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Abstract

The question of boundedness of operators is of importance in analysis. We look into the
operators which act on the frequency space of functions, that is those operators which
act on the Fourier transform of an LP function, 1 < p < co. Our operators are given by
multiplication with a certain function called the multiplier. The boundedness conditions
of these operators, on the Euclidean space have been solved. This thesis asks the bound-
edness question for the case of a non-abelian group called the Heisenberg group (H™).

Our main theorem gives a smoothness condition of the multiplier, constrained to the
dimension of H". This is smoothness condition is similar to Mikhil’s condition for bound-

edness of multipliers on R".

We use the tools developed by Stein, improving the theory given by Littlewood and
Paley. These tools are the g—functions, which we can bound and so get the bounds for
our multiplier. To use this on H" we have to move all the required ideas and machinery
from R™ to H™. To move all the required machinery we need some understanding of certain

family of functions like the Hermite functions and the Laguerre functions.

In essence, this thesis uses the tools and ideas developed for the Euclidean space, to
tackle the problem of boundedness of multipliers and then builds analogues of it for the
Heisenberg group. These tools are then put to use to show that under certain conditions,
the boundedness of a multiplier can be established. We can further expand on this study

by looking into the unsolved problems in R™ and ask the same in H™.
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Notations

Notation | Description
T Translation by z
5" Scaling by h
f Fourier transform of f
1V Inverse Fourier transform
T+ Adjoint of the operator T'
Ph Schrodinger representation of H" corresponding to i # 0
p Schrodinger representation corresponding to h = 1
®) Lambda twisted convolution
S(R™) Schwartz space on R”
S'(R™) Space of tempered distributions on R™
Ct Space of continuous differentiable functions
C>*(X) Space of smooth functions on the space X
o Space of smooth functions with compact support
B R\{0)
M, . (R™) Space of bounded linear operators from LP(R") to L?(R")
M, (R™) Space of LP multipliers on R"
h" Heisenberg Lie algebra
H" Heisenberg Lie group
HY.; Polarized Heisenberg Lie group
red Reduced Heisenberg Lie group
S(H™) Space of Schwartz functions on H"
Sa Space of Hilbert-Schmidt operators on L?(R")
Sp(n,R) Set of linear transformations of 2n dimensional vector space over the

field R which preserve a non-degenerate, skew-symmetric, bilinear form
Space of square integrable functions on R*, taking values in Sy with
measure d

Bargmann transform of function f

Fock space

Hermite function of order «

A—scaled Hermite function of order «

Hermite polynomials of degree «

Special Hermite functions

Laguerre polynomial of type «

Projection operator on L*(R™), onto the kth eigenspace spanned by
{hq : o] = k}

Linear space of entry functions on G spanned by the entries of finite-
dimensional irreducible representations of G
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1 Introduction

Joseph Fourier studied the problem of the solutions of the heat equation in 1807, which
marked the beginning of Fourier transform, and in general harmonic analysis. Since then
a lot of developments have been made in the domain and still, a lot of questions remain

unanswered.

We assume some familiarity with topics in analysis, like Measure theory, theory of dis-
tribution and basic Fourier analysis. Our goal in this section is to have a ground level

understanding of what multipliers are, and develop sufficient tools to study their behavior.

1.1 Preliminaries

To begin our study we first recall certain definitions and theorems from the Euclidean
harmonic analysis and harmonic analysis on locally compact abelian groups. These re-
sults can be found in any standard textbook on harmonic analysis. The results here have
be taken from the books Classical Fourier Analysis by L. Grafakos and A First Course

in Harmonic Analysis by Anton Deitmar.

Definition 1.1 (Distribution function). For a measurable function f on X the distribu-

tion function of f is defined as

dp(k) = p({x € X - [f(2)| > k})

We have the following alternative for the LP norm of a function, using the distribution
function.

Proposition 1.1. For f € LP(R", u) with 0 < p < oo, we have

| £ 1B < p / kP (k) dk

0

Proof. We can write the distribution function as the integral of the characteristic function



of the corresponding set and by interchange of limits, made possible by Fubini’s theorem

we get

o @)
p / KV (k di) = / / pkPt dle dp(z)
0 nJ0O

= [ 7@ du

= f IIZs

We now define the weak L? space as

Definition 1.2. For any p in 0 < p < oo, we define the weak LP(R™) space as the set of

all p-measurable functions such that

. cr
| f llzpeo = inf {O >0:ds(k) < o V> o}

= sup{ad;(a)'/?}

is finite. By definition, weak L>®(R™) is L>(R").

We have the following containment for the weak LP(R™) space.

Proposition 1.2. For any f € L*(R") and 0 < p < co we have

IS lzree < TS [lee

Which means that we have LP(R™) C LP>*(R™) for p # cc.



Proof. By Chebyshev’s inequality we have

v < [ F (@) da

{@:|f (@)[>k}

for which LHS is || f ||r.~ by definition and RHS is at most || f ||%,. O

This containment of weak LP in LP space leads us to define

Definition 1.3. Operators that map LP to L9 are called strong type (p,q). Operators that

map LP to LT are called weak type (p,q).

We next have two interpolation theorems which significantly ease the task of showing
boundedness for operators acting on any LP(R™).

Theorem 1.1 (Marcinkiewicz Interpolation Theorem). Let (X, u) and (Y,v) be measure
spaces and let 0 < py < p; < 00 and T be a sublinear operator on LP°(X )+ LP (X)), taking

values in the space of measurable functions on'Y . Assume that we have the bounds

| T(f) HLPO"X’(Y) < Ao |l f HLPO(X) VfeLrX)

| T(f) |lerieeyy < A || fllemxy YV feLP(X)

where Ay and Ay are positive constants. Then for any py < p < p1 and for any f € LP(X)

we have the estimate

T vy < AN ey

where we have A depending on p, po, p1, Ao and A;.

Note that if the operator is sub-linear and of weak type (po, po) and weak type(py, p1) then
it is of strong type(p,p) for pg < p < p;. This assumes weak estimates and compensates

it by being valid for the larger class of sub-linear functions.

Our next theorem is only valid for linear operators and assumes stronger end-point esti-

mates, but gives a more natural bound for the intermediate spaces.



Theorem 1.2 (Riesz-Thorin Interpolation theorem). Let (X, i) and (Y, v) be two measure
spaces and let T be a linear operator defined on the set of all simple functions on X and
taking values in the set of all measurable functions on Y. Let 1 < po,qo,p1,q1 < 00 and

assume the following bounds

I T(f) Iz < Mo || f [|wo

| T(f) lzon < My || f lze

for all simple functions f on X. Then for any 0 < e < 1 such that

1_1—6 1_1—6 €

€
+— and -
p DPo y4! q qo q1

we have the bound

1T Nle < My™ M| f |lov

for any simple function f on X. The operator T has a unique bounded extension which

acts on LP(X, ) and gives functions in LY, v) because of density of simple functions.
The proof of both the theorems are omitted and can be consulted in [3].

Next we define a smoothing operation called the convolution of two functions

Definition 1.4 (Convolution). Let f,g € L'(R"), then the convolution of f and g is
given by

(fxg)(x) = - f(y)g(z —y)dy

First it is easy to see that the integral is bounded by the L' norms of f and ¢ and so it
makes sense. Next we see that it is a smoothening operation as we have
Theorem 1.3 (Minkowski’s inequality). For 1 < p < oo and for g € LP(R") and f €

LY(R™) we have

| fxglleen < f @l 9 l|lze@n



We have a more general inequality,

Theorem 1.4 (Young’s inequality). Let 1 < p,q,r < oo be such that

111
14 -==+-
rop oq

Then for any f € LP(R"™) and g € LY(R") we have

| fxgllerey <l fllee@mll g |Lawn

Now we move to define the notion of Fourier transform. Before that we need to define a

space with which we can easily work.

Definition 1.5 (Schwartz function). A smooth complex valued function f onR™ is called a

Schwartz function if for any multi-indices o, 5 we have a positive constant K, g satisfying

suﬂg) 2°0° f(2)] = Ko p < 00
xe n

We denote the Schwartz space on R™ by S(R™).
Example 1.1. The Gaussian function e is a prototypical example of a Schwartz space
function.

Definition 1.6 (Fourier transform). For a function f € S(R"), define its Fourier trans-
form at & as

fe) = [ st

The Fourier transform of a Schwartz function is a Schwartz function, that is; if f € S(R")

then f € S(R™).

The following properties of the Fourier transform are an easy check
Proposition 1.3. For f,g € S(R"), z,y,£ € R", b € C, a be a multi-index and t > 0 we

have



~

Nl <Dl

2 frg=Ff+9

3. bf =bf

4. ()(E) = e wEf(€)

5. (@ f(@)N(€) = T(f)(€)
6. (8" (f)y =t (f)

7. (0° fY(E) = (2mi€)” f(€)

—

frg="1g

©

We now define the inverse of this transform.

Definition 1.7 (Inverse Fourier transform). For f € S(R™) we define the inverse Fourier

transform as

As the name suggests, this operation should be the reverse of Fourier transform, and so
we have

Theorem 1.5. For functions f,g,h € S(R™) we have
L fou f(2)§(2) dz = [y f(2)g(z) do
2. (Fourier Inversion) (f) = f = (f'T°
3. (Planceherel’s identity) || f ||.2=| f | 2= " |12

4o Jon f(@)g(2) dr =[5, f(2)g"(2) da



We can extend this definition of Fourier transform from functions in S(R") to functions
in L' N L?(R™) and so to functions in L?(R™), which gives us the nice result

Theorem 1.6 (Plancherel theorem). The Fourier transform is an isometric, isomorphism

on L*(R™). That is, we have
I =1 (e

This covers the very basic requirements for Fourier transform on R". We now change the

space from R™ to any Locally compact abelian group (LCA group).

To define the Fourier transform on LCA groups we need the notion of the dual group and

the characters of a group.

Definition 1.8 (Character). A character x of a finite abelian group G is a group homo-
morphism to the circle group T (the unit torus). The set of all characters of the group G
s given by G.

Definition 1.9 (Dual group). The set @, along with the pointwise product forms an

abelian group, called the dual group of G or the Pontryagin dual of G.

Now we can define the Fourier transform for functions f € I?(G), for a finite group G.

Definition 1.10. The Fourier transform for a function f € I*(G) is given by

fx) = m(f X)) = \/ﬁgech

Note that we have an additional factor of ﬁ which doesn’t come up in the definition
of the Fourier transform on R™. This is because of the choice of our character on R", if

instead of e?™*¢ we use, ¢ we will get a normalizing factor of \/Lz?

Similar to L*(R™) isomorphism of Fourier transform, we have

Theorem 1.7. The Fourier transform gives an isomorphism of the Hilbert spaces I*(G) —



ZQ(é). The same can also be done for G to get the map [ — f, for which we have

Similarly, we define the notion convolution product on finite abelian groups as

Definition 1.11 (Convolution product for groups). For f,g € I*(G), we define the con-

volution product as

1
xg)(a) = —— E bg(b~'a

beG

Similar to the Euclidean case, we have that Fourier transform turns convolution product

into pointwise product, that is

Theorem 1.8. For f,g € I*(G), we have

We can move our setup from finite abelian group to locally compact abelian groups.

Definition 1.12 (LCA group). A metrizable, o-locally compact abelian group is called an
LCA group.

Example 1.2.

e The group (R, +) with the usual topology on R makes it an LCA group

e Using the discrete metric on a finite abelian group, we can make it an LCA group.
Parallel to the development of characters and dual groups for finite abelian groups we

have characters and dual groups for LCA groups as well.

Definition 1.13 (Character on LCA group). We define the character of a metrizable



abelian group G, as the continuous group homomorphism from G to the circle group T.

That is, the map x : G — T satisfying

x(ab) = x(a)x(b)

The set of characters of the group G is given as G.

Example 1.3.
e For the group Z, we have the maps k — €*™** as the characters for x € R\ Z.
e For R, the characters are given by the maps x — €™ for y € R.

Here too, the pointwise product makes G into an abelian group called the dual group or

the Pontryagin dual of G.

From previous example we can easily see that 7 is isomorphic to R\ Z and Ris isomorphic

to R.

One last thing we need before we can define the Fourier transform on an LCA group is

the notion of integration. This integration is called the Haar integration.

Definition 1.14 (Integral). We call a linear functional I, an integral on Cy(G), if for
any f € Co(G), we have
f=20 = I(f)=0

The integral is called left invariant if we have

I(Lsf (@) = I(f(s"'x)) = I(f(2))

We will always have such a functional which we can call the integral of a group G. This
is due to the following theorem

Theorem 1.9. For any LC'A group G, there exists a non-zero left-invariant integral G,



unique up to scaling.

This theorem ensure that we can define convolution and Fourier transform on any suitable
LCA group.

Example 1.4.

e The Haar integral on R is given by the usual Lebesque integration, that is

e For R\ Z, the Haar integral is given by

1= | " fa)do

Definition 1.15 (Fourier transform for LCA groups). Let G be the dual group of G then

the Fourier transform of a function f on G is defined to be the function f .G —C given
by

o0 = /G f(@)x(@) dz

where x 1s a character.

It is easy to see that this definition encapsulates the cases of finite abelian groups and the
case of R™. For convolution also we have a similar result which would capture the ideas
previously established.

Theorem 1.10. For functions f,g € L'(G) which are bounded and continuous we have

(f % g)(x) = /G f(ayV)g(y) dy

exists for any x € G and we have

—

Fra00) = F0ix)

10



for any x € G.

The only thing now remaining is the L? correspondence we had for R”, for any LCA group
G, that is the Plancherel theorem equivalent for any LCA group.
Theorem 1.11. For an LCA group G, we have a unique Haar measure on G such that

for any bounded, continuous and measurable function f on G, we have

1S =11 F Il

That is, Fourier transform gives an isomorphism between L2(G) and L*(G).

1.2 Motivation

Operators that commute with translation play a central role in our study and in general

as well. We begin by defining commuting with translation.

The translation operator is given by 7., for z € R" acting on the space of functions on
R™ and is given by
(T°f)(@) = f(z - 2)

Definition 1.16 (Translation). A vector space, X, of measurable functions on R", is
closed under translation if we have 1,(f) € X, Vz € R and f € X.
Definition 1.17 (Scaling). A vector space X, of measurable functions on R™, is closed

under scaling if we have §"(f) € X,Vh € R® and f € X, where
§"f(x) = f(hx) whereh,z € R"

Definition 1.18. For vector spaces V and W, of measurable functions on R™, that are
closed under translation. And if T is an operator from V to W then T commutes with

translation if

T((f)(2) = 7(T(f))(x)  Vf€X,Va,z R

11



An automatic consequence of this definition is that any convolution operator commutes
with translation. A more remarkable result holds true.
Theorem 1.12. Let 1 < p,q < oo and T be a bounded linear operator from LP(R™) to L1(R™)

that commute with translation. Then we have a unique tempered distribution v such that

T(f)(x) = (f+v)(x) VfeS

Before we can move to prove this we need the following lemmas
Lemma 1.1. Under the hypothesis of the theorem, for f € S(R™), the distributional

derivatives of T(f) are L? functions that satisfy
0T (f) =T(0°f) for all multi-indices o

Proof. Let a be the vector (0,---,1,--+,0), jth entry is 1. Let f,g € S(R"™), then we

already know
T (9) —g

h —0;jg—0 in Sas h — 0

and so this convergence holds in L” as well as

—he; _
T<#—8J~g)—>0 in L%as h — 0

This gives us that

@ﬁﬁm:—/mewm

n

= — lim T(f) (Egdao

. I —1he
(7)) o
I — 7hei

=i RnT( h f)gdx

- [10,nds

12



where the second last equality is due to commutation with translation and last one is

because of the LP convergence shown above. O]

Lemma 1.2. For 1 < g < oo and h € L(R"), if all the distributional derivatives of h

are also in L9, then h is almost everywhere equal to a continuous function H satisfying

H(0) < Cog D, 110N |1a

la] <n+1

Proof. Fix pr to a be a smooth function with compact support, such that g = 1 for
|z| < R and ¢ = 0 for |z| > 2R. For h € L then prh € L'. Our idea of proof is the
existence of inverse Fourier Transform of an L! function, and so the original function is

a.e. equal to a continuous function. L]

We have
1< Co(L4Jz))~" ™ > |(—2miz)?|

lo] <m+1

which follows from the inequality

" < Cupe Y lal’

181=k

and so we have

orh(@)] < Co(1+[2))™ ) 37 |(—2miz) grh(a))|

la] <n+1
< Co (L [z 3 (1 (0% (wrh)) ||
la) <n+1
< Cu(2'RMw) V7 (L [2))™0D N 7 | (8% (0rh)) e
|a] <m+1
< o (L J2)™0D 3 [ 8% s
| <m+1

using the boundedness of 0%pg and the Leibniz’ rule. This gives us that || orh | is

13



bounded and so the Fourier inversion holds. As R > 0 were arbitrary and ¢p = 1 for
|z| < R, we get h is a.e. equal to a continuous function. For the inequality regarding

|H(0)], now it becomes trivial as |[H(0)| <|| o1h |zt

We can now finish the proof of our theorem. Define a linear functional, u on S by

(u, f) = (T1)(0)

then we have

ITf0) = [{u. /)] < Cug D 118°T(f) llza

lal <n+1

Cog D I T(O°f) llzs

lo] <n+1

< Cng | Tllzrsze >, 110 |l

la) <n+1

< Cng | T |lzo—sra Z Sa,8(f)

laf,|B| <N

IN

where s, 3 are the semi-norms of f we have used the boundedness of 7" and the fact that
the ath derivatives of f € § are bounded. Hence u is a tempered distribution. Setting
v(x) = u(—x) and using the fact that convolution of a Schwartz function with a tempered

distribution is in C*° | we can write T'(f) = f * v, to see this

(f xv)(@) = (v, 7°(f))

=7T(f))(0) (T commutes with translation)

this hold for f € S.

We denote the set of all bounded linear operators from LP(R™) to L4(R™) that commute

14



with translation by M, ,(R"). In fact this space is a Banach space with respect to the
operator norm and owing to the characterisation of M, , given by the above theorem,

studying the properties of the tempered distribution suffices to understand 7'.

We next see that the only case to consider is for 1 < p < ¢ < o0.

Theorem 1.13. M, , = {0} whenever 1 < ¢ < p < 0.

Proof. For f € C§° and h € R™ we have,

7T ) + T oo =1 TE) + ) e < T )+ Il

Letting h — oo, we get

2V T(f) Nl SN T N2Y7 S I

which holds if and only if 7" = 0. O]

Next we will see the usefulness of the adjoint of an operator which will help us get results
for the dual of the spaces M, ,(R"). This works because of the following theorem
Theorem 1.14. For 1 < p < ¢ < 0o and T € M, ,(R"), we can define T on LY (R"),

so that it maps LY (R™) with norm

|| T ||L‘1/~>Lp/ - H T ||LP—>Lq

Which means we have the identification

MV (R") = My, (R")

Proof. The proof follows from the fact that if 7" is given by convolution with u € S’ then

15



T* is also given by convolution, but with @ € S’. We also require the identity

= (fxu) felL

g

f*

which show that 7" is well defined on L?. The only thing left is to show that 7" and T*

have the same norm in L”". This is easily seen from the above equality and so we get that

I T orora= T° o =1 T Ml o 1

We now study the specific cases of p = 1 = ¢ and p = 2 = ¢ and characterise them
in terms of the properties of the associated distribution. For other cases of p = ¢ the
characterisation is still unknown.

Theorem 1.15. An operator T is in MY (R™) if and only if it is given by the convolution
with a finite Borel (complex valued) measure. The norm of the operator is equal to the

total variation of the measure.

We will not provide a proof for this case but it can be looked up in [3], the theorem is
stated here to show what we mean by characterisation of an operator. We will now look
into the case of p =2 =gq.

Theorem 1.16. The operator T lies in M*?(R™) if and only if it is given by a convolution
with w € 8’ whose Fourier transform 4 is an L™ function. The norm of T : L?> — L? is

equal to || @ || e

Proof. 1t u € L*, Plancherel’s theorem gives

[ Arsulde= [ 1F©©F &€ < 1l F 1

and so || T ||z2z2 < || @ ||z, giving T in M?*?(R"). For the converse claim, we show

16



that @ is a bounded function. For R > 0, we define ¢, € C§° which is supported on the ball
B(0,2R) and is equal to 1 on the ball B(0, R). The product ¢rt = ((pr)" *u) = T(p%),
is an L? function and on the ball B(0, R), ¢rt = 4. Hence @ is in L*(B(0, R)) for any

arbitrary R hence is locally square integrable.

For f € L>(R™) having compact support, fit € L? and we can use Plancherel’s theorem

again along with boundedness of 7" to get

[ fr@i@pPde = [ (@R <IT e [ 7@ ds

Hence for any bounded function with compact support f we have
[T e =l P o > 0

For f = |B(z,7)| '"XB(ws) for r > 0 giving || T ||f2—z2 > |a(x)|? for almost all z. Using

this with the previous bound || 7' ||z2sz2 < || @ ||z, we get the bounds of T'. O

Definition 1.19. For 1 < p < oo, denote by M,(R") the space of all bounded functions

m on R™ such that

is bounded on LP(R™) (Or is a bounded extension of an operator which was initially defined

on a dense subspace). The norm of m is defined by

H m HMP = H Tm HLP*)LP

The definition implies that m € M, & T € MPP. The elements of M, are called L?
multipliers or LP Fourier multipliers. By the previous two theorems we know that My =

L*> and M, is the space of finite Borel measures. We also get that m € M, & m € M,
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and we have the bound

| f[ag, = [l m|lm,, l<p<oo

We also have these spaces to be nested, this is because of Riesz-Thorin Interpolation

theorem which is, for 1 < p < ¢ < 2, we have

My C M, C M, C My=L®

Example 1.5. Consider the function m(&) = e*™° then for all b € R™ we have,

Tof(z) = (f(©)m(€)(2)

= (e f(€))"
= f(z+1b)
And so m € LP with || m ||p»= 1.
Proposition 1.4. For 1 < p < oo the space M, along with the norm || - ||m, is a

Banach space and s closed under pointwise multiplication.

Proof. The case 1 < p < 2 is sufficient. For pointwise product we just correspond each
multiplier to its operator and then composition of these operator will give us the closure

under pointwise multiplication. what we mean is

I mamy (| at, =l Tons Ty o 2r < [l 01 [l pg, | 2 [| g,

Hence, M, is an algebra. For completeness we use the completeness of L>°, which contains

all M,,. Let m be the limit, in L* norm, of the Cauchy sequence {m;},. Then for a fixed
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f €S, we have

Loy (@) = | JOm© € ds — | FEm(©e™ de = T(f)(x)

]Rn

a.e by Lebesgue dominated theorem. {m;}; is bounded in M,, because it is Cauchy in
M, and so sup; || M, < C. We can now use Fatou’s lemma to get

/t|Tm(f)\de:/R lim inf [T, (/)] de

n J—00

< liminf [ |15, (f)[F dx
J—00 Rn

< 1 . P p
< hjrgglf |y [ 11 f N7

< CP | fIIL

giving m € M,. We also get that for p; € M, and pu; — p a.e., then p is in M, and

satisfies
| 1 [l ag, < lim inf (N2
From this we can see that the Cauchy sequence {m;}; goes to m in M, O

Finally we note some properties of multipliers.

Proposition 1.5. For allm e M,, 1 < p <oo, z € R", and h > 0 we have
L[ 7(m) s, = I m llag,
2.1 "(m) [, =l m [,
3l =1 m
o LT m g, = [ m (L ag,

5. |moAlm,=1m|m, A is an orthogonal matriz.
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The proof of these properties are straightforward and hence omitted.

We state a multiplier theorem, due to, Mikhlin which will be similar to our multiplier
theorem.

Theorem 1.17 (Mikhlin). Let m be a complex valued bounded function on R™\ {0} such
that it satisfies

0em(y)| < Aly|™

for all multi-indices || < [2] 4+ 1. Then we have for all 1 < p < oo, m lies in M,(R")

and has the estimate

I'm flam, < Comax(p, (p— 1)) (A+ || m [|z=)

Moreover, the operator sending f to (fm)Y is weak (1,1).

We will look into a similar theorem which will state the conditions in terms of the partial
derivatives of the multiplier, but instead of R™, it will be on H". But first we need to have

some knowledge of the Heisenberg group which will be our next theme.
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2 The Heisenberg Group

The novel idea of quantization for explanation of the physical world and establishing the
quantization of the Poisson brackets, the Heisenberg’s canonical commutation relations
gave these ideas a mathematical footing. These commutation relations come up as the

structure equations of the Lie algebra over the Heisenberg group, and hence the name.

To work with the Heisenberg group we need its representations, atleast the irreducible
ones. The nice part of this is that it admits only one faithful, unitary and irreducible
representations, upto unitary equivalence. This simplifies our work by letting us focus
on only one representation. This is the result of “Stone-von Neumann” theorem. It also
allows us to use the pleasant features of each ‘area’ without worrying much about the
other representations, provided we can interchange the two. We’'ll see this when we will

look into the representation of Heisenberg group onto the Fock space.

2.1 Heisenberg’s commutation relations

Hamiltonian Mechanics

Newton gave us the laws governing the motion of any particle, which then in turn lead
to the mathematisation of physics. The forces acting on any particle is involved in the
second order differential equation, the knowledge of which, then gives us the motion of
the particle being completely determined by its velocity and position at any time of our
choosing. Hence, we can say that the ‘state’ of a particle is completely determined its

velocity and position.

This notion is changed slightly in the Hamiltonian Mechanics by replacing the velocity
of the particle with its momentum, and so the we get the state space namely, the Phase

Space R?", with coordinates

(p7q> = (p17p27"'7pn7q17QQ7"'7qn) (1)
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for a particle with p as its momentum vector and q as its position vector. Every observable

is real-valued function of the phase space and so is a function of momentum and position.

Next we are tasked with the time evolution of the system and how it is represented. The
time evolution of the system is given by certain transformations of the phase space. The
distinguishing feature of Hamiltonian mechanics is that these transformations leave the

following differential form invariant.

Q= dp; Adg;

J=1

where €) is a translation-invariant bilinear form on the tangent space R?" of the phase
space R*. {When R?" is identified with the tangent space at any point of R*"  then  is

the symplectic form on R?", which is denoted by the brackets [(p, q)(v’,¢)] = pd — P'q

}

We call the diffeomorphisms which preserve the above symplectic form as symplec-
tomorphisms, these form a group of linear transformations, that is, the group of all

T € GL(2n,R) such that we have

[T(p,q), TP, 4)] = [(p,q), (¥, q)] (2)

and we call it the symplectic group Sp(n,R). The form € is degenerate and so we can
identify the tangent vectors with cotangent vectors, and so we will have to each tangent

vector X at (p,q), the cotangent vector wx at (p,q) such that

wx(Y) = QY, X) (3)

For a function on R*" i.e. a smooth observable, we can associate a vector field X to its
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one form df, we call this vector field the Hamiltonian vector field of f and is given by

df (Y) = Q(Y, Xy) (4)

or
" /of 0 af o
XfZZ(Ty—yy) ©)
= \9p; 9q;  0q; I,
And now we can define the Poisson bracket of two smooth observables f and g as

{f,g}zQ(Xf,Xg):Z(é?f dg  Of 89)

as is easily seen that it is skew-symmetric and as usual this satisfies the Jacobi identity.

Hence we have that, the space of smooth observables is a Lie algebra, and the map f — Xy

is a Lie algebra homomorphism and the following relation holds

(X7, Xg] = Xir.gy (6)

We can easily see that the kernel of the above mentioned Lie algebra homomorphism has
the kernel which consists of constant functions and the Poisson bracket of the coordinates

of the phase space satisfies the relations

{pj,pk} = {%Qk} =0 {pjaCIk} = Ojk

The coordinates for which above commutation relations hold are called the canonical
coordinates and the canonical transformations of R?® map one canonical coordinate

system to another.

Hence, we get the Hamiltonian Mechanical formulations that canonical commutations
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equations are given by

(X, Xi] = [V, Y] =0, [X;,Yi] =K (7)

for X;, Xy,Y;, Y} are the basic observables and K is a constant such that K% = —1. also
the condition that the only allowed transformations of R?" are those that preserve the

symplectic form €2.

Using these as our building blocks we now look at the basic construction of Heisenberg

Group.

2.2 The Heisenberg group

We can use the commutation relations to define the Heisenberg Lie algebra using which

we would be able to define the Heisenberg group.

First, we define a map m : R" — M,,;2(R) as,

0 1 -+ z, k

00 --- 0 wu
m(z,y, k) =

0 0 0 aqn

0 0 0 0

and also define M : R — M, »(R)

M(z,y,k) =1+ m(z,y, k)

We can see by trivial matrix multiplication that

m(z,y, k)ym(z’,y', k') = m(0,0,zy’) (8)

24



and

Mz, y, k)M (2", y' k') = M(z + 2",y + ', k + k' + zy/) (9)

We can now use the commutator of the matrices to define a Lie bracket on the space of
matrices and hence give it a Lie algebra structure. Using the commutator, we have the
following

(m(z,y, k), m(@', ¢, k)] = m(0,0, zy — yz') (10)

and because of (10) we have
m(z,y,k)* =m(0,0,2y) & m(z,y, k) =0 for t>3
and hence we have

1 1
em @Y = T+ m(z,y, k) + 5@y, k)? = M(z,y,k + Sry) (11)

The Heisenberg group has 2n 4 1 one parameter subgroups, each given corresponding to

a coordinate, that is
Bi = {(ke;,0,0) : k€ R}, and B,y = {(0,ke;,0) : k € R}

for 1 < j < nand Ba,1 = {(0,0,t) : t € R}, where e; are the canonical basis vectors
in R™. Corresponding to these subgroups, we have the left invariant vector fields on H"

which are given by

0 1 0
X, = | — — Zq.— 1< <
J (axj 2‘%615) =J=n

and
%z(%—l—%x]%) l<j<n
and

25



as can be verified easily, these vector fields satisfy the commutation relations of Hamil-
tonian mechanics and so are aptly capturing the physical nature and presenting them
in a mathematical setting. Even more so, we have that the Heisenberg Lie algebra is

isomorphic to the Lie algebra of matrices m(p, q,t) defined above.

Definition 2.1 (Polarized Heisenberg group). The polarized Heisenberg group is the space
R+ with the identification (p,q,t) = M(p,q,t) and the group operation is given by the

multiplication of the corresponding matrices. It is denoted by HP.

We can use this as the definition of Heisenberg Group but use a slightly different notion
of group operation which uses the symplectic form on R?*". To that extent, we can easily

verify that

1
exp(m(z, y, k) exp(m(a’,y', K')) = exp(m(z + ',y + o't + 8+ S(ey’ —ya)))  (12)

If we use this group law along with the identification of (z,y,k) € R**! with the ex-

X)

ponential e™X) we get a group namely, the Heisenberg Group and denote it by H,.

Hence we get two correspondences of R?"*1, that are:-

1L.X — m(X) — e™X)

2.X — M(X)

and each have their own corresponding group law. The correspondence X — m(X) is
a Lie algebra homomorphism from h,, to {m(X) : X € R**!} and the exponential map
is the bijective correspondence between {m(X) : X € R**1} and {M(X): X € R}
We also see that

1
(Iaya k) — (C(I,y, k+ §$y)
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is the isomorphic map between H,, and HP°'| and is also the exponential map from h,,.

A simple calculation shows that for H” the identity is (0,0, 0) and the inverse of (p, ¢,t) is

(=p, —q, —t) and for H}; the identity is (0,0, 0) and inverse of (p, ¢,t) is (—p, —¢q, —t+pq).

We have C' = {(0,0,t) : t € R} as the center of both H,, and HP°'.

We can also identify R?" with C" then the symplectic form becomes Im/(z-w), for z = p+iq
and w = p’ +iq’. This doesn’t change much of what we have seen, it just changes the

identification of H* = R” x R™ x R with the group operation

1
(p.q, ) ¢ t)=p+p, g+ t+t + §(pq/ —1'q))

to the identification H” = C" x R with the group operation
1 _
(z:t)(w,s) = (2 +w,t + s+ SIm(z - W)

and z - W =), 2W;.

The Automorphisms of Heisenberg Group
Definition 2.2 (Automorphism). In an algebraic structure such as a group, a ring, or
vector space, an automorphism is simply a bijective homomorphism of an object into itself.

In essence, an automorphism is a bijective map, from a set, say X, to itself which preserves

the algebraic property of the set.

Let Aut(H") and Aut(h™) denote the automorphism groups of H" and HJ as a group
and as a Lie algebra, respectively. The important thing to note is the underlying space is

same for both Aut(H") and Aut(h™), that is R***! and any automorphism first has to be
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an isomorphism of R?"*! and then preserve the algebraic properties. To this extent, we
have the following:

Theorem 2.1. Aut(H") = Aut(h")

Proof. For T € Aut(h™), we have T linear and preserves the Lie bracket, now use this fact
with

XY =X +Y +[X,Y]

for X,Y € R*! to get that T(XY) = T(X)T(Y).
For S € Aut(H"), and for elements z, y which have [z, y] = 0 using the above equality we

get that S commutes with constants. Hence we get

cS(xy) = cS(x) + S(y) + *S([z, y))

and from lims — 0 we get that S is linear and also preserves the Lie bracket, hence

S e Aut(H") O

We have seen that that the automorphism groups are equal for the Heisenberg group and
the Heisenberg Lie algebra, we now want to classify, if we can, the possible elements of
this Automorphism group. For that we first see that we have the following as the possible

elements of Aut(H") or of Aut(h™).

1. Dilation maps : Any map D, such that

Dy(z,y, k) = (ax, ay, a*k)

is an automorphism of H", because of distributive property of multiplication.

2. Conjugation maps : As H” is a group, the inner automorphism maps

(L, m,n)(x,y, k) (1, m,n) ™" = (2,9, k + ly — mx)

28



are group homomorphisms and lie in Aut(H").

3. Symplectic maps : Maps which preserve the Symplectic form on R?*". Let S €
Sp(R?") be arbitrary, that is S is an automorphism of R** which preserves the sym-

plectic form. Then the maps of the form

(z,y, k) = (S(z,y), k)

are in Aut(H").

4. Inversion maps : The maps for which we have

(l‘,y, k) = (y,x, _k)

are also in Aut(H") because of interchange of the first two coordinates and the dis-
tributivity of negative sign.

Also, this map is not inversion in the usual sense (that is (z,vy, z,) — (—z, —y, —z))
but rather it inverts only the last coordinate and rotate R?® about the axis by Frads
in the clockwise direction.

Lastly, this maps has only two elements as

(l’,y, k) = (y,ilj',—k') = (x7y7 k)

There can be more automorphisms of H”, but as our next result shows these will be only
those that are a combination of those given above.
Theorem 2.2. Every automorphism of H" can be uniquely written as T\ T5T3Ty where Ty is

a Symplectomorphism, T, is a Congugation, T3 is a Dilation and T) is Inversion.

Proof. Any automorphism of H" has to

e be linear
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e send the center to center
e be a group homomorphism

Using these we can see that any T € Aut(H") sends (z,y) € R*" to A(z,y) where
A € GL(n,R), because A is linear and is an isomorphism of R?" because det(A) # 0.
T also sends the set C' = {(0,0,k) : k € R} to itself, is a group homomorphism and is

linear so, using the above observation we have

T(z,y,k) = (A(z,y),lz + my + nk)

which we can reduce to the map (z,y, k) — (B(zx,y), k), where B € GL(n,R), using the
automorphisms T}, T3, T5. Now the above map is an H" automorphisms if and only if B is

in Sp(R2"). Uniqueness follows from the order of T, Ty, T3 and T}, and hence the theorem.

[]

2.3 The Schrodinger Representation of H”

Now that we have a group, we want to do some analysis on it and for that we need the
group’s representations. The Schrodinger representations of H” are the most useful and

easy to understand. For this we define the function p, : H* — U(L?*(R") as

pn(p. 4, 1) f(x) = (p(hp, g, ht) f)(x) =)e*m Eria o mpalen) (13)

here U(L*(R")) is the space of unitary operators on the L?(R™). These operators are
continuous on the Schwartz space and can be extended to continuous operators on the
space of tempered distributions. As can be seen easily, pj, is an operator on L*(R"), for
a fixed h € R. We claim that it is in fact a unitary operator on L*(R").

Proposition 2.1. For every h € R, py is a unitary operator on L?(R™).

Proof. We show the claim is true for h = 1 and other cases follow easily. Also e*™ doesn’t
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have much role to play so we can ignore it for the time being and let p(p, q) correspond

to p(p, q,t) without any consequences in the evaluation of the norm. Now we show that

| p(0, ) f ll2@my=Il [ || L2

and that p(p, q) is onto to complete our claim.

We first show that p(p,q) is onto; let g € L?*(R)™ and define f on R™ as

f(x) — e27riq-:r+7riq-p<g o p)
Then a simple calculation shows that (p(p, q)f)(x) = g(x).

We observe that for f(z) = (p(—q, —p)g)(z), and by definition of p,, we have

I 2@ = N (p(=2, =p)9)(2) [l2(m)

_ |e(_27rip-x)—(7rip'q)g(a? — (_I)|2 dx
i (14)

< lg(z — q)|* da
]RTL

= |l 9 llz2®n

Similarly, for g(z) = (p(p, 0))(x) we get || g llzzn < f [lz2cen

and so we get

| f ||L2(R"):|| (p(p;q) f)(z)) ||L2(]Rn)

The essential thing in the proof was that irrespective of the inputs (p,q) of p, the in-
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equalities hold and so the norm of the image function could be bounded by norm of

f.

And so for any h we have pj, is a unitary representation of H,, on L?(R") and the corre-

sponding representation dpy of h, given by

dpp, = 2mi(hpD + ¢X +t1)

where X f(z) = xf(x) and Df(z) = %agf). The representation p, is called the

Schrodinger Representation of H,, with parameter h.
A more elegant structure comes out when we take the symplectic form rather than the

Euclidean inner product to pair (p,¢) and (D, X) in the exponent. So we define

p/<p7 q, t) = p(—q,p, t) = €2Trit€27r7;(pX*qD)

and so we get

eZm'(pX—qD)f(x) _ e27ripx—7riqu<x . q)

[e2miX—0D) fJA(g) = ¢ 2matmia fg — p)

The physical interpretation of the above equations says that the average value of the
position (momentum) of e?™®X=4P) f is just the translation of the average value of the
position (momentum) by ¢ (p). Nonetheless we stick to the usual p, but no harm comes

in knowing how to go from one representation to another.

The automorphism map p(p, q,t) — p(—q,p,t) gives us the Symplectic version from the

Euclidean version, and for the operators we have the Fourier transform as

Fpp,q,t,)F 1 =p(p,q,t)
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To see if the representation is faithful or not we look at the kernel of the map p, which we
see is the set {(0,0, s) : s € Z}. Now using this kernel we define the reduced Heisenberg

Group as the quotient
Hr*d = H,,/{(0,0,s) : s € Z)}

There is no change in notation, but it goes without mention that t € [0, 1)

Integrated Representation

We defined pj, as a unitary operator on L?(R") and our main focus was on h = 1, but h
can be any real number and so we need a continuous version of the representations of H,,,

which we see now.

For a function ® € L'(H"

@) = [

with || p(®) || <|| ® |l;. The question of how p(®) acts on L*(R™) can be answered by

), we can define

B(X)p(X) dX = / / / (p,q, t)p(p. q.1) dp dg dt (15)

n
red

using the definition of the p acting on L*(R") and is given by

Because the variable ¢t doesn’t have much role to play, we consider the Fourier series of

® € H” , about the variable ¢, that is

red

oo

O(p,q.t) = > i(p,q)e”™" (16)

j=—oc

The assumption here is that the series is interpreted as a Cesaro
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or Abel mean. This expansion simply gives

p(®) = i / / / O (p, ) p(p, )™V dp dq di

(17)
= // ®_1(p,q,t)p(p, q,t) dpdq

because of the integral in ¢ being from 0 to 1 and so the only surviving term will be for

E+1=0.

Hence we can instead consider p to be a representation of Ll(Rzn) with a special convo-
lution structure called the twisted convolution. Hence we can define for F' € L'(R?*"),

we have

(o(F)f)(x) = / / F(p, 0)(pp,0)f) (@) dp dq

(18)
N / / F(y —@,q)e™ ) f(y) dy dg

From the theory of integral operators we get that the kernel of the integral operator p(F)

is given by

Kp(x,y) = /F(y — z,q)e™ ") dq

:]:2_1F<y—x,x;y>

(19)

and so we get the following result

Theorem 2.3. The map p from L*(R") to the space of bounded operators on L*(R"),
extends uniquely to a bijection from S'(R**) to the space of continuous linear maps from
S(R™) to S'(R)™. It also maps L*(R") unitarily onto the space of Hilbert-Schmidt

operators on L*(R"), and p(F) is compact operator on L*(R™) fro all F € L'(R"™)

Before we delve into the proof we look at what this theorem says; the first claim says
that we can extend, uniquely, the map p to the Schwartz Space on R?" with the image
of p giving a bounded linear map from Schwartz Space on R" to the space of tempered

distributions on R™.
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The next claim brings out the compactness of the operator p(F') and gives us a way to

construct Hilbert-Schmidt operators on L*(R™) from L?(R?*") functions.

Proof. We need the kernel K to make sense, for F' an arbitrary tempered distribution,
the kernel (24) makes sense and so we get Kp as a tempered distribution. Now the
first claim is just a simple application of Schwartz Kernel theorem(Appendix D).

Explicitly for this case, we have the map

f —>/KF(-,y)f(y) dy

which connects S(R™) to S'(R)".

As for the second claim, we use the fact that on L*(R™), Fourier transform is unitary and
so for any F' € L*(R"), p(F) is a Hilbert-Schmidt operator with the kernel K. Finally,
for F e L' N L% p(F) is compact and so for F' € L', p(F) is compact as the norm limit
of compact operators is compact and || p(F) || <|| F' |1, where the norm on p(F') is the

operator norm. ]

Now we look at how the integrated representation interact with the original representation
of H,,

Proposition 2.2. For F € §'(R*") and p,q € R™, we have
p(F)p(p,q) = p(G) &  pp.q)p(F) = p(H)
where

Gla,b) = ™ P~ F(q —pb—q) & Hla,b)=e™ P E(q—pb—q)

The proof is straight forward so we omit it.

We turn to the fact that convolution on L*(H"

" o) makes it into a Banach algebra and so
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we have

(F+G)(X) = /F(Y)G(YIX) dy = /F(XYl)G(Y) 4y

and when the integrated representation of the convolution product is take we get that it

is the product of the integrated representations, what we mean is

p(F +G) = / / FXY)G(Y)p(X) dX dY = p(F)p(C)

Now we want to transfer this algebraic structure to L'(R?*") and from as previously seen
the only remaining term is for £ = —1 we get that only for the k = —1 it works and so

using that as a starting point we have for ¢ € L'(R")

p(9) = p(do) where  Go(p,q,t) € L'(HLy),  ¢o(p,q.t) = d(p,q)e ™

and so we get for ¢, € L*(R*")

(b0 * 40) (.0, t,) = &7 / / o(a b)(p — a, g — B)em @) da db (20)

That is, if we define a new “convolution” operation, ®, such that the above equation

holds we get
(9o x ) = (¢ @®¥)o

Definition 2.3 (Twisted convolution). The twisted convolution is the operation given by

(p®Y)(p,q) = // d(a,b)y(p — a,q — b)e™ %) dg db

where ¢, are in L'(R?").

It is set up in such a way that we get the relation,

p(¢ @) = p(d)p(v)
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Due to the non-commutativity of H”, we see that the twisted convolution is also not
commutative, but it has an even better result as compared to ordinary convolution

Proposition 2.3. For ¢,v € L*(R*") we have || ¢ ® ¢ |2 < || & ||2]| ¥ |2

It simply follows from Theorem 2.3, the fact that p(¢®1) = p(¢)p(1)) and the Schwartz

inequality.

2.4 Fourier-Wigner Transform

Now that we have a representation of H,,, the question is to ask what its matrix coeffi-
cients are and the closely related what the characters are of the representation pj. First

we define what, irreducible representations and matrix coefficients are

Definition 2.4 (Irreducible representations). An irreducible representation, say I, of a
group on the vector space V, is a group representation that has no nontrivial, invariant

subspaces of V.
What this means is that the only II-invariant subspaces are the trivial subspace {0} and

the whole space V.

Definition 2.5. Matriz coefficient of a group G is a complex valued function f, p on G

such that we have

fop=Fop thatis f,r(g) = F(p(g)v)

where p 1s a linear representation of the group G and F is a continuous linear functional

on G

For our case let f,g € L*(R™), then define the function

V(f,9)(p,q) = (pp;0)f,9) = / >R f (2 pg(x) da (21)

We have omitted €™ as (p(p,q,t)f)(z) = €™ (p(p,q,0)f)(z) and so it doesn’t add or
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remove any information available to us, hence for simplicity we choose to omit it. We call

V(f,9)(p,q) the Fourier-Wigner transform.

Proposition 2.4. For f, g € S(R™) we have

Vi 9)pa) = [t Dgla - Do (22)

Proof. Put x =y — £ in (21) to get (22) O

Proposition 2.5. V : S(R") x S(R") — S(R®") is a bilinear mapping.

Proof. The bilinearity is a simple check, which is due to the inner product on L*(R"), as
for the mapping from S(R") x S(R™) to S(R?"), we use the fact that for h € S(R*"), the

function H on R?" defined by

is in S(R?").

And so, setting h(p,y) = f(y + 5)g(p — §) gives our claim ]

This proposition then gives us the following.

Theorem 2.4. V maps S(R") x S(R™) into S(R*") and has a unique extension from
S'(R™) x S'(R") into S'(R*™). We also have that V is sesquilinear and unitary on L*(R™)

and we have

(V(f,9), V(e 0)) = {f, ¢)(g,¥) (23)

Now that we have a relation between the Fourier-Wigner transform and the function
f,g € L? we can easily show that pj, is an irreducible representation.

Theorem 2.5. For h € R\{0}, the representation py, is irreducible.
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Proof. Let pp, be a reducible representation, then V which is closed, non-zero and invariant
under pj, is a proper subspace of L? and let f € V be a non-zero element. Then we have
some g ¢ V. If gLV then g Lf and so gLpx(p, q)f, that is V(f,¢)(p,q) =0 ¥p,q € R
Also, by (23) we have

0=l V({f,9)®.a) 2=l f 121 912
That is g = 0 and so V = L*(R") O

Proposition 2.6. For any a,b,c,d € R" we have
V(pl(a,b)f, ple,d)g)(p, q) = ™\ WHie-aaca WV (f g)(p+a—c.q+b—d)  (24)
Proof. We have

(p(p;q) pla,b) f, ple,d)g) = (p(—c, —d) p(p,q) p(a,b) f, g)

1
={plp+a—cq+b—d 5(dp+da—ag—cqg—cb+bp)f,g)
which gives us (24). O

As for matrix elements of the integrated representation we have

(p(®)f,g) = / p(®) f(2)g(z) di = / [ / B(p.)p(p. q) f(x) dpdq | 9(z) de

(25)
= // ®(p, )V (f,9)(p,q) dpdq

If ® =V(f,g), then we have

(p(®) . g) = / / V9@ V(. ) a)dpdq = (f, ){9:9)
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by (21) and (23). So for ¢ € L*(R™) we have

), 1) = /Vfg POV (6, %)(p, q) dpdg

N0, 9)
= (9, /){9,¥)

which gives
p(®)f = {0, f)g (26)

where ® = V(f, g)

This means that if ® is a Fourier-Wigner transform then the range of operators p(®) on
L? is one dimensional. This becomes useful when we want to get the twisted convolution

of the Fourier-Wigner transforms.

For ®; = v(¢;,1;) i =1,2 we have

V(p1,91) ® V (g2, 2) = (2, 01)V (2, 11) (27)

We’ll now calculate the Fourier-Wigner transform of Gaussian, as they play an integral
role in our theory.

Proposition 2.7. For ¢(z) = on/te=mr?  H — Vg, d) and ®® =V (¢, p(a,b)p) we have
i.) ®(p,q) = e WD)

ii.) ®(p,q) = V (6, p(a,b)$)(p, q) = emtr=o0)eF (p-a?)Ha=b)]

iii.) p(®)p(a, b)p(®) = e 7 @+ p(d)

w.) ®® PP = 7 (@) P
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Proof. 1i.)

(I)(p’ q) — 2n/2 / e?wiqxefﬂ[er(p/Q)}?,ﬂ-[x,(p/m]z de
— 2”/26(%)p2 /62ﬂ'iqy€2mc2 dx — e%ﬂ(p2+q2)
This comes directly from Appendix A
ii.) Follows from i.) and (24)

iii.) As @ is the conjugate of a Fourier-Wigner transform we use (27).

iv.) p(®%) = ™ P DV ($, ¢)(p — a,q — b) = p(a,b)p(®) by Proposition 2.2, and so
p(® ® B) = p(®)p(P%) = p(®)p(a, b)p(P). Hence by iii.) we get

a =T (a2 +b?
p(® ® 7)== () (D)

and as p is faithful, we get iv.).

The Fourier-Wigner transform of the functions f,g € L*(R") can be seen as the inverse

Fourier transform, about ¢ of the function f (x + g) g (x — g) and so we can ask about

the Fourier transform of the Fourier-Wigner transform.

Definition 2.6 (Wigner transform). The Fourier transform of the Fourier-Wigner trans-

form of two functions f,g € S(R"), denoted by W, is the transform
W(f.0)(w.&) = V) &) = o) [ eop (y+ )0 (=5 o

2 2

The Wigner transform satisfies the following identity

41



Theorem 2.6 (Moyal’s Identity). For f,g,¢,v¥ € S(R™) we have

(W(f,9), W(g,¥)) = (f,9)(¢,¥)

This is the same identity as (23) but for Wigner transform.

Proof. If we put F(a,b) = f(a)g(b) and G(a,b) = ¢(a)i(b) for a,b € R™ and define
U:S(R*") — S(R*™) as

Ly-t)dp wEer”

W)@, = (2 [ L y-L

e—iﬁ'l’H (y +
R2n

Then by using the Plancherel theorem, the inner product (UF,UG) can be simplified to

<URUG%:/;/;F<m+§$—g>G<x+§x—g)@Mx

Now the proof follows from the simple substitution v = + % and v =z — £. n

get

We have a result which is parallel to Proposition 2.6 for the Wigner transform

Proposition 2.8. 1. Fora,b,c,d € R" and f,g € S(R") we have

W(p(a,b)f.p(c,d)g)(z,§)
b+ d a+ c)

i{(a—c)-x . Lita-d—b-c
_ il >+<b+d>s}62<db>w(fjg)<x+ et

2. Wig, f) =W(f.9) f,g € SR").

The proofs of these two claims are pretty straight forward.

2.5 Stone-von Neumann Theorem

We have shown that pj, is a unitary (Proposition 2.1), irreducible (Theorem 2.5) rep-

resentation of H” for h # 0 € R. Now we can ask, if for some other irreducible, unitary
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representation, I, of H” do we have a relation connecting II to p,. This becomes the
main theme of this section, the Stone-von Neumann theorem shows that if such a II ex-

ists, whose image of the center of H” is non-trivial, then it is unitarily equivalent to py,.

Theorem 2.7 (Stone-vone Neumann Theorem). For a unitary representation IT of H" on
a Hilbert space H, such that 11(0,0, k) = ™% [ for some h € R\{0}. Then H = P Ha,
where He’s are mutually orthogonal, invariant subspaces of H, such that |4, are unitary

equivalent to py for each a.

Proof. The idea of the proof is to construct elements in A that mimic the Gaussian
function in the L?(R") then these elements can be unitarily mapped to the Gaussian,

which will give the map intertwining the two representations.

As before we have the following notation
o(a) =217, ¢P(2) = pla.b)é(a), ©=V(p.¢), O =V(p,¢")
and by Proposition 2.7, we have
(g7, ¢ab> _ (I)ab(p7 9, ®® P — o7 (@40

For II too, we can set II(p, q) = II(p, g, 0) and get II(p, q)II(r, s) = e™Ps—a7)

II(p + r,q + s).We also consider the integrated version of II

I(F) = //F(p, ¢)IL(p, q) dp dq (F e L'(R")
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and similarly we have

(F)ING) =1I(F ® G), (28)
I(F)(a,b) =1(G)  G(p,q) = ™™ F(p—a,q—b) (29)
M(s,b)II(F) = TI(H)  H(p,q) ="V F(p—a,q—b) (30)

As for TI(F') = 0, we have for any u,v € R",

0 = (TI(a, HTI(F)TI(~a, —b)u, v) = / / 27000 B, )(T1(p, g)u, v) dp dg

which gives F'(p, q)(Il(p, ¢)u,v) = 0 for all u,v and a.e. (p,q), or F' = 0 a.e., which means
that II is faithful

Now using the above mentioned properties we get the following
1. TH(®)II(a, b)IL(P) = II(P ® d?) = e= @HI(D), for F = & defined previously.
2. @ is real and even and for (a,b) = (0,0), we have that II(®)* = II(®),
3. As II(F') is unitary, we have (II(F)f, g) = (f,II(F)g) that is, II(F') is self adjoint.

So we get that II(®) projects orthogonally onto H, say Z and is non-zero as it is faithful.
We use the nice property that, for any (a,b) in range of Z, a = II(®)a, b = II(®)b. This

helps us compute the inner product on the Z, using (28), (29) and (30), above.

So if we have an orthonormal basis for the Z, say f; and let Z; be the closed linear span

of II(®) f;, then for i # j, we have
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(Il(p, q) f, 1L(r, s)g) = (IL(—7, —s)I(p, )II(®) f;, II(®) f;)

_ erri(psfqr)e%ﬁ[(p*T)QJr(qiS)Z] <fza f]> (31)

=0

Also every Z;, is II invariant by definition and so we can take P = (@ Z;)*, which is also
invariant under II and P = 0, using the previous argument repetitively.

We see that similarity in (31) and in Proposition 2.7, (iv), giving the desired map
(a,b)fi — ¢®. Now it is straight forward that for any u € H and g € L*R"),
| w %=1 g |lz2@n). We can extend the above map by linearity and continuity to get a
unitary map from H to L*(R").

The only thing remaining is to check that I1|z, is equivalent to p for any 7. This observation

is a simple consequence of the equality

(f, fedy = (¢, =) for any a,b,c,d

We’ll now see how Stone-von Neumann Theorem helps us in classifying the irre-
ducible, unitary representations of H,,. Before we give the proper characterisation, we

define what an intertwining operator is.

Definition 2.7. Given two unitary representations, say py and py of a group G, on Hy and Hs

respectively. An intertwining operator is a map T : Hy — Ho, such that

p2(9)T =Tpi(g)  forall geG

The set of all such T', intertwining py to pa, is denoted by C(p1, p2), and if C(p1, p2) has a

unitary representation then py and py are said to be unitary equivalent.
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The hypothesis that I1(0,0,t) = > [ can be derived from Schur’s lemmas(Appendix
D); For IT an irreducible, unitary representation of H,, on a Hilbert space H, we have

C(ILII) = {cI : ¢ € C}. It is also a unitary representation and so we have that

II(X)II(X)* = I. Also, we have that II(X) € C(IL,IT) for any X € Z (the center ofH,,).

Hence we get that II(X), X € Z, maps into{cI : ¢ € C, |¢| = 1} homeomorphically and
so 11(0,0, k) = e**" for some h € R.

e For h # 0, we have by Stone-von Neumann theorem, that II is unitary equivalent

to some py,.

e For h = 0, we get that II maps Z into the 0-operator, which basically means that
IT maps H,,/Z ~ R?" into {cI : ¢ € C, |¢| = 1}. Now we know that the irreducible

representations of R?" are just homomorphisms into the circle group, that is (p, ¢) —

627ri(pa+bq) )

These observations, when written succinctly give us the following theorem
Theorem 2.8. FEvery irreducible representation of H,, is unitarily equivalent to one and

only one of the following
1. pn: (h € R\{0}), acting on L*(R™)

2. oap(p, q,t) = T (g b € R") acting on C

2.6 Fourier Transform on Heisenberg Group

We have completely classified the irreducible, unitary representation of H,,. Now we can
ask the question of ‘What will be the group Fourier transform on H"?’ For this we need
a measure and a function space on H”, as a set H* = C" x R, we can take the Lebesgue
measure (dzdx) to be Haar measure on H" as it is left and right invariant, making H"

unimodular. The function space we take is the usual LP(H™).
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The Fourier transform of f € L'(H") is the operator acting on L*(R") as

fNg(x) = [ fp.a.D)lp(p,q.t)g)(x) dpdqdt

H~»
where g € L*(R") and p(p, ¢, t) is the Schrodinger representation.

The operator is bounded on L*(R") as

[(p(p,q: t)g, )| <1l g [l A |22

and so

[FNg B < F el g [z 1 e

Thus f satisfies the norm

FAN<I S e

For a function on H", we can split it and write

Az) = /00 f(z, t)e dt, z=p-+iq

that is f* is the inverse Fourier transform of f in the t variable. We can plug this in the

definition of f to get

fNg = 5 F(2)pa(2)g dz

and so our operators of interest take the form

WA = [ @) ds

for f being a suitable function on C". For A = 1, this is called the Weyl transform.
The Weyl transform also arises in the study of pseudo-differential operators and so is an

important bridge between our study and the study of pseudo-differential operators.

The two important properties of Weyl transform that we need are:
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1. W is a continuous map from S(R") to S(R™).

2. We have the relation

Wi(f)gly) = . f(2) (m1(2)g) (y) d=

for g € L*(R™) and f a function on C".

From (1) above, we can extend the Weyl transform to L?(C") and (2) tells us that the

Weyl transform is an integral operator, which can be written explicitly as

Wile)ot) = [ oo+ i)™ 0oy + ) dpdg

so the kernel of W is given by

Ki(y,m)= [ flp,n—y)ez= ¥ dp
Rn

where f(p,q) = f(p+iq). For sufficiently nice f, that is f € L' N L?(C"), the kernel K}

is in L*(R™) and so W;(f) is a Hilbert-Schmidt operator.

Moving forward we will use p(z,t) wherez = p + iq which we can split even further as

pa(2,0) = pa(2)-

Let Sy be the Hilbert space of Hilbert-Schmidt operators on L?(R™) with inner product
given by (T,S) = tr(TS*). L*(R*,S;,du())) is the space of functions on R*, taking
values in Sy and are square integrable with respect to the measure du(\) where du(\) =
(2m) " LA|" d\. Similar to the case in R, the group Fourier transform on H™ gives an
isomorphism between L?(H™) and the space L*(R*, Sy, du())).

Theorem 2.9. (Plancherel Theorem) The group Fourier transform is an isometric iso-

morphism between L?(H™) and L*(R*, Sy, du(N)).

Proof. We show the claim for f € L' N L?(H") and then by denseness we can extend it to
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all of L?(H"). We have for f € L*(H"),
AT [Irs= (2m) /«:n [fA(2)]* d=
This can be derived from the Plancherel Theorem. But by definition of f*, we have
J1E0 s =5 [ [ 197G dzan

Again by Euclidean Plancherel theorem we get

|| f ||L2(R*,Sg,du) = || / ||L2(H")

We can ask if there is an inversion formula also, the answer is positive. We will look at
the case for A = 1, the other cases will be a simple application of change of variable and

Euclidean Fourier inversion. To this we observe that

_ / g(z>e—z’/21m(w~z)p(z _ w) dz

:/ g(z + w)e P p(2) dz

where we have used p(—w)p(z) = e~ 22 p(z — w), in the second equality and a change

of variables in the third one.

This shows that p(w)*W(g) = W(G,), where

Gu(z) = g(z + w)e Mm@
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and so the kernel of W (G) is given by

n

K€, €) = eiPiein / ¢ gz, g) da

Hence the formula tr(p(w)*W = Jon Ku(&, &) d€ gives us

tr{pfu) W(g)) = 59 / e ([ e gt an) ac

To define the trace of an operator on an Hilbert space, we need it to be of trace class, for

the trace of an arbitrary operator need not be finite, much less be of the above form.

Definition 2.8 (Trace class). For a separable Hilbert space H, with {e;}32, as the or-
thonormal basis, and for an operator T : H — H which is bounded on H, then the trace
of T' is given by

Tr(T) = (Te;, e;)

and T s of trace class if we have

Tr(|T|) < oo

where |T| = T*T is the positive semi-definite Hermitian square root

For our case p(w) and W (g) are Hilbert-Schmidt operator and so their product is of trace

class.

Now that the trace makes sense, we can combine it with the Euclidean Fourier inversion

gives us

tr(p(w) W(g)) = (2m)"g(w)

and so we have

Theorem 2.10. (Fourier Inversion) For all f € S(H"), we have the inversion formula

fen - | " tr(o(z, 0 FO) dp(N)

o0
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As in the Euclidean case, the group Fourier transform takes convolution into products,

and the space L'(H") becomes a (non commutative) Banach algebra.

We will next introduce a different representation of H”, though we’ll stick to the Schrodinger

representation, and see how it gives rise to functions which play a central role in our study.
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3 Hermite functions and the sub-Laplacian

We saw the representations of H" as operators on L?*(R™). Parallelly, we can have a
representation on the space of functions acting on the complex plane, which will give
us much nicer functions to work with. This new space, called the Fock space, has the
advantage that we can use complex analytic techniques on it to get fruitful information

from it.

3.1 Bargmann transform and the Fock space

We have for ¢o(z) = 22¢™™ || ¢ ||o= 1 and by Proposition 2.7, f — V(f, ¢) is an

isometry, that is

V(f, ¢0)(p,q) = {f, p(=p, —q)¢0)

2% /f(l‘)627r7lqac—7ripq6—7r(ac—p)2 dx (32)

2iew W) /f(x)e%x(pﬂq)_m_g(eriq) dx

If we consider the realisation R?*" ~ C", and setting z = p + iq in above (32), we can
define

T2

Bf(z):ZZ/f(x)€27rrz—7rx2—2z dx

Using the above properties we see that B is an isometry from L(R") into L2(C", e~™*’l dz)
and for f € L?*(R™), Bf converges uniformly in any compact subset of C", this gives
that Bf is an entire function on C". Here dz is the Lebesgue measure on C and so

1.2 . . . .
e~ #*l dz is a measure with a nice weight.

This function Bf on C" is called the Bargmann Transform of the function f, and the

image space of Bf, that is the space L*(C", el dz) is called the Fock space.
Fn = {F . Fis entire on C", & || F ||5= / |F(2)]2e ™" dz < oo}
Now that we have made a connection between L?(R™) and the Fock space, which consists
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of entire functions on C", we can use these nicer properties of the entire functions and
get new properties for the representations of H,. One of them is the existence of an
orthonormal basis for F,,.

Theorem 3.1. Let

Then the family of functions {(, : |a| > 0} forms an orthonormal basis for F,

Proof. The proof uses the Gamma function, for which we have
(z—D!=T(2) = / s le™ ds, forz € Z*

Using the standard inner product on L?(C"), we have

alp! : e
lal+8] (Cas Co) 7 :H e dz;
1

:ﬁ/ / )8 L= g g
1

The integral is non zero in 6 only for a; = §;, for every j and so we are left with RHS

being equal to

n 00 ) . ) n 00 t Oé'
n | | ai+1 _—7r . | | _ —7rt
(2m) | /0 e = B /0 <7T> dt = mlol

which gives the orthonormality of the set.

Iﬂt\ )

If we restrict our domain to just balls of radius r centered at 0, B, = {z € C" :
2| < r} and let a,, = 7 1]} [T t*e~" dt, then {ar/?2°} is an orthonormal set in
L2(C", e ™ dz). Now we use the fact that F € F, is entire and analytic. As F is
analytic on B,, we can write its Taylor series about 0, let it be F'(z) = > b,2%, this series

converges uniformly to F, on B, for any radius r. We also have the a'* Fourier coefficient
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of I as
(F,a ~1/2 2N F = a;éﬂba(zo‘,za) = a;éﬂba

? T,

So by Parseval’s identity, we have

F() e ™ gy = U o|bal?
/BT| ()] S tralb

As 7 — oo, we have || F ||1%= Y [{f, () 7|2 O

A nice observation pops up in the proof of the theorem, it gives us that the Fourier series
of ' € F,, with respect to the basis (,, is the Taylor series of F'. And we have, by

Schwartz inequality for integrals, that

2)| = ‘Z bo (! fal) /222
< (ZlbaP)l/2 (Z(w‘a'/a!)|z|2a> =|| F || 3"

This inequality shows that F© — F(z) is a bounded linear functional on F,,, and so by

(33)

Riesz Representation Theorem we have F, € F,, (the evaluation map) such that
F(z)=(F,E.)r
for which E, can be easily obtained as

E.(w) =Y (Ba, G rla(w) =Y Ca(2)¢(w) = (70w /al) = ™ (34)

We have an observation which eases the determination of entire functions.
Proposition 3.1. An entire function E(z,w) of z and W is uniquely determined by its

restriction to the diagonal z = w.

Proof. Substituting v and v as functions of z andw, we get u = 1 (z4w) andv = —1i(z—w)
which gives us a function G(u,v) = K(z,w). Hence, G is entire and given its values for

real u and v, which is possible only for w = z, hence the claim. O
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This can now be extended to a bounded operator on F,,, for which we have that a bounded

operator T, can be uniquely determined by Kr(z,%z) = (T'E,, E.).

We now bring this property back to the Schrodinger representations. Hence, we have the

transferred representation [ as

B(p +1iq,t)B = Bp(p,q,1)

Calculating for § gives us

‘ 2

ﬁ(Z,t)F(LC) — efg|z 77rx2+2m'tF(x + Z)

The magic comes for ¢y (Gaussian) ,
Beo(z) = 225127 /6_2”3’_2”/2 dr =1= Ey(x)
which gives for z = r +is

B(p(r, s)¢o) () = e 3 E_(x)

giving E,, to lie in the range of B and so B(L*(R")) = F,, for we have (F, E,,)» = 0 only
for F' = 0.

The important role of Fock-Bargmann representations are displayed when we take the
inverse Bargmann transform for the functions that form the orthonormal basis for the
Fock space, that is B7'(,(z). These Bargmann inverted functions are called the ath,

normalized, n-dimensional Hermite functions and denote them by ..

Hermite functions play a huge role in the theoretical development of the Heisenberg group,
they have been extensively studied for they have a very special property of giving an
orthonormal basis for L?(R") and the fact that they are eigenfunctions of the Fourier

transform. Now we have motivation to define the inverse of the Bargmann transform.
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We know that B is unitary and for a function in F' € F,,, and f € L*(R") we have

<B_1F, f) _ <F, Bf)]-'n — on/4 // F(z)f(z)627ra:§—7rx2—(7r/2)22—7r|z|2 dz dz

giving

B_IF(Z‘) - Qn/4\/F(Z)627rxz . 6(71—/2)52—7T‘Z|2 dZ

if the integral makes sense, that is absolutely convergent. For F' being a polynomial or

satisfying the bound |F(z)| < Ce**’, for some k < %; this need not be the case for

a general function in the Fock space for those we can approximate the function by the
Taylor series, apply the inverse transform to the terms of the series and then take the
limit, in L? norm of the resulting functions. With this we can define the Bargmann

Kernel as

B(Z, ZIZ’) — 2n/4627rzz—7ra:2—(7r/2)z2 = Cn, r e R

and so using this we can simplify our transforms as

Bf(z) = /B(z,x)f(x) dx, B7'F(z) = /B(E, 2)F(2)e ™ dz

3.2 Hermite Functions

We now come to the Hermite functions which we motivated by the inverse Bargmann

transform of the basis of the Fock space.

We will utilise the operators

J

56



Then for w = r 4 is, € C we have define

o _1(o 0N 9 _1
8wj —2 873 aSj ’ (9w_J_2

Hence, we have

N3 g .0 ,
AF=—B|—+i1— B F|—o=
J 27TZ GSJ' +Z@sj IO(T,S) ’r 0=s
1 0
— 7 B(w)F |y
VT Ow; (w) Flu=o
1 0F
N ﬁ@zj
and similarly for A* we get

The domains of A; and A are {F e F,: g—i € .Fn} and {F € F,, : zjreF, }, respectively.
Moreover they satisfy commutation relations which are somewhat similar to our initial

ones.

[AjaAk] = [A;kaAZ] = 07 [A]?AZ] - jk[

Let e; be the multi-index whose jth entry is 1 and all other entries are 0 then we have

AjCoc = \/a_jCa—eja A;‘Ca =V + 1Ca+ej

and (o, = 0 if a; = 0. Especially, we get

1 a1 *\ Qpy
Ca:ﬁ(/ll*) (A7) o

Using these we define operators

1 —1 * 1 —1 A%
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and for a multi-index o, we have Z% = Z7",--- | Z%" and similarly for Z*. We then have

Lof 1 .0

Z; f(x) =z f(x) — P —5-¢ oz, (7™ f())

and so

Z* f(x) = (—%)m e’ (%) (7™ f(x))

This can be further simplified by the fact that hg(z) = 24~ and so we get

hale) = ) B A0 = 2 (—ﬁ)'a' () e

In comparison to the classical Hermite function, this function varies by a constant and

some scaling to the argument. More precisely, for h;(z) = (—1)7e**/ 2%6_962, we have the
relation
N 21/4
hj(l’) = — hj(\/271'$’)
\/ 277!

Some properties of the Hermite functions are in order

1. We have for z € R™ and «, a multi-index

2. Hy(z) = 2M/4+lel %xajt (terms with degree less than «). Every polynomial of

degree < k on R” is a linear combination of Hermite polynomials of degree < k.

3. We have
- : N 11
Zjha = %h‘afla Z;ha = % i ha+1
e T
4.
1 d?
2 2\ 2

is called the Hermite operator corresponding to our case, the standard Hermite op-
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erator is given by
d\2
- —
(i)

5. The Hermite function, hy, is the eigenfunction of the Hermite operator with eigenvalue
(2k + 1). This gives us the eigenfunctions and eigenvalues of the n-dimensional
Hermite operator as

om(D? + XHhy = (2]a| + n)ha

6. {he} form an orthonormal base of L?(R™).

7. Hermite functions are also the eigenfunctions of the Fourier transform, that is

Fha = (=1)h,

We will see that these Hermite functions will be the basic tools that we will be using for

our study of functions and operators on the Heisenberg Group.
We now use the Fourier-Wigner transform to define the special Hermite functions

Bap(2) = (2m) " [

= V(ha, hs)(2) for z =a +iy

(e )i -

(35)

Proposition 3.2. The functions ®, g form a complete orthonormal system for L*(C").

Proof. The orthonormality is a direct consequence of the Hermite functions and the
Fourier-Wigner transform. The completeness uses the fact that h, forms an orthonormal
basis of L*(R"), the Weyl transform and the Plancherel theorem for the Weyl trans-

form. O
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Next we define a Laguerre polynomial of type a > —1 as
1 /d\"
La t ftta — [ = ftthra
st = () @

and more generally we have

s (1)

and so the special Hermite functions can be written in terms of these Laguerre functions

as
- 1
—n/2 2\ z)?
oa(2) = (2r) " T Lo, (G5 ) 3
i=1
The reason to introduce these new families of functions is to use the spectral decomposition

of certain nice operators. The special Hermite functions are eigenfunctions of the operator

0
2
A + - ’Z‘ — ZZ (.CC] ay] yja—x])
here A, is the standard Laplacian on C". The special Hermite functions then satisfy
L(®q5) = (2|8] + n)®

The important thing to note here is the fact that the eigenvalue only depends on the value
of | 5] and is independent of a. So for a fixed |3] = k we can define it’s k—th eigenspace as

the span of {®, 5 : a, 5 € N" |3]| = k}. Obviously, this is an infinite dimensional space.

We can now expand functions in L?(C") using the special Hermite expansion as

=2 D (f %)
a B

This series converges in the L? norm.

The Laguerre functions on the other hand are related to the sub-Laplacian on H" as we
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will see and using its eigenfunctions we will get a similar decomposition of functions in

L2(H™).

3.3 Laguerre functions

We saw that special Hermite functions form an orthonormal system in L*(C") and they
can be expressed in the form of Laguerre functions, so it is natural to assume that Laguerre

functions would satisfy the same. We first give the definition of the Laguerre function.

Definition 3.1 (Laguerre functions). The family of functions defined recursively by

Lo(ilj') = 1, Ll(flj') =1—=x

Lita(z) = (Qiﬂ_x)LZ?J(:”l)_iLifl(w)

We can also write it in the closed form as

The Laguerre polynomials are the solutions to the second order linear differential equation,

the Laguerre differential equation given by
zy"+(1—2)y +ny =0

Lemma 3.1. We have the orthogonality relation

e _ I'k+a+1)
L) L2 TS5 M S S
| oz etea - St

Proof. We first integrate L (t)t®e~" with a polynomial function, f. Then by definition of

L¥(t) and repeated application of integration by parts we get

o0 1 o
/ FOLY(t)e e dt = o / fE (t)e ke gt
0 +J0O

61



If the degree of f is less than & then the integral is 0. Hence we can choose k = max(j, k)

and get value for j # k.

For j = k we put f(t) = L%(t) and then the k—th derivative of f(t) is (—1)¥. Hence
giving

(e e] 1 oo
LY LY (t)e t*dt = — | thTe ' dt
0 ! k! 0

and we are done. O

We also have a generating function identity, for |w| < 1, for the Laguerre functions

This can be seen from the definition of L (t) and the binomial expansion of (1 —w)~(@+1).

Using this identity we have

1 2
S @aa(e) = (n) oy () e

|8|=k

if we let

n— 1 —22
o) = 1 (5lel) e

then we have

Proposition 3.3. For a function f € L*(H"), we have

Proof. For f,g € L*(R"), we have

(V(®ap)f,9) = 2m)"*(Vi(9), ®as) = 27)"(f, ha)(hs, 9)
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and so we have

(W(@ap ® 0p0)f,9) = 21)" (W (R,0) f, ha) (B, 9)

= (271-)n/2<f7 hu><hua ha><hﬁv 9>

because of orthogonality of {h,}, we get

Doy ®D,, = (21)"265,P,.

or

Dop® P, = (21)"200,,Ps,,

Let the projection of f onto the eigenspace spanned by {®, s : a, 5 € N, || = k}, given
by Qi f is
Quf =) (f 0ap)Pag

18|=k o

If we now use the fact that &, 3 ® ¢, , = (2%)"/2506,”(1)57“ on f and its projection, we get

f ® (I)ﬁ,/j = Z<f> q>a,ﬁ>q)a,5

«

which in view definition of ¢(z) gives the claim. O

We also have

W@)a,a)f = (27T)n/2 <f7 ha>ha

and so we can say that the projection of L?(R™) onto the k—th eigenspace ({h, : || = k})

will be given by the Weyl transform of ¢, acting on the function, that is

W(pr)f = 2m)"* > (f, hadha = (27)"Qrf

laf=k

For radial functions, the situation becomes even simpler, for them the Weyl transform is
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nothing but the Laguerre transform. Consider

olngl N2 1L\ e
I n— - —r?/4
¥i(r) (%+n+&ﬂ) Ly Qf)e

These functions form an orthonormal basis for the space L*(R™, r**~1dr), and so we can

expand f(z) = f(r),r = |z| as

. i ( /0 h F(8)thy(s)s> ! ds) Yi(r)

Parallelly, we can write
z) = ZRk(f)SDk(Z)
k=0

where

21 nk| 3
k() = =y / F(s)on(5)s™ " ds

Orthogonality simplifies it even further to give

f@®pp=(2m)" Y Ri(f)P
k=0

This result and the fact that Weyl transform turn twisted convolutions to multiplication
motivates the claim.
Theorem 3.2. For f a radial, in the complex variable, function on H" (f € L*(H")) we

have

where Ry(\, f) = Rip(f)

Proof.

FO) = [ flw,t)px(w,t) dwdt

Hn
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Putting ©3(2) = Ly~ ' (3IA][2]2) e ¥4 and fA(z) = [ f(z,t)e™ dt we see that

a0 = [ Aem)d:

Now that we have all the ingredients we just have to put them together to get the claim.

]

Now that we have some working knowledge of the special Hermite functions and Laguerre

functions, we can now move to study the sub-Laplacian.

3.4 The sub-Laplacian on H"

The Laplacian on R™, A, is a translation and rotation invariant differential operator that

is homogeneous of degree 2.

Definition 3.2. An operator T is of homogeneous of degree o if we have
T(f(rz)) =r*T(f(2)) r>0z¢eR"

Definition 3.3. A Laplacian is a second order differential operator A on a group G, such

that
1. It is bi-invariant.
2. 1t 1s elliptic.
3. It is formally self-adjoint.
4. It maps constant functions to zero.

For the Heisenberg group, left translations are given by

Lyf(w) = f(g~'w)  g,heH"
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and rotations by

Rif(w,t) = f(kw,t)  keU(t)

where U(t) is the group of n x n unitary matrices,and dilations by

8 f(w,t) = f(rw,r’t)

clearly rotations and dilations are automorphisms of H". A differential operator is said
to be left invariant if it commutes with L,, for any element g of the Heisenberg group.
Similarly, it is said to be rotation invariant if it commutes with Ry, for any k in H". The
homogeneity definition remains the same but as the dilation is non-isotropic on H", we
say a differential operator, T, is of homogeneous degree « if T'(f(0,9)) = r*T(f(g)). The
sub-Laplacian (or Kohn-Laplacian) is the unique, up to a constant multiple, left invariant,

rotation invariant, differential operator of homogeneous degree 2.

The sub-Laplacian is explicitly given by

L=->(X]+Y})

j=1

where X; and Y; are the left-invariant vector fields introduced earlier. The expression of

sub-Laplacian can be further simplified to get
L o0
L=-A,— Z|Z| 0; + RO,

where A, is the Laplacian on C" and

We will look at the joint spectrum of £ and T' = 0;, which commutes and so the joint
spectrum is well defined. The definition and the properties of joint spectrum are out of

the scope our study, we will just take it as (£, d;).
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For X, a left invariant vector field on H", and p is a representation , we can take p(X) to
be the skew-adjoint operator on C'*° vectors of the representation. If p acts on a Hilbert
space H then for an element, P, of the universal enveloping algebra of left invariant

differential operators on H", we have
P({p(g)u,v)) = (p(9)p(A)u,v) g€ H andu,v € H

Using this, we consider the eigenfunctions of P which can be split into the cases when P

is in the center of the universal enveloping algebra and when it is not.

For P in the center, by Schur’s relations we have p(P) = A, whenever p is irreducible.

Hence any element (p(g)u,v) is an eigenfunction of of P.

For P not in the center we have, (p(¢g)u,v) is the eigenfunction whenever u an eigenfunc-

tion of p(p).

The sub-Laplacian is left-invariant differential operator and so we can take P = L for the

above case and then calculate p(£). In the Schrodinger representation we have

pA(X;) f(x) = —idz; f(z)

and

oa(Y)g(a) = 83 v)

hence giving

pA(L) = —=A+ N|z|> = H(N)

H(\) is called the scaled Hermite operator. It has
ha(x) = (A" ha(|A]22)

as the eigenfunctions with eigenvalues (2|a| + n)|A|.
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Hence we get that (px(w,t)hy, h}) are the eigenfunctions of the sub-Laplacian, with the
same eigenvalues, (2|a| 4+ n)|\|. Now we bring in the special Hermite functions which we

defined before, to get
(pA(w, )RY, 13y = (2m)" 2N D, 5(VIw)  for A >0

and

{pa(w, t)h, hg) = (27)"2eMD,, 5(vV—w) forA <0

At the same time we see that,
ZT(<p)\(w, t)héa h2>) = —)\<p>\(w, t)hg\n hg)

that is, (px(w,t)h), h}) are also the eigenfunctions of 7.

We substitute

pr(w) = <2W)n/2 Z Do (w)

la|=k

For radial functions, we then have ey (1/|\|w) as the radial eigenfunctions of £, and

so we substitute further

er(w,t) = Mo (VIAw)
After all this, we have that e}(w,t) are the joint eigenfunctions of £ and T. The joint
spectrum is called the Heisenberg fan, given by

S={(\,2k+n)|\): NeR" ke N}

Theorem 3.3. For f € L*(H") we have

flw,t) =" fxep(w,t)du(A)

k=0

du(N) = [N 1 (2m) ™ s the Plancherel measure on H™.
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The proof doesn’t introduce any novel ideas, it is a collective application of the previously

defined theorems and decomposition.

Proof. By Fourier inversion we have

F(w, 1) = / " tr(oa(w £ F ) du()

o0

Let A > 0, for A < 0 the proof is similar, then we have due to orthonormality of h)

tr(pa(w, t)" f(A) = €™ Y {pa(w)* F(NR, )

o

Plugging in f and expanding px(w)h)(z) in terms of hg and then simplifying using special

Hermite functions we get

tr(pa(w, £) f(N) = (2m)"e™ Y N (/ P (2)®a5(VA2) dZ) Do s (VW)
« B cn

This is the especial Hermite expansion of F*(z) and so we can write it as

(CTL

ZZ( aﬁ(fzmz) B, 5(Vw) = ka*wk

Hence we get
o

tr(pa(w, ) F(N) = D f *ed(w,?)
k=0
Now just plug it back into the Fourier inversion formula to get the claim. O

Similar to the Euclidean case, we also have an equality connecting the L? norm of f and
the “Fourier coefficients”, that is the Plancherel theorem for the previous expansion

Theorem 3.4. For f € L*(H") we have the following equality

17 1B= 0> [ 0P i
k=07 "
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Proof. We show the claim holds for A > 0, for A < 0 a similar calculation holds. We have,

tr(f) FN) = [ Flzt)tr(pa(z ) f(N) dzdt

Cn

and in view of previous theorem along with the special Hermite expansion of f* we get

[e.e]

tr(fO)F) = o)A Y [ eer(z)* dz

k=07 C"

Now we apply the Plancherel theorem to get

17 1B=2m Y [ [ 17 s pd A dzaa
k=0 Y —© Cn

and now use

Freagi(w) = [ *ep(w, 0)
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4 Littlewood-Paley-Stein theory

Now that we have some idea of the problem we will look into the machinery required to

tackle it.

For the case of L? we have nice orthogonality relations which help us compare the norm
of the function with the norm of its Fourier transform. For p # 2 this comparison might
not be even possible. For us to get the estimates we look at the theory of Littlewood and
Paley.

Example 4.1. Let ¢ be a Schwartz space function whose Fourier transform is positive

and supported in (—%, %1) For a function, g,, whose Fourier transform is translated by
m from that of the Fourier transform of ¢, that gm(£) = C(€ —m). Hence we have
Gm(x) = ™™ (z) and we can have §,, to have disjoint supports and so for sufficiently

large N we’ll have

N
S lgm = (N+1) [ CIIE,
m=0

Also,

eZm’(N-i—l):c -1

|C(@)[” dz

627riz -1

N
1> ol = |
m=0 R™

N 1)P p
> c/ ﬂ]((m)\pdx
2| <5 (N+1)~1

[P

= C¢(N +1)P

¢ 1s non-zero in a neighbourhood of 0 and so

I g < S g I

will not hold for g,, for p > 2.

Definition 4.1. Let W be an integrable function on R™ and j € Z. Then we define the
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Littlewood-Paley operator §; associated to W as

0;(f) = f*Uas, where Wy (x) = 270 (2 x)

Thus we have

T, () = b(27%)

for all £ in R™. If ¥ is a Schwartz space function and f is a tempered distribution, then

9;(f) is well defined.

Say W is supported in some annulus 0 < a < |£| < b < oo then Fourier transform of the
Littlewood-Paley operator will be supported in the annulus a2’/ < || < 27. This means
that ¢; is removing all frequencies except for those contained in a2’ < |¢| < b27. We can

bring a and b closer to get the values for frequencies close to 27.

The map

1/2
[ (Z|5j(f)l2>

JEZ
is called the square function associated with the Littlewood-Paley operator. Using this
map we can get the LP orthogonality relations which are given by the Littlewood-Paley
theorem.

Theorem 4.1 (Littlewood-Paley). For ¥ an integrable C' function on R", whose mean

value 1s 0 and which satisfies the condition
U (@)] + V()] < B+ Ja) "

Then we have the following

1. For any function f in LP and p, 1 < p < oo , we have a constant C,, < oo such that

1/2
I <Z|5j(f)l2> lzr < CoBmax (p, (p— 1) | f |lzony)

JEZ
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2. For any f in LY(R™) we have a constant C!, < oo such that

1/2
| (Zl5j(f)|2> [Lroo@ny < CLB | f I

JEZ

Conversely, let U be a Schwartz space function such that it

1. s compactly supported away from the origin and

M IEIYP =1 ¢eR"\{0}

JEZ
or

A

2. U =0 and
S PRI =1 ¢eR"\{0}
JEZ

1/2
Then for any given tempered distribution f such that the function <ZjeZ \5j(f)\2> is

in LP for some 1 < p < oo, we have a unique polynomial P such that f — P coincides

with an LP function and satisfies the bound
1/2
| /=P i) < CBmax (p,(p—1)7) | <Z|5j<f)l2> e
JET
where C'is a constant that depends on n and V.

The proof of this theorem is quite involved and doesn’t help us for we are working in
a different space. But we’ll prove the Littlewood Paley theorem for compact groups,
after developing the required machinery. The proof of this theorem can be found in any

standard text.
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4.1 Littlewood-Paley Theorem

Before we state and proof the Littlewood-Paley theorem for compact groups we need some

definitions.

Moreover, A may be taken to be of the form 3 ", , a;;X;X; , for (a;;) being a strictly

positive-definite, constant matrix and X --- X,, form the basis of the Lie algebra of G.

Note that the uniqueness is not a part of the definition. For R? also, 8‘9—; + 5;—;2 can be

taken as the Laplacian instead of the usual 88—;2 + 8‘9—;.

Definition 4.2. Consider a Hilbert space H and let {T'(t) : t € R*} be a collection of

linear operators on H satisfying the properties
1.T(t+s)=T()T(s) fort,s € RT.
2. T(0) =1, I is the identity operator.
3. Map t — T(t) is continuous on R*.

Then {T'(t) }+>0 is a strongly-continuous semi-groups.

Definition 4.3. A contraction semigroup is a semigroup that satisfies
I T(s) [ < 1

Definition 4.4. The infinitesimal generator of a semigroup is the operator J such that

s—0 S

The domain of J is {f € H : lim,_,o L erists).

s

We now have a precursor theorem which will give the existence of these nice semigroups
and using which we will get the main theorem.

Theorem 4.2. There exist operators T(s),0 < s < 0o such that
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1. Fach T(s) is a bounded operator on LP(G),1 < p < oo of norm 1.
2. {T(s)} form a strongly continuous semigroup.

3. T(s) is self adjoint for any s > 0, on L*(G).

4. T(s) is positive (i.e. f>0 = T(s)f >0) and T(s)1 = 1.

5. The Laplacian A is the infinitesimal generator of the semigroup.

6. There ezists a C* function, Ky on (G x (0,00)) such that

T(s)f(x)=Ksx f(x) s>0

Proof. We stray away from the convention, for an eigenfunction ¢ of A, with eigenvalue
A, we have A¢ = —\¢. This has the advantage of giving all eigenvalues of A as non-
negative because of (Af, f) < 0, for any f € C*°(G) and (-, -) is the usual inner product
on L?(G). This holds due to the strict positivity of the coefficients, (a;;) in the expansion
of A.

By Peter-Weyl decomposition, we only need to work with the space of entry functions ©
as they are dense in L*(G). Let {x;;(z)} be a representation class a, i.e. x;; is an entry

function, of the group G' and put n;; = Ay;;. We have the relation

Xz] CLZ‘ Z X@k ij

and similarly

Xz] ZL‘CL Z sz: ij

This gives us n;;(ax) = >, mix(a)xx; () by right invariance of A and n;;(za) = >, nir () xx; (@)

by left invariance. Set x = 1 to get
i (y) = ka(l)ij@) and  n;;(y) = ZXik(y)nkj(l)
k k
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Hence by Schur’s lemma we get that the matrix {n;;(1) = —A,{} and so Ay = —A\,x for

any x in the vector space spanned by the entries of {x;;}.

By Peter-Weyl theorem we also get the decomposition L*(G) = Y aer ©Hy where H,, is
vector space spanned by the entries of {x;;} of class a. Our previous argument then show
that this decomposition is and eigenfunction decomposition with respect to A. So we pick
an orthonormal bases for all H, say 1, x1(x), x2(z---) then each one is an eigenfunction

of A with eigenvalue p; > 0.

© is the space of all finite linear combinations of x; and for any function f =), a;x; in
© we have Af = Y. —p;;x; which indicates to putting T'(s) = e** for functions in ©.
The extension of T'(s) from © to L?(G) as a bounded linear operator is obvious form the

fact

IT(s)f 2= le™ ail® < ) leal? =] £ 13

Hence T'(s) is a strongly continuous semigroup of self adjoint operators on L? which have

T(s)l =1.

The resolvent R(A, A) is the operator (A — A)~! for A > 0. We will use a fact from
semigroup theory that each T'(s) is positive if and only if R(A, A) is positive for A > 0.

Using this we show that T'(s) is positive on ©.

Let ¢ € © and ¢ > 0 and R(\, A)p =1 € O, then \p — Ay = ¢ > 0. If ¢ < 0 then we
have a point 2y € G such that ¥ is minimum due to G being compact and ¥ (z¢) < 0, also
AY(xg) > 0 as ¢ is minimum at zo. Hence A\ip(xo) — A(zg) < 0 but this contradicts the

positivity of ¢. Hence giving T'(s) to be positive.

We can extend T'(s) : © — © which maps 1 into 1 to T'(s) : C(G) — C(G) with norm
1. By Riesz representation theorem we have, for any xop € G and s > 0 we can define a

positive linear functional on C(G) as

(T(s)f) (o) = /G f(@)dpt, ()
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where dp!, is a positive measure of total mass 1. Also, by bi-linearity p!, (E) = pf(zy'E)

and so we can write

(T(s)f)(wo) = f = pi(x0)  Vf€C(G)

Now it is easy to see that T'(s)f is L? bounded. Hence we have shown the claim for all

except 6. For which we will need a form of the Sobolev lemma.

Lemma 4.1 (Sobolev). For f € C§°(R™) we have

0
sup [f(z)] < A Z | 83:04]6"2

n
ek 0< ol <N

n

5 and A depends only on n.

where N is any integer greater than

The proof is quite a straightforward application of Plancherel theorem and the property

of Fourier transform to change multiplication into differentiation.

For our case, we need the above lemma for a compact Lie group G, instead of R".

Lemma 4.2. Let f € C*(G), then

N
I flloo < AY A

=0

where N is any integer greater than 3 and A depends only on G.

The splitting of our Laplacian into the basis of the Lie algebra g helps us give the inequality

| Xef o < CUAFII S 1"
where X, is in the basis of g. Which can be further bounded by

CAUMAS 2+ 11 f [l2)
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by using the inequality 2ab < a? + b?. Doing this for all basis elements X; of g we get

N
I DXy X)f 2 < Cp Y AT
=0

where D(zy - -+ X,) is in the universal enveloping algebra of G, of degree < N. From the

Sobolev lemma we can show

IS llee < I D(Xy--- Xn)f |2

holds for f with small enough support and in the canonical coordinates. By a partition

of unity argument this can be extended to the general case, and so we are done.

We use this lemma on the eigenfunctions, y; which gives

sup |xi(z)] < C(1+4 p)~
zeG

for any N > 1dim G. Hence, for g € © and u = T(s)g we have

Alu(z,t) = Z(—Mk)le_“’“taka(x)

and so we have the bound

I Au(t) 3= pife ™ ax* < O aw = Ot | f |13

Now using above bound with the fact that () u(z,t) = Au(z,t) we get

9
ot

o B
| 5. t) iz < CEM 1 |l

where C' and M depend on only k£ and .

Now we use the Sobolev lemma and get u(x,t) € C(G x (0,00)) for any g € L*(G). For

g € L' we can take T'(s) =T (£) T (£) and as it is a composition of continuous operators
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we get that T'(s) maps L' to C(G x (0,0)). O

The theorem gives the existence of a semigroup which satisfies the heat equation, rather
we want the semigroup which is roughly defined as the solution of the Laplace’s equation.

What we mean is

P(s)f(x) = u(z,1)

is the solution of the differential equation

(CORDER

with the boundary condition that

u(z,0) = f(x)

Let f € © then we can decompose it into the spectral projections of the A and so get

f=>,a;x; € ©. Then putting

P(S)f == Ze_ugmtaixi t 2 0

will satisfy Laplace’s equation. Or formally we can say,

With regards to P(s) we have a similar theorem as before which gives us sufficient knowl-
edge of the semigroup {P(s) : s > 0}.
Theorem 4.3. For P(s) as defined above, on © we have

1. A bounded extension from © to L, 1 < p < oo, and on C(G).
2.1 P(s)f |lp, < | £l for all fands > 0.
3. P(s) is a self adjoint operator on L*(G).
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4. P(s) is positive, that is f >0 = P(s)f > 0.

5. AY? s the infinitesimal generator of P(s), that is lim,_ Pof=f — (—=A)Y2f for

S

feo.

Proof. We will use the properties of T'(s) and the identity

_ 1 /Ooe"_z/4u
e’ = — —e 7 du >0
VT o Vu

Hence we get
1 e

IRV

Hence the LP norm of P(s)f can now be bounded by the boundedness of T'(s) and so the

P(s)f T/ fdu s> 0

theorem holds. ]

The image function in C*(G x (0,00)) is called the Poisson integral of f.

We define the Littlewood-Paley g—function as
00 1/2
9(f)(x) = (/ S|Vu(x,s)]2d5> fe (@)
0

where |V fP2(z, ) = (%) + Vo f 2 and [Vf2(2) = 3, a5 (X; ) (X;)-

This g—function will be very useful in achieving our goal and it lies in LP(G), as we show
next.

Theorem 4.4. For f € LP(G), 1 < p < oo, we have g(f) also in LP(G) and the bound

Fg() Ml < Ap 1S 1lp

where A, only depends on p.

Proof. Before we tackle the proof we require a series of lemmas which will be used in our

proof.
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Lemma 4.3 (Lemma A). For any function f, define the mazimal function, F as F(m) =

supg~q |P(s)f(x)|. Then for 1 <p < oo we have the bound
I F o< Coll £l

for any f € LP and C, independent of f.

Lemma 4.4 (Lemma B). For a positive, harmonic function u(x,s) on G x (0,00), that

s Au=0 and u > 0. We have
AuP = p(p — DuP*|Vu(z, s)|?

for anyp > 1.

Lemma 4.5 (Lemma C). Let F(z,s) € C*(G x (0,00)) and let t|2X| — 0 ast — 0 or

ast — oo. Then we have

/OOO/GAF(x’S)dzdSZ/GF(va)dJU—/GF(I,oo)dx

We for the time being assume these lemmas and give the proof after we prove our main

theorem.

We prove the theorem in 2 parts. The first part will deal with 1 < p < 2 and will be

used in the second part

Part 1 Consider f € C*°(G) which is strictly positive and its Poisson integral u(z, s) €
C>(G x [0,00]) and u(z,s) > 0. So we get (u(z, s))? € C(G x [0,00]) and t% — 0 as

t — 0ort— oo. So by [Lemma B] we get that AF > 0.

Also,
1

p(p—1)

(g(f)(x))?* = /000 s|Vul? ds = /000 su(z,s)* PAuP(z, s) ds
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holds because of [Lemma B] and this can now be bounded by F', the maximal function

(0(F)(0)? < A(F(x)7 / " s AF(z,s)ds

Now by [Lemma C] we have,

/G/OOOSAF(x,s)dsdx:/GF(x,O)dgg _ /Gp(m’oo)dm
< /G F(z,0) dz

Hence we get

Lo 1l < A [ (P ( [ sares) ds)”/2 ”

A (G/G ()7 dx) o ( /G /0 S AF(z,5) ds da:)p/2

_ 2
< B FIEEPEF

=CIfl7

IN

where 2nd inequality holds because of Holder’s inequality and so we are done for 1 < p <

2.

Part 2 Let p > 4 and ¢ be conjugate to £, that is é%—% =1l,andso 1 <q < 2. Let f

have LP norm 1. We can get

| g(f) |2 = sup /G (9(/)(@))(x) dz

where supremum is taken over all ¢ € C* such that || ¢ ||, < 1. The idea is to reduce

the g(f)? in terms of g—functions and F which we can bound easily. So our goal reduces
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to show

LawmwmmSAJAﬂﬁwmw+Lﬁm%WWWMx 1)

The bi-invariance of A helps it commute with any element of the basis, X, of the vector
field. So any function will also commute with X, what we are getting at is T'(s) =
e’®s > 0 and P(s) commute with X;. This holds for © and passing to a general C*

function is a usual limiting argument.

{P(s) : s > 0} is a semigroup and so u(z, s1 + $2) = P(s1)u(x, s2). Now using commuta-

tivity we get
0 ou
X;u(x,t) = P(t/2)X;u(z,t/2) and au(az,t) = P(t/?)au(x,t/Q)

By change definition of |[Vu|? and change of basis of the Lie algebra we can write

|Vul? = Z(Xiu)Q + (%)2

)

To show that (1) holds we need the estimate

/G(g<f)(a:))2¢(x> :Aw/gs\vu(x,s)wx) da ds
<af [dvueopuesds @

where ¥(x, s) is the Poisson integral of 1.

In view of the commutative argument before we just need to show that |X;u(x, s)]* <
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P(s/2)(|Xju(x,t/2)[*) and similarly for (2%)%. Which means that

Xju(z,s) = P(s/2)X;u(x,s) = /Gps/Q(xyl)Xju(y,sﬂ) dy

< (/Gps/2(xy‘1)|Xju(y’ 8/2)|2dy) 1/2

= (P(s/2)(X;u)*)"?
where p; is the Poisson kernel and the inequality follows from Holder’s, and so we get
[Vu(z,s)]* < P(s/2)(IVu(z, s/2)]°)
Finally, we combine all the above arguments to get (2), that is

/G (9(f)(@)(x) < / " /G sP(s/2)(IVulz, s/2)[2)P(s/2)(z) de
:/Ooo/Gs|Vu(x,s/2)|2¢(a:,5/2)da:d5

where first inequality holds due to self-adjointness of P(s/2), and so we get our claim (2).
Replace [Vu(z, s)|? by 1Au?(z,s) in (2) to get
Jath@row < a [ [ sl s).s) deds
0

We can use the product rule on the right hand side if we take M = (u(z, s))? and N = ¢

n

A(MN) = (AM)N + M(AN) + 2" ai;(X;M)(X;N) + 2 (%4) (%_JZ)

ij
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which gives

[ (2) (25 e

The estimate for I; is given by [Lemma C], which gives

L = /GM(ZL‘)N(ZU) dx — (positive term)
= / f2(z)y(z) do — (positive term)
a
< | P@@

For I, we use the fact X;u? = 2uX;u and 88—“52 = 2u% to get

I :4/OOO/GSU(x,s) izjaij(XjU(ZE, $)Xip(z, s)) + (augs’ S)) (W}gg’ S))] dx ds
< 4/000/Gsu(x, 9| Vulz, $)|[ Ve, s)| de ds
< 4 [ F@)o(r)(@)o(0)(a) ds

where the last inequality is due to Schwartz inequality. This altogether gives us (1).

Now apply Holder’s inequality to (1) and [Lemma A] to get the estimate

/G(g(f)(fv))2¢(w) do < Al FIG + 1 F Il o) ll]

< Byl £ + 1 F ol 9(f) 1ls]

< Gl Il + 11 1l g(f) 1l

where we have used that || g(¢) ||, < A, for || ¥ ||;< 1. Now we can finally take
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the supremum over all 1) whose norm is less than or equal to 1, and get our claim for

1<p<oo. ]
We are still left with the proofs of our lemmas which we have used very frequently.

Lemma A. To prove this lemma we have to go out of our area and take the following

theorem for granted.

Theorem 4.5 (Hopf-Dunford-Schwartz). For T'(t), a measurable semigroup of operators

on LP(IM, du), which are bounded operators on LP for each p € [1,00] then the maximal

Mf(x —Sli%)( /| |dt>

function defined as

satisfies the inequalities

LIMfl,< A | fll, foreach p withl <p < oo

2.u({x e M: Mf(z) > a}) < g” f |1 for eacha > 0and f € L'

where A is independent of f and o.

We will only use the first result for the proof of our lemma as it controls 7'(s) and in turn
P(s), which is nothing but the average of T'(s) with certain weight. We can re-write P(s)

as
P(s)f=s"" /Ooog (%) TV f dy

where g(x) = #6_1/49,7;_3/2, and we have g(z) and zg(x) in L'(0,00). We now integrate
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by parts P(s)f to get

pes@l=|-2 [* (5 [1ewas) (r (%) ol
L [Fres@ad - (o [T (5)] o)

Y
1 /0 () f(x) ds

Y

IN

sup
y>0

< Asup
y>0

where A =|| z¢'(x) ||; and so (s) f is bounded by the maximal function of f for each s > 0,

and so the lemma holds by Hopf-Dunford-Schwartz. m

Lemma B. The proof is straightforward and follows from the fact that X; correspond to

0/0t in canonical coordinates, which give

Next step is to do this again and then add the two identities, which will give our claim. [

Lemma C. For any f € C*°(G) we can write

[ xis@ae= [1x5@ = [ (s

Also observe that,

o OF
—_F —
/0 Lt et dt =1,

e *or

= F(z,0) — F(x,00)

Now our claim can be shown from the fact that

> o O*F
s | AF(x,s)drds = s W(m, s)dxds
0 G 0 a ot
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We have shown that g—functions are L” bounded for functions on the compact group G.
This in itself is a big result and helps show a lot of nice results for the case of compact
groups. But we need this kind of theorem for an even more general space, which luckily

we have.

Theorem 4.6. If f € LP(M,dx) then ¢g:(f) € LP(M,dz) and we have the inequality

I g1(f) ”p < 4, | f ||p

for1 < p< oo.
Here (M, dz) is a sigma finite measure space.

The proof of this theorem would require even more theory to be developed which, at this
point, we cannot achieve and so we take it for granted that the theorem holds, and hope

to prove it at a later time.

With this theorem, we can tackle our problem of the boundedness of multiplier on the

Heisenberg group.

We had stated our motivation for studying the problem at the beginning, we wanted to
look into the problem of multipliers on Heisenberg Group. The Heisenberg group being a
Nilpotent group gives us a very nice entry point to study Fourier Transform in a general

setting.

One way to study the topic is to look at the problems in Euclidean space and then ask
same (or at least similar) questions for our space. We look into the necessary conditions

for the boundedness of the multipliers on Heisenberg Group.

4.2 The theorem

Our main theorem of interest is
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Theorem 4.7. Let m be a 8 times differentiable function that satisfies

for B satisfying

n+2 fornis even
n—+3 fornis odd

Then m(L) is a bounded operator on LP(H"™), for 1 < p < oc.

The way we tackle this problem is using the g and ¢g* given by the Littlewood-Paley-
Stein theory. The proof for the theorem is simple but requires certain propositions which
make our life simpler even more. We’ll begin with the preliminary requirements to develop,

or at least motivate the tools.

We need a contraction semi-group corresponding to the sub-Laplacian (£) to get the
aforementioned g functions. This can be done thanks to a theorem of Folland, we’ll only
use part of its implications.

Theorem 4.8 (Folland). There is a unique semi-group {T* : t > 0} of linear operators

on (L' + L>®)(H) that satisfy

1L.T'f = fxh for hy(z) = h(z,t) € C°(H",(0,00)) with h(z,t) > 0Vt,x and
Juhi(z)de =1 Yt>0

2. {T"} forms a contraction semi-group on LP(H™), for 1 < p < oo and is strongly

continuous for p # oo.
3. T is self adjoint, positive and conservative operator.
where positive means T'f > 0 for f > 0 and conservative means T'1 = 1.

For the proof we require a theorem of Hunt and the result of Hormander, which are given

in the Appendix D.
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Proof. Let C be the space of smooth functions which are constant outside of a compact
set and choose a basis for the Lie algebra of H", let it be {Y;}X . Let the completion of

the above space be given by C; and Cs corresponding to the norms

I I=If Hoo+z X5/ Il +Z I XX f lloo

7j=1

and the uniform norm, respectively. Using Hunt’s theorem, we get strongly continuous

semi-group {T"*} on C, satisfying,

1. There exists a probability measure v; on H", for every ¢ > 0 such that T'f(x) =
Jun flzy™) duy(y) (which is equal to f * dvy(z), for nicely defined dv).

2. The infinitesimal generator of {T*} is defined on Cy and coincides with £.

Next, we have limy ,o14(E) = 0 for 0 € E C H", this is due to y=! = 0 -y~ and
= [ f(y™1) dry(y). Using the symmetricity of £, we have dvy(y) = dv,(y~'). The
action of £on D determines the semi-group {T"}, due to denseness and by the definition

of £ annihilating the constants.

We next define the function h.(z) = h(x,t) as the distribution on H" x (0, c0) given by

(h,u®v) = // tydv(z)dt  ue C(H"), v e D((0,00))

By (2.) above, we have (h, Lu ® v) = (h,u ® %), giving us a solution to the equation
(E + %) f =0. Now by Héormander we have that ([, + %) is hypoelliptic. Hence, we
get that h € C*°(H™ x (0,00)), dy(x) = h(x,t), h(z,t) > 0V(x,t) and [ h(z,t)dz = 1.
The self-adjointness follows from the fact that dv,(y) = dvy(y~!). The first and the third

claim are done.

For the strongly continuous part we use (1.) and Young’s inequality. O]

Now that we have a contraction semi-group corresponding to the sub-Laplacian, we can
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define the g functions and then use them to prove our claim.

L) g(fw) = / PR, £ (w)P dt

0
2) ¢'(fiw)* = /OO L2 oY) O f (v ) [P di dw
nJo

Now we can show that these g functions satisfy the property

Theorem 4.9.
1. Fork > 1,1 gr(f) lla=27" || f Il2
2. For1 <p<oo, Al fllp <[l gx(f) lp< Bl f llp-
3. If k> "5+ and p > 2, we have || gi(f) [, < C|| f lp

Before we move to the proof of the theorem we see that (3.) directly gives the boundedness
of g* and so we just need to have g(m(L)f) be bounded by some ¢*(f) and then by (3.),

our main theorem is proved.

Proof. To show (1.), we use the Plancherel theorem for the simple case of k = 1, other

cases will follow suit and so will be omitted.

I = [ [ dosw) dwa

The integral corresponding to w can be written using the Plancherel theorem and so we

have

’ 0T f (w)]* dw —/ @I )N s dp(N) dt
The Hilbert-Schmidt operator can be written in terms of the A-scaled Laplacian, i.e

~

(DT F)A) = —f(N) exp(—tH(A)) H(N)
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and so the Hilbert-Schmidt operator norm will be given by
YN+’ AP exp(=2t2N +n)|A) || F)@R 13

which when integrated against ¢ dt gives us the first claim.

The second claim follows from the theory g functions and we have seen its proof earlier.
The third claim also makes sense once we see that for k > (1 4 ¢?|w|*)™* becomes
integrable and so we can bound the L” norm of ¢* function by LP norm of f, because of

Holder’s inequality on L? and then we can use our first claim. O]

4.3 The proof

Now that we have shown our claim about the g functions to hold true, we claim that the

following inequality holds for the above mentioned ¢ functions

grrr(m(L)f) = gi(f)

n+1

for some k > *5=andp > 2. For p < 2, we can use duality argument to conclude the

boundedness of m(L)on LP(H™).

Set s;(w) = T* f(w) and Sy(w) = T*(m(L) f)(w), then we have the easily verifiable equality
Stru(w) = (G * s) (w)

where we have Gy(\) = S oo e NI (IX|(2N +n))Qn(N).

We now differentiate the above equality, once with respect to u and k times with respect
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to t; this gives us the forms inside the integral of the g functions.

08, [T (m(L) f)] = OF G, % DS,

afHStJru = afH[Tt(m(ﬁ)f)] = F x0T f for u =t

and for F}, we have F;(\) = (=1)* S2%_ (2N +n)|\|)Fe CN+mRm (2N + n)[A)Qn(N).

This is a result of the action of Fourier transform on differentiation and multiplication.

And so we have by the boundedness of convolution and the Cauchy-Schwartz inequality
OF T (m(L) f) (w)] < / B[ T f(v™ w)| dw < Gy - G (w)
where we have

1. thz/\pt(v>|(1+t2|v|4)kdv

2. G?p(w) = /(1 + t_2\v\4)_k]8tTt(v_1w)|2 dv

Observe that G?(w) looks very similar to g*, for which we have a very nice estimate, and
so if for the product of G} - G?(w), we have the bound K -t~ "2*~1.G2(w), then integrating

it against the measure t?**1 dt, we’ll get the inequality

Jk+1 (m(‘/:’)fa U)) < gl:(fv ’UJ)

and so we will be done with our claim of the Multiplier theorem. So the only thing

remaining to show is the following

Lemma 4.6. Under the assumptions of our main theorem, we have the estimate K -
n+1

t==sk=L for the function G} when k is the smallest integer greater than =

Proof. We split the above integral into two parts, idea behind it? (1+¢~2|v|*)* can easily

be bounded by say 2F, if we have t~2|v|* < 1, and so the only remaining part is the one
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with |Fy(w)|?, for which we use the Plancherel theorem (again), we still have to look for
the appropriate powers powers of ¢; those can be derived from the Fourier transform of

the function F;.

The thing to note is the absence of a factor of t?* in the coefficient, of e(=2GN+m)\Dyy (2N +
n)|A]) in |F3(A\)[2, which when plugged into the integral and substituted appropriately
would gives us t~"~%~1. C as the bound for the integral. Hence, we are done with the

first part for which |w| < V.

We still have to deal with the part that has |w| > v/¢, which will require a little more
effort than before. The idea of the proof sits on the decomposition of Fourier transform
of functions in terms of Laguerre Polynomials, for which we have certain nice estimates
and on the fact that the differential operator, along with the hypothesis of our theorem

“brings down” a factor when it acts on our multiplier m.
Before we go into the analysis of the second case, we simplify certain notations;
1. f|w|>\/i(1 + 2o Fy(w) ]2 dw = J

2. For w = (z, s),

J < C’lt_%/ / (s> 4 2| | Fi(2, 5) > dz ds
0 n

:Clt‘%/ /|(is—|z|2)kﬂ(z,s)|2dzds
0 n

3. G=(is—1*)FF(z,5)

Then the Fourier transform of G' can be decomposed in terms of its projection on the

Heisenberg fan, given by

G(N) =Y Ra(\is — |2 F)Qn(N)

N=0

94



Then if

— 1)
/Z \R zs —r ) E)PW d/L(A) < C’Qt*”*1 for|z]2 =

we are done. So put ®(N, \) = (=1)*[(2N +n)|A[]Fe *CNFMRANm((2N +n)|A]), this means
that Ry()\, f) = ®(N,\) and for Ry(\, (is — r2)*F;) = ®,(N,)\). This reduces the
problem to the bounds of @, (N, A). The essence of the idea is similar to the previous one,

concerning the absence of the factor of t?*, and for that we have the following lemma. [

Lemma 4.7. Under the hypothesis of our main theorem, we have for some € > 0,
|Px(N, N)] < Csexp[—€e(2N + n)|\|]
Proof. The proof uses the expansion of Ry(A, f) for a radial function f, which is given by

Ra(h f) = / Fr A LB 2] Ar2)e P p20-1 gy

(N+n—1

where f(r, \) is the Euclidean Fourier transform of f in the real variable(s). We will now

look for the case of A > 0.

Recall the property of Fourier transform

(i f (@) (0) = - FO)
Using this for (isf)"(\) we get
| oo ,
RN()\aiSf) = di)\RN()\ f) ﬁ/ f(z,)\) dd)\[[ﬁ 1<2)\ ) —Ar ]7“2”71dr

(36)
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Now we use the recursion formula for Laguerre Polynomials, which says that

4 oy =2

de "

[nLy(z) — (n+ )Ly (7)) = —L3%5(x)

Tz
Using this, computing the derivatives and the product rule we get

d N

Ry(\isf) = JRNO" f)— X[RNO\’ f) = Ry_1(\, )]+ Ry, 72 f)

which gives us ®;(N, \) as

B,(N,)\) = g—f - %[(I)(N, \) = B(N —1,))]

Now, we know that (N, \) is a function of the product ®((2N +n)A), and so if we keep

this product constant, we can change the derivatives above from \ to N, to get

Inod N |0
O (N,N) = §X8—N+X a—N—i-(I)(N,)\) —O(N —1,))

We can put A® = &(N, \) — &(N — 1, \) and

0 0
S@—a—N(ID, D@-a—N(I)—ACD, T® =NDO

and using these we can re-write the above equation as

O(N,\) = ; [gs + T} O(N, \)

For any k, we see that ®;(/V, \) can be obtained by a combination of actions of differen-

tiation and the operator A, and hence we can write

OR(N,A) =AY 4 S'TIS™R(N, N)
i+j+m=k

So we only have to study the action of operators S and T, defined above, on ®(N,\) to
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get the appropriate bounds.

The action of S™ on ® can be better understood from the fact that ®(N, \) is a function
of product of (2N +n) and A and so S™(P(N,A)) = "((2N + n)A)(wA)™ and because

of the hypothesis of the theorem, we know that a factor of (2N + n)~"™ can be pulled.

We ask if the same thing can be done for the operator T, if so, then we can pull out a
factor of (2N + n)™™ =% = (2N + n)~* and so we’ll get a bound for |®;]? and because

n+1
k>

T [l

we get our claim. Hence, the last thing to study is the action of the operator

Lemma 4.8. For the aforementioned T7 we have
TI® = Cp N"D{A" D}
and the sum has the limits extending for all p,q, m such that 7 +p < 2¢g+m < 2j

Proof. We’ll use Principle of mathematical induction on j. The base case of j = 1 follows
trivially from the definition of 7. Now assume that the equality holds for some j, now

consider the case 7 + 1, that is
T7'® = " Chym ND(N?DI(A™ D))
where j +p < 2¢+m < 25 We have to use the nice property of A that
A(fg)(N) = Af(N)g(N) + F(N —1)Ag(N)

Using this we can get A(N?PD®) = A(NP)D® + (N — 1)PD(AP), because Dand A

commute.
We also have the following equalities

1. A(NP) = NP — (N — 1)? = pN?~t — S22, N
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2. (N —1"D(A®) = N?D(A¢) — S7— ) a;N'D(AD).

3. 2 (N?D®) = pNP~'D® + N*D (22)

NotzaiN—l—A and so
D(NPD®) = 9 + A | (N?D®)
ON
= pNP"'D® + NPD 90N _ pNPD®
ON
p—2 p—1
N\ _ NP N\ P
+ (; blN> D® — N?D(A®) + zZ(;cu\/ D(AD) (37)
a p—1 p—2
=ND|—+A)® N'D(AD b;N' DD
(aN + ) + ; a;N'D(A®D) + ;
p—1 p—2

= N’D*® + > a;N'D(AD) + Y b;N'DP

1=0 i=0

Now we can plug this into the case 7 + 1 and get that

p—1

T =N Cogm NPT DT A™G) + > Cogm Y ;N DA™ D)
p,qg,;m p,qg,m =0
p—2
+ 3 Cogm _ b NI DA™ D)
p,q,m =0

which is the required form of the lemma.

Using Taylor’s integral form we can write

1 82
D®(N) :/0 b ®(N =1+ ) dt

This shows that the action of D brings down a factor of N=2 and so D? will bring a factor
of N=2¢, when applied to ®. The action of A™, on ®, will bring a factor of N~™, and so
with the previous lemma giving us the form of 7', we have that T" brings down, a factor

of NP=2¢=™ which means it essentially brings down a factor of N 7. m
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Hence, we have that S?T7S™ when acts on ®(N, \), brings a factor of N=79=%F = N=F

and so we get the bound for @, (N, \), giving us the theorem.
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5 Appendices

This Appendix will contain all the important results which we have used, either with
proof or just their statements. These have been compiled here without any motivation,

which if we delve into would be another extensive thesis in itself.

5.1 Appendix A (Gamma Function)

For a complex number z with Re(z) > 0, we have the following function

['(2) :/ e 't dt
0

We can use integration by parts to evaluate this integral and get a recurring relation for

the gamma function. which comes out to be

and I'(n) = (n — 1)!, where z has positive real part and n € Z*.

This function also shows up in evaluating the integral of the Gaussian function e~1**, and

gives a rather nice identity

The gamma function has an intimate connection with the volume of a unit ball and the
surface of a unit sphere. This is happens because we can easily switch into the polar
coordinates. Let w,_; be the surface area of the unit ball in n-dimensions and v,, be the

volume of the unit ball in n-dimensions. Then we have

Do
)
wol3

Wp—1 =

=

3
SN—
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and

5.2 Appendix B (Spherical Coordinates)

We can change the Cartesian coordinates into spherical coordinates for ease of integration,
and similarly we should be able to reverse this change, that is, go to Cartesian coordinates

from spherical coordinates. This change is given by

T T 21
[ F@duw) = [ [ [ P Ry dpsdyaa - d
RSn—1 y1=0 Yn—2=0 Jyn_1=0

for 0 < y1,90, ,yno < mand 0 < 6 = y,_1 < 27 where J(n, R,y) is the Jacobian

of the transformation, x(y) = z1(y1, s Yn-1),** » Tn-1(Y1,*** ,Yn_1) and

r1 = Rcosy

To = Rsinx cos ys

Tp_1 = Rsiny;sinys - --siny,_ocoSy,_1

Tp = Rsiny; sinys - - - Sin 4,2 COS Yp_1

For n > 2, we have a useful formula which helps in computing the integrals over a sphere

S"=2. Let f be a function over S !, then we have

R Rds
[ @ = [ [ eyt

To achieve this we put, ¢ = (y2,¥3, - ,Yn_1) and 2’ = 2'(y'). Now we can use our

previous result and write the integral on left as
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P T 2 Rdyl
2)d x:/ {/ / Rcosyr, Rsinyr2')J(n —1,1,y) dy) | 5——
/R @ = [ [ fReosy, Reingia!) W) ey

Yy n—1=0

- / . TR cosy, Rsingia!) dp(a) R (sim )™ dy,
y1=0J S~

Again, changing the variables to s = Rcosy, fory; € (0,7), we get the following

/Rsn1 f(z)du(x) = /_R { - f(s,VR? — 520) de} (\/m)nﬁﬂ

R R2—82

which can now be rescaled to fit our claim.

5.3 Appendix C (Schur’s Orthogonality Relations)

Lemma 5.1 (Schur’s Lemma 1). Let m; and my be irreducible, finite dimensional repre-
sentations of G onto the vector space Vi and Vy respectively. Suppose that A : Vi — Vs is
a linear transformation that satisfies m(g)A = Ama(g) for all g € G. Then either A =0

or A is an isomorphism.

Proof. From the hypothesis it is straightforward that
1. ker(A) is a mo-invariant subspace of V5.
2. Im(A) is a m-invariant subspace of ;.

Hence we get ker(A) = 0or V5 and Im(A) = 0or V3. O

Lemma 5.2 (Schur’s Lemma 2). Let 7 be a finite dimensional representation of G on a
vector space V.. If A:V — V satisfies An(G) = w(g)A for all g € G, then A is a multiple

of the identity operator.

Proof. As (g)(A—XI) = (A= X)w(g) for any g € G, X € C, by previous Lemma we have

A — X =0 or else is invertible. As A was arbitrary we can choose it to be the eigenvalue

102



of A, which forces A = AI. O

Theorem 5.1 (Schur). Let m; and m be irreducible finite dimensional unitary represen-
tations of G. Let m(g) = {m};(9)} and similarly mo(g) = {n};(9)}. Then if m and 75 are

equivalent we have

1 [omi(9)m(9) dg =0 for each i, j, k,I.

[ kl
67

2. [mi(9)mh(9) dg = Fr e oyt is 1 fori =k and j = 1;0 elsewhere.

Proof. Let B be any linear transformation from V5, — V; and putting

A:/GW1(9)3W2(9_1)619

we see that Amy = m A and as 7m; and m are not equivalent A is not an isomorphism and
so A = 0. As B was arbitrary we can take it to be with only a single non-zero entry and

so the first claim holds.

Again let B be a linear transformation but now from V; to V5 and set

AZ/GW1(9)3W2(9_1)619

Again mA = Am and A = M, so [,m(g9)Bma(g~")dg = M. The trace of the two
matrices will be equal and so we get tr(B) = A-deg(m;). Again if B is taken to have 1 as
its only non-zero value, then we get the trace of B to be either 0 or 1, depending upon

the location of the non-zero entry. Finally, we use the fact that

W =mu(g™")

plugging this in gives us the second claim. O
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5.4 Appendix D

This appendix will solely contain the theorems which we will use in our study and whose
proofs are omitted.
Theorem 5.2. Let A be an n xn complex matriz such that A = AT and Re(A) is positive

definite. Then for any z € C",

. 1 _
/e—waac—%rzzaz dr = 6—7rA 1z
det(A)

1
det(A)

where branch of the square root is determined by the condition > 0, when A is
real and positive definite.
Theorem 5.3 (Schwartz-Kernel Theorem). Let U and V' be open sets in R™, then every

distribution f € D'(X xY') defines a continuous linear map F : D(Y) — D'(X) such that
(fiu®v) = (Fuv,u)

for every u € D(U),v € D(V). Conversely,for every such continuous linear map F there
exists one and only one distribution f € D'(U x V) such that the above equality holds.

The distribution k is nothing but the kernel of the map K.

For the next theorem, we need some prior notation For Xg, X1, -, X, be the first order

homogeneous differential operators in an open set 2 C R"™ with C* coefficients , and

c € C*(Q). Then let P be of the form
P=> X’+Xo+c
1

Theorem 5.4 (Hormander). Let P be of the above form and assume that the operators
X [ XG0, Xy [XG0 [ X, Xl -3 [XG, [ XG5, [ X -+ X5, ]] where ji = 0,1,--- v there ea-
ist m which are linearly independent at any given point in 2. Then we have that P is

hypoelliptic.
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Theorem 5.5 (Hunt). Let (S;) be a positive semi-group on the Lie group G. Its infinites-

imal generator M is defined on at least C* and has there the representation

Mf(r) = Z a; X, f(1) + Z ai; X X, f(7)
i /g - (7o) — £7) = 3 Xuf(7)gi(0)] Gldo)

Here the matrix (a;;) is symmetric positive semi-definite and G is a positive measure
on G, \ {1} for which the integral [ ¢(c)G(do) is finite. The restriction of M to C?
determines the semi-group (S;). The measure G and the operator Ay = > a;;X;X;
are determined by M, independently of the choice of the basis Xi, X5, -+, X,, and the
functions g;. Conversely, if the transformation is defined as above, and if the matrix (a;;)
and the measure G satisfy the conditions above, then M is the restriction to C? of the

infinitesimal generator of exactly one probability semi-group.

Theorem 5.6 (Spectral Theorem). To every self-adjoint operator A in H corresponds a

unique resolution E of the identity, on the Borel subsets of the real line, such that

(Az,y) = /OotdEw(t) (x € D(A),,y € H)

o0

Moreover, E is concentrated on the spectrum of A, o(A) C (—o0,00), in the sense that

E(o(A) =1
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