 2, 3 from

Chapter 3 of [JK06], before reading the following proof for general n.

Theorem 2.4.3. Let Nd be as defined earlier, it satifies the following recursive for-

mula:

Nd +
%

dA+dB=d;
dA,dB⇔1



3d→ 4

3dA → 1



d2ANdANdBdAdB =
%

dA+dB=d;
dA,dB⇔1



3d→ 4

3dA → 2



dANdAdBNdBdAdB.

Proof. Conisder M0,3d(P
2, d) with marked points labeled as m1,m2, p1, . . . , p3d↔2.

Just like in the n = 2 case, let L1 and L2 be lines and Q1, . . . , Q3d↔2 be points

in P
2 in general position. We again define Y ⇑ M0,3d(P

2, d) as the subset

Y := 0↔1
1 (L1) ⇔ 0↔1

2 (L2) ⇔ 0↔1
3 (Q1) ⇔ · · · ⇔ 0↔1

3d (Q3d↔2).

The lines can be chosen such that Y is a curve which intersects the boundary tran-

versally and is fully contained in M↓
0,3d(P, d) (refer to [JK06] for why). The next step

again is to use the WDVV equations:

Y ⇔D(m1,m2|p1, p2) ∅ Y ⇔D(m1, p1|m2, p2). (2.2)

I. Consider the left hand side of equation 2.2

We will refer to the subset containing m1 and m2 as A and the subset containing

p1 and p2 as B. And the corresponding twigs will be referred to as CA and CB.

1. The boundary divisor in consideration has a degree 0 twig.
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(a) dB = 0, then this would imply the two marked points p1 and p2 are the

same - since B is mapped to one point. This contradicts generality and

hence is not possible.

(b) dA = 0, then the only relavant case is when all the 3d→4 remaining points

lie on twig B. Else, if any other point pi lies on A, then the marked

point Qi corresponding to pi lies in the singleton set L1 ⇔ L2, which again

contradicts generality.

Therefore, the only possibility here is when all 3d → 4 points lie on B.

Since the image of twig B is a curve of degree d which passes through

3d → 1 points in general position, L1 ⇔ L2, and p1, . . . , p3d↔2, the number

of possible corresponding curves is Nd.

2. Both dA, dB ⇒ 1. As established in remark 2.4.1, for there to be non zero degree

d curves passing through n points in general position n ↖ 3d→ 1. We will now

use this fact each of the twigs.

• Let nA, nB denote the number of spare marks on A and B respecively.

• The total number of special points on B is nB + 2 ↖ 3dB → 1. Since

nA + nB = 3d → 4, and dA + dB = d, from the discussion on remark 2.4.1

we get:

3d→ 4→ nA + 2 ↖ 3d→ 3dA → 1 (2.3)

′ 3dA → 1 ↖ nA. (2.4)

By the same reasoning, we also know that the number of marked points

on A must be less than 3dA → 1, impyling:

nA ↖ 3dA → 1. (2.5)

From equations 2.4 and 2.5 it follows that there exist non-zero number of

curves only for intersections with boundary divisors for which:

nA = 3dA → 1.

• The number of such boundary divisors is
'

3d↔4
3dA↔1

(

, and for each such bound-

ary divisor there are NdA and NdB possibilities for the images of CA and
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CB respectively.

• We now see how many ways can the lines L1 and L2 intersect with our

image curve - that is the ways of placing the marks m1 and m2. We make

use of bezout’s theorem - and conclude that there are dA ways of the image

of CA meeting L1, and similarly L2. Consequently, there are dA options

for each mi and hence a possible of d2A configurations.

• Lastly, we look at number for ways the the images of CA and CB can

intersect - again from Bezout’s theorem it follows that there are dA · dB

such possibilities.

With this, the count of the left hand side is complete and we have obtained the

expression:

Nd +
%

dA+dB=d;
dA,dB⇔1



3d→ 4

3dA → 1



d2ANdANdBdAdB. (2.6)

II. Consider the right hand side of equation 2.2

We will refer to the subset containing m1 and p1 as A and the subset containing

m2 and p2 as B. And the corresponding twigs will be referred to as CA and CB.

1. Boundary divisors in consideration have a degree 0 twig.

In this case, such divisor make zero contributeion to the count of curves since

for any such divisor a marked point pi will lie on L1 ⇔L2, which contradicts the

general position hypothesis.

2. Both dA, dB ⇒ 1. The observation from remark 2.4.1 will again play a key role.

• Again, let nA, nB denote the number of spare marks on A and B re-

specively.

• From remark 2.4.1 the number of points in general the image of CB can

pass through in general position is bounded above by 3dB → 1, implying:

nB + 1 ↖ 3dB → 1 (2.7)

′ 3d→ 4→ nA + 1 ↖ 3d→ 3dA → 1 (2.8)

′ nA ⇒ 3d→ 2. (2.9)
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Similarly, looking at the twig CA and its image we get the condition:

nA + 1 ↖ 3dA → 1 (2.10)

′ nA ↖ 3dA → 2 (2.11)

So from equations 2.9 and 2.11, it follows that there exist non-zero number

of curves only for intersections with boundary divisors for which:

nA = 3dA → 2.

• The number of such possible boundary divisors is
'

3d↔4
3dA↔2

(

, and for each

such boundary divisor there are NdA and NdB possibilities for the images

of CA and CB respectively.

• From Bezout’s theorem, the lines L1 and L2 meet the images of the twig

CA and CB in dA and dB possible ways,respectively.

• And finally, the image curves CA and CB intersect in dA ·dB possible points.

This completes the count of number of possible curves for the right side of the equa-

tion, giving:

%

dA+dB=d;
dA,dB⇔1



3d→ 4

3dA → 2



dANdAdBNdBdAdB. (2.12)

Kontsevitch’s equation now follows from 2.12, 2.6, and 2.2.



Chapter 3

Kontsevich’s formula in Tropical

Geometry

3.1 Introduction

In [Mik04] Mikhailkin showed that the number of degree d plane tropical curves

passing through 3d→ 1 points, N trop
d is same as the number of plane rational curves,

Nd. In [GM07] and [GM08], Gathmann and Markwig derived the same result - but

by explicitly performing the count for tropical curves. In this chapter we are going

to study Gathmann and Markwig’s proof for Kontsevich’s formula for tropical curves

and draw comparisions to the proof for rational plane curves discussed in the previous

chapter.

3.1.1 Overview of Proof Idea

We first list the key ideas used to dervie Kontsevich’s curve counting formula for

rational plane curves.

1. For degree d curves, we considered the moduli space M0,3d(P
2, d).

2. The subvariety Y ⇑ M0,d(P
2, d) defined by:

Y := 0↔1
1 (L1) ⇔ 0↔1

2 (L2) ⇔ 0↔1
3 (Q1) ⇔ · · · ⇔ 0↔1

3d (Q3d↔2),

corresponds to the set of degree d curves passing through the lines L1 and L2

and points Qi.

57
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3. For the forgetful map, 1 : M0,3d(P
2, d) ≃ M0,4, look at the inverse image divi-

sors of D(m1,m2|p1, p2) and D(m1, p1|p2,m2). Since these divisors are linearly

equivalent we get the relation,

Y ⇔D(m1,m2|p1, p2) ∅ Y ⇔D(m1, p1|m2, p2).

4. Equating the degrees of the divisors on the two sides of the above relation we

obtain Kontsevich’s formula.

Ideally we would like to repeat these same steps in the tropical setting to obtain

the curve counting formula, but we lack the tools to do so. The moduli spaces of

tropical curves aren’t as well behaved as moduli spaces of rational plane curves. In

fact, the moduli space of tropical curves isn’t even a tropical variety. Further, we

don’t have a rich theory of divisors to rely upon for tropical varieties. But we do have

enough tools in the tropical world to sketch out a proof of the curve counting formula

in the spirit of Chapter 2.

To define an equivalent of the space of stable maps we need some sort of parametri-

sation of tropical curves. Since plane tropical curves resemble graphs we parametrise

them with a set of graphs. We then define moduli spaces of these graphs, and and

their parametrisations - taking inspiration from M0,n and M0,n(P
r, d) respectively.

Although the modulis spaces we construct don’t have nice properties like a theory

of divisors, we can still define evalutation and forgetful maps like earlier. The exis-

tence of these maps allows us to, in essence, mirror the proof from Chapter 2 via the

following ideas.

1. We first consider the Moduli space of parametrisations of plane tropical curves.

2. Let M
trop

0,4 denote the space of the graphs which parametrise tropical curves with

4 marked points, with 1 being the forgetful map to this moduli space.

3. To deal with the lack of divisors, we combine steps 3 and 4 from above to define

a map,

ς = ev11 ↙ ev22 ↙ ev2 ↙ · · ·↙ evn ↙ 1,

considering the intersections of Y with element of 1↔1M0,4 directly insted.
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4. We show that the degree of this map counts curves in a similar manner as those

of intersection divisors, and by using the fact that its degree is contsant we

derive Kontsecivh’s formula.

3.2 The Prerequisites

The enumerative problem we are going to tackle just considers tropical curves in R
2.

As we saw in Chapter 1, these tropical curves look like plane graphs. We use this

observation to give an equivalent definiton of tropical curves in R
2. This description

of tropical curves will also make it easier for us to use ideas discussed in the previous

chapter, like the space of stable maps.

In the tropical world, the moduli spaces aren’t tropical varieties themselves. This

is in contrast with the picture of schemes. A consequence of this disconnect between

the two worlds is that we can’t exploit the properties of divisors like we did earlier.

We have to be careful and consider ideas which help us at similar conclusions for

tropical moduli spaces.

3.2.1 Tropical curves and their Moduli

We formally define the notion of a graph which will be essential to defining the

parametrisation of tropical curves we discussed earlier in the chapter.

Definition 3.2.1 (Graphs). A graph G is a pair (V,E) of sets of vertices and edges.

Where each element of the set of edges E is a tuple of vertices {vi, vj} for vi ⇓= vj in

V . For every edge {vi, vj} ↘ E, there exists multiple orderings (vi, vj) and (vj, vi).

We refer to each such ordering of the edge as a flag. The valence of a vertex v, 0(v),

is defined as the number of edges incident to v, that is: 0(v) := |{e ↘ E : v ↘ e}|.

Remark 3.2.2. We will only be dealing with connected graphs in this chapter, hence

all graphs are assumed to be connected.

Definition 3.2.3 (Graph without tips). For a graph G = (V,E) the, if we define

V1 = {v ↘ V : 0(v) = 1}, then for V ↘ := V \Vi the tuple G̃ = (V ↘, E) will be referred

to as a graph without tips. Every edge incident to vertices in the set V1 will be referred

to as an end of the graph G̃. Further, for each end of the graph there exists only one

corresponding flag.
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Definition 3.2.4 (Metric Graph). Consider a pair (G, l), where G is a graph (without

tips), and l is a function E ≃ R>0 ↑ {↓} such that l(e) = ↓ i! e is an end of the

graph G.

Definition 3.2.5 (Topological Graphs assosiated to Metric Graphs). Consider a

metric graph (G, l). For each edge e (that’s not an end) we choose an abritary ordering

given by flags Fe and define boundary maps 21 and 22 as projection onto the first and

second coordinates respectively. If e is an end we define the boundary map, 20, as it’s

adjacent vertex in the graph G.

For each edge e ↘ (G, l) in a metric graph there exists an interval Ie,

Ie :=







[0, l(e)] if e is not an end,

[0,↓) if e is an end.

Similarly, we can define boundary maps 2̃1(Ie) = 0 and 2̃2(Ie) = l(e) on the

bounded intervals, and 2̃0(e) = 0 on the ends. Finally, the topological graph, G̃, is

defined as G̃ :=


e≃E Ie/ ̸, where:

2̃i(Ie) ̸ 2̃j(Ie↑) if 2i(e) = 2j(e
↘),

where 2̃i and 2j are any of the three discussed boundary maps. Note that the topological

graph G̃ is also a metric space.

Remark 3.2.6 (Conventions and Notation). We refer to topological graphs as just

graphs for the rest of this chapter. Hence, when we talk about valence of a vertex

of a (topological) graph, G, we mean the valence of the vertex in the underlying

combinatorial graph, and this set of vertices is denoted G0.

G1 will now denote the set of intervals (edges) of G, G1
0 the set of bounded edges,

and G1
↖ the set of ends. Similarly, flags of G refer to the flags of the underlying

combinatorial graph, and the set of flags is denoted G↘. Futher, if F is a flag, then

[F ] denotes its corresponding edge.

We now define the equivalent of a family of P1’s, which were used to parametrise

curves in P
2 for tropical cruves.

Definition 3.2.7 (Abstract Tropical Curves). An abstract tropical curves is a (topo-

logical) graph # of genus 0 whose vertices have valence greater than 3. An n-pointed
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tropical curve is a tuple (#, x1, . . . , xn), where # is an abstract tropical curve, with

xi ↘ #
1
↖ being distinct ends of #.

Since abstract tropical curves are topological spaces it’s easy to define isomor-

phisms between them. Two n-pointed abstract tropical curves, (#, x1, . . . , xn) and

(#↘, x↘
1, . . . , x

↘
n), are isomorphic if there exists a homeomorphism ε : # ≃ #

↘ such that

ε(xi) = x↘
i for all 1 ↖ i ↖ n, and the restriction ε|e is an a”ne map of slope ±1 for

all e ↘ #
1.

We now define the tropical counterpart of moduli of n-pointed curves M0,n.

Definition 3.2.8 (Moduli of Abstract Tropical curves). The space of all abstract

tropical curves with exactly n ends, upto isomorphism, is denoted Mn. Note that this

is not the space of n-pointed tropical curves, but rather the space of cruves with n

ends.

Finally, we give an alternate, but equivalent description of plane tropical curves,

first introduced in chapter 1.

Definition 3.2.9 (Plane Tropical Curves). An n-marked plane tropical curve is a

tuple (#, x1, . . . , xn, h) where (#, x1, . . . , xn) is a n-marked abstract tropical curve,

and h : # ≃ R
2 a continuous map such that:

• For e ↘ #
1, choose a flag Fe and let w be the first coordinate of this flag.

Paramaterise the edge e such that 2̃1(Ie) (as in the definition of topological

graphs) is w. Then h|e(t) = a+ t · v, where t ↘ Ie, h(w) = a ↘ R
2, v ↘ Z

2.

Note that if e is a bounded edge, then we can choose another flag F ↘
e, whose

first coordinate is the other incident vertex w↘. Then we choose the opposite

parametrisation of e and get h|e↑(t) = h(w↘) + t · (→v).

• The integral vector v, in the restriction of h onto e with respect to the parametri-

sation given by flag F , is called the direction of F and denoted v(F ).

• For each flag F , let 2F denote the first coordinate of the flag, then for any

vertex V ↘ #:

%

F≃”↑;
⇁F=V

v(F ) = 0.
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• And, if F is a flag of a marked end x1, . . . , xn, v(F ) = 0. That is, the ends

x1, . . . , xn, are all marked to a point.

Remark 3.2.10 (Multiplicity of Edges). A distiniction here from the tropical curves

we saw in Chapter 1 is that we haven’t assigned any “weights” to the edges. But one

can easily fix this - define the integral vector of v(F ) to be the direction of the flag

F , denote it with ṽ(F ). We then have the relation v(F ) = mF ṽ(F ) for any flag F .

It’s easy to see that if F and F ↘ correspond to the same edge then mF = mF ↑ , hence

we can define this scaling factor at the level of edges,

me := mF ,

where e = [F ]. And we refer to me as the multiplicity of the edge e.

Although, in the context of this chapter we will not be making use of edge multi-

plicities, and will hence follow the convention introduced in the previous definition.

We can now similarly define the notion of isomorphism for plane tropical curves.

The map ε : (#, x1, . . . , xn, h) ≃ (#↘, x↘
1, . . . , x

↘
n, h

↘) is an isomorphism of plane tropical

curves if it is an isomorphism at the level of abstract tropical curves and h = h↘ ◦ ε.

Definition 3.2.11 (Degree and Moduli of Plane Tropical Curves). The degree of a

n-pointed tropical curve is defined to be the set % = {v(F ) : [F ] ↘ #
1
↖ \{x1, . . . , xn}}.

If this set consists only of vectors {(1, 0), (0, 1), (→1,→1)} d times, then we define the

degree as just d.

The set of n-pointed plane tropical curves, upto isomorphism, of degree % (or d)

is denoted Mn,# (or Mn,d).

The space Mn,d is the tropical counterpart of the space of stable maps into R
2 of

degree 2, M0,n(P
2, d).

Proposition 3.2.12 (Equivalence between the Two Definitions). For every place

tropical curve (#, h) there exists a polynomial f ↘ R[x, y], such that trop(V (f)) =

h(#).

Rough Sketch. This equivalence almost directly follows from the converse of the struc-

ture theorem for tropical hypersurfaces (theorem 1.4.4). By definition, the polyhedral

complex h(#) ⇑ R
2 is balanced at h(v), for all vertices v of #. The only problem-

atic vertices of the polyhedral complex are the points where two unbounded edges
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intersect. To see if the complex is balanced at these points, we split the unbounded

edge, h(e) into two edges, giving them the same multiplicites but opposite direction

vectors. This implies that the balancing condition at each vertex is satisfied. Hence

h(#) is a tropical hypersurface in R
2.

Definition 3.2.13 (Intersection Multiplicity for tropical curves). Consider two n-

marked plane tropical curves, C1 := (#, x1, . . . , xn, h) and C2 = (#̃, x̃1, . . . , x̃n, h̃).

Suppose P ↘ C1 ⇔C2 ⇑ R
2. Say P lies on the edge e1 of C1 and e2 of C2, choose any

flags F1 and F2 of e1 and e2 respectively, then we define the intersection multiplicity

of C1 and C2 at the point P as:

(C1 · C2)P := |v(F1)↙ v(F2)| ↘ Z.

Here, |v(F1)↙ v(F2)| is the norm of the cross product of two integral vectors.

Definition 3.2.14 (Combinatorial Types). The combinatorial type of a n-pointed

abstract tropical curve (#, x1, . . . , xn) is the homeomoephism class of # which preserves

the marked points xi’s. Remember that two curves were said to be isomorphic if the

lengths of the edges were also preserved. Implying that the combinatorial type of a

curve contains the tropical curves with varying (non-zero )edge lengths in the same

class.

For a n-pointed tropical plan curve, the combinatorial type is the data of the combi-

natorial type of the underlying abstract curve and the set of directions {v(F ) : F ↘ #
↘}.

These combinatorial types help us understand the stratification of the tropical

moduli Mn and Mn,#. They are the tropical counterparts of “labeled configurations”

(definition 2.2.9) for rational plane curves. For a combinatoial type ϖ we denote the

corresponding subset of Mn and Mn,# containing curves of type ϖ with Mα
n and Mα

n,#.

Futher, the codimension of combinatorial type ϖ in any of the moduli spaces is:

codim(ϖ) =
%

V ≃”0

(0(V )→ 3).

Lemma 3.2.15 (Finite number of Combinatorial types). For all n and % there exist

only a finite number of combinatorial types in the spacec Mn and M#,n.

Rough Sketch of Proof. This is obvious for Mn (we can have only so many graphs

on a finite number of vertices). For M#,n, from theorem 1.2.5, h(#) is dual to the
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regular subdivision of the newton polygon of some polynomial f . This implies that

the absolute values of the entries of the direction vectors v(F ) ae bounded by the size

of the polygon, and hence the size of %. Since v(F ) are integral vectors, only finitely

many such can exist.

Lemma 3.2.16. Every 3-valent tropical curve with n unbounded edges has n → 3

bounded edges.

Proof. Say G is a 3-valent tropical curve with n unbounded edges. Clearly, G is a

connected tree graph, so if G has k number of vertices, it has k → 1 bounded edges.

Let b denote the number of bounded edges in G, then, b = k → 1. Further, the sum

of valences of all vertices in G counts the bounded edges twice and the unbounded

edges once. Since all vertices are 3-valent, we get:

3k = 2b+ n

′ 3(b+ 1) = 2b+ n

′ b = n→ 3.

Thus proving our claim that G has n→ 3 bounded edges.

The following proposition formalises the earlier comment that combinatorial types

induce a stratification on the moduli spaces Mn (and M#,n).

Proposition 3.2.17. The subset Mα
n ⇑ Mn (and Mα

#,n ⇑ M#,n) are ubounded open

convex polyhedra in a real vector space. Additionaly,

dimMα
n = n→ 3→ codimϖ,

dimMα
#,n = |%|→ 1 + n→ codimϖ.

Proof. Firstly, note that the curves in Mα
n , with codimϖ = 0, are parametrised by

the lengths of bounded edges - that is lengths of bounded edges act as coordinates

on Mα
n . Hence dimMn = n → 3 follows from the previous lemma. When we change

combinatorial types and move up a codimension we are increasing the valence of a

vertex by 1, we contract a bounded edge. Contracting a bounded edge is equivalent

to losing one coordinate - lowering dimension - hence,

dimMα
n = n→ 3→ codimϖ.
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The argument for Mα
#,n also is very similar. Curves with combinatorial type ϖ,

with codimϖ = 0, have |%| + n unbounded edges, hence |%| + n→ 3 bounded edges.

Now the space Mα
#,n has two additional dimensions, which account for the coordinates

of the root vertex under the map h, hence dimMα
#,n = |%|+n→ 1 when codimϖ = 0.

Consquently,

dimMα
#,n = |%|→ 1 + n→ codimϖ.

Remark 3.2.18. It now follows that the moduli spaces Mn (and M#,n) are finite

polyhedra since they are formed by gluing finite number of polyherda - the spaces

Mα
n (and Mα

#,n).

Example 3.2.1 (Looking atM4). A 4-marked plane tropical curve, can have four pos-

sible combinatorial types (see figure below - dotted lines correspond to marked points).

x3

x4

x1

x2

l

(a) Type (A)

x2

x4

x1

x3

l

(b) Type (B)

x2

x3

x1

x4

l

(c) Type (C)

x2

x3

x1

x4

(d) Type (D)

These combinatorial types play an important role for the rest of this chapter, and

thus we will refer to them with the captions given below each figure.

The combinatorial types (A) to (C) have codimension 0, and hence correspond

to stratum of M4 isomorphic to R>0, parametrised by the edge length l. And the

combinatorial type (D) with codimension 1 corresponds to a single point in M4. Thus,

we have the following picture for M4, with each unbounded edge corresponding to one

of the types (A), (B), or (C).

(A)

(B)(C)

(D)

↭↫↭



66 CHAPTER 3. KONTSEVICH’S FORMULA IN TROPICAL GEOMETRY

3.2.2 Multilplicites and Evaluation Maps

Definition 3.2.19 (Morphism between polyhedra). For two polyhedra X and Y , a

map f : X ≃ Y is called a polyhedral morphism if for each cell Xi ⇑ X, f(Xi) is

contained in only one cell of Y , and f |Xi
is a linear map.

Definition 3.2.20 (Multiplicity of polyhedral morphisms). Let X and Y be polyhdera

of same pure dimension, with f : X ≃ Y a morphism. For Q ↘ X such that both

Q and f(Q) are in general position, around Q, f looks like a map between vector

spaces of same dimension. We then define the absolute value of the determinant of

this linear map as the multiplicity of f at Q, multf (Q). It’s easy to see that this

multiplicity is the same for all elements of the cell which contains Q, so we also refer

to multf (Q) as the multiplicity of the cell.

Definition 3.2.21 (Degree of a Polyhedral Morphism). Let X and Y be polyhdera of

same pure dimension, with f : X ≃ Y a morphism. We say a point Q ↘ Y is said to

be in f -general position if Q is in general position in Y and all elements of f↔1(Q)

are in general posisition in X. Then the degree of f at Q is defined as:

degf (Q) :=
%

P≃f→1(Q)

multf (P ).

In the following remark we explain why this sum is well defined.

Remark 3.2.22. Firstly, note that the polyhedra X and Y are finite dimensional,

hence they both have a finite number of cells. So a finite number of cells contain

the points of f↔1(Q) (for Q ↘ Y ). Via linearity of f on each cell (of X) it follows

that if a cell contains multiple elements of f↔1(Q) then the determinant of the linear

map is zero on that cell. Hence the multiplicity of f on cells containing multiple

points of f↔1(Q) is 0. This leaves us with a finite number of cells, on which the

map f is injective, hence has non-zero multiplicity. Implying that the above sum is

well-defined.

Evaluation maps for tropical curves are defined in the same manner as for rational

plane curves.

Definition 3.2.23 (Evaluation Maps). For each marked point xi on a n-pointed plane

tropical curve, (#, x1, . . . , xn, h) we define the evaluation map evi : M#,n ≃ R
2 as:

(#, x1, . . . , xn, h) ≃ h(xi).
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We denote with ev1i and ev2i the composition of the evaluation map with the projection

onto the first and second coordinates respectively.

The total evaluation map is defined as:

ev := ev1 ↙ · · ·↙ evn : M#,n ≃ R
2n : M#,n ≃ (h(x1), . . . , h(xn)).

Remark 3.2.24 (The Evaluation map is a morphism of polyhedra).

Remark 3.2.25 (Degree of total evaluation counts number of curves). From lemma

3.2.16, when n = |%| → 1, both M#,n and R
2 have the same dimension. We then

define the following number,

N trop
#

(P ) := degev(P ),

for P ↘ R
2n in ev-general position.

This number counts the number of curves C of degree % passing through the

points P , where each curve is given multiplicity multev(C).

Definition 3.2.26 (Rigid plane tropical curves). Let C = (#, x1, . . . , xn, h) ↘ M#,n

be a 3-valent plane tropical curve. A subgraph S ⇑ # is called a string if doesn’t

intesect with {xi} for all 1 ↖ i ↖ n. It’s easy to see that if C has a string, then

the entire combinatorial type too has a string. Hence, we call a combinatorial type ϖ

rigid, if for any member curve C the underlying graph # has no strings.

Definition 3.2.27 (Multiplicity of a Plane tropical curve). Again, consided a 3-

valent plane tropical curve C. The multiplicity at a vertex w of C is defined as

|det(v1, v2)|, where v1 and v2 are directions of any two distinct incident flags at v.

This is independent of the choice of flags due to the balancing condition,
!

i vi = 0.

The product all all vertex multiplicities of the curve C is called the multiplicity of the

curve C, denoted mult(C).

3.2.3 Forgetful Maps

Remember that forgetting marks (and the map µ) for rational plane curves induced

forgetful maps M0,n(P
r, d) ≃ M0,m(P

r, d) and M0,n(P
r, d) ≃ M0,m for m < n. We

now look at how one can forget marks (and the map h) in the context of plane tropical

curves to obtain maps on the respective moduli spaces.
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Definition 3.2.28 (Forgetting the map and some points). Let n ⇒ m, and C =

(#, x1, . . . , xn, h) ↘ M#,n.

Let C(m) be the minimal connected subgraph of # which contains the undbounded

edges x1, . . . , xm. It’s clear that C(m) can’t contain vertices of valence 1. And at

vertices of valence 2, we “straighten” the graph - that is, replace the two neighbouring

edges of lengths l1, l2 with one edge of length l1 + l2. The resulting graph clearly lies

in Mm, and we denote it by ftm(C).

Remark 3.2.29. The “straightening” process described in the aboce definition is

the tropical analougue of stabilisation. We stablisied twigs with less that 3 marks

by contracting them to a point; here we stabilised vertices of valence less than 3 by

straightening the graph at that point.

Remark 3.2.30 (Forgetful maps are morphism of polyhedra). It’s obvious that for-

getful maps are morphisms of polyhedra, since we are wither forgetting coordinates

(projections), or straightening (adding two coordinates), which are both linear maps.

Definition 3.2.31 (The total map). Fix d ⇒ 2, n = 3d, we define the total map:

ς := ev11 ↙ ev22 ↙ ev3 ↙ . . . evn ↙ ft4 : M#,n ≃ R
2n↔2 ↙M4.

This map will help us consider intersection of arbritary tropical curves with, with

lines L1, L2, and points Q3, . . . , Qn in general position (like in the case of rational

plane curves). This map also encodes the data of the inverse image of boundary

divisors of M4 (which we used to deduce Kontsevich’s formula for rational plane

curves).

Proposition 3.2.32. The degrees degς(P ), for P in ς-general position, is indepen-

dent of P .

Sketch of proof. Since ς is a product of polyhedral morphisms, it follows that ς is

also a morphism of polyhedra. As a consequence ς locally (on a cell) is an invertible

linear map - hence a local isomorphism. Therefore, degς(P ) is locally constant.

We now need to check that the value degς attains the same value on each maximal

dimensional cell. Since the polyhedral complex of the image is finite dimensional, it

has a finite number of cells, and hence the set of points in ς-general position are the

complement of a codimension 1 polyhedral complex. That is the top dimensional cells
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in the image are separated by codimension 1 walls, and we need to check if passing

across any such wall conserves the degree of ς.

Since this wall is of codimension 1 it follows from the definition that every element

of the wall corresponds to a curve with just a single 4-valent vertex (with the other

vertices having valence 3). Consider an aribritary such wall in the image, and suppose

that the combinatorial type of elements in the wall is ϖ, then there exist three possible

combinatorial types, ϖ1, ϖ2, ϖ3, such that ϖ lies on their boundary. This can be seen

in the following figure, illustrating the neighbourhood of the curve around the 4-valent

vertex, denoted ϖ, in the moduli space:

E1

E2

E3

E4

V

E1

E2

E3

E4 V

E1
E2

E3

E4

V

E1 E2

E3

E4
V

ϖ ϖ1 ϖ2 ϖ3

Let C be a reprsentative curve for the combinatorial type ϖ. We assume that all

four neighbouring edges of V - E1, E2, E3, E4 - are bounded (since the proof for the

cases where either of them are unbounded is almost exactly the same).

Let A denote the matrix for the map ς|α and Ai the matrices for ς|αi
. We need

to show that detA1 = detA3 = detA3. To do this we look at the following component

of the matrix A1:





















· · · w l1 l2 l3 l4 lα1

marked points through E1 I2 v1 0 0 0 0

marked points through E2 I2 0 v2 0 0 v2 + v3

marked points through E3 I2 0 0 v3 0 v2 + v3

marked points through E4 I2 0 0 0 v4 0

coordinate of M4 0 ℜ ℜ ℜ ℜ ℜℜ





















,

here, w is the coordinate of the root vertex, and li and vi the lengths and directions

of the edges Ei. Further, in the last column, lα1
is the length of the “new” edge in

the combinatorial type ϖ1. It’s easy to see that the matrices Ai for i = 2, 3 will di!er

from the above matrix only in the last column - with length of the new bounded edge
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and direction vectors appropriately changed. And the last row just corresponds to

the M4 coordinate, with ℜ and ℜℜ’s either being 0 or 1.

We calculate the determinant on a case by case basis - with each case corresponding

to the number of Ei’s preserved under the forgetful map to M4. Here we only look at

the case all 4 of the edges are preserved under the forgetful map and leave the reader

to refer to [GM08] for the other cases.

Suppose ft4(C) is a curve of type (D) - then the other three combinatorial types

ϖ1, ϖ2, ϖ3 are mapped to curves of types (A), (B), and (C) under the forgetful map.

Hence, the length parameter of the added edge in curves of types (A), (B), and (C)

comes just from the last column of the matrices Ai. That is, in A1 (and A2, A3)

ℜ = 0, and ℜℜ = 1. It follows that the determinant of all Ai’s depends on all but the

last columns othe component of the matrix we considered above, implying:

detA1 = detA2 = detA3.

3.3 Kontsevich’s Formula

When we studied the moduli spaces of rational curves reducible curves played an

important role in constructing the moduli space, and consequently in deriving Kont-

sevich’s curve counting formula. We will now introduce a similar notion of reducibility

for plane tropical curves, which will motivate the next lemma.

Let (#, x1, . . . , xn, h) be a degree d plane tropical curve such that there exists a

bounded edge e ↘ #
1
0 which is mapped to a single point under h. Further, assume

that there exist atleast one bounded edge on either side of e. This allows us to split

the graph, # into two, #1 and #2. Let v1 and v2 denote the two verticed adjacent to e

in the graph #. Let Ui denote the connected compnent of the graph #\{e} containing

the vertex vi (for i = 1, 2). Each Ui in its own right a graph. Construct #i by adding

an end Ri to each component Ui such that Ri is adjacent to the vertex vi, that is,

#i = Ui ↑ {Ri} for i = 1, 2.

Clearly these graphs are also abstracted tropical curves. Now identify mi marked

points on each #i - the marked points x1, . . . , xn which lie on each component Ui
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along with the ends Ri. Since Ri are marked points on each #i they will be mapped

to a point under the map h and hence we have maps hi from each component abstract

tropical curve into R
2. This finally gives us two pointed plane tropical curves, C1 and

C2, which we obtained from splitting the original curve at a contracted bounded edge.

Further, via the balancing condition it’s easy to see that if C1 and C2 have degrees

d1 and d2, respectively, then d1 + d2 = d.

Remark 3.3.1. Plane tropical curves C which satisfy the assumptions used to con-

struct the two component curves above are said to be reducible.

Lemma 3.3.2. Let d ⇒ 2, n = 3d, and P ↘ R
2n↔2↙M4 be in ς-general position such

that the M4 coordinate of P is of type (A), (B), or (C), with large length coordinate,

then:

• every plane tropical curve C ↘ ς↔1(P ) with multς(C) ⇓= 0 has a contracted

bounded edge.

Proof. Refer to Proposition 5.1 inProposition 5.1 in [GM08] for the proof.

The next lemma formalies a counting argument we repeatedly used in the proof of

Kontsevich’s formula to eliminate boundary divisors with zero contribution. Making

use of the remark 2.4.1 we were repeatedly able impose bounds on the degree of the

twigs of the boundary divisors. The following lemma impose a similar restriction on

the number of marked points on each component of a reducible plane tropical curve

C.

Lemma 3.3.3. Let P = (a, b, p3, . . . , pn, z) ↘ R
2n↔2 ↙ M4 be a point in ς-general

poisition such that the M4 coordinate corresponds to a type (A) curve with large

lentgth coordinate. If C ↘ ς↔1(P ), then either of the following is true:

1. x1 and x2 are adjacent to the same vertex. This vertex maps to (a, b) under h.

2. C is reducible and decomposes uniquely into components C1 and C2 of degrees

d1 and d2. The marks x1 and x2 lie on the same component C1, and x3 and x4

lie on the same component C2. Further, 3d1 → 1 of the remaining marks lie on

C1.

Proof. From lemma 3.3.2, if C ↘ ς↔1(P ) with multς(C) ⇓= 0, then C has atleast one

bounded contracted edge. It’s also true that there can exists only one such edge, else
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if there existed 2 bounded contracted edges, we would have 2n → 3 coordinates (in

Md,n) determining 2n→ 2 coordinates in the image, implying multς(C) = 0, which is

a contradiction. Call the unique contracted bounded edge E. We claim that E lies in

the image of the forgetful map ft4(C). Because if this wasn’t true, the M4 coordinate

of P wouldn’t have a large length parameter - contradicting the hypothesis.

If x1 and x2 are incident at E, the curve C is not reducible (by definition). There-

fore x1 and x2 are mapped to the same point (a, b) ↘ R
2.

If x1 and x2 are not incident at E, then there exists a bounded edge on either

side of E, making C reducible. Say C splits into component C1 and C2, and x1, x2

lie on the component C1. Then, x1 and x2 can’t be incident on the same vertex in C1

- since then, C1 would have a bounded contracted edge, implying C has a bounded

contracted edge other than E, which we proved was not possible.

We now need to count the number of marks on each component C1 and C2. Let

n1 and n2 denote the number of remaining marks from x5, . . . , xn which lie on C1 and

C2, respectively. If n1 = 3d1 → 1, then since n = 3d1 + 3d2 = n1 + n2 + 4, we also get

the condition n2 = 3d2 → 3. Now suppose n1 ⇒ 3d1:

• The image of C1 under h has 2n1 + 6 ⇒ 3d1 + n1 + 5 coordinates - 2 from the

root vertex, and 2 coordinates for every marked point.

• But since the underlying graph of C1 has 3d1 + n1 + 2 unbounded ends, there

exist 3d1 + n1 → 1 number of bounded edges.

• Hence, we are trying to determine more than 3d1+n1+5 entries from 3d1+n1+1

coordinates, implying multς(C1) = 0, which is a contradiction.

Therefore n1 ↖ 3d1 → 1. Similarly, we can show that n2 ↖ 3d2 → 3. But since

n1 + n2 = (3d1 → 1) + (3d2 → 3), the previous inequalities become equalities, implying

n1 = 3d1 → 1, thus finishing the proof.

This result motivates us to ask if we can count ς-multiplicities of the curve C by

bounting ς-multiplicities of its components? In the following remark we show that

this is indeed possible.

Remark 3.3.4. To be able to count ς-multiplicites of C with its component curves

we need to see if this decomposition is unique? That is, if C1 and C2 are plane

tropical curves of degrees d1 and d2, with d1 + d2 = d, such that there exists a point
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P = (a, b, p3, . . . , pn, z) ↘ R
2n↔2 ↙ M4 with z having large length coordinate, C1

passing through lines L1 = {x = a}, L2 = {y = b} and 3d1→ 1 marks form p5, . . . , pn,

and C2 passes through p3, p4 and the remaining 3d2 → 3 marks - does there exist a

unique curve C whose components are C1 and C2?

It indeed does! Check remark 5.4 of [GM08] for the details.

Proposition 3.3.5. Consider a point P in R
2n↔2 ↙ M4, and let C ↘ ς↔1(P ), then

either of the following is true:

1. if C is of type 1. from lemma 3.3.3, if we denote with C ↘ the curve obrained

by forgetiing the mark x1 and ev denotes the evaluation map for the remaining

marks:

multev(C
↘) = multς(C);

2. if C is of type 2. from lemma 3.3.3 then:

multς(C) = multev(C1) ·multev(C2) · (C1 · C2)R1=R2
· (C · L1)x1

· (C · L2)x2
,

where R1 = R2 corresponds to the point of intersection of the curves C1 and C2

obtained by splitting C along the contracted bounded edge, and (Cj · Li)xi
denotes

the ith coordinated of the direction vector of Cj at xi.

Proof. Refer to [GM08] for the proof.

We now (finally) derive Kontsevich’s formula for plane tropical curves.

Theorem 3.3.6. The number N trop
d , for d > 1, satisfies the following reccurence

relation,

N trop
d =

%

d1+d2=d;
d1, d2⇔1



d21d
2
2



3d→ 4

3d1 → 2



→ d31d2



3d→ 4

3d1 → 1



N trop
d1

N trop
d2

.

Proof. As hinted at the start of this section, we compute the degree of ς at two

di!erent points in R
2n↔2 ↙M4, and equate them to arrive at the formula. Consider

points P = (a, b, p3, . . . , pn, z) and P ↘ = (a↘, b↘, p↘3, . . . , p
↘
n, z

↘) in R
2n↔2 ↙ M4 in ς-

general position. We choose these points such that z and z↘ correspond to curves of

type (A), and type (B) respectively.

I. Computing the degree at P , degς(P).
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As discussed in lemma 3.3.3, curves in ς↔1(P ) can be of two types - we call

them type 1 and type 2 curves. The multiplicity of ς at type 1 curves, counts

number of degree d curves passeing though the 3d → 2 marks, p3, . . . , pn, and the

point (a, b) ↘ R
2. That is the ς-multiplicity at type 1 curves counts the number

of degree d curves passing through 3d → 1 points (with ev-multiplicity), which by

definition is the number N trop
d .

Now consider curves of type 2. From remark 3.3.4 we can compute the ς-

multiplicity of C by computing ς multiplicities of the components C1 and C2 appro-

priately (following proposition 3.3.5). We will also need to account for the number of

such decompositions possible to compute the multiplicity; again from remark 3.3.4,

the data of the component curves (C1, C2, x1, . . . , xn, P,Q) are characterised by the

following properties:

1. degC1 = d1 and degC2 = d2, such that d1 + d2 = d.

2. x1 and x2 are marked points on C1 that map to L1 and L2.

3. x3 and x4 are marked points on C1 that map to p3 and p4.

4. x5, . . . , xn map to p5, . . . , pn, with 3d1 → 1 of them lying on C1.

5. P ↘ C1 and Q ↘ C2 are mapped to the same point in R
2.

From 4. above, there are
'

3d↔4
3d1↔1

(

possible ways of distributing the marks. For each

such distribution of marks, from the previous proposition, the multiplicity is given by

the expression:

multev(C1) ·multev(C2) · (C1 · C2)P=Q · (C · L1)x1
· (C · L2)x2

.

Using Bézout’s theorem for tropical curves we can compute each of the intersection

multiplicites above.

• multev(C1) = N trop
d1

.

• multev(C2) = N trop
d2

.

• (C1 · C2)P=Q = d1d2.

• (C · L1)x1
= d1.
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• (C · L2)x2
= d1.

Hence, it follows:

degς(P) = N trop
d +

%

d1+d2=d;
d1, d2⇔1

d31d2



3d→ 4

3d1 → 1



N trop
d1

N trop
d2

.

II. Computing the degree at P ↘, degς(P
↘).

We can repeat the same steps as for part I. and deduce that:

degς(P
↘) =

%

d1+d2=d;
d1, d2⇔1

d21d
2
2



3d→ 4

3d1 → 2



N trop
d1

N trop
d2

.

Since degree of ς is independent of points P in general position, Kontsevich’s

equation follows.
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