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Abstract

Quantum computing becomes achievable only assuming that fault-tolerant quantum error

correction codes (QECCs) can be effectively implemented on physical hardware, offering

significantly lower error rates than those inherent in the system. Quantum stabilizer codes

encompass various families of quantum codes and furnish a group-theoretic framework for

quantum error correction (QEC). Each code is distinguished by a pseudo-threshold value,

indicative of its performance under a selected noise model and decoding scheme. We estab-

lish a framework capable of generating error correction circuits and providing error rates and

pseudo-thresholds, if applicable, for any stabilizer code. Additionally, we introduce a unitary

encoding scheme capable of encoding any stabilizer code, overcoming the limitation of dis-

regarding the phase of a stabilizer generator. Furthermore, we devise a syndrome extraction

circuit employing a single ancilla qubit, which accelerates simulation while minimizing the

consumption of qubit resources.

Fault tolerance stands as a crucial requirement that renders QECCs practically useful.

Among the myriad techniques to achieve fault tolerance, we concentrate on the bare ancillary

fault tolerance scheme, which boasts the least overhead observed to date. Our focus involves a

review of the reordering stabilizer generator trick for syndrome extraction, with an extension

aimed at overcoming limitations inherent in the original method proposed by Brown et. al.

Furthermore, we delve into a study of the fault-tolerant properties exhibited by an eight-qubit

code, obtaining pseudo-threshold values under the standard depolarizing and anisotropic

noise models. Additionally, we undertake a comparative analysis of various error rates under

the bare ancillary fault tolerance method, elucidating why a noise-free error correction step

is often employed in the literature despite its practical infeasibility.

Our work offers a comprehensive introduction to fault-tolerant QEC and extends it to the

simulation of quantum error-correcting codes. The techniques outlined in this thesis com-

plement existing literature and surmount limitations to achieve lower error rates in physical

systems.
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Chapter 1

Introduction

Once upon a time, in the not-so-distant past, humanity witnessed the birth of computing. It

was a marvel—a tool of immense power, capable of processing vast amounts of information

with unprecedented speed. From solving complex equations to simulating the behavior of

atoms, computers have become indispensable in nearly every facet of modern life. Never-

theless, as our thirst for knowledge grew, so did the need for even greater computational

horsepower. We found ourselves at a crossroads, pushing the boundaries of what current

technology could achieve regarding speed, efficiency, and sheer processing power.

As scientists delved deeper into the mysteries of the universe, they stumbled upon the

enigmatic realm of quantum physics. Here, reality seemed to take on a surreal quality, with

particles existing in multiple states simultaneously and information teleporting across vast

distances instantaneously. It was a realm governed not by the familiar laws of classical

physics but by the bizarre and wondrous principles of quantum mechanics. Intrigued by this

newfound frontier, researchers began to wonder: could the strange phenomena of quantum

physics be harnessed to build a new kind of computer, one that operated not with bits

but with quantum bits, or qubits, capable of existing in multiple states simultaneously?

Thus began the quest for quantum computing—a journey into the advanced future fueled

by curiosity and ambition.

The promise of quantum computing is indeed tantalizing. Quantum computers, chal-

lenging the classical limits set by the Church-Turing Thesis, can solve problems exponen-

tially faster than classical machines. With algorithms like Shor’s and Grover’s, they open
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doors to deciphering unbreakable codes and conducting lightning-fast searches through vast

databases [1, 2]. Moreover, quantum supremacy, exemplified by Google’s Sycamore, demon-

strates their capacity to outperform classical counterparts in specific tasks [3]. Quantum

cryptography ensures secure communication through protocols like quantum key distribu-

tion [4], while quantum machine learning accelerates optimization and pattern recognition

processes. Additionally, quantum simulation allows for precise modeling of molecular be-

havior and complex quantum phenomena, promising transformative breakthroughs in fields

ranging from materials science to drug discovery [5]. The quantum computing applications

appear boundless, heralding a new era of computational prowess and innovation.

However, lurking in the shadows are formidable challenges. At the forefront of these

challenges lies the pervasive issue of noise and errors, which incessantly disrupt the precision

of qubits within physical systems. The delicate nature of qubits make them prone to errors,

requiring sophisticated error-correction techniques to maintain their reliability. Neverthe-

less, the dream persists—a dream of a future where quantum computers would unlock new

frontiers in science, technology, and beyond.

This thesis delves into QEC’s realm, examining its theoretical underpinnings and prac-

tical implications. Chapter 1 lays the groundwork by elucidating the fundamental concepts

of quantum computing, error correction, and fault tolerance. Building upon this founda-

tion, Chapter 2 introduces the stabilizer formalism and delineates the circuits necessary for

simulating QECCs. We present an optimized encoding scheme and elaborate on criteria for

assessing the performance of quantum codes.

Chapter 3 delves into extensively studied fault tolerance techniques, focusing on min-

imizing overhead by utilizing only one to two ancillary qubits. Furthermore, we propose

enhancements to the single ancilla fault tolerance technique to improve code performance

beyond conventional methods. In Chapter 4, we present our findings from implementing bare

ancillary fault tolerance on [[7,1,3]] and [[8,1,3]] non-CSS codes. A comprehensive discus-

sion ensues, covering suitable simulation methodologies and the performance of codes under

various noise models.

Finally, Chapter 5 serves as a culmination of our research, offering a summary of our

findings, the outcomes of our innovations, and a contemplation of future avenues in the

realm of fault-tolerant QEC.
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1.1 Quantum Computation

Unlike classical computers that operate with bits in a binary state (0 or 1), quantum com-

puting harnesses the principles of quantum mechanics. It processes information through

quantum bits, or qubits, capable of existing in multiple states (|0⟩ and |1⟩) simultaneously.

Akin to logic gates, certain unitary operations on qubits provide us with computational

capability.

Qubits can be realized in various physical architectures [6], for example,

• Superconducting Qubits - where the presence or absence of current in a superconducting

loop represents the qubit states, and the operations are applied through microwave

pulses.

• Trapped Ion Qubits - where the internal energy levels of ions trapped using electro-

magnetic fields are the qubit states, manipulated using laser pulses.

• Photonic Qubits - where horizontal or vertical polarization states of photons represent

the qubit states, controlled through optical elements such as phase shifters and beam

splitters.

Various computation models have been proposed for quantum computing, such as Circuit

Model where operations are performed through Quantum Gates, Measurement Based Model

which harnesses entanglement and measurement for computations, and Adiabatic Model,

which evolves the Hamiltonian of the system such that desired computed result is its ground

state [6]. This thesis will focus on the circuit model of quantum computing.

1.1.1 Circuit Model

Considering an initial quantum state (generally |0⟩), a set of instructions is applied for

computation; these instructions are represented by gates. These can be unitary, such as

Pauli gates, or non-unitary, such as measurement gates, in nature. A set of instructions

combined together is called a circuit [6].
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Gate Matrix Description

I

[
1 0
0 1

]
Identity Gate

X

[
0 1
1 0

]
Pauli X Gate

Y

[
0 −i
i 0

]
Pauli Y Gate

Z

[
1 0
0 −1

]
Pauli Z Gate

H 1√
2

[
1 1
1 −1

]
Hadamard Gate

S

[
1 0
0 i

]
Phase Gate

CX


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 Controlled X Gate

CZ


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 Controlled Z Gate

|0⟩ − Reset Gate

− Measurement Gate

Table 1.1: A list of quantum gates.

A universal set of unitary gates in quantum computing is a minimal collection of quantum

gates that can perform any quantum computation with arbitrary precision. In quantum

computing, single qubit rotation gates, {Rx(α), Ry(β), Rz(γ)}, alongwith CX gate forms

a set of universal quantum gates. A more practical and widely acclaimed set of universal

quantum gates is {CX,H,T}, where T is the π/8 phase gate. Furthermore, {CX,H,S}
gates form a set of operations called Clifford Group, which maps the Pauli group {I,X,Y,Z}
to itself [6]. We would use only the Clifford group and a few non-unitary gates to create

circuits. Table 1.1 presents a list of gates we shall use in our circuits.
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1.1.2 Noise

All quantum computing and information can be modeled using quantum operations formal-

ism in which density matrices represent states, and operators are maps from one density

matrix to another satisfying specific properties. Applying a unitary operation U on state

|ψ⟩ is equivalent to applying a map E on density matrix ρ such that

E(ρ) = U |ψ⟩ ⟨ψ|U † = U |ψ⟩ [6]. (1.1)

Physical systems are prone to environmental noise, which can cause errors in quantum com-

putation. We can model noise due to the environment as a unitary quantum operation on

a combined system (state + environment). Let the initial state be ρ ⊗ ρenv and the noise

operation be U . Then the final state would be U(ρ⊗ ρenv)U †. To eliminate the environment

in this final combined state, we need to take a partial trace over the environment, giving us

E(ρ) = trenv
[
U(ρ⊗ ρenv)U †], (1.2)

where E is the noise operation [6].

Quantum operations can also be represented in another form known as Operator Sum

Representation. Let |ek⟩ be an orthonormal basis for the environment and ρenv = |e0⟩ ⟨e0| be
initial state of the environment. Then from Equation 1.2,

E(ρ) =
∑
k

⟨ek|U [ρ⊗ ρenv]U † |ek⟩ , (1.3)

=
∑
k

EkρE
†
k, (1.4)

where Ek = ⟨ek|U |e0⟩ is an operator on the state space of the principal system. These Ek

operation elements are known as Kraus Operators [6]. Any noise-prone operation can be

considered as a completely positive trace-preserving operator, E acting on a state ρ as-

E(ρ) =
∑
i

EiρE
†
i s.t.

∑
i

EiE
†
i = I. (1.5)

To simulate the behavior of physical systems, we model the noise through certain error

operators. Consider that we have a noise model that causes an error on any one qubit. This
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error can be represented by some 2× 2 matrix, which can always be written as

E = aX+ bY + cZ+ dI, (1.6)

where a, b, c, d ∈ C. Hence, we only need to worry about a basis of errors, which is Pauli

matrices in our case [7].

Various techniques are used to reduce the effects of noise in quantum computation [8],

• Error Suppresion - hardware level handling of errors using knowledge of potential

undesirable effects.

• Error Mitigation - post-processing of results to reduce the effects of noise, such as

extrapolating the noise-free result from noisy results.

• Error Correction - encoding the information so that errors due to noise can be detected

and corrected.

While error suppression and error mitigation are most prevalent for present Noisy Interme-

diate Scale Quantum (NISQ) devices, accurate quantum computation aims to achieve fault

tolerance through error correction. In this thesis, we shall focus on QEC and fault tolerance

procedures.

1.2 Error Correcting Codes

Richard Hamming thought of communicating information in an encoded form so that the

original information could be retrieved despite any noise in the communication channel. The

core idea was to store original information in more bits than required, and the challenge was

to keep the extra bits to a minimum, giving rise to the field of Error Correction [9].

Redundancy in data is created by generating copies of information in extra bits. There

is a particular structure for storing information in these bits, which is harnessed to identify

which bits are errorful during information processing or communication over a noisy channel.

The identified error could then be corrected to retain the original data of interest.
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The simplest example is creating three copies of a single bit and comparing the received

bits. Using majority voting, we infer the actual value of the bit sent. Let us elucidate using

an example. The original bit value was 0; the three bits are encoded as 000. If the error

occurs on any bit with a probability p, then with probability p, two of the bits have a value

of 0, and thus we can obtain the original value. Only with probability p2 or p3, two or three

bits get errorful, and we obtain wrong results. Hence, the encoding scheme reduces the error

rate from p to p2. This code is referred to as Repetition Code [6]. We will now introduce the

structure that any classical code follows.

1.2.1 Classical Error Correcting Codes

In classical error correction, a linear code, encodes k bits of information into n bits and is

denoted as an [n, k] code [6, 7, 10]. The code is specified by a matrix of size n× k called the

Generator Matrix, G, whose entries are elements of F2. To encode all messages uniquely, we

require columns of G to be linearly independent.

A codespace, C, of an [n, k] code is defined to consist of all vectors, x ∈ Fn
2 , of length n,

such that Hx = 0 where H is a matrix of size n− k×n, known as Parity Check Matrix. We

can also say that codespace is the kernel space of H. By Rank-Nullity Theorem, H should

have linearly independent rows. The matrices G and H are related as HG = 0.

Hamming Distance, d(x, y), between two codewords x and y is defined to be the number

of places at which x and y differ. The weight of a codeword (any vector in codespace) is

defined to be the distance from the string of all zeroes, i.e.,

wt(x) = d(x, 0n) ∀x ∈ C. (1.7)

Distance of a code, d, is the minimum distance between any two codewords.

d(C) = min{d(x, y) | x, y ∈ C and x ̸= y}, (1.8)

which implies d(C) = min{wt(x)|x ∈ C}. This defines an [n, k, d] code.

Consider a codeword y = Gx, but an error is induced such that y′ = y + e. Since

Hy = 0, we get Hy′ = He = s, called the syndrome. If for all possible errors ej, we
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know corresponding sj; we can match the error syndromes obtained to identify the error and

perform correction accordingly. For a code to correct errors up to weight t, the minimum

distance of the code should be 2t + 1 so that y′ can be corrected to y satisfying d(y, y′) ≤
t [6, 7, 10].

Example

Consider a [6,3,3] code with the generator matrix and parity check matrix as follows:

G =



1 0 0

0 1 0

0 0 1

1 1 0

1 0 1

0 1 1


, H =

1 1 0 1 0 0

1 0 1 0 1 0

0 1 1 0 0 1

 . (1.9)

If the initial k bit vector was x given by, xT = [111], then the encoded state y = Gx is

given by yT = [111000]. Let us consider an error occurs on the first bit, and it flips to 0,

giving us y′T = [011000]. On obtaining y′, we can calculate s = Hy′ = [110], which can be

matched to a standard table of this code to indicate an error on the first qubit. We can thus

obtain the correct codeword yT = [111000], leading to the corrected initial vector xT = [111].

1.2.2 Quantum Error Correcting Codes

In quantum computation, n length vectors are replaced by n qubit state vectors, and opera-

tors replace the matrices. Akin to the parity check matrix, H, we create an n−k×2n check

matrix with independent rows. These rows correspond to n−k independent operators acting

on n qubits, called the Stabilizer generators. The span of these operators generates a group

called the Stabilizer group, S. QECCs harnessing stabilizers are called Stabilizer Codes, and

we refer to the corresponding error correction mechanism as Stabilizer Formalism [7].
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Mapping Operators to Matrices

Throughout the thesis, we will be concerned with Pauli operators and their tensor products.

Let us consider an operator A = A1⊗A2 · · · ⊗An acting on n qubits. We shall create a row

of 2n entries, all initialized to 0. We shall flip the ith entry to 1 ∀i such that Ai = X or Y.

And flip the (n+ j)th entry to 1 ∀j such that Aj = Z or Y. Let us represent A = [Ax|Az].

Consider another operator B = [Bx|Bz]. We shall define symplectic product of A and B as

A⊙B = AxBz + AzBx (mod 2) [11]. (1.10)

Henceforth, all calculations would be modulo two unless specified. This symplectic product

also gives the commutation relation between any two operators,

AB = −1(A⊙B)BA. (1.11)

Given the stabilizer generators, we can thus write the check matrix, H. The ith row of H is

the binary representation of the ith stabilizer generator. H could be divided into two blocks,

Hx and Hz, corresponding to X and Z operators respectively in the stabilizer generators.

To obtain syndrome, we shall take the symplectic product of the operator corresponding to

an error and each row of the check matrix, equivalent to finding the stabilizer generators

that anti-commute with the error operator [11].

Properties of a Quantum Code

For each code, there exists a set of correctable errors, represented by E . To correct two

errors Ea and Eb, their action on each basis codeword should lead to orthogonal states.

Thus, ∀ |ψi⟩ , |ψj⟩ ∈ C and ∀Ea, Eb ∈ E ,

⟨ψi|E†
aEb |ψj⟩ = Cabδij. (1.12)

A code satisfies Equation 1.12 ∀Ea ∈ E iff the code can correct all errors in E . A Code for

which matrix C is non-singular, that is, each correctable error has a distinct syndrome, is

called a non-degenerate code [7].

The weight of an operator is defined as the number of non-identity operators in its tensor
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product representation. The weight of the smallest operator for which Equation 1.12 does

not hold is the distance of the code. Each code has a distance of at least one, and a t error

correcting code must have distance, d ≥ 2t+1. An s error detecting code must have d ≥ s+1

as we only need to differentiate Ea with Eb = I. Correcting r located errors in a quantum

erasure channel requires d ≥ r + 1. A code correcting t errors, r additional located errors,

and detects further s errors must have distance d ≥ 2t+ r + s+ 1 [7].

1.2.3 Family of Quantum Codes

QECCs are organized into distinct families based on their structures and properties. Each

family provides a certain threshold value, which is used to characterize the performance of

the codes within that family. Individual codes may belong to multiple families and can have

different pseudo-threshold values for different noise models. We present a few families of

quantum codes below:

• Perfect Quantum Codes - codes which harness all the possible syndrome values to

correct all errors up to a certain weight, e.g., [[5,1,3]] code [12].

• CSS Codes - codes whose generators contain only either X operators or Z operators

treating X and Z errors separately. For example, [[7, 1.3]] Steane Code and the Shor’s

[[9,1,3]] repetition code [13, 14].

• Color Codes - Geometric codes with trivalent vertices and each face denoting different

color or stabilizer generators. The smallest color code is a [[7,1,3]] codes [15].

• Entanglement Assisted Codes - Codes which utilize pre-shared entanglement resource

to create a quantum code from any given set of operators [11].

• Subsystem Codes - Quantum codes which utilize certain gauge freedoms to reduce the

number of stabilizers in certain codes such as the [[9,1,3,3]] Bacon-Shor code with four

stabilizer generators [16].

CSS codes were the first to be discovered and have been widely studied. Examples of

CSS codes have been found in various families of codes, such as color codes, surface codes,

etc. We are inclined to study quantum codes in a more general approach that covers CSS
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as well as Non-CSS codes. The space of Non-CSS codes is allegedly larger, and there are

many discovered codes whose stabilizer generators contain X,Y, and Z together. We have

modified traditional simulation schemes to include Non-CSS codes, and we aim to compare

the performance of CSS and Non-CSS codes having the same code rate, ( k
n
).

1.3 Fault Tolerance in Error Correction

Integrating error correction introduces errors due to noisy gates, thereby underscoring the

significance of fault tolerance. Fault tolerance ensures that the system remains resilient

against these newly induced errors, providing an additional layer of protection to maintain

the integrity of the quantum computation. Many fault-tolerant schemes have been proposed

that require two or more ancillary qubits to correct errors arising while implementing QEC

procedure [17].

Definition 1.1 (Fault Tolerance). A procedure is said to be fault-tolerant if the failure of

only one component with probability p causes at most one error with probability O(p) in

each encoded block or codeblock of qubits output [10].

The component here is not only an encoded gate but also measurements, quantum wires,

state preparation, etc. We also require that if only one component fails, then the measure-

ment result reported after fault tolerant error correction must have a probability of error of

O(p2), where p is the maximum probability of a failure in any one of the components used

to implement the QEC procedure [6].

Thus, fault tolerance requires certain properties followed by encoded operations, known

as transversality [10].

Definition 1.2 (Transversal Operations). Operations which satisfies one of the following

two conditions:

1. Applies single qubit gates to qubits in a codeblock.

2. Interacts ith qubit in one codeblock to only ith qubit in another codeblock.
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It is evident that a single qubit gate can generate only one error. Furthermore, the second

condition in Definition 1.2 ensures that a controlled gate either propagates one error to the

same codeblock or another codeblock or to both. Since each codeblock will have a maximum

of one error, transversal operations are fault-tolerant [10].

Curiously enough, if we can confine errors to a single error in a codeblock, we can also

apply another level of encoding to each physical qubit of a codeblock, and again encode

each qubit of encoded codeblocks thus generated. We can keep encoding recursively and

perform error correction to get further reduced error rates. The Threshold Theorem in

quantum computing asserts that if the error rate in quantum computation is below a certain

threshold, then it is possible to perform arbitrarily long quantum computations reliably by

using QECCs [18].

Theorem 1.1 (Threshold Theorem). A quantum circuit containing p(n) gates may be sim-

ulated with probability of error at most ϵ using,

O
(
poly

( log p(n)
ϵ

)
p(n)

)
,

gates when maximum probability of failure of any component, p, is below some constant

threshold, pth [6, 18].

The threshold theorem guarantees efficient computation incorporating QEC. The major

challenge of devising a fault-tolerant protocol is eliminating propagated errors. Certain two

or more qubit gates can propagate errors from one qubit to another, spreading the error

within the circuit. The error correction scheme itself can lead to further errors due to the

propagation of errors [19]. Considering only CX and CZ gates, the Pauli X and Z errors

propagate as shown in Figure 1.11.

A single error on a two-qubit gate means an error on both the control and the target,

and if any error propagates through other gates in the procedure, a single error can lead to

an exponentially large number of errors on the data qubits. We shall consider a protocol to

be t-fault tolerant if k ≤ t errors (faults) lead to l ≤ t errors on the data qubits.

Making a QECC fault tolerant requires using extra ancillary qubits to identify faults

in the procedure. The ratio of physical qubits to logical qubits is referred to as Overhead

1All circuit diagrams are created using quantikz package [20].
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X
=

X
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Z
=

Z

(a) Error on control on CX Gate

X

=

X Z

=
Z

Z

(b) Error on target on CX Gate

X
=

X

Z

Z
=

Z

(c) Error on CZ Gate

Figure 1.1: Propagation of an X and Z Pauli error due to controlled gates, CX and CZ.
Figures on the left indicates that X errors propagate only through a control, while on the
right indicates that Z error propagates only through a target ofCX. The gates are considered
to be noise-free and do not add any error.

in fault-tolerant quantum computation [21]. The first of the fault-tolerant techniques had

much higher overhead, such as fault tolerance in a code was shown by Shor in 1996 [22],

requiring up to w+1 ancillary qubits for a stabilizer of weight, w. In 1997, Steane proposed

a fault tolerance method that uses n ancillary qubits for an [[n, k, d]] code [23]. Reducing

the overhead has become the most prominent challenge in modern times. The quest for

the least overhead continued with continuous advancements in the field. In 2017, Brown

et. al presented a method that does not require more than one ancillary qubit to achieve

fault tolerance [24]. This method has its limitations and cannot be applied to all codes.

Soon after, flag fault tolerance method was proposed, which uses only two ancillae for fault-

tolerant QEC. A general approach using flag qubits was later presented, which can tolerate

up to t faults using 2t+ 1 ancillary qubits [25].

We will now delve into the theoretical intricacies of a quantum stabilizer code and un-

derstand its error correction mechanism. The next chapter details how to build a quantum

circuit to implement an error-correcting code and evaluate its effectiveness on noise models

inspired by physical systems.
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Chapter 2

Stabilizer Formalism

A QECC encodes k qubits with information in 2k dimensional Hilbert space to n qubits with

information in 2n dimensional Hilbert space. Doing computation in 2k dimensions requires

a very small number of operators than can be used in 2n dimensional space. We model

the extra operators as error operators which can be detected and eliminated. This chapter

details the stabilizer formalism of QEC which provide a picture to understand how various

operators can be used to detect errors and perform computations in the codespace.

2.1 Theoretical Framework

A single qubit can exist in a 21 dimensional complex vector space, denoted by V1. Corre-

spondingly, the operators acting in such a state can be expressed as a linear combination of

Pauli matrices forming a basis group, G1. For a single qubit, we can define Pauli basis group

as:

G1 ≡ {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ}. (2.1)

This group can be generated by operators iI,X,Z represented as G1 = ⟨iI,X,Z⟩. For n

qubits, Pauli group (Gn) contains n-fold tensor products of Pauli matrices with multiplicative

factors {±1,±i} [6]. Tensor products of Pauli matrices follow the following two properties:

1. For any two elements g1, g2 ∈ Gn, either they commute or anti-commute, i.e., either
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[g1, g2] = 0 or {g1, g2} = 0.

2. Each element is Hermitian or Anti-Hermitian i.e., ∀g ∈ Gn, g† = ±g. Also, g2 = ±I.

Let us find group structure in the space of all possible operators, Gn, acting on n qubits

vector space. For each group, there exists a set of independent elements such that group

operations among these elements can generate the whole group. Such elements are called

generators of the group.

Proposition 2.1. The cardinality of a group generated by l independent elements belonging

to group Gn is 2l.

Proof. Consider the generators be, {g1, g2, . . . , gl}. Any element, g, in the group thus

generated will be the product of these generators. Thus g = gi11 g
i2
2 . . . g

il
l . Using prop-

erties given above, we only need to choose if a particular gj constitutes g or not, i.e.,

ik ∈ {0, 1} ∀k ∈ {1, . . . , l}. Number of g of form gj is
(
l
1

)
, and of form gjgk is

(
l
2

)
and

so on. Therefore,

|⟨g1, g2, . . . , gl⟩| =
(
l

1

)
+

(
l

2

)
+ · · ·+

(
l

l

)
= 2l. (2.2)

Hence, the cardinality of a group generated by l independent elements belonging to group

Gn is 2l.

This property will be much used in further discussion to find out the cardinality of groups

and cosets.

Definition 2.1 (Stabilizer subgroup). If Gn is a group acting on a set (or vector space) Vn
and VS is a subspace of Vn, the stabilizer subgroup of VS is the group

S = {g ∈ Gn | g |ψ⟩ = |ψ⟩ ∀ |ψ⟩ ∈ VS}. (2.3)

The codespace, C must be 2k dimensional. We wish that the stabilizer subgroup S be

such that the corresponding stabilized subspace VS ≡ C.

Proposition 2.2. Let VS be the vector space stabilized by S = ⟨g1, . . . , gn−k⟩, generated by

n − k independent and commuting elements from Gn, such that −I /∈ S, then VS is a 2k

dimensional vector space [6].

18



Proof. Consider the group S be generated by r elements, i.e., S = ⟨g1, . . . , gr⟩. None of the

generators can be I unless S ≡ I. Note that tr(A ⊗ B) = tr(A)tr(B) and tr(P) = 0, for a

Pauli matrix P ∈ {X,Y,Z}. It gives that tr(g1) = 0 and since eigenvalues of g1 are only

±1, it must have 2n−1 degeneracy for each. So g1 divides Vn into two halves corresponding

to +1 and -1 eigenspaces of g1 each having dimensions 2n−1.

Take P+(g1) =
1
2
(I+ g1) to be the projector onto +1 eigenspace of g1. Using tr(A+B) =

tr(A) + tr(B), we find tr(P+(g1) · g2) = 0. Thus gr further divides +1 eigenspace of g1

into two halves corresponding to +1 and -1 eigenspaces of g2 each having dimensions 2n−2.

Inductively, g2 divides +1 eigenspace of g1, . . . , gr−1 in two halves corresponding to +1 and

-1 eigenspaces of gr each having dimensions 2n−r.

For S = ⟨g1, . . . , gn−k⟩, VS has dimensions 2n−(n−k) = 2k.

Trivially, the Stabilizer subgroup, generated by n− k elements, is Abelian. From Propo-

sition 2.1, |S| = 2n−k. We can say that given |ψ⟩ ∈ C, any g ∈ S acts as an identity on state

|ψ⟩.

Proposition 2.3. For a stabilizer subgroup S = ⟨g1, . . . , gn−k⟩, fix i ∈ {1, . . . , n−k}. There
exists e ∈ Gn such that ∀j ̸= i,

{e, gi} = 0, and [e, gj] = 0. (2.4)

Proof. Since S consists of n − k independent operators, the check matrix corresponding to

S also has n− k linearly independent rows. Thus there exists a matrix Λn×n−k such that

Hn−k×nΛn×n−k = In−k. (2.5)

We can restructure Λ such that the symplectic product of H and Λ gives identity. This

Λ can be mapped to n − k operators, {e1, . . . , en−k}, each of which gives a column of I on

symplectic product with H. Hence, for each i, j ∈ {1, . . . , n − k}, ∃ei such that {ei, gi} =

0, and [ei, gj] = 0 ∀j ̸= i.

There must exist n − k such operators and these act as generators of the group of cor-

rectable errors, E . The fact that each, except identity operator, anti-commutes with at least

one stabilizer generator helps us determine a bit-string called syndrome as defined below.
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Distinct syndromes correspond to distinct errors and thus help us in detecting the specific

error that has occurred on the codeword. Further for some g ∈ S, e ∈ E , and ∀ |ψ⟩ ∈ C,

g(e |ψ⟩) = −eg |ψ⟩ = −1(e |ψ⟩). (2.6)

Since (e |ψ⟩) corresponds to the -1 eigenstate of a stabilizer generator, we conclude that an

error, e takes a codeword out of the codespace.

Definition 2.2 (Syndrome). Let S = ⟨g1, . . . , gn−k⟩ be the stabilizer subgroup and e ∈ Gn
be an error. The syndrome syn(e) for e is the bit string l1, . . . , ln−k, determined by

li =

0 if [e, gi] = 0

1 if {e, gi} = 1
(i = 0, . . . , n− k). (2.7)

Definition 2.3 (Normalizer subgroup). Normalizer of a subgroup S in group Gn is the the

set of elements N given by

NGn(S) = {g ∈ Gn | gSg−1 ∈ S}. (2.8)

For Pauli operators, the normalizer subgroup is equivalent to the centralizer subgroup

and thus, gSg−1 = S. The normalizer subgroup contains all elements that commute with

the stabilizer subgroup but do not necessarily commute with each other.

Theorem 2.1. Two errors e1, e2 ∈ Gn have the same error syndrome l = l1 . . . ln−k if and

only if they belong to the same coset of NGn(S) [10].

Proof. ( =⇒ ) Let S(e1) = S(e2) = l. Then, for each generator gi,

e1e2gi = (−1)lie1gie2 = (−1)2lig1e1e2 = gie1e2, (2.9)

for all i ∈ {1, . . . , n − k}. Thus [e1e2, gi] = 0 =⇒ e1e2 ∈ NGn(S). Since, e†1 = ±e1, e†1e2 ∈
NGn(S). Let e†1e2 = c, then e2 = e1c ∈ e1NGn(S). But, e2 ∈ e2NGn(S). Since cosets do not

overlap, e1NGn(S) = e2NGn(S). Thus both errors belong to the same coset.

(⇐= ) Let e1, e2 ∈ e1NGn(S). Thus, ∃c ∈ e1NGn(S) s.t. e2 = e1c and e
†
1e2 = c ∈ NGn(S).
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Thus,

[e†1e2, gi] = 0 =⇒ [e1e2, gi] = 0. (2.10)

let S(e1) = l, S(e2) = l′, then for any generator gi,

e1e2gi = (−1)l′ie1gie2 = (−1)l′i+ligie1e2. (2.11)

From Equation 2.10 and Equation 2.11, we get li + l′i = 0 =⇒ l′ = l. Hence, S(e1) =

S(e2) [10].

Proposition 2.4. The normalizer subgroup, NGn(S) corresponding to above defined S is

generated by n+ k elements and |NGn(S)| = 4 · 2n+k [10].

Proof. From Theorem 2.1, NGn(S) partition Gn. Since each coset has a unique syndrome,

the number of cosets can not exceed the total number of syndrome values = 2n−k.

Thus, the index [Gn : NGn(S)] = 2n−k as here exists 2n−k errors each having a different

syndromes. Using Lagrange’s theorem,

|NGn(S)| =[Gn : NGn(S)]/|Gn|,
=2n−k/22n+2,

=2n+k+2.

Therefore, |NGn(S)| = 4 · 2n+k.

If we quotient out the center of Gn, Z(Gn) = {±I,±iI}, we get

|NGn(S)/Z(Gn)| = 2n+k. (2.12)

The normalizer subgroup can be partitioned by a coset of the stabilizer subgroup. Thus,

upto centralizer Z(Gn),
|NGn(S)/S| = 2n+k/2n−k = 22k. (2.13)

Proposition 2.1 thus tells that we require 2k operators to generate the normalizer subgroup.

These operators are often denoted by NGn(S) = ⟨X̄1, . . . , X̄k, Z̄1, . . . , Z̄k⟩.

Further, the normalizer subgroup partitions the stabilizer subgroup. Consider A ∈
NGn(S), g ∈ S, and |ψ⟩ ∈ VS , thus [A,M ] = 0, and A†MA = ±MA†A = ±M . There-
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fore,

M(A |ψ⟩) = AM |ψ⟩ = (A |ψ⟩) =⇒ A |ψ⟩ ∈ VS . (2.14)

Thus, the operators in the normalizer subgroup keep a state in the codespace within itself.

Opposed to stabilizers, they do not fix each state in C, instead, they take one state in the

codespace to another state in the codespace. We call them the logical operators.

Theorem 2.2. Let S be the stabilizer for a code C. Suppose {Ej} is a set of operators in

Gn such that Ej
†Ek /∈ NGn(S) \ S ∀j, k. Then {Ej} is a correctable set of errors. [6].

Proof. Consider Ej = E†
j and w.l.g., we only need to consider the case when EjEk /∈ NGn(S)\

S. Let P+ be the projector onto +1 eigenspace of S. Consider EjEk ∈ S, then P+EjEkP+ =

P+ as projector will be invariant under S.

Consider EjEk ∈ Gn\NGn(S)\S, from Proposition 2.3, ∃g1 ∈ S such that {g1, EjEk} = 0.

Thus,

P+EjEkP+ = 0. (2.15)

Thus EjEk satisfies Equation 1.12 and is a correctable error.

For correctable errors, measure the generators g1 through gn−k and obtain the error

syndrome with corresponding results β1 through βn−k. Suppose error Ej occur on qubit j,

and the syndrome result is βl corresponding to gl,

• If Ej is the unique error operator with the obtained syndrome, we can recover the state

by applying E†
j .

• If Ej and Ej′ both have the same obtained error syndrome, EjPE
†
j = Ej′PE

†
j′ implies

that applying E†
j will recover the state.

A rigorous understanding of the stabilizer formalism can be best obtained through Chap-

ters 2 and 3 in [10] and Chapter 10 in [6]. A shorter, nonetheless, robust review could be

obtained from [26]. The original motivation for the stabilizer structure is given in [7], it also

provides a few alternate mathematical interpretations of the same.
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Alternate Picture

Consider a single qubit, all operations1 on this qubit can be written in terms of Pauli group

generated by ⟨X,Z⟩ operators. Now, we have n such qubits, {q1, q2, . . . , qn} and the corre-

sponding generators of all operators would be

⟨X1, . . . ,Xn,Z1, . . . ,Zn⟩.

Map each operator, Pi, from the above generators to a n qubit operator denoted by P̄i
2,

⟨X1, . . . ,Xn,Z1, . . . ,Zn⟩ −→ ⟨X̄1, . . . , X̄n, Z̄1, . . . , Z̄n⟩.

It follows certain properties as following:

1. [Z̄i, Z̄j] = 0 ∀i, j ∈ {1, . . . , n− k}.

2. {Z̄i, X̄i} = 0 while, [Z̄i, X̄j] = 0 and [X̄i, Z̄j] = 0 ∀i ̸= j ∈ {n− k + 1, . . . , n}.

3. [Z̄i, Z̄j] = 0 and [Z̄i, X̄j] = 0 ∀i ∈ {1, . . . , n− k}, j ∈ {n− k + 1, . . . , n}.

4. {Z̄i, X̄i} = 0 while, [Z̄i, X̄j] = 0 and [X̄i, Z̄j] = 0 ∀i ̸= j ∈ {1, . . . , n− k}.

These correspond to the properties of the stabilizer subgroup, normalizer subgroup, coset

structure of normalizer-stabilizer, and relation of errors and stabilizers respectively. A visu-

alization is presented in Figure 2.1, where all the relations are exactly as they should be if

P̄i = Pi. This forms the picture of k logical qubits encoded in n physical qubits where the

blue n− k operators act as an identity, the green 2k operators act as logical operators akin

to operators in Gk and the red n− k operators represent the physical errors.

The stabilizer formalism gives a nice visual structure to QECCs. In the next section, we

will discuss how to implement a stabilizer code on qubits and design a circuit to implement

any code given its stabilizers.

1We are excluding factors of ±1,±i
2P̄i is not some Pauli matrix, but a notation to an n qubit operator.
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I︷ ︸︸ ︷
Z̄1, . . . , Z̄n−k Z̄n−k+1, . . . , Z̄n

X̄1, . . . , X̄n−k︸ ︷︷ ︸
E

X̄n−k+1, . . . , X̄n︸ ︷︷ ︸
Gk

Figure 2.1: Visualization of operators in Gn corresponding to operators in Gk. Stabilizers act
as identity, Normalizers up to stabilizers act as X and Z operators on k qubits, and the rest
up to stabilizers are the correctable errors.

2.2 Encoding

The most crucial step of error correction is to map information stored in 2k dimensional

Hilbert space of k qubits to a 2k dimensional subspace (C) of 2n dimensional Hilbert Space

of n qubits. This process is known as Encoding. The encoded state lies in the codespace,

C ≡ VS . This encoded state is prone to errors due to the physical environment which alters

the state. A set of procedures that detect this error and correct the altered state back to

the encoded state is known as Decoding. We can further map the decoded state back to the

original k qubit quantum state.

The implementation outline is shown in figure 2.2. The decoding step consists of two

steps, as we call them, error detection and error correction. Error detection requires ancilla

qubits (extra qubits) which capture the syndrome as defined above. Based on syndrome

outcomes, the Detector applies certain operators on the altered state to bring it back to the

encoded state.

k n n k|ψi⟩ Encoder noise

Detector

Corrector Encoder† |ψi⟩

|0⟩⊗(n−k)

Figure 2.2: Error correction procedure for an [[n,k]] stabilizer code.

In the next sections, we will discuss two ways of encoding: a non-unitary method based

on the measurement of stabilizer generators, and a unitary method based on the standard

form of check matrix corresponding to stabilizer generators. We will further advance the

latter method to overcome its limitations and make it applicable to any stabilizer code.
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2.2.1 Measurement Based Encoding

Recall that in Proposition 2.2, we have shown that C corresponds to +1 eigenspace of all

the stabilizer generators. Thus, encoding here involves projecting the initial state to +1

eigenspace of each stabilizer generator sequentially. Note that P+(M) = 1
2
(I +M) is the

projector operator which projects any state onto +1 eigenspace of M , while P−(M) =
1
2
(I −M) is the projector operator which projects any state into -1 eigenspace of M . Our

goal is to create a quantum circuit that evolves an initial state, |ψi⟩, to an encoded state,

|ψe⟩,
|ψe⟩ =

1

2n−k
(I+Mn−k) · · · (I+M1) |ψi⟩ , (2.16)

where, {M1, . . . ,Mn−k} are the stabilizer generators. Throughout this section, we will denote
stabilizer generators by notation M .

In the encoding circuit, we have a quantum register of n qubits, which we call the Data

register and an ancillary register of n− k qubits which we call the Ancilla register. We shall

apply a controlled-Mi operator, having control on ancilla initialized in |+⟩ state and target

on the data qubits. It creates a superposition of P+(Mi) and P−(Mi) operator on the data

qubits. Moreover, the data register is now entangled with the ancilla register such that if on

measurement, ancilla collapses to state |+⟩ then the data state is a +1 eigenstate of M1 else

a -1 eigenstate of M1.

Consider any initial n qubit state |ψi⟩. It need not contain any information to be encoded,

and thus a preferable choice is to take |ψi⟩ = |0⟩⊗n. The circuit as outlined above is shown

in Figure 2.3 for two stabilizer generators. Ancilla is initialised in |0⟩ state and acted upon

by H to get |+⟩ state. The measurement is in Z basis and thus an H is required to change

X basis to Z basis. Notice how the state evolves

|0⟩ |ψi⟩ H0−→ 1√
2

[
|0⟩ |ψi⟩+ |1⟩ |ψi⟩

]
cM1−−→ 1√

2

[
|0⟩ |ψi⟩+ |1⟩ (M1 |ψi⟩)

]
H0−→ 1√

4

[
|0⟩ |ψi⟩+ |1⟩ |ψi⟩+ |0⟩ (M1 |ψi⟩)− |1⟩ (M1 |ψi⟩)

]
=
1

2
|0⟩

[
|ψi⟩+ (M1 |ψi⟩)

]
+

1

2
|1⟩

[
|ψi⟩ − (M1 |ψi⟩)

]
,

∴ |ψ1⟩ = |0⟩
[1
2
(I+M1) |ψi⟩

]
+ |1⟩

[1
2
(I−M1) |ψi⟩

]
.

(2.17)
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Repeating the same with another ancilla qubit, we get,

|0⟩ |ψ1⟩ H1cM2H1−−−−−−→|0⟩ |0⟩
[1
4
(I+M2)(I+M1) |ψi⟩

]
+ |0⟩ |1⟩

[1
4
(I+M2)(I−M1) |ψi⟩

]
+ |1⟩ |0⟩

[1
4
(I−M2)(I+M1) |ψi⟩

]
+ |1⟩ |1⟩

[1
4
(I−M2)(I−M1) |ψi⟩

]
.

(2.18)

Repeat the process with all n− k generators. The evolved state |ψn−k⟩ would thus be

n|ψi⟩ M1 M2

|0⟩ H H

|0⟩ H H

|ψ1⟩ |ψ2⟩

Figure 2.3: Projecting an n qubit state onto a superposition of +1 and -1 eigenspace of M1

and M2 operators, using ancillary qubits.

|ψn−k⟩ =
[ n−k∏

j=1

∑
t∈{+,−}

Pt(Mj)
]
|ψi⟩ . (2.19)

Measuring the ancilla qubits will change the state to

|ψn−k⟩ =
n−k∏
j=1

P+/−(Mj) |ψi⟩ , (2.20)

where the index sign of P depends on the measurement outcome. If ancilla measures 0, the

sign is + else − sign appears. The desired data state is

|ψe⟩ =
n−k∏
j=1

P+(Mj) |ψi⟩ . (2.21)

To get this state, we need to change every P−(Mj) to P+(Mj) in the obtained state,
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|ψn−k⟩.

Proposition 2.3 guarantees that for each Mj,∃Ej such that {Ej,Mj} = 0, and [Ej,Mi] =

0 for all i ̸= j. Create an operator
∏n−k

j=1 E
tj
j , where tj ∈ {0, 1} is the measurement outcome

for jth ancilla. Note that EjP−(Mj) = P+(Mj)Ej and thus

n−k∏
j=1

E
tj
j

n−k∏
j=1

P+/−(Mj) |ψi⟩ =
n−k∏
j=1

P+(Mj)
n−k∏
j=1

E
tj
j |ψi⟩ . (2.22)

Since the initial state was supposed to be a random state, we can call that the state∏n−k
j=1 E

tj
j |ψi⟩ is the initial n qubit state and hence, the final state is an encoded state

|ψe⟩ ∈ C.

Continuing with the example above, say, we get measurement results, |1⟩ |0⟩, and data

state 1
4
(I−M2)(I+M1) |ψ⟩. We apply an operator E2 such that {E2,M2} = 0, [E2,M1] = 0.

Therefore,

|ψ2⟩ =
1

4
E2(I−M2)(I+M1) |ψ⟩ =

1

4
(I+M2)(I+M1)(E2 |ψi⟩). (2.23)

The measurement-based encoding procedure takes in any random input state and returns

some state in the codespace. We can be more resourceful and keep using the same qubit as

ancilla for measurement as shown in figure 2.4. This circuit is much more efficient if a fast

qubit reset is allowed. Since we keep measuring ancilla after each controlled-Mi, simulation

is required to store fewer superposition states, further, we can apply Ei as soon as we detect

1 in measurement outcome and keep the state in +1 eigenspace of each generator at each

step.

. . .

. . .

|ψi⟩ M1 E1 Mn−k En−k |ψe⟩

|0⟩ H H |0⟩ H H

Figure 2.4: Encoding any n qubit initial state, |ψi⟩ to a logical state |ψe⟩ by projecting onto
+1 eigenspace of stabilizer generators, {M1, . . . ,Mn−k}.

Be aware that we haven’t yet encoded the k qubits’ information. |ψe⟩ obtained above

is some random state in the codespace. We need to perform further operations to map
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this state to information in k qubits. This is achieved by applying the 2k logical operators

(Normalizers).

We shall apply projectors of logical Z̄ operators. A logical |0̄j⟩ state corresponds to

+1 eigenspace of logical Z̄j while logical |1̄j⟩ state corresponds to -1 eigenspace of logical

Z̄j. To obtain an encoded |c1c2 . . . ck⟩ state, where j ∈ {0, 1}, apply the same procedure

with stabilizer generators replaced by logical Z̄ operators and measure ancilla outcomes

m1, . . . ,mk for Z̄1, . . . , Z̄k operators. If cj ̸= mj, for any j, apply logical X̄j gate to the data

register. This ensures that any k qubit state can be mapped to the codespace, C [6]. The

complete procedure is shown in Figure 2.5.

j ∈ {1, . . . , n− k} j ∈ {1, . . . , k}

n
Data Mj E Z̄j X̄j

Ancilla |0⟩ H H |0⟩ H H

Figure 2.5: Projecting any n qubit data state to +1 eigenspace of stabilizer and logical Z̄
generators to generate logical |0̄⟩ state.

Measurement-based encoding is irreversible as we apply some gates based on measure-

ment outcomes. Since the measurement is a non-unitary gate, the given encoding scheme is

also non-unitary. In the next section, we will discuss an efficient approach to encoding which

is unitary.

2.2.2 Efficient Encoding

A unitary Encoder will be free from ancilla qubits and measurement outcomes. Projecting

onto +1 eigenspace of stabilizer generators requires sequential application of 1
2
(I +Mi) op-

erators. We shuffle the generators in a particular order to obtain another set of generators

by converting the check matrix, H to its standard form given in Equation 2.24.

[
Hx

n−k×n Hz
n−k×n

]
−→

[
Ir×r Ar×l A′

r×k Br×r 0r×l Cr×k

0l×r 0l×l 0l×k Dl×r Il×l El×k

]
. (2.24)
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Here, l = n−k− r. The transformation is obtained by Gaussian Elimination of H involving

the addition of rows and swapping of columns. The standard form, H ′, signifies another set

of stabilizer generators, M ′
1, . . . ,M

′
n−k as

1. Addition of row i to row j is equivalent to multiplying Mi to Mj giving yet another

stabilizer generator.

2. Swapping column i to j is equivalent to relabeling qubit i as j and j as i.

We can also obtain the new logical operators, X̄′ and Z̄′, as shown in Equation 2.25.[
X̄′

Z̄′

]
=

[
0k×r ET

k×l Ik×k CT
k×r 0k×l 0k×k

0k×r 0k×l 0k×k A′T
k×r 0k×l Ik×k

]
. (2.25)

The structure of new generators is such that for i ∈ {1, . . . , r}, M ′
i contains an X or Y at

ith qubit and no where else until qubit r and the generators M ′
r+1, . . . ,M

′
n−k contain only

Z operators on any position. This gives us an advantage in building the Encoder circuit

explained below.

We shall start with |0⟩⊗n state. This state is already in the +1 eigenspace of the last

l stabilizer generators and thus operators M ′
r+1, . . . ,M

′
n−k do not alter the state. Apply

a H gate on the first qubit. And controlled on it apply M ′
1j operator on qubit j where

j ∈ {2, . . . , n}. Notice the state has changed to

1√
2
(|0⟩⊗n +M ′

1 |0⟩⊗n) =
1√
2
(I+M ′

1) |0⟩⊗n . (2.26)

ForM ′
2, apply H on the second qubit. Controlled on it, applyM ′

2 on other qubits. The state

has now changed to

1

2
(|0⟩⊗n +M ′

2 |0⟩⊗n +M ′
1 |0⟩⊗n +M ′

2M
′
1 |0⟩⊗n) =

1

2
(I+M ′

2)(I+M ′
1) |0⟩⊗n . (2.27)

Repeating the same until M ′
r, we get an encoded state. This is crucially due to Ir×r in the

standard form which does not flip state |0⟩ until qubit r. The obtained state is a logical |0⟩
state. Since stabilizer generators and logical operators commute, we are free to apply them

in any order. Consider that we first apply the logical Z̄′ which has only Z operators on the

first r and last k qubits and no X operators. The qubits are in |0⟩ state and thus, we need
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not apply any operator at all.

To encode a basis state, we would be required to apply respective logical Z̄′ and X̄′

operators. That is, encoded |c1 . . . ck⟩ is related to encoded |0̄⟩ as

|c1 . . . ck⟩ =
[
αX̄c1

1 . . . X̄
ck
k ×

n−k∏
j=1

(I+Mj)
]
|0⟩⊗n . (2.28)

Through the standard form of logical operators, we can obtain |c1 . . . ck⟩ directly without the

above action. To do so, we should first initialize the last k qubits to state of interest |ϕ⟩ =
|c1 . . . ck⟩, then apply controlled X̄j gates controlled on qubit l+ r+ j where j ∈ {1, . . . , k}.
This is because the standard form of X̄j has 1 at the respective data qubit (cj). We will

be only be required to apply CX gates from the bottom k qubits to the middle l qubits

corresponding to logical X̄′ given in Equation 2.25 as Z operators due to CT will not affect

|0⟩ states. Hence, up to a normalization factor α,

|c1 . . . ck⟩ = α×
n−k∏
j=1

(I+Mj)X̄
′c1
1 . . . X̄′ck

k |0⟩⊗n−k |c1 . . . ck⟩ . (2.29)

Due to the linear nature of quantum mechanics, any superposition of basis states with any

phase would propagate to the same linear superposition of encoded basis states. This removes

any requirements to apply logical Z̄ gates. Consequently, the efficient Encoder is capable of

encoding any k qubit state to an n qubit state in the codespace, C [27, 28].

Let us take an example to elucidate the encoding scheme. Figure 2.6 presents an illus-

tration of the efficient Encoder circuit with r = 2, l = 1. Starting with |ψi⟩ = |00⟩ |0⟩ |ϕ⟩,
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the state evolution is as follows,

|00⟩ |0⟩ |ϕ⟩ cX̄′
1−−→|00⟩ (X̄′

1 |0⟩) |ϕ⟩ ,
(Similarly, all Xi only apply cX with target on l qubits)

H1−→ 1√
2

[
|00⟩ (X̄′

1 |0⟩) |ϕ⟩+ |10⟩ (X̄′
1 |0⟩) |ϕ⟩

]
,

cM1−−→ 1√
2
(I+M ′

1)
[
|00⟩ (X̄′

1 |0⟩) |ϕ⟩
]
,

H2−→1

2

[
(I+M ′

1)
(
|00⟩ (X̄′

1 |0⟩) |ϕ⟩
)
+ (I+M ′

1)
(
|01⟩ (X̄′

1 |0⟩) |ϕ⟩
)]
,

cM2−−→1

2
(I+M ′

2)(I+M ′
1)
[
|00⟩ (X̄′

1 |0⟩) |ϕ⟩
]
.

Therefore, the encoded state is,

|ψe⟩ = (X̄ϕ1

1 · · · X̄ϕk

k )(I+M ′
r) · · · (I+M ′

1) |ψi⟩ . (2.30)

|0⟩⊗r

H M ′
2

|ψe⟩
M ′

1

H

|0⟩⊗l
X̄

M ′
2

|ϕ⟩

Figure 2.6: An schematic of the efficient Encoder example for 2 stabilizers (M ′
1,M

′
2) and

logical X̄ in standard form.

We note that the standard form generates a set of stabilizer generators but it is different

from the original generators as certain column swap operations have relabeled the qubits.

If we wish to use the original labels, we need to apply SWAP gates in the reverse order of

column swaps while creating standard form. It ensures that the qubits are labeled back to

their original form.

We can further decrease the number of gates by removing any CZ operations in the

Encoder circuit, whose control is qubit i and the target is qubit j such that i < j < r,

as qubit j would be in state |0⟩ which remains unchanged on applying CZ gate [29]. This
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encoding scheme uses at most r H gates, n − 1 controlled gates for each r qubits, and l

controlled gates for each of k logical X̄. Thus, the time complexity of the circuit is O(n2) as

r + r(n− 1) + k(n− k − r) = (k + r)(n− k) ≤ n(n− k). (2.31)

Since the input itself has n − k stabilizer generators each with n operators, the proposed

encoding scheme is efficient [10].

2.2.3 Efficient Encoding for all Codes

The efficient encoding mechanism in [27] definesY := XZ and omits any associated phase[10].

We notice that Y2 = I but (XZ)2 = −I, which might change the syndrome values and the

encoded state. Thus, the above method suits perfectly to CSS codes but fails with certain

non-CSS codes.

To incorporate the required sign, we add another column, phase column, in the check

matrix, H. Corresponding to {+, i,−,−i}, phase of the stabilizer, we add values {0, 1, 2, 3}
respectively in the last column. Similar row operations (modulo 4 for phase columns) are

applicable leading to the standard phase column of the standard matrix.

Each Pauli Y in the standard form stabilizers devours a multiple of i from the phase

column. We can then obtain the standard stabilizer generators and corresponding phases.

While creating circuit, we add an S gate after H gate to encode (I+Y) |0⟩. And to account

for the stabilizer phase, add an S,Z or SZ gate respectively for i,−1, and −i in the phase

column. We check if the state has been mapped to +1 eigenspace of all stabilizer generators.

Through additional S and Z operators, we can correct any phase difference in the encoded

state leading to unexpected syndrome values [17].

2.3 Decoding

An encoded state is used to perform any quantum computation that must be error-free.

Environmental noise might take an encoded state out of the codespace. Decoding concerns

with bringing the state back to the codespace without altering the encoded information. We
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first need to extract the syndrome corresponding to a state and then correct the error that

occurred on the state. Error correction can be done using different techniques, however, we

shall only discuss the lookup-table decoding method.

Syndrome extraction is similar to measurement-based encoding as the premise is to

project onto +1 eigenspace of stabilizer generators. Following the example above, con-

sider the encoded state to be |ψ2⟩ and initialize an ancilla qubit in state |0⟩. Now |ψ2⟩ is a
+1 eigenstate of all stabilizer elements. We can then expect to get syndrome |0⟩ when any

stabilizer is measured.

|0⟩ |ψ2⟩ H0cM1H0−−−−−−→|0⟩
[1
2
(I+M1) |ψ2⟩

]
+ |1⟩

[1
2
(I−M1) |ψ2⟩ ,

]
= |0⟩

[1
2
(I+ I) |ψ2⟩

]
+ |1⟩

[1
2
(I− I) |ψ2⟩

]
,

= |0⟩ |ψ2⟩ .

And we obtain the syndrome value as expected. We can continue for all n − k stabilizer

generators to obtain the complete syndrome, l. This step is the syndrome extraction step.

The application of g based on syndrome qubits is the same as error correction.

Each code can correct certain errors only which are limited to the maximum number of

syndrome values possible, i.e., 2n−k. In general, the distance of a code is an indicator of how

many errors can the quantum code correct. For example, d = 3 represents the code that can

correct single-qubit errors while d = 5 represents that the code can correct up to two-qubit

errors. For a lookup table decoder, we need to find syndromes for each of these possible

errors.

Take a correctable error e, and find its commutation relation with each stabilizer generator

Mi. This is equivalent to finding the symplectic product of e with each Mi giving us li for

each i ∈ {1, . . . , n− k}. Thus, we obtain syndrome l(e). Similarly, we can obtain syndromes

for each correctable error and create a table of syndromes and corresponding error operators.

This is known as the lookup table. We need to ensure wt(ei) ≤ ⌊d−1
2
⌋. If two correctable

errors ei ̸= ej are such that l(ei) = l(ej), then the code is said to be degenerate and the

same correction operator is used. Traditionally, a lookup table consists of an error operator

corresponding to each possible syndrome value. It could be done by noting down l(e) for all

e ∈ Gn in ascending order of weight. For each possible l, we assign an error operator and

hence lookup table can correct up to 2n−k errors.
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Once we obtain the lookup table for the code of interest. We search, classically, for the

syndrome obtained in the previous step in the lookup table and apply the corresponding

operator on the data register to correct the error detected.

Examples

We present stabilizers of a few codes of interest to us. Our experiments involved many more

codes primarily taken from [30].

Stabilizers
M1 X Z Z X I
M2 I X Z Z X
M3 X I X Z Z
M4 Z X I X Z

Logicals
X̄1 X X X X X
Z̄1 Z Z Z Z Z

Table 2.1: [[5,1,3]] Perfect code.

Stabilizers
M1 I I I X X X X
M2 I X X I I X X
M3 X I X I X I X
M4 I I I Z Z Z Z
M5 I Z Z I I Z Z
M6 Z I Z I Z I Z

Logicals
X̄1 X X X X X X X
Z̄1 Z Z Z Z Z Z Z

Table 2.2: [[7,1,3]] Steane code.

2.4 Performance Analysis

Once a complete error-correcting circuit is created with all its components - encoding, ex-

traction of the syndrome, correcting errors based on the syndrome, and decoding, the natural
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Stabilizers
M1 Z Z I I I I I I I
M2 I Z Z I I I I I I
M3 I I I Z Z I I I I
M4 I I I I Z Z I I I
M5 I I I I I I Z Z I
M6 I I I I I I I Z Z
M7 X X X X X X I I I
M8 I I I X X X X X X

Logicals
X̄1 X X X X X X X X X
Z̄1 Z Z Z Z Z Z Z Z Z

Table 2.3: [[9,1,3]] Shor code.

course of action is to implement the circuit in the presence of errors. The entire process of

QEC can be summarized as follows:

1. Initialize an n qubit state, |0⟩⊗n−k |ϕ⟩ where |ϕ⟩ is the k qubit state to be encoded.

2. Apply a unitary quantum circuit called Encoder which maps the above n qubit state

to the simultaneous +1 eigenspace of all stabilizer generators, giving the |ψe⟩ state.

3. Take an ancilla qubit in |+⟩ state and apply controlled M1 operation on the encoded

state, controlled on the ancilla.

4. Measure the ancilla qubit in X3 basis and store the outcome. Reset the ancilla to |+⟩
state and repeat step 3 for all Mi where i ∈ {2, . . . , n− k}.

5. Combine the stored outcomes in order and call it the syndrome. Feed the syndrome to

a Corrector function, which applies the appropriate recovery operation.

6. Since the action of the Encoder is a unitary operation, we can apply the inverse of each

operator in the Encoder, in reverse order, to obtain the decoded state, |ψd⟩.

A schematic of the steps involved in QEC is presented in Fig. 2.7. We wish to evaluate

the performance of a given code using noise models based on real-world noise in physical

systems.

3Change of basis is achieved by H operation.
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Decoder

n−k

k

|0⟩
Encoder

Detector

Corrector Encoder† |ψd⟩
|ϕ⟩

|+⟩

Figure 2.7: Block diagram description of an [[n, k]] quantum error correcting code, using
efficient unitary Encoder, and measurement decoder requiring single ancilla qubit with fast
reset. Message state |ϕ⟩ is entangled with |0⟩⊗n−k state and the encoded state thus obtained
passes through error correcting decoder giving us the decoded state, |ψd⟩.

2.4.1 Noise Models

We model noise as a quantum operation acting on the state space of the principal system.

These operations, represented by Kraus operators, can also be modeled through Pauli ma-

trices in the case of Clifford operations. We shall discuss below some of the most common

noise models in quantum computing.

Bit Flip & Phase Flip Noise

Bit flip noise flips the qubit with probability p. The corresponding Kraus operators will be

E0 =
√
pI; E1 =

√
1− pX. (2.32)

The phase flip operator flips the phase from + to − and vice versa. The Kraus operators

for phase flip noise are

E0 =
√
pI; E1 =

√
1− pZ. (2.33)

In simulations, it can be modeled by applying an X or Z gate with probability p, for bit-flip

and phase-flip noise respectively.
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Amplitude Damping Noise

In physical systems, one of the states of a qubit is preferred over the other. For example, a

preferred ground state or loss of a photon to the environment. The net result is a decrease

in the amplitude of a state, or an increase in amplitude of a preferred state, leading to

amplitude damping noise. The corresponding Kraus operators are

E0 =

[
1 0

0
√
1− γ

]
, and E1 =

[
0
√
γ

0 0

]
. (2.34)

These operators are non-unitary. E0 keeps state |0⟩ unchanged and reduce the amplitude of

state |1⟩, while E1 changes ket0 to |1⟩ with probability γ. It can be modeled using controlled

RY gates and CX gates.

Phase Damping Noise

It is also possible that the total energy of the system is conserved but there is a loss of

quantum information. For example, scattering of a photon in a waveguide or interaction of

an electron with some distant electron causes perturbation. Such errors could be summarized

by the following Kraus operators,

E0 =

[
1 0

0
√
1− γ

]
, and E1 =

[
0 0

0
√
γ

]
. (2.35)

It can be modeled using a controlled RY gate.

Standard depolarizing Noise

Depolarization is a widely encountered error in which a qubit is replaced by a completely

mixed state I/2 with probability p giving us

E(ρ) = pI

2
+ (1− p)ρ. (2.36)
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Since I
2
= ρ+XρX+YρY+ZρZ

4
, we can write the depolarizing channel as

E(ρ) =
(
1− 3p

4

)
ρ+

p

4
(XρX+YρY + ZρZ). (2.37)

It is often convenient to represent the depolarizing channel as

E(ρ) = (1− p)ρ+ p

3
(XρX+YρY + ZρZ). (2.38)

Equation 2.38 is equivalent to applying X,Y, and,Z gates with probability p/3 each [6].

Noise models are used to simulate the effect of noise on the quantum circuit. It is at

the discretion of the user to choose the noise model based on the physical system being

used. Circuit level noise considers each element in the circuit to be noisy including gates,

measurements, reset operations, as well as idle locations where no gate is applied, to mimic

the physical systems as closely as possible. We shall apply noise only at particular elements

of the circuit and evaluate the performance of the code.

2.4.2 Error Rates and Thresholds

The criterion used to characterize different codes is error rate which tells us the rate of loss

of fidelity or simply how many times we didn’t get the expected output.

• Physical Error Rate: Error rate that occurs naturally in a physical system due to

decoherence i.e., the probability with which noise occurs.

• Logical Error Rate: Error rates obtained after implementing error correction, due

to logical errors created.

• Total Error Rate: Error rates obtained due to any uncorrectable error including

logical errors.

• Fidelity: Probability of error corrected state to be same as the initial state.

• Threshold: The value of the error rate below which a suitably configured quantum

computer can be used to perform arbitrarily long computations. Threshold exists only

for a family of codes. For a single code, the threshold value is called pseudo-threshold
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We first present an analytical approach to calculate the error rates of a code. Consider a

physical system in which a qubit decoheres with probability p. We’ll use an error correcting

scheme, using a [[n, k, d]] code, such that the probability of an error-full final state, perror < p.

Let us use a code of distance, d = 3, i.e., it can correct a single qubit error. Thus,

perror = 1− {(1− p)n + n · p(1− p)n−1} ∼ O(n2p2). (2.39)

Similarly, for a code having d = 5,

perror = 1−
{
(1− p)n +

(
n

1

)
· p(1− p)n−1 +

(
n

2

)
· p2(1− p)n−2

}
∼ O(np2). (2.40)

For a code having d = 2l + 1,

perror = 1−
{
(1− p)n +

(
n

1

)
· p(1− p)n−1 + · · ·+

(
n

l

)
· pl(1− p)n−2

}
∼ O(np2). (2.41)

Note that, for a fixed d, perror is a function of (n, p), i.e., perror(n, p). The value of p such

that perror = p is called the pseudo-threshold of an [[n, k, d]] code. Thus,

pth = perror(n, pth). (2.42)

For [[n, 1, 3]] codes, we evaluated pth = 0.132, 0.058, 0.043, 0.033 for n = 5, 7, 8, 9 respectively.

These values correspond to total error rates in simulation.

We shall now present a simulation-based approach to calculate error rates and thresholds.

Once the circuit for QEC has been created, we chose to use a standard depolarizing noise

model to add noise to the circuit. To match the above analytical approach, we shall only

introduce a layer of noise after the Encoder as shown in Figure 2.2. The simulation procedure

is as follows:

1. For a given value of p, run the simulation circuit 105 times (preferably 100/p times)

and note down the number of logical errors, total errors, and no errors.

2. Define logical error rate = no. of logical errors/run of times the circuit was run, and

similarly obtain total error rate and fidelity.
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Figure 2.8: Total error rates vs. physical error rates for [[n, 1, 3]] codes. The value at which
the error rate of code crosses the unencoded error rate is the pseudo-threshold value, pth.

3. Obtain logical error rate, total error rate, and fidelity for several values for physical

error, p.

4. For each p value, run step 1 and 2 for m rounds, we used rounds=20.

5. Fit a polynomial curve to the obtained rates and compare it to unencoded rates to

obtain pseudo-thresholds.

Figure 2.8 presents the error rates for [[n, 1, 3]] codes. We can see that the pseudo-

threshold values are decreasing with increasing n as expected. The values are also in agree-

ment with the analytical approach with an error of ±0.005. A clearer picture is obtained by

plotting the leading order of the error rates as shown in Figure 2.9. The higher the leading

order, the lower the pseudo-threshold value. Figure 2.10 presents the fidelity of the code for

different values of p.

In physical settings, errors may occur at any stage of the circuit. This is where fault-

tolerance chips in, reducing errors generated during the error correction procedure. We shall

now present fault-tolerant techniques and simulate them to obtain error rates while allowing

noise in the Detector circuit.
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Figure 2.9: Presenting 1
p2
× total error rates to show leading order of quadratic polynomial

fit of total error rates for [[n,1,3]] codes.

Figure 2.10: Fidelity of error corrected state against initial state for [[n,1,3]] codes.
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Chapter 3

Fault Tolerance Techniques

Error correcting procedures are shown to be efficient in getting rid of errors on the encoded

state, lest there occurs a logical error. Computation can be done directly on the encoded

states without the need for decoding. We replace each original qubit to an encoded block

of qubits, called a logical qubit, and each original gate to an encoded gate across encoded

blocks of qubits. This way we can keep applying error correction at regular intervals to get

rid of errors that are created during computation [6].

Nonetheless, errors can also prop up while applying an encoded gate or during the error-

correcting procedure. These errors can also propagate to create errors of larger weight which

might not be correctable by the error-correcting code used. Further, the errors generated

during syndrome measurement can defile the error-less encoded state. Fault Tolerance in

QECCs ensures such unexpected errors do not lead to uncorrectable errors.

Fault Tolerance is achieved by performing additional operations, often requiring more

qubits to the QEC procedure, called ancillary qubits, which are used to detect and cor-

rect faults (errors during the procedure). We will discuss a few prominent fault tolerance

techniques and will focus primarily on fault tolerance with the least overhead. We shall

discuss the Bare method proposed by Brown et. al [24], which requires only a single an-

cilla qubit, and the Flag method by Chao and Reichardt [31], which requires two ancilla

qubits, and present an upgraded version of Bare method having enhanced error correction

capabilities [17].
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3.1 Fault Tolerant QEC Gadgets

QEC circuits are designed using certain sub-circuits, which are often termed as gadgets. The

first such gadget was the DiVincezo-Shor gadget given in Figure 3.1, which we have already

used in the Detector circuit, to project a state onto eigenspace of stabilizer generators [32].

The controlled gates can propagate errors as described for X and Z errors in Figure 1.1, and

thus this QEC gate is not fault-tolerant.

|ψ⟩ M 1
2
(I±M) |ψ⟩

|+⟩
X

Figure 3.1: DiVincezo-Shor gadget which projects the input state |ψ⟩ to either +1 or -1
eigenspace of operatorM corresponding to measurement outcome of 0(+) or 1(-) respectively.

Shor proposed to add w + 1 ancillary qubits for fault-tolerant implementation of a

DiVincenzo-Shor gadget having wt(M) = w. A cat state 1√
2
(|0⟩⊗w + |1⟩⊗w) is prepared

on the ancillary qubits and is verified for its correctness using another ancillary qubit. The

controlled gates are then added from each ancillary qubit to the data qubits instead of only

one ancillary qubit, utilizing the transversality of CX gates. Since each controlled gate

begins from a different qubit, the error could not propagate to data qubits [22]. The num-

ber of physical gate operations in Shor’s fault tolerance procedure is very high and thus

performance is not much improved.

Steane proposed a fault-tolerant QEC gadget that uses pre-prepared logical |0̄⟩ states
thus requiring at least n ancillary qubits for an [[n, k, d]] code. It uses transversal gates to

extract X and Z error syndromes independently [23]. The fault-tolerant Steane’s gadget

is shown in Figure 3.2. The Steane gadget requires the |0̄⟩ state to be prepared with high

fidelity. The syndrome extraction procedure is also required to be repeated multiple times

to obtain reliable syndrome values. Further, the method is suitable only for CSS codes.

A quantum teleportation-based fault-tolerant QEC gadget has been proposed by Em-

manuel Knill, which utilizes high fidelity encoded Bell States, thus requiring a minimum of

two codeblocks. This method does not need to obtain syndromes and teleports the error-

corrected state to an ancillary codeblock [33].
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|ψi⟩

|0⟩⊗n |0̄⟩
X

|0̄⟩
X

|0̄⟩
X

|0̄⟩
X

Figure 3.2: Fault tolerance scheme proposed by Steane which requires transversal operations
among the n qubit data state and logical |0̄⟩. Each block is repeated multiple times to obtain
true syndrome values through measurement.

Advances to the proposed schemes have been made continuously in the past three decades.

DiVincenzo and Aliferis improved Shor’s gadget by replacing the verification step with a post-

processing step, using a carefully designed decoding circuit [34]. Stephens, Yoder and Kim

further reduced the number of ancillary qubits required for the Shor’s gadget. Plenio et. al

proposed a mechanism to reduce the number of syndrome extraction rounds in Steane’s gad-

get. Aschauer et. al and Dawson et. al provided methods for verification and entanglement

purification respectively for high fidelity state preparation required for Steane’s and Knill’s

gadgets [35, 36]. And here we are discussing the fault tolerance techniques that have the

least overhead - the Bare method requiring single ancilla and Flag method requiring two

ancillae.

3.2 Bare Ancillary Fault Tolerance

To reduce qubits overhead, an efficient technique would not require any more ancillary qubits.

It requires that the code should be able to correct all propagated errors in addition to

correctable errors. This could be achieved in two ways:

1. Propagated Errors are Correctable Errors

2. Propagated Errors have Distinct Syndromes

Bare Ancillary Fault Tolerance method [24] requires a single ancilla qubit used for syndrome

extraction. The fault-tolerant nature is hidden in the carefully chosen stabilizer generators

for the code. Finding such a set of stabilizers is not possible for all codes. We shall look

next into both the requirements given above and how does bare method works for a non-CSS

[[7,1,3]] code.
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Propagated Errors are Correctable Errors

Let us consider a code that can correct any single qubit error with a stabilizer generator

g = s1s2s3 where si ∈ {Xi,Yi,Zi}, i.e., some operator s on ith qubit. The syndrome

extraction circuit for the same is shown in Figure 3.3. Notice that the propagated errors are

single-qubit errors up to the stabilizer g and hence are correctable errors for a code having

distance, d ≥ 3.

X
a b c

Data

s1 s1 I1 I1

s2 s2 s2 I2

s3 s3 s3 s3

|+⟩
X

Figure 3.3: If an X error occurs on the syndrome qubit and gets propagated through gates
a (red), b (blue), and c (green), the propagated errors are as shown in red, blue, and green
columns respectively. A Z error would not propagate to data from the control.

Similarly, for a two-qubit error correcting code, errors propagated through stabilizer

generators having weight ≤ 5 would be correctable errors. We can generalize it to say that

if wt(g) ≤ min(d) for a code of distance d, then all propagated errors are correctable. A few

such low-distance surface codes are given in [37].

Propagated Errors have Distinct Syndromes

When the weight of a stabilizer generator is higher than the distance of the code, we need

to ensure that the propagated errors have distinct syndromes than those of correctable

errors. Stabilizer generators for bare [[7,1,3]] code achieve fault tolerance without requiring

any ancillary qubit other than the one for syndrome extraction. Its stabilizers and logical

operators are given in Table 3.1 [24].

Notice that four of the stabilizers are of weight 2 and thus propagate errors on syndrome

only to correctable errors on data. For stabilizer Z0Z1Z2X3Z4Z5, and Z2Z3Y5Y6, the prop-

agated errors are shown in row 3 of Table 3.1. Comparing the syndromes of correctable
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Stabilizers Z0Z1Z2X3Z4Z5 Z2Z3Y5Y6 X0X4 X1X4 X2X5 X3X6

Normalizers X1X2X3 Z0Z1Z4

Errors Z0Z1Z2 Z0Z1 Z4Z5 Z2Z3

Table 3.1: Stabilizer generators, normalizer generators, and data errors due to propagation
of X error on syndrome ancilla for the bare ancillary fault tolerant non-CSS [[7,1,3]] code.

errors with the uncorrectable propagated errors, we shall find that the syndrome of Z0Z1

error is the same as that of Z4 error. Thus, our code might identify the propagated error

Z0Z1 as Z4 and after the correction step, the resultant error will become Z0Z1Z4, a logical

error. We can get rid of this logical error by applying a technique of reordering controlled

gates in the circuit.

3.2.1 Reordering

In the above code, the stabilizer Z0Z1Z2X3Z4Z5 could be reordered as Z0Z2X3Z1Z4Z5 as

shown in Figure 3.4b. The propagated errors in the reordered circuit are shown in Table 3.2.

Errors before Reordering Z0Z1Z2 Z0Z1 Z4Z5 Z2Z3

Errors after Reordering Z0Z2X3 Z0Z2 Z4Z5 Z2Z3

Table 3.2: Propagated Errors after sequential and reordered measurement of gates in Detec-
tor circuit for the stabilizer Z0Z1Z2X3Z4Z5.

The propagated errors Z0Z1 have been replaced by Z0Z2 and the new errors now have

distinct syndromes from all the correctable errors. Whenever an error occurs on the syndrome

qubit, it would now be correctable by the code itself. Any possible error on the data qubit

can only propagate to become a Z error on the syndrome qubit and does not propagate

to any other data qubit. Thus one fault can lead to a maximum of one error on the data

qubit. We note that such is not possible with any perfect code such as the [[5,1,3]] code as

all possible syndromes correspond already to correctable errors and no possible syndrome

value is left to account for propagated errors.

To ensure that we do not end up applying the wrong Corrector operator, syndrome

measurement should take place twice. If the measurement outcomes are the same, then

apply the corresponding error correction operator, else repeat the syndrome measurement

until we get the same syndrome consecutively. It guarantees that an error has not occurred
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X a b c d

data

Z0 Z0 I0 I0 I0

Z1 Z1 Z1 I1 I1

Z2 Z2 Z2 Z2 I2

X3 X3 X3 X3 X3

|+⟩
X

(a) Sequential application of gates for syndrome extraction

X a b c d

data

Z0 Z0 I0 I0 I0

Z1 Z1 Z1 Z1 Z1

Z2 Z2 Z2 I2 I2

X3 X3 X3 X3 I3

|+⟩
X

(b) Reordered application of gates for syndrome extraction

Figure 3.4: Measuring syndrome for Z0Z1Z2X3Z4Z5 stabilizer generator. Only the first four
gates are shown as others will be sequentially applied as in (a). Each column following the
circuit shows propagated errors if an X fault occurs before the gate of the corresponding
color.

on the syndrome and that the data error has been correctly captured by the syndrome qubits.

This procedure ensures any single qubit error and any error propagated from the ancillary

qubit to data qubits would be corrected, giving us the fault-tolerant [[7,1,3]] code using a

single ancillary qubit.

3.2.2 Modified Bare Ancillary Fault Tolerance

A two-qubit error might also occur following a two-qubit gate, which can not be handled by

the bare mechanism and would lead to a logical error. We proposed a modified approach to
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bare ancillary fault tolerance, we not only consider errors on the syndrome qubit but also

the data qubit simultaneously [17].

We shall consider errors of type P⊗X and P⊗Z after any two-qubit gate instead of only

X or Z error on the ancilla. While obtaining syndrome value corresponding to a stabilizer,

say, M = X1Y2Z3, a P ⊗X error after the three gates propagates to the following errors:

P1Y2Z3, P2Z3, and P3 respectively as shown in Figure 3.5. We shall now choose a reordering

of gates such that all possible propagated errors of the above form with Pi ∈ {Ii,Xi,Yi,Zi}
have distinct syndromes.

X

data

X P I I

Y Y P I

Z Z Z P

|+⟩
X

Figure 3.5: Propagation of error on data qubits when two-qubit gates are followed by a P⊗X
error, where P ∈ {X,Y,Z}. Errors of the kind P⊗ Z lead only to P error on data qubits.
Each color denotes the gate that gets faulty and the corresponding error on data qubits.

We shall use the modified bare ancillary method to achieve fault tolerance in the [[8, 1, 3]]

code which we discovered using cluster state measurements. The method is limited in its

application as all codes might not have stabilizers that can be reordered to have distinct

syndromes, for example, the bare [[7, 1, 3]] code described does not suit the modified method.

Further, there exists a class of non-CSS [[7, 1, 3]] color codes [15] which can not be made

fault tolerant using the bare method. We shall look into a different approach to achieve fault

tolerance in such codes using flag qubits.

3.3 Flag Qubits for Fault Tolerance

To catch faults in the syndrome ancilla that lead to errors of weight two or more, we can add

extra ancillary qubits, hereby called, flags. These flags are capable of localizing where the

error has occurred. A technique to achieve fault tolerance using only two ancillary qubits- the

49



syndrome ancilla and the flag has been presented in [31]. Consider the Detector sub-circuit

for the stabilizer XZZXI of the [[5,1,3]] code shown in Figure 3.6.

X
a

e

b c

f

d

P0 I0 I0 I0 I0 I0

Z1 P1 I1 I1 Z1 I1

Z2 Z2 P2 I2 Z2 I2

X3 X3 X3 P3 X3 X3

I4 I4 I4 I4 I4 I4

|+⟩
X

(flag)|0⟩
Z

I X X I P P

Figure 3.6: Flagged syndrome extraction for [[5,1,3]] code. If a P⊗X error occurs after any
one of the colored gates, the propagated errors on data qubits are given by the respective
colored columns.

The flag qubit is activated (measures out 1) when the error occurs on the gate b or c

leading to I0 ⊗ P1 or P2 ⊗X3 error respectively, where P ∈ {I,X,Y,Z}. Other errors are

one qubit correctable errors and the two qubit errors are captured by the flag qubit. There

are still possibilities that the syndrome qubit gets a Z error or flag gets a P error measuring

to 1 instead of 0. These can be taken care of if we run an error correction procedure as soon

as either flag or syndrome measures 1, it guarantees that data error will be corrected, if any,

or does not alter.

To correct the two or more qubits errors captured by the flags, we need to ensure that

none of these errors have the same syndrome. If so happens, we shall use the reordering

trick as outlined in Section 3.2.1 such that all higher-weight propagated errors have distinct

syndromes and can be corrected. This requires a new lookup table for flag-captured errors.

Notice that syndromes of these errors can be the same as correctable errors as once the flag

is activated, we are sure that the propagated error is not one of the correctable errors and

hence the correction corresponds to captured errors (higher weight errors) only. The error

correction protocol, replacing the Detector and Corrector procedures in the standard QEC

scheme, is outlined in Algorithm 1. The flag qubit scheme ensures that a single error during

the error correction procedure leads to at max a single error in the data qubits.

In the bare [[7,1,3]] code, the flag method can be applied to measure syndrome values.
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Algorithm 1 Fault Tolerant Error Correction using Flag Qubits

1: function error correction(lookup)
2: Measure Syndrome without flag qubits
3: Match syndrome values with lookup
4: Apply corresponding error correcting operator
5: end function

1: function flag fault tolerance
2: for s ∈ stabilizers do
3: Measure syndrome and flag qubit for s
4: if flag ← 1 then
5: error correction(new lookup) ▷ Two Qubit Errors Lookup
6: else if syndrome ← 1 then
7: error correction(old lookup) ▷ Single Qubit Errors Lookup
8: end if
9: end for
10: end function

For the stabilizer generators of weight 2, we need not require any flag and for the weight

4 generator, the flag procedure will be similar to that of the [[5,1,3]] code. The stabilizer

having weight six will require a reordering of gates to ensure that the propagated errors have

distinct syndromes. The sub-circuit for the stabilizer Z0Z1Z2X3Z4Z5 is shown in Figure 3.7.

The flag method for fault tolerance, presented here, is non-adaptive and may not work

for every code. A more general approach is given in [25] which requires 2t+ 1 flag qubits to

correct up to t faults in the error correction procedure. This method is adaptive and can be

used for any stabilizer code.

The flag method has been studied extensively and has shown its uses in quantum compu-

tation [38]. An updated flag method has been proposed in [39] which presents a flag method

scheme for any code of arbitrary distance. The method has also been utilized to achieve

lower error rates in CSS color codes [40]. Its implementation on ion-trap computers has

been performed to compare against Steane’s Fault Tolerance method [41].

Fault-tolerant error correction is the stepping stone to fault-tolerant quantum computa-

tion in which encoded gates are used to perform operations and multiple rounds of QEC

are applied at regular intervals. With the least overhead, it is possible to perform QEC

on NISQ devices and laboratory-scale models of quantum computers. Bare Ancillary Fault
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Data

Z0

Z1

Z2

X3

Z4

Z5

|+⟩
X

|0⟩
Z

Figure 3.7: Measurement of Z0Z1Z2X3Z4Z5 stabilizer generator of bare ancillary [[7,1,3]]
code as Z0X3Z4Z2Z1Z5 after reordering for flag fault tolerance.

Tolerance technique in certain QECCs promises scalability of error-corrected codeblocks and

thus noise-free quantum computation in the near future.

In the next chapter, we will deal with this approach, analyze its performance on noise

models inspired by physical systems, and discuss the merits of fault tolerance using a single

ancillary qubit.

52



Chapter 4

Fault Tolerant Simulations

In this chapter, we put to test the Bare Ancillary Fault Tolerance technique described in

Section 3.2. Following Brown et. al [24], we simulated the [[7,1,3]] non-CSS code and obtained

its error rates and pseudo-thresholds. We then simulate a non-CSS [[8,1,3]] code, which we

discovered through analysis based onmeasurement based model of quantum computation [42],

and made it fault-tolerant using single ancillary qubit. The [[8,1,3]] code suits well to fault-

tolerant methods presented in [24] as well as the modified method described in Section 3.2.2.

The code performance is compared in two noise models - Standard Depolarizing Noise

Model and Anisotropic Noise Model and two simulation schemes as described below in Sec-

tion 4.1.

4.1 Simulation Scheme

We designed the complete QEC simulator using qiskit [43] following the scheme described

in Fig. 2.2 with modifications required for the bare ancillary fault-tolerant method. The

following steps outline the sub-circuits used to create the complete Bare Ancillary Fault-

Tolerant QEC circuit,

1. Consider |ψi⟩ = |0⟩ and initialize state |0⟩⊗n, we apply the Encoder circuit which

provides the logical |0̄⟩ state.
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2. The Detector circuit is then applied twice. The classical outputs of the two Detector

circuits are compared, if they are the same we proceed with the Corrector, else we

apply the Detector circuit again and feed its output to the Corrector. We limit our

simulation to a maximum of three Detector applications.

3. The Corrector sub-circuit applies the exact error operator given the syndrome value.

It includes both the errors correctable by the code (single-qubit errors for d = 3) and

the propagated errors.

4. (Encoder)† is applied on the error-corrected state, and the data qubits are measured.

We then generate noise models as described below and act on the gates used in the

Detector sub-circuit. For our purpose, the Encoder, the Corrector, and (Encoder)† are kept

noise-free [17].

4.1.1 Circuit-Level Noise Models

Standard Depolarizing Noise Model

It is the most applicable noise model to test physical systems, in which each gate is followed

by a symmetric depolarization with some probability.

1. With probability ps, each single qubit gate is followed by a single qubit Pauli error

drawn uniformly and independently from {X,Y,Z}.

2. With probability pt, each two-qubit gate is followed by a two-qubit Pauli error drawn

uniformly and independently from {I,X,Y,Z} ⊗ {I,X,Y,Z} \ {I⊗ I}.

3. With probability pmeas, each single qubit measurement has its outcome flipped.

4. With probability pprep, each preparation of |0⟩ is flipped to |1⟩ and each preparation

of |+⟩ is flipped to |−⟩.
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Anisotropic Noise Model

It is a suitable noise model that mimics the over or under-rotation of gates in ion-trap qubits.

It considers noise due to gate coupling and thus two qubit errors are only the ones aligned

with gates [24].

1. Single qubit error, measurement error, and preparation error are applied with proba-

bility ps, pmeas, and pprep respectively as defined for depolarizing noise model.

2. With probability pt, every two qubit controlled-P gate is first followed by Z⊗P error

where P ∈ {X,Y,Z}. Each of the two qubits involved is then acted upon by a single

qubit error with probability ps.

For our purpose, we have taken all probabilities to be the same, i.e., ps = pt = pmeas = pprep,

in both the noise model.

4.1.2 Error Rates and Thresholds

We analyze two metrics for the code on each noise model.

1. Logical error rate: Probability of the error corrected state to remain in the codespace

but different from the encoded state.

2. Total error rate: Probability of the corrected state being different from the encoded

state.

On measuring data qubits, |ψd⟩ = |0⟩⊗(n−1) |1⟩ contributes to logical error, while |ψd⟩ ≠ |0⟩⊗n

contributes to total error. For various values of physical error rate, p, we run the simulation

circuit N times and note down the logical and total error rate given by (number of errors /

N). We repeat the simulation cycle for m rounds to obtain a distribution of error rate values

at each p. The mean of m rounds along with minimum and maximum values is plotted

against the physical error rate.

Once we have obtained the metrics for a range of values of p, we fit a polynomial curve to

judge the pseudo-thresholds. The error correcting scheme is expected to remove any linear
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dependence of logical and total error rates on p. It is encouraged to fit a curve of the form

f(p) = a0p
2 + a1p

3 + · · ·+ an−2p
n, (4.1)

where a0 is the leading order coefficient. Since we initialize the state in logical |0̄⟩ state, the
effect of logical Z̄ operator will not be noticed and only logical X̄ and logical Ȳ will cause

an observable logical error. Thus we compare the obtained error rates to unencoded error

rates of 2
3
p instead of p.

The pseudo-threshold is the value at which the error rate after error correction crosses the

unencoded error rate (2
3
p). It denotes the value of p below which the code would be suitable

for quantum computation. Comparing two codes, a code with a higher pseudo-threshold will

be preferable. The leading coefficient, a0, is another metric to compare codes. The lower the

coefficient, the better performing the code [17].

4.1.3 Modified Simulation

The above method is more realistic for physical devices. Nonetheless, it does not account

for all correctable errors. QEC simulations often involve a noise-free round of projecting the

error-corrected state to the codespace and comparing it to the encoded state. This involves

additional noise-free error Detector and Corrector circuit before (Encoder)† operation. The

modified approach leads to a state containing only those errors not correctable by the code.

This leads to an increase in the logical error rate and a decrease in the total error rate [17].

Here onwards, We call the simulation run without the noise-free projection step described

above as the Practical Method, and the simulation run with the noise-free detection-correction

step as the Modified Method.

4.2 Bare Ancillary [[7,1,3]] Code

We followed the original bare ancillary fault tolerance approach and applied it to the code

described in Table 3.1. The reordering scheme presented in Section 3.2.1 and demonstrated

in Figure 3.4 was used and the circuit thus generated was used to simulate fault tolerant
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QEC procedure. Further details are provided in [24]. We obtained logical error rates and

total error rates for practical and modified simulation methods.

Figure 4.1 presents the code performance on the standard depolarizing noise model. It

seems as if the logical error rate drops below the unencoded error rate and thus indicates

a high pseudo-threshold value. The total error rate, however, is strictly higher and the

curvature shows the error rate to be increasing with lower values of p. Fitting Equation 4.1

onto obtained results does not give an expected curve thus the best fit does not follow a

quadratic form as expected.

Figure 4.3a also validates that the logical error rate which initially is below the unencoded

error rate is moving upward and does not saturate. We can conclude that the method does

not suit for standard depolarizing noise model and thus fails in providing a pseudo-threshold.

(a) Logical vs Physical Error Rate (b) Total vs Physical Error Rate

Figure 4.1: Error rates of bare ancillary [[7,1,3]] code under standard depolarizing noise
model. Logical errors seem to cross the unencoded error rate while total errors are always
higher than unencoded. The best-fit curve does not trace the obtained results and thus is
not shown.

Simulating the circuit on the anisotropic noise model results in a descent as shown in

Figure 4.2. It also provides pseudothreshold values of 6.91 × 10−4 and 2.79 × 10−4 for

practical and modified simulation schemes respectively. Figure 4.3a shows a constant leading

order of 1001 and 2444 for the anisotropic noise model in practical and modified methods

respectively. We can thus conclude that the bare ancillary [[7,1,3]] code is fault tolerant
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under the anisotropic noise model.

(a) Logical vs Physical Error Rate (b) Total vs Physical Error Rate

Figure 4.2: Error rates of bare ancillary [[7,1,3]] code under anisotropic noise model. There
is a descent in both (a) and (b). The best-fit curve is shown for (a) giving us the required
pseudo-threshold.

Leading Order of error rates are presented in Figure 4.3. The total error rates of the

fault-tolerant circuit are always higher than the unencoded error rates. We also notice that

the modified scheme always has higher values for logical error rates and lower values for total

error rates than the practical simulation method.

Our simulation results are similar to that obtained in [24] showing a failure for depo-

larizing errors owing to uncorrectable hook errors and success in reducing error rates and

obtaining a pseudo-threshold for anisotropic noise. The next section now presents the appli-

cation of the modified bare ancillary method on a non-CSS [[8,1,3]] code.

4.3 Bare Ancillary [[8,1,3]] Code

We use the non-CSS code construction method outlined in [42] to obtain stabilizer generators

for a [[8, 1, 3]] code. The code is modified to reduce the weight of the stabilizer generators

such that it shows fault-tolerant properties requiring a single ancillary qubit. Table 4.1

presents the stabilizer generators and the logical X̄ and Z̄ operators of the code [17].

We analyzed the single ancilla fault-tolerant properties of the code and found that certain
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(a) Leading Orders of Logical Rates

(b) Leading Orders of Total Rates

Figure 4.3: Leading order of error rates with both simulation methods and noise models for
bare ancillary [[7,1,3]] code. The distribution shows the minimum to maximum range of error
rates around the plotted mean value. Logical error rates plotted in (a) indicate success in
obtaining a pseudo-threshold for the anisotropic model while total error rates in (b) validate
that the code performs better in anisotropic noise.
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Stabilizer Generators Logical Operators
Z0X1Z2Z4

Y0Y2Z3Z4

Z0Z1X4Z6 X̄ = Z0Z1X2Z5

X1Z3X5X6 Z̄ = Z0Z2Z5Z6

Z3Z5Z6X7

Z0X3Z6Z7

Z1X2X3Z4X6X7

Table 4.1: Stabilizer generators and logical operators for the bare ancillary fault tolerant
[[8,1,3]] code.

propagated errors have similar syndrome values. For example, while measuring the syndrome

for Z0X3Z6Z7 stabilizer, an X error on the ancilla after X3 gate would propagate to Z6Z7

error on the data qubits. Its syndrome is the same as Y5 error and after applying correction,

we will end up with Y5Z6Z7 error which is the logical Ȳ error.

We propose to reorder certain stabilizers of [[8,1,3]] code in the following manner:

Z3Z5Z6X7 −→ Z5Z3Z6X7,

Z0X3Z6Z7 −→ Z7X3Z0Z6,

Z1X2X3Z4X6X7 −→ Z1X3Z4X2X6X7.

Such a reordering scheme for syndrome measurement leads to distinct syndromes for all

possible propagated errors shown in column 2 (Errors) of Table 4.2. The exact syndrome

values corresponding to correctable errors and the errors propagated from faults during

detection using a reordered scheme are given in Section 4.3.1. We notice that all the errors

have distinct syndrome values up to a stabilizer. Thus, we can achieve fault-tolerance in the

[[8, 1, 3]] code without requiring extra ancilla qubits.

The [[8,1,3]] code presented is capable of correcting any single qubit error. The above

reordering scheme makes it fault-tolerant without requiring extra ancilla qubits other than

the one used while syndrome extraction. We expect a single fault in the procedure should

not lead to a logical error. The code achieves the same as follows:

• All P ⊗ X errors are distinguishable by syndromes, up to a stabilizer and a phase,

and thus our reordering scheme tackles all hook errors, considering the lookup table
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Stabilizers Errors

Z0X1Z2Z4 Z0P1 P2Z4

Y0Y2Z3Z4 Y0P2 P3Z4

Z0Z1X4Z6 Z0P1 P4Z6

X1Z3X5X6 X1P3 P5X6

Z5Z3Z6X7 Z5P3 P6X7

Z7X3Z0Z6 Z7P3 P0Z6

Z1X3Z4X2X6X7

Z1P3 Z1X3P4

P2X6X7 P6X7

Table 4.2: Errors on data qubits when P ⊗ X error occurs after a noisy gate in Detector
circuit. Here, P ∈ {X,Y,Z}

decoder.

• Any P ⊗ Z kind of error leads to a single qubit error in data while also flipping the

syndrome value. We perform a minimum of two rounds of syndrome extraction and

compare the measurement results. The same results ensure no Z error on ancilla

while different outcomes require another round of syndrome extraction. When two

consecutive syndrome extraction rounds give the same outcomes, we correct the errors

accordingly.

• Errors of kind P⊗Y are equal to (P⊗X)(I⊗Z). Repeated application of the Detector

circuit gets rid of Z on ancilla and the syndrome outcome tells the propagated error

to be corrected.

4.3.1 Errors and Syndrome Values

All single-qubit errors are correctable by the [[8,1,3]] code with each error having distinct

syndromes given in table 4.3. Errors arising due to faults in detection mainly accumulate

through error propagation. Table 4.4 presents syndrome values corresponding to higher

weight errors. We observe that the syndrome corresponding to Z1X3X4 is the same as Z7

error as Z1X3X4Z7 is a stabilizer.
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Single Qubit Errors
X0 : 1110010 Y0 : 1010010 Z0 : 0100000
X1 : 0010001 Y1 : 1011001 Z1 : 1001000
X2 : 1100000 Y2 : 1000001 Z2 : 0100001
X3 : 0101100 Y3 : 0101111 Z3 : 0000011
X4 : 1100001 Y4 : 1110001 Z4 : 0010000
X5 : 0000100 Y5 : 0001100 Z5 : 0001000
X6 : 0010110 Y6 : 0011111 Z6 : 0001001
X7 : 0000010 Y7 : 0000111 Z7 : 0000101

Table 4.3: Syndrome values of single qubit Pauli errors in bare ancillary fault-tolerant [[8,1,3]]
code.

4.3.2 Quantum Circuits

We use the methods presented in Section 2.2.2 to create an efficient unitary Encoder for the

chosen stabilizers. The Encoder circuit given in Figure 4.4 utilizes the enhanced standard

form mechanism for non-CSS codes without any non-essential gates. We notice the last step

involves certain SWAP gates, which exchange the qubit values. The purpose of these gates

is to map relabeled qubits to the original order of qubits.

data0 : H • • • • ×
data1 : H S • • • • ×
data2 : H • • • ×
data3 : H Z S • • • • ×
data4 : H • • • × ×
data5 : H • • • ×
data6 : H Z • • • • • • •
data7 : • Y Y ×

Figure 4.4: Encoder circuit for bare [[8,1,3]] code. The last k = 1 qubit is initialized in |ϕ⟩
state. No extra gates are required for the X̄ operator.

The syndrome measurement circuit, Detector, is built following the reordering scheme

presented above. We utilize fast reset of qubits to use a single ancilla for syndrome measure-

ments. It enhances the simulation speed exponentially as fewer space resources are required

to store quantum states in classical systems. The complete circuit is shown in Figure 4.5.

The Corrector circuit is a classical-quantum hybrid circuit that applies certain fixed

operations on the data qubits given the syndrome values. We note that we are not using

a standard lookup table decoder that contains the most likely error configuration for every

62



Errors due to Faults
Z0X1Z2Z4

Z0X1 0110001 X2Z4 1110000
Z0Y1 1111001 Y2Z4 1010001
Z0Z1 1101000 Z2Z4 0110001

Y0Y2Z3Z4

Y0X2 0110010 X3Z4 0111100
Y0Y2 0010011 Y3Z4 0111111
Y0Z2 1110011 Z3Z4 0010011

Z0Z1X4Z6

Z0X1 0110001 X4Z6 1101000
Z0Y1 1111001 Y4Z6 1111000
Z0Z1 1101000 Z4Z6 0011001

X1Z3X5X6

X1X3 0111101 X5X6 0010010
X1Y3 0111110 Y5X6 0011010
X1Z3 0010010 Z5X6 0011110

Z5Z3Z6X7

Z5X3 0100100 X6X7 0010100
Z5Y3 0100111 Y6X7 0011101
Z5Z3 0001011 Z6X7 0001011

Z7X3Z0Z6

Z7X3 0101001 X0Z6 1111011
Z7Y3 0101010 Y0Z6 1011011
Z7Z3 0000110 Z0Z6 0101001

Z1X3Z4X2X6X7

Z1X3 1100100 X6X7 0010100
Z1Y3 1100111 Y6X7 0011101
Z1Z3 1001011 Z6X7 0001011

Z1X3X4 0000101 X2X6X7 1110100
Z1X3Y4 0010101 Y2X6X7 1010101
Z1X3Z4 1110100 Z2X6X7 0110101

Table 4.4: Syndrome values of errors on data qubits propagated from noisy gates in Detector
circuit of the bare ancillary fault-tolerant [[8,1,3]] code.
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data0 : • Y • •
data1 : • •
data2 : • Y

data3 : • • •
data4 : • • •
data5 : •
data6 : • • •
data7 : •

ancilla : |+⟩ • • • • |+⟩ • • • • |+⟩ • • • • |+⟩ • • • • |+⟩ • • • • |+⟩ • • • • |+⟩ • • • • • •
syndrome : /7

6

��
5

��
4

��
3

��
2

��
1

��
0

��

Figure 4.5: Detector circuit for syndrome measurements, incorporating reordering scheme
for [[8,1,3]] code. All measurements are in X basis followed by resetting the qubit to |+⟩
state.

possible syndrome value. Instead, our lookup table only consists of syndrome and error pairs

as given in Section 4.3.1. Following the simulation scheme in Section 4.1, error rates and

pseudothreshold values are calculated as described in the next Section.

4.3.3 Performance of [[8,1,3]] Code

We obtain a pseudo-threshold for the code in both noise models. We also obtain the leading

order terms from the best-fit curve [17].

We first analyze the performance of the code in a standard depolarizing noise model.

Figure 4.6 presents the descent of logical and total error rates compared among the two

simulation methods. We obtain leading order terms for the practical and modified simulation

runs with respective logical error threshold values of 0.31% and 0.12%. The practical method

could not provide a pseudo-threshold for total error rates, thus showing a linear relation to

unencoded error rates. The modified approach nonetheless provides a threshold of 0.034%.

Error Rates Pseudo-threshold Leading Order

Logical Error Rates
Practical 0.003145 270
Modified 0.001212 550

Total Error Rates
Practical - -
Modified 0.0003426 2016

Table 4.5: Performance of bare [[8,1,3]] code under depolarizing noise model.

For the anisotropic noise model, the descent of logical and total error rates is presented

in Figure 4.7. The threshold values for the practical and modified methods are found to be
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Error Rates pseudo-threshold Leading Order

Logical Error Rates
Practical 0.0004239 1689
Modified 0.0001796 3767

Total Error Rates
Practical - -
Modified 4.95× 10−5 13540

Table 4.6: Performance of bare [[8,1,3]] code under anisotropic noise model.

(a) Logical vs Physical Error Rate (b) Total vs Physical Error Rate

Figure 4.6: Error rates of [[8,1,3]] code under standard depolarizing noise model. Logical
error rates cross unencoded error rates for both simulation schemes while total error rates
achieve a pseudo-threshold with the modified scheme only.

0.042% and 0.018% respectively for logical error rates. The practical method fails again with

total error rates, but the modified method provides a threshold of 0.0049% on extrapolating

the best-fit curve.

Figure 4.8 presents the error rates divided by p2 to reveal the leading order of the best-fit

curve. Logical error rates cross the unencoded error rates for both noise models and both

simulation methods. Total error rates show the dependence of practical method results on

physical error rates while the modified method leads to a distinctive convergence for the

leading coefficient of p2.
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(a) Logical vs Physical Error Rate (b) Total vs Physical Error Rate

Figure 4.7: Error rates of [[8,1,3]] code under anisotropic noise model. Logical error rates
cross unencoded error rates for both simulation schemes while total error rates achieve a
pseudo-threshold with the modified scheme on extrapolating the best fit curve.

4.4 Discussion of Results

Bare [[7,1,3]] code successfully obtains a pseudo-threshold in the anisotropic noise model

while failing in the standard depolarizing noise model owing to its capability to only correct

single-qubit errors propagated through the syndrome ancilla. Bare [[8,1,3]] achieves a pseudo-

threshold in both noise models due to its ability to tackle errors of form P⊗P, where P is

any Pauli operator.

We notice that despite failing in the standard depolarizing model, the pseudo-threshold

of bare [[7,1,3]] code in anisotropic model is higher than that of bare [[8,1,3]] code. It

might be concerned with the weight of stabilizers in the codes. Bare [[7,1,3]] code contains

stabilizer generators of weight two, four, and six, totaling 18 operators corresponding to 18

controlled gates, while bare [[8,1,3]] code contains a total of 30 controlled gates. The more

the operations, the higher the possible errorful locations. Thus, it is best to obtain the least

weight stabilizers for fault-tolerant error correction.

For [[8,1,3]] code, the code performance is superior in the standard depolarizing model

than in the anisotropic model. This can be attributed to the error correction capabilities

of the code as well as the noise in the model. The anisotropic noise has a two-qubit error

followed by single-qubit errors increasing the chance of Z error on the syndrome which can
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only be corrected by consecutive rounds of error detection. The constraint of three rounds

allows many Z errors to go uncorrected. On the other hand, the code is well structured to

identify any P⊗X error, getting rid of hook errors and increasing the pseudo-threshold.

Concerning both codes, while the practical method of simulation is more appropriate to

realistic settings, the modified method is more suitable to characterize code performance and

provide benchmarks. The modified method leaves the code with only uncorrectable errors,

either logical errors or higher weight errors, thus it puts a bar on the efficiency of the code.

It is thus advised to benchmark codes using the modified simulation method. We further

observe that the leading order of p2 is also an appropriate metric to compare the performance

of a code. The lower the leading order coefficient, the higher the pseudo-threshold value [17].

Our code outperforms the non-CSS [[7, 1, 3]] code by giving a pseudo-threshold in both

noise models. In depolarizing model, it also outshines the better-performing flag qubit

method through higher pseudo-thresholds despite the same overhead value of 9/1 = 9 [24].

Our code has lower error rates than fault tolerant non-CSS [[5, 1, 3]] code requiring seven

qubits for fault tolerance and CSS [[7, 1, 3]] Steane Code requiring nine qubits for fault

tolerance using the flag qubit method of fault tolerance. It provides better results than the

Steane’s fault tolerance method for CSS [[7, 1, 3]] code with an overhead of 35, as well as

distance three surface code with an overhead of 17 [39]. The modified bare ancillary method

along with the [[8, 1, 3]] code presented is promising practical quantum computation and is

suitable to be tested on NISQ devices.
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(a) Leading Orders of Logical Rates

(b) Leading Orders of Total Rates

Figure 4.8: Leading order of error rates of [[8, 1, 3]] code under both simulation methods and
noise models. The distribution shows the minimum to maximum range of error rates around
the plotted mean value. Best fit curves are shown wherever they trace a quadratic curve of
error rates.
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Chapter 5

Conclusions

Quantum Computation promises a future where computing capabilities transcend current

limitations, unlocking unparalleled potential for solving some of humanity’s most challenging

problems. However, before this groundbreaking advancement becomes a reality, quantum

computation must address one of its most daunting challenges: noise-free computation.

Following the expansive field of error correction in classical computation and commu-

nication, the pioneers of quantum information theory presented QECCs in the last decade

of the 20th century. From simple repetition codes to a concatenated nine-qubit code to an

efficient seven-qubit code, Shor and Steane demonstrated that a solution to this challenge

does indeed exist [44, 45].

Daniel Gottesman’s breakthrough revealed a structure within QECCs, leading to the

discovery of a vast family of codes known as Quantum Stabilizer Codes. In our study,

we delve into the stabilizer formalism for error correction. Stabilizer codes harness a 2k-

dimensional subspace of a 2n-dimensional Hilbert space of n qubits to encode all possible

states of k qubits. Employing an approach rooted in the Heisenberg picture of quantum

physics, we can describe an n-qubit state using n operators, each of which could comprise

an n-fold tensor product of Pauli matrices.

We delve into the structure of the Stabilizer Subgroup, Normalizer Subgroup, and the set

of correctable errors, charting out the coset structure among them. Additionally, we map

the operators’ picture to state vectors, illustrating how a state evolves upon the application
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of a particular operator and how errors can be detected and corrected. We compile a review

of the stabilizer formalism that is both comprehensive and easy to understand.

We explore quantum circuits for implementing QECCs, given their stabilizer generators.

Building upon Gottesman’s unitary encoding scheme, we introduce an enhancement that

enables encoding both CSS and Non-CSS codes alike, as detailed in [17]. The resulting

encoded state, referred to as the logical state, undergoes DiVincenzo-Shor gadgets to extract

syndrome values. These syndromes effectively capture any errors that may have occurred

in the logical state. Leveraging fast qubit reset techniques, we efficiently simulate syndrome

extraction requiring only a single ancilla qubit. Subsequently, based on the syndrome value

obtained, we apply appropriate correction operators. Our approach involves constructing a

lookup table specifically tailored for single-qubit errors in distance three codes, streamlining

the error correction process.

We have developed a framework in Qiskit [43] capable of generating circuits to imple-

ment QEC procedures for any stabilizer code. By introducing a layer of Pauli errors on the

encoded state and simulating the circuit, we derive error rates for various codes and calcu-

late pseudo-threshold values. Notably, our obtained results align closely with the expected

pseudo-threshold values derived through analytical methods. This validation underscores

the efficacy of our error correction circuit and the procedural approach we employ to ana-

lyze the performance of any given code. Significant effort has been dedicated to creating this

comprehensive pipeline, which encompasses all components of the QEC procedure - Encoder,

Detector, Corrector, and Decoder and provides error rates for any stabilizer code.

In practical settings, implementing QEC introduces the potential for errors due to the

additional operations, which themselves may be noisy. This highlights the critical need

for fault tolerance in error correction procedures. We delve into pioneering approaches in

fault tolerance, which often necessitate entire ancillary code blocks containing encoded log-

ical states prepared with high fidelity. A primary challenge lies in reducing the overhead

associated with fault tolerance techniques. Our study primarily focuses on two significant

methods: the bare ancillary fault tolerance method proposed by Brown et. al and the flag

qubit method proposed by Chao and Reichardt [24, 31]. We thoroughly review both tech-

niques and design quantum circuits to implement them, aiming to understand better their

efficacy and potential for reducing overhead in fault tolerance.

Focusing on the bare ancillary method, we’ve successfully modified it to address limita-
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tions present in Brown’s original method [17]. By generating codes from graph states, we’ve

uncovered a [[8,1,3]] non-CSS code and thoroughly examined its fault-tolerant properties

using our upgraded bare ancillary fault-tolerant procedure. In our analysis, we’ve tested

the non-CSS [[7,1,3]] code previously presented by Brown, comparing it against our newly

discovered [[8,1,3]] code. Interestingly, while the [[7,1,3]] code fails to achieve fault tolerance

under standard depolarizing noise models, it does successfully attain a pseudo-threshold

value of 2.8× 10−4 under anisotropic noise models.

In alignment with our goals, our method applied to the [[8,1,3]] code showcases superior

performance, demonstrating fault tolerance under both noise models. Specifically, we obtain

a logical error pseudo-threshold value of 1.2 × 10−3 for standard depolarizing noise and

1.7 × 10−4 for the anisotropic model. Additionally, we achieve pseudo-threshold values for

total error rates indicating a constant leading order for both noise models. These results

highlight the effectiveness of our upgraded bare ancillary method in achieving robust fault

tolerance for QECCs.

Our fault-tolerant scheme demonstrates particular suitability to standard depolarizing

noise, yielding higher pseudo-threshold values compared to widely studied fault-tolerant

techniques implemented on various codes [39]. In our analysis, we contrast the practical

error correction procedure with traditional simulation runs, highlighting the merits of each

approach. Notably, we emphasize the necessity of a noise-free projection to the encoded

state for reliable simulation results.

The proposed bare ancillary method shows promise for application to codes of higher dis-

tance, potentially offering improved error rates. Its compatibility with the standard depolar-

izing noise model suggests its efficacy, warranting further exploration across other prominent

noise models such as phase and amplitude damping. Furthermore, the model’s performance

can be benchmarked through various QECCs and various parameters, facilitating a robust

comparison of its strengths and weaknesses [46]. This comprehensive analysis would shed

light on the method’s potential and guide its optimization for diverse quantum computing

applications.

An improved decoder could significantly enhance the performance of the code, and mul-

tiple rounds of error correction could effectively address errors induced by Pauli Z on the

syndrome ancilla. Additionally, the code may exhibit suitability for surface codes, poten-

tially achieving high code performance without excessive depth or as numerous rounds, as
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typically required [47]. While implementations of Steane’s fault tolerance method and the

flag method have been realized on physical devices [41], and successful endeavors have been

made to realize logical qubits using atom arrays [48], our fault tolerance scheme prioritizes

high fidelity with minimal overhead, and it is imperative to test it on modern-day quantum

computing architectures.
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