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Abstract

Denote the Siegel upper half space as
Hy = {X +iY € My(C) | X = X', Y = Y'Y > 0}.

A holomorphic function F' : Hy — C is called a Siegel modular form of weight
k, if it satisfies certain conditions. Associated to a Siegel modular form we have the

associated Galois representation :
pra + Gg — GSpy(K)).
Assume g; to be the lie algebra of the image of the representation and

a = {u € gsp, (K ®q Q) = H95p4(K>\) | A(u) € Qi}
Al

where A denotes the symplectic similitude.
LetI' = Hom (K, C*). Then a Siegel modular form F is said to have an extra twist if
there exists a tuple (v, x,) with v € I, and an associated ., such that y(pr) = pr ® x..
One of the results if of the thesis shows that g; C a; if and only if /' admits an extra
twist.



2 Contents

While for a form with a non trivial character ¢, the pair (¢, e !) is already an extra
twist using Petersson inner product, we show examples in this thesis of how different
ways of lifting classical modular forms with twists to Siegel modular forms gives rise
to extra twists or not in the most natural sense. The lifts we cover include Yoshida
lifts, Saito Kurokawa lifts and Sym? lifts.

Assume X to be the cross product algebra associated with the cocycle ¢(v, §) that
is defined by

X:EBVGFK-x7

We introduce the intertwining opertator as well which is described as follows :
For a subgroup U C Gg and a vector space V over K, let us denote by

(V) i={®: (V,U) = (V, ), P ogy\(h) = ga(h) o ® forall h € log(U)}.
Then, in one of our second major results we show that

We also share some results on the local Brauer classes of the central simple algebra
X.

Due to Poor and Yuen, we have the restriction map ¢* : S§(T2(p)) — S?*(To(p)).
Since the right hand side of this equation is the space of classical modular forms, we
derive information of Siegel modular forms using this map.

We have devised a program that gives the image of the restriction map of a Siegel
modular form under arbitrary prime level.

We further compute an upper bound for the dimension of the space of Siegel mod-

ular form for a prime power.



Statement of originality

The main original research results presented in this thesis, along with their respective
chapters and sections, are as follows:
In Chapter 4, Theorem 4.1.2 is discussed.
In Chapter 5, Theorem 5.1.8, Theorem 5.2.5, lemmas 5.2.7 and 5.2.9 are discussed.
In Chapter 6, Lemma 6.3.3 is discussed.
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Introduction

Siegel modular forms, named after Carl Ludwig Siegel are a generalization of classical
modular forms by modifying the domain to a higher dimension. Instead of the upper
half plane, we look at functions into C from n x n complex matrices, that are symmetric
with imaginary part positive definite which we denote by H,.

We introduce the general symplectic group GSp,,, its special subgroup Sp,,, for
arbitrary genus n, and its important congruence subgroups I'™(N), r{(N), T (N),
and AY” which will be useful throughout our thesis.

A B

C D

I', a complex valued holomorphic function F' is called a Siegel modular form if
F|g[y](r) = det(CT + D) F((Ar + B)(Ct + D)™).

Corresponding to any Siegel modular form F' of genus 2, we have an associated

For a Siegel modular subgroup I'™(N) C T' C Sp,,(Z) and for all y =

representation

where K = Q(t,) is the number field we get by adjoining the Hecke eigenvalues,
denoted by ¢, of the form F' for primes p { [N.

Assume I' = Hom(K, C*).

In Chapter 2, we have provided a short overview of classical modular forms, while

in Chapter 3, we delve into the definition of the Siegel upper half space, H,, and the
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definitions of scalar-valued Siegel modular forms and vector-valued Siegel modular
forms.

In Chapter 4, we give explicit examples of extra twists. Specifically, we construct
Siegel modular forms with extra twists by lifting classical modular forms through
Yoshida, or Sym? lifts while also showing that lifts coming from CAP representations
do not, in the most natural way necessarily give us Siegel modular forms with extra
twist.

In Chapter 5, we discuss the image of the associated representation of the Siegel
modular form and how this image is affected by the presence of an extra twist(s) in
the form. Essentially what we prove is that g; C a; if and only if the form F' has an
extra twist.

In the same chapter, we also prove certain theorems regarding the central simple
algebra associated with the image of the representation.

In Chapter 6, we show a program which gives us the expansion associated to the
restriction map for a Siegel modular form of genus 2, for a general prime level p and
weight 2.

In the first case described below is the Yoshida lift, we give two very explicit ex-
amples of the construction of Siegel modular forms with extra twists different from

complex conjugation. The rest of the twist examples are more theoretical.

Theorem 1.0.1. 1. If we start with two Siegel modular forms f, g with an extra twist asso-
ciated to the same Dirichlet character, then if these two forms satisfy the conditions of an
Yoshida lift, their lift which we denote by Y (f ® g) happens to be a Siegel modular form
with an extra twist.

2. For a classical modular form f equipped with an extra twist that is different from com-
plex conjugation, its symmetric cube lift, which we denote by Sym?( f) contains an extra

twist different from complex conjugation.

3. Beginning with a classical modular form f with an extra twist, if we consider its Saito-

Kurakawa lift Fy might not necessarily be a Siegel modular form with an extra twist.

For the theorem below, we define the intertwining operator. If we start with two

symplectic vector spaces V and W and a subgroup H of G,



Definition 1.0.2. I[/(V, W) := {® : (V,¥) — (W, V), ®oppr(h) = pp(h)o® forallh € H}
where @ is a linear map.

We will also define the image of the Galois representation and the best estimate
that it is compared against below.

Note for any matrix in M € gsp,(F) (where F is any field), we have M'J + JM =
A(M)J and A denotes this scalar.

For a representation pp : Gg — GSp,(K), let g; = Lie(pr(Gg)) which is the Lie
algebra of the image. Also let a; = {u € gsp,(K @ Q) | A(u) € Q;}. One of the major
theorems of this thesis is stated below.

Definition 1.0.3. For a subgroup U C G and a vector space V' over K, let us denote

by
(V) :={®: (V,U) = (V,T),Po0gy(h) = ga(h) o ® forall h € log(U)}.

Theorem 1.0.4. The algebra «j' = K if and only if g; = a;.

The theorem above shows how the size of the image of the representation is af-
fected by the presence of an extra twist and that its presence makes it strictly smaller
than q;.

We define the K-valued 2-cocycle c on I" by

G(x; NG
eln.8) = é(x;k) ’

forv, 6 €T
We introduce X to be the cross product algebra associated with the cocycle ¢(v, )
which is defined as

X:@K-x,y.

yel’
. One may refer to 5.3 for the definition and a detailed description of the cross product
algebra X.

Theorem 1.0.5. With X as above, we also prove an equality X ®q Q, = ' (V).

We also prove some lemmas regarding the local Brauer classes of the central simple
algebra X.
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A prime p is said to be a good prime if (p, N) = 1. At infinite places v, the X, is a

central simple algebra. Also consider X, = X ®, F, and e be the nebentypus character.
Lemma 1.0.6. For good primes the following holds true :

* Given ged(p, N) = 1 and t, # 0. Assuming v is a place of F' lying over p, X, is a
matrix algebra over F,, if and only if the slope m, = [F, : Q] - v(t/e(p)) € Z where v
is so normalized such that v(p) = 1.

e Also if ged(p, N) = 1, t, = 0, and v is a place of F lying over p, then X, is a matrix
algebra over F, if and only if m} := [F, : Q,] - v(t2/e(p')) € Z is even.

In the latter chapter of this thesis, we also talk about the image of the restriction
map of a Siegel modular form. From Poor and Yuen we have the following map from

the space of Siegel modular forms to the space of classical modular forms.

¢:(f) : S3(T5(p)) = ST (To(p)).

For the definition of the map ¢}, we refer to [24, Section 4]. We use the fact that
much is known about the right hand side as they are the space of classical modular
forms for many of our calculations. We have written down a program that gives the
right hand side of this expansion of different choices of matrices s, and primes p.

Using the fact that we have better information about the bounds for the reference
matrices X, even for a prime power now, due to Klein, we use that to give an upper

bound for the dimensions of the space of Siegel modular forms for a prime power.



2
The Classical Modular Forms

The group SLy(Z) also known as the Full Modular Group, is the subgroup of GLy(Z)

b
d) € GLy(Z) | ad — be = 1}.

_r . a
consisting of matrices { (
c

Let H:={r=2+iyeC|y>0}

be the upper half plane in C.

C

(a b) at +b
ST = )
c d cT +d

Definition 2.0.1. For an integer k € Z, a meromorphic function f : H — Cis called a
a b

Cc

b
For 7 € H and the matrix ( ¢ g ) € SLy(Z), the action of SLy(Z) on H is given by

weakly modular of weight k if for all oo = ( ) € SLy(Z), 7 € Hand

fla.t) = (er + d)* (7). (2.1)
. . 11 0 —
One can we consider the matrices 01 and . ) € SLy(Z), to prove that

any weakly modular function of weight £ becomes a periodic function with period 1
(thatis f(7) = f(7 + 1)), and satisfies f (’71) =T7rf(7).
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0
Further, because 0 . € SLy(Z), plugging in this matrix to the equation 2.1

gives f = (—1)* f which when £ is odd, gives f = 0.

Consider the domain D = {T eC|Ir < 1}. The upper half-plane H is bijective
with the punctured open unit disk D' = D — {0} using the map 7 — e(7) = ¢*™" and
q = e(7).

For all functions f defined on H, they can be represented as g on D', where ¢(q) =

11
f (13%). Since the matrix 01 € SLy(Z), the defined function g is well defined

even as log is determined up to 27iZ.
For a weakly modular function f of weight k, we say f is holomorphic at oo if g

extends analytically to 0 € C. In such a case, f admits a Fourier expansion f(7) =
> an(f)q", where ¢ = e(7).
n>0

Definition 2.0.2. (Modular form). A function f : H — C is called a modular form for
SLy(Z) of weight k if :

(i) fis weakly modular of weight £,
(ii) f is holomorphic on H,
(iii) f is holomorphic at oco.
The set of such modular forms of weight k is denoted by MF(SLy(Z)).

Definition 2.0.3 (Cusp form). A modular form f of weight £ is called a cusp form of

weight k if the zeroeth Fourier coefficient of f vanishes at co.
For a natural number N € N, let

r(zv){(z Z)ESLQ(Z) (Z Z)(é ?)(modN)}.

As the kernel of the natural morphism SLy(Z) — SL2(Z/NZ), we see that I'( V) is a

normal subgroup of SLy(Z), called the principal congruence subgroup of level N.
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Definition 2.0.4. A subgroup I' of SLy(Z) is called a congruence subgroup if there
exists a NV € N such that I'(V) C I, and the smallest such N satisfying this condition
is called the level of I'.

Below we list two of the most used congruence subgroups. Let

n(zv){(‘z Z)eSLQ(Z) (Z 2)(3 ‘I)(modjv)}
)(modN)}.

The subgroups I'; (V) and I'y(/V) are congruence subgroups of SLy(Z) of level N.

-
o 2
QO

~_

[l

/
o ¥
* *

From the definitions, it is evident following the inclusion conditions that I'(N) C
I'1(N) C T'o(N) C SLy(Z). Being the kernel of the natural homomorphism

SLy(Z) — SL2(Z/NZ),

the subgroup I'(/V) is normal in SL;(Z). This map is a surjection, inducing the isomor-

phism

~ SL,(Z/NZ),

and so
‘SLQ(Z/NZ)‘ = M (1 _ 12> .
pIN p

Hence any congruence subgroup has a finite index in SLy(Z).

b
Consider v = ¢ J ) € GL3(Q) and 7 € H. The factor of automorphy at  is
C

defined as j(v,7) = c7 + d.
For f : H — C, we define the weight-k operator [y]; such that

(fIV)i)(7) = (det(7))"15(y, 7) 7" f(7(7)).
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Since the factor of automorphy is neither zero nor infinity, f is meromorphic if and

only if f[y]; is meromorphic.

Definition 2.0.5. We define a function f : H — C to be a weakly modular form of weight
k with respect to I if f[y], = f forall y € T..

Definition 2.0.6. Let I be a congruence subgroup and % be an integer. A function
f :H — Cis a modular form of weight k with respect to I' if

(i) The function f is holomorphic,
(ii) It has weight k invariance under I', which means that it satisfies equation 2.1
(iii) f[7v]x is holomorphic at co for all v € SLy(Z).

Definition 2.0.7. A modular form f of weight £ with respect to I' is termed a cusp form
of weight k with respect to I if f[v]; vanishes at infinity for all v € SLy(Z).

Definition 2.0.8 (Fundamental domain). A fundamental domain for a group I' acting
on upper half space H is a region in the upper half-plane H that contains exactly one

point from each I'-orbit.

Proposition 2.0.9. Let D = {r € C | |7| > 1,|Re(7)| < 1}. Then, the set D is a fundamental
domain for SLy(Z).

Let I' be a congruence subgroup. Then the modular curve for I', denoted by Y (I"),
istheset {I'r | 7 € H} = I'"'\H.

We define X(I') = {I'r | 7 € H}, where H = HUQ U {o0}.

For the topology on X (I'), we define a map ¢ : H — Y(I') given by 7 — I'r.
The topology on Y (I') is defined using the quotient topology, where H inherits the
subspace topology of the Euclidean topology on C.

We define the topology on X (I') in such a way that Y (I') becomes a dense subset.

Since the action of the congruence subgroup I' on H is properly discontinuous,
Y (I') is a Hausdorff space. For a more detailed view on this, one can refer to [10,
Chapter 2].

The subgroup I'; = {y € I' | y(7) = 7} is known as the isotropy subgroup.
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Definition 2.0.10. An element 7 € H is termed an elliptic point if the isotropy subgroup
I'; is non-trivial as a group of transformations, that is if the containment {+/}I', D
{£I} of matrix groups is proper. The corresponding point I'r € Y'(I') is also referred
to as an elliptic point.

Remark 2.0.11. [10, Corollary 2.2.3] For any congruence subgroup I and any v € H, there
exists a neighborhood U C C of 7 such that for any v € T, if v(U) NU # 0, then v € T',.
Additionally, U contains no other elliptic points.

Definition 2.0.12. For 7 € H, the period of 7, denoted by ., is defined as | {j{i}ﬁ* |.

b
Lety=| o | €SLa(Z) (where 7 # 1) and 7 € Hy. Then 5(r) = 7 if and only
C

if the equation ¢7? — (a — d)7 — b = 0 has a solution. The fact that 7 € H, implies that
the characteristic polynomial of the matrix is either 22 + 1 or 2* + z + 1.

Furthermore, we observe that v> = I, v* = I, or /% = I. Hence, h, is finite.
Moreover, it can be verified that the isotropy subgroups are cyclic.

Additionally, h, = h,) for any v € I'. It is straightforward to show that the
imaginary part of an elliptic point is strictly less than 2.

Now we can describe the local structure at any point I'r € Y(I') (which is well-

1 —
defined). Let h = h,. Consider 6 = §, = ) i € SLy(C).
—7
It follows that §(7) = 0 and 6(7) = oo. Evidently, hs,;) = h. We choose a neigh-

borhood U of 7 as in Corollary 2.0.11, and define ¢y : U — C by ¢ = p o §, where

p(z) = 2"

Now we define ¢ : ¢(U) — ¢(U) such that ¢(¢(z)) = ¢(2). This map is a home-
omorphism because fractional linear transformations are homeomorphisms. It can be
verified that if U; and U, are two neighborhoods of 7 and ¢, ¢ are two maps like ¢
above, the map between 1 (¢(Uy) N@(Uz)) and @2(¢(Ur) N¢p(Uz)) is analytic. Thus, this

provides a manifold structure on Y (I').

Remark 2.0.13. Let D = {7 € C | || > 1, |Re(7)| < 1}. Then the map f : D — Y (SLo(Z))
defined by f(7) = SLo(Z)7 is a surjective mapping.

Remark 2.0.14. The modular curve Y (I') is a connected but non-compact complex manifold
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of dimension 1. To render it compact, it is enough to compactify the domain of the map , as
the continuous. Hence, we include Q U {oo} in Hy. It is evident that H = HU Q U {oo} and
then the extended quotient T'\H is compact.

Definition 2.0.15. An element in the set I'\ (QU{ oo} ) is called a cusp for the congruence
subgroup I'.

Theorem 2.0.16. For any congruence subgroup I', X (I") is a compact, connected, and Haus-
dorff space. Furthermore, X (') is a complex manifold of dimension 1, making it a Riemann
Surface.

Remark 2.0.17. For the classical case, where X (I') is a Riemann surface, we can utilize the
Riemann-Hurwitz formula, genus, and Riemann-Roch theorem to determine the dimension of

the set of all modular forms, the set of all cusp forms, and the set of all Eisenstein forms.

Definition 2.0.18 (Differential Forms). When £k is even, the weight £ modular form

f(7) can be interpreted as the differential form f(7)(d7)*/2.

This form is fixed under the action of every element of I', meaning it transforms
in a way that maintains its overall structure. This invariance under I' indicates that
f(7)(d7)*/? is a I'-invariant differential form.

Let M), denote the set of all modular forms of weight k&, and S, denote the set of all
cusp forms of weight k. Both sets are vector spaces over C.

Definition 2.0.19 (Petersson inner product). Let f and g be modular forms of weight
k for I' < SLy(Z), where at least one is a cusp form. Let D be a fundamental domain
for I'. The function

(,): My xSy — C,

(f.9) = [| F()g(Iyt2dwdy

is called the Petersson inner product.

Remark 2.0.20. The differential f(7)g(7)y* *dxdy is invariant under the action of SLy(Z),
which means that the inner product is independent of the fundamental domain chosen
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The set of all Eisenstein series Ej(I") of weight £ is the orthogonal complement of

Sk(I') inside M} (I"). In other words, we have the decomposition
My(T) = Sp(I') @ Ei(I).

For proofs and more detailed theory of classical modular forms, we refer to [10].



3

Siegel Modular Forms

3.1 Siegel modular forms

Siegel modular forms are holomorphic functions on the set of symmetric n xn matrices
with positive definite imaginary part. The forms satisfy an automorphy condition.
Siegel modular forms can be thought of as multivariable modular forms, that is the

generalization of classical modular forms to a domain of higher genus.

3.1.1 The Symplectic Group

Let us start with a natural number » € N and a commutative ring R with 1. We denote
by GSp,,(R), the general symplectic group of similitudes which is defined by :

GSpy,(R) = {M € GLan(R) | M'JM = p(M)J}

0, I,
where (M) € R* and J = ool
We also have a homomorphism from the multiplier map x : GSp,,(R) — R*. The

kernel of this map is called the special symplectic group given as :

Spa,(R) = {M € GSp,,(R) | u(M) =1}

15



16 3.1. Siegel modular forms

Lemma 3.1.1.The special symplectic group over real numbers, Sp,,(R) is a subset of the
special linear group, SLs,, (R).

Proof. By the Iwasawa decomposition [23, Exercise 1.4], any matrix M € Sp,,(R) =
K AN where K is the orthogonal subgroup, A is the positive diagonal subgroup and
N is the unipotent subgroup as described below. More explicitly, the relevant sets are

.K:{
.A:{
oeflo

Since for each of these subgroups, the matrices of K, N, and A are in SL, (R) as

X Y
-Y X

| XYY =YX, X'X +Y'Y = In}

yX:w}

|g € GLN(R)}

I, X
0, I

they are determinant 1 matrices, their product is also in SL,,(R).
O

Below we will describe the generalization of the upper half plane for higher genus

which will be the domain for our forms.

3.1.2 The Siegel upper half space
For a genus n € N, the Siegel upper half-space is defined as :

H, ={Z € M,(C) | Z = Z" and Im(Z) > 0},

where by Im(Z) > 0, we mean that if Z = X + Y, then Y is positive definite.

Lﬂg(g g)eG&@ﬂ©+@€C$memm>0}

For a Z € H,,, we aim to define the action of GSp,, (R)" on H,, as follows :

g<Z>=(AZ+ B)(CZ+ D).
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The above association satisfies the following properties [23, Theorem 1.5] :

1. Denote by J(g, Z) = CZ+ D. Then the matrix .J(g, z) is non singular and for two
matrices g1, g» € GSp,,,(R)", we have the equation

J(9192, Z) = J(91,92 < Z >)J (g2, Z).

2. The matrix g < Z > is symmetric and we have

Im(g < Z >) = u(9)(CZ+ D)"(ImZ)(CZ + D)~ ".

3. The function Z — g < Z > is an action of GSp,,,(R)" on H,,.

The aforementioned list proves that the association is an action. One can refer
to [23, Section 1.3] for the proofs.

3.2 Scalar valued Siegel modular forms

Let I',, denote the group Sp,,,(Z).

Definition 3.2.1. [23, Definition 1.8] A function F' : H,, — C is called a scalar valued

Siegel modular form of weight £ if the following conditions are satisfied :
1. F is holomorphic.

2. F satisfies the conditions

F((AZ + B)(CZ + D)™") = det(CZ + D)*F(Z),

for all (A B) erl,.
C D

3. Forn =1, Fisbounded in Y > Yj for any Y; > 0.

The space of Siegel modular forms of weight k£ and degree n, thus form a complex

vector space which we denote by M (I',,).
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Remark 3.2.2.1If kn is odd, then the space My (L',,) is the zero space.

-1, 0 . .
Proof. We use the matrix 0 s ) and use it in the equation F'((AZ + B)(CZ +

n

D)) =det(CZ + D)*F(Z), to get F = —F which implies F = 0. O

Definition 3.2.3. [23, Definition 1.11] We define the Siegel ® operator which acts on
F € My(T',,) as follows :

1t

(SF)(Z') = limy, F( (i ' 0) )

with 7/ € H,,_; and t € R.
This operator is necessary to define what would be a Siegel cusp form which we

define below.

Definition 3.2.4. [23, Definition 1.13] A Siegel modular for F' € M (I',) is called a
Siegel cusp form if F lies in the kernel of the ® operator described above. We denote
the space of cusp forms as Si(I',,).

3.3 Vector valued Siegel modular forms

The definition of vector valued Siegel modular forms as stated below is mainly taken
from [15].

We start with a pair of non-negative integers (k,j) and let p;; : GLy(C) —
GL,+1(C) be the irreducible rational representation of weight (j + k, k) that is

prj = det” ® Sym(j),

where Sym(j) is the symmetric tensor representation of GL2(C) of degree j. For a

A B .
Y= ( oD € Spy(R), and a C’*! valued function F on H,,we define the following :

(Flri(2) = pij(CZ + D) ' F(1Z)
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for Z € H.

Definition 3.3.1. A holomorphic function F : Hy — C/*! is called a vector valued
Siegel modular form of weight p;, ; with respect to the group Sp,(Z) if F|; ;[7] = F for
all v € Sp,(Z).

A vector valued Siegel modular form is scalar valued if j = 0 and in that case we

write the slash operator as just |;.

3.4 Congruence subgroups

Let us start with a positive integer NV € N. The principal congruence subgroup for the
level N and a genus n is defined as follows :

[W(N)={geTl,:9g=1, (mod N)}.

A subgroup of the group Sp,,(Q) is called a congruence subgroup if it contains
some principal congruence subgroup of a certain level.

We will list the important congruence subgroups that concern us. The list is taken
from [23, Section 2.2.1].

¢ The Siegel congruence subgroup :

A B

r3<z>:{ -

€ Spy,(Z) | C =0 (modN)}

¢ The I'; subgroup:

A B

rw):{ .

€ Spy,(Z) | C =0 (mod N)and A, D = In(modN)}
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¢ The Borel congruence subgroup :

Z NZ Z Z
Z 7 7 Z

B(N) = Sp,(Z) N .
(N)=SpZ)0\ 0 v 7
NZ NZ NZ 7

¢ The Klingen congruence subgroup :

N

NZ

N

Q(N) = Sp4(Z) N

N

NZ
NZ NZ NZ

N

N

N N
N NNN

¢ The Paramodular subgroup :

Z NZ 7Z Z
Z Z Z N'Z

Z NZ 7 Z |
NZ NZ NZ Z

K(N) =5Sp,(Q@) N

Apart from that we also have the delta subgroup which is not a congruence sub-

group as mentioned below :

A B

€ Spy,(Z) | C=0
R WY }

AHZ%={

3.4.1 Siegel modular form for a subgroup

Let % be a positive integer and I" be a congruence subgroup which means I' O I'(V)
for N. The largest such N for which so is true is the level of the subgroup I'. Let
F € Si(T'). Then F is said to be a Siegel modular form of level N and weight k for the
subgroup I'if F'|;[y] = F forall y € I'.
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3.5 Siegel modular forms with character

In this section, we will describe how Siegel modular forms with character are defined,
analogous to the case of classical modular forms.

Let us start with a Dirichlet character x : (Z/NZ) — C*. We extend this character
A B

to the group of matrices and write x (M) = x(detD) where M = o ol

Definition 3.5.1. A holomorphic function F' : H,, — C is said to be a Siegel modular
form with the character y, weight £ and level N if

FIu[M](Z) = x(M)F(Z) for all M € T%(N).

The set of such functions is denoted by M (XN, x) and it forms a finite dimensional
complex vector space. We also say that an F' € M]'(N, x) is cuspidal if it vanishes at
every cusp of I'j (). The set of Siegel cusp forms of M} (N, x) is denoted as S} (N, x).

Lemma 3.5.2. The space S*(N, x) # 0 if and only if (—1)™) = x((—1)").

-1, 0
Proof. Consider the matrix 0 / € I'f(N). The relation above gives that
det(—1,)"*F(Z) = x(det(—1,))F(Z). Hence this gives (—1)"*F(Z) = x((—=1)")F(Z).
Hence for the space S%(N, x) # 0, we require (—1)"* = x((—1)). O

Most of the discussions in this thesis will be that of the genus 2 case, hence we
write the expansion in that case below as it will be useful later.

Any given F' € SZ(N, x) has the Fourier expansion :
F(Z) =Yrenar(T)e(TZ), (3.1)

where the coefficients ar(7) € C and A is the set of half integral symmetric 2 x 2

matrices.
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Extra Twists of Siegel modular forms

4.1 The Representation associated to a Siegel modular

form

Let F' be a cuspidal vector valued genus two Siegel modular form of weight (k1, k)
with k; > k; > 2, and level N and nebentypus ¢, which is also a Hecke eigenform. This
means that the weights of these modular forms are Sym* " © det*> and T,F = t,F
for all p { N. Siegel modular forms are of two types, namely those that are lifted from
classical elliptic forms and those that are non lifted.

Analogous to the classical case, we may associate a compatible system of A-adic
Galois representations to reach Siegel modular form F' of genus g = 2, from an amaz-

ing construction of Laumon, Taylor and Weissauer :
pra : Gg — GSpy(K)).

The construction can be seen in [39, Theorem 3.1]. Here K = Q({t, }) is the number
tield obtained by adjoining the Hecke eigenvalues ¢, of the Siegel modular form F* for
all primes for which p t N. This Galois representation has the characteristic property :

e Trace(pp(Frob,)) =t,

22
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o Sim(pp(Frob,)) = e(p)p*+*273, for all primes sch that p [N where "Sim" de-
notes the similitude of the matrix.

The Langlands dual group of GSp, is still the group GSp,. Denote the /-adic Galois

representation by pg; := [] prx. The images of these Galois representations are large
Al
in the sense as stated in [17, Theorem 2.1].

By [18, Corollary 2.2], for all but a finite set of primes in a set of primes of density
1, and for each )|/ in that set, we have

prx s Gg — GSpy(K)y).

Fix an isomorphism C ~ Q, and let I' = Hom (K, C) be the set of homomorphisms.

We define extra twists of Siegel modular forms similar to the elliptic modular forms.

Definition 4.1.1. [3] A Siegel modular form F' is said to have an extra twist if there
exists a tuple (v, x,) with v € I, and an associated x, such that y(pr) ~ pr ® x,-

As usual, two representations are said to be equivalent ~ if they are conjugate of
each other. The notation v(pr) means that the embedding acts on the matrices entry
wise. Very little is known about actual Fourier coefficients and hence Hecke eigen-
values of Siegel modular form. As a consequence, very less is known about the the
coefficient field K. The aim of this paper is about the existence of extra twists for au-
tomorphic forms for the group GSp,/Q. In our first theorem, we give examples of
Siegel modular forms with extra twists different from complex conjugation coming
from lifted modular forms. We extend a result of Ribet [1, pg. 49 Theorem 5.7] to
automorphic forms on the group GSp,/Q for which the corresponding Galois repre-
sentation is irreducible.

Let ¢ be the complex conjugation and e be the nebentypus character. From the Pe-
tersson inner product, the tuple (¢, e7!) is always an extra twist for the Siegel modular
forms [18, Remark 2.7] if the nebentypus is a non-quadratic Dirichlet character since
they take value in K. Somehow, complex conjugation produces a trivial extra twist. It
is natural to ask if there are extra twists of Siegel modular forms different from complex
conjugation.

In our first theorem, we explicitly produce Siegel modular forms with extra twists

different from complex conjugation. Start with two classical elliptic modular forms
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(f,9) with f € S} (N,e), g € Si,(N,e). Using a suitable embedding GLy, x GLy —
GSp,, it is possible to produce a Siegel modular form Y (f ® g¢) that is a Yoshida lift of
(f,g9). However, these are endoscopic lifts and the corresponding Galois representa-
tions are reducible [37, Theorem 3.2.1].

For two carefully chosen classical modular forms f and g, their Yoshida lift Y (f®g)
is a Siegel modular form with extra twists different from complex conjugation. On the
other hand, for a classical modular form with an extra twist different from complex
conjugation, consider the automorphic representation ' := Sym®(f). Now F is a
Siegel modular form with an irreducible Galois representation. Our theorem says that
F is also a Siegel modular form with an extra twist different from complex conjuga-
tion.

However, we also observe that classical elliptic modular forms with extra twists do
not necessarily lift to Siegel modular form with an extra twist.

Let f and g be two classical non-CM elliptic modular forms with extra twist asso-
ciated to the same Dirichlet character x different from complex conjugation. Assume
that the Yoshida lift Y(f ® g) of (f, g) exists, then Y (f ® g) is a Siegel modular form
that contains extra twists different from complex conjugation.

However, we also observe that classical elliptic modular forms with extra twists do
not neccessarily lift to Siegel modular form with an extra twist.

We have defined Yoshida lifts in § 4.3.1. Also recall the definition of Saito-
Kurakawa lifts from [32, Section 1.3].

Theorem 4.1.2. 1. Let f and g be two classical non-CM elliptic modular forms with extra
twist associated to the same Dirichlet character x different from complex conjugation.
Assume that the Yoshida lift Y (f ® g) of (f, g) exists, then Y (f ® g) is a Siegel modular

form that contains extra twists different from complex conjugation.

2. Let f be a classical elliptic modular form of level N such that 3 1 ¢(N) that contains
an extra twist other than the complex conjugation. Then the lift Sym®(f) is a Siegel
modular form that contains an extra twist other than the complex conjugation.

3. Let Fy be a Siegel modular form of Saito-Kurakawa type coming from classical modular
form f that contains an extra twist other than complex conjugation, then the non trivial
extra twist of f will not produce extra twist for Fy.
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The above theorem says that the group of extra twists can be really large. The
method of this theorem also provides a systematic way of producing a large class
of examples of Siegel modular forms with extra twists. We give a few examples of
explicit Siegel modular forms with extra twists. We construct these examples by taking
the Yoshida lift of two classical modular forms of the same level and the same central
nebentypus character. For the families of modular forms, the group of extra twists is
studied by Conti [9] in a recent paper.

Kumar et al use the extra twists for Siegel modular forms with arithmetic applica-
tions in the context of Lang-Trotter conjecture [17]. It is worth mentioning that as of
now it is very hard to compute Hecke eigenvalues for Siegel modular forms for con-
gruence subgroups even for genus two. It will be very intriguing to find extra twists of
non lifted Siegel modular forms that do not come from complex conjugation.

In § 5.1.1, we give a necessary and sufficient condition for the existence of an extra
twist similar to the classical elliptic modular forms. This is a generalization of Ribet’s
result on a large image of the Galois representation associated with elliptic modular
forms (cf. [26], [27] and [29]). This theorem is about the image of the Siegel modular
form and how it is affected by the presence of a twist.

We can associate a central simple algebra X associated to the extra twists of Siegel
modular forms. For the classical modular forms, local Brauer classes of these central
simple algebras are studied by Eknath Ghate and his collaborators (cf. [12], [7], [5], [6]).
We determine the local Brauer classes of these central simple algebras associated to
Siegel modular forms of genus 2. As it is 2 torsion in the local Brauer group, so either
it is a matrix algebra (split case) or not a matrix algebra (non-split case). We say X, ~ 1
if it is a matrix algebra and X, ~ —1 otherwise. Similar to the classical case if ¢, # 0,
consider the quantity )

my = [F, : Q) -v(;é;;)) eZ.
For the cases where t, = 0, we have the following criterion similar to the elliptic
modular forms. Let p' { N be a prime such that p! = p mod N and t,t # 0. Let
t2

m! = [F, : Q] v(e(;tr)) €Z,

where v is normalized so that v(p) = 1. The local Brauer classes are given as in the




26 4.2. Extra twists for Siegel modular forms

theorem below.
Theorem 4.1.3. The local Brauer classes X,, are given at all places p t N as follows:
1 ifv| oo,

Xy~ (=)™ ifptNandt,#0
(—=1)™  ifptNandt, =0

4.2 Extra twists for Siegel modular forms

Before we talk about extra twists for Siegel modular forms, we first talk about extra

twists for classical modular forms and the result from Ribet which we generalize here.

4.2.1 Extra twists for classical modular forms

This subsection and its outline is mainly derived from [35, Section V, Chapter 2]. Let
us start with a classical newform f of level k£ with weight N. For a prime , let

pr: GQ — GLQ(K X Ql)

be the l-adic representation attached to f. Here g; is the Lie algebra of the image of the
representation.

We also let a; be the Lie algebra
a = {U € 9[2(K® Ql) ‘ tr(u) € Ql}

Definition 4.2.1. A classical modular form f without complex multiplication is said
to have an extra twist if there is a 7 € Aut(C) along with a continuous character
¢ : Gg — C* which is unramified outside N such that a, = 7(a,)¢(p) for all primes p

in a set of primes of density 1.

We can now write down the main theorem of Ribet which we try to generalize here

to Siegel modular forms.
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Theorem 4.2.2. We start with a newform [ without complex multiplication. Let [ be a prime.
We get the strict inclusion of Lie algebras g, C a; if and only if the classical modular form f

admits an extra twist.

4.2.2 Extra twists for Siegel modular forms

Recall that we associate with every Siegel modular form F' of genus g = 2, the com-
patible system of A-adic Galois representations by the work of Laumon, Taylor, and
Weissauer [40]:

pr : Gg — GSpy(K)

where K = Q({t,}) is the number field obtained by adjoining the Hecke eigenvalues
t, of F for all primes p in a set of density 1. The images of these Galois representations
are extensively studied by Dieulefailt [11].

Note that if the Siegel modular forms are of genus two and non-lifts, these rep-
resentations are expected to be irreducible but it is known only for large £ > 2 and
large A (A | [ with [ > 5) by Ramakrishnan [25] and by Weiss [39] for k¥ = 2. For
g > 2, irreducibility is not known in general (cf. Patrikis-Taylor [22] for details) even

for non-lifts.

Definition 4.2.3. [3, Definition 2.3] A Siegel modular form F'is said to admit complex
multiplication (or be CM) if there exists non trivial Dirichlet character e such that pp =

pF®e*1.

4.2.3 Lifted Siegel modular forms

Siegel modular forms F' of genus 2 are of two types. Namely, either they are lifts
(coming from modular forms of lower ranks) or nonlifts (those that are not lifted).
Recall the possibility of the derived Lie algebra & = [g, g| of the Lie algebra g image G

of Galois representation [13, Proposition 3.2].

Definition 4.2.4. A Siegel modular form F'is said to be a lift if & is one of the following

forms:

1. & = 5l(2) x sl(2). This corresponds to the endoscopic lift.
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2. 6 = sl(2) with sl(2) embedded into a Klingen parabolic subalgebra. This corre-
sponds to CAP (cuspidal associated to Klingen parabolic).

3. 6 = sl(2) with s[(2) embedded into a Siegel parabolic subalgebra. This corre-
sponds to CAP (cuspidal associated to Siegel parabolic).

4. 6 = sl(2) via the symmetric cube representation of SL(2). This corresponds to

the symmetric cube lifts of elliptic modular forms.

5. G = 1. In this case, pp ~ Ind?(x) for a degree 4 CM field L. This corresponds
with the automorphic induction.

Hence a Siegel modular form F' is a non lift if & is not one of the above forms and
hence G = sp,.

Lemma 4.2.5.For a non trivial character e, the pair (c,e™ ') is always an extra twist.

Proof. Let <,> be the Peterson inner product for the Siegel modular form. For any
non-quadratic Dirichlet character ¢, the pair (c,e™') is always an extra twist. This
follows from the fact that {, < F\F >=< {,F|F >=< T,F,F' >=< FT)F >=<
F,e(p)~'t,F >=e(p)t, < F, F >. In this case, (c,e ') is always an inner twist. O

Below, we will prove some important characteristics of the extra twists over a form.
Proposition 4.2.6. [18, Proposition 2.4] For a Siegel modular form, if v € I" then v(K) C K.

Proof. Let (7, x) be an inner twist. Comparing Sim(v(p;)) and Sim(p;® x.,), we get that
X3 = 7(e).e”'. Hence x, takes values in the field Q(¢) C K. But also v(t,) = t,x,(p)
for all p 1 IN. Varying over the prime [, we get that v(¢,) € E for all p { N and so
Y(K) C K.

]

Lemma 4.2.7. 1. The extra twists for pp over Q form a group.

2. For a non CM modular form F, and an extra twist -y, the character x., that satisfies the
equivalence is uniquely determined.

3. The association v — X7 defines a cocycle on the group of self-twist with values in K*.
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Proof. 1. Let (v1,x1) and (72, x2) be two extra twists associated with a modular
form. This means that v, (¢,) = t,x1(p) and 72(t,) = t,x2(p). Hence y2(71(t,)) =
Y2 (tx1(p)) = tpxa(p)-(x1(p))”2. Hence the associated character to the composite
embeddings is v2(p).(x1 (1))

2. Assume that we are starting with a non CM form F'. Let there be two associated
characters x1, x» for the same embedding v. This means that v(¢,) = ¢,x1(p) and
v(t,) = tyx2(p). Comparing the two, we get t, = x1(p)x2(p) *t, which gives us a
contradiction as we had assumed a form without complex multiplication.

3. If we start with v,,7, € T, then the identity x,,,, = Xx,,X]., proves that the
association as stated is a 1-cocycle.
O

4.2.4 A homomorphism associated to the group of extra twists

Restricting ourselves to g € Gq, we observe that the association v — x,(g) isa 1 —
cocyle again. By Hilbert 90, H'(I", K*) is trivial, that is, there exists an element a(g) €

K which satisfies :

= X,(g) forally e T".

As F is the fixed field upon the action by +, the element «(g) is uniquely determined
up to multiplication by elements of F'*. Varying over g € G, we get the well defined
map:
a:Gg— K*/F*.
As each ., is a character, & is a homomorphism. We may now verify all the relevant

properties of a that hold in the case of classical modular forms as well.

1
LetJ = 0 iwithS: 0.

Lemma 4.2.8. The homomorphism & satisfies :
1. The morphism & is unramified for all primes p{ N.

2. Foreach g € Gq, we have o*(g) = €(g) (mod F*).
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3. If the Hecke eigenvalue t, # 0, then o(Frob,) = t,(mod F*).

Proof. 1. Both v(ps) and p; are unramified for p { N and so, x,(g) = 1 forall g € I,.
Also, since a(g) € F* for all g € I, so & is also unramified at p { N.

2. Since p(g) € GSp,(K'), we have the following equality :
p7(9)7p°(9)" = n(p”(9))J.

This equates to x,(9)p(9)J(xs(9)p(9))" = u(p°(g))J. Hence we get that

We deduce, o?(g9) = u(p(g)) = €(g) (mod F*).
3. If we assume that the trace of ps(g) for g € Gg is not zero, then we can show that

a(g) = trace(py (9)) (mod F¥).

Specifically, if p t N, with ¢, # 0, we take g = Frob, to get a(Frob,) = t,(mod ™).
[

4.3 Examples of Siegel modular forms with extra twists

4.3.1 Yoshida lifts of classical modular forms with character

We recall the theory of Yoshida lifts [31]. This is basically coming from the embedding
GLs x GLy — GSp,. It is a specific case of Langlands functoriality that comes from the

embedding of dual groups :
{(g1,92) € GLa(C) x GLo(C)| det(g1) = det(gz)} — GSp4(C),

given by
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a 0 b 0
a bl |a V 0 a 0V
( A, )=
c d d d c 0 d 0
0 & 0 d

If we start with two classical elliptic modular forms of weight 2, namely f and
g of level N; and N, associated with the same primitive Dirichlet character x, then
the Yoshida lift F' is the automorphic representation for GSp,. We may recall that for
the pair (f, g), the automorphic representation F' := Y (f ® g) is the Yoshida lift if the

following conditions are satisfied :

1. The adelization of F' generates an irreducible cuspidal representation 7 of
GSpy(A).

2. The local L— parameter for 7, at each place v is the direct sum of the L— pa-

rameters for 7y, and 7, ,.

The determinant condition of the embedding is satisfied as in both the cases the
determinant equals x(p)p*~! as the classical modular forms are associated with the
same primitive Dirichlet character x.

In line with Roberts [30], we mention below the necessary conditions for the exis-
tence of the Yoshida lifts. Starting with two classical newforms f and g, we say that

the pair satisfies the conditions of a Yoshida lift it :
1. The modular form f is not a scalar multiple of g.
2. The characters of f and g come from the same primitive Dirichlet character.

3. One of the weights is 2 and the other weight has to be an even integer greater

than or equal to 2.
4. For at least a finite prime p, 74, and 7, , are both discrete series representations.

Definition 4.3.1. Assuming that these conditions are satisfied, and f,g € SL(IV,x),
there is a unique representation Iz, of GSp,(Q,) which satisfies the following for all

but finitely many primes p:

L(Ilgy) = L(myp) © L(7g). (4.1)
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In such a case, F'is called a Yoshida lift of f and g.

If we have two classical modular forms f, g with coefficient fields K; and K, re-
spectively, and I'y,I's be the relevant group of extra twists; then let us denote the
Yoshida lift Y'(f ® g). We denote the group of extra twists for the lift as I'y..

Lemma 4.3.2.If two given classical modular forms f and g satisfy the conditions listed in
4.3.1,thenT'y D I'y N Ds.

Proof. We assume that y € 'y NI's. This means that the Hecke eigenvalue fields /; and
K, have to be equal for a non zero v to be in the intersection. Hence, their compositum
will be K = Ky = K,. This implies that y(ps) = py®@x, and v(p,) = py® X-. Because of
the equation 4.1 we have for the Yoshida lift F' = Y (f ®g), we get v(pr) = pr X xo. O

In the next example of Siegel modular form with extra twist, we show that it is not
necessarily true that I' = I'y N I'. In fact, for all of the examples we have I'y 2 I'y N Ts.

Subsequently, we give examples of Siegel modular forms with extra twists. We
find examples of Siegel modular forms with extra twists by considering the Yoshida
lifts of two classical modular forms with a particular weight, character, and having
extra twists themselves.

In this subsection, we show that the group of extra twists for Siegel modular forms

can be quite large.

Proof. Let f,g € Sk(IN,x) be two elliptic modular forms with extra twists different
from complex conjugation. Let K = K; - K, be the compositum of the Hecke fields
Ky, K, of f and g. There exists at least one v € Aut(K) such that

Y(pr) = pr @ Xy, Y(Pg) = Pg @ Xy (4.2)

Recall that we have assumed that the necessary condition for the existence of the
Yoshida lift of (f, g) is satisfied and let F' = Y(f ® ¢) be the Yoshida lift for the pair
(f,g) as defined in § 4.3.1. We claim that F is a Siegel modular form with an extra
twist by the same ~. In other words, we need to show that there exists a character x,
such that

Y(pr) = pr ® X5- (4.3)
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This is an equality of two 4 dimensional Galois representations. By Brauer-Nesbitt
theorem, this is only true if all the coefficients in the characteristic polynomial are
equal. The characteristic polynomial of the left hand side in equation 4.3 is (2 —
v(ap)z+p*~')(2* —~(al)+p"") and that of right hand side is (2° —a, x,(p)z+p* ') (2* -
anX+(p)x + p"'). The above equality follows from the equation 4.2.

Suppose (7, x,) be an extra twist for the form Y (f ® g), for a modular form f of
weight two and ¢ of weight & + 2 with coefficients in Z (the ring of integers of Q).
By [2, Cor. 5.8, p.2513], we deduce that t, = p2a, + b,. Assume that 7 is a complex
conjugation when restricted to Ky (yg,), then we have the equation

k
2

7(19%% + bp) =(p ap + bp)-

[S1ES
Ql

(=l

This gives us x., (p)pgap + X~(p)bp = (p2a, + by).

g(XV(map —ay) = (—xy(p)bp + @)

Hence we have (x,(p)a, — @,) = % (—x-(p)b, + b,) ¢ Z. This is a contradiction.
p

p

We expect that the endomorphism algebra of the conjectural motive associated to

Y (f®g) is a direct sum of the endomorphism algebras for f and g. Note that we really
need k£ > 0 for the validity of this theorem.

O

4.3.2 Examples of the phenomenon described above

In this section, we find explicit examples of Siegel modular forms with extra twists
that are different from complex conjugations. All these examples show that the Hecke
field of Yoshida lift is smaller than the compositum of the individual elliptic modular

forms.

1. Let f,g € S3(30,x) be two newforms with x is a Dirichlet character on x :
(Z/30Z)* — C* such that x is determined on its generators by x(7) = —¢Z and
x(11) = —1. Note we can do so because this is a four dimensional space. Since
the conductor of the character is 15, condition (2) of Yoshida lifting is satisfied

and we can consider the Yoshida lifting Y (f ® g) and this is an example of an
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explicit Siegel modular form with an extra twist. In this example, the classical
modular forms could be chosen with the expansion f = ¢ + (s¢® + (3 — ¢ —
D@+ G¢*+...and g = ¢+ G® + (§ — € — 1)® + §q¢* + ... For a detailed study
of this space, let K, be the compositum of the coefficient fields of f and g. It

must be said that no matter what f and g we choose, in any case, Ky (g4 C Ky 4.

Let I'r be the group of extra twists of F. Then it is readily evident that I'y O
I'y NTy. For the f and g we have chosen, I'y = I';. Note also that Ky, = Q((s).
We see that in this expansion the coefficient of ¢ in the sum of f + g is (s + (3.
We claim that all of the coefficients of the sum f + g belong to the field Q({s + ¢3).

It is easy to check manually that for any power 1 < i < 8, ({+(3' can be written in
terms of (s + (3. Hence all the sum of Hecke eigenvalues of f and g are in Q((s +
¢2). From the definition of Yoshida lift 4.3.1, we get that the Hecke eigenvalues
of Y(f ®g) € Q((s + ¢2). Hence this is an explicit example of when the field of
Hecke eigenvalues of the Yoshida lift is a proper subset of the compositum of the

tield of the Hecke eigenvalues of the concerned classical modular forms.

. Consider the 8 dimensional complex vector space S5 (100, x) where the character

x is defined by x(51) = —1 and x(77) = “6_43“2 ; here p is a root of the polynomial
p(x) := 28 — 7T2* + 16 = 0. Such a character x has conductor 20 and the order of

the group of inner twists is 8.

— THVi5i (TY/15%) be the root of p(x). For i = 1,2, we have the

Let piy 1= Z57 pp = —
Fourier expansions

i — 13y}
- —

3 + ...

fi=a+ i +
The Hecke eigenvalue ring K, 4, is of dimension 8 over Q. The Hecke eigenvalue
ring is determined by the coefficients of 1, ¢ and ¢* itself. Hence by Definition
4.3.1, the coefficient ring, Ky (7,5, is determined by the sum of Hecke eigenval-
ues of ¢ and ¢* under the two roots. By a small calculation, we see that this field
happens to be Q(+/15i) which is of extension degree 2 over Q. Hence K, ;, is of

extension degree 4 over Ky gy,). In these case also Ky (f,7,) € Ky, 1.

=

While we give just two examples, but from LFMFDB it is evident that the group of extra
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twists for Yoshida lifts can be very large, although it can be controlled (as expected)

from the individual classical elliptic modular forms.

4.3.3 The Symmetric cube lift

Let f = Z a,q" be an elliptic cusp form that is a Hecke eigenform and has an extra

twist d1fferent from complex conjugation.This implies that there exists as extra twist
7, different from complex conjugation such that v(a,) = a, ® x,(p). We show that
Sym3(f), is a Siegel modular form with an extra twist as well. Let the Satake param-
eter weights of f at the prime p be {o,, 8,}. In such a case, the Satake parameters of
Sym?(f) are {a3, a2, a,, 52, 53}, We calculate the trace ¢, := Trace(p(syms(s),n)- The
addition shows that

ap + oy + apf, + B, = (ap + Bp) (el + 52)
= (ap + Bp)((ap + Bp)Q — 2055 3).

Let (v,x,) € I'y be an extra twist for the classical modular form f. Hence, we
deduce that

V(tp) = (v + Bp) (e + Bp)? = 20, 3,)"
= apxy(p) G as — 22 (p)e(p)p™ ™)
- X5 (p)ay(a; — 2¢(p)p*)
= X (0) (g + Bp)(al + 57)
= X5 ()t

Note that traces are sufficient to determine if two irreducible Galois representations
are isomorphic [34, p. 11]. Comparing the determinants we also get that @ = X2
where ¢ is the nebentypus character. We show that Sym?(f) is a Siegel modular form
with an extra twist as well. Assuming the form is of level N, we get that x?™) = 1,

Since pgyms(y) is an irreducible Galois representation, we get the representations
are similar pg, o)\ ~ Psym3(r) @ x3. By assumption, we have 3 { ¢(N), so x3 # 1.

As a consequence, the Siegel modular form Sym?(f) has an extra twist different from
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complex conjugation.

4.3.4 Lifted modular forms coming from CAP representations

In this subsection, we prove part (3) of Theorem 4.1.2.
Let f € So(M, €%) be a classical elliptic modular form. We can associate a lift (Mass
specialization) Fy € S3(M, ) to this f. The Hecke eigenvalues are given by [8, p. 1496]

Ay (p) = Ap(p) + e(p)p* > (p + 1).

Suppose f is a modular form with an extra twist (v, x,) different from the complex
conjugation. Hence, we have x> = (¢?)”~'. Hence, we have x, = (¢)"" !4 for a
quadratic character ). Let p be a prime that is not in the kernel of ¥. Then F} will
not satisfy the condition Ar, (p)” = Ar, (p)x~(p)-
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The image of the associated representation

In this section, we prove our main theorem, which gives a necessary and sufficient
condition for the existence of extra twists analogous to the classical case. Let 7 be an
automorphic representation with respect to a reductive group G, with the Langlands
dual group G. The content of the section also carries forward for any compatible

system of Galois representation :
p:Gg = G(@)

with G being either the general or symplectic group as long as the corresponding
Galois representation is also irreducible. Now, since the irreducibility of this Galois
representation is not known in generality, we may assume that we have a Galois rep-

resentation to GSp,.

5.1 The image of the representation

Recall the following setup [13, §3]. We start by considering a Siegel modular cusp
form F of level N, nebentypus € and weight (ki, k2) with k; > k; > 3. We have a
Galois representation for all primes [ with A | :

,OF,A : GQ — GSp4(7>\)

37
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By a theorem due to Kumar et all [18], for most primes [ with \|/, we have
PF - GQ — GSp4(K)\);

with K, a finite extension of ;. For all primes p co-prime to N and [, the matrix

pra(Frob,) satisfies the polynomial:
Prp(X) = (X = a)(X = B)(X =) (X —9).

Denote by K; = ] K be a product of fields. Every module V; over K; breakes up into
Al

product of vector spaces V; = ] V... Fix a prime [ with X | [ for which the representation
Al
takes values in the finite extension K of ;. Let Ok, be the ring of integers of K. Then

Ok, is free of rank 4.

Let g; be the Lie algebra of the image of the representation and

a = {u € gsp, (K ®o Q) = [[osp,(K) | Alu) € Qi}
N

where A denotes the symplectic similitude.

Now G is compact and pp ) is continuous, the image is a closed subgroup of
GSp,(K,). Denote this by G. It is a [-adic Lie group with Lie algebra g,. We have
exp : gx — G with the inverse log : G — g,. These are analytic maps for the [ adic
topology that are inverse to each other. For any subgroup U of G that is of finite index

we have
K/\ log(U) = g)\.

This is because for x € g, exp(z) € G and since U is of finite index we have exp(nz) €
U. Taking the inverse we get x € K, log(U). The other containment is obvious. For a

detailed look on exp and log maps, one can refer to [32, Section III and Section VII].

We have a Galois representation:

pra - Gg — GSpy(Q)).
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At the level of the Lie algebra, this produces a representation:

Lie(pry) = gx — g5p,(Qy).

Clearly, we have GSp,(K ® Q;) = [ GSp,(K,) with each K\, = Q.
Al

The representation pp) is irreducible even if we restrict it to any finite index sub-
group H of Gg (cf. [39, Lemma 5.9, p. 379]). We denote by G := GSp,(V,) with
V, = Vi ®g Q;. The group GSp, is equipped with a bilinear form V.

For a subgroup H C G, let us denote by
]L[H}<V) = {Q) : (‘/7 \I/) — (‘/, \I/), P o pF,)\(h) = pR)\(h) o® forall h € H},

the set of all intertwining operators from (V, ¥) to itself. If H = G, we denote I{ = I,.
Denote by p; := [ pr» and g; := [] gi. For any field K, let gsp,(K) = Lie(GSp, (X))
All All

and
a; = {u € gsp, (K ®q Qi) = [T gsp,(K\)[A(u) € Qi};

Al
where A(u) denotes the similitude of the matrix u for gsp,(/)(cf. [21, p. 238]).

For a subgroup U C Gg and a vector space V over K, let us denote by
(V) :i={®: (V,¥) = (V,¥),®ogy(h) = gr(h) o ® forall h € log(U)}.

We recall the following results from [26, p. 789-791] that carry forward from GL,
to GSp,. Following [4, Lemma 4.12(iii), p. 50], observe that

UL (va) = (V). (5.1)
U

On the other hand, for a module V' over K; = [[,; K\ and a subgroup U of Gy,
(V) = T15(V). If H= Gg, we denote (V) = +(V}) and «(V}) := [T«(V3). Sim-
I I

ilarly, we define

= [T 04 (V) = [T ()

All All

with V, vector space over Q; with embedding induced by .
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5.1.1 Lie algebra of images of Galois representations

We start with a lemma that perhaps holds for much more general reductive groups.

Lemma 5.1.1. For an algebraically closed field E, we have the equality

95Pay (E) = spyy (E) D Bl

Proof. The algebra gsp,,(E) = {A € Myguo4(E)|JA + A'J = X(A)J}. The subalgebra
sPo,(E) = {A € gspy,(E)|A(A) = 0}. The map of the equality is ¢ : M — (M —
SA(M) oy, 3A(M)1I5,). We need to show that (M — IA(M)Iy,) € spy,(E) given that
M € gspyy(E). S0, (M — IN(M)Ig)'J + J(M — IN(M) L) = M'J + JM — \(M)J =
0. Hence (M — SA(M)Iy,) € sp,,(E). We also show that the map is a Lie algebra
homomorphism. We need to show that ¢([M, Ms]) = [¢p(My), ¢(M>)]. Let My = M{ &
A(My) and My = M} @ A(Ms). Then [p(My), p(Ms)] = (M + AN(My)) (M) + X\(Ms)) —
(M} + A(M))(M] + A(My)) = MM} — MyM,. Also ¢([My, My]) = 6(M{Mj — MMJ).
We will show that M{M; — My;M| € sp,,(£) which would complete the proof. We
have (JM;| + M'J)M} = 0 and (JM} + MYJ)M| = 0. Subtracting we get J (MM} —
MM!) + (MIETMS — M M) = 0. Now (M| M, — MiM!) T = (MM — MIEMLT) =
M (—J M)+ Mt J M} and this completes the proof as it shows that ¢(M| M, —MjM]) =
(M{M — MM]).

]

Lemma 5.1.2.[Goursat’s lemma] Let G and G be two groups and H be a subgroup of G1 x G
such that the two projections p; : H — Gy and py : H — G are surjective. If Ny is the kernel
of po and N, the kernel of p,, then H is the graph of an isomorphism from Gy /Ny = G5 /No.

For an embedding o : K — Q,, let p, be the map
ps : Go = GSpy(K ® Qi) — GSp,(Q);

where the first map is given by p; and the latter map is induced by o entry wise by
o(k,t) := o(k)t. For a field K C Q and a vector space V over K, let us denote by V be
the vector space V ®g Q;. Let g, C gsp,(Q,) be the Lie algebra of the image of p,(Gg).
Consider the set 0 := g, X g,.
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Lemma 5.1.3.Let F' be a non-CM (cf. Definition 4.2.3) Siegel modular form of genus two,
weight (ky, ko) with (ky, ko) # (2k — 1,k + 1) for some k > 2 and ky, ko > 2, level N. Let
9o, 8, and o be as above, and §; C @;. The set o is the graph of an isomorphism g, ~ g, for

some choice of o and T.

Proof. The idea of this proof borrows heavily from [26, Lemma 4.4.10]. By Lemma 5.1.1,
we deduce that

asp, (V) = sp, (Vo) D Qi gspy (Vz) = sp,(V;) P Q.

By assumption g; C a;. Hence, for some o we have g, C a,. The kernel is an normal
subgroup of sp,(V,)®Q,. Let N, = ker(r,) and N, = ker(w,). We use Goursat’s
lemma 5.1.2 with G, = gsp,(V,), G2 = gsp,(V;). We show that for each embedding o,
the equality g, = gsp,(V,) holds true. The proof follows from [39, Proposition 5.4] as
our weights are not of the form (2k — 1,k + 1).

We have the following subgroup o = g, x g C G; x G, on which we can apply

Goursat’s lemma. By this lemma, we have g, x g, is the graph of an isomorphism

gsp4(V ) - ospy (V7)
0 NT :

Now suppose N, = sp(V,,) and as a consequence N, = sp(V;). In this case, we show

from

that g, = a,. Now, g, = [g,, 8,] D Q, (respectively a, = [a,, a,] D Q, is the Cartan de-
composition of the Lie algebra of the image of the Galois representation (respectively
the other algebra). Observe that by definition sp(V,,) = [g,, 8,] C [as, 0] C sp(V,).

By assumption, [g,,8,] = [as, 0,] = sp4(V,) = N,. As a consequence, we deduce
that g, = a,. This is a contradiction. Hence, we deduce that N, and hence N, are

trivial. Hence, we have an isomorphism g, >~ g, for some choiceof cand 7inI". [

We now state our theorem that gives a necessary and sufficient condition for the

existence of extra twists for non-CM Siegel modular forms:

Theorem 5.1.4.Let F' be a non-CM (cf. Definition 4.2.3) Siegel modular form of genus two,
weight (ky, ko) with (ki, ke) # (2k — 1,k + 1) for some k > 2 and ky, ky > 2, level N such
that F is a non lift (cf. Definition 4.2.4). Then F' admits an extra twist if and only if we have

a strict inclusion (' C a,.

Note that (j' C a; and hence (' C q, if and only if ]’ # a;. As a consequence, we
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deduce that (j' = q; if and only if 0 ot =

The proof of the next lemma copies several arguments from elliptic modular forms
[28].

Lemma 5.1.5.Let V and W be two four dimensional vector spaces equipped with a symplectic
inner product given by V. Let py : Gog — GSp(V) and pw : Gg — GSp(W) be two
representations where V and W are vector spaces over Q. Let H be an open, normal subgroup
of G such that py and py are irreducible when restricted to H. Then py ~ pyw as H modules
if and only if py ~ pw ® ¢ as Go-modules, for some finite order character ¢ : Gg — Q;

which is trivial on H.

Proof. LetT : (V,¥) — (W, V) be a H-isomorphism with inverse S : (W, ¥) — (V, ¥).
For ang € Gg, define an element of GSp,(W) by

o(g) =T pvig)-S pwlg™") (5.2)

Since H is a normal subgroup of Gq, ¢(g) is H-equivariant. Hence ¢(g) € ¢//(W).
Evidently ¢ has an inverse as well, so ¢(g) € (:(W))*. Since H acts irreducibly, a
version of Schur’s Lemma (cf. [3, Lemma 2.4]) implies that ¢(g) € Q.

To help us with the proof, we consider the following commutative diagram :

v 9y
s I
W —— W

Pw(g_l)

Now ¢ is a homomorphism because

d(g1gs) = T- pV(9192)'S'pW<92_191_1)
= T-pv(g)-S-T-pv(ga)-S-pwlgs')-pwlg")
= T-pv(g)-S-olg2) - pwlgr")
= ¢(91)¢(Q2>-

The last step uses the assumption that ¢(g>) is a scalar matrix. Since ¢ is trivial on H,
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and H is a subgroup of finite index of G, ¢ has finite order. The definition of ¢ in
(5.2) shows V ~ W ® ¢ as Gg-modules, proving one direction of the lemma. The other
direction is clear. [

We return to the proof of the main result of this section. We recall some notations
which are used for classical modular forms as well. If H is a subgroup of G, then let

'y :={yel|yx,istrivial on H}

and let F'¥ be the fixed field of I'y; in E. We view F as a vector space over F . The fol-
lowing theorem (compare with [28, Theorem 4.4]) is important for dimension counting

purposes.

Theorem 5.1.6.1f H is an open and normal subgroup of G, then
o' (Vi) = M(a, Q)"
witha = #Tygand b = #X/Ty.

Proof. By definition V] is a sum of modules V,,, each of which is simple as an H-module,

and hence satisfies
Lf (V,) = Q.

To compute ¢/ (V;), we only have to determine when py, and py, are isomorphic as
H-modules, for any two embeddings o, 7 of K into L. By Lemma 5.1.5 this occurs if

and only if there is a character of finite order
¢:Go—Q';

trivial on H, such that py, ~ py, ® ¢ as Gg-modules. Taking traces on both sides we
get
U(ap) = T(ap) - ¢(p)

for almost all primes p. This happens if and only if 0 = 7 - v for some v € I'y. Recall X
is the set of all embeddings. Let 1) be an inner form on four dimensional vector space

V and W. For a subgroup H of Gy and two symplectic vector spaces V ad W , let us
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denote
IV W) :={®:(V,¥) = (W, ¥),®o0pr(h) = pr(h) o P forall h € H}.

Note that (I (V, W) = 0 or L depending on V'~ W or V ~ W. This is a version of
Schur’s Lemma (cf. [3, Lemma 2.4]). We have

LlH(Vl) = HJGE/FH <Lf (HVEFHVU'7)>
Lo, (H%FHM ( )

a, Qi)
~ M(a,Q;)",

where
CL:#FH, and b:#E/FH

Lemma 5.1.7. We have an equality f' = K, if and only if K| = K.

Proof. From Equation 5.1, we get that ¢j' = K; if for any open subgroup U C Gg,
o/ (V) = K. Recall that open subgroups in the Krull topology correspond to the finite
extensions of Q. Take U to be a sufficiently large open subgroup such that I'; = {e}.
Then, (V' = K| since a = 1. Now if .} (V) = K; then ./ (V) = K.

We have K] = K, if and only if I' = {e} if and only if 'y = {e} if and only if
o = K if and only if (' = K.

H
Theorem 5.1.8. The algebra «j' = K, if and only if g, = a;.
Proof. Assume (j' = K;, we prove that g, = a;.
e Step 1: We show that for each embedding o, the equality g, = gsp,(V,) holds

true. The proof follows from [39, Proposition 5.4] as our weights are scalars and
hence not of the form (2k — 1,2k + 1).
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e Step 2 : Recall that

g=][o-Ca=]]a ][] osp,(V,)
oel oel oel
For two distinct embeddings o, 7 the projection of g; into gsp,(V,) x gsp,(V;) is
the same as the projection of @; into the same. We use the same argument as
in [33, Lemma 7] and modify it for our case. Recall that g, . = {(u,v) € g, x g-}.
At the Lie algebra level, g, . C gsp,(V;) x gsp,(Vr). Suppose g; C a, as the
projections are surjective by Step 1. By applying Goursat’s Lemma [17, Lemma
3.8, p. 12], we deduce that g, , is the graph of an isomorphism by Lemma 5.1.3
Qor - 95p4(V,) — gspy(V;) which takes 1 to 1. Note that as the projections are
surjective, the graph always exists. However only when the inclusion is proper,

are the kernels trivial.

Consider the vector space V, = @ V,. Recall that for a vector space V' over Q,
we have gsp, (V) = sp,(V) & @0.14. Hence, any automorphism o : Q, — Q;
produces an automorphism of gsp,(V'). This is determined by what it does to
sp, (V). Hence our automorphism is determined by its restriction to sp, (V). By
[14], we conclude that o, - (u) = f,ouo fajTl where u € gsp,(V,) and f,, : V, —
V.. Here f, . is an isomorphism of g; modules. As a consequence, we have an
isomorphism of vector spaces V,~/=~V,. This is a contradiction because o and 7

are not isomorphic.

e Step 3 : We prove that g; = @;. Let m be the intersection of g; with [] sp,(V,).
P P oel

The statement follows from [26, p. 790, Lemma in Step 3]. Hence, we have an
isomorphism §; = @;. This implies g; = a; because otherwise we can choose an

a; € a; — g;. This produces an element @, :== a; ® Q; € @ — §;.

We now prove the containment of the other side. Assume that g; = a;. Let J be the

0o S 0 1 B
matrix { with S = . Consider the matrix X = D € 1%, Consider
. 0 I 0 0 o
the matrices X; := 0 ol Xy = .ol These are matrices in a; since X;J+JX; =0
2

for i € {1,2}. Solving for XX; = X;X and XX, = X,X, we get that A = D and
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C = B = 0. Now, X commuting with these matrices will ensure off diagonal entries of

X are zero and the matrix is block diagonal with the same blocks. Consider the matrix

0 —-1 0 0
0O 0 0O

M = . The matrix satisfies M'.J + JM = 0. Writing A = fu Gz
0000 G21  G22
0O 0 1 0

we see that XM = MX gives the relations a;; = ag and a12 = as; = 0. Hence, the
commuting matrices are only scalars. We deduce that .}’ = K. [

We now prove one of our main Theorem 5.1.4 that gives a necessary and sufficient

condition for the existence of extra twists for non-lifted Siegel modular forms.

Proof. The Siegel modular form F' has an extra twist if and only if ' # @. From the

above theorem, this is tantamount to ;' C a;. O

5.2 The central simple algebra in the image of the Galois

representation

Consider the vector space V, = [1 V. We have a Galois representation:
Al

pF,)\ . G@ — GSp4(@)

Let us consider the algebraic group GSp, defined over Q. Write elements of the set V;
in the form v = (v,)yex - Then GSp,(K ® Q;) can be thought of as an F-algebra using

the following map:

L1 K — GSpy(K @ Qi) = [[ GSp4(K))
Al

k — {(U0>0€E = (U(k>vo>062}'

Here, we have the equality of fields K, = Q.

Lemma 5.2.1. The action of K as defined above commutes with the action of Gy.
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Proof. Let g € Gy and k € K. We compute

p(k- 1] (vs) = T1 rol9) [T (c(k)vs) = T] (0(k)ps(g)vs),

[ oEY gEY oEY

while
k- p(9)(vo)oes =k - (po(9)Vs)oes = (0(k)po(9)Vs)ses-

]

In particular, the elements of E are defined over Q. Let L be a finite extension of

Q; that contains all the Gauss sums G(x7), fory € 'and 0 € %.

Definition 5.2.2. For each v € I', we define an intertwining operator 7, by

UW((UU)OGE) = (G(X;U)Ucr'y)aeﬁ-

Lemma 5.2.3.If H is a subgroup of Gq such that H C ker(x.), then n, is H-equivariant. In
particular, 1., is defined over the fixed field cut out by x., an abelian extension of Q.

Proof. If h € H, we have

U»yp(h)(%)gez = 777<Po(h>va>oez = (G(X;U)pm(h)vm)oez.

On the other hand

PRy (Vo)sen = P(R)(G (X, 7)Vor)oex = (G(X;7)Po (h)Voy )oes:

By applying o on the definition extra twists we get that

Po+(9) = P (9)x3(9),

for all g € Gg. In particular, if h € H C ker(x7), then p,,(h) = p,(h), and the two

expressions above are coincide. O

Define the K-valued 2-cocycle c on I' by [36, Lemma 8]

G(xs G5
0(77 5) = é(X;}S) )
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for~,9 €T

Recall that we have fixed an isomorphism C ~ @, and we consider the Gauss sums

G(x) € Q using this isomorphism. We have the following.
Lemma 5.2.4. The endomorphisms 1., defined as above satisfies the relations
My -k =7(k) -1y,

Ny - M5 = c(7,0) - 1y.5.

Proof. Again, we compute:

(k- (Vo)oes) = (0 (k)vs)oex = (G(X;7)(07) (k) oy )oes,

whereas
V(K) - (17(vo)oes) = 1(k) - (G(X;7)Voy)oes = ((07) (k)G (X, 7)oy )oes,
proving the first relation. For the second, we have:
M 5(Vo)oes = My (G (X5 T )Vos)oes = (GO, 7)G (X5 7 )Vors)oes
On the other hand
c(7,0) - 1hy6(Vo)oes = (7, 0) - (G(X;5) (Voys))oes = (0(c(7,0))G(X55)Vors)oes-

Sony - ns = c(v,9) - 1y, if

But this is proved in [36, Lemma 8, p. 797] O

Let X be the cross product algebra associated to the cocycle c(v, §) defined by

X = @wer K -z, (5.3)
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with relations

Ty x5 = c(7,0) Tys

zy -k = (k) z,

forv,6 € I', k € K. Then X is a central simple algebra over F' := ET, the fixed field of

I'in E. We note that F' is the number field generated by % forpt N.

Let K be the fixed field of /' = Nker x,. Note K, is an abelian number field. By

Lemma 5.2.3 each 7, is defined over K, and so there is a natural map:

X @pQ — (V) (5.4)

induced by
Ty 2 Ty

k— (k).

Theorem 5.2.5. We have an equality:
7' (V) = X @0 Qu.

Proof. Let K, be a sufficiently large abelian extension of Q. Here ‘sufficiently large’
means that K, contains the fixed field of N,er ker(y,), or equivalently if H =
Gal(Q/K,), then

H C Nyer ker(x). (5.5)
Consider the natural map defined in (5.4):
X@oQi — (VD).

This map is injective since X @, = [I (X ®p,Q;) and the restriction of the above
o:F—Q,
map to each factor is injective (each factor is a central simple algebra over L, so has no

two-sided ideals).
Now X has dimension [K : F] over K, and hence has dimension [K : F|[K : Q]
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over Q. Hence X ®¢Q, has dimension [K : F][K : Q] over Q;. If we can prove X; ®¢Q;
also has dimension [K : F][K : Q] over Q; then the above inclusion is an isomorphism.

By Theorem 5.1.6, we have
dimg; 4" (V) = [K : Fp)*[Fp : Q).

Since F' = Fy; by Equation 5.5, this dimension of /' ((V}) is [K : F|[K : Q)], as desired.
O

5.2.1 Local Brauer classes of the central simple algebra X

Recall that the invariant maps are explicitly computed in this situation [5, §3.3]. By

definition, the invariant map at v is given by
inv, =Evod'ovolnf':Br(F,) - Q/Z.

Let K, : G, — F be any map. Then

_ Ki(g)Ki(h)

¢k, (g, h) = W;

defines a local 2-cocycle on G,. Note ck,(g,h) € F,, for all g, h € G,. We call it the
local 2-cocycle defined by the function K. The following general lemma regarding the
Brauer class of this local 2-cocycle will be very useful in our computations [5, Lemma
9]:

Lemma 5.2.6.Let K, : G, — F* be amap and let t : G, — E* be an unramified homomor-
phism such that

1. K\(i) € E, foralli € I,
2. Ki(9)*/t(g) € Fr, forall g € G,.
For any arithmetic Frobenius Frob, at v, we have

. 1 Kl(FI‘Obv)2 1
o) = = v | BATOD)TY 2
vy (er) = 3 ”( HFroby) ) € 22/
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where v : Ff — Z is the surjective valuation.

5.2.2 Good primes

Let ¢, be as in the introduction.

Lemma 5.2.7. Assume ged(p, N) = 1 and assume t,, # 0. Let v be a place of F' lying over p.
Then X, is a matrix algebra over F,, if and only if the slope

m, = [F, : Q) - v(t2/e(p)) € Z

is even, where v is normalized such that v(p) = 1.

Proof. This follows immediately from the lemma above taking K; = avand t = € from

§ 4.2.8. Similar to the classical case, we have

. 1 a2(FrObu)
inv,(ca) = 2V <6(Fr0bv))

mod Z, and a(Frob,) = t/* (mod F*), by part (3) of Proposition 3. O

We use the valuation v such that v(p) = 1 introducing the ramification index e. We
also have the inertia degree f since Frob, = Frobg . Since [F, : Q,] = ef, we get the
extra factor [F), : Q,].

Recall that pf t N is a prime such that p' = p mod N and ¢} # 0.

Lemma 5.2.8.Let gcd(p, N) = 1 and suppose t, = 0. Let v be a place of F' lying over p. Then
X, is a matrix algebra over F, if and only if

mj) = [F, : Q) -v(ti/e(pT)) cZ
is even.

Proof. The proof is similar to that of the previous theorem with minor changes. Note
that p' = p mod N implies x,(p) = x,(p'), for all v € T. If Frob, and Frob,: denote the
Frobenii at the prime p and p', then by 4.2.8, we have «(Frob,) = a(Frob,:) = a,+ mod
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F*. Hence

2
invv(ca)ziv<m>:1.fv.v<m>:1.fv.v<apf ) mod 7.

5.2.3 Infinite places

Lemma 5.2.9. For all infinite places v, X, is a split central simple algebra.

Proof. Note that F' is contained in R since complex conjugation is always an extra
twist. Hence, for all infinite places v, we have F, = R and hence F, = C. As a

consequence, we have Gal(F,/F,) = Gal(C/R). We have a restriction map
H?(Gq, Q")—"*H*(Gal(C/R),C*) ~ R* /Ne/r(C*) ~ R* /R*2.

Here, N¢/r(C*) is the image of the norm map. This is a set consisting of set of positive

real numbers. The restriction map
H*(Go.Q") — H*(Gal(C/R), C*);

is give by [c.] — 7res[c,]. By [19, p. 139], the nontrival element of the local group
cohomology H?*(Gal(C/R),C*) is given by

N -1 ifg=h=c¢
a(g,h) = .
1 otherwise.

Hence, res|c,] is completely determined by o? : Gal(C/R) — R* /R*2.

Note that S{(N, x) = 0 unless ¢(c) = (—1)9. Since g is even, we have ¢(c) = 1 and
hence o?(c) = €(c¢) (mod (R*)?). Since ¢(c) = 1, we have Res([c,])(c, c) = 1. Hence, we
get the trivial element of the local Brauer group H?(Gal(C/R),C*). We deduce that
X, ~ 1 and it is split algebra. O

Our Theorem 4.1.3 follows from Lemma 5.2.7, Lemma 5.2.8 and Lemma 5.2.9. Our
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Lemma also gives alternate proof of the ramification of local Brauer classes for central
simple associated to elliptic modular forms as given by Momose [20]. This also gives

us a recipe to find the local Brauer classes for higher genus.
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Fourier Expansions of Siegel modular forms

6.1 Some basic notations

Below we consider two natural numbers n,k € N, and list the following notations

which will be important for us in this and the following chapter.

P,(R) = The set of real positive definite n x n matrices.
e P,(R)*™ = The set of real positive semi — definite n X n matrices

* I', = Sp,(Z) is the full Siegel modular group.

A B
e I'y(N)=H{ oD €l |C=0(modN)}
A B
* A(Z) ={ 0 D €T}
e I'\(N)={ g ZB; el,|C=0and A,D =1, (mod N)}

* V,(Z) be the set of symmetric n x n matrices over Z.

54
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e For matrices T, u € GL,R, we define the action T'[u] = u'Tu.
e For two matrices < ¢, >= tr(¢2).
e For a matrix s € P*™(R), define

1. m(s) = inf,ez, —{oyu'su, is called the Minimum function

2. tr(s) = infyeqr, 2)i(tusu), is called the trace function.

3. w(s) =inf,cp (g Swez, which we call the dyadic trace function.

In the following subsection we will show how we get Fourier expansions for the

restriction map for an arbitrary prime level p.

6.2 The Restriction map

For any natural number N € N, let S¥(I'o(N) be the space of all the classical elliptic
cusp forms [10] of weight k for the congruence subgroup I'y(/V). Denote the symmetric
a

matrix as [a’c|. For a matrix [a
Cc

b

c], we denote the dyadic trace w([a’c]) = %(a +

N =

¢ — |b]). For F € S5 (p)), consider the set of matrices [a’c] with w([a’c]) < f(1+p)k.
Let X, be integral valued half integral positive definite 2 x 2 matrices. Consider also

the set of reduced matrices

b
X;“l = {(Z ) € Xysuchthat0 < 2b<a <c}.
c

We say that v € [¢] if there exists a matrix m € SLy(Z) such that v = mt¢m~!. Following
[24], consider the quantity

v(g,8,t) =#{vet]]| <v,s>=j}.

Consider the map ¢, : Hy — H by ¢s(7) = s7 where s is a symmetric positive definite
2 x 2 matrix. For f € SE(TY(p)), the restriction map ¢*(f) € S2*(T'y(pl)) have the
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Fourier series expansion given by:
CRIGEDS ( > ao(t)) ¢ =3 ( > v(j,s,t)ao(t)) 7.
JEN \teXqa:<t,s>=j jEN texged

For ¢ =0 (mod NI) and | = det(s), we have

. a b B aly, bs B e
(G2 ( d) (7) = Flul ( d[2) )(s7) = Flu(s7) = 1) (7).

Note that this makes sense as for | = det(s) and hence as Nl|c, so also cs™! = 0

(mod N).

6.3 Upper bound of the dyadic traces of the set of Deter-

mining coefficients

We study the restriction map

¢y S3(T5((p)) = S1(To(p.1))

forp # I. If p = 43, we take [ € {1,2,3,5}. For every choice of /, we choose a 2 x 2

0
matrix s with [ = det(s). For instance, we choose s = 01 for [ = 1. Similarly, we

10 2 1 2 1

choose s = forl =2,s= forl=3and s = for | = 5. Let w([t])
0 2 1 2 1 3

be the dyadic traces of the matrix [¢].

Definition 6.3.1. (Set of determining coefficients)

From [24, Theorem 3.1], we get that for a Siegel modular form F' € ST (p)), the
set of determining coefficients is the set of matrices of the form [¢] with dyadic traces
w([t]) < (14 p)k. In the next proposition, we show that this is dependent on the

power of prime that appear in the level of the Siegel modular forms.
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Lemma 6.3.2. The set of determining coefficients for the space S% (DY (') is the set of matrices
of the form [t] with dyadic traces

3, 2k 3.4 1
wit) <3+ G~ 50 110+ 5

J=1

Proof. The proof follows from [16, Page 103] and putting p’ as the level in the general
formula.
[]

Lemma 6.3.3.The upper bound of the dyadic traces of the set of determining coefficients for
the space S¥(TSP(N), x), is the same as that of the space S5(T? (N)).

Proof. Let F,G € S¥ (T (N), x) and consider the Siegel modular form H = F—G. The
Fourier coefficients of H are zero for all matrices ¢ with dyadic traces w(t) < M for
some natural number M. If x is a Dirichlet character of order r, then H" € S§T(F(()2) (p))
and a(t) = 0 for all ¢t with w(t) < Mr. Hence H" = 0 as ao(t) = 0 for the relevant
bound and so H = 0. So with these conditions, I' = G. O

6.4 Program for the expansion

We first write down a program using the language Java to find the index matrices of

the restriction of the Fourier expansions:

public class matrices{
public static void main(String args[]) {
int a,b,c;
int count=0;
for(a=2;a<=60;a+=2){
for(b=0;b<=60;b++){
for(c=2;c<=60;c+=2){
if ((2+b<=a)&&(a<=c)&&(a+c-b<=28)){
System.out. println (a+"_"+b+"_"+c);

count++;



58 6.4. Program for the expansion

}

System.out. println (count);

)

We are interested in the prime p = 43 since the index matrices are already constructed
for p < 41 by Poor-Yuen [24]. Running the program, we get the set of determining
coefficients for p = 43 and k£ = 2 is given by the following list of 234 positive definite

matrices:

[202], [204], [26], [2°8], [2°10], [2022, [2°14, [2026, [2028, [2°2].
[216], [218], [2110], [212], [2'14], [2'16], [2'18], [2!20], [2'22], [2'24],
[2126], [4°4], [4°6], [4°8], [4°10], [4°12], [4°14], [4°16], [4°18], [4020],
[4922], [4°24], [414], [416], [418], [4110], [4112], [4114], [4'16], [4118],
[4120], [4122], [4124], [424], [426], [428], [4210], [4212], [4214], [4216),

[4218], [4220], [4222], [4224], [4226], [6°6], [6°8], [6°10], [6°12], [6°14],,
[6°16], [6°18], [6°20], [6°22], [6'6], [6'8], [610], [6'12], [6'14], [6*16],
[6118],[6120], [6'22], [626], [628], [6210], [6212], [6214], [6216], [6218],
[6220], [6222], [6224], [636], [6°8], [6310], [6312], [6°14], [6°16], [618],
[6320], [6322], [6324], [8°8][8°10], [8°12], [8°14], [8°16], [8°18], [8°20],
[818], [8110], [8'12], [814], [8'16], [8'18], [8:20], [828], [8210], [8212],
[8214], [8216][8218], [8220], [8222], [838], [8310], [8312], [8%14], [8316],
[8318], [8%20], [8322], [8%8], [8410], [8412], [8*14], [8*16], [8118], [820],
[8422], [8424], [10°10], [10°12], [10°14], [10°16][10°18], [10'10], [10'12],
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[10114], [10116], [10118], [10210], [10212], [10214], [10216], [1018],
[10220], [10%10], [10%12], [10314], [10316], [10%18], [10°20], [10*10], [10*12],
[10414], [10%16], [10%18], [10*20], [10*22], [10°10], [10512], [10514], [10°16],

,[10°18], [10520], [10°22], [12012], [12014], [12°16], [12!12], [12'14],

[12116], [12212], [12214], [12216], [12218], [12312], [12314]
,[12316], [12318], [12412], [12414], [12*16], [12*18], [12420], [12512], [1214],
[12516], [12518], [12520], [12612], [12614], [12616], [12618], [12620], [12622],

[14914], [14'14], [14214], [14216], [14314], [14316], [14414], [1416),

., [14%18], [14°14], [14516], [14518], [14614], [14516], [14°18], [14520], [14714],
[14716], [14718], [14720], [16416], [16°16], [16°16], [16°18], [16716], [16718],
[16316], [16816], [16518], [16820], [1818], [18°18].

We now compute the image of the restriction map for our choice of s, power j and p:

public class participating {
public static void main(String args[]) {
double arr[]={2.0,1.0,2.0,2.0,0.0,2.0,2.0,1.0,4.0,2.0,0.0,4.0,4.0
2.0,4.0,2.0,1.0,6.0,4.0,1.0,4.0,4.0,0.0,4.0,4.0,2.0,6.0,2.0,0.0,6
double s1=1;
double s2=0;
double s4=1;
int i,j,a,b,d;
int m,n,o,p;
for(j=1;j<=8;j++){
for(i=0;i<=29;i+=3){
int coeff=0;
for(a=2;a<=10;a+=2){
for(b=-10;b<=10;b++){
for(d=-10;d<=10;d+=2){
int count=0;

for (m=-8,m<=8,m++){
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for(n=-8;,n<=8;n++){
for(o=-8;0<=8;0++){
for (p=-8;p<=8;,p++){

if ((mxp—n+o0==1)| | (@m*p-n*o==-1)){

if (axd-bxb>0){

if ((a*s1%0.5+b*s2+s4+d+0.5==j)&&(Mmm=*a+2sm+n+b+n+n+d==arr[i])&

count+=1;
coeff=coeff+count;
break;
}

}

}

if (count>0)
break;
}
if (count>0)
break;
}
if (count>0)
break;
}
if (count>0)
break;
}
}
}

}
if (coeff>0)

System.out. println (coeff+" __ "+arr[i]+"_ "+arr[i+1]+

}

)
)
}

" \l

L'+arr

[i+2]+"__gq"N"+
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We run the same in terminal. We prove here that the set of determining coefficients
for Siegel modular forms with character is the same as for Siegel modular forms for
the subgroup ) (p). We will prove below how such a bound is sufficient for the
space of cusp forms with character namely S5(p). In this paper. we use mathematical
software [38] to compute the image of the restriction map. Putting p = 43, it is evident

that we are looking at ¢ for which w(t) < 14. For instance, if p = 43 and s = 1 we

0
choose the matrix s = 01 and we get the following expansion:

() = ao(2°2)¢® + 2a0(2'2)q* + 4ao(2°2)¢ + 2a0(2°4)q* + 4ag(2'4)g® + 4ao(2°4)q* +
2a0(2°6)q"* + 4ag(2'2)q" + 2a0(2'4)q* + 4ag(2'6)q* + 1ag(4%4)
2a0(4'4)q"* + 2a0(4%4)q* + 4a0(2°4)¢° + 4a0(2°6)q° + 2a0(2°8)q° + 4ao(2'4)¢°+
4a0(2'8)q" + 2a(4°6)q° + 4ao(4'4)q” + 4ao(4'6)q° + 4ag(4°6)
4a0(2°2)q° + 4a(2°8)¢° + 2ao(2°10)¢° + 4ao(2'4)q® + 6ao(2'6)q° + 4ag(2'10)¢°+
4a0(4°4) % + 2a0(4°8)¢° + 4ao(4'6)q°® + 4ao(4'8)q" + 2a0(426)
4ao(4%8)q" + 1a(6°6)q° + 2a0(6'6)q® + 2a0(6*6)q°+
2a0(6%6)q® + 4a0(2°2)q" + 4ao(2°6)q" + 4an(4°6)
2a0(4°10)q" + 4ao(4'4) (4'6)q" (48)
4a0(4"10)q" + 4a00(4?10)q" + 2a0(6°8)q" + 4ao(6'8)q"+

4ao(6%6)q" + 4a(628)q" + 4ao(6°8)q"

8
8
6

4)q" + 4ay(4'6)q" + 4ao(4'8)q"+

10
Also for s = 0 o we get the expansion :
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X f) = ao(2°2)¢® + 2a0(22)¢* + 2a0(2°2)¢* + ao(2°4)¢*+
2a0(2'4)q* + 2a0(2°2)¢° + 3a0(2°4)q° + 1ag(2"6)q° + 2a0(2'2)

2a0(2'4)q” + 2a0(2'6)q” + 2a0(2°6)¢° + ao(2"8)¢%+
4a9(2'4)q® 4 2a0(2'8)¢° + 1ag(4°4)¢° + 2ao(4'4)¢°+
2a0(4%4)q% + 2a0(2°2)q" + 4a¢(2°4)q" 4 ao(2°6)q" + 2a0(2°8)q"+
a0(2°10)q" + 2a0(2'2)q" + 4ao(2'6)q" + 2a0(2'10)q"+
ao(4°6)q" + 2ao(4'4)q" + 2a0(46)q" + 2a0(4*6)q" + ...

2 1
For s = (1 2) we get the expansion :

O5(f) = ao(2'2)¢® + 3ao(2°2)q* + 3a0(2'2)¢° + 3a0(2'4) ¢+
6a0(2°4)q°% + ao(4%4)q° + 6a0(2'4)q" + 3ao(2'6)q" + 3ag(4'4)q" + ...

2 1
Finally for s = (1 3) we get the expansion :

05 (f) = ao(2'2)q" + 2a0(2°2)¢” + 1ag(2°2)¢° + 2a0(2'2)¢°+
ao(2'4)q® + 2a¢(2°4)q" + 2a0(2'4)q" + ...

6.5 Upper bound for the space of Siegel modular forms

using the restriction map

In this section, we state an upper bound for the Siegel cusp space. We investigate the
space S%(F(()Q)(Q)). From Klien Thesis [16, Page 103], we need to look at ¢t € X, such

that . | .
(14 =)(1+ a2

w(t) < 249 .

2 2.4/37 29

27):
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In other words, we are interested in the set of ¢ such that w(t) < 8.5. This bound may

not be optimal. In the context of this level, the corresponding set X is:

[20(22)] U [a0(2°4)] U [a0(2°6)] U [a0(2"2)] U [ao(2'4)] U [ao(2'6)] U [aq(4"4)]

Ulao(4'4)] U [ag(4%4)] U [ao(46)).
10 1 , .
We choose s = (O 1) , (O ), with [ = 1, 2 respectively.
1
0

0

2
: 0 :
For the matrix s = , we get the expansion :

(2a0(2'2) + a¢(2°2))¢*+

(4a0(2°2) + 4ag(2'4) + 2a0(2°4)) ¢+

(ap(2'2) + 2a¢(2'4) 4 4a0(2°4) + 2a0(4*4) + 4a¢(2'6) + 2a0(4'4) + ao(4°4) + 2a¢(2°6))q*+
(4ag(2'4) + 4ag(2°4) + 4ag(4'4) + 4ao(4%6) + 4a0(2"6))¢° + ...

Since there is only one cusp form in S}(I'¢(9)) and that too starts with ¢, the only
option is for ¢(f) = 0 and this gives us the following set of equations.

(2a0(2'2) + ao(2°2))

(4ag(2°2) + 4ag(2'4) + 2a0(2°4))

(ap(2'2) + 2a0(2'4) + 4ao(2°4) + 2a0(424) + 4ag(2'6) + 2a¢(4'4) + ag(4°4) + 2a¢(2°6))
(4a0(2'4) + 4ag(2°4) + 4ag(4'4) + 4ao(4%6) + 4ao(2°6))

0
0
0
0

10 . . o .
Next we choose s = 0 ol The corresponding expansion we get in this case is ;



64 6.5. Upper bound for the space of Siegel modular forms using the restriction map

(2a0(2'2) + a0(2°2))¢® + (2a0(2°2) + 2a0(2'4) + ao(2°4))¢* +
(2a0(2'2) + 2ag(2"2) + 2a(2'4) + 3a¢(2°4) + 2a0(2'6) + ao(2°6))¢° + ...

Using the equality ¢%(f) = Wa(o%(f)), we get the relations :

2a0(2'2) + ap(2°2) = 0
2a0(2°2) + 2a0(24) + ao(2°4) =0
2a0(2'2) + 2a0(2°2) + 2a0(2'4) + 3a¢(2°4) + 2a¢(2'6) + ao(2°6) = 0.

Solving for this gives that the dimension of the space S3(I'3(9)) < 6.



7

Future problems on extra twists of Siegel

modular forms

In this chapter, we list some future problems which we might pursue. While there are
examples of Siegel modular forms, all of them, to our understanding, are lifted Siegel

modular forms.
Problem 7.0.1.Constructing an explicit non lifted Siegel modular form with an extra twist.

We have shown examples of Siegel modular forms with extra twists but the dis-
cussion was about lifted Siegel modular forms in terms of the examples. An explicit

example of a non lifted Siegel modular form with extra twists could be intriguing.

Problem 7.0.2.The modularity of Siegel modular forms is not known for now. Let A be a
principally polarized abelian scheme of dimension two over Q with Endg(A) bigger than Z.
In a joint work with my advisor and Professor Krishna Kishore of IIT, Tirupati, we are inves-
tigating Ribet type big image results for the image of Galois representations associated with
these abelian surfaces. We expect that there are close connections with suitably defined extra

twists for the Galois representations.
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