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Abstract

Seismic imaging is an essential method for exploring the structure of volcanic features
beneath the surface, such as conduits and magma chambers. These insights are cru-
cial for a more profound understanding of volcanic processes. However, the complex
and heterogeneous nature of the subsurface, along with the limited availability of data,
presents substantial challenges in accurately mapping the internal structure of volca-
noes, often leading to interpretive uncertainties.

This study explores the application of machine learning, specifically artificial neural net-
works (ANNs), in seismic tomography and full-waveform inversion to improve volcanic
imaging. The training is performed on synthetic data generated from randomized veloc-
ity structures.

In the initial phase, a feedforward neural network (FNN) is trained on travel-time data
to predict velocity profiles. Tests in the 2D domain for simplified cases demonstrate
that the ANN approach outperforms traditional linear inversion techniques, especially
when seismic data is sparse. Furthermore, the method’s efficiency in the 3D domain is
demonstrated.

However, in real-world scenarios, such inversions would significantly benefit from using
full-waveforms to accurately determine the velocity profiles. An ANN with an encoder
followed by a fully connected stack is utilized. The encoder, composed of convolutional
layers, extracts features from the waveforms, which are then used by the fully connected
stack to predict velocity profiles. Initial tests show promising results, suggesting that
encoders can capture key characteristics of the waveforms — beyond just arrival times
— which can be leveraged for inversion. The ANN architecture can be further optimized
to enhance the inversion process and better account for complex velocity profiles.
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Chapter 1

Introduction

1.1 Background

Seismology, a sub-discipline of geophysics, is the study of seismic waves and their prop-
agation through the Earth. It is mainly an observational science, which is fundamental
in understanding subsurface structures and earthquake dynamics. In the context of a
volcanic edifice, subsurface structures include but are not limited to, conduits, magma
chambers, and dykes. Identifying these structures is essential for monitoring magma
movement [1, 2], assessing eruption risks, and evaluating other seismic hazards. They can
be identified by seismic imaging as they influence the velocity profiles [2].

Ray-based travel-time tomography [3] and full-waveform inversion (Fw1) [4] are seismic
imaging techniques used to reconstruct subsurface velocity profiles from ground motion
data. Ray-based travel-time tomography utilizes straight ray-based travel-time data while
full-waveform inversion utilizes entire waveforms of the seismic signals. Full-waveform
inversion has an advantage over travel-time tomography as it incorporates amplitude and
phase information in addition to arrival times. It also accounts for wave propagation
effects such as reflection, refraction, diffraction etc.

1.2 Problem Statement

Obtaining data from volcanic edifices is challenging due to hazardous terrain and the
limited spatial coverage of data collection. This limited availability of data, combined with
the complex and heterogeneous nature of the subsurface, presents substantial challenges
in accurately mapping the internal velocity profiles of volcanic edifices, often leading to
ambiguity in interpretations [1, 5]. These challenges highlight the need for methods that
can extract meaningful insights despite limited data coverage.

In recent years, machine learning (ML) has emerged as a powerful tool in many scientific
and engineering disciplines, offering innovative solutions for complex problems. In the field
of seismology, ML has been increasingly applied to seismic data analysis, wave propagation
modeling [6, 7], and other related tasks [§].

Recent advancements have demonstrated the potential of ANNs in ray-based travel-
time tomography. Komeazi et al. (2023) [9] introduced an ANN-based optimization ap-
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proach for 2D sparse-ray travel-time tomography of volcanic edifices, showing improved
performance over traditional linear inversion techniques. This study aims to extend their
approach by evaluating its efficiency in 3D. Additionally, the potential of ANNs in full-
waveform inversion is explored to further improve velocity profile predictions.

1.3 Research Objectives

This study aims to:

1. Implement an ANN-based ray-based travel-time tomography method for imaging
volcanic interiors

Evaluate its performance against traditional linear inversion techniques
Generate synthetic seismograms using full-waveform modeling

Develop an ANN-based full-waveform inversion method

AR R

Predict velocity profiles from previously unseen seismograms using the ANN

1.4 Scope and Limitations

This study explores the application of ANNs for seismic inversion in data-sparse conditions.
It is intended as an initial investigation to assess the potential of ML for seismic inversion
rather than a fully optimized framework. This is particularly relevant for full-waveform
inversion, where only very simplified cases are considered to test the viability of the
approach. Additionally, the study uses only synthetic seismic data without noise, limiting
its direct applicability to real-world datasets. Source locations are assumed to be known
as well.

1.5 Methodology Overview
In this study the following methodologies are used

ANN-based Ray-based Travel-Time Tomography: A fully connected feedforward neural
network (FNN) with two hidden layers is implemented in the 2D domain. In the 3D do-
main, an additional hidden layer is introduced to account for the complexity due to the
third dimension.

Synthetic Seismogram Data Generation: Salvus [10], a Python-based framework that
implements the spectral element method (SEM), is used for waveform forward modeling.

ANN-based FWI: An ANN with an encoder composed of convolutional layers for fea-
ture extraction, followed by a fully connected stack is utilized to predict velocity profiles
from seismograms.
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1.6 Thesis Structure

This thesis is organized into four chapters. Chapter 1 introduces the research topic,
outlining the challenges and presenting the study objectives. Chapter 2 focuses on ray-
based travel-time tomography, explaining the model setups and methods, and comparing
a conventional inversion technique against an ML approach. Chapter 3 delves into full-
waveform inversion, discussing its advantages, methods along with the model setups, and
how it enhances subsurface imaging by incorporating additional information. Finally,
Chapter 4 summarizes and discusses the results and suggests potential directions for
future research.



Chapter 2

Ray-based Travel-Time Tomography

2.1 Introduction

Ray-based travel-time tomography is an inversion technique used to estimate subsurface
velocity profile or other physical parameters from seismic travel-times. This study starts
in the 2D domain, by implementing the tomography approaches taken from Komeazi et
al. [9]. While they used a 2D Gaussian model, representing a vertical cross-section of
a volcanic edifice, this study instead employs a circular model, representing a horizontal
cross-section of the volcanic edifice. The study is then extended to 3D domain employing
a 3D gaussian surface.

We begin the chapter by outlining the methodologies (Section 2.2) used for modeling.
Inversion is performed using two different approaches: conventional linear inversion and a
machine learning (ML) based inversion. The latter employs a fully connected feedforward
neural network (FNN). We then define the model setups in Section 2.3. Finally, Section 2.4
starts with the linear inversion results for various 2D setups to highlight the motivation
for using the ML-based approach. We then compare the results of both the techniques,
including their performance in 3D.

2.2 Methodology

Every inverse problem begins with the formulation of the forward problem, which decribes
how the observable data (here, travel-times) can be computed from a given model [11].
It establishes a mathematical relation between the model parameters and the observable
data, which is essential in defining the inverse relation for a conventional approach and
in generating the datasets for an ML-based approach.

We begin this section by addressing the modeling assumptions, followed by defining
the forward problem and the inversion techniques.

2.2.1 Assumptions

Several assumptions are considered to simplify the modeling:
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1. Straight-rays assumption: reflection, refraction, and diffraction phenomena are not
taken into consideration

2. The location of the sources is assumed to be known a prior

3. Noise effects are not considered

2.2.2 Forward Modeling

Forward problem [11] is given by
d=Gm (2.1)

where d is the travel-times vector, G is the forward operator and m is the slowness
(inverse of velocity) vector. G maps the observable data d to the model parameters m.
In the matrix form, equation 2.1 can be expressed as

dl GH G12 Glp mi
dg G21 G22 Ggp mo

: : : : (2.2)
dr Grl GTQ Grp my

where r denotes the total number of rays and p denotes the total number of model

parameters. Here, G is defined as the matrix of ray segments. Each (i,j)" element

of G corresponds to the length of the i ray within the area of j* model parameter.

However, model parameters with no ray coverage are deleted for computations as they
are redundant. Thus, the shape of Geg that is used in computations is (7,pefy), ¢.e.it is
determined by the number of rays and number of model parameters with ray coverage.
For a detailed explanation on the forward operator computation, refer Appendix B.

2.2.3 Determination of Systems

A system is either underdetermined or overdetermined based on the number of equations
and unknowns. In our case, for inversion, the number of equations is controlled by the
number of rays 7 and number of unknowns by the number of model parameters p.yy.

o Well-determined : 7 = pess
e Overdetermined : 7 > p.sy

e Underdetermined : 7 < pesy

2.2.4 Linear Inversion

The inverse problem for Equation 2.1 is given by
m = G_td (2.3)

However, G_f exists only if Geg is a square matrix and of full rank (no linearly dependent
rows or columns and non-singular). This often is not the case in practical scenarios. Hence,
if the system is overdetermined, Moore-Penrose pseudoinverse is used to obtain m

m = (GgGen) ' Gogd (2.4)

5
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If the system is underdetermined, regularization techniques are employed to stablilize the
solution and prevent overfitting the data. Regularization is also applied when Geg is
ill-conditioned or singular. In such cases, Tikhonov regularization [12] is commonly used.

m = (GT,Geg + \21)1GT.d (2.5)

where A is the regularization factor. It controls the trade-off between fitting the data and
smoothing the solution. I is the identity matrix.

2.2.5 ANN Inversion

Machine learning draws inferences from patterns in data and can be trained on large
datasets to make predictions on unseen data. Artificial neural network (ANN) [13] is a
type of machine learning technique that tries to mimic the human brain. It consists
of connected nodes called artificial neurons as we have neurons in the brain, and these
neurons work together to identify patterns, evaluate choices and draw conclusions [14]. It
does so by training on large datasets for repeated iterations (epochs) aimed at adjusting
the weights and biases associated with the connections between neurons in the consecutive
layers of an ANN.

Applying to our specific case, the ANN model would serve as the inverse operator, pre-
dicting the velocity profile when provided with travel-times. The ANN becomes capable
of doing so by learning the relation between travel-times and velocity profiles from the
large training datasets provided. This approach is implemented using PyTorch version
2.5.1 [15] on a single NVIDIA GeForce RTX 2080 Ti GPU.

In order to construct an ANN model, we need to broadly consider three key components:

1. Training Dataset
2. ANN Architecture

3. Loss Function and Optimization [

Training Dataset

The training dataset consists of input-output
pairs that the ANN learns from. It is gen-
erated by forward modeling using Equation
2.1. Our dataset consists of 15,000 random
velocity profiles (in range (1,2) km/s) and
their corresponding travel-times. It is split
into 80% for training and 20% for testing.
Training is done on a batch size of 2048.

e Inputs - Travel-Time Arrays

e Outputs - Velocity Profiles Figure 2.1: Examples for Input-Output Pairs

It is important to note that in forward modeling, the velocity profiles serve as the inputs,
while the travel-times are the resulting outputs.
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ANN Architecture

The neural network architecture consists of fully connected layers with a Tanh activation
function. In the 2D domain, two hidden layers are used, whereas in the 3D domain,
the architecture is slightly modified by adding an additional hidden layer. The extra
hidden layer in 3D helps the network account for the complexities introduced by the third
dimension.

The network begins with an input layer, where the travel-time arrays are fed into the
ANN model. Each input node corresponds to the travel-time of a ray. The input layer is
then followed by two or three hidden layers, depending on the dimensionality.

A hidden layer size of 512 neurons is chosen for the 2D case, providing sufficient
capacity while avoiding excessive complexity, which helps to prevent overfitting. For the
3D case, an additional hidden layer of 1024 neurons is included, which enables the network
to better capture the more complex features of the data. The final hidden layer is set to
match the output size, helping to refine the final values and improve the accuracy of the
model’s predictions.

Each neuron receives inputs from the all the neurons in the previous layer, computes a
weighted sum, and passes it to the next layer. A Tanh activation function is applied after
the first hidden layer to introduce non-linearity into the model. Even though the problem
at hand has a linear relationship, non-linearity can help capture important features of
the data to avoid underfitting. Finally, the output layer computes the predicted velocity
profile.

INPUT LAYER HIDDEN LAYERS OUTPUT LAYER

ANN Architecture for 2D

1. Input Layer with |d| neurons

2. Hidden Layer 1 with 512 neurons

3. Hidden Layer 2 with |m| neurons

" 4. Output Layer with |m| neurons

Figure 2.2: 2D ANN

As described above, during forward propagation, travel-time data flows from the input
layer through the hidden layers to the output layer. Each layer transforms the data in
some way to predict the velocity profile. The network is trained using backpropagation
[16], a process where the error between the predicted velocity profile and the true veloc-
ity profile is calculated and propagated backward through the network. The weights are
adjusted during this process to minimize the error using an optimization algorithm.
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INPUT LAYER HIDDEN LAYERS OUTPUT LAYER

ANN Architecture for 3D o
1. Input Layer with |d| neurons .
2. Hidden Layer 1 with 1024 neurons

3. Hidden Layer 2 with 512 neurons

4

5

> 4
‘
"C
C

. Hidden Layer 3 with |m| neurons @ AN A\ L 2
. Output Layer with [m| neurons .7‘

1024

Figure 2.3: 3D ANN

Loss function and Optimization

The weights are updated in each epoch aimed at minizing the loss function using an
optimizer. While the optimizer adjusts the weights, the loss function guides the model.
Mean squared error (MSE) [17] is employed as the loss function. The model tries to learn
by reducing the average squared difference between the predicted and actual values.

MSE = L(m) = % (i~ )’ (2.6)

where N is the number of parameters, m; is the true value (actual value) and , 7m; is the
predicted value.

Limited-memory Broyden—Fletcher—Goldfarb-Shanno (L-BFGS) [18] is used as the op-
timizer. L-BFGS is a quasi-Newton method that approximates the Hessian matrix to
optimize the method efficiently.

m™! =m™ - nH'v(L(m)) (2.7)

where 7 is the learning rate, H is the Hessian matrix (second derivatives of the loss
function relative to the weights) and V(L(m)) is the gradient of the loss function.

2.3 Model Setup

2.3.1 Modeling Variables

The key modeling variables that influence the complexity of the model include meshing
and source-receiver setup, which are detailed in the following sections.

e Meshing : controls the number of model parameters p

e Source-Receiver Setup : controls the number of rays r and ray coverage
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2.3.2 2-D Domain

We consider a circular model of radius 4 km. The circular area corresponds to a horizontal
cross-section of a volcanic edifice. A 4 km radius can help in capturing seismic signals
relevant to volcanic activity such as magma movement, earthquakes, and volcanic tremor,
while still being manageable for computational simulations. For instance, at volcanoes
like Mount St. Helens [19], the summit crater spans about 1-1.5 km in radius, and the
mountain base spans about 5-6 km in radius. A 4 km radius would be a good choice for
monitoring at an optimal elevation. However, radius can be changed according to the
elevation of choice.

For our modeling, we consider various source-receiver setups. We use a homogeneous
background velocity structure with one or two low velocity anomalies indicative of magma
chambers or other subsurface structure, for the comparison of different approaches.

Meshing

Meshing influences the number of actual model parameters, p, and determines the spatial
resolution of the velocity profile. A finer mesh has larger number of parameters, allowing
higher-resolution velocity profile. A coarser mesh has a smaller count but is limited to
coarser velocity profiles. Some examples are provided below in Figure 2.4. Dxy represents
the x and y length of each smaller block.

DXy=2;P=16 DXy = 1.6 ; P = 25 DXY = 0.4 ; P = 400

Y Distance(km)
°

Y Distance(km)
o

Y Distance(km)
)

-3 -3 -3

-4 T T T T T T —4 T T T T T T T T T 41 T T T T T T T T T
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
X Distance(km) X Distance(km) X Distance(km)

Figure 2.4: Examples for Model Meshing

Source-Receiver Setups with Ray Coverage

Sources are either placed randomly within the circle or by the boundary. Sources if placed
inside the circle represent natural seismic events, such as earthquakes or volcanic tremors.
In contrast, sources if placed at the boundary of the circle represent controlled seismic
sources, which could be designed to simulate for experimental purposes. The receivers are
restricted to the boundary. If the number of sources is Ng and the number of receivers is
N, then the total number of rays, r = Ng x N,.. The relative spatial distribution of sources
and receivers controls the ray coverage. For example, in Figure 2.5, despite having the
same number of sources and receivers, Setup 3 has a better ray coverage than Setup 2 due
to a more optimal spatial distribution. The lines in the figures show the ray coverage.
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SETUP 1: Ns =5 Ngk=5

*  Source

4

34

Y Distance(km)
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A Receiver
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Figure 2.5: Examples for 2D Model Setups. The lines represent ray coverage.

2.3.3 3-D Domain

We consider a 3D Gaussian surface for simple modeling. While no real volcano perfectly
follows a 3D Gaussian shape, some volcanic edifices approximate a Gaussian-like distri-
bution in terms of their elevation profiles. For example, Mount Fuji in Japan is a nearly
symmetric stratovolcano with a conical shape, often approximated by Gaussian-like pro-
files in topographic and geophysical modeling. It’s smooth slopes and radial symmetry
make it a suitable real-world analogy for simplified Gaussian surface representations in
volcanic studies.

Our model extends 3 km laterally and ~1.6 km in height. Sources are placed randomly
within the gaussian volume while receivers are restricted to the surface. For meshing, we
consider a cubic volume containing the gaussian volume. The cubic volume is divided
into smaller cubes, where each smaller cube corresponds to a model parameter.

We assume a true velocity profile with a background velocity of 1.5 km/s and a verti-
cal low-velocity anomaly of 1.2 km/s. We use 15x15x15 meshing with 3375 actual model
parameters. The fully defined model is shown in Figure 2.6, illustrating the true velocity
profile along with the outline of the Gaussian surface.

10



Chapter 2. Ray-based Travel-Time Tomography

We model for two different source receiver
settings as shown in Figure 2.7. Sources
are representative of natural seismic events,
such as earthquakes or volcanic tremors. In
both the cases, we have 10 receivers, with
5 receivers uniformly distributed at heights
0.557 km (a radius of 1.2km in x-y plane)
and 1.13 kms (a radius of 0.9km in x-y
plane) each. The two setups differ in the y%o
number of sources as given below. The ey
3D plotting is performed in Julia [20] using

Makie [21], as it provides interactivity. Figure 2.6: 3D True Model
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Figure 2.7: 3D Model Setups *

2.4 Results

We begin this section by presenting linear inversion (LI) results for various 2D setups.
The setups are carefully chosen to highlight the motivation for using the ML approach.
We then compare the results of both inversion methods starting from the setup where
linear inversion appears to fail, i.e.in sparse-ray tomography (underdetermined systems).
Results for 3D domain are then presented.

Markers: Stars-Sources, Triangles-Receivers
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Chapter 2. Ray-based Travel-Time Tomography

2.4.1 2-D Domain

Linear Inversion

For all the setups considered, G is ill-conditioned with condition number > 10'7. Even
Gegr is ill-conditioned with condition number > 10'6. Hence, regularization is applied to
all the models, i.e. Equation 2.5 is employed. The value of A for modeling is chosen
by trial and error method. Grey cells in the figures correspond to the parameters with
no ray coverage. Star markers represent sources while the triangle markers represent the
receivers. The grey lines show ray coverage in all the true models.

Figures 2.8-2.10 illustrate well-resolved cases for overdetermined systems. Model 1 (Fig-
ure 2.8) contains 16 parameters, each cell extending 2 kms in both the x and y directions.
The source-receiver configuration is designed to cover all the parameters using 25 rays,
ensuring full coverage of the model.

TRUE MODEL LINEAR INVERSION
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Figure 2.8: LI: Model 1

In Model 2 (Figure 2.9), the source-receiver setup remains unchanged, but the size
of each parameter is reduced to 1.6 km in both the x and y directions. As a result, the
total number of parameters increases to 25. However, only 23 parameters are covered,
maintaining the overdetermined nature of the model.
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k 18 § i Ns 5
£ 162 | N, r 5
¥ g
g g dxy 1.6
= 14¢
(Do @) (23,25)
' A 0.00003

-1 0 1
X Distance(km)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 2.9: LI: Model 2

12



Chapter 2. Ray-based Travel-Time Tomography

In Model 3 (Figure 2.10), the size of each parameter is further reduced to 0.4 km
in both the x and y directions. The source-receiver setup is adjusted to provide denser
ray coverage, as the number of model parameters increases to 400. Within the circular
boundary, there are 344 parameters, all of which are fully covered by 400 rays, ensuring
the model remains overdetermined.

4 PP siE NN . 2300 MODEL VARIABLES
/A D !
5 b N\ 5 225 |
A N\ !
2 / N 200 |1 NS 20
A/ A\ 2 |
% 1 1/ \T 1 1-75% 3 Nr 20
£ 0 HI 150% |
=0 i g dxy 0.4
& !
\ A
= -1 A\ ! 125%
21\ // 5 oo | (P @ (344,400)
\‘ /. o
- ~a Sl - 075 A 0.00003
- T 4
‘T2 2 o6 1 % 3 4 oo ; : e

X Distance(km)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 2.10: LI: Model 3

From Model 3 onwards, we focus on velocity profiles featuring a low-velocity anomaly,

which is representative of low-velocity magma chambers within volcanic edifices.

We

consider a background velocity of 1.6km/s with an anomaly of 1.2km/s.

Figures 2.11-2.13 illustrate results for underdetermined systems. In Model 4 (Figure
2.11), compared to Model 3, the number of receivers is reduced by 5, resulting in a total of
300 rays. This reduction in ray count (gq) noticeably affects the accuracy of the inversion.
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LINEAR INVERSION

4 —a 5
_— Tk

MODEL VARIABLES

3 ] / 5 \‘\A 2.25

2 /A ] \ 2.00 Ns 20
2y mell N, 15
\ f dxy 0.4
~ A 1252 |

=1\ ( ) (344,300)

‘A i/
JEEE A 0.003

-4 -3 =2 -1 o0 12 3 4 2 Y 0 2 2
X Distance(km)
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Figure 2.11: LI: Model 4

______________________

In Model 5 (Figure 2.12), a different source-receiver setup is used, with sources placed

at random locations. All other settings remain the same as in Model 4. This highlights
how the source-receiver configuration itself influences the resolution of the inversion.
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Figure 2.12: LI: Model 5

In Model 6 (Figure 2.13), the number of sources is reduced to 10, resulting in a total
of 150 rays. Consequently, the number of covered parameters decreases to 318.
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Figure 2.13: LI: Model 6

Linear Inversion vs ANN

We start off the comparison of inversion methodologies from Model 6 (Figure 2.13), where
linear inversion seemingly fails. To ensure consistency, the same source-receiver setup
from Model 6 is used across all comparisons in this section. As a result, all models
in this section have 150 rays and 318 model parameters. The comparison is performed
for different velocity profiles, and a quantitative evaluation of the results is conducted
using structural similarity index (SSIM), as presented in Figure 2.14. A higher SsiM value
indicates greater accuracy of the results.

The ANN training loss converges within 500 epochs (Figure 2.14). Since the source-
receiver setup remains unchanged, the same trained network is used to predict all the
results presented below.
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Figure 2.14: LI vs ANN: Comparison Statistics

Model 6 (Figure 2.15) has a background velocity of 1.6 km/s and an anomaly of 1.2
km/s. The linear inversion yields an SSIM value of 0.1601, while the ANN approach achieves
a much higher ssiMm value of 0.9935.
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Figure 2.15: LI vs ANN: Model 6

Model 7 (Figure 2.16) features two anomalies, each with a velocity of 1.2 km/s. The
linear inversion results in an ssiM value of 0.1605, while the ANN approach significantly
outperforms it with an ssiMm value of 0.9892.
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Figure 2.16: LI vs ANN: Model 7

Model 8 features a higher velocity contrast with an anomaly of 0.8 km/s. The linear
inversion yields an SSIM value of 0.1423, while the ANN approach achieves an SSIM value
of 0.9762.
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Figure 2.17: LI vs ANN: Model 8

Model 9 features a lower velocity contrast with a background velocity of 1.4 km/s and
an anomaly of 1.2 km/s. The linear inversion results in an sSIM value of 0.1631, while the
ANN approach significantly outperforms it, achieving an sSiM value of 0.9986.
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Figure 2.18: LI vs ANN: Model 9

2.4.2 3-D Domain

Results for the effective true model in the 3D domain with ray coverage are presented
here. The vertical (XZ) cross-section containing the low-velocity anomaly is also shown.
The effective true model varies depending on the source-receiver setup. Blocks with no
ray coverage are kept transparent, and the low-velocity range is highlighted in the color
map for better visualization.

Figure 2.19 illustrates the results for 3D setup 1, as shown in Figure 2.6. The model
covers 1154 parameters with 1000 rays.
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Figure 2.19: LI vs ANN: 3D Setup 1 2

ZPlotted using [21]
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Figure 2.20 illustrates the results for 3D setup 2, as shown in Figure 2.6. The model
covers 1089 parameters with 500 rays.
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Figure 2.20: LI vs ANN: 3D Setup 2

2.5 Discussion

This chapter evaluates the efficiency of a machine learning approach compared to tradi-
tional linear inversion for sparse-ray tomography. The results presented in the previous
section indicate that linear inversion struggles to accurately determine the velocity profile,
whereas the ANN achieves better performance. It is important to clarify that by linear
inversion, we refer to damped/regularized linear inversion. Figure 2.14 provides a quan-
titative comparison in 2D, showing that linear inversion yields low SSIM values, while the
ANN achieves significantly higher values, highlighting its better performance.

When the model is overdetermined and well-covered by rays, linear inversion yields
perfect results. Models 1 and 2 provide simple random example cases where linear inver-
sion is well-resolved. However, our primary focus is on models incorporating a low-velocity
anomaly indicative of subsurface structures, such as magma chambers. These cases are
introduced from Model 3 onward. Model 3 successfully detects the anomaly with high
accuracy being overdetermined.

Starting from Model 4, the linear inversion results become increasingly noisy. By
Model 6, the noise level is so high that the presence of the anomaly is difficult to interpret
from the figure alone. From this point onward—where linear inversion starts to strug-
gle—we introduce a comparison with ANN inversion. We examine models with one and
two anomalies, as well as variations in velocity contrast.

For Model 6, where linear inversion produces highly noisy results, ANN inversion de-
livers a much clearer detection of the anomaly, as indicated by the high ssiM score. In
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Model 7, where linear inversion fails to provide any indication of the second anomaly, ANN
inversion successfully detects both anomalies.

In Model 8, we consider a higher velocity contrast. Although the linear inversion
results may appear visually improved compared to previous cases, the SSIM score is lower.
This likely stems from larger error differences introduced by the increased velocity contrast
in certain model parameters.

Model 9 examines a low-velocity contrast scenario, with just a 0.2 km/s reduction,
representing a 14% decrease. Even under these conditions, ANN inversion performs well,
whereas linear inversion fails. This is especially important in detecting anomalies with
not a huge velocity differnce.

In the 3D setup, both approaches successfully resolve the anomaly in setup 1, though
the ANN results are less noisy. In setup 2, where the number of rays is reduced by half,
linear inversion fails to detect the anomaly and produces a highly noisy result. In contrast,
ANN inversion remains significantly better, successfully identifying the anomaly, though
not perfectly, against the homogeneous background.

The performance of the ANN in both 2D and 3D domains suggests that it is a more ef-
fective approach for the sparse-ray tomography problem under study. While ANN training
requires more computational time initially, predictions can be obtained instantly using the
trained network, with no additional computational cost. Our model is trained on a diverse
set of random velocity distributions without assuming a predefined velocity profile. Un-
like some linear inversion techniques, such as Bayesian inversion, ANN inversion does not
require an initial model. This is a significant advantage, as the choice of an initial model
strongly influences traditional inversion outcomes. ANN inversion benefits from exposure
to a large number of datasets, enabling it to learn patterns more effectively. Addition-
ally, different ANN models can be trained for different source-receiver setups, optimizing
performance for specific configurations.

In the following chapter, we aim to address one of the primary assumptions made in
this study—the straight-ray approximation.
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Chapter 3

Full Waveform Inversion

3.1 Introduction

As we move toward addressing real datasets and challenges, it becomes necessary to
account for phenomena such as reflection and refraction, which were previously neglected
in travel-time tomography (Chapter 2). Full-waveform modeling handles this by ensuring
realistic modeling of wave physics. Full-waveform tomography utilizes entire waveforms
for inversion. In this work, we test the viability of a machine learning approach to full-
waveform tomography.

We forward model simplified synthetic cases to generate paired waveform-velocity
datasets, which are required for training neural networks. Before getting into inversion,
we first attempt to reconstruct the waveforms using an unsupervised neural network based
on an autoencoder. This motivates the use of encoded waveforms for velocity prediction.
To predict velocity, we implement an encoder followed by a fully connected network for
velocity prediction.

This chapter begins with the methodolody used for forward modeling. This is followed
by waveform reconstruction, which complements the design of the neural network archi-
tecture for inversion. The model setups used are integrated within the section for better
flow. Finally, the results of the inversion are presented.

3.2 Methodology and Setup

3.2.1 Forward Modeling

Forward modeling is performed using Salvus [10] 2024.1.2, a high-performance Python-
based simulation framework built on the SEM. This method accurately solves wave prop-
agation [22] problems by combining the flexibility of finite elements with the accuracy of
spectral methods. For more details on SEM, refer to Appendix C.

Elastic wave propagation is simulated for 6 seconds in a medium with a constant den-
sity of 2670 kg/m3, using an explosive Ricker wavelet source of 5Hz. Random velocity
profiles are considered for the P-wave velocity (VP). S-wave velocity (VS) is approxi-
mately 0.588 times the P-wave velocity. Three elements per wavelength with a quadratic
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interpolation is used for SEM. An absorbing boundary layer with a thickness of one wave-
length is implemented to prevent wave reflections from the boundaries.

SETUP 1: Ns= 1 Ng= 50 SETUP 2: Ns= 1 Ng= 50 SETUP 3: Ns= 3 Nr = 21
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Figure 3.1: Model Setups for Full-Waveform Modeling

We consider three different source-receiver setups for the modeling, as illustrated in
Figure 3.1. Here, N, represents the number of sources and N, the number of receivers.

All setups span 6 km laterally, from -3 km to 4+3 km. In setups 1 and 2, we use
flat-topography models with a depth of 6 km. A single source is located at (0, -5) km,
and 50 receivers are evenly distributed along the flat free surface. Setup 1 employs a 3x 3
meshing, resulting in 9 velocity blocks, whereas Setup 2 uses a finer 5x meshing with 25
velocity blocks. Setup 3 introduces a 2D Gaussian topography with an elevation of 2 km
and a depth of 1.5 km. Three sources are positioned at (-2, -0.8) km, (0, -0.8) km, and
(42, -0.8) km, while 21 receivers are evenly distributed along the topography. This setup
adopts an 8 x 8 meshing, dividing the model into 64 velocity blocks. However, the blocks
above the topography are removed, resulting in an actual number of 52 velocity blocks.

For each setup, 10,000 simulations with random velocity profiles in range 1-2 km/s
are carried out to generate the seismograms, from which the Y-component velocity seis-
mogram is retrieved. This yields 2D seismogram-velocity pairs for ANN training.

Velocity Array - Data Densification and Gaussian Smoothing

Since we use coarse velocity profiles for testing purposes,
the velocity grid resolution must be increased to ensure
smoother wave simulations in Salvus. Each velocity block
value is repeated 90 times within its spatial constraints, with
20x90 30 repetitions along both the X and Y axes. A Gaussian
smoothing filter with a sigma value of 5 is then applied to
further refine the model.

For instance, in the case of a 3 x3 meshing, as illustrated
in Figure 3.2, the original (3, 3) velocity array is transformed
into a (90,90) array with smoothing before being passed to
Salvus.

4 B0X30 —»

Figure 3.2: Velocity
densification example for
3 x 3 mesh
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It is important to note that for ANN training, the original array—without densification
or smoothing—is used

Salvus

As described above, a densified and smoothened velocity array is passed to Salvus. Let’s
consider an example of a random velocity profile using setup 1, as shown in Figure 3.3,
for a clearer understanding.

VELOCITY PROFILE SEISMOGRAM: Y-COMPONENT
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Figure 3.3: Random velocity profile with the Velocity-Y seismogram generated using Salvus.

Salvus processes the finite element meshing and ABC elements, as illustrated in Figure
3.4. The basic mesh information is provided below. The number of points refers to the
discrete nodes in the mesh, while the number of elements refers to the individual finite
elements (quadrilaterals in this case) formed by connecting those points. The model is
extended by approximately 0.3 km at each boundary to implement the absorbing layers.

e Shape mapping order: 2
Number of points: 129479
Number of elements: 32190

Spatial extent in X dimension: min = -3.336 km, max = 3.336 km

e Spatial extent in Y dimension: min = -6.300 km, max = 0 km

Salvus initiates the simulation at -0.312s to ensure that the source is developed by the
zerot” time. The wavefield for the specific velocity profile propagates as shown in Figure
3.5. The snapshots illustrate how the y-component of the velocity seismogram propagates
through the velocity profile. Moving from left to right, the time gap between snapshots
is 0.3s, while moving from bottom to top, the time gap is 1.5s. From the snapshots
in the second row from the bottom (from 1.5s to 2.7s), it is evident that the absorbing
boundary does not cause reflections. At 3.0s, upon reaching the free surface boundary,
reflections begin to appear, and we can observe their propagation until the 6" second. The
final output, the velocity-Y seismogram for the corresponding velocity profile, is shown
in Figure 3.3.
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Figure 3.4: Meshing and ABC elements for the velocity profile shown in Figure 3.3.
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Figure 3.5: Some wavefield snapshots illustrating Velocity-Y propagation for the velocity
profile shown in Figure 3.3.
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Waveform Preprocessing: Downsampling and Slicing

The wavefield is simulated for 6 seconds with a timestep of 0.002 seconds, resulting in
3157 time steps per trace. To reduce the data, the waveform is downsampled to 10%,
leaving only 316 elements per trace, and the timestep is increased to 0.02s. The Nyquist
frequency is calculated as:

1 1 50
= = :—:25H
IN= 5 AL 3002 2 z

Since the source frequency of 5Hz is below the Nyquist frequency of 25Hz, key information
remains intact despite the 90% reduction. This downsampling process ultimately enhances
the effectiveness of ANN training. An example is shown in Figure 3.6, where the true and
downsampled waveforms overlap almost perfectly.
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Figure 3.6: Comparison of an example true waveform with its 10% downsampled version

After downsampling, the waveforms are sliced along the time axis to preserve only the
essential signal information, which is then used as input to the ANN. Slicing differs for
different model setups.

3.2.2 Waveform Reconstruction

Before delving into inversion for velocity, let’s first explore waveform reconstruction. The
motivation behind this step is to assess whether encoded waveforms can be leveraged for
velocity prediction. Waveform reconstruction offers insight into the capability of neural
networks to capture key characteristics of seismic waveforms. By encoding waveforms into
a latent space, we aim to create a compact representation that retains only the sufficient
information required to predict velocity profiles.

Waveform reconstruction is implemented using autoencoders, an unsupervised learn-
ing technique. As shown in Figure 3.7, we employ an autoencoder [23] consisting of
an encoder and a decoder, both constructed with 2D convolutional layers using a ker-
nal size of 3 x 3. The encoder returns a latent representation of the original waveform
by extracting its essential features. The encoder extracts essential waveform features,
returning a latent representation that progressively reduces dimensionality through 2D
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|
ENCODER :| DECODER

Figure 3.7: Autoencoder architecture for waveform reconstruction in Setup 1. The dimen-
sions shown represent the sizes of the convolutional layers, which are reduced by a factor of 2
after each max-pooling layer. The resulting dimensions after max-pooling are indicated below.

Convolution - Transpose Convolution - Tanh
PReLU - PReLU Linear

- Max-Pooling Up-Sampling - PreLU

Figure 3.8: Color maps for the ANN plots

convolutional layers with PReLU activation and max-pooling. Figure 3.7 shows the di-
mensions of the convolutional layers, which are halved each time they pass through a
max-pooling layer. Max-pooling layers with a kernel size of 2 x 2 is used for this purpose.
The decoder reconstructs the original waveform from this latent representation using 2D
transpose convolutional layers with PReLU activation and upsampling, followed by a final
convolutional layer with Tanh activation for fine-tuning.

The model is trained on a dataset of 10000 seismograms, with validation and test sets
containing 1500 samples each. Training is optimized using the Adam optimizer [24], with
the mean squared error (MSE) as the loss function.

A test example from Setup 1, along with its latent representation produced by the
encoder, is shown in Figure 3.9. The latent space consists of four channels, resulting in

'Plotted using [25]
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Figure 3.9: Autoencoder feature maps for an example case using Setup 1

four feature maps with distinct activations. The reconstruction confirms that the encoder

can successfully extract the key features of the waveforms.
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3.2.3 Inversion

As discussed in Section 3.2.2, an encoder composed of 2D convolutional layers effectively
extracts the necessary features for waveform reconstruction. This motivates the use of
a similar encoder for waveform encoding, followed by a fully connected (FC) stack for
velocity prediction. The encoder consists of three convolutional layers with PReLLU ac-
tivation functions, while the FC stack includes two hidden layers. The model is trained
using the Adam optimizer with MSE as the loss function. Since preserving additional
spatial information is not critical for velocity prediction, the dimensionality of the latent
space can be further reduced. To achieve this, an extra convolutional layer is added to the
encoder, further compressing the latent representation. As a result, the encoder reduces
the original waveform by a factor of 16. The same example from the previous section,
now used for velocity prediction instead of reconstruction, is illustrated in Figure 3.11.
The size of the FC input layer depends on the degree of waveform compression. Different
slicing approaches are used for Setups 1 and 2 compared to Setup 3, leading to variations
in the dimensionality of the convolutional layers. These differences are outlined below.
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Figure 3.10: ANN Architecture for Inversion. The dimensions shown represent the sizes of
the convolutional layers, which are reduced by a factor of 2 after each max-pooling layer.
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used for waveform reconstruction.

FULL-WAVEFORM

0
0.2
20
40
0.1
60
-
/ 0.0
80
100
-0.1
120
-0.2
140
0 25

Receiver Number

o

Time Index
o

Amplitude

o

o

27



Chapter 3. Full Waveform Inversion

For Setups 1 and 2, the flattened
encoded waveform has a size of 432.
The waveform is sliced from 2.5s to
5.5s, as this interval contains the
essential information for all wave-
forms. The input channel has a
size of 1 since there is only a sin-
gle source. The third convolutional
layer produces 4 distict output fea-
tures, which are used for velocity
prediction.

Figure 3.12: ANN Architecture for Setups 1 and 2
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Figure 3.13: ANN Architecture for Setup 3
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For Setup 3, the flattened encoded
waveforms has a size of 528. The
waveform is sliced from 1s to 6s.
The input channel is of size 3 as
there are 3 source. The third con-
volutional layer produces 8 dis-
tict output features, accounting
for the added complexities.

flatten

flatt
(82222) AN [THC Stack

In Figures 3.12 and 3.13, the dimensions represent the sizes of the convolutional layers,
which are reduced by a factor of 2 after each max-pooling layer. The flow chart illustrates

the dimensions after propagation through all layers.

3.3 Results

Some inversion results for the three setups, as shown in Figure 3.1, are presented in this
section. We compute SSIM values for quantitative interpretation, both for the entire model
and for the model with redundant velocity blocks removed (specifically, the last row).
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Chapter 3. Full Waveform Inversion

3.3.1 Setup 1

As illustrated in Figure 3.1, setup 1 consists of 1 source, 50 receivers and 9 velocity
parameters. We present results for two random test velocity profiles and a velocity profile
containing an anomaly.
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Figure 3.14: Setup 1: Statistics

Models 1 and 2, shown in Figures 3.15 and 3.16, are test dataset examples. The
velocity values ranges from 1 to 2 km/s. The ANN yields an ssim value of 0.9472 before
deletion and 0.9991 after deletion for model 1. For model 2, it achieves an SSIM value of
0.8925 before deletion and 0.9996 after deletion.
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Figure 3.15: Setup 1 with a random test velocity profile: Model 1
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Figure 3.16: Setup 1 with a random test velocity profile: Model 2

Model 3, shown in Figure 3.17, features a homogeneous background velocity of 1.6
km /s, with a low-velocity anomaly of 1.2 km/s. The ANN yields an sSiM value of 0.7885
before deletion and 0.9980 after deletion.
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Figure 3.17: Setup 1 with a velocity profile containing an anomaly: Model 3

3.3.2 Setup 2

Setup 2 consists of 1 source, 50 receivers and 25 velocity parameters. We present results
for one random test velocity profiles and a velocity profile containing an anomaly.
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Figure 3.18: Setup 2: Statistics

Model 1, shown in Figure 3.19, is a test dataset example. The ANN obtains an ssim
value of 0.6450 before deletion and 0.9752 after deletion.
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Figure 3.19: Setup 2 with a random test velocity profile: Model 1

Model 2, shown in Figure 3.20, features a homogeneous background velocity of 1.6
km/s, with a low-velocity anomaly of 1.2 km/s. The ANN yields an sSIM value of 0.8668
before deletion and 0.9977 after deletion.
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Figure 3.20: Setup 2 with a velocity profile containing an anomaly: Model 2

3.3.3 Setup 3

Setup 3 consists of 3 sources, 21 receivers and 52 velocity parameters. We present the
result for a velocity profile containing an anomaly.

LOSS CURVES

—— Training
0.30 1 0.07 === Validation
Test MSE ~0.0263
W 0.251 0.06
g
< SSIM
2 0201 0.05
=2
K
S 0151 004 Before Deletion | After Deletion
g
] 0.03
010 Model 1 0.98876 0.99387
i Si 161 151 261 2%1 3(;1 35‘1 461 4.")1 561
0054 N\
i Zél 561 75‘0 10‘00 12‘50 15‘00

Epoch Number

Figure 3.21: Setup 3: Statistics
Model 1, shown in Figure 3.22, features a homogeneous background velocity of 1.6

km/s, with a low-velocity anomaly of 1.2 km/s. The ANN yields an SSIM value of 0.98876
before deletion and 0.99387 after deletion.
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Figure 3.22: Setup 3 with a velocity profile containing an anomaly: Model 1

3.4 Discussion

This chapter evaluates the potential of a machine learning approach to FWI1. The results
presented in the previous section demonstrate promising potential for further advance-
ments.

We begin the modeling with coarse velocity profiles, as in Setup 1, which consists of 9
velocity blocks. In Setup 1, we use a coarse velocity profile with 9 velocity blocks. The ANN
training yields a test MSE of 0.0068, indicating a relatively low error between the predicted
and actual velocity profiles. The sSiM value for this setup is notably high, showing that
the model is able to capture the structural features of the waveform accurately. When
the blocks with no ray coverage are removed, the SSIM value increases, suggesting that
these regions do not contribute to the model’s ability to accurately predict velocity. This
indicates that removing unnecessary blocks improves the model’s performance by focusing
only on regions with relevant information.

For Setup 2, the velocity profile is refined by increasing the number of velocity blocks to
25. This results in a higher test MSE of 0.035, which reflects a greater challenge in learning
the more complex velocity structure. However, the SSIM value remains significantly high,
indicating that the structural similarity between the predicted and true velocity profiles
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is still maintained. The increase in MSE is expected when refining the profile, as more
detailed information is needed to accurately model the velocity structure.

In Setup 3, the velocity profile is further refined to 52 blocks, and a topography is
added. The test MSE increases to 0.0263, which is higher than in Setup 2, but still within
an acceptable range. The SSIM value remains high, suggesting that the model is still
able to preserve the essential features of the waveform despite the increased complexity.
The encoder now has 3 input channels corresponding to 3 sources, which helps the model
capture more detailed features from the waveforms. This suggests that the ANN approach
is scalable and capable of handling more complex structures.

The general trend shows that the model performs well across all setups, but as the
complexity of the velocity profile and the model setup increases, the MSE also increases.
This suggests that while the model is able to handle more intricate structures, the chal-
lenge of capturing finer details in the velocity profile increases. Nevertheless, the high
SSIM values across setups indicate that the model effectively learns the key structural
features of the waveforms, making it a promising approach for FWI.
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Discussion

As presented and discussed in detail in Chapter 2, an ML approach using ANN outperforms
damped /regularized linear inversion in sparse ray tomography. However, for the modeling,
we considered several simplifying assumptions such as straight-ray-based travel-times,
known source location and noise-free conditions. These assumptions limit our ability to
handle real-world datasets.

To move closer to more realistic scenarios, we addressed one of the simplifying as-
sumptions—the straight-ray assumption—Dby incorporating physics-based wave equation
modeling. In Chapter 3, we transitioned to FWI, where we modeled and studied various
simple setups. The use of an encoder-based ANN yielded promising results, highlighting
the potential of ML in FWI. If fully developed and successful, machine learning could
offer computational speed advantages, as traditional FWI is known to be computationally
intensive. Although machine learning requires training time, once the model is trained,
predictions can be made almost instantly.

ML requires large training datasets, which may not always be available for real-world
scenarios. In the case of synthetic testing, the dataset generation took considerable time
due to the complexity of the task. Salvus solves the wave equation with high precision
using SEM. The computation time was improved by parallel computing, processing 5
simulations at a time, which reduced the overall time to about 20-30 hours to generate
10,000 datasets for each setup.

We used random velocity profiles for ANN training with no biases, which ensures that
the model is not influenced by preconceived assumptions about the velocity structure.
Even with this approach, the models are capable of detecting anomalies effectively in
both travel-time tomography and Fwi. This is an advantage over traditional methods,
where the choice of an initial model plays a critical role in determining the outcomes of
the inversion. In traditional inversion, an incorrect or poorly chosen initial model can
lead to inaccurate results or convergence to local minima. In contrast, the flexibility
of the machine learning approach allows it to generalize better and detect anomalies in
data without being overly dependent on the starting model. This capability of machine
learning to work with random or less informative initial models aligns well with real-world
seismic applications, where prior knowledge is often limited or uncertain.

The use of full waveforms brings us closer to handling more complex, real-world seismic
datasets by incorporating comprehensive wavefield information. However, the applicabil-
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ity of this approach to real-world data remains limited. A significant assumption in this
work is that the source location is known a priori, which is often not the case in prac-
tice. This limitation could be addressed by jointly inverting for the source location along
with the velocity parameters, providing a more flexible and realistic framework for seismic
inversion.

Additionally, real-world seismic data often contains noise, which can severely impact
inversion results. To make the approach more robust, improvements are needed to incorpo-
rate noise handling mechanisms, such as regularization techniques or data pre-processing
steps, that can mitigate its effects. The challenge lies in developing models that can not
only handle noisy data but also recover accurate velocity structures even when noise is
present at varying levels.

Furthermore, the model’s ability to generalize to different geological settings with vary-
ing complexities should be explored. This could include heterogeneous media, anisotropic
layers, or complex topography, all of which are commonly encountered in real-world seis-
mic scenarios. Advancing the model to handle these factors would further improve its
practical applicability and effectiveness in real-world seismic imaging and inversion tasks.

Through this study, we tested the applicability of ML in FwI1. With promising results
at hand, if further developed, an ML-based FWI could provide a computationally more
efficient alternative to conventional techniques. Future work should focus on refining
the model’s robustness, handling noise, improving generalization to different geological
settings, and addressing practical challenges such as source localization. If successfully
adapted, ML-based FWI could significantly transform the field of seismic inversion, provid-
ing both enhanced computational efficiency and the scalability required to handle more
complex datasets.
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Conclusion

Seismic tomography inverts for velocity profile from travel-times. One commonly used
approach is linear inversion, which involves solving a system of linear equations to deter-
mine the unknown velocity parameters. This method is well-regarded for its robustness
and can yield accurate solutions if the system is well-conditioned. However, in many
practical scenarios - including the focus of this study - the system may be ill-conditioned
or underdetermined due to sparse or uneven ray coverage. Regularization techniques can
help stabilize the inversion to produce meaningful solution, but what happens when even
these measures fall short and linear inversion begins to fail?

Artificial neural network (ANN), a machine learning (ML) technique, is a data-driven
approach that can leverage large datasets to learn patterns in the data and draw inferences.
And for the problem under study, ANNs provide a powerful alternative to linear inversion,
as first demonstrated by Komeazi et al. (2023) [9].

While Komeazi et al. implemented the approach for a vertical cross-section represen-
tation of a volcanic edifice, this study used a circular model, representing a horizontal
cross-section. The implementation is explained in detail in Chapter 2. Section 2.4 begins
with the results for well-resolved linear inversion cases, followed by cases where it appears
to fail. The focus then shifts from the limitations of linear inversion to demonstrating the
results of the ANN approach. The quantitative comparison of both approaches using SSIM,
as presented in Figure 2.14, shows that the ANN approach achieves higher effectiveness.
The results in the 3D domain also demonstrate the reliability of the ANN approach.

However, for seismic tomography modeling, we considered straight-ray-based travel-
times, which neglect physical phenomena such as reflection, refraction, diffraction and
others. To better address real-world dataset inversion, physics-based wave equation mod-
eling is essential. We transition to full waveform modeling in Chapter 3. Forward mod-
eling is done for elastic wave propagation using Salvus [10], a Python framework. While
a simple fully-connected neural network was sufficient for seismic tomography, it is not
adequate for velocity inversion using full waveforms. In this case, we no longer work with
1D travel time arrays, but with full waveforms, which are better represented as 2D arrays.

We implemented an autoencoder to check whether it is capable of reconstructing the
waveforms from a lower dimensional representation, i.e.a latent space representation.
It was observed that the autoencoder, explained in detail in Section 3.2.2, was indeed
capable of reconstructing the waveform with the key characteristics - mainly travel-time
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curves and amplitude. For example, an input waveform with 7,500 array elements was
encoded into just 1,776 elements before being decoded back to its original form. This
task was carried out with the motivation to see if encoded waveforms could be used for
velocity inversion, rather than using full-sized waveforms, which might contain redundant
information.

With good findings from the waveform reconstruction, as shown in Figure 3.9, we
proceeded by using an encoder to encode the waveforms, followed by a fully connected
stack to invert for the velocity parameters. One interesting thing to note here is that the
waveforms could be compressed even further. Since our goal is not reconstruction but
extracting key features for inversion, retaining the full spatial structure is unnecessary.
but rather to use the important features for inversion. Consequently, a waveform that
was previously compressed to 1,776 elements can be further reduced to just 432 elements
for velocity inversion. This approach yields promising results as shown in Section 3.3.
The results are compared with true models using SSIM. In case of homogeneous velocity
profiles with a low-velocity anomaly, the ANN model is capable of detecting it.

While the ANN model performs well for the simplified setups considered in this study,
its applicability to real-world data remains limited. Further improvements are needed
to address more complex scenarios, such as the presence of noise. Additionally, a key
assumption in this study is that the source location is known a priori, which may not be
the case in practical applications. This limitation could be addressed by jointly inverting
for both source location and velocity parameters, providing a more robust solution.

This study tested the applicability of ML-based methods in FwI, and the results show
promising potential. With further development, ML-based FWI could offer a computa-
tionally efficient alternative to traditional methods, providing enhanced scalability and
performance for handling complex datasets.
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Appendix A

Computational Environments

A.1 Programming Languages

Python 3.10 - 3.12

Julia 1.11.1

Shell Scripting (Bash)

A.2 Major Libraries and Frameworks
Machine Learning: PyTorch (2.5.1)

Seismic Modeling: Salvus (2024.1.2)

Visualization: Matplotlib, Makie, PlotNeuralNet

A.3 Computational Resource

NVIDIA GeForce RTX 2080 Ti GPU



Appendix B

Forward Operator: G

As implemented before in Komeazi et al., in our modeling,
., g " % G is the matrix of ray segments. Each (i,7)" element of G

2 corresponds to the length of the i** ray in the j** block of the

s <7 0 s grid. G depends on the source-receiver and gridding settings.
S In order to understand the construction of G, let’s consider a

& 6 ) u very simple scenario as shown in Figure B.1. We have 4 rays

"\>/ and 16 model parameters in this case, implying G will be of
1 s o 4 shape (4,16). Now, ray ry passes through blocks 3, 7, 11, 12, 16.
Thus, only the elements G135 , Gi7 ,G111 , G112 and Gy 36 of

Figure B.1 the first row will be having non-zero values. If we consider the
fourth row corresponding to ray ry, only the elements G49 and G4 ;3 will be having non-

zero values. The entire G matrix in this case will be as given below.

0 O G173 00 O G177 0 O 0 Gl,ll Gl,lg 0 0 0 G1716
0 G272 G2,3 00 G276 0 O G279 G2710 0 0 G2713 0 0 0
00 0 00 0 0 0 0 Gsipo Gssu 0 0 0 Gsis Gaug
0 O 0 00 O 0 0 Gy O 0 0 Gy13 0 0 0

Notice that blocks 1, 4, 5, 8 and 14 are redundant since they have no ray coverage.
Removing these blocks, i.e., deleting the corresponding columns from G and elements
from m can make our computations more efficient. This is especially true in the case of
neural networks. Hence, the Geg that is used for computations of this example case is

Py

0 Gz 0 Giz O 0 Gin Giiz O 0 G
Goo Gaz Gag 0 Gag Gaio O 0 Gai3 0 0

0 0 0 0 0 G310 Ggin 0 0 Gzis5 Gz

0 0 0 0 Gy O 0 0 Gy3 O 0

Figure B.2



Appendix C

Spectral Element Method

The equations of motion in an elastic medium can be solved by either a weak or a strong
formulation, each suited for different numerical modeling approaches. The strong formu-
lation employs the differential form of the equations with a point-wise discretization (e.g.
finite differences), while the weak formulation relies on integral forms and a mesh-based
discretization (e.g. finite elements).

The equations of motion in an elastic medium are given by:

pu=V-o+f in, (C.1)

where p is the density, u is the displacement field, o is the stress tensor, and f is the
body force.

To obtain the weak formulation, we multiply by a test function v and integrate over
the domain. The final equation is given by:

fpﬁ-de+fo-:Vde=/f~de+f (o-n)-vdr. (C.2)
Q Q Q o0

where n is the outward unit normal on the boundary I'.

The spectral element method (SEM) is a type of finite element method where the
discretization is restricted to hexahedral volume elements (quadrilateral surfaces in 2D).
This method combines the geometric flexibility of finite elements with the high accuracy
of spectral methods, making it well-suited for seismic wave propagation simulations.

SEM achieves high-order accuracy using high-degree polynomial basis functions, such
as Lagrange polynomials, defined at Gauss-Lobatto-Legendre quadrature points. These
basis functions ensure efficient numerical integration while preserving spectral conver-
gence. The equations of motion are reformulated in weak form by multiplying them
with test functions and integrating over each element, naturally incorporating boundary
conditions and enhancing numerical stability. This process results in element-wise mass
and stiffness matrices that govern interactions between elements. Unlike finite difference
methods, SEM produces a diagonal mass matrix, which significantly simplifies time inte-
gration. Finally, the local elemental equations are assembled into a global system that
represents the entire computational domain.
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