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Abstract

The study of interacting dynamical systems has been a topic of continuing research interest in var-
ious fields of science and engineering. In a collection of interacting agents, the interaction network
contains information about which agent interacts with which other agents. In this thesis, given
the information about the dynamics of agents, we use the graph neural network-based variational
auto-encoder framework to recover the interaction network underlying the dynamical system and
learn its dynamics. This is done entirely from observational data in a self-supervised manner.

We apply our model to two physical systems: the particles interacting via Hooke’s law and
the other interacting phase oscillators in the well-studied Kuramoto model. We also extend the
applicability of this framework by applying it to the coupled system of financial instruments like
stocks. It is well known that the log returns of several stocks are coupled with one another. Overall,
we achieved an accuracy of greater than 89% in recovering the interaction matrix on all the tasks
involving 5 interacting agents.

xi



xii



Contents

Abstract xi

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1 Machine Learning on Networks 3

1.1 Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Machine Learning on Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Representation Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4 Deep Representation Learning . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Methodology 13

2.1 Message Passing Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 NRI Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

3 Applications to Dynamical Systems 19

3.1 Interacting Particles - Hooke’s Law . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 Interacting Oscillators - Kuramoto Model . . . . . . . . . . . . . . . . . . . . . . 20

3.3 Interacting Stocks - Geometric Brownian Motion . . . . . . . . . . . . . . . . . . 21

4 Results and Discussions 27

xiii



4.1 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4.2 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.3 Visualisations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

5 Conclusion and Outlook 43

xiv



Introduction

Interacting dynamical systems are ubiquitous, and understanding them is one of the primary goals
of Physics and other sciences. Generally, they consist of several agents that interact, i.e. one agent
influences the state of the other agent.

The major challenge in studying and modelling such system (and their dynamics) is that we
often do not have access to the precise physical interaction or laws governing the dynamics. But,
only have access to the time series measurement of some of the dynamical variables recorded by
the detectors.

In this thesis, we study such interacting systems by combining ideas from Network Science,
Statistics and Machine Learning. Our primary focus is on explicitly inferring latent interaction
network governing the dynamics from the observed data (refer: Figure 1).

Figure 1: Trajectories of particles coupled via springs (Left) using an interaction network (right). A
solid line in an interaction network denotes the particles are coupled through spring, and a dashed
line denotes they are not. Source: Kipf et al., 2018[22]

In recent years, there has been an increase in interest in applying deep learning techniques to
learn from simulated physical systems. Several studies have explored this idea and proposed var-

1



ious methods for breaking down complex physical systems into simpler parts and analyzing their
interactions to learn the underlying dynamics ([5][3][13]). However, these previous works typi-
cally treat the interaction network recovery as the transient part of the learning process. However,
in our case, we infer the interactions explicitly, which is one of our thesis’s primary aims.

Chapter 1 introduces the idea of machine learning on networks highlighting various approaches.
Chapter 2 discusses the model we used in our project. Chapter 3 describes the dynamical systems
on which we applied the model. Chapter 4 discusses the results we obtained on different tasks
associated with dynamical systems explored in Chapter 3. Lastly, Chapter 5 concludes the thesis.
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Chapter 1

Machine Learning on Networks

1.1 Network

A network or graph is a mathematical structure used to represent and analyse interconnected enti-
ties. Networks can be classified into different categories based on their topology and size and with
several other properties. However, in this thesis, we are primarily concerned with the Erdos Reyni
Network.

1.1.1 Erdos Reyni Network

An ER (Erdos Reyni) network is a type of random network in which pair of nodes are connected
with a probability ’p’ (and not connected with probability 1− p). It is denoted by G(n, p), where n

denotes the number of nodes in the network and p denotes the probability of having a link between
two nodes.

The above definition can be easily extended to ER networks with multiple edge types. Suppose
the ER network consists of ’L’ types of links. In that case, apart from specifying n, we need to
specify the L−1 probability parameters, where these L−1 parameters represent the probability of
having a link of the first L−1 kind 1. We will denote such ER networks as G(n, p1, p2, ..., pL−1),
where pr is the probability of having a link of type r.

1Note: The probability of having a link of Lth type is implicit
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1.2 Machine Learning on Networks

Machine learning (ML) has significantly transformed various domains of science and engineering.
Given that networks are omnipresent, it is of utmost importance to extend the application of ML to
network-based problems. This will enable us to extract meaningful insights and facilitate deeper
understanding of complex systems.

The application of machine learning techniques to network analysis involves a range of tasks
that encompass but are not restricted to, the classification of nodes into distinct categories based
on their relational structures, as well as the prediction of potential links within the network, partic-
ularly in the context of dynamical networks.

1.2.1 Challenges involved in network-based ML

The unique and complex nature of networks poses a significant challenge to the application of
machine learning techniques on them. The state-of-the-art ML models like Convolutional Neural
Networks (CNN)[12] and Recurrent Neural Networks (RNN)[18], which are very effective in deal-
ing with images and time series data, respectively, cannot be directly applied to the networks due to
their non-Euclidean nature. By the non-Euclidean nature of networks, we mean that the geometric
properties of networks are fundamentally different from those of Euclidean space (or, in general,
any Hilbert space). The following are the significant challenges while dealing with Networks:

• The notion of distance is well defined in Euclidean space (through the inner product), but
this is not so with networks.

• The notion of locality and direction (left/ right) is also not defined in networks.

• Networks do not have canonical node ordering, i.e. ordering of nodes is a matter of personal
choice.

Furthermore, networks/ graphs are an information-rich data structure and integrating its structural
information into the ML model is also challenging. Two primary ways to deal with the abovemen-
tioned problems are conventional (traditional) and representation learning approaches.
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Conventional ML methods rely on metrics such as node degree, clustering coefficient, various
centrality measures, and methods like Neighbourhood overlap to derive topological information
from networks. Such handcrafted features are inflexible (cannot be adjusted during learning) and
non-versatile (their choice depends on the problem at hand).

Recently, many methodologies have surfaced that endeavour to develop representations capable
of capturing the underlying structural information of networks. These techniques are collectively
called representation learning.

1.3 Representation Learning

The representation learning techniques aim to find a transformation that embeds the network or its
constituent entities, like nodes and edges, as points in some low-dimensional vector space. The
primary goal is then to fine-tune this transformation such that spatial relationships in the embedding
space closely resemble the relational structure of the network. Once the embedding space has been
fine-tuned, the learned representations (embeddings) can be used as inputs for subsequent ML
tasks like link prediction and node classification.

Figure 1.1: Embedding nodes by learning the transformation ’ENC’. zu and zv are node embed-
dings for nodes u and v, respectively. Source: W.Hamilton, 2020 [15]

Compared to conventional learning methods, representation learning involves a different ap-
proach, whereby the task of feature engineering is not considered a distinct step in the learning
process. Rather, in representation learning, features are learned directly from the data. Thus, fea-
ture engineering is transformed from a necessary pre-processing task to a machine-learning task in
itself.
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1.3.1 Formulating Node Embedding as an Optimisation Task

This section provides a mathematical framework for the node embedding problem. To begin,
we consider an undirected and unweighted network G = (V , E ) for simplicity. The core of this
framework revolves around two fundamental transformations: the Encoder (ENC) and the Decoder
(DEC). The Encoder is a function that maps each node v ∈ V in the network to a low-dimensional
vector representation zv ∈ Rd (where zv is node v’s embedding).

ENC : V −→ Rd (1.1)

In contrast, the decoder takes pair of node embeddings as an input and outputs the network attribute
as required by the user from these node embeddings. For example, given the embeddings of a pair
of nodes, the decoder may predict the possibility of a link between these nodes[23][1] or classify
the node based on the community to which it belongs[16][24].

DEC : Rd ×Rd −→ R+ (1.2)

The rationale behind the Encoder-Decoder framework is that if we can recover the complex high
dimensional network information (like the global and local neighbourhood of the node in the net-
work) from the low dimensional representations (embeddings) given by the Encoder, then in theory,
embedding encapsulate all the essential information required for the subsequent Learning task. As
a result, statistical/ ML algorithms can easily learn from and manipulate these low-dimensional
embeddings. This approach is particularly advantageous because it enables the efficient handling
and processing of complex network information.

If we denote the user-specified network attribute often called as a similarity metric on Network
G by SG . The objective is to learn Encoder (ENC) and Decoder (DEC) functions such that:

DEC(ENC(u), ENC(v)) = DEC(zu,zv)≈ SG [u,v] (1.3)

In the above expression, SG [u,v] denotes the similarity metric between nodes u and v in the Net-
work G . If the similarity metric is defined as the existence of a link between nodes u and v in the
network G , then SG [u,v] can be expressed as Au,v, where Au,v is the (u,v) element of the adjacency
matrix A of the Network G .

The process of embedding a network can be mathematically expressed as the optimization of
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the following objective function defined over the set of all possible node pairs D :

L = ∑
(u,v)∈D

ℓ(DEC(zu, zv), SG [u,v]) (1.4)

In this expression, ℓ represents the loss function that quantifies the discrepancy between the de-
coded value of the similarity metric, DEC(zu,zv), and its true value, SG [u,v].

1.3.2 Random Walk (RW) based Embeddings

The idea behind the RW-based embeddings is to simulate random walks on the network and use the
resulting sequences of nodes visited during the walks to build a context for each node. This context
can then be used to learn a representation (embedding) of the node that captures its structural
relationships with other nodes in the network.

In this method, given some RW strategy R, we Calculate the probability that node v will be
visited on a random walk that begins at node u. This information is utilised by optimising the
embeddings.

The primary and distinct feature of RW based embedding approach is that instead of using the
deterministic similarity metric, it quantifies the similarity between two nodes based on the Random
walk (stochastic process). It is also efficient in the sense that here we do not have to consider each
node pair but only those which co-occur on random walks.

Here our similarity metric will be the probability of a random walker visiting the node v on a
random walk of a fixed number of steps starting at node u, P(v|u). Decoder is generally quantified
as a softmax of inner-product2 of node embeddings in the following way:

DEC(zu,zv) =
exp(⟨zu|zv⟩)

∑n∈V exp(⟨zu|zn⟩)
(1.5)

where zu = ENC(u) and our aim is DEC(zu,zv)≈ P(v|u). We can then formulate this problem as

2The notion of similarity in embedding space is chosen such that more similar the nodes u and v are higher will be
⟨zu|zv⟩ and vice-versa.
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learning the encoder transformation ENC by minimising the cross entropy loss defined as follows:

L =− ∑
(u,v)∈D

log[DEC(zu,zv)] (1.6)

DeepWalk[28] and Node2Vec[11] are two widely used random walk-based approaches in net-
work embedding. DeepWalk employs an unbiased random walk strategy, while Node2Vec utilises
a biased random walk technique. The biasing mechanism in Node2Vec is designed to guide the
random walker towards exploring the network in either depth-first or breadth-first order, as per the
user’s preference.

Figure 1.2: Two fully connected networks of 4 nodes joined via path graph of length 4/barbell
graph.

Despite being computationally efficient and scalable, the RW-based methods do not capture
structural similarities in the network. For example, in Figure 1.2, node 3 and node 8 are struc-
turally similar both locally and globally, but their embeddings are very different (refer Figure:
1.3). Identifying topological similarities in a network is crucial in many physics problems, as
structurally similar nodes may possess similar properties and may show similar dynamics.

Also, these methods do not capitalise on node or edge features, which may be an important
source of information in certain problems. The other serious shortcoming of these methods is that
we cannot get the embeddings for nodes that were not present in the network at the time of training.
The solution to this problem is deep representation learning.
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Figure 1.3: 2D embeddings of the network shown in Figure 1.2 obtained via Node2Vec with
return parameter and inout parameter set to unity (This is the case where Node2Vec reduces to
DeepWalk). Here 10 random walkers per node are used, and each random walker takes 80 steps.
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1.4 Deep Representation Learning

Deep representation learning on networks is a technique used to learn hierarchical representations
of network-structured data. The goal is to learn a set of features or representations that capture
the structural and feature information associated with the Network or its components in a way
that is useful for subsequent ML tasks such as node classification and edge prediction. Deep
representation learning on networks typically involves the use of Graph Neural Networks (GNNs),
which are specialised neural network architectures designed to process graph/ Network -structured
data.

1.4.1 Graph Neural Network

The idea of using neural networks to process graph-structured data can be traced back to 2005,
with the work of Gori et al[10]. However, the concept of Graph Neural Networks (GNNs) in its
current form was first introduced in the year 2009 by Scarselli et al[30].

As previously discussed, the ordering of nodes within a network is subjective. This may pose
a challenge if not considered during the design of a Graph Neural Network (GNN). To overcome
this issue, it is imperative to ensure that GNNs are permutation invariant, or at the very least,
permutation equivariant. In mathematical terms, any function G that accepts an adjacency matrix
A as an input must satisfy either of the two properties:

G(PAPT ) = G(A) (Permutation Invariance)

G(PAPT ) = PG(A) (Permutation Equivariance)
(1.7)

here P is permutation matrix. Qualitatively, the Permutation invariance of GNN means GNNs’
output is independent of node ordering. Permutation Equivariance means output depends only on
the relative positions of the nodes in node ordering (not on their absolute position). In other words,
equivariance implies that if the input network is transformed in some way, the output of the GNN
should be transformed in the same way.

Fundamentally GNNs work by exchanging information between nodes in a network. This
process is referred to as a message-passing operation. During this operation, each node sends
its feature information to its neighbours, which then aggregate it to compute its new representa-
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Figure 1.4: 2 layers of Message Passing in GNN: Node A aggregates message from its neigh-
bouring nodes, which in turn have already aggregated information from their respective neighbors.
Source: W.Hamilton, 2020 [15]

tion. This process is repeated over multiple iterations until the final representations are obtained.
Typically a single GNN layer involve following operations:

h(l+1)
u = σ

(l)(h(l)
u ,AGGREGATE(l)({h(l)

v ,∀v ∈ Nu}) (1.8)

where h(l)u denotes the representation of node u at level l and Nu denotes the set of nodes in
network neigbourhood of node u. Since we are considering the set of nodes, the operation (1.8) is
permutation invariant by definition. AGGREGATE and σ are neural networks. σ can also simply
be any non-linear function. Figure 1.4 shows two level of message passing operation in GNN.
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Chapter 2

Methodology

Our approach (method) is greatly inspired by the Neural Relational Inference (NRI) model de-
veloped by Kipf et al[22]. Our experiments involved applying this method to various dynamical
systems, each with unique challenges and nuances.

2.1 Message Passing Framework

The NRI model uses GNNs, which work by applying a message-passing algorithm on networks.
Like [9], the one round of node-to-node message passing in GNN is defined in the following way.
Given a graph G = (V , E ) with vertices v ∈ V and edges e = (v,v′) ∈ E .

v → e : hl
(i, j) = f l

e([h
l
i,h

l
j,x(i, j)]) (2.1)

e → v : hl+1
j = f l

v([ ∑
i∈N j

hl
(i, j),x j]) (2.2)

here hl
i is the lth layer node embedding of vi and hl

(i, j) is the edge embedding of e(i, j) at level l.
Additionally, xi and x(i, j) refer to the node and edge features, respectively. The set of node ids of
nodes neighboring node j is denoted by N j, while [., .] signifies vector concatenation. The func-
tions fv and fe denote neural networks which are specific to node and link, respectively. Equations
(2.1) and (2.2) provide insight into how nodes and edges within the network communicate with
one another.
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2.2 NRI Model

The NRI model is founded upon the architecture of the variational autoencoder, which was intro-
duced by Kingma and Welling [21] and Rezende et al[29]. This model comprises two interrelated
components that operate collaboratively: an encoder and a decoder. The encoder component pre-
dicts the latent interaction network by utilising given trajectories. In contrast, the decoder tries
to reconstruct the trajectories based on the latent interaction network predicted by an encoder
(and given initial condition). We will optimise the parameters of Encoder and Decoder in a self-
supervised manner by minimising this reconstruction error1.

The inputs to our model are the state vectors defining the time evolution of each of the N

agents/nodes. We indicate the feature vector of the agent vi at time t by xt
i. At time t the set of

features of all N agents are denoted by xt = {xt
1, ...,x

t
N}, similarly the trajectory of agent vi is

denoted by xi = (x1
i , ...,xT

i ). Finally, we collectively denote the set of trajectories of all the agents
(objects) constituting the dynamical system by x = (x1, ...,xT ). Given an unknown Network z
where zi j represents the edge type between two agents vi and v j, we aim to predict zi j and learn
the dynamical model.

Since we have cast this problem as a variational autoencoder (VAE), we will maximise ELBO
(Evidence Lower BOund)[21]:

L = Eqφ (z|x)[logpθ (x|z)]−KL[qφ (z|x)||pθ (z)] (2.3)

Where qφ (z|x) is the output of an encoder, pθ (x|z) is the decoder’s output , pθ (z) is the prior
probability distribution2 over edge types (which we will take to be uniform distribution) and KL

denotes the Kullback–Leibler divergence[31] between two probability distributions.

Maximising L means maximising the first term and minimising the second term in the LHS
of equation (2.3). Maximising the first term is mathematically equivalent to minimising the re-
construction error. Minimising the second term ensures the encoder’s output is close to the prior
probability distribution3.

1The discrepancy between actual trajectory and trajectory reconstructed by Decoder.
2Prior probability is chosen based on domain knowledge or assumptions about the data being modeled.
3Second term can be treated as a regularisation term.
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2.2.1 Encoder

Encoder aims to infer the latent interaction network z given the observed trajectories x=(x1, ...,xT ).
The encoder returns a probability distribution of zi j

4 which we will denote by qφ (z|x). We do
not know the interaction network priorly; hence we will use GNN on a complete (fully con-
nected) network formed by given agents. Mathematically we formulate the encoder as qφ (zi j|x) =
softmax( fenc,φ ((x)i j,1:K))

5, where GNN acting on complete network is denoted as fenc,φ (x).

The Encoder accepts trajectories x1, ...,xK as input and computes messages based on the fol-
lowing message passing framework:

h1
j = femb(x j) (2.4)

v → e : h1
(i, j) = f 1

e ([h
1
i ,h

1
j ]) (2.5)

e → v : h2
j = f 1

v (∑
i ̸= j

h1
(i, j)) (2.6)

v → e : h2
(i, j) = f 2

e ([h
2
i ,h

2
j ]) (2.7)

We model the edge type probability as qφ (zi j|x) = softmax (h2
(i, j)). With a single pass through Eqs.

(2.4)–(2.5), the embedding h1
(i, j) is solely determined by the values of xi and x j, disregarding any

potential interplay with other nodes. Conversely, h2
j draws on knowledge from the entire network

to infer its embedding. This is the reason for using second order embeddings ( h2
(i, j)). In above

Eqs f (...) is either MLP6 in ’MLP Encoder’ or 1D convolutional networks (CNNs) with attentive
pooling like [26] in ’CNN Encoder’.

The next step is to do sampling from qφ (zi j|x) which is a simple task but since zi js are dis-
crete variables therefore we cannot employ the reparametrization trick[21] to backpropagate errors
through the sampling process. To overcome this problem we will approximate zi j by a method
called ‘Continuous Relaxation of Discrete Random Variables’[27][19] in the following way:

zi j = softmax

(
h2
(i, j)+g

τ

)
(2.8)

4Here zi j denotes a discrete categorical variable representing the type of link between agent vi and v j.
5K denotes net interaction (edge) types and φ denotes the parameters of encoder.
6MLP: Layers (2 in our case) of linear transformations, each followed by a nonlinearity
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where vector g ∈ RK contains elements drawn from Gumbel(0, 1) distribution. The softmax tem-
perature parameter τ controls the samples’ “smoothness”. As τ → 0, the distribution becomes
discrete samples.

2.2.2 Decoder

The decoder’s task is to forecast the future evolution of dynamics pθ (xt+1|xt , ...,x1,z)7 based on
the initial state(s) of the system and the interaction network anticipated by the encoder. Mathemat-
ically the decoder pθ (x|z) = ∏

T
t=1 pθ (xt+1|xt , ...,x1,z) models pθ (xt+1|xt , ...,x1,z) with a GNN

conditioned on z. Following is the message-passing scheme employed by decoder:

v → e : ht
(i, j) = ∑

k
zi j,k f k

e ([x
t
i,x

t
j]) (2.9)

e → v : µµµ
t+1
j = xt

j + fv(∑
i̸= j

ht
(i, j)) (2.10)

p(xt+1
j |xt ,z) = N (µµµ t+1

j ,σ2I) (2.11)

Here zi j,k denotes the probability of a link between node i and j belonging to class ’k’ as predicted
by an encoder. σ2 is a fixed variance which we have taken to be 5×10−5 for all tasks. As present
state xt

j is added in equation (2.10), so our model actually learns change in the state ∆xt
j.

The reconstruction loss term of equation (2.3) is of the form ∑
T
t=1 log[p(xt |xt−1,z)] i.e. it in-

volves only single step prediction. The problem with optimising such a loss function is that it
ignores the fact that in short time interval the interactions can have negligible effect. Take, for
instance, physics simulations where assuming a constant velocity can be a reasonable approxima-
tion for a short interval. In such scenarios, the decoder may not fully consider the interactions for
predicting future state and will not be penalised much because of low reconstruction loss.

We will tackle this problem in two ways, First, instead of predicting a single time step into
the future we will predict multiple steps. Here decoder which ignores interactions will perform
significantly worse. Second, as opposed to Interaction Networks[3], where a single neural network
was used to calculate the messages our model have a distinct MLP for each edge type. This
makes the dependency on the edge type more evident and makes it more difficult for the model to

7For markovian dynamics pθ (xt+1|xt , ...,x1,z) = pθ (xt+1|xt ,z)
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disregard it.

To forecast multiple steps in future, we need to replace the actual input xt with the estimated
mean µµµ t for M8 steps, then feed in the correct preceding step and repeat. Formally, if we write our
decoder as µµµ

t+1
j = fdec(xt

j) then we get the following:

µµµ
2
j = fdec(x1

j)

µµµ
t+1
j = fdec(µµµ

t
j) t = 2, ...,M

µµµ
M+2
j = fdec(xM+1

j )

µµµ
t+1
j = fdec(µµµ

t
j) t = M+2, ...,2M

...

(2.12)

When we backpropagate through the entire process, the decoder ignoring the interactions is now
highly inefficient since the errors compound for M steps.

Recurrent decoder

In some dynamical systems, there exist long-term temporal dependencies. In such situations, sim-
ple MLP-based decoders are less effective. RNNs are shown to be highly effective at modelling
and generating sequential data and in capturing the long-term dependencies[17][7].

We model the recurrent decoder by modifying the original neural message passing scheme
(as discussed in equations (2.9) to (2.11)) and by adding a Gated Recurrent Unit[6] to it in the
following way:

v → e : ht
(i, j) = ∑

k
zi j,k f k

e ([h
t
i,h

t
j]) (2.13)

e → v : MSGt
j = ∑

i̸= j
ht
(i, j) (2.14)

ht+1
j = GRU([MSGt

j,x
t
j],h

t
j) (2.15)

µµµ
t+1
j = xt

j + fout(ht+1
j ) (2.16)

p(xt+1|xt ,z) = N (µµµ t+1,σ2I) (2.17)

8We have taken M = 10 for all experiments except ”Interacting Stocks” Experiment where we used M = 5
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In equation (2.13) edge embeddings are computed which are then aggregated at each node v j to
get an aggregated message MSGt

j. This aggregated message is concatenated with feature vector
of node v j, xt

j and passed to GRU along with the previous hidden state ht
j (refer: equation (2.15)).

The output of GRU is passed through fout which is an MLP and combined with xt
j to give predicted

mean µµµ
t+1
j .

2.2.3 Training

We first pass our training features (trajectories) through an encoder which outputs qφ (zi j|x). After
this we use concrete distribution[27] as an approximation to qφ (zi j|x) and sample zi j from this
approximate distribution. We then use the decoder to compute µµµ2, ...,µµµT . The first term of our
cost function equation (2.3) Eqφ (z|x)[logpθ (x|z)] is a reconstruction error, which we will estimate
by Negative Log Likelihood (NLL) of a Gaussian distribution9:

−∑
i

T

∑
t=2

∥xt
i −µµµ t

i∥
2σ2 (2.18)

The second term of our cost function (2.3) KL[qφ (z|x)||pθ (z)] is a KL divergence between encoder
probability qφ (z|x) and prior probability pθ (z) which we have taken to be uniform. The KL
divergence with a uniform prior is simply the sum of entropies 10:

∑
i̸= j

H(qφ (zi j|x)) (2.19)

We will iteratively change the model parameters by optimising the equation (2.3) and backpropa-
gating the errors. We used Adam Optimiser[20] for optimisation.

9Note: We have set constant part of NLL as zero.
10Actually, the KL divergence with a uniform prior is the sum of entropies plus constant, but we have set the constant

to zero.
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Chapter 3

Applications to Dynamical Systems

We have experimented with two physical and one financial dynamical system. We will call our
first experiment ”Interacting Particles” second ”Interacting Oscillators”, and the third ”Interacting
Stocks”. Instead of using natural data, we have simulated these dynamical systems to generate
synthetic data. The reason for this approach is that in many natural (physical) settings, we have
access to the time evolution of state variables, but the interaction network is inaccessible. This
inaccessibility of the actual interaction network makes it difficult to assess the effectiveness of our
model on natural data.

3.1 Interacting Particles - Hooke’s Law

Our system consists of N particles1 trapped within a 2D box. There is no external force on these
particles except elastic collision with the walls of the box. We randomly couple (with probability
0.5) each pair of particles with a spring of spring constant K = 1. This results in the formation
of an Erdos Reyni (ER) Network G(n = N, p = 0.5)2, where particles serve as nodes and springs
serve as edges. The particles attached by springs will interact via Hooke’s law Fi j = −K(si − s j)

where Fi j is the force applied by particle v j on particle vi. K denotes the spring constant of the
spring and si is the position vector of particle vi.

1Particles are assumed to be point masses
2p : probability of having link of type K = 1
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Our approach can be extended to systems with multiple link types. For instance, to simulate a
system with three link types, we added an additional link type with a spring constant of K = 0.5
and randomly sampled all three link types with equal probability. This can be viewed as generating
an ER network G

(
n = N, p1 =

1
3 , p2 =

1
3

)
. Where p1 and p2 are probabilities of coupling a node

pair by a link of type K = 1 and K = 0.5, respectively.

We will sample the initial position of particles from the normal distribution N (µ = 0,σ = 0.5).
As for the initial velocity, we’ll generate a random vector with a magnitude of 0.5. Using this
information, we can then calculate the trajectory of the particles over time by solving Newton’s
equations of motion.

Since our system is conservative, we have integrated Newton’s equations with the leapfrog in-
tegration3 method with a step size of 0.001. The input features to the model will be generated by
concatenating the 2D position (x,y) vector with the 2D velocity (ẋ, ẏ) vector. We then downsam-
pled the features with a sampling frequency of 100 to get the final set of features (trajectories) for
training and testing our model.

3.2 Interacting Oscillators - Kuramoto Model

The Kuramoto oscillator model[25] is a widely used mathematical framework to study the syn-
chronisation of phase coupled oscillators in various physical systems. In this model, a group of
N oscillators are interconnected through an interaction network, determining the strength and cou-
pling pattern between them. The dynamical equation that governs the evolution of each oscillator’s
phase, θi, is given by:

dθi

dt
= ωi +∑

j ̸=i
Ai j sin(θi −θ j) (3.1)

where ωi is the oscillator’s intrinsic frequency and Ai j represents the coupling constant between
oscillators vi and v j. For the purposes of simulation, we have used an undirected and unweighted
ER network as the interaction network, allowing Ai j to be interpreted as the (i, j)th element of the
adjacency matrix. Under different conditions, such as varying the coupling strength or distribution
of intrinsic frequencies, the Kuramoto model can show a variety of intricate dynamical behaviours.

3Leapfrog integration is a very effective numerical integration method for solving dynamical equations of conser-
vative syatems[14].
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Our focus is not on exploring the complex behaviour exhibited by this dynamic system. Instead,
we are trying to find, based on the time evolution of the phases of oscillators, how accurately we
can predict the interaction network governing this time evolution.

In this experiment, we model a system of phase-coupled oscillators in 1D using two different
N values, N = 5 and N = 10. Each oscillator has an intrinsic frequency ωi, and an initial phase φi

sampled uniformly from the intervals [1,10) and [0,2π), respectively. We randomly select pairs of
oscillators vi and v j and connect them with a coupling constant Ai j, which has a value of 1 with a
probability of 0.5 and 0 with the same probability.

We have used the Dormand-Prince 5(4) method[8], also known as DOPRI5, to solve the Ku-
ramoto ODE (3.1) and obtain the time series of phases θi. DOPRI5 is a Runge-Kutta method of
order 5 with an embedded fourth order method for stepsize control. We then downsampled θi by
factor of 10 and use this to generate the final trajectories xi by concatenating dθi

dt , sinθi and ωi ∀
oscillator vi ∈ {vi, ...,vN}.

The idea of taking model input as a concatenation of dθi
dt , sinθi and ωi is inspired by Kipf

et al., 2018[22]. However, including ωi as one of the inputs is not physical since it is an intrinsic
parameter of the dynamical system and is often inaccessible. In practice, the accessible information
is limited to the time evolution of phases θi. We propose a creative solution to solve this problem by
providing estimated ωs as an input instead of the actual ωs. We estimate ωi as the DC component
of the Fourier Transform of dθi

dt . We then compare the performance of our model in both scenarios,
i.e., using actual vs estimated ω as one of the inputs.

3.3 Interacting Stocks - Geometric Brownian Motion

In this experiment, we extend the application of our model to a dynamical system from the domain
of quantitative finance. Our dynamical system will be the interacting financial instruments like
stocks. Similar to the previous two experiments, we will use synthetic data instead of natural stock
data; this is to test our model’s performance on a known interaction network. We will use the
Geometric Brownian Motion (GBM)[2][4] to simulate the time evolution of stock prices.
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3.3.1 Geometric Brownian Motion

Here we will motivate the idea of GBM. Qualitatively the fundamental idea behind GBM is that
the change in the price of a financial instrument (like stock) is determined by its current price,
rate of return r and some random noises[32]. To begin with, we will focus on the deterministic
aspects of stock price changes before accounting for the stochastic component. Mathematically
the deterministic part can be easily modelled as follows:

dst

dt
= rst (3.2)

=⇒ dst = strdt (3.3)

Where st is the price of stock at time t. r denotes the rate of return. The eqaution (3.3) covers
the deterministic part of the time evolution of stock price. Since most of the financial instruments
have inherent randomness associated with them so to account for this we will add a stochastic
component to equation (3.3).

dst = st(rdt +σdBt) (3.4)

Where Bt denotes a stochastic process which is most commenly choosen to be a Brownian Motion
(type of Wiener process). σ is used to scale the contribution of brownian motion. Brownian motion
is a continuous-time stochastic process B = {Bt : t ≥ 0} which starts at zero. The increments of
the process are independent and are normally distributed with mean 0 and variance equal to time
interval.

The equation (3.4) is the dynamical equation for the GBM model and is a Stochastic Differen-
tial Equation (SDE). Like any other Ito process, GBM has both drift term strdt and diffusion term
σstdBt . Before solving the equation (3.4), we will discuss the Ito’s lemma.

Ito’s Lemma

Ito’s lemma is an extension of the chain rule in calculus, specifically for stochastic calculus. The
chain rule in calculus is used to differentiate composite functions, where the output of one function
becomes the input of another function. In stochastic calculus, Ito’s lemma is used to differentiate
stochastic processes that are functions of time and another stochastic process.
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Let us consider an Ito process st satisfying following stochastic differential equation4:

dst = st(rdt +σdBt) (3.5)

where r and σ are drift and diffusion coefficient respectively. Let f (st , t) be any differentiable
function of Ito process st and time. Starting with the Taylor expansion of f (st + dst , t + dt), we
have:

f (st +dst , t +dt) = f (st , t)+
∂ f
∂ t

dt +
∂ f
∂St

dst +
1
2

∂ 2 f
∂ s2

t
ds2

t +higher order terms(O((dt)2)) (3.6)

=⇒ d f =
∂ f
∂ t

dt +
∂ f
∂St

dst +
1
2

∂ 2 f
∂ s2

t
ds2

t +higher order terms(O((dt)2)) (3.7)

In the limit dt → 0 we can ignore higher order terms(O((dt)2)) to get final form of Ito lemma.

Solving SDE

Let f (s, t) = log(st) then using Ito lemma we have:

d f =
∂ f
∂ t

dt +
∂ f
∂St

dSt +
1
2

∂ 2 f
∂S2

t
dS2

t =
1
St

dSt −
1

2S2
t

dS2
t (3.8)

From (3.4) we have

dS2
t = (rStdt +σStdBt)

2 = σ
2S2

t dB2
t +2rσS2

t dBtdt + r2S2
t dt2 (3.9)

In the limit dt → 0, dt tends to zero faster than dBt since we assume dB2
t = O(dt).

=⇒ ds2
t = σ

2s2
t dt (3.10)

Substituting dst and ds2
t in equation (3.8) we get:

d f = rdt +σdBt −
σ2

2
dt =

(
r− σ2

2

)
dt +σdBt (3.11)

4For notational simplicity we have taken this differential equation same as the SDE of GBM
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Integrating the equation (3.11) and resubstituting f (s, t) = log(st) we get

log(st) = log(s0)+

(
r− σ2

2

)
t +σBt (3.12)

We finally arrive at the solution of GBM

st = s0 exp
((

r− σ2

2

)
t +σBt

)
(3.13)

Interpreting the solution

Equation (3.13) is the final solution of SDE (3.4). Typically, SDEs do not have closed-form ana-
lytical solutions, but with the help of Ito’s lemma, an analytical solution is possible in this case.
In the equation (3.13) r denotes drift which controls the deterministic changes in the stock price
and σ denotes the volatility which determines the stochastic changes in stock price. In the GBM
model the performance of the stock is quantified using the log return. The log return for the time
period ∆t is given by:

log
[

st+∆t

st

]
=

(
r− σ2

2

)
∆t +σε

√
∆t (3.14)

Here we have replaced Bt ∼N (0, t) by ε
√

∆t, where ε is random number sampled from N (0,1).

Simulation description

We have simulated N = 5 stocks using the equation (3.13). Like previous experiments, we have
coupled the stocks using an interaction (ER) network. The way we have coupled the stock is by
coupling their log returns. In our simulation, the log return of a stock is influenced by the average
log returns of its neighbouring stocks in the network, which in turn couple the time evolution of
their prices. If the price and log return of stock i at time t is given by si

t and Li
t
5 respectively, then

our coupling principle translates to:

si
t = si

t−1exp

(
Li

t +
1

|Ni| ∑
j∈Ni

L j
t

)
(3.15)

5Note: Log returns L are calculated based on GBM model without any coupling.
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Where Ni denotes the set of nodes (stocks) neighbouring node (stock) i. |Ni| denotes cardinality
of the set Ni.

For simulations we have sampled values of annual drift r, annual volatility σ and initial stock
price s0 uniformly at random from [1%, 10%),[1%, 30%) and [80, 90) respectively. For the purpose
of training we have used ’CNN’ Encoder and ’RNN’ Decoder with hidden dimmension equal to
384. We have chosen prediction steps M = 5 and softmax temperature τ = 0.7. The input to our
model are feature vectors assosciated with each stock which are created by concatenating the stock
price timeseries, log returns, drift and volitility.

We randomly couple the pair of stocks with a probability of 0.5. This can be viewed as creating
an ER network G(n, p = 0.5). Next, we calculated price time series and log returns based on the
coupling principle (3.15). To create a comprehensive feature of each stock, we concatenated these
price time series and log returns with drift and volatility values6. These resulting feature vectors
were then used as our model input.

Motivation behind the coupling principle

The assumption that log returns of stocks are coupled is based on evidence of correlation or depen-
dence among returns of different stocks in financial markets. This is because stocks in the same
industry may be affected by common macroeconomic factors or similar news and geopolitical
events, leading to correlated price movements.

This assumption is supported by empirical evidence that generally, when the returns of one
stock are high (or low), the returns of other stocks (belonging to the same sector) tend to be high
(or low) as well. This is often called a spillover effect in finance.

Log returns are preferred over simple returns for the assumption of coupling between stock
returns due to their approximately normal distribution, additivity, and suitability for measuring
percentage changes in asset prices. These properties make log returns more appropriate for statis-
tical analysis, modelling, and forecasting.

6Drift and volatility here are not the same as used for generating stock data using equation (3.13) but are estimated
from price time series and log returns.

25



26



Chapter 4

Results and Discussions

4.1 Results

We have evaluated our model on two different sets of tasks: interaction network recovery and
trajectory forecasting. Performance on interaction network recovery tasks is quantified by accuracy
in predicting interaction between the pair of agents, and performance in trajectory forecasting tasks
is measured using the Mean Squared Error (MSE) in predicting the system’s future state for T

timesteps.

Our training set comprises 50,000 simulations for all tasks mentioned in tables 4.1, 4.2 and 4.3,
and training is carried out for 500 epochs except in the task 8 (5 stocks) where performance seems
to saturate before 100 epochs. Therefore, we trained this particular task for 140 epochs.

To assess the performance of our model, we conducted testing on a set of 10,000 simulations
for each task except task 9 and 10 where we used 2000 test simulations. The metrics presented in
Tables 4.1,4.2 and 4.3 were calculated based on the test performance. By using different initialisa-
tion1, we get slightly different performances on the interaction network recovery tasks2; hence we
have used three different initialisations to evaluate our model performance (3rd column of tables
4.1 and 4.2).

1Different seed to initialise the weights of our model
2performance does not vary much for trajectory forecasting tasks
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Task 1 and task 2 consist of 5 and 10 interacting particles, respectively, where each pair of
particles are either interacting, i.e. spring constant K = 1 or not interacting K = 0 with equal
probability. Task 3 consists of 5 interacting particles where interactions can be of type K = 0,
K = 0.5 or K = 1 with equal probability. Task 4 to 7 consists of a system of 5 or 10 interacting
oscillators which are interacting or not interacting with equal probability. In tasks 4 and 6 actual
value of intrinsic frequency (ω) is given as one of the model inputs. In tasks 5 and 7 estimated
value of ω is given in place of the actual value. Task 8 consists of 5 stocks where the log return of
each stock pair is either coupled or not coupled with equal probability.

Task
No. Tasks

% Accuracy for
Different

Initialisations

Mean
% Accuracy

1 5 Particles, 2 link types
99.861

99.868 ± 0.01099.864
99.879

2 10 Particles, 2 link types
98.399

98.434 ± 0.03498.467
98.435

3 5 Particles, 3 link types
99.182

99.171 ± 0.01499.177
99.155

4
5 Oscillators

(Actual omega)

96.381
96.340 ± 0.04196.299

96.341

5
5 Oscillators

(Estimated omega)

95.173
95.270 ± 0.20495.504

95.132

6
10 Oscillators

(Actual omega)

75.111
74.648 ± 0.43574.248

74.585

7
10 Oscillators

(Estimated omega)

74.341
72.356 ± 2.67869.310

73.416

8 5 stocks
89.209

89.489 ± 1.58491.195
88.063

Table 4.1: Performance of our model on interaction network recovery tasks.
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Task
No. Tasks

% Accuracy for
Different

Initialisations

Mean
% Accuracy

9
5 Particles, 2 link types

(Sparse)

99.175
97.911 ± 1.95195.664

98.895

10
5 Particles, 2 link types

(Dense)

99.800
99.785 ± 0.08199.858

99.698

Table 4.2: Extension of task 1

Task

No.
Tasks

MSE for ’T’ Time-steps

T = 10 T = 20

1 5 particles, 2 link types 1.10×10−6 4.58×10−6

2 10 particles, 2 link types 1.65×10−5 5.14×10−5

3 5 particles, 3 link types 2.93×10−6 1.06×10−5

4
5 Oscillators

(Actual omega)
1.84×10−3 4.26×10−3

5
5 Oscillators

(Estimated omega)
1.99×10−3 5.24×10−3

6
10 Oscillators

(Actual omega)
7.72×10−3 2.22×10−2

7
10 Oscillators

(Estimated omega)
8.00×10−3 2.89×10−2

8 5 stocks 2.11×10−3 2.12×10−3

Table 4.3: Performance of our model on trajectory forecasting tasks.
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4.2 Discussions

In task 1 we are getting accuracy very close to 100% with very low standard deviation. In task 2
which is similar to task 1 but with double the number of particles (10) we see a drop in accuracy by
nearly 1%. In task 3 which involve one extra link type as compared to task 1 we see small decrease
in accuracy.

Tasks 4-7 involve the system of phase-coupled oscillators (Kuramoto Model). In Task 4 and
6, we used the actual ω values as one of the model inputs, which allowed for a high degree of
accuracy in our results. However, in Task 5 and 7, we explored a more practical approach by
providing estimated ω values instead of the actual ones. This resulted in a slight drop in accuracy,
but it is a more realistic scenario as the actual values of ω are often not accessible in real-world
situations. Snce the drop in accuracy is not significant, It shows the robustness of our model.

In task 8, we applied our model to a financial dynamical system of interacting stocks. This is
our novel extension to the applicability of our model. We see accuracy very close to 90%. Although
the accuracy we achieved in Task 8 is slightly lower than other tasks involving 5 interacting agents,
it is still impressive considering the inherent stochastic nature3 of the dynamical system we are
dealing with.

In table 4.2, we have evaluated our model trained in task 1 on some additional tasks. The test set
used for evaluation consists of 2000 simulations. Here the model is evaluated at two extreme limits:
first, when the interaction network governing the dynamics is sparse (G(n= 5, p= 0))4 and second,
when the interaction network is dense (G(n = 5, p = 1))5. In both regimes, we see a decrease in
accuracy compared to task 1. As we have used a model trained on the simulations where the
particles are interacting or not interacting with probability 0.5, i.e. the interaction network is of the
form G(n = 5, p = 0.5), our model may have developed some bias towards the set of simulations
used for training. However, the bias towards the training set seems to be low as the drop in accuracy
is relatively low; this shows the generalizability of our model. It is also worth noting that the drop
in accuracy is more in the sparse regime than the dense one. It indicates that the model is more
inclined towards predicting the presence of a link in the interaction network rather than its absence.

Table 4.3 shows our model’s performance in predicting the dynamical systems’ future state

3The system of interacting stock is governed by Stochastic Dynamical Equation (3.4)
4Each particle is independent/ uncoupled
5Every particle is coupled to every other particle with a spring of spring constant K = 1
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for 10 and 20 timesteps in future. It is very clear from the table that the MSE is relatively larger
for T = 20 than T = 10. This is expected since predicting more steps in future will accumulate
more errors and hence will have a larger MSE. Overall the MSE seems to be less for the tasks
involving the system of interacting particles than the system of oscillators and stocks. This may be
because the system of oscillators and stocks shows much more complex and rich dynamics than
the particles interacting via Hooke’s law.

In the tasks involving the system of oscillators, the MSE is lower for the tasks where actual
values of ω are given compared to the estimated one. This outcome was anticipated as having
precise inputs facilitates better learning of the system’s dynamics. It is also interesting to note that
in the case of interacting stocks, the MSE for predicting 10 timesteps is almost similar to the MSE
for predicting 20 timesteps. This finding can be attributed to the inherently stochastic nature of the
system of stocks, which makes predicting 10 timesteps into the future as challenging as predicting
20 timesteps.

4.3 Visualisations

4.3.1 Model’s performance with training

Here we will visualise the results of task 3 on a simulation from the test set to show how model
performance improves with training on both fronts: interaction network recovery and trajectory
forecasting. We will take two models, one which is trained for 10 epochs [suboptimally trained]
and the other for all 500 epochs [well trained]. Both models have been trained on 50,000 train-
ing simulations. As expected, we can see performance improvement in both interaction network
recovery (Figure 4.1) and trajectory forecasting tasks (Figures 4.3 and 4.2).
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Figure 4.1: Performance comparison of well trained Vs suboptimally trained model in recover-
ing the interaction network in task 3. The numbers displayed on the axes of the adjacency matrices
denote the particle id. White, yellow and black indicates the particles are coupled by a link of type
K = 1, K = 0.5 and K = 0 respectively.
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Figure 4.2: Performance of well trained model in forecasting the trajectory in task 3. The faint
part of the trajectory corresponds to the first 49 timesteps given as input to the encoder, and the
solid part of the trajectory denotes the 40 future timesteps predicted by the decoder. The dashed
part indicates the actual trajectory for 40 future timesteps.
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Figure 4.3: Performance of suboptimally trained model in forecasting the trajectory in task 3.
The faint part of the trajectory corresponds to the first 49 timesteps given as input to the encoder,
and the solid part of the trajectory denotes the 40 future timesteps predicted by the decoder. The
dashed part indicates the actual trajectory for 40 future timesteps.

4.3.2 Interacting Oscillators - Kuramoto coupling

Here we will compare the performance of our model trained in task 4 [Actual Omega] and task
5 [Estimated omega] on a simulation from test set. Both models were able to infer the exact
interaction network (refer Figure 4.4). In the trajectory forecasting task, both models were pretty
close to the ground truth trajectory (refer Figure 4.5).
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Figure 4.4: Performance comparison of the model trained in task 4 [Actual Omega] Vs model
trained in task 5 [Estimated omega] in recovering the interaction network. The numbers displayed
on the axes of the adjacency matrices denote the oscillator id. White indicates oscillators are
coupled i.e. Ai j = 1, and black indicates they are not i.e. Ai j = 0.
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Figure 4.5: Performance comparison of the model trained in task 4 [Actual omega] Vs model
trained in task 5 [Estimated omega] in forecasting the phase of oscillators. Faint trajectories
denote the first 49 timesteps given as model input, while solid trajectories denote the model pre-
dictions for the next 49 timesteps.
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4.3.3 Interacting stocks - GBM model

Here we visualise the performance of the model trained in task 8 in interaction network recovery
(refer Figure 4.6) as well as trajectory (log returns) forecasting (refer Figures 4.7 to 4.11).

Figure 4.6: Performance of the model trained in task 8 in recovering the interaction network. The
numbers displayed on the axes of the adjacency matrices denote the stock id. White indicates
stocks are coupled, and black indicates they are not.
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Figure 4.7: Performance of model trained in task 8 in predicting future log returns of stock 1. The
red time series (corresponding to the first 99 days) is given to the model, and the blue is the time
series (corresponding to the next 10 days) predicted by the model. The dashed green time series
(corresponding to the next 10 days) is the actual continuation of the red time series.

Figure 4.8: Performance of model trained in task 8 in predicting future log returns of stock 2. The
red time series (corresponding to the first 99 days) is given to the model, and the blue is the time
series (corresponding to the next 10 days) predicted by the model. The dashed green time series
(corresponding to the next 10 days) is the actual continuation of the red time series.
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Figure 4.9: Performance of model trained in task 8 in predicting future log returns of stock 3. The
red time series (corresponding to the first 99 days) is given to the model, and the blue is the time
series (corresponding to the next 10 days) predicted by the model. The dashed green time series
(corresponding to the next 10 days) is the actual continuation of the red time series.

Figure 4.10: Performance of model trained in task 8 in predicting future log returns of stock 4. The
red time series (corresponding to the first 99 days) is given to the model, and the blue is the time
series (corresponding to the next 10 days) predicted by the model. The dashed green time series
(corresponding to the next 10 days) is the actual continuation of the red time series.
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Figure 4.11: Performance of model trained in task 8 in predicting future log returns of stock 5. The
red time series (corresponding to the first 99 days) is given to the model, and the blue is the time
series (corresponding to the next 10 days) predicted by the model. The dashed green time series
(corresponding to the next 10 days) is the actual continuation of the red time series.
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Chapter 5

Conclusion and Outlook

In this thesis, we used Neural Relational Inference, a graph neural network-based self-supervised
learning model, to infer various dynamical systems’ relational structures and dynamics. Our model
has performed very well in various tasks pertaining to different dynamical systems. Since our
model does not make any assumptions regarding the dynamical system on which it is applied, this
shows our model’s versatility.

We have also shown that instead of giving actual omega (which is often inaccessible) as one of
the model inputs in tasks related to the system of Kuramoto oscillators, we can give the estimated
omega values without compromising much on the accuracy. In this way, we increased the practi-
cality of our model. We also extended the applicability of the NRI model by successfully applying
it to the inherently stochastic dynamical system of interacting stocks.

There is room for significant improvement as Interaction Network Inference is still in its early
stage of development. The NRI model is Less effective for large Networks since the resource and
time complexity of the model is O(|V |2)1. The NRI model starts with a fully connected network
and discovers the sparsity gradually. This is a bit unnecessary since most real-world networks are
sparse.

There is further scope for improvements in the NRI model, like extending it to the cases where
the interaction network itself is time-dependent. Applying it to the extensive stochastic dynamical
system will also be a challenge that can be explored in future works.

1V denotes the set of nodes in the interaction network.
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