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ABSTRACT

This thesis explores the spectral theory of Schrödinger operators and their applica-

tions to evolution equations. The primary focus is on the spectral decomposition of

unbounded self-adjoint operators on Hilbert spaces, with particular emphasis on the

Laplacian and Schrödinger operators of the form −∆ + V , where V is a potential

function. The work begins with a detailed exposition of the spectral theorem for

unbounded self-adjoint operators, utilizing tools from functional analysis, including

projection-valued measures, the Cayley transform, and the theory of Banach C∗-

algebras. The spectral theorem is then applied to Schrödinger operators, where the

potential V is assumed to satisfy various growth conditions, such as V (x) → ∞ as

|x| → ∞ or V (x) → 0 as |x| → ∞.

The thesis also investigates the essential self-adjointness of these operators and their

spectral properties, including the discrete and essential spectra. Specific examples,

such as the quantum harmonic oscillator and the Coulomb potential, are analyzed in

detail, with explicit calculations of eigenvalues and eigenfunctions provided. The

work further extends to the study of evolution equations, where the semigroup

theory is employed to solve initial value problems associated with PDEs involving

Schrödinger operators.

In the final chapters, the thesis delves into the theory of spectral multipliers, which

are operators of the form m(T ), where m is a bounded measurable function and T

is a self-adjoint operator. The boundedness of these multipliers on Lp spaces is es-

tablished using techniques from Fourier analysis, including the Mikhlin-Hörmander

multiplier theorem and the Calderón-Zygmund decomposition. The results are ap-

plied to Schrödinger operators, providing sufficient conditions for the Lp-boundedness

of spectral multipliers associated with these operators.
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Overall, this thesis bridges the gap between abstract spectral theory and concrete

applications in PDEs, offering a comprehensive treatment of the spectral properties

of Schrödinger operators and their implications for solving evolution equations. The

results presented have potential applications in quantum mechanics, mathematical

physics, and the analysis of PDEs.

Keywords:

Spectral Theorem, Schrödinger Operators, Unbounded Self-Adjoint Operators, Hilbert

Space, Laplacian, Potential Function (V), Projection-Valued Measures, Cayley Trans-

form, Banach C∗-Algebras, Essential Self-Adjointness, Discrete Spectrum, Essen-

tial Spectrum, Quantum Harmonic Oscillator, Coulomb Potential, Eigenvalues and

Eigenfunctions, Evolution Equations, Semigroup Theory, Initial Value Problems

(IVP), Partial Differential Equations (PDEs), Spectral Multipliers, Fourier Anal-

ysis, Mikhlin-Hörmander Multiplier Theorem, Calderón-Zygmund Decomposition,

Lp-Boundedness, Quantum Mechanics, Mathematical Physics, Functional Analysis,

Spectral Decomposition, Heat Equation, Wave Equation.
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Notations

Notation Description

C(X) Continuous functions on the space X onto a scalar field

B(Ω) Bounded functions on the space X onto a scalar field

B(H) Bounded linear functionals on a Hilbert space

C∞
c (RN) Space of complex-valued smooth functions on RN with com-

pact support

L2(X) Space of square integrable complex-valued functions on X

ℓ2(X) Space of square summable sequences with entries in R indexed
by X

Hs(RN) Sobolev space with index s with norm given by ∥f∥s2 =∫
RN(1 + |ξ|2)sf̂(ξ) dξ

H2
0 (RN) Space that is the closure of C∞

c (RN) with the H2−norm

S(RN) Schwartz space in RN

S ′(RN) Space of Tempered distributions in RN

Lp(RN) Space of complex-valued functions f on RN such that∫
RN |f |p < ∞
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Chapter 1

Preliminaries

1.1 Introduction

Spectral decomposition has been of interest to mathematicians since time immemorial.

In the case of a university student, the first time we come across this concept is in the

undergraduate linear algebra course, where we look at spectral decomposition of linear

operators in finite dimensional spaces. This thesis wishes to explore this notion, progressing

through compact and self-adjoint and normal bounded operators, upto unbounded self-

adjoint operators. We then continue to explore the different applications of this spectral

theorem.

We will venture into spectral theory of operators from the next chapter onwards. This

chapter is devoted to develop some preliminary concepts that will be used repeatedly

throughout this thesis.
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1.2 Banach Algebras: Multiplicative Linear Func-

tionals and Maximal Ideals

Definition 1.2.1. A Banach Algebra over C is a Banach space A with the norm ∥.∥ that

satisfies:

x(yz) = (xy)z (1.1)

(x+ y)z = xz + yz; x(y + z) = xy + xz (1.2)

α(xy) = (αx)y = x(αy) (1.3)

∥xy∥ ≤ ∥x∥∥y∥ (1.4)

for all x, y, z ∈ A and α ∈ C.

In addition, if we have xy = yx for all x, y ∈ A, then A is said to be a commutative Banach

algebra, and if A has an element e such that xe = ex = x and ∥e∥ = 1 for all x ∈ A, then

A is said to be a Banach algebra with unity. If there exists an element x−1 ∈ A such that

xx−1 = x−1x = e where e is the unit element of A, then x is said to be invertible, and it

is easy to see that such an inverse is unique for each invertible x.

Definition 1.2.2. A multiplicative linear functional on a Banach algebra A is a map

ϕ : A → C such that

ϕ(xy) = ϕ(x)ϕ(y) (1.5)

for all x, y ∈ A.

In this text, we usually assume ϕ is not identically 0 for convenience.

The set of all multiplicative linear functionals on a Banach algebra A shall be denoted by
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ΣA.

Proposition 1.2.3 (Properties of multiplicative linear functionals). Suppose ϕ ∈

ΣA, where A is a commutative Banach algebra with unit. Then

(a) ϕ(e) = 1,

(b) if x ∈ A is invertible, then ϕ(x) ̸= 0 for every ϕ ∈ ΣA,

(c) if ∥x∥ ≤ 1, then e− x is invertible,

(d) |ϕ(x)| ≤ ∥x∥ for every x ∈ A, i.e., ∥ϕ∥ = 1.

Proof. Let ϕ ∈ ΣA. Consider x ∈ A such that ϕ(x) ̸= 0. Then (a) immediately follows

from

ϕ(x) = ϕ(ex) = ϕ(e)ϕ(x),

implying that ϕ(e) = 1.

Note that

1 = ϕ(e) = ϕ(xx−1) = ϕ(x)ϕ(x−1)

which proves (b), as neither one of ϕ(x) nor ϕ(x−1) is zero.

By (1.4), we have ∥xn∥ ≤ ∥x∥n, and if ∥x∥ < |λ| for λ ∈ C {0}, then for sn = e+ λ−1x+

(λ−1)2x2 + ...+ (λ−1)nxn ∈ A, note that for n > m,

∥sn − sm∥ = ∥(λ−1)m+1xm+1 + ...+ (λ−1)nxn∥

can be made arbitrarily small for large n,m since ∥x∥ < |λ|. This means that the sequence

{sn} forms a Cauchy sequence in A. Due to the completeness of A, there exists an element

s ∈ A such that sn → s. Since (λ−1)nxn → 0 as n→ ∞,

sn . (e− λ−1x) = e− (λ−1)n+1xn+1 = (e− λ−1x) . sn

4



implies that s is the inverse of e− λ−1x. Hence (c) is proved by taking λ = 1.

From (c), we have that if ∥x∥ < |λ| for λ ∈ C, then λe − x is invertible and hence by

(b), ϕ(λe − x) ̸= 0, which implies that ϕ(x) ̸= λ, for all x ∈ A, which in turn implies the

required result.

Remark 1.2.4. From the previous proposition, we can conclude that ΣA ⊂ A∗, where A∗

denotes the set of all continuous linear functionals on A.

Corollary 1.2.5. ΣA is closed with respect to the weak∗ topology the closed unit ball in

A∗, and hence is weak∗ compact.

Proof. Recall that if fn ∈ A∗, then fn → f in the weak∗ topology if and only if fn(x) →

f(x) for all x ∈ A.

Assume ϕn → ϕ in the weak∗ topology on A∗, for ϕn ∈ ΣA. We need to show that ϕ

is a multiplicative linear functional, and that will prove our statement. However, that is

immediate, as

ϕ(xy) = lim
n→∞

ϕn(xy) = lim
n→∞

ϕn(x)ϕn(y) = ϕ(x)ϕ(y).

By Banach-Alaoglu theorem [16, Ch. 3, Thm. 3.15], we know that the unit ball in A∗ is

weak∗ compact. Since ΣA is a closed subset of the unit ball (Proposition 1.2.3), we have

that ΣA is (weak∗) compact.

Remark 1.2.6. ΣA is a compact Hausdorff space, and the Hausdorffness follows from the

Hausdorffness of the weak∗ topology on A∗ [16, Ch. 3, 3.14].

Definition 1.2.7. Let A be a Banach algebra with identity. I ⊂ A is called a sub-algebra

if I is a subspace and xy ∈ I for every x, y ∈ I.

(a) A sub-algebra I ⊂ A is called an ideal if for every x ∈ A and y ∈ I, we have xy ∈ I.

(b) Such an ideal is called a proper ideal if I ̸= A.
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(c) An ideal I is called maximal if for I ′ ideal such that I ⊂ I ′, then I ′ = A.

Remark 1.2.8. Note that for non-commutative Banach algebras, the notions of left, right

and two-sided ideals have to be considered. However, in this text, we will be needing ideals

of commutative algebras, hence the above definition.

Remark 1.2.9. Also note that if I ⊂ A is a proper ideal, then e /∈ I. If e ∈ I, then for

x /∈ I, xe = x ∈ I since I is an ideal. This implies that I = A, contradicting that I is a

proper ideal. This is therefore a defining property of a proper ideal, i.e., I is a proper ideal

if and only if e /∈ I.

If I is an ideal, then so is Ī, the closure of I in A. This is because if x ∈ ∂I, then

there is a sequence {xn} such that ∥xn − x∥ → 0 as n → ∞. Thus for any a ∈ A,

∥axn − ax∥ ≤ ∥a∥∥xn − x∥ → 0 as n→ ∞.

Proposition 1.2.10. Let A be a commutative Banach algebra with unit, and let I ⊂ A be

a proper ideal. Then

(a) I contains no invertible element,

(b) Ī is a proper ideal,

(c) I is contained in some maximal ideal.

(d) Maximal ideals are closed.

Proof. Straightaway, if x ∈ I is invertible, we have x−1 ∈ A. This implies that xx−1 = e ∈ I

which is a contradiction because I is a proper ideal. That proves (a).

For (b), since non-invertible elements in A is a closed set, both I and Ī are contained in

this set. This shows that Ī is a proper ideal.

Consider P := {J ⊂ A, J is a proper ideal of A : I ⊂ J}. Using inclusion as the partial

ordering, if A1 ⊂ A2 ⊂ ..., for Ai ∈ P, we see that B = ∪∞
j=1 is an upper bound by Zorn’s

6



lemma [13, Ch. 1, Sec. 11]. We note that e /∈ B, which implies that B is a maximal ideal.

We have thus produced a maximal ideal that contains I, proving (c).

Finally, suppose M is a maximal ideal in A. Since M has no invertible elements and since

the set of all invertible elements is open, M̄ contains no invertible elements either. This

implies that M̄ is a proper ideal that contains M , which contradicts the maximality of M .

Thus M has to be closed.

Definition 1.2.11. For each x ∈ A, the spectrum of x, σ(x) is the set of all complex

numbers λ such that λe − x is not invertible. The complement of σ(x) is called the

resolvent set of x, denoted by ρ(x).

The spectral radius of x is defined as follows:

η(x) = sup
λ∈σ(x)

|λ|.

Theorem 1.2.12 (Gelfand-Mazur). If A is a Banach algebra in which every non-zero

element is invertible, then A is isometrically isomorphic to C.

Proof. Let λ1 ̸= λ2. Then for x ∈ A, at most one of λ1e−x and λ2e−x is zero, and hence

the other is invertible. From here, and since σ(x) is non-empty [16, Ch. 10, 10.13], there

exists exactly one point λx in σ(x). It also follows that λxe−x is not invertible, and hence

is zero. Thus x = λxe, and hence the map x → λx is an isomorphism of A onto C. Also

note |λx| = ∥λxe∥ = ∥x∥ makes the map an isometry.

Proposition 1.2.13. Let A be a commutative Banach algebra with unit. The map ϕ →

kerϕ is a one-to-one correspondence between σA and the set of maximal ideals of A.

Proof. Let us first show that kerϕ is a maximal ideal of A, for ϕ ∈ ΣA. If x ∈ kerϕ, a ∈ A,

we have ϕ(ax) = ϕ(a)ϕ(x) = 0, i.e., ax ∈ kerϕ. This shows that kerϕ is an ideal, which is

maximal because the quotient, A/ kerϕ is one-dimensional.
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The correspondence is one-to-one, as if kerϕ1 = kerϕ2, then ϕ1 = αϕ2 for α ∈ C. But

ϕ1(e) = ϕ2(e) = 1 implies that α = 1.

We now need to show that any maximal ideal of A is of the form kerϕ for some ϕ ∈ ΣA.

We have showed that M is closed (Proposition 1.2.10), and thus we can quotient A by

M . Consider π : A → A/M , the quotient map, i.e., a → a +M . A/M is also a Banach

space (Ref 1., Thm 1.41 ). We claim that A/M is a Banach algebra with the following

multiplication:

(a+M)(b+M) = ab+M.

This multiplication is well-defined because of the following. If a+M = a′ +M, b+M =

b′ + M , then a − a′, b − b′ ∈ M . Clearly, since M is an ideal, m = (a + a′)(b − b′) =

ab + ab′ − a′b − a′b′ ∈ M, m′ = (a − a′)(b + b′) = ab + ab′ − a′b − a′b′ ∈ M . This inturn

implies that ab − a′b′ = 1
2(m +m′) ∈ M ⇒ ab +M = a′b′ +M . The only part we have

to check in Definition 1.2.1 is (1.4), since the others just follow from A being a Banach

algebra. This again follows from A being a Banach algebra, since for any m,m′ ∈ M ,

∥(a+m)(b+m′)∥ ≤ ∥a+m∥∥b+m′∥.

We now claim that A/M has no proper ideals. Suppose I ⊂ A/M is a proper ideal.

Consider π−1(I) = {a ∈ A, π(a) ∈ I}. π−1(I) is a proper ideal of A as e /∈ A and

M ⊂ π−1(I), which contradicts that M is a maximal ideal. Since A/M has no proper

ideal, any non-zero x ∈ A/M is invertible as otherwise, the ideal generated by this element

is proper. We can thus apply Theorem (1.2.12), which gives us A/M ∼= C. Consider the

isomorphism ϕ : x → λx for all x ∈ A/M. Define ψ : A → C by ψ = ϕ ◦ π, which is

multiplicative since ϕ is. It is easy to see that kerψ =M. We have thus produced ψ ∈ ΣA

such that kerψ =M .

Example 1.2.14. Let A = C(X), where X is compact Hausdorff. Fix x0 ∈ X, and

define the multiplicative linear functional ϕx0 : f → f(x0) on C(X). We claim that any

multiplicative linear functional is the evaluation at a point.

Let Mx0 = ker(ϕ(x0)) = {f ∈ C(X), f(x0) = 0}. This is a maximal ideal because of

8



Proposition 1.2.13.

SupposeM ⊂ C(X) is a maximal ideal. We try to show that there exists x0 ∈ X such that

M =Mx0 . Suppose there exists no x0 ∈ X such that f(x0) = 0 for all f ∈M . Then, for all

x ∈ X, there exists fx ∈M such that fx(x) ̸= 0, which implies there exists a neighborhood

Ux of x ∈ X such that fx(t) ̸= 0 for all t ∈ Ux. The collection of all Ux covers X. X being

compact and Hausdorff implies that there exists a finite collection {x1, ...., xn} such that

X = ∪n
j=1Uxj . Define:

g =
n∑

j=1

fxj f̄xj ∈M

as fxj ∈ M. Thus if y ∈ X, there exists j0 such that y ∈ Uxj0
which implies g(y) =∑n

j=1 |fxj |2 > 0. Hence, we have g strictly positive, which implies 1
g is also strictly positive

making g(1g ) = e ∈ M , which contradicts the fact that M is a maximal ideal. Thus we

have M =Mx0 for some x0 ∈ X, which proves our claim.

1.3 The Gelfand Transform and C∗- algebras

Definition 1.3.1. Let A be a commutative Banach algebra with unity. For x ∈ A, define

x̂ : ΣA → C by

x̂(ϕ) = ϕ(x).

The map x→ x̂ is called the Gelfand transform.

Note that x̂ is a continuous function on ΣA, since if ϕn ∈ ΣA such that ϕn → ϕ in the

weak∗ topology, then x̂(ϕα) = ϕα(x) → ϕ(x) = x̂(ϕ).

Example 1.3.2. Let A = C(X) where X is a compact Hausdorff space. Since all multi-

plicative linear functionals are of the form ϕx0 as in Example 1.2.14. Thus we can identify
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ΣA with X. For each f ∈ A, f̂ : ΣA → C, f̂(ϕx0) = ϕx0(f) = f(x0). Upon the identifica-

tion, the Gelfand transform is the identity map between A and C(ΣA).

The below theorem lists some important properties of the Gelfand transform, however the

proof is left unattended in this document. The proof can be found in [16, Ch. 11, 11.19].

Theorem 1.3.3. Suppose A is a commutative Banach algebra with unit.

(a) The Gelfand transform is an algebra homomorphism from A onto C(ΣA), ê ≡ 1

where e ∈ A is the identity,

(b) x ∈ A is invertible if and only if x̂ never vanishes, i.e., x̂ is invertible in C(ΣA),

(c) Range x̂ = σ(x),

(d) ∥x̂∥∞ = η(x) ≤ ∥x∥, where η(x) is the spectral radius.

Example 1.3.4. Let us consider the same example as in Example 1.2.14 and 1.3.2. The

equality in Theorem 1.3.3 is attained in this case as the Gelfand transform is the identity

map, ∥f∥∞ = ∥f∥, for f ∈ C(X), and we have σ(f) = Range f̂= Range f .

Definition 1.3.5. An involution is a mapping x→ x∗ of an algebra that satisfies:

(a) (x+ y)∗ = x∗ + y∗,

(b) (xy)∗ = y∗x∗,

(c) (λx)∗ = λx∗,

(d) x∗∗ = x.

An Banach algebra with an involution is called a Banach∗ algebra.

10



Definition 1.3.6. A commutative Banach∗ algebra is said to be symmetric if for all x ∈ A

x̂∗ = ¯̂x.

The Gelfand transform has an interesting property, and this property will help us establish

the spectral theorem for bounded normal operators. Before that however, we require one

final tool in the form of the proposition below.

Proposition 1.3.7. Let A be a commutative Banach∗ algebra with unit.

(a) A is symmetric if and only if for self-adjoint x ∈ A, i.e. when x = x∗, x̂ is real-

valued.

(b) If A is symmetric, then the range of the Gelfand map is dense in C(ΣA).

Proof. Let us prove (a) first. Assume that A is symmetric, then x̂∗ = ¯̂x for all x ∈ A.

Hence for x = x∗, we have x̂ = x̂∗ = ¯̂x, which makes x̂ real-valued. Conversely assume

that for self-adjoint x, x̂ is real valued. Let y ∈ A, and define u = y+y∗

2 and v = y−y∗

2i .

Note that both u and v are self-adjoint, and y = u + iv. This makes y∗ = u − iv and by

taking tha Gelfand transform, we get ŷ∗ = û − iv̂ = ¯̂y (since the Gelfand transform is an

algebra homomorphism, Theorem 1.3.3), which makes A symmetric.

For (b), we try to show that G = {x̂ : x ∈ A} separates points in ΣA. This will mean that

we can use the Stone-Weierstrass theorem [17, Ch. 7, 7.32] and obtain that G is dense in

C(ΣA). Note that G is a sub-algebra of C(ΣA) closed under conjugation as A is symmetric.

Also note that 1 ∈ G. To show G separates points in A, we know that if ϕ1 ̸= ϕ2, the

ϕ1(x) ̸= ϕ2(x) for some x ∈ A, ϕi ∈ ΣA, i = 1, 2. This implies that x̂(ϕ1) ̸= x̂(ϕ2). This

implies that G separates points in ΣA, and hence we have the result.

Definition 1.3.8. A Banach∗ algebra is called a C∗−algebra if ∥x∗x∥ = ∥x∥2.
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Note that in C∗ algebras, we have ∥x∗∥ = ∥x∥, since ∥x ∗ x∥ = ∥x∥2 ≤ ∥x∥∥x∗∥ ⇒ ∥x∥ ≤

∥x∗∥, and the other side follows from x∗∗ = x.

C∗-algebras also have another important property, as shown by the following proposition.

Proposition 1.3.9. If A is a C∗−algebra (with unit), then A is symmetric.

Proof. Let x = x∗ ∈ A, ϕ ∈ ΣA and suppose ϕ(x) = x̂(ϕ) = α + iβ, α, β ∈ R. For t ∈ R,

consider z = x+ ite ∈ A. Then, ϕ(z) = ϕ(x) + itϕ(e) = α+ iβ + it = α+ i(β + t).

Note z∗ = x− ite, which makes z∗z = x2 + t2e. Hence

α2 + (β + t)2 = |ϕ(z)| ≤ ∥z∥2 = ∥z∗z∥ ≤ ∥x2∥+ t2 = ∥x∥2 + t2,

where the inequality is from Proposition 1.2.3. This immediately implies that α2 + β2 +

2βt ≤ ∥x∥2 for all t ∈ R, which forces β = 0. Thus we have that x̂ is real-valued for

self-adjoint x, which gives us that A is symmetric by Proposition 1.3.7.

Theorem 1.3.10 (Gelfand-Naimark). Suppose A is a commutative C∗−algebra with

unit, and maximal ideal space/ space of multiplicative linear functionals ΣA. Then the

Gelfand transform is an isometric ∗−isomorphism of A onto C(ΣA).

Proof. It suffices to show that the Gelfand transform is an isometry. This will in turn

prove that the range of the Gelfand transform is closed in C(ΣA), which will conclude the

proof by Proposition 1.3.7, (b).

Fix x ∈ A and define y = x∗x. Then y∗ = x∗x = y, and hence it is self-adjoint. For some

k ∈ N, ∥y2k∥ = ∥(y2k−1
)∗y2

k−1∥ = ∥y2k−1∥2. Thus by induction, we get ∥y2k∥ = ∥y∥2k .

From Theorem 1.3.3 we have that ∥ŷ∥∞ = η(y). This gives us

∥ŷ∥∞ = η(y) = lim
k→∞

∥y2k∥
1

2k = lim
k→∞

∥y∥ = ∥y∥.
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Thus for self-adjoint y, we have ∥ŷ∥∞ = ∥y∥ = ∥x∗x∥ = ∥x∥2.

Now, y = x ∗ x implies ŷ = ¯̂xx̂ = |x̂|2. We thus have,

∥x∥2 = ∥|x̂|2∥ = ∥x̂∥2∞,

giving us ∥x∥ = ∥x̂∥∞, proving that the Gelfand transform is an isometry.

Suppose B ⊆ A be commutative Banach algebras with unit, with B being a sub-algebra.

For x ∈ B, there exists two spectra:

σB(x) = {λ ∈ C : λe− x is not invertible in B},

σA(x) = {λ ∈ C : λe− x is not invertible in A},

and clearly, σA(x) ⊆ σB(x).

The following proposition will apply rather beautifully to our treatment of bounded normal

operators.

Proposition 1.3.11. Suppose A is a commutative Banach algebra with unit and B ⊆ A

is a closed sub-algebra with unit. If x ∈ B and σB(x) is nowhere dense in C, then σB(x) =

σA(x).

Proof. Let λ0 ∈ σB(x). Because of nowhere denseness, there exists a sequence λn ∈

C \σB(x) such that λn → λ0 in C. Note that each λne−x is invertible in B and λne−x→

λ0e−x. We claim that ∥(λne−x)−1∥ → ∞ as n→ ∞. If not, by passing to a subsequence,

assume ∥(λne− x)−1∥ ≤ c <∞ for all n, without loss of generality.

But then, for large n, we have

∥(λne− x)− (λ0e− x)∥ ≤ ∥λn − λ0∥ ≤ c−1 ≤ ∥(λne− x)−1∥−1,
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which implies that λ0e − x is invertible in B, which is a contradiction. Thus our claim is

right.

This guarantees that λ0e − x cannot be invertible in A either, because otherwise, (λne −

x)−1 → (λ0e− x)−1 by continuity. Thus, λ0 ∈ A.

Corollary 1.3.12. Suppose A is a C∗−algebra with unit and B ⊆ A be a sub-algebra with

unit.

(a) If x ∈ B and x is invertible in A, then x is invertible in B, and

(b) σB(x) = σA(x).

Proof. Let x ∈ B and set y = x∗x. Let C be the C∗−sub-algebra generated by y and e.

Then clearly, C ⊆ B ⊆ A.

Now if x is invertible in A, then y is also invertible in A. Since C is a commutative

C∗−algebra with identity, σC(y) ⊂ R, which is nowhere dense in C. Hence, by the previous

proposition, we have σC(y) = σA(y). This implies that 0 /∈ C, which implies that y is

invertible in C ⊆ B. Thus, x−1 = y−1x∗ ∈ B as y−1 ∈ B.

This completes the chapter of required preliminaries to step into the main content of the

thesis, which starts in the next chapter.
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Chapter 2

Spectral Theorem for Unbounded

Self-Adjoint Operators on a

Hilbert Space

2.1 Introduction

The operators we consider in this thesis are linear, unless otherwise explicitly mentioned.

Let us recall some definitions to start, and get them out of the way.

Definition 2.1.1. λ ∈ C is called an eigenvalue of T if T − λI is not injective.

Definition 2.1.2. A vector 0 ̸= f ∈ H is called an eigenvector of T associated with λ if

Tf = λf .

In the following definitions, the notion of adjoint is the usual one, for we consider at the

most, bounded operators [16, Ch. 4, Thm. 4.10].
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Definition 2.1.3. Let H be a Hilbert space. An operator T on H is symmetric if we have

for x, y ∈ D(T ),

⟨Tx, y⟩ = ⟨x, Ty⟩.

Clearly, T ⊂ T ∗ whenever T is symmetric. If T = T ∗, then T is self-adjoint. When H is

finite-dimensional, the notions of symmetric and self-adjoint coincide. Lets look at a case

where this breaks down when we are no longer in finite-dimensional Hilbert spaces.

Example 2.1.4. Consider the bounded linear operator on summable sequences with entries

in R indexed by Z, T : ℓ2(Z) → ℓ2(Z) given by:

(Tx)j = xj+1 − xj .

This operator is symmetric, because

⟨Tx, y⟩ =
∑
j∈Z

(xj+1 − xj)yj

= ⟨x, Ty⟩.

However, computing the unique operator T ∗ such that ⟨Tx, y⟩ = ⟨x, T ∗y⟩, yields

(T ∗y)j = yj − yj−1,

which for sure is not the same operator as T . Therefore the notions of symmetric and

self-adjoint are distinct in the sense a self-adjoint operator is always symmetric, but a

symmetric operator need not be self-adjoint.

Definition 2.1.5. An operator T : H → H is said to be normal if TT ∗ = T ∗T. A normal

operator is unitary if TT ∗ = T ∗T = I.
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Example 2.1.6. Consider T : L2([−π, π]) → L2([−π, π]) given by

(Tf)(φ) = eiφf(φ).

The spectrum of this operator is the unit circle in the complex plane, σ(T ) = T and

T ∗T = TT ∗ = I.

Definition 2.1.7. T : H → H is compact if for any bounded sequence {xn} ⊂ H, the

sequence {Txn} has a convergent subsequence.

Let’s state the finite dimensional version of the spectral theorem we all know well.

Theorem 2.1.8. [1, Ch. 7, Thm. 7.29] Suppose F = R/C and T is a linear operator on

FN . Then the following are equivalent:

(a) T is normal. Moreover, T is self-adjoint if F = R.

(b) H has an orthonormal basis consisting of eigenvectors of T .

We also note that in the finite-dimensional case,

σ(T ) = {λ ∈ C : λ is an eigenvalue}

since T − λI is not injective iff T − λI is not invertible. This is not transferrable to the

infinite-dimensional case. Let us look at an example.

Example 2.1.9. Consider the right shift operator T : ℓ2 → ℓ2 given by

T (a1, a2, . . . ) = (0, a1, a2, . . . ).

Note, however T has no eigenvalues because:

(T − λI)(a1, a2, . . . ) = (0, a1, a2, . . . )− λ(a1, a2, . . . ),
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which shows that T − λI is injective. But the spectrum of T is:

σ(T ) = {λ ∈ C : |λ| ≤ 1},

which is an easy consequence of the fact that the above set consists of eigenvalues of the

left shift operator, which is the adjoint of the right shift operator.

So we need a new theory for infinite-dimensional Hilbert spaces. Let us consider the special

case of compact self-adjoint operators on a Hilbert space, H. Recall the spectral theorem

in this case [2, Ch. 10, 10.106]:

Theorem 2.1.10. Suppose T is a compact self-adjoint operator on H. Then:

(a) There exists an orthonormal basis of H consisting of eigenvectors of T .

(b) There exists a countable set Ω and an orthonormal family {ek}k∈Ω in H, {λk}k∈Ω in

R \ {0}, such that for every f ∈ H,

Tf =
∑
k∈Ω

λk⟨f, ek⟩ek.

If H is an R Hilbert space, then a compact operator T is self-adjoint if and only if (a) is

true. This is however not true for C−Hilbert spaces.

The class of compact self-adjoint operators is a restrictive one, even within the realm of

bounded linear operators on a Hilbert space H, and hence it is natural to ask to extend

the spectral theorem to more general settings. In this chapter, we will aim to prove the

spectral theorem for unbounded self-adjoint operators by first using the theory of Banach

C∗-Algebras to establish the spectral theorem for bounded normal operators, then establish

the theory of the Cayley Transform, and finally apply the spectral theorem for bounded

normal operators onto the Cayley Transform of an unbounded self-adjoint operator.
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2.2 Projection-valued measures

Definition 2.2.1. Let Ω be a set and F be a σ−algebra of subsets of Ω, and let (H, ∥ · ∥)

be a Hilbert space. A projection-valued measure on (Ω,F ) is a map P : F → B(H) such

that:

(a) If E ∈ F , then P (E) = P (E)∗ = P (E)2, i.e., each P (E) is an orthogonal projection,

(b) P (∅) = 0, P (Ω) = I, the identity map,

(c) P (E ∩ F ) = P (E)P (F ),

(d) ∪∞
j=1Ej = E such that Ejs are disjoint, then P (E) =

∑∞
j=1 P (Ej) in the strong

operator topology.

From here, we get that for each u, v ∈ H,

Pu,v(E) = ⟨P (E)u, v⟩

is a complex measure on Ω. All the properties are straightforward from the definition,

except the countable additivity. To check this, suppose {Ej}∞j=1 are disjoint. Then,

⟨P (∪N
j=1Ej)u, v⟩ =

∑N
j=1⟨P (Ej)u, v⟩ →

∑∞
j=1⟨P (Ej)u, v⟩ which is an absolute convergence

due to the operator norm convergence of
∑∞

j=1 P (Ej). Also note that Pu,u is a positive finite

measure and ∥Pu,u∥ = Pu,u(Ω) = ⟨P (Ω)u, u⟩ = ∥u∥2. Here is an example.

Example 2.2.2. Let H = L2([0, 1]) and let F be the Borel σ-algebra. For E ∈ F , define

P (E)f = χEf

where χE is the characteristic function on E. By the definition of the characteristic func-

tion, all the properties of projection-valued measures are straightforward for this particular

example.
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Next, we try to define integration with respect to this measure. Let B(Ω) be the space of

bounded measurable functions on Ω. If f ∈ B(Ω), u ∈ H, consider

∣∣∣∣∫
Ω
f dPu,u

∣∣∣∣ ≤ ∥f∥∞Pu,u(Ω) = ∥f∥∞∥u∥2.

By polarizing, we can write Pu,v for u, v ∈ H in terms of Pu+v,u+v, Pu−v,u−v, Pu+iv,u+iv, Pu−iv,u−iv

and obtain:

∣∣∣∣∫
Ω
f dPu,v

∣∣∣∣ ≤ 1

4
∥f∥∞(∥u+ v∥2 + ∥u− v∥2 + ∥u+ iv∥2 + ∥u− iv∥2).

Thus, if ∥u∥ = ∥v∥ = 1, ∣∣∣∣∫
Ω
f dPu,v

∣∣∣∣ ≤ 4∥f∥∞,

and in general, ∣∣∣∣∫
Ω
f dPu,v

∣∣∣∣ ≤ 4∥f∥∞∥u∥∥v∥,

making (u, v) →
∫
Ω f dPu,v a continuous sesquilinear form and by Riesz Representation

theorem [2, Ch. 8, Sec. 8C], there exists a unique bounded operator, Tf , such that

∫
Ω
f dPu,v = ⟨Tfu, v⟩.

We will denote Tf by
∫
Ω f dP.

The linearity of this operator is clear, by the definition. How does this operator look

though? To see this, consider g =
∑N

j=1 cjχEj , a simple function. Then

∫
Ω
g dPu,v =

∫
Ω
(

N∑
j=1

cjχEj ) dPu,v =

N∑
j=1

∫
Ω
cjχEj dPu,v =

〈
N∑
j=1

cjP (Ej)u, v

〉
,

making
∫
Ω g dP =

∑N
j=1 cjP (Ej). If f ∈ B(Ω), then there exists a sequence of simple
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functions {fn} such that ∥fn − f∥∞ → 0. Hence we have,

∥∥∥∥∫
Ω
f dP −

∫
Ω
fn dP

∥∥∥∥ =

∥∥∥∥∫
Ω
(f − fn) dP

∥∥∥∥ ≤ 4∥f − fn∥∞ → 0,

where the first expression is in the operator norm.

Theorem 2.2.3. If P is a projection-valued measure on (Ω,F ), then the map f →∫
Ω f dP is a ∗-homomorphism from B(Ω) onto B(H).

Proof. Let us work with simple functions, and prove the ∗−homomorphism property. Sup-

pose f and g are simple functions:

f =

n∑
j=1

cjχEj ; g =

m∑
k=1

dkχFk
,

for Ej , Fk ∈ F .

Then, fg =
∑n

j=1

∑m
k=1 cjdkχEj∩Fk

, and

∫
Ω
fg dP =

n∑
j=1

m∑
k=1

cjdk

∫
Ω
χEj∩Fk

dP

=

n∑
j=1

m∑
k=1

cjdkP (Ej ∩ Fk)

=

n∑
j=1

m∑
k=1

cjdkP (Ej)P (Fk)

=
n∑

j=1

cjP (Ej)
m∑
k=1

dkP (Ek)

=

∫
Ω
f dP

∫
Ω
g dP,

and that shows that the map f →
∫
Ω f dP is a homomorphism.

Now if f, g ∈ B(Ω), then there exist sequences {fn}, {gn} of simple functions such that
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fn → f , gn → g in the L∞ norm. This does also mean that fngn → fg in the L∞ norm,

which implies

∥∥∥∥∫
Ω
fngn dP −

∫
Ω
fg dP

∥∥∥∥ =

∥∥∥∥∫
Ω
(fngn − fg) dP

∥∥∥∥ ≤ 4∥fngn − fg∥∞ → 0.

Since fn, gn are simple, we have

∫
Ω
fngn dP =

∫
Ω
fn dP

∫
Ω
gn dP. (2.1)

An observation here will help us conclude the result: if ∥Tn − T∥ → 0, ∥Sn − S∥ → 0,

then TnSn → TS in the operator norm. This follows straight from the triangle inequality:

∥TnSn − TS∥ = ∥TnSn − TnS + TnS − TS∥ ≤ ∥Tn∥∥Sn − S∥ + ∥Tn − T∥∥S∥ → 0. This

concludes our proof of the homomorphism as we just take limn→∞ on both sides in (2.1).

We now aim to show that (
∫
Ω f dP )∗ =

∫
Ω f̄ dP . Again, consider a simple function

f =
∑n

j=1 cjχEj , which makes f̄ =
∑n

j=1 c̄jχEj .

Now,
∫
Ω f dP =

∑n
j=1 cjP (Ej), which makes (

∫
Ω f dP )∗ =

∑n
j=1 c̄jP (Ej)

∗ =
∑n

j=1 c̄jP (Ej) =∫
Ω f̄ dP , proving the assertion for simple functions. The approximation of bounded mea-

surable functions by simple functions gives us the result.

We now set Ω = ΣA, and write down the first version of the spectral theorem that we will

prove.

2.3 Spectral Theorem for Bounded Normal Oper-

ators

Theorem 2.3.1 (Spectral Theorem I). Let A be a commutative C∗−sub-algebra of

B(H) with identity. Let Σ be the set of multiplicative linear functionals on A (or) the
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maximal ideal space, and let T → T̂ be the Gelfand Transform. Then there exists a unique

regular projection-valued measure P on Σ such that

T =

∫
Σ
T̂ dP,

for all T ∈ A. Moreover, there exists Tf ∈ B(H) such that for all f ∈ B(Σ), such that

Tf =

∫
Σ
f dP.

Furthermore, if S ∈ B(H) then the following are equivalent:

(a) S commutes with every operator T ∈ A,

(b) S commutes with every P (E) for all E ∈ F , where F is the Borel sigma-algebra on

Σ,

(c) S commutes with every
∫
Σ f dP for all f ∈ B(Σ).

Proof. The proof of the first two statements are simple consequences of Theorems 1.3.10

and 2.2.3. This means that we just have to prove the equivalence statements. (c) implies

(b) follows from letting f = χE for E ∈ F . (c) implies (a) follows from Theorems 1.3.10

and 2.2.3, by the identification of A and C(Σ) and the extension of the representation of

Tf as
∫
Σ f dP to all bounded measurable functions on Σ. The operator

∫
Σ f dP = Tf is

bounded for all f ∈ B(Σ), and hence (a) implies (c). (b) implies (c) can be concluded by

approximation with simple functions.

Let us now restrict ourselves to a single operator.

Theorem 2.3.2 (Spectral Theorem for Bounded Normal Operators). Let T ∈

B(H) be a normal operator. Then there exists a unique projection-valued measure P on
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the Borel subsets of σ(T ) satisfying

T =

∫
σ(T )

λ dP (λ). (2.2)

Proof. Let A be the commutative C∗−algebra with identity generated by T , T ∗ and I.

Then ΣA can be identified with σ(T ) ⊂ C. This is because of theorem 1.3.3 and the

Gelfand-Naimark Theorem (1.3.10), for we have ϕ ∈ ΣA, ϕ(T ) = T̂ (ϕ) = λ ∈ σ(T ). Since

ΣA is compact Hausdorff, by Example 1.3.2, we have that the Gelfand Transform is the

identity map after the identification, i.e T̂ (λ) = λ. For clarity, the identification from the

Gelfand-Naimark theorem is as follows:

A C(ΣA)

T λ→ λ

T 2 λ→ λ2

T ∗ λ→ λ̄

p(T, T ∗) λ→ p(λ, λ̄)

And the right column becomes the whole of all continuous functions on C(ΣA) by the

Stone-Weierstrass theorem.

We now have the existence of the unique projection-valued measure by Theorem 2.3.1, call

it P , such that

Tf =

∫
σ(T )

f dP =

∫
σ(T )

f(λ) dP (λ),

for all f ∈ C(ΣA). In particular, T =
∫
σ(T ) λ dP (λ). This proves our theorem.

We finally prove one small but useful result, before we venture into the realm of unbounded

operators.

Theorem 2.3.3. A normal operator T ∈ B(H) is
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(a) self-adjoint if and only if σ(T ) ⊆ R,

(b) unitary, i.e. T ∗T = I = TT ∗, if and only if σ(T ) lies on the unit circle in the

complex plane.

Proof. Let A be the smallest C∗−sub-algebra of B(H) generated by T, T ∗ and I. Then

T̂ (λ) = λ (Theorem 2.3.2) and (T ∗)̂ (λ) = λ̄. Due to the correspondence between T and

T̂ , we have that T = T ∗ if and only if λ = λ̄ and T ∗T = I = TT ∗ if and only if λλ̄ = 1,

i.e., |λ| = 1 for λ ∈ σ(T ).

2.4 The Cayley Transform

The operators (by default linear) in this section are necessarily not bounded, and hence

the theories we know for bounded operators need not necessarily apply to this setting.

One particular definition we need before we step into the theory of unbounded operators

is stated below.

Definition 2.4.1. A linear operator T : H → H is said to be densely defined if its domain

D(T ) is dense in H.

This naturally means that we can think of extensions of such an operator T into larger

domains than D(T ) (even when T is not densely defined). We use the notation T ⊂ S if S

is an extension of T , i.e. D(T ) ⊂ D(S) and Sx = Tx for all x ∈ D(T ).

Remark 2.4.2. Adjoints: If we want to associate an adjoint T ∗ to an operator T , we

want its domain D(T ∗) to consist of all those y ∈ H such that the linear functional,

x→ ⟨Tx, y⟩
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is continuous on D(T ). We now try to apply the Hahn-Banach extension theorem [10, Ch.

3, Thm. 3.1.2] and for y ∈ D(T ∗) we can extend the above functional to a continuous

linear functional on H, i.e. there exists T ∗y ∈ H such that

⟨Tx, y⟩ = ⟨x, T ∗y⟩

for all x ∈ D(T ). T ∗y is uniquely determined if and only if D(T ) is dense in H. It is seen

that T ∗ is linear as if z ∈ D(T ) and x, y ∈ D(T ∗),

⟨z, T ∗x+ T ∗y⟩ = ⟨z, T ∗x⟩+ ⟨z, T ∗y⟩ = ⟨Tz, x⟩+ ⟨Tz, y⟩ = ⟨Tz, x+ y⟩ = ⟨z, T ∗(x+ y)⟩.

The verification of scalar multiplication is much easier, as

⟨z, T ∗(αx)⟩ = ⟨Tz, αx⟩ = ᾱ⟨Tz, x⟩ = ⟨T (ᾱz), x⟩ = ⟨ᾱz, T ∗x⟩ = ⟨z, αT ∗x⟩,

for α ∈ C. This shows that D(T ∗) is a subspace of H.

Definition 2.4.3. A symmetric operator T is called maximally symmetric if there exists

no proper symmetric extension of T , i.e if T ⊂ S and S is symmetric, then S = T.

Theorem 2.4.4. Let T be a symmetric operator in H not necessarily densely defined.

Then,

(a) ∥Tx+ ix∥2 = ∥x∥2 + ∥Tx∥2,

(b) T is a closed operator if and only if R(T + iI) is closed,

(c) T + iT is one-one,

(d) If R(T + iI) = H, then T is maximally symmetric,

(e) (a), (b), (c) and (d) are true if i is replaced with −i.
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Proof. The proof of (a) is quite straightforward:

∥Tx+ ix∥2 = ∥Tx∥2 + ∥x∥2 + ⟨Tx, ix⟩+ ⟨ix, Tx⟩

= ∥Tx∥2 + ∥x∥2 − i⟨Tx, x⟩+ i⟨Tx, x⟩

= ∥Tx∥2 + ∥x∥2.

For (b), consider the map ϕ : R(T + iI) → G (T ) given by (T + iI)x → [x, Tx] (ordered

pair), where the graph of T , G (T ) = {[x, Tx] : x ∈ D(T )}. G (T ) is a subspace of H ×H

where the norm is defined as follows: for [a, b] ∈ H × H, define ∥[a, b]∥2 = ∥a∥2 + ∥b∥2.

Clearly, by (a), ϕ is an isometry. If we show that ϕ is a one-to-one correspondence we’re

done. Note that for x ∈ D(T ) = D(T + iI), we have [x, Tx] ∈ G (T ) and that implies

(T + iI)x exists, proving (b).

(c) follows readily from (a) because when (T + iI)x = 0, we have ∥Tx+ ix∥2 = 0 implying

∥x∥2 + ∥Tx∥2 = 0 which forces x = 0.

To show that T is maximally symmetric, we show this by contradiction. Suppose R(T +

iI) = H and S is a proper symmetric extension of T , then S + iI is a proper extension

of T + iI. For any symmetric operator T , if R(T ) is dense in H, for Tx = 0, we have

0 = ⟨Tx, y⟩ = ⟨x, Ty⟩, which makes x ⊥ R(T ) and x = 0, making T one-one. Thus in our

situation, we have that S + iI is one-one. This makes T + iI not one-one too, and not

symmetric. Hence, T + iI has to be maximally symmetric.

Since (a) is valid if i→ −i, all other statements are valid too.

Definition 2.4.5. The Cayley transform of an operator T on H is defined as follows:

U = (T − iI)(T + iI)−1.

Let us compute the Cayley transform for a bounded linear operator, to illustrate the power

of Theorem 2.4.8, which comes later.
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Example 2.4.6. For k ∈ N, define Tk : ℓ2(N) → ℓ2(N) by:

Tk(x1, x2, . . . ) = (0, 0, . . . , kxk, 0, . . . ).

Note that Tk is a self-adjoint bounded operator. We then compute

(Tk + iI)−1(x1, x2, . . . ) =

(
1

i
x1,

1

i
x2, . . . ,

1

i+ k
xk,

1

i
xk+1, . . .

)
.

Then, the Cayley transform of T is given by U : R(Tk + iI) → ℓ2(N), a unitary operator,

is given by:

U(x1, x2, . . . ) =

(
x1, x2, . . . ,

k − i

k + i
xk, xk+1, . . .

)
.

Theorem 2.4.7. Suppose that U is an operator in H and an isometry, i.e. ∥Ux∥ = ∥x∥

for x ∈ D(U).

(a) If x ∈ D(U), y ∈ D(U) then ⟨Ux,Uy⟩ = ⟨x, y⟩,

(b) If R(U) is dense in H, then I − U is one-one,

(c) If any one of D(U), R(U) or G (U) is closed, so are the other two.

Proof. (a) immediately follows from [16, Ch. 12, Ex. 2], which says that any Hilbert space

inner product satisfies

⟨x, y⟩ = 1

N

N∑
n=1

∥x+ αny∥2αn,

for α ∈ C, αn = 1 and α2 ̸= 1. Therefore, using the fact that U is linear and an isometry,

we conclude.

For (b), assume there exists x ∈ H such that (I −U)x = 0. If we show x = 0, we are done.
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For z = (I − U)y ∈ R(I − U), we have

⟨x, (I − U)y⟩ = ⟨x, y⟩ − ⟨x, Uy⟩

= ⟨Ux,Uy⟩ − ⟨x, Uy⟩

= ⟨Ux− x, Uy⟩ = 0,

which gives us that x ∈ [R(I − U)]⊥ forcing x to be 0.

We have that

[
1√
2
∥[x, Ux]− [y, Uy]∥

]2
=

1

2
∥[x− y, Ux− Uy]∥2

=
1

2

(
∥x− y∥2 + ∥U(x− y)∥2

)
= ∥x− y∥2

= ∥U(x− y)∥2,

establishing a one-to-one correspondence between the three spaces, giving us (c).

This next theorem carries the major result of the section, i.e. the Cayley transform of a self-

adjoint operator is unitary. This will help us establish the spectral theorem for unbounded

self-adjoint operators in the next section. Before the proof, however, the following fact is

imperative: for a self-adjoint closed densely defined operator, R(I +T 2) = H. This fact is

a ready conclusion from [16, Ch. 13, 13.13].

Theorem 2.4.8. Suppose U is the Cayley transform of a symmetric operator T in H.

Then

(a) U is closed if and only if T is closed,

(b) R(I − U) = D(T ), I − U is one-one and T can be reconstructed from U by the
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formula:

T = i(I + U)(I − U)−1,

(c) U is unitary if and only if T is self-adjoint.

Conversely, if V is an operator on H that is an isometry and I − V is one-one, then V is

the Cayley transform of a symmetric operator in H.

Proof. We have that U = (T − iI)(T + iI)−1, making D(U) = R(T + iI). From Theorem

2.4.4 (b), we get that the latter is closed, and this makes U a closed operator as D(U) is

closed, from Theorem 2.4.7. This proves (a).

The one-one correspondence between R(T + iI) and G (T ) in Theorem 2.4.4 gives us a

one-one correspondence between D(T ) and R(T + iI), i.e. x ↔ z such that z = Tx+ ix.

From Theorem 2.4.7 we have that T + iI is one-one, which makes sure that its inverse

exists. Therefore,

Uz = (T − iI)(T + iI)−1(T + iI)x = Tx− ix,

for x ∈ D(T ).

Now, to establish the reconstruction, we need to first show that D(T ) = R(I − U), which

is straightforward as:

(I − U)z = z − Uz = (Tx+ ix)− (Tx− ix) = 2ix.

We also note that (I + U)z = 2Tx. Note that the injectivity of I − U is clear, as if for

(T + iI)x1 = z1 ̸= z2 = (T + iI)x2 ∈ R(T + iI), implying x1 ̸= x1, which will give us

(I − U)z1 ̸= (I − U)z2. This ensures the existence of (I − U)−1. Therefore,

2Tx = (I + U)z = (I + U)(I − U)−1(2ix),
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for all x ∈ D(T ) which gives us T = i(I + U)(I − U)−1.

Now for (c), assume first that T is self-adjoint. Then from the fact stated just before this

theorem, we have R(I + T 2) = H. Now, we have

I + T 2 = (T + iI)(T − iI) = (T − iI)(T + iI),

making D(U) = R(T + iI) = H = R(T − iI) = R(U). If we just show that U is an

isometry, we have that U is unitary, since R(U) = H. (Ref 1., Thm. 12.13).

This can be shown readily using Theorem 2.4.4 (a). For x ∈ D(U) = R(T + iI), we have

x = (T + iI)y, y ∈ D(T ). Thus,

∥Ux∥2 = ∥(T − iI)(T + iI)−1(T + iI)y∥2 = ∥(T − iI)y∥2 = ∥(T + iI)y∥2 = ∥x∥2.

Now assume that U is unitary. Suppose we have reconstructed T as in (b). To talk about

its adjoint, we need to ensure that D(T ) = R(I − U) is dense in H. We have shown

that I − U is one-one, in (b). Note that I − U is a normal operator since U is unitary:

(I − U)∗(I − U) = 2I − U − U∗ = (I − U)(I − U)∗. For a normal operator S, R(S) is

dense in H if and only if S is one-one because for normal operators we have the relation

∥Sx∥ = ∥S∗x∥ for all x ∈ D(S) if and only if ker(S) = ker(S∗) if and only if R(S) is dense

in H since ker(S∗) = [R(S)]⊥ = ker(S) = {0}. This makes D(T ) = R(I − U) dense in H,

and hence we can talk about T ∗. And since T is symmetric, we have T ⊂ T ∗. If we show

the other side of the inclusion, i.e. T ∗ ⊂ T , we are done.

Now we know that U is unitary if and only if R(U) = H and U is an isometry. Since by

definition R(T − iI) = R(U) = H, by Theorem 2.4.4 (d) and (e) we conclude that T is

maximally symmetric, and hence T = T ∗. This shows that T is self-adjoint.

Finally to prove the converse, let V be as in the statement. Since V is an isometry and

I − V is one-one, we have a one-one correspondence z ↔ x between D(V ) and R(I − V )

given by x = z−V z. We aim to reconstruct S as in (b) and show that it is symmetric and
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verify that V is indeed the Cayley Transform of S.

Define S on R(I − V ) by

Sx = i(z + V z), (2.3)

for x = z − V z. Let us now show that S is a symmetric operator. Let x = z − V z and

y = u − V u for x, y ∈ D(S) and u, z ∈ D(V ). In the calculations below, we use Theorem

2.4.7 (a).

⟨Sx, y⟩ = i⟨z + V z, u− V u⟩

= i[⟨z, u⟩+ ⟨z,−V u⟩+ ⟨V z, u⟩+ ⟨V z, V u⟩]

= i[⟨V z, u⟩ − ⟨z, V u⟩]

⟨x, Sy⟩ = −i⟨z − V z, u+ V u⟩

= −i[⟨z, u⟩+ ⟨z, V u⟩+ ⟨−V z, u⟩+ ⟨−V z, V u⟩]

= i[⟨V z, u⟩ − ⟨z, V u⟩],

giving us that ⟨Sx, y⟩ = ⟨x, Sy⟩, making S symmetric.

To verify that V = (S− iI)(S+ iI)−1, we show that V (Sx+ ix) = Sx− ix for all x ∈ D(S),
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which is an equivalent expression.

Sx− ix = i(z + V z)− i(z − V z)

= 2i V z

Sx+ ix = i(z + V z) + i(z − V z)

= 2iz

V (Sx+ ix) = V (2iz)

= 2i V z

= Sx− ix,

proving that V is the Cayley Transform of S.

2.5 The Spectral Theorem

As explained before, we look to apply the results from section 1.4 to the Cayley Transform

of an unbounded self-adjoint operator T , which is unitary by Theorem 2.4.8. However

integral with respect to the projection-valued measure of the map f : σ(T ) → C given by

f(λ) = λ may not exist anymore due to the unboundedness of T . Hence, we will have to

check this apriori to writing the main theorem.

In this section, consider P : F → B(H) to be a projection-valued measure defined as in

Definition ??. If we recall, we had defined Tf for each f ∈ B(Ω) to be as follows:

⟨Tfx, y⟩ =
∫
Ω
f dPx,y,

for every x, y ∈ H. We extend this to unbounded measurable functions f in the following

results.
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Lemma 2.5.1. Let f : Ω → C be a measurable function. Define

Wf =

{
x ∈ H,

∫
Ω
|f |2 dPx,x <∞

}
.

Then Wf is a dense subspace of H. Moreover, if x, y ∈ H, then

∫
Ω
|f | d|Px,y| ≤ ∥y∥

{∫
Ω
|f |2 dPx,x

} 1
2

. (2.4)

Furthermore, if f is bounded and v = Tfz then

dPx,v = f̄ dPx,z (2.5)

for x, z ∈ H.

Proof. We first check if Wf is a subspace of H. Since by the property of projection-valued

measures, P (E) is self-adjoint for all E ∈ F and hence for x ∈ H:

∥P (E)x∥2 = ⟨P (E)x, P (E)x⟩ = ⟨x, P (E)2x⟩ = ⟨x, P (E)x⟩ = ⟨P (E)x, x⟩ = Px,x(E).

Now suppose that x, y ∈ Wf and x+ y = z. Then

Pz,z(E) = ∥P (E)z∥2 ≤ ∥P (E)x+P (E)y∥2 ≤ 2∥P (E)x∥2+2∥P (E)y∥2 = 2[Px,x(E)+Py,y(E)],

implying z ∈ Wf . For scalar multiplication, assume u = αx for α ∈ C. Then

Pz,z(E) = ∥P (E)(αx)∥2 ≤ |α|2∥P (E)x∥2 = |α|2Px,x(E),

which makes Wf a subspace of H.

To show Wf is dense in H, consider, for n = 1, 2, 3, ..., En = {x ∈ Ω, |f(x)| < n}. Then if

x ∈ R(P (En)), then P (E)x = P (E)P (En)x = P (E ∩ En)x for E ∈ F . We have for any
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E ∈ F , |Px,x(E)| = ∥P (E)x∥2 ≤ ∥x∥2 since orthogonal projection does not increase norm

[10, Ch. 7, Prop. 7.1.2]. This gives us that

∫
Ω
|f |2 dPx,x =

∫
En

|f |2 dPx,x ≤ n2∥x∥2 <∞,

which concludes that R(En) ⊂ Wf . Observing that Ω = ∪∞
n=1En and the fact that the

map E → P (E)y is countably additive gives us that y = limn→∞ P (En)y for all y ∈ H.

This gives us that y ∈ W̄f for all y ∈ H, implying that Wf is dense in H.

Now, we need to prove the next statement. If x, y ∈ H and f is a bounded measurable func-

tion on Ω, then by the Radon-Nikodym theorem [2, Ch. 9, 9.36] there exists a measurable

function u on Ω with |u| = 1 a.e. such that

uf dPx,y = |f | d|Px,y|.

This gives us,

∫
Ω
|f | d|Px,y| =

∫
Ω
uf dPx,y = ⟨Tufx, y⟩ ≤ ∥Tufx∥∥y∥,

and by Theorem 2.2.3, we have that ∥Tsx∥2 = ⟨T ∗
s Tsx, x⟩ = ⟨Ts̄Tsx, x⟩ = ⟨T|s|2x, x⟩ =∫

Ω |s|2 dPx,x for any simple function s, and hence this extends to bounded measurable

functions in a natural way. Thus,

∥ψ(uf)x∥2 =
∫
Ω
|uf |2 dPx,x =

∫
Ω
|f |2 dPx,x,

giving us the required result for bounded f . For general measurable f , we again approxi-

mate by simple functions.

The last statement is obtained by the following calculation using Theorem 2.2.3: for any
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measurable g,

∫
Ω
g dPx,v = ⟨Tgx, v⟩ = ⟨Tgx, Tfz⟩ = ⟨Tf̄Tgx, z⟩ = ⟨Tf̄gx⟩ =

∫
Ω
gf̄ dPx,z,

concluding the proof.

The following theorem establishes Tf for any measurable f and basically extends Theorem

2.2.3 to general measurable functions. The proof consists of considering truncations of f ,

fn = fϕn, where each ϕn is defined as ϕn(x) = 1 if |f(x)| ≤ n and 0 otherwise and deriving

the result in the limiting sense. We will omit the proof in this text, as there is little to

elaborate from W. Rudin’s treatment of [16, Ch. 13, 13.24], and just state the theorem.

Theorem 2.5.2. Let P be a projection-valued measure on a set Ω.

(a) To every measurable function f : Ω → C there exists a densely defined closed operator

Tf in H with D(Tf ) = Wf characterized by

⟨Tfx, y⟩ =
∫
Ω
f dPx,y, (2.6)

for x ∈ Wf and y ∈ H also satisfying

∥Tfx∥2 =
∫
Ω
|f |2 dPx,x, (2.7)

for x ∈ Wf .

(b) The multiplication theorem (the map f →
∫
Ω f dP = Tf was a ∗-homomorphism,

Theorem 2.2.3) holds in the following way: if f and g are measurable, then

TfTg ⊂ Tfg and D(TfTg) = Wg ∩ Wfg, (2.8)

and hence TfTg = Tfg if and only if Wfg ⊂ Wg.
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(c) For each measurable f : Ω → C we have

T ∗
f = Tf̄ (2.9)

and

TfT
∗
f = T|f |2 = T ∗

f Tf , (2.10)

i.e. Tf is normal.

Definition 2.5.3. The essential range of f , denoted by E R(f), is the smallest closed

subset of C that contains f(x) for almost all x ∈ Ω. In other words, it is the set of all

x ∈ Ω excluding those x that lie in some set E ∈ F with P (E) = 0.

This next theorem relates the spectrum of Tf and the essential range of f , which will be

instrumental in our proof of the spectral theorem. The theorem is basically the definition

of the point spectrum and continuous spectrum for the operator Tf .

Theorem 2.5.4. Suppose P is a projection-valued measure on a set Ω and f be an

F−measurable function, f : Ω → C. Define

Eα = {x ∈ Ω, f(x) = α}

for α ∈ C.

(a) If α ∈ E R(f) and P (Eα) ̸= 0, then Tf −αI is not one-one, and hence not invertible

(point spectrum).

(b) If α ∈ (ER)(f) but P (Eα) ̸= 0, then Tf − αI is a one-one map of Wf onto a

dense proper subspace of H and there exist vectors xn ∈ H with ∥xn∥ = 1 such that

limn→∞ Tfxn − αxn = 0 (continuous spectrum).
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(c) σ(Tf ) = E R(f).

Proof. Let us assume without loss of generality, α = 0.

(a) If P (E0) ̸= 0, then there exists an x0 ∈ R(P (E0)) with ∥x0∥ = 1. Let ϕ0 = χE0 .

By the definition of E0, we have fϕ0 = 0, which also makes it a bounded function.

By Theorem 2.2.3 we have TfTϕ0 = 0. Note that Tϕ0 =
∫
Ω χE0dP = P (E0). This

implies:

Tfx0 = TfP (E0)x0 = TfTϕ0x0 = 0,

which shows that there exists a non-zero x0 such that Tfx0 = 0, making Tf not

one-one.

(b) Let P (E0) = 0 but P (En) ̸= 0 for n = 1, 2, ... where

En = {x ∈ Ω, |f(x)| < 1

n
}.

Pick xn ∈ R(P (En)) with ∥xn∥ = 1 and let ϕn = χEn . Note that we have

∥Tfxn∥ = ∥Tfϕnxn∥ ≤ ∥Tfϕn∥ = ∥fϕn∥∞ <
1

n
,

upon using (2.7). This makes Tfxn → 0 even when ∥xn∥ = 1, which clearly shows

that Tf /∈ B(H).

Now, if Tfx = 0 for some x ∈ Wf , then ∥Tfx∥2 = 0 =
∫
Ω |f |2 dPx,x. Since |f | > 0

almost everywhere, it must be that Px,x(Ω) = ∥x∥2 = 0 which makes x = 0 and

hence, Tf is one-one. This also makes Tf̄ = T ∗
f one-one.

If R(Tf ) filled H, then Tf is bijective and the closed graph theorem [10, Ch. 4,

Thm. 4.42] will help us conclude that T−1
f is a bounded operator, but the sequence

we produced above says otherwise, as Tfxn → 0, but T−1
f Tfxn = xn does not
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converge to zero. Thus the range is a proper subspace of H.

If y ∈ [R(Tf )]
⊥ and we show y = 0 we show that Tf maps into a dense subspace of

H, and we’re done with (b). The map x → ⟨Tfx, y⟩ = 0 is continuous on Wf and

hence y ∈ D(T ∗
f ) by the definition of the adjoint (Remark 2.2.3). This in turn gives

us:

⟨x, Tf̄y⟩ = ⟨Tfx, y⟩ = 0,

for all x ∈ Wf which makes Tf̄y = 0 and as Tf̄ is one-one, y = 0. This concludes

that R(Tf ) is a dense proper subspace of H.

(c) From the proof of (a) and (b), we see that E R ⊂ σ(Tf ). Let us assume 0 /∈ E R(f).

Then g = 1
f , fg = 1 is bounded and TfTg = Tfg = I which makes R(Tf ) = H

contradicted by (b) since Tf maps into a dense proper subspace of H.

We now have almost all the tools to prove the spectral theorem for unbounded self-adjoint

operators. This last final theorem before the finale is called the Change of Measure Prin-

ciple.

Theorem 2.5.5. Suppose that

(a) F and F ′ are σ−algebras in the sets Ω and Ω′,

(b) P : (F ) → B(H) be a projection-valued measure,

(c) ϕ : Ω → Ω′ is such that ϕ−1(E′) ∈ F for all E′ ∈ F ′.

Then, P ′ : F ′ → B(H) defined by P ′(E′) = P (ϕ−1(E′)) is also a projection-valued measure

on Ω′ and

∫
Ω′
f dP ′

x,y =

∫
Ω
f ◦ ϕ dPx,y (2.11)
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for f F ′−measurable such that either of these integrals exists.

Proof. The proof of (2.11) is straightforward, since it is just the definition of P ′ for char-

acteristic functions. This then translates to simple functions an hence all measurable f .

The projection-valued measure part follows from the fact that P is a projection-valued

measure.

Theorem 2.5.6 (Spectral Theorem for Unbounded Self-Adjoint Operators). To

every self-adjoint operator T in H corresponds a unique projection-valued measure P on

the Borel subsets of the real line such that

⟨Tx, y⟩ =
∫ ∞

−∞
t dPx,y(t), (2.12)

where x ∈ D(T ) and y ∈ H. Moreover, P is concentrated on σ(T ) ⊂ R, i.e. P (σ(T )) = I.

Such a P is called the spectral decomposition of T .

Proof. Let U be the Cayley Transform of T , U = (T − iI)(T + iI)−1, and let Ω be the unit

circle in C with the point 1 removed. Hence U is a bounded normal (unitary) operator from

Theorem 2.4.8. Let P ′ be the spectral decomposition of U , as in Theorem 2.3.2. Theorem

2.4.8 also tells us that I − U is one-one, which gives us P ′({1}) = 0, since 1 is not an

eigenvalue of U . This is because any λ0 is an eigenvalue if and only if P0 = P ({λ0}) ̸= 0.

(Theorem 2.5.4).

From the spectral decomposition of U we have that

⟨Ux, y⟩ =
∫
Ω
λ dP ′

x,y(λ), (2.13)

for x, y ∈ H. We then define f : Ω → R by

f(λ) =
i(1 + λ)

1− λ
,
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from which we can define Tf (Theorem 2.5.2) as follows:

⟨Tfx, y⟩ =
∫
Ω
f dP ′

x,y (2.14)

for x ∈ Wf and y ∈ H. Note that f is real valued since λ ∈ Ω, which implies Tf is

self-adjoint by Theorem 2.5.2 and we have by (2.8) (the multiplication theorem),

Tf (I − U) = i(I + U). (2.15)

From (2.15) we see that D(T ) = R(I − U) ⊂ Wf , and by Theorem 2.4.8 we have that

T (I − U) = i(I + U),

making Tf a self-adjoint extension of T . However, when an operator S is self-adjoint, it is

maximally symmetric, because if not and if there exists a symmetric extension to S, say

S1, then S
∗
1 ⊂ S∗, and we have S1 ⊂ S∗

1 ⊂ S∗ = S ⊂ S, concluding that S1 = S. Since Tf

is a self-adjoint extension of T , which is also self-adjoint, we have that Tf = T. Thus,

⟨Tx, y⟩ =
∫
Ω
f dP ′

x,y (2.16)

for x ∈ D(T ) and y ∈ H. We also observe from Theorem 2.5.4 that σ(T ) = σ(Tf ) =

E R(f) ⊂ (−∞,∞). f being one-one on Ω guarantees the application of Theorem 2.5.5 by

defining

P (f(E)) = P ′(E) (2.17)

for E Borel subset of Ω. This provides us with the required projection-valued measure

that converts (2.16) to (2.12). The uniqueness of this projection-valued measure follows

from the uniqueness of P ′. We have thus established the spectral decomposition of an
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unbounded self-adjoint operator on a Hilbert space.
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Chapter 3

Schrödinger Operators and

Examples

3.1 Introduction

The previous chapter developed the necessary abstract theory required for this chapter. In

here, we will explore operators of the kind −∆+ V , or Schrödinger Operators, and focus

on applying the results of Chapter 1 and 2 to these operators. For that, we will have to

prove that operators of this kind, for specific V , are self-adjoint. For this purpose, we will

look at some preliminary definitions and notions before we venture into the spectral theory

of such operators.
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3.2 The Laplacian as a Multiplication Operator

and its Spectrum

Lemma 3.2.1. Let f : RN → C be a measurable function. DefineMf : L2(RN ) → L2(RN ),

the multiplication operator, mapping v 7→ fv with domain

D(Mf ) =
{
v ∈ L2(RN ); fv ∈ L2(RN )

}
.

Then,

(a) Mf is bounded if and only if f ∈ L∞(RN ),

(b) Mf is densely-defined,

(c) Mf is conjugate-adjoint, i.e. Mf =Mf̄ ,

(d) Mf is self-adjoint if and only if f is real-valued, and

(e) Mf is closed.

Proof. The proof of this lemma is not difficult, but will be done in detail as this is an

important result.

(a) Assume that f ∈ L∞(RN ). Then

∥Mfv∥22 =
∫
RN

|fv|2 dx ≤ ∥f∥2∞ ∥v∥22,

making Mf bounded.

For the converse, suppose that ∥Mfv∥2 ≤ c∥v∥2, for some constant c > 0 independent

of v. Set An = {x ∈ RN ; |f | ≥ n}. Let χn be the characteristic function of An. Then
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clearly,

∫
RN

|fv|2χn =

∫
An

|fv|2 ≤
∫
RN

|Mfv|2 ≤ c∥v∥2.

This then implies for each n ∈ N,

n2
∫
An

|v|2 ≤
∫
An

|fv|2 ≤ c

∫
RN

|v|2.

If we take n→ ∞ everywhere, we get a contradiction unless f is bounded.

(b) To show that D(Mf ) is dense in L2(RN ), we pick an element v ∈ L2(RN ) and show

that there exists a sequence in D(Mf ) that converges to v in L2(RN ).

Define En = {x ∈ RN ; |f(x)| < n}, and let χn be the characteristic function of En.

Define a sequence ϕk; = vχk, k ∈ N. Then each ϕk ∈ D(Mf ), since∫
RN

|fϕk|2 =
∫
RN

|fvχk|2 =
∫
Ek

|fv|2 < k2∥v∥2.

Now, ∫
RN

|ϕk − v|2 =
∫
RN

|vχk − v|2 =
∫
RN

|v|2|χk − 1|2 → 0,

as k → ∞.

(c) Since Mf is densely-defined, M∗
f is uniquely defined and characterized by

⟨fu, v⟩ = ⟨Mfu, v⟩ = ⟨u,M∗
f v⟩,

for u ∈ D(Mf ) and v ∈ D(M∗
f ). Since D(Mf ) is dense in L2(Rn), there exists a

sequence {ϕk} ⊂ D(Mf ) such that ϕk → v in L2, i.e. there exists a subsequence

{ϕkl} such that ϕkl(x) → v(x) pointwise almost everywhere (a.e.). For brevity, call
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this subsequence ϕk. Then,

⟨fu, ϕk⟩ → ⟨fu, v⟩ = ⟨Mfu, v⟩,

due to the continuity of inner product. Similarly,

⟨u, f̄ϕk⟩ → ⟨u, f̄v⟩ = ⟨u,Mf̄v⟩,

but

⟨fu, ϕk⟩ =
∫
RN

fuϕ̄k =

∫
RN

uf̄ϕk = ⟨u, f̄ϕk⟩.

Therefore, since the adjoint is unique,M∗
f =Mf̄ . This also makes D(M∗

f ) = D(Mf ).

(d) This immediately follows from (c).

(e) Let {un} ⊂ D(Mf ) such that un → u in L2(RN ) and Mfun = fun → w in L2(RN ).

To show thatMf is closed, we show that u ∈ D(Mf ) andMfu = w, we’re done. But

the assumptions imply that un → u and fun → w pointwise a.e., making w = fu

a.e., which proves our claim.

Before we address the question so as to what important applications these multiplication

operators can have, a rudimentary tool used in a majority of proofs henceforth, is integra-

tion by parts. The following theorem establishes this.
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Theorem 3.2.2 (Integration by Parts). [5, App C.2] Let Ω ⊆ RN be an open, bounded

set. Let u, v ∈ C1(Ω̄). Then,

∫
Ω
uxiv dx = −

∫
Ω
uxi dx+

∫
∂Ω
uv νi dS(x), (3.1)

for i = 1, 2, ..., N , where uxi = ∂u
∂xi

, ∂Ω is the boundary of Ω and νi is the unit outward

normal in the i−th direction.

Remark 3.2.3. Consider a function ψ ∈ C∞
c (RN ). Let F : L2(RN ) → L2(RN ) be the

Fourier Transform. Then,

F(−∆ψ)(ξ) =

∫
RN

e−ix.ξ ((−∆)(ψ)) dx,

= −
∫
RN

∇(e−ix.ξ).∇ψ(x) dx,

=

∫
RN

ψ(x) ∆(e−ix.ξ) dx, (3.2)

=

∫
RN

|ξ|2 ψ(x) e−ix.ξ dx,

= |ξ|2 ψ̂(ξ),

where the first two steps are obtained by repeated integration by parts (3.1). We can

perform integration by parts since the integration is actually over a bounded domain, the

support of the function ψ. Since this support is compact, the boundary terms vanish in

(3.1).

Since F is a unitary map and a bijection on L2(RN ) by Plancherel’s theorem, we have

F(−∆) = |ξ|2ψ̂,

for ψ ∈ C∞
c (RN ). This gives us that the operator −∆ is conjugate to the multiplication
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operator M|ξ|2 . Define the domain of M|ξ|2 as in Lemma 3.2.1. This gives us that

D(−∆) = {f ∈ L2(RN ); |ξ|2 (Ff) ∈ L2(RN )}.

Clearly, by Lemma 3.2.1 (d), −∆ is self-adjoint on D(−∆).

Let us now look at a couple definitions.

Definition 3.2.4. Let H be a Hilbert space. An operator T on H is essentially self-

adjoint if T̄ = T ∗, where the closure of T , T̄ , is the operator whose graph is G (T ).

Definition 3.2.5. A domain on which a symmetric operator is essentially self-adjoint is

called a core domain.

Remark 3.2.6. Consider T = −∆ on L2(RN ) with D(T ) = C∞
c (RN ). Therefore, D(T ∗)

consists of f ∈ L2(RN ) such that ϕ → ⟨f,−∆ϕ⟩ for all ϕ ∈ C∞
c (RN ). By Plancherel’s

theorem,

⟨f,−∆ϕ⟩ = ⟨Ff, |ξ|2ϕ̂⟩.

This implies that f ∈ D(−∆∗) if and only if there exists a function g ∈ L2(RN ) such that

g − |ξ|2 Ff is orthogonal to F(C∞
c (RN )), i.e.

⟨g − |ξ|2 Ff, ϕ̂⟩ = 0,

for all ϕ ∈ C∞
c (RN ). But since C∞

c (RN ) is dense in L2(RN ), g = |ξ|2 Ff . This implies

that f ∈ D(−∆∗) if and only if |ξ|2Ff ∈ L2(RN ), which makes the operator −∆ essentially

self-adjoint on the core C∞
c (RN ).

Remark 3.2.7. Note that the closure of an operator is the unique self-adjoint extension

for an essentially self-adjoint operator. This is because if A is essentially self-adjoint on a

core domain and if B is a self-adjoint extension, since Ā is the smallest such extension, we

have Ā ⊂ B. Taking adjoint will give us the reverse inclusion, making B = Ā.

48



Hence, the Laplacian −∆ is essentially self-adjoint on C∞
c (RN ) with domain of self-adjoint

extension D(−∆). We call the unique self-adjoint extension of −∆ to D(−∆) the Free

Hamiltonian, denoted by H0.

Even though we know the only unique self-adjoint extension of an essentially self-adjoint

operator is the closure of the operator itself, we will be using the Friedrichs extension,

elaborated below. Note that the Friedrichs extension method is applicable for positive,

densely-defined symmetric operators, and yields a positive self-adjoint extension. How-

ever, in this text, we are solely concerned with this process in the context of Schrödinger

Operators.

Definition 3.2.8. Let Ω ⊆ RN be an open set. We define the space H1
0 (Ω) to be the

closure of the space C∞
c (Ω) with respect to the norm:

∥ϕ∥21 = ∥ϕ∥2 + ∥∇ϕ∥2,

where ∥.∥ denotes the L2−norm.

The following theorem characterizes the Friedrichs extension. For a proof, refer [3, Ch. 7,

Thm. 7.2].

Theorem 3.2.9. Let V ∈ L1
loc(RN ) be real-valued with V ≥ 0. Then define the Hilbert

space

Hq := {f ∈ H1
0 (RN ); f

√
V ∈ L2(RN )} (3.3)

with respect to the inner product

⟨f, g⟩q = ⟨f, g⟩1 + ⟨V f, g⟩.
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There exists a self-adjoint extension of H := −∆ + V with the domain D(H) = {u ∈

Hq ; f 7→ ⟨f, u⟩q extends to L2(RN ) continuously}, with

⟨f, g⟩q = ⟨(−∆+ V + 1)f, g⟩,

for all f, g ∈ D(H).

Remark 3.2.10. The Free Hamiltonian has no eigenvalues and its spectrum is purely

continuous. This property is illustrated readily in the following calculation:

Let Ω ⊆ RN be an open set and u ∈ C∞
c (Ω) be such that ∥u∥ = 1 and u satisfies the

eigenvalue equation: ∆u = λu. Then taking the Fourier Transform will give us û(|ξ|2−λ) =

0. This violates Plancherel’s theorem as it forces û = 0 a.e..

We will require a couple definitions before we set foot into determining the spectra of

various operators, starting with the Free Hamiltonian.

Definition 3.2.11. Let T : D(T ) → H be a self-adjoint operator and λ ∈ R. A sequence

{un}n∈N is a singular sequence for T and λ if:

(a) ∥un∥ = 1 for all n ∈ N or lim infn→∞ ∥un∥ > 0,

(b) un
w−→ 0, and

(c) ∥(T − λI)un∥ → 0.

Definition 3.2.12. λ ∈ R is said to be in the essential spectrum of T if there exists a

singular sequence for T and λ. We denote the essential spectrum by σess(T ).

The discrete spectrum of T is defined to be σdisc(T ) = σ(T ) \ σess(T ). This consists of

isolated points in the spectrum having at most finite multiplicity.

The following theorem characterizes the spectrum of the Free Hamiltonian.
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Theorem 3.2.13. σ(H0) = σess(H0) = [0,∞).

Proof. We first show that H0 is a positive operator. For any φ ∈ C∞
c (RN ),

⟨H0φ,φ⟩ = −
∫
RN

∆φ(x)φ(x) dx

= −
∫
suppφ

φ(x)φ(x) dx

=

∫
∇φ · ∇φdx+ boundary term (Integration by parts)

= ⟨∇φ,∇φ⟩ =
∫
RN

|∇φ(x)|2 dx ≥ 0.

Note: The boundary term becomes zero as suppφ is compact.

Now, for any f ∈ D(H0) = H2
0 (RN ), since H0 is essentially self-adjoint with core C∞

c (RN ),

we have that ∃ a sequence {φn}n∈N ⊂ C∞
c (RN ) such that φn → f and −∆φn → H0f .

Therefore,

⟨H0f, f⟩ ≥ 0 ∀f ∈ D(H0)

This implies H0 is a positive operator.

The positivity forces that P (λ) ≥ 0 whenever λ < 0, where P (λ) is the associated projection

valued measure.

=⇒ σ (H0) ⊂ [0,∞).

From Remark 3.2.10, we have that σ (H0) = σess (H0) . Therefore we only need to show

σess (H0) ⊃ [0,∞). We shall use the Definition 3.2.11 and construct a singular sequence

for H0 and any λ ∈ [0,∞).

Note that the function ω(x) := eiξ·x, where ξ ∈ RN fixed with ξ · ξ = λ, behaves like an
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eigenfunction for −∆. However in lieu of Remark 3.2.10, we see that eiξ·x /∈ L2
(
RN
)
, and

hence is not an eigenfunction.

Thus point-wise we have,

(−∆ω)(x) = λω(x), x ∈ RN .

Choose a cutoff function ψ ∈ C∞
c (B(0, 2)) with 0 ≤ ψ ≤ 1, where B(0, 2) is the ball

in RN of radius 2 centred at origin, such that ψ|B(0,1) = 1 Define now the truncations

ψk(x) := ψ
(
x
k

)
, x ∈ RN , k ∈ N.

These cutoff functions help us design our singular sequence {uk} with ∥uk∥ = 1 :

uk :=
ψkω

∥ψkω∥

We just need to show the remaining two properties. Choose f ∈ C∞
c

(
RN
)
and observe

that

|⟨f, uk⟩| =
∣∣∣∣∫

RN

fukdx

∣∣∣∣
=

∣∣∣∣∣
∫
B(0,2k)

fukdx

∣∣∣∣∣
≤

∣∣∣∣∣
∫
B(0,k)

f

∥ψkω∥
dx

∣∣∣∣∣+
∣∣∣∣∣
∫
B(0,2k)\B(0,k)

f
ψkω

∥ψkω∥
dx

∣∣∣∣∣
≤ ∥f∥L1

∥ψkω∥
+

∣∣∣∣∣
∫
B(0,2k)\B(0,k)

f
ψkω

∥ψkω∥
dx

∣∣∣∣∣ → 0 as k → ∞,

since

∥ψkω∥2 =
∫
RN

|ψk(x)ω(x)|2 dx

⩾
∫
B(0,k)

|ω(x)|2dx = |Bk| → ∞ as k → ∞,

and for k > N0 the term inside the second integral vanishes for large N0 as supp f ⊂ BN0 .
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Thus uk
w−→ 0 as k → ∞.

To show that ∥(H0 − λI)uk∥ → 0, k → ∞, for f ∈ C∞ (RN
)
note that

−∆(ψkf) = −
N∑
j=1

∂2

∂j2j
(ψkf)

= −
N∑
j=1

[(
∂2ψk

∂x2j

)
f + 2

∂ψk

∂xj

∂f

∂xj
+ ψk

∂2f

∂x2j

]

= − (∆ψk) f − 2 ⟨∇ψ,∇f)− ψk∆f .

Again using the essential self-adjointness of H0,

∥(H0 − λI)uk∥2 =
∫
RN

∣∣∣∣(−∆− λI)
ψkω

∥ψkω ∥

∣∣∣∣2 dx
=

1

∥ψkω∥2

[∫
B(0,k)

∣∣∣(−∆− λI)eiξ·x
∣∣∣2 dx

+

∫
|(−∆− λI) (ψkω)|2 dx

]

The first term vanishes as −∆
(
eiξ·x

)
= λeiξ·x.

Using the identity above, we have

=
1

∥ψkω∥2

∫
B(0,2k)\B(0,k)

|2 ⟨∇ψk,∇ω⟩+∆ψkω|2 dx

⩽
2

∥ψkω∥2

[∫
B(0,2k)\B(0,k)

|2 ⟨ξ,∇ψk⟩|2 dx+

∫
|∆ψk|2 dx

]

⩽
2

∥ψkω∥2

[∫
B(0,2k)\B(0,k)

4λ |∇ψk|2 dx+

∫
B(0,2k)\B(0,k)

|∆ψk|2 dx

]
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From our construction of the cutoff functions ∃ α, β such that

∥(H0 − λI)uk∥2 ≤
|B(0, 2k)\B(0, k)|

|B(0, k)|

(
α

k2
+
β

k4

)
=
(
2N − 1

)( α

k2
+
β

k4

)
−→ 0 as k → ∞.

Hence σess (H0) ⊃ [0,∞), proving our theorem.

Let us now look at examples of Schrödinger Operators −∆+ V with different V . We will

mostly be concerned with the spectral data associated with such operators and largely take

the self-adjointness and essential self-adjointness on C∞
c (RN ) for granted. This is because

these properties need to be verified for each example separately because the operators are

vastly different by just changing the kind of V we consider. This thesis is more concerned

with spectral decomposition and solutions to partial differential equations comprising of

such differential operators. If one should require the proofs to self-adjointness and essential

self-adjointness, then refer to [3, Ch. 7].

Let us straightaway jump into the first example.
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3.3 V (x) −→ ∞ as |x| −→ ∞

In addition to the assumptions above, we will also impose that V (x) ≥ c0 for some constant

c0 ∈ R and for all x ∈ RN . Then (−∆+ V ) : C∞
c (RN ) → L2(RN ) is bounded below, i.e.,

there exists a constant α > 0 such that

∥(−∆+ V )u∥ ≥ α∥u∥, ∀u ∈ C∞
c (RN ).

This arises from the property that −∆ is a positive definite operator.

Then, since −∆+ V is essentially self-adjoint on the core C∞
c (RN ), there exists a unique

self-adjoint extension. Let this extension be the Friedrichs extension, which is also the

same as

−∆+ V
∣∣
C∞

c (RN )
=: H,

defined on D(H) = H1
0 (RN ), defined by Definition 3.2.8.

The following result will prove instrumental in our characterization of the spectrum of the

operator H. The proof is based on standard functional analytic techniques such as the

Riesz Representation Theorem [2, Ch. 8, Sec. 8C] and is hence omitted from this thesis.

Lemma 3.3.1. Let Q := (0, 2π)N ⊂ RN be a cube and {un}n∈N ⊂ C∞
c (RN ) be a sequence

such that

∥un∥H1
0
≤ c0, ∀n ∈ N.

Then there exists a subsequence {unk
}k∈N and u ∈ H1

0 (RN ) such that

unk
→ u in L2(Q) and unk

w−→ u in H1
0 (Q) as k → ∞.

This lemma is an important tool in proving the following theorem due to Rellich.
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Theorem 3.3.2 ((Rellich’s Compactness Theorem)). Let Ω ⊂ RN be an open and

bounded set. Then for any bounded sequence {un}n∈N in H1
0 (RN ), there exists a subsequence

{unk
}k∈N ⊂ {un}n∈N such that {unk

} converges strongly in L2(Ω). Let this strong limit be

u. Then, u ∈ H1
0 (Ω) and unk

w−→ u in H1
0 (RN ).

Proof. Let {un}n∈N ⊂ H1
0 (Ω) be given and bounded, i.e., there exists K0 such that K0 > 0

and ∥un∥1 ≤ K0.

Consider the open cube W ⊂ RN such that Ω ⊂W (always possible since Ω is bounded).

Since H1
0 (Ω) is the completion of C∞

c (Ω), for any un, we can find a φn ∈ C∞
c (Ω) ⊂ C∞

c (W )

such that

∥un − φn∥1 ≤
1

n
, and ∥φn∥1 ≤ K1. (3.4)

Then, by Lemma 3.3.1, there exists a subsequence {φnj}j∈N ⊂ {φn}n∈N and u ∈ H1
0 (W )

such that

φnj → u in L2(W ), φnj

w−→ u in H1
0 (W ) as j → ∞.

Define u′ to be the restriction of u to Ω. Then clearly, u′ ∈ L2(Ω) and φnj → u′ in L2(Ω).

By 3.4 and using the fact that H1
0 (Ω) ⊂ H1

0 (W ), we get

⟨φnj , ψ⟩1 −→ ⟨u, ψ⟩1 ∀ψ ∈ H1
0 (Ω),

which implies

φnj

w−→ u′ in H1
0 (Ω).

Since Hilbert spaces such as H1
0 (Ω) are weakly closed, u′ ∈ H1

0 (Ω). But by the uniqueness

of the weak limit, v = u′ and we have u′ ∈ H1
0 (Ω).

Thus, ukj → u′ in L2(Ω) and ukj
w−→ u′ in H1

0 (Ω), completing the proof.
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We will use Rellich’s compactness theorem to show that for an operator of the form

H = −∆+ V

with V (x) → ∞ as |x| → ∞ and V (x) ≥ 0, ∀x ∈ RN , the operator (H + 1)−1 is compact.

However, before we can do this, we observe that the continuous embedding H1
0 (Ω) ⊂ L2(Ω)

gives rise to a self-adjoint positive operator. To wit, D(T0) ⊂ H1
0 (Ω) and such that

⟨T0u, v⟩ = ⟨u, v⟩1 ∀u, v ∈ D(T0),

T0 turns out to be the Friedrichs extension of −∆|C∞
c (Ω).

We designate T0 to be called the Laplace operator with Dirichlet boundary conditions.

Define the inner product

⟨φ,ψ⟩1,V = ⟨φ,ψ⟩1 +
∫
RN

V (x)φ(x)ψ(x) dx,

and complete C∞
c (RN ) with respect to this inner product. Call the space so obtained

H1
0,V (RN ).

Note that whenever u ∈ H1
0 (RN ) with

∫
RN V (x)|u(x)|2 dx <∞,

∥u∥21,V = ∥u∥21 +
∫
RN

V (x)|u(x)|2 dx <∞,

we have u ∈ H1
0,V (RN ).

The reverse inclusion is straightforward, and hence

H1
0,V (RN ) = H1

0 (RN ) ∩
{
u ∈ L2(RN ) :

∫
RN

V (x)|u(x)|2 dx <∞
}
.

Because of this above equality, the Friedrichs extension H = H0 + V of (−∆+ V )|C∞
c (RN )
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is characterized by:

C∞
c (RN ) ⊂ D(H) ⊂ H1

0,V (RN )

and

⟨Hu, v⟩ = ⟨u, v⟩1,V , u ∈ D(H), v ∈ H1
0,V (RN ).

Furthermore, D(H) ⊂ H1
0,V (RN ) is dense with respect to ∥ · ∥1,V .

Theorem 3.3.3. Let V : RN → R be continuous with V (x) → ∞ for |x| → ∞, and let

H = H0 + V be the Friedrichs extension of (−∆ + V )|C∞
c (RN ). Then if V (x) ≥ 0, H is a

positive operator and (H + 1)−1 is compact.

Proof. Since H = H0 + V is the Friedrichs extension of (−∆ + V )|C∞
c (RN ), choosing φ ∈

C∞
c (RN ) we have,

⟨(−∆+ V )φ,φ⟩ = ⟨−∆φ,φ⟩+ ⟨V φ, φ⟩ ≥ 0,

since −∆|C∞
c (RN ) is a positive operator and V ≥ 0. Again by the density argument used

in Theorem 3.2.13, we have that H ≥ 0.

To show that (H + 1)−1 is compact, we take a sequence {fn}n∈N ⊂ L2(RN ) such that

fn
w−→ 0 in L2(RN ).

We then consider a sequence

un = (H + 1)−1fn

and produce a subsequence {unj} such that {unj} converges in L2(RN ) using Rellich’s

compactness theorem.

The fact that {fn} converges weakly implies that {fn} is weakly bounded in L2(RN ).

(H + 1)−1 is bounded, which implies that {un} is bounded and is a weak null sequence in

L2(RN ).
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Note that un ∈ D(H) and

∥Hun∥1,V ≤ ∥(H + 1)(H + 1)−1fn∥+ ∥un∥ ≤ K1.

But then by the definition of H,

∥un∥21,V = ⟨un, un⟩1,V = ⟨Hun, un⟩ ≤ ∥Hun∥∥un∥ ≤ K2,

where K1,K2 are positive constants.

Since V (x) is continuous, we can choose R ≥ 0 such that, given ϵ > 0,

V (x) ≥ 1

ϵ
, |x| ≥ R.

Note that ∫
RN

V (x)|un(x)|2 dx ≤ K2

by the definition of ⟨·, ·⟩1,V , and this gives us

∫
|x|≥R

|un(x)|2 dx ≤ K2ϵ.

Now define the cutoff function ψR ∈ C∞
c (B(0, 2R)) with ψR ≡ 1 on B(0, R) and 0 ≤ ψR ≤ 1

as in Theorem 3.2.13.

See that

∥ψRun∥21 ≤ 2

∫
RN

ψ2
R|∇un|2 dx+ 2

∫
RN

|∇ψR|2|un|2 dx+ ∥un∥2,

≤ 2

∫
B(0,2R)

|∇un|2 dx+ 2

∫
B(0,2R)\B(0,R)

|∇ψR|2|un|2 dx+ ∥un∥2,

≤ 2

∫
B(0,2R)

|∇un|2 dx+ 2

∫
B(0,2R)\B(0,R)

|∇ψR|2|un|2 dx+ ∥un∥2,

≤ K3,
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for some positive constant K3 > 0, since all the terms are bounded.

Thus, {ψRun}n∈N is a bounded sequence in H1
0 (B(0, 2R)).

Now we can apply Rellich’s compactness theorem. There exists a subsequence {unj} ⊂ {un}

such that

∥ψRunj∥ → 0 in L2(B(0, 2R)), as j → ∞,

since un
w−→ 0.

Now choose j0 ∈ N such that

∥ψRunj∥2 < ϵ, ∀j ≥ j0.

Thus,

∥unj∥2 < K2ϵ+ ϵ, ∀j ≥ j0.

This implies unj → 0 as j → ∞. Therefore, (H + 1)−1 is a compact operator.
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Corollary 3.3.4. (H + 1) : D(H) → L2(RN ) is a bijective map with a compact inverse

(H + 1)−1.

By the spectral theorem for compact self-adjoint operators, the spectrum of (H +1) and, in

turn, H, is discrete, and the eigenvalues {λk}k∈N form an increasing sequence diverging to

infinity. The eigenfunctions φk corresponding to λk form an orthonormal basis for L2(RN ).

An example of an operator of the form H = −∆ + V with V (x) → ∞ as |x| → ∞ is the

quantum harmonic oscillator with V (x) = x2, x ∈ R. The operator

− d2

dx2
+ x2 : C∞

c (R) → L2(R)

is essentially self-adjoint with the closure being the unique self-adjoint extension.

From Theorem 3.3.3, we have that σ(H) = σdisc(H) and the eigenvalues 0 < λ1 < λ2 < . . .

are such that λk → ∞ as k → ∞. The next couple of theorems will be aimed at calculating

these eigenvalues and associated eigenfunctions.

The proof of the following theorem is just some straightforward algebraic computation.

Theorem 3.3.5. Define the operators A,A† : S(R) → S(R) by:

A :=
1√
2

(
x+

d

dx

)
, A† :=

1√
2

(
x− d

dx

)

Call T := A†A. Then, T = 1
2(H − 1), TA† −A†T = [T,A†] = A† and TA−AT = [T,A] =

−A.

We are more interested in the proof of the corollary below.

Corollary 3.3.6. Let φ0 ∈ S(R) such that

φ0(x) :=
1

π1/4
e−

1
2
x2
, x ∈ R.
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If we define φn(x) := (A†)nφ0, for n ∈ N0 := N ∪ {0}, then

Tφn = nφn, n ∈ N0.

Moreover, we have for k, ℓ ∈ N0, k ̸= ℓ that ⟨φk, φℓ⟩ = 0.

Proof. We will show the first part by induction.

Note that

Tφ0 = A†Aφ0

=
1√
2
A†
(
x+

d

dx

)(
1

π1/4
e−

1
2
x2

)
=

1√
2π1/4

A†
(
xe−

1
2
x2 − xe−

1
2
x2
)

= 0.

Now assume the induction hypothesis Tφn = nφn, for n ∈ N. Let us compute:

Tφn+1 = TA†φn (by definition of φn+1)

=
(
[T,A†] +A†T

)
φn

= A†φn +A†nφn

= A†(n+ 1)φn

= (n+ 1)φn+1.

Thus we can apply the principle of mathematical induction to conclude Tφn = nφn for

n ∈ N0.
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Now assume k ̸= ℓ, k, ℓ ∈ N0. Then

ℓ⟨φk, φℓ⟩ = ⟨φk, Tφℓ⟩

= ⟨Tφk, φℓ⟩ (since T is self-adjoint)

= k⟨φk, φℓ⟩.

Since k ̸= ℓ, it follows that ⟨φk, φℓ⟩ = 0.

The final theorem in this section reads as follows:

Theorem 3.3.7. Let

H = − d2

dx2
+ x2, x ∈ R.

Let λk = 2k + 1, k ∈ N0 be the sequence of eigenvalues and {φk}k∈N0 be the associated

eigenfunctions as in Corollary 3.3.6.

(a) Let λ be some eigenvalue of H and let u ∈ D(H) be an associated eigenfunction.

Then Au ∈ D(H) and H(Au) = (λ− 2)Au.

(b) σ(H) = {λk : k ∈ N0}.

Proof. Let us first show (a).

⟨Hu, u⟩ =
〈
d

dx
u,

d

dx
u

〉
+ ⟨xu, xu⟩ (integration by parts)

This shows that Au ∈ L2(R), since

⟨Au,Au⟩ = ⟨A†Au, u⟩ = 1

2
⟨(H − 1)u, u⟩ = 1

2
⟨Hu, u⟩ − 1

2
⟨u, u⟩ <∞.
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Now recall D(H) = D(T ) and

Tu =
1

2
(H − 1)u =

1

2
(λ− 1)u.

Define µ = 1
2(λ− 1), and fix φ ∈ C∞

c (R).

⟨Au, (T − µ)φ⟩ = ⟨u,A†(T − µ)φ⟩

= ⟨u, (T − µ)A†φ⟩ − ⟨u,A†φ⟩

= ⟨(T − µ)u,A†φ⟩ − ⟨Au,φ⟩ = −⟨Au,φ⟩,

making ⟨Au, (T − µ)φ⟩ = 0 ∀φ ∈ C∞
c (R).

The operator T − (µ− 1) is essentially self-adjoint:

Au ∈ [R(T − (µ− 1))]⊥ = ker(T − (µ− 1)) ⊂ D(T ) = D(H).

Thus Au ∈ D(H) and TAu = (µ− 1)Au. And since T = 1
2(H − 1), we have H = 2T + 1:

HAu = (2T + 1)Au = 2TAu+Au = 2(µ− 1)Au+Au = (2µ− 2 + 1)Au = (λ− 2)Au,

therefore, if u is an eigenfunction of H with eigenvalue λ, then Au is also an eigenfunction

with eigenvalue λ− 2.

(2) now follows from (1).

H ≥ 0 ⇒ σ(H) ⊂ (0,∞)

Then, there exists m ∈ N such that Amu ̸= 0, and Am+1u = 0. Otherwise, (1) will give us

a sequence of eigenvalues that are not bounded from below.

∴ For such an m, HAmu = (2T + 1)Amu = 2AAmu+Amu = 0 +Amu = Amu.
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Since Au is an eigenfunction of H with eigenvalue λ − 2, by induction, Amu is also an

eigenfunction of H with eigenvalue λ− 2m.

But the above calculation shows that λ − 2m = 1. In other words, there exists m ∈ N0

such that λ = 2m+ 1.

This proves that any λ ∈ σ(H) can be written as 2m+1 for some m ∈ N uniquely. Hence,

σ(H) = {λk : k ∈ N0}.

Remark 3.3.8. The eigenvalues λk = 2k + 1 of

H = − d2

dx2
+ x2, x ∈ R,

are simple, i.e., the eigenspace is spanned by exactly one eigenfunction.

The eigenfunctions of the operator H associated with each λk, φk(x), have the form

φk(x) = ckPk(x)e
− 1

2
x2
, x ∈ R, k ∈ N0.

Here, Pk are polynomials of degree k called Hermite polynomials, and ck are constants

such that

⟨φj , φk⟩ = δjk, k, j ∈ N0.

These functions φk /∈ C∞
c (R), but are elements of S(R).

Remark 3.3.9. These results can be generalized to −∆ + |x|2 on L2(Rn), using the

notion of tensor product of operators.
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3.4 V (x) −→ 0 as |x| −→ ∞

Definition 3.4.1. An operator B is said to be relatively bounded with respect to A

with relative bound ξ if there exists β such that for all x ∈ D(A),

∥Bx∥ ≤ β∥x∥+ ξ∥Ax∥.

In this section, we will focus on operators H = H0 + V with V (x) → 0 as |x| → ∞ and

such that MV is relatively bounded with respect to H0 with relative bound ξ < 1.

We will again assume the self-adjointness and the essential self-adjointness granted.

Theorem 3.4.2. Let H be a self-adjoint operator on H and A be a symmetric, compact

linear operator. Then

σess(H +A) = σess(H).

Proof. We prove this by showing that {un} is a singular sequence for H and A if and only

if {un} is a singular sequence for H +A and A.

Let {un} be a singular sequence for H and A. Then we have:

(i) ∥un∥ = 1

(ii) un ⇀ 0 as n→ ∞

(iii) ∥(H − λI)un∥ → 0 as n→ ∞

We need to show ∥(H +A− λI)un∥ → 0 as n→ ∞, which is straightforward since

∥(H +A− λI)un∥ ≤ ∥(H − λI)un∥+ ∥Aun∥ → 0 as n→ ∞.
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Here, we have used the fact that A is compact.

For the converse, similarly, given ∥(H − λI +A)un∥ → 0 as n→ ∞,

∥(H − λI)un∥ = ∥(H − λI +A−A)un∥ ≤ ∥(H − λI +A)un∥+ ∥Aun∥ → 0 as n→ ∞.

This proves Weyl’s theorem.

Theorem 3.4.3. Let V : RN \{0} → R be continuous with V (x) → 0 as |x| → ∞. Let MV

be the multiplication operator associated with V and assume that MV is relatively bounded

with respect to H0 with relative bound ξ < 1. Set H = H0 + V . Then

σess(H) = σess(H0) = [0,∞).

Proof. We will assume in this proof that V is bounded (relative bound 0), i.e., there exists

M > 0 such that |V (x)| ≤M for all x ∈ RN .

Recall the second resolvent equation: for an operator T : H → H and µ, λ ∈ ρ(T ), we have

Rλ −Rµ = (λ− µ)RλRµ.

Here, call Tλ = T − λI and Rλ = T−1
λ (which exists for λ ∈ ρ(T )). By this equation, we

can write for c ∈ R,

(H + cI)−1 − (H0 + cI)−1 = (H + cI)−1V (H0 + cI)−1.

We aim to show that the RHS is compact.

Straightaway, (H0 + cI)−1 is bounded. We show next that V (H0 + cI)−1 is compact.

Choose a sequence {fn}n∈N ⊂ L2(RN ) with fn ⇀ 0 as n → ∞. Let un := (H0 + cI)−1fn.

From the proof before, we have un
w−→ 0 as n→ ∞.

Also note that

∥un∥+ ∥H0un∥ ≤ K1,
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for a constant K1 > 0. Thus,

∥un∥21 = ∥un∥2 + ∥∇un∥2 = ∥un∥2 + ⟨H0un, un⟩ (integration by parts),

≤ K2,

for a constant K2 > 0.

Therefore, if φ ∈ C∞
c (RN ), there exists cφ > 0 such that

∥φun∥21 = ∥φun∥2 + ∥∇(φun)∥2 ≤ c2φ.

Thus, {φun}n∈N is bounded.

Hence the sequence {φun}n∈N is bounded in L2(RN ). Using Rellich’s compactness theorem,

there exists a subsequence (also denoted by φun for brevity) such that φun → 0 in L2(RN ),

for all φ ∈ C∞
c (RN ).

Now, given ϵ > 0, we can choose R > 0 such that |V (x)| ≤ ϵ, |x| > R. We can now choose

a cutoff function ψR ∈ C∞
c (RN ) with the property 0 ≤ ψR ≤ 1, with ψR supported in

B(0, 2R) and ψR|B(0,R) = 1.

Then,

∥V un∥ ≤ ∥V ψRun∥+ ∥V (1− ψR)un∥,

≤M∥ψRun∥+ ϵ∥(1− ψR)un∥.

Therefore, we can find Nϵ ∈ N such that ∥ψRun∥ ≤ ϵ
M for every n ≥ Nϵ. For such large n,

we observe that

∥V un∥ ≤ βϵ,

where β ≥ 0.

We can thus conclude that V un → 0 as n→ ∞, and hence V (H0 + ci)−1 is compact.
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Now, using Weyl’s theorem,

σess((H + cI)−1) = σess((H0 + cI)−1),

Thus if (µ+ c)−1 ∈ σess((H + cI)−1), then µ ∈ σess(H),

and vice versa.

Remark 3.4.4. If V is such that V (x) → 0 for |x| → ∞ and relatively bounded with

H0 with relative bound ξ < 1, we can construct singular sequences for H0 and H ≥ 0

with support outside a ball BR with R arbitrarily large. Since V (x) → 0 as |x| → ∞,

σess(H0) ⊂ σess(H). We only need to show the other side.

Since σess(H0) = [0,∞), if σess(H) ̸= σess(H0), ∃λ0 > 0 such that λ ∈ σess(H) \ σess(H0).

Let {ψk}k∈N be any singular sequence for H and λ and R ≥ 0 arbitrary. We claim that

ψk → 0 for k → ∞.

If not, then ∃ a sequence {wj}j∈N ⊂ {ψk}k∈N and η > 0 such that ∥wj∥ ≥ η∀j ∈ N.

Since ∃R > 0 such that ∥V vk∥ ≤ ϵ, ∥H0vk∥ ≤ ∥(H − λI)vk∥+ ∥V vk∥+ ϵ∥un∥,

⇒ {∥vk∥}k∈N is bounded as well as {∥wj∥}j∈N.

Using Rellich’s compactness theorem, we find a subsequence {wj}j∈N and u ∈ L2(RN ) such

that un → u.

But {ψk} is a singular sequence, which forces u = 0, contradicting that ∥wj∥ ≥ η∀j ∈ N.

Therefore ψk → 0, k → ∞ in L2(RN ).

For ϵ > 0, choose Rϵ > 0 such that |V (x)| < ϵ for |x| > Rϵ. Then

∥(H0 − I)vk∥ ≤ ∥(H − λI)vk∥+ ∥V vk∥+ ϵ∥un∥.

Since V is continuous, we rule that

lim sup
k→∞

∥(H0 − λI)vk∥ ≤ ϵ.
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Therefore we have produced a singular sequence for H0 and λ, with λ < 0, contradicting

σess(H0) = [0,∞).

Thus we conclude that σess(H) ⊂ σess(H0). Therefore σess(H) = σess(H0).

Remark 3.4.5. We thus have σess(H+V ) = [0,∞). It is however possible that there exist

discrete eigenvalues less than zero. In fact, if ∃u ∈ D(H) with ⟨Hu, u⟩ < 0, then H has at

least one negative eigenvalue since if not then σ(H) ∩ (−∞, 0) = ∅.

We then have σ(H) ⊂ [0,∞) and by spectral theorem we have H ≥ 0, which is a contra-

diction.

It is also worthy to note that if at all there is an eigenvalue λ < 0, then λ ∈ σdisc(H).

Let us now look at examples of potentials V of the kind in this section. A particular

example we will look at is

V (x) = V (r) = −1

r
, r > 0, r = |x|,

and obtain its negative eigenvalues and eigenfunctions. A natural approach with a radial

potential such as ours is to use spherical coordinates. Note that we will just outline an

approach to obtain said eigenvalues and not calculate them explicitly.

Consider the Laplace-Beltrami operator −∆SN−1 on L2(SN−1), with SN−1 being the unit

sphere in RN . This operator −∆SN−1 has a purely discrete spectrum (refer [4]), 0 = λ0 <

λ1 < λ2 < · · · < λj → ∞, j → ∞.

The eigenspaces associated with each λj are spanned by certain C∞ functions Yj,k(x
′)

called spherical harmonics1.

Now, using separation of variables, we get

u(x) = f(r)Yj,k(x
′),

1Refer [19, Ch.4] for more details
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where x = rx′, x′ ∈ SN−1, r = |x|, and eigenfunctions u associated with eigenvalue κ of

the operator −∆+ V in the Hilbert space L2(RN ) (for any potential V ),

L2(RN ) = L2((0,∞), rN−1dr)⊗ L2(SN−1, dωN−1),

gives us the ODE

−v′′(r)− N − 1

r
v′(r) + V (r)v(r) +

λj
r2
v(r) = κv(r)

for r ∈ (0,∞).

For V (x) = −1
r , we get

−v′′(r)− N − 1

r
v′(r)−

(
1

r
+
λj
r2

+ κ

)
v(r) = 0,

which is just a Bessel differential equation.

For j ∈ N, v = vj ∈ L2((0,∞), rN−1dr) becomes a solution for the Bessel differential equa-

tion. Accomplishing a unitary transformation v 7→ rN−1/2v, gives us an additional term

including the factor 1
r2
.

Therefore, in R3, for the Coulomb potential, we get an infinite sequence of negative eigenval-

ues. If V satisfies a certain speed of decay, i.e., decays faster than −CN (1+|x|2) as |x| → ∞,

then the subspaces of L2(RN ) spanned by the eigenfunctions are finite-dimensional.

The next example we will consider is a potential V of the form

V (x) =
a

|x|2
, a ≥ −

(
N − 2

2

)2

, for N ≥ 3.

Call La = −∆+ a
|x|2 the Friedrichs extension of the same operator defined on C∞

c (RN \{0}).

The restriction a ≥ −
(
N−2
2

)2
makes the operator La positive semi-definite.

Consider σ = −N−2
2 − 1

2(
√

(N − 2)2 + 4a, with opposite sign to a.
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If L◦
a = La

∣∣
C∞

c (RN\{0}), then

L◦
a =

(
−∇+ σ

x

|x|2

)
·
(
−∇+ σ

x

|x|2

)
,

= −∆− σ(N − 2− σ)
1

|x|2
,

where a = −σ(N − 2− σ).

If φ ∈ C∞
c (RN \ {0}),

⟨L◦
aφ,φ⟩ =

∫
RN

L◦
aφ · φdx,

=

∫
RN

∣∣∣∣∇φ(x) + σ
x

|x|2
φ(x)

∣∣∣∣2 dx
≥ 0.

upon substituting L◦
a in.

Similarly, like with the Coulomb potential, L◦
a is spherically symmetric, and we can use

polar form.

Let u(x) = f(r)Yk(x
′) with f ∈ C∞

c ((0,∞)) and Yk is a spherical harmonic of degree k > 0.

Applying L◦
a to f(r)Yk(x

′) is equivalent to the Bessel operator:

f(r) 7→ − d2

dr2
f(r)− N − 1

r
f ′(r) +

a+ k(k +N − 2)

r2
f(r),

on the radial factor since Yj,k is harmonic.

This operator is also positive definite on RN , L2
(
rN−1dr

)
. Again, with the unitary trans-

formation g(r) = r
N−1

2 f(r),

g(r) 7→ −g′′(r) + 4σ2 − 1

4r2
g(r),

which is a symmetric positive operator on L2(RN , dr).
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The radial eigenfunctions of this operator have the asymptotics

u(x) = c|x|−σ(1 +O(|x|))

as |x| → 0. Decay is thus more rapid near the origin.

Remark 3.4.6. L◦
a is essentially self-adjoint for a ≥ 1 −

(
N−2
2

)2
on C∞

c (RN \ {0}), and

La is its unique self-adjoint extension. But for −
(
N−2
2

)2 ≤ a < 1−
(
N−2
2

)2
, the Friedrichs

extension need not be the unique extension, but there exists a one-parameter class of

extensions, that all differ from the Friedrichs one by just the change of one parameter.

We will not delve into this further in this thesis, but [11] gives a comprehensive list of

references that elaborate this operator in much greater detail.

3.5 Bounded and continuous V

Let V : Rn → R be bounded and (piecewise) continuous. Again, we assume that the

operator−∆+V |C∞
c (Rn) is essentially self-adjoint, leading to a unique self-adjoint extension:

H = H0 + V = −∆+ V |C∞
c (Rn).

Theorem 3.5.1. Let V : R → R be defined by

V (x) := cos
√

|x|,

and let H = H0 + V . Then, we claim that

σ(H) = [−1,∞).

Proof. First, observe that since V (x) = cos |x|, we have V (x) ≤ 1, so it follows immediately
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that σ(H) ⊆ [−1,∞).

For the converse, we will show that [−1, 1] ⊆ σ(H). Specifically, we demonstrate that for

each λ ∈ [−1, 1], the operator H has essential spectrum at λ. We will construct a singular

sequence for H at λ.

Let λ ∈ [−1, 1] and choose εn := 1
n . Then, for n ∈ N, there exists a monotonically increasing

sequence {xn} ⊂ R such that

|V (x)− λ| < εn ∀x ∈ B(xn, 2n).

This follows from the fact that for x > 0,

V ′(x) = − 1

2
√
x
sin

√
x→ 0 as |x| → ∞,

Thus, we also have that {xn} diverges to infinity. Also, assume thatB(xn, 2n)∩B(xn+1, 2(n+

1)) = ∅ for all n.

Now, let ψn ∈ C∞
c (R) be a cutoff function such that 0 ≤ ψn ≤ 1, ψn ≡ 1 on [−n, n], and

ψn is supported on (−2n, 2n). Define the sequence {ηn} by

ηn(x) :=
ψn(x− xn)

∥ψn(x− xn)∥L2

,

so that ∥ηn∥L2 = 1. This sequence {ηn} is compactly supported, and we claim it forms a

singular sequence for H.

Indeed, for any y ∈ L2(R), we have

⟨ηn, y⟩ =
∫
R

ψn(x− xn)

∥ψn(x− xn)∥L2

y(x) dx→ 0 as n→ ∞,

since xn → ∞ as n→ ∞, and the support of ψn is compact.

Now, consider

∥(H0 + V − λI)ηn∥ ≤ ∥H0ηn∥+ ∥(V − λI)ηn∥.
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We know that H0ηn → 0 as n → ∞, because the supports of ηn spread out, and the free

Hamiltonian H0 = −∆ on large regions of R tends to zero. Similarly, since |V (xn)−λ| < εn

on B(xn, 2n), we have ∥(V −λI)ηn∥ → 0. Therefore, ∥(H−λI)ηn∥ → 0 as n→ ∞, implying

that

λ ∈ σess(H) ⊆ σ(H).

Next, we show that [1,∞) ⊆ σ(H). Let λ ∈ [1,∞). We take a sequence {xn} on R where

|V (xn)| < εn on B(xn, 2n). Define the singular sequence {un} for H0 and λ that we used

earlier to show that σess(H0) = [0,∞). Let vn := un(x− xn). Then we have

∥(H − λI)vn∥ ≤ ∥(H0 − λI)vn∥+ ∥V vn∥ ≤ ∥(H0 − λI)vn∥+ εn → 0 as n→ ∞.

Thus,

λ ∈ σess(H) ⊆ σ(H).

In conclusion, we have shown that σ(H) = σess(H) = [−1,∞).

This brings us to the end of this chapter. In the next chapter, we will apply what was

established in this chapter to solve certain kinds of partial differential equations.
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Chapter 4

Introduction to Evolution

Equations

4.1 Introduction

Throughout Chapters 1 and 2, we have established the necessary tools to tackle our main

problem. This chapter contains more preliminary content, but this will be the base of

our research problem to be introduced in Chapter 4. An evolution equation is a partial

differential equation of the form

ut = Au,

where u = u(x, t), ut =
∂u
∂t , and A is a linear operator on a Hilbert space H. Of course,

the derivatives are in the non-classical/distributional sense. This chapter will be devoted

to analyzing different examples of evolution equations.
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Consider the initial value problem (I.V.P) for solution u ∈ L2(R),


ut = Au, A ∈ R, t > 0, x ∈ R,

u(x, 0) = u0(x).

This comprises of an evolution equation, with A being the 1×1 matrix, [a]. This is a usual

ordinary differential equation and the solution to the I.V.P is given by

u(x, t) = u0(x)e
at.

Consider the I.V.P. when A is a bounded operator on a Hilbert space.


ut = Au, t > 0, x ∈ RN ,

u(x, 0) = u0(x).

The solution is given by

u(x, t) = u0(x)e
At,

where eAt can be defined as

eAt = 1 + tA+
t2A2

2!
+ · · ·+ tkAk

k!
+ . . . .

This expansion on the RHS is convergent whenever A is a bounded operator on H. Hence,

the major question is when A is an unbounded operator, say a differential operator. The

rest of this chapter will be devoted to the cases of the examples we discussed in Chapter 2.
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4.2 Semigroup Theory

Definition 4.2.1. Let H be a Hilbert space and let {E(t) : t ∈ R} be a collection of linear

operators with the properties:

(a) E(t+ s) = E(t)E(s) for s, t ∈ R,

(b) for all f ∈ H and all sequences {tn}n∈N ⊂ R with tn → t, one has the strong

convergence E(tn)f → E(t)f ,

(c) E(0) = I.

Such a collection is called a strongly continuous one-parameter group. A semigroup is half

of this group, i.e.,

{E(t) : t ≥ 0}.

Definition 4.2.2. A contraction semigroup is a semigroup with ∥E(t)∥ ≤ 1 for all t ≥ 0.

Definition 4.2.3. Let {E(t) : t ≥ 0} be a contraction semigroup and define the linear

operator A as

Af := lim
t→0

E(t)f − f

t
,

with D(A) =
{
f ∈ H : limt→0

E(t)f−f
t exists

}
. Then A is called the infinitesimal generator

of the contraction semigroup.

78



Why are we looking at semigroups? Consider the contraction semigroup {etA : t ≥ 0}

when A is a bounded operator. Also consider the I.V.P.


ut = Au, t ≥ 0,

u(x, 0) = u0(x).

(4.1)

Clearly, if E(t) = etA, E(t)u0 satisfies the I.V.P since

∂

∂t
E(t)u0 = AetAu0 = AE(t)u0.

Therefore, if A is a bounded operator, it is precisely the infinitesimal generator of the

contraction semigroup

{E(t) = etA, t ≥ 0}.

A natural question to ask now, since we are usually given the operator A in the IVP, is

when A generates a contraction semigroup.

Lemma 4.2.4. Let {E(t) : t ≥ 0} be a contraction semigroup and A its infinitesimal

generator. Then,

(a) A is densely defined,

(b) A is a closed operator,

(c) [0,∞) ⊇ ρ(A),

(d) ∥Rλ∥ ≤ 1
λ , λ ∈ (0,∞).

Hille and Yosida showed that if the operator A satisfies the properties of the lemma, then

A generates a semigroup.
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Theorem 4.2.5. (Hille-Yosida) If an operator A is given, satisfying the properties of the

lemma, then there exists a semigroup {E(t) : t ≥ 0} such that A is precisely its infinitesimal

generator.

The proofs of both the above results are tedious and add little to our discussion, and hence

are omitted.

We know that {E(t) = etA} is a straightforward choice for semigroup generated by A when

A is a bounded operator. What do we do when A is unbounded? Stone’s Theorem in the

next section will help us with this.

The following theorem makes satisfying the conditions of the Hille-Yosida theorem easier.

Definition 4.2.6. An operator A : D(A) → H is said to be dissipative if Re⟨Au, u⟩ ≤

0 for each u ∈ D(A).

Theorem 4.2.7. (Lumer-Phillips) Let A : D(A) ⊆ H → H be a densely defined opera-

tor.

(a) If A is dissipative and R(A − λ0I) = H for at least one λ0 > 0, then A is the

infinitesimal generator of a semigroup {E(t) : t ≥ 0}.

(b) If A is the infinitesimal generator of a semigroup {E(t) : t ≥ 0}, then R(A−λI) = H

for all λ > 0 and A is dissipative.

4.3 Solution to the IVP

Now that we have established how we can verify if (4.1) has a solution, and what that

solution is, let us characterize the solution, E(t)u0.
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Theorem 4.3.1 (M.H. Stone). Let {E(t) : t ∈ R} be a unitary, strongly continuous single-

parameter group. Then, there is a unique self-adjoint operator T satisfying

E(t) := eitT , t ∈ R.

Proof. Let φ ∈ C∞
c (R) and f ∈ L2(RN ). Define

fφ :=

∫ ∞

−∞
φ(t)E(t)f dt.

This integral is a Riemann integral due to the strongly continuous nature of E(t).

Define

D := {all continuous linear combinations of functions fφ}.

For a given ϵ > 0, consider φϵ ∈ C∞
c (R) with the properties φϵ ≥ 0, φϵ ⊂ [ϵ, ϵ] and∫∞

−∞ φϵ(x)dx = 1. Therefore,

∥fϵ − f∥ =

∥∥∥∥∫ ϵ

−ϵ
φϵ(t)(E(t)f − f) dt

∥∥∥∥ ≤
(∫ ϵ

−ϵ
φϵ(t) dt

)
sup

−ϵ≤t≤ϵ
∥E(t)f − f∥

−→ 0 as ϵ→ 0.

This proves that D is dense in L2(RN ).

Furthermore, for each fφ ∈ D ,

1

s
(E(s)− I) fφ =

∫ ∞

−∞
φ(t)

1

s
(E(s+ t)− E(t)) f dt

=

∫ ∞

−∞
φ′(t)E(t)f dt = f−φ′ ,

since
φ(t− s)− φ(t)

s
−→ −φ′(t)

uniformly on supp φ as s→ 0.
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Define the operator T for fφ ∈ D as

Tfφ := −if−φ′ = lim
s→0

1

is
(E(s)− I)fφ.

Note that T maps D onto itself:

E(t)fφ = E(t)

(∫
R
φ(s)E(s)f ds

)
=

∫
R
φ(s)E(s)E(t)f ds

=

∫
R
φ(s)E(s+ t)f ds

= (E(t)f)φ.

Also, note that T commutes with E(t) on D :

TE(t)fφ = T (E(t)f)φ = −i(E(t)f)−φ′ = E(t)(−if−φ′) = E(t)Tfφ.

Finally, note that T is symmetric on D :

⟨Tfφ, gφ⟩ = lim
s→0

〈
1

is
(E(s)− I) fφ, gφ

〉
= lim

s→0

〈
fφ,

1

is
(I − E(−s)) gφ

〉
= ⟨fφ, T gφ⟩.

Let us now show that T is essentially self-adjoint on D . We will show that

ker(T ∗ + iI) = {0}.

Let u ∈ ker(T ∗ + iI) ⊆ D(T ∗). For all η ∈ D = D(T ),

d

dt
⟨E(t)η, u⟩ = ⟨iTE(t)η, u⟩ = i⟨E(t)η, T ∗u⟩ = −⟨E(t)η, u⟩ (sinceT ∗u = −iu).
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Therefore,

F (t) := ⟨E(t)η, u⟩ satisfies F ′ = −F.

This is an ODE whose solution is

F (t) = F (0)e−t.

Since

|F (t)| ≤ ∥η∥∥u∥,

we conclude that F (0) = 0. Henceforth, 0 = F (0) = ⟨E(0)η, u⟩ = ⟨η, u⟩ for all η ∈ D . This

forces u = 0, since u ∈ L2 but D is dense in L2(R).

We have thus shown that T is essentially self-adjoint on D .

Set U(t) := eitT , where T is the closure of T . Clearly, {U(t), t ∈ R} is a strongly continuous

unitary group.

Finally, we show U(t) = E(t) for all t ∈ R. For every η ∈ D ⊂ D(T ),

d

dt
U(t)η = iTU(t)η.

Also, we have

E(t)η ∈ D ⊂ D(T ) for all t ∈ R.

Employing an age-old technique, define for each η,

α(t) := E(t)η − U(t)η, t ∈ R.

Clearly, α(t) is strongly differentiable, where

α′(t) = iTE(t)η − iTU(t)η = iTα(t).
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Since T is essentially self-adjoint, T is self-adjoint.

We have,
d

dt
∥α(t)∥2 = i⟨Tα(t), α(t)⟩ − i⟨α(t), Tα(t)⟩ = 0,

and α(0) = 0.

This forces α(t) = 0, and thereby E(t)η = U(t)η for all η ∈ D , t ∈ R.

Since D is dense in H, we have that

E(t) = U(t) ∀t ∈ R.

This proves Stone’s theorem.

This theorem tells us how the contraction semigroup from the Hille-Yosida theorem looks

like by guaranteeing the existence of a unique self-adjoint operator T (which is the infinites-

imal generator of the semigroup) and establishing a bijection between unitary strongly

continuous groups {E(t) : t ∈ R} and operators of the form eitT .

If A is unbounded, consider the Yosida approximation

Aλ := λARλ = λ(A− λI)−1A (since A commutes with Rλ).

If Aλ is bounded and (Aλ − I)−1A→ A as λ→ ∞, Eλ(t) = etAλ exists and we call

lim
λ→∞

etAλ = etA,

and define the semigroup A generates to be {etA : t ≥ 0}. This gives us one way of

evaluating such an operator whenever A is unbounded.

Let us now look at examples.
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Example 4.3.2. Consider the I.V.P.


ut = ux, t ≥ 0, x ∈ R,

u(x, 0) = u0(x), x ∈ R,

on H = L2(R) and choose Aφ = ∂2φ
∂x2 with domain D(A) = H1

0 (R).

Note that

⟨Aφ,φ⟩ = ⟨φ′, φ⟩ = −⟨φ,φ′⟩ (integration by parts).

Also,

⟨φ′, φ⟩ = ⟨φ,φ′⟩,

which implies Re⟨Aφ,φ⟩ = 0, making A dissipative.

If we show that R(A− λI) = H for at least one λ > 0, by part (b) of the Lumer-Phillips

theorem, A generates a semigroup.

Note that showing R(A − λI) = H is the same as showing for all f ∈ L2(R), there exists

a solution to

λφ− φ′ = f, λ > 0.

Using the integrating factor e−λx, we can solve the above ODE to get

φ(x) =

∫ x

−∞
e−λ(x−s)f(s) ds.

This is a unique solution which can be verified by standard methods. Therefore,

R(A− λI) = L2(R).

A hence generates a contraction semigroup {E(t) : t ≥ 0} and u(x, t) = E(t)u0(x). We

have thus proven that the I.V.P has a solution. Here, we can explicitly write down the
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semigroup. For v ∈ L2(R),

E(t)v(x) = v(x− t).

Therefore, the solution is

u(x, t) = u0(x− t).

Example 4.3.3. The Heat Equation


ut = ∆u, t > 0, x ∈ RN ,

u(x, 0) = u0(x), x ∈ RN ,

with H = L2(RN ), A = ∆ with domain D(A) = H2
0 (RN ). Again, let us show that A is

dissipative. Using integration by parts,

⟨∆φ,φ⟩ = −⟨∇φ,∇φ⟩ = −∥∇φ∥2 ≤ 0.

We claim now that R(A−λI) = H for some λ > 0, or again as before, for each f ∈ L2(RN )

we show that λu−∆u = f , x ∈ RN , λ > 0 has a unique solution.

Taking Fourier transform, we have

λû(ξ) = |ξ|2û(ξ) = f̂(ξ), ξ ∈ RN ,

which, by Plancherel’s formula and Fourier inversion, gives us a unique solution u ∈

H2(RN ) for each f ∈ L2(RN ).

Applying Lumer-Phillips, A = ∆ generates a contraction semigroup and hence the IVP

has a solution. Using the Yosida Approximation, we have that A generates {etA : t ≥ 0}.

By the Fourier transform, we can write the solution

u(x, t) = E(t)u0(x) = et∆u0(x)
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where

et∆u0(x) =
1

(4πt)N/2

∫
RN

e−
|x−y|2

4t u0(y) dy.

Example 4.3.4. Now consider a more abstract situation, but one we have encountered

before, the I.V.P 
ut = Au, t > 0

u(x, 0) = u0(x)

where A : D(A) ⊂ H → H, u0 ∈ H. Assume that −A is self-adjoint, positive definite linear

operator with compact inverse. The operator −∆+ |x|2 falls into this category.

For such an operator, ∃ an orthonormal basis of eigenfunctions {φj} and an increasing

sequence of corresponding eigenvalues

0 < λ1 ≤ λ2 ≤ · · · ≤ λj ≤ · · ·

with λj → ∞ as j → ∞.

Hence for u ∈ H, we have the Fourier expansion

u =

∞∑
j=1

⟨u, φj⟩φj

and

−Au =

∞∑
j=1

λj⟨u, φj⟩φj .

Set u(t) =
∑∞

j=1 uj(t)φj , where uj(t) = ⟨u(t), φj⟩. Therefore, by taking the inner product

of the IVP with φj , we get 
d
dtuj + λjuj = 0, t > 0

uj(0) = u0,j

where u0,j = ⟨u0, φj⟩.
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Solving the above ODE gives us

uj(x, t) = e−λjtu0,j(x),

which leads to

u(x, t) = E(t)u0(x) =
∞∑
j=1

e−λjt⟨u0, φj⟩φj .

The semigroup {E(t)} generated is a semigroup by Lumer-Phillips with A as infinitesimal

generator.

In particular, for A = −∆+ x2 on L2(R), we have

u(x, t) =
∞∑
k=0

e−(2k+1)t⟨u0, φj⟩φj ,

where φj are the eigenfunctions of the operator A.

Example 4.3.5. An interesting question to now ask is if the wave equation, which is

not traditionally in the form of the evolution equations we have been studying, can be

manipulated in some way so we can apply the theory in this chapter.

Consider the I.V.P, 
utt(x, t) = ∆u(x, t), x ∈ RN , t > 0,

u(x, 0) = u0(x), x ∈ RN ,

ut(x, 0) = u1(x), x ∈ RN .

The trick is to write this as a first-order problem in two dimensions, by setting

f(x, t) = u(x, t), g(x, t) = ut(x, t).
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Then, the wave equation I.V.P transforms to

∂

∂t

f
g

 =

 0 I

∆ 0

f
g

 , x ∈ RN , t > 0,

f(x, 0)
g(x, 0)

 =

u0(x)
u1(x)

 .

This falls into our category of evolution equations, on the Hilbert space

H = H1(RN )⊕ L2(RN ).

Define A(u, v) = ⟨v,∆u⟩ where u, v ∈ D(A). It can then be shown again by methods

much alike to the previous examples that A is an infinitesimal generator of a semigroup

{E(t) : t ≥ 0}, making the solution E(t)

u0(x)
u1(x)

 .

Remark 4.3.6. The semigroup theory is a very important tool when it comes to showing

the existence of solutions to a given initial value problem. However to find the solution

explicitly, we need to use methods specific to each problem.

We have answered the question: How to get a solution for (4.1), let’s ask a different

question. In a finite-dimensional vector space, say of dimension N , if A is replaced by

m(A), where m is a measurable function, for example, a polynomial, we know that m(A)

has eigenvalues m(λj), {j = 1, 2, ..., N} where λj are eigenvalues of A. From there on, the

solution to (4.1) just follows as in the case with A.

What do we do in the case when the vector space is infinite dimensional and our operator

is self-adjoint in that space? Using all the theory we explored up until now, the spectral

theorem, semigroup theory and the theory of self-adjoint extensions, how do we tackle this?

This will be answered in the next chapter.
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Chapter 5

Spectral Multipliers

5.1 Introduction

As teased in the previous chapter, we can define for a bounded measurable function m and

a positive-definite self-adjoint operator T on a Hilbert space H:

m(T ) :=

∫
σ(T )

m(λ) dP (λ),

where σ(T ) is the spectrum of T and P is the unique projection-valued measure that is

the spectral decomposition of T .

Clearly, m(T ) is an operator again on the Hilbert space H, but it need not necessarily be

linear. Consider the example m(λ) = sgn(λ), λ ∈ R. This is therefore, new territory. The

natural problem here is to ask when is m(T ) bounded.

For this, let us look at the case when H = L2(RN ). Then, for f ∈ L2(RN ),
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∥m(T )f∥22 =
∫
RN

|m(T )f(x)|2 dx

=

∫
RN

∣∣∣∣∣
(∫

σ(T )
m(λ) dP (λ)

)
f(x)

∣∣∣∣∣
2

dx

≤ ∥m∥2∞
∫
RN

|f(x)|2 dx

= ∥m∥2∞∥f∥22.

Therefore, m(T ) is a bounded operator on L2(RN ).

Definition 5.1.1. An operator T : Lp(Rn) → Lq(Rn) is called

(i) strong (p, q) if T is bounded, i.e.

∥T (f)∥q ≤ Cp,q ∥f∥p

for all f ∈ Lp(Rn), 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞.

(ii) weak (p, q) if

sup
λ>0

(µf (λ))
1
q ≤ Cp,q ∥f∥p,

where µf (λ) := {(x ∈ Rn : |Tf(x)| > λ)} , for all f ∈ Lp(Rn), 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞.

Remark 5.1.2. Although we have defined the above notions for Rn as the ambient space,

we can most definitely generalize these definitions for an arbitrary ambient space X.

Now that we have shown that m(T ) is a bounded operator on L2(Rn), it is only to ask if

it can be bounded on Lp(Rn), p ̸= 2.

A natural way one might go about this is to prove the result for L2 ∩ Lp(Rn). Then use

a limiting argument. However, there are several intricacies one must account for, and

tackling these is the objective of this chapter.

91



5.2 Fourier Multipliers

Definition 5.2.1. Let λ ≤ p ≤ ∞ and m ∈ S′(RN ). Then m is said to be a Fourier

multiplier on Lp(RN ) if Tmf := m̌ ∗ f ∈ Lp(RN ) for all f ∈ S(RN ) and

sup
∥f∥p=1

∥m̌ ∗ f∥p <∞,

where m is the inverse Fourier transform of m.

The set of all such m is called Mp(RN ) and it is a Banach space with respect to the norm

∥m∥Mp(RN ) = sup∥f∥p=1 ∥m ∗ f∥p. The following is a very important measure theoretic

fact that will be useful througout the remainder of this thesis. Refer to [15, Ch. 4, Sec.

4.3] for a proof.

Theorem 5.2.2 (Tchebychev). Let X be a Banach space. Then,

µf (λ) = µ({x ∈ X : |f(x)| > λ}) ≤ λ−p∥f∥pp

for all f ∈ Lp(X).

Corollary 5.2.3. If T is strong (p, q) then it is weak (p, q).

Proof. We are given that ∃ Cp,q such that

∥Tf∥q ≤ Cp,q ∥f∥p ∀f ∈ Lp(RN ).

Notice by Tchebychev’s inequality,

∣∣{x ∈ RN : |Tf(x)| > λ}
∣∣ ≤ λ−q∥Tf∥qq.
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Then,

λq
∣∣{x ∈ RN : |Tf(x)| > λ}

∣∣ ≤ ∥Tf∥qq,

implying that

λ
∣∣{x ∈ RN : |Tf(x)| > λ}

∣∣ 1q ≤ Cp,q ∥f∥p.

Since the RHS is independent of λ,

sup
λ>0

λ
∣∣{x ∈ RN : |Tf(x)| > λ}

∣∣ 1q ≤ Cp,q ∥f∥p.

which proves that T is weak (p, q).

The next two results will form the basis of proof techniques in proving any operator of the

form m(T ) is Lp bounded, 1 < p <∞, whenever it is linear.

Definition 5.2.4. An operator T is said to be sublinear if T (f + g) is determined by the

values of Tf, Tg and

|T (f + g)| ≤ |Tf |+ |Tg|.

The definition of strong and weak (p, q) can be extended to such sublinear operators. This

leads to a theorem that harnesses a strong method of proof: duality.

Theorem 5.2.5 (Marcinkiewicz Interpolation). Let 1 < r ≤ ∞ and T be a sublinear

operator. If T is weak (1, 1) and strong (r, r), then T is strong (p, p) for any 1 < p < r.

Refer [6, Ch. 6, Sec. 6.5] for a proof of this well-known theorem.

The following provides a very useful decomposition of L1-functions.
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Theorem 5.2.6 (Calderón-Zygmund Decomposition). Let f ∈ L1(RN ). For every

η > 0, f can be decomposed as f = g + b = g +
∑∞

j=1 bj such that

|g(x)| ≤ 2Nη a.e. x ∈ RN , (5.1)

where supp (bj) ∈ Qj, Qj is a cube with
∫
bjdx = 0. The Qj have disjoint interior,

∞∑
j=1

|Qj | ≤ η−1∥f∥1, (5.2)

and

∥g∥1 +
∞∑
j=1

∥bj∥1 ≤ 6∥f∥1. (5.3)

Proof. It is enough to show the theorem for f ≥ 0, as otherwise write f = f+ − f− and

perform the decomposition separately for f+ and f−.

Notice that since f ∈ L2(RN ), given η, we can find l ≥ 0 such that for every cube of side

length l, |Q|−1
∫
fdy < η. Make an l-sided cube mesh of RN and choose Q0 among these

cubes.

Subdivide Q0 into 2N cubes of side l
2 each and let Q1 be one cube among them: ∃ two

possibilities:

(i) |Q1|−1
∫
Q1 f dy < η

(ii) |Q1|−1
∫
Q1 f dy ≥ η.

We don’t need to do any further subdivision in the case (i), since we have our estimate.

Collect all such cubes Qj in a sequence. In case of (ii), continue the subdivision. Therefore,
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if x /∈
⋃

j Qj , by Lebesgue Differentiation theorem, we get

f(x) ≤ η, a.e. x ∈ RN \
⋃
j

Qj .

Define:

g(x) =


1

|Qj |
∫
Qj
f dy x ∈ Qj ;

f(x) x /∈ Qj

bj(x) = (f(x)− g(x))χQj (x), j ∈ N.

Clearly, |g(x)| ≤ 2Nη a.e. x ∈ RN ,

∫
Qj

bj(x) dx =

∫
Qj

f(x)− g(x) dx = 0,

and from (i), we get
∑∞

j=1 |Qj | ≤ 1
η∥f∥1, concluding our proof.

We conclude this section with a multiplier theorem [9].

Theorem 5.2.7 (Mikhlin-Hörmander). Let m ∈ L∞(RN ) and s be the least integer

> N
2 . Then for all |α| ≤ s, if

sup
R>0

R−N+2|α|
∫
R<|ξ|<2R

∣∣∣∣ ∂α∂ξαm(ξ)

∣∣∣∣2 dξ < A2, (5.4)

then m(t) is an Lp multiplier for any p ∈ (1,∞).

Moreover, Tm is weak (1,1).

Remark 5.2.8. The condition (5.4) is due to Hörmander. However, the theorem was first

proved by Mikhlin for a stronger assumption,

∣∣∣∣ ∂α∂ξαm(ξ)

∣∣∣∣ ≤ Bα|ξ|−|α| (5.5)
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for all multi-indices α. Let us show that if a bounded measurable function satisfies the

Mikhlin’s condition, it satisfies the Hörmander condition too.

R−N+2|α|
∫
R<|ξ|<2R

∣∣∣∣ ∂α∂ξαm(ξ)

∣∣∣∣2 dξ ≤ R−N+2|α|B2
α

∫
R<|ξ|<2R

|xi|−2|α|dξ

= R−N+2|α|ωN−1B
2
α

∫ 2R

R
r−2|α| rN−1 dr

= R−N+2|α|ωN−1B
2
α

r−2|α|+N

−2|α|+N
|2RR

= Aα <∞.

This final constant Aα is independent of R, and hence if we take supR>0 on both sides of

the inequality and see that since we are considering only a finite number of multi-indices

α, we can find A such that Aα < A2 for all |α| ≤ s.

Proof. (Mikhlin-Hörmander) If we show that Tm is weak (1, 1), i.e. for every f ∈

Lp(Rn), if we have

sup
λ>0

λ µf (λ) ≤ c ∥f∥1,

then since Tm is strong (2, 2), using Marcinkiewicz-Interpolation theorem, we have that

Tm is strong (p, p) for 1 < p < 2. Since Tm : Lp(RN ) → Lp(RN ) is a bounded linear map,

∃! T ∗
m : Lp′(RN ) → Lp′(RN ) with 1

p + 1
p′ = 1 such that

⟨Tmf, g⟩ = ⟨f, T ∗
mg⟩, ∀ f ∈ Lp(RN ), g ∈ Lp′(RN ).

The adjoint operator T ∗
m is a bounded operator with the same norm as Tm, and in partic-

ular, it is exactly equal to Tm, where m is the complex conjugate of m: This is because for
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any f ∈ L2 ∩ Lp(RN ) and g ∈ L2 ∩ Lp′(RN ), we have

⟨Tmf, g⟩ =
∫
RN

F(Tmf)(ξ) ĝ(ξ) dξ, (by Parseval)

=

∫
RN

m(ξ)f̂(ξ)ĝ(ξ)dξ,

=

∫
RN

f̂(ξ)m(ξ) ĝ(ξ)dξ

= ⟨f, Tmg⟩. (again by Parseval)

By the uniqueness of the adjoint and the denseness of L2∩Lp in Lp, we have that T ∗
m = Tm.

This will conclude that Tm : Lp(RN ) → Lp(RN ) is a bounded operator for all p ∈ (1,∞).

All that remains is to show that Tm is weak (1,1).

To show Tm is weak (1, 1), we need to show for any λ > 0,

µTmf (λ) =
∣∣x ∈ RN : |Tmf(x)| > λ

∣∣ ≤ c

λ
∥f∥1.

Note that if f = g + b is the Calderón-Zygmund decomposition of f , then

µTmf (λ) ≤ µTmg

(
λ

2

)
+ µTmb

(
λ

2

)

We know that b =
∑∞

j=1 bj such that ∃ a collection of cubes Qj with disjoint interior with

supp bj ⊆ Qj ∀ j. Call Ω =
⋃

j Qj . Define another measurable set Ω∗ =
⋃

j Q
∗
j where Q∗

j

is Qj but with twice the side length.

Then,

µTmf (λ) ≤ µTmg

(
λ

2

)
+ µTmb

(
λ

2

)
, (5.6)

≤ µTmg

(
λ

2

)
+

∣∣∣∣{x /∈ Ω∗ : |Tmb(x)| >
λ

2
}
∣∣∣∣+ |Ω∗|

= µ1 + µ2 + µ3.
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Let us estimate µ3 first.

µ3 = |Ω∗| ≤
∞∑
j=1

|Q∗
j | ≤ 2N

∞∑
j=1

|Qj | ≤
2nc

λ
. (5.7)

Now let us tackle µ1.

µ1 = µTmg

(
λ

2

)
=

∣∣∣∣{α ∈ RN : |Tmg| >
λ

2

}∣∣∣∣
≤ c

(
2

λ

)2

∥Tmg∥22 (Tchebychev)

≤ c

λ2
∥g∥22 (Tm is strong (2, 2))

≤ c

λ2
∥g∥1∥g∥∞ (Hölder)

≤ c

λ2
∥g∥12Nλ (5.1)

=
c

λ
∥f∥1.

For brevity we incorporate all constants together at the end, into c.

Finally, we tackle µ2 =
∣∣{α ∈ Ω∗ : |Tmb(x)| > λ

2

}∣∣. We need to produce a c such that

µ2 ≤ c
λ∥f∥1.

It is enough if we show that:

∫
x/∈Ω∗

|Tmb(x)| dx ≤ c∥bj∥1, (5.8)

where c does not depend on j.

This is because if this claim is true, we have

∫
x/∈Ω∗

|Tmb(x)| dx ≤
∞∑
j=1

∫
x/∈Qj

|Tmbj(x)| dx ≤ c

∞∑
j=1

∥bj∥1 ≤ 6c∥f∥1,
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by (5.3). By Tchebychev,

µ2 =

∣∣∣∣{x /∈ Ω∗ : |Tmb(x)| >
λ

2

}∣∣∣∣ ≤ 2

λ

∫
x/∈Ω∗

|Tmb(x)| dx

=
c

λ
∥f∥1.

This will prove the theorem. All we need to show is the local estimate.

Let φ ∈ C∞
c (B(0, 2)) such that φ(ξ) = 1 ∀ |ξ| ≤ 1.

Define now:

β(ξ) = φ(ξ)− φ(2ξ).

This then implies,
∑∞

l=−∞ β(2−lξ) = 1, since it gives us a telescoping sum for ξ ̸= 0.

Let ml(ξ) = β(ξ) m(2kξ). Then,

∫
RN

|(1−∆)|s/2ml(ξ)|2 dξ < c, (5.9)

by (5.4) for s > 0.

If Kl(x) is the kernel associated with ml(x), then by Plancherel’s identity,

∫
RN

(1 + |x|2)2 |Kl(x)|2 dx < c.

Let AR = {x ∈ RN : maxm |xm| > R}. Let χR be the characteristic function of AR. Then

by Cauchy Schwarz,

∫
AR

|Kl(x)| dx ≤
(∫

AR

(1 + |x|2)−s dx

) 1
2
(∫

RN

(1 + |x|2)s|Kl(x)|2 dx
) 1

2

= cR
N
2
−s,

which gives us a good estimate for very large R.

Let us now reapply the same technique to ξkml(ξ), where ξk is the k-th co-ordinate of ξ,
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i.e. By (5.9), ∫
|(1−∆)|

s
2 ξkml(ξ)|2 dξ < c.

By Plancherel, ∫
(1 + |x|2)s|∇Kl(x)|2 dξ < c.

Again using the Cauchy Schwarz inequality,

∫
|∇Kξ(x)| dx ≤

(∫
RN

(1 + |x|2)−s dx

) 1
2 √

c = c.

Note that by Taylor expansion, Kl(x + y) − Kl(x) ≈ ∇Kl(x) · y + O(|y|2). For small y,

higher order terms will be negligible.

Now by Fundamental Theorem of Calculus, for all k,

∫ yk

0

d

dxk
Kl(x+ t) dxk ∼ Kl(x+ y)−Kl(x),

for small y. Therefore,

∫
RN

|Kl(x+ y)−Kl(x)| dx ≤ |y|
∫
RN

|∇Kl(x)| dx ≤ c|y|.

Also note, as a tempered distribution,

K(x) :=
∞∑

l=−∞
2NlKl(2

lx) =
∞∑

l=−∞
ml(2

−lξ).
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Now if Qj is a cube of side R centred at the origin, then

∫
x/∈Q∗

j

|2NlKl(2
l.·) ∗ bj | dx ≤

∫
x∈Qj

∫
x/∈Q∗

j

|2NlKl(2
l(x− y))||bj(y)| dx dy

≤ ∥bj∥1
∫
A

2lR

|Kl(x)| dx

≤ c(2lR)
N
2
−s∥bj∥1. (5.10)

Since
∫
Qj
bj dy = 0,

∫
x/∈Qj

∫
y∈Qj

Kl(2
l(x− y)) bj(y) dy dx =

∫
x/∈Qj

∫
y∈Qj

[
Kl(2

l(x− y))−Kl(2
lx)
]
bj(y) dy dx.

Therefore,

∫
x/∈Q∗

j

|2NlKl(2
Nl.·) ∗ bj | dx ≤

∫
y∈Qj

∫
x/∈Q∗

j

2Nl|Kl(2
l(x− y))−Kl(2

lx)||bj(y)| dx dy

≤ c(2lR)||bj ||1. (5.11)

We use the estimate in (5.10) for 2lR > 1, and the estimate in (5.11) for 2lR ≤ 1. Hence-

forth, ∫
x/∈Qj

|Tmbj(x)| dx ≤ c||bj ||1,

completing the proof.

Remark 5.2.9. It may be clear for some readers as to how (5.9) came from the Hörmander

condition, for which here is an explanation. For any φ ∈ C∞
c (R+), we establish that the

Sobolev norm supt>0 ∥φmt∥s, mt(ξ) = m(tξ), is equivalent to the classical Hörmander

condition, i.e.

sup
R≥0

R−N+2|α|
∫
R<|ξ|<2R

∣∣∣∣ ∂α∂ξαφmt(ξ)

∣∣∣∣2 dξ <∞.
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Recall the classical definition of the Sobolev norm, s ∈ Z, s > N
2 :

∥φmt∥s =
∑
|α|≤s

∫
RN

∣∣∣∣ ∂α∂ξαφmt(ξ)

∣∣∣∣2 dξ, t > 0

=
∑
|α|≤s

∫
RN

∣∣∣∣∣∣
∑

β+γ=α

m
(γ)
t (ξ) φ(β)(ξ)

∣∣∣∣∣∣
2

dξ

≤
∑
|x|≤s

∑
β+γ=α

∫
R<|ξ|<2R

∣∣∣m(γ)
t (ξ)φ(β)(ξ)

∣∣∣2 dξ
≤
∑
|α|≤s

∑
β+γ=α

∫
R<|ξ|<2R

t2|γ|
∣∣∣m(γ)(tξ) φ(β)(ξ)

∣∣∣2 dξ
≤ CN,φ

∑
|α|≤s

∫
tR<|ξ|<2tR

t2|α|t−N
∣∣∣m(α)(ξ)

∣∣∣2 dξ
= CN,φ

∑
|α|≤s

(tR)−N+2|α|
∫
tR<|ξ|<2tR

∣∣∣m(α)(ξ)
∣∣∣2 dξ ·RN+2|α|

≤ CN,φR
N+2s

∑
|α|≤s

(tR)−N+2|α|
∫
tR<|ξ|<2tR

∣∣∣m(α)(ξ)
∣∣∣2 dξ

≤ CN,φ c,

where (tR)−N+2|α| ∫
tR<|ξ|<2tR

∣∣m(α)(ξ)
∣∣2 dξ < c, ∀ |α| ≤ s, t > 0.,

For converse inequality, let φ ∈ C∞
c (RN ) such that supp φ ⊆ B(0, 2) and φ ≡ 1 whenever
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|ξ| ≤ 1. Let |α| ≤ s. We have for R > 0,

R−N+2|α|
∫
R<|ξ|<2R

∣∣∣m(α)(ξ)
∣∣∣2 dξ ≤ ∑

|α|≤s

R−N+2|α|
∫
R<|ξ|<2R

∣∣∣m(α)(ξ)
∣∣∣2 dξ

=
∑
|α|≤s

R−N+2|α|
∫
1<|ξ′|<2

∣∣∣m(α)(Rξ′)
∣∣∣2RNdξ′

=
∑
|α|≤s

∫
1<|ξ′|<2

∣∣∣m(α)
R (ξ′)

∣∣∣2 dξ′
≤
∑
|α|≤s

∫
1<|ξ′|<2

∣∣∣∣∣∣
∑

β+γ=α

m
(γ)
R (ξ′)ϕ(β)(ξ′)

∣∣∣∣∣∣
2

dξ′

≤ ∥φmR∥2s

≤ c2,

which is a uniform bound for all |α| ≤ s.

5.3 Spectral Multipliers as Fourier Multipliers

Earlier, we have defined the operator,

m(−∆) =

∫
σ(−∆)

m(λ) dP (λ),

where P is the unique projection-valued measure that is the spectral decomposition of

−∆. Then the following corollary follows directly from Theorem 5.2.7. Define m(−∆) as

a Fourier multiplier:

F(m(−∆)f) = m(|ξ|2) f̂(ξ). (5.12)
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Corollary 5.3.1. Let m ∈ L∞(R+). For s > N
2 if

sup
t>0

∥φmt∥s <∞, (5.13)

then m(−∆) is a bounded Lp−multiplier.

Proof. This just follows from the fact that since m abides to the regularity condition, so

does m(|ξ|2).

Let us now move to Schrödinger Operators A that are densely defined on L2(RN ). We

now ask the question, when is m(A) a bounded Lp− multiplier for bounded measurable

functions m.

William Hebisch [7] gives a sufficient condition similar to Corollary 5.3.1 as to when m(A)

is a bounded Lp−multiplier.

Hebisch considers operators of the kind T = −∆+V such that V is a non-negative potential,

i.e., V ≥ 0.

Theorem 5.3.2 (Hebisch). Suppose that T = −∆ + V , V ≥ 0 is a densely defined

Schrödinger Operator. Let m be a bounded measurable function on the real line. If for

some ε > 0, non-zero φ ∈ C∞
c (R+) and constant C, we have the Sobolev norm

∥φmt∥N+!
2

+ε ≤ C, (5.14)

then m(T ) is weak (1, 1) and bounded on Lp for 1 < p <∞.

Before we jump into the proof of this theorem, we need a few lemmas.

Lemma 5.3.3 (Segal). For semi-positive-definite self-adjoint operators A and B such that

B is relatively bounded with respect to A with relative bound β, i.e., ∥Bx∥ ≤ β∥x∥+γ∥Ax∥,
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γ < 1, then A+ B is self-adjoint on D(A) and essentially self-adjoint on any core for A.

Moreover,

∥e−(A+B)∥ ≤ ∥e−Ae−B∥. (5.15)

The proof of this lemma uses the Kato-Trotter formula, which can be seen from [12].

Lemma 5.3.4. Write for a kernel K,

∥K∥∗b = max

{
sup
x

∫
|K(x, y)|(1 + |x− y|b) dy, sup

y

∫
|K(x, y)|(1 + |x− y|b) dx

}
.

(5.16)

If supp m ⊆ [−1, 4], ε > 0, b ≥ 0, then

∥m(T )∥∗b ≤ C∥m∥N+!
2

+ε+b,

where the norm on the right is a Sobolev norm. The constant C is independent of m and

T .

Proof. Set K(λ) = λ−1 m(− log λ). Since supp m ∈ [−1, 4], then clearly supp K ⊆ [e−4, e].

Note that

∥K∥2N+1
2

+ε+b
=

∫
R
|K̂(ξ)|2(1 + |ξ|2)

N+1
2

+ε+b dξ.

For m ∈ L1,

∫
|K(λ)| dλ =

∫ e

e−4

|m(− log λ)|
λ

dλ =

∫ 1

−4
|m(−u)| du = ∥m∥1.

This basically tells us that K is also L1 if m is L1, and |K̂(ξ)| ≤ ∥K∥1 = ∥m∥1. We can
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translate this to any N+1
2 + ε+ b using the Fourier transform definition, and we get,

|K̂(ξ)|2 ≤ ∥K∥2N+1
2

+ε+b
=

∑
i≤N+1

2
+ε+b

∫ ∞

−∞

∣∣∣∣ ∂i∂λiK(λ)

∣∣∣∣2 dλ

≤ C1∥m∥2N+1
2

+ε+b
,

if N+1
2 + ε+ b ∈ Z. Now let K(λ) =

∑
n∈Z K̂(n)einλ, en = eine

−T
e−T . Combining this with

the definition of K, we get

m(T ) = K(e−T )e−T =
∑

K̂(n)en.

We now claim that ∥en∥∗b ≤ C2(1 + |n|)
N
2
+b. If we show this, then,

∥m(T )∥∗b ≤ C2

∑
|K̂(n)|(1 + |n|)

N
2
+b

≤ C2

{∑
|K̂(n)|2(1 + |n|)2b+N+1+ε

} 1
2
{∑

(1 + |n|)−1−ε
} 1

2

≤ C ′
2∥K∥N+1+ε

2
+b

≤ C3∥m∥N+1
2

+ε+b,

proving what we need. Let us prove the claim.

Since T is self-adjoint, we get these inequalities for which the proof is given just after the

proof of this lemma:

∫
|e−T (x, y)| e|x−y| dx ≤ C0 (5.17)

sup
x

∫
|e−T (x, y)|2 dx ≤ C ′

0 . (5.18)

Let ℓ = γ−1|n|∥e−T ∥γ , for γ < 1, where ∥e−T ∥γ = max{supx
∫
|e−T (x, y)|eγ|x−y|(1 + |x −

y|)b dy, supy
∫
|e−T (x, y)|eγ|x−y|(1 + |x− y|)b dx}.

Then, ∥e−T ∥γ ≤ C supy
∫
|e−T (x, y)|e|x−y| dx ≤ CC0. Also note that eine

−T
being a unitary
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operator, wlog, we get,

∥en∥∗b ≤
∫
RN

|eine−T
e−T (x, y)|(1 + |x− y|)b dx

=

∫
|x−y|<ℓ

+

∫
|x−y|>ℓ

≤ (1 + ℓ)bℓ
N
2 |B(0, 1)|

N
2 ∥eine−T

e−T (·, y)∥2 + e−γℓ∥(1 + |x− y|)beγ|x−y|eine
−T
e−T (·, y)∥1

≤ (1 + ℓ)b+
N
2

√
C3 ∥e−T (·, y)∥2 + e−γℓ∥e−T ∥γ e|n|∥e

−T ∥γ

≤ (1 + ℓ)b+
N
2

√
C3C

′
0 + e−γℓ∥e−T ∥γeγℓ

≤ C2(1 + |n|)b+
N
2 ,

completing the proof of this lemma.

Proof. (Hebisch) By the Spectral Theorem (Theorem 2.5.6),m(T ) is bounded on L2(RN ).

Again, as in Theorem 5.2.7, we show thatm(T ) is weak (1, 1). Then, we use the Marcinkiewicz

Interpolation Theorem (Theorem 5.2.5) and duality, we prove that m(T ) is strong (p, p)

for 1 < p <∞.

By Lemma 5.3.3, we have ∥e−tT ∥ ≤ ∥et∆e−tV ∥. Then for any f ∈ L2(RN ), we have

0 ≤ ∥e−tT f(x)∥22 ≤ ∥et∆e−tV f(x)∥22 = (4πt)−
N
2

∫ ∣∣∣∣∫ e−
|x−y|2

4t e−tV (y)f(y) dy

∣∣∣∣2 dx

≤ (4πt)−
N
2

∫ ∣∣∣∣∫ e−
|x−y|2

4t f(y) dy

∣∣∣∣2 dx

= ∥et∆f(x)∥22,

for all f ∈ L2(RN ). Therefore using Plancherel Theorem, if e−tT (x, y) denotes the Heat

kernel for T , then

0 ≤ e−tT (x, y) ≤ et∆(x, y), (5.19)
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where et∆(x, y) = (4πt)−
N
2 e−

|x−y|2
4t . We now prove the following inequalities for s, t > 0.

∫
e−tT (x, y) es|x−y| dx ≤ CeCs2t (5.20)∫
RN

|e−tT (x, y)|2 dx ≤ Ct−
N
2 (5.21)

sup
x,y

|e−tT (x, y)| ≤ Ct−
N
2 (5.22)

Let us do the proofs of the latter two inequalities first. Note, using (5.19)

∫
RN

|e−tT (x, y)|2 dx ≤ (4πt)−N

∫
RN

e−
|x−y|2

2t dx

≤ Ct−N t
N
2

= Ct−
N
2 ,

proving (5.21). Sinilarly, using (5.19), we prove (5.22) as follows,

sup
x,y

|e−tT (x, y)| ≤ sup
x,y

e−
|x−y|2

4t (4πt)−
N
2

≤ Ct−
N
2 .

Let us now come to inequality (5.20). For s, t > 0,

∫
e−tT (x, y) es|x−y| dx ≤ (4πt)−

N
2

∫
e−

|x−y|2
4t es|x−y| dx

= (4πt)−
N
2

∫
e−

(|x−y|−2ts)2

4t es
2t dx

= (4πt)−
N
2 ωN−1e

s2t

∫ ∞

−∞
e−

(r−2ts)2

4t rN−1 dr

≤ CeCs2t.

These inequalities also prove the inequalities (5.17) and (5.18) for s = t = 1. Let us now

state and prove one final lemma before the rest of the proof of this theorem.

108



Lemma 5.3.5. For every k > 0, there exists ζ, θ > 0 such that if m ∈ Hζ , supp m ⊂

[−1, 4], then

|m(T )(x, y)| ≤ C∥m∥ζ(1 + |x− y|)−k (5.23)

for all x, y ∈ RN .

Proof. Set v(λ) = m(λ)eλ, and ζ = N
2 + k + 1. By the same logic as in Lemma 5.3.4,

∥v∥ζ ≤ C1∥m∥ζ . This then, by Lemma 5.3.4,

∥v(T )∥∗k ≤ C2∥v∥ζ .

Using the inequalities (5.19),(5.22), we get

|(1 + |x− y|)k m(T )(x, y)| =
∣∣∣∣∫ v(T )(x, s) e−T (s, y) (1 + |x− y|)k ds

∣∣∣∣
≤
∫

|v(T )(x, s)| (1 + |x− y|)k |e−T (s, y)| (1 + |s− y|)k ds

≤ ∥v(T )∥∗k sup
x
(4π)−

N
2 e−

|x|2
4 (1 + |x|)k.

Taking y → 0, the lemma follows.

Clearly (5.14) is true for all φ ∈ C∞
c (R+). Fix φ,ψ ∈ C∞

c (R), supp φ ⊆ [14 , 2],
∑

k∈Z φ(2
2kx) =

1 for all x > 0 and supp ψ ⊆ [−1, 1] with ψ(x) = 1 for all x ∈ [0, 12 ]. Then define:

mk(λ) := φ(22kλ)m(λ) ; ψk(λ) = ψ(22kλ).
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We then get some more inequalities for b < ε, i.e., there exists C such that

∥(ψkmk)(T )∥L1,L1 ≤ C (5.24)∫
|mk(T )(x, y)|(1 + 2−k|x− y|)b dx ≤ C (5.25)

|ψk(T )(x, y)| ≤ C 2−kN (1 + 2−k|x− y|)−N−1 (5.26)

Let us now prove these inequalities. (5.25) is an easy consequence of the properties of

dilations, and using Lemma (5.3.4) and replacing ε by ε − b. Similarly, (5.26) is derived

from using Lemma 5.3.5. Once these two are done, (5.24) is obvious from them.

Now, let us move on to the Calderón Zygmund Decomposition. Let f ∈ L1, and apply the

Calderón Zygmund decomposition at height λ. Refer Theorem 5.2.6.

Let Q∗
j be the ball with the same centre as Qj and radius 2dQj where dQj is the diameter

of Qj . Choose a compactly supported L1 function such that supp h ⊂ {x : |x| < 1} =: B.

Then, using (5.25),

∫
|x|>2

|mk(T )h(x)| dx ≤
∫
|x|>2

|mk(T )(x, y)| |h(x)| dx

≤ ∥h∥1 sup
y∈B

∫
|mk(T )(x, y)| dx

≤ ∥h∥1 sup
y

∫
|x−y|>1

|mk(T )(x, y)| dx

≤ ∥h∥12kb sup
y

∫
|mk(T )(x, y)| (1 + 2−k|x− y|)b dx

≤ C2kb∥h∥1.

Also, ∑
k≥0

∫
|x|>2

|mk(T )h(x)| dx ≤ C
∑
k≥0

2kb∥h∥1 ≤ C1∥h∥1.
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Therefore, using dilation and applying the above for each bj ,

∑
i≤kj

∫
(Q∗

j )
c

|mi(T )bj(x)| dx ≤ C∥bj∥1. (5.27)

Let us recall what we need to prove: We need to show m(T ) is weak (1, 1), i.e., for f ∈ L1,

µm(T )f (λ) ≤ C
λ ∥f∥1. It is the ‘bad part’ that usually gives us trouble, so let us tackle that

first. One final lemma will help us with that.

Lemma 5.3.6. There exists C such that

∥
∑
j

ψkj (T )fj∥
2
2 ≤ Cλ∥f∥1. (5.28)

Proof. Observe that there exists C0 such that if Q = {x : maxj{xj} ≤ 1} then for all x,

we have

sup
y∈Q

(1 + |x− y|)−N−1 ≤ C0 inf
y∈Q

(1 + |x− y|)−N−1.

By dilation, for all j,

sup
y∈Qj

(1 + 2−kj |x− y|)−N−1 ≤ C0 inf
y∈Qj

(1 + 2−kj |x− y|)−N−1. (5.29)

Now fix j and set the centre of Qj to be y0. Then by (5.29) and (5.26),

|ψkj (T )bj(x)| ≤ C

∫
2−kjN (1 + 2−kj |x− y|)−N−1|bj(y)| dy

≤ 2−kjNλC1|Qj | (1 + 2−kj |x− y0|)−N−1

≤ λC2

∫
2−kjN (1 + 2−kj |x− y|)−N−1χQj (y) dy

= λC3 (2−kjN (1 + 2−kj | · |)−N−1 ∗ χQj )(x).
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If h ∈ L2, then

|⟨h, 2−kjN (1 + 2−kj | · |)−N−1 ∗ χQj ⟩L2 | = |⟨(1 + 2−kj | · |)−N−1 ∗ h, χQj ⟩L2 |

≤ C4⟨Mh,χQj ⟩,

whereM is the Hardy-Littlewood Maximal function (Refer Appendix). SinceM is bounded

on L2, ∣∣∣∣∣∣
〈
h,
∑
j

ψkj (T )bj

〉
L2

∣∣∣∣∣∣ ≤ C5⟨Mh,
∑
j

λχQj ⟩

≤ C6∥h∥2

∥∥∥∥∥∥
∑
j

λχQj

∥∥∥∥∥∥
2

≤ C6∥h∥2
∑
j

λ2|Qj |

≤ Cλ∥f∥1,

completing the proof of the lemma.

Therefore, if ℓ > k, by the definition of ψk, we have ψkmℓ = 0 so, ψk(T ) mℓ(T ) = 0, since

the supports of ψk and mℓ are disjoint.

Similarly, for ℓ > k, by the definition of ψk, ψk(T ) mℓ(T ) = mℓ(T ).
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Now we go back to the Calderón-Zygmund Decomposition.

m(T )f =
∑
j,ℓ

mℓ(T )bj + m(T )g

=
∑
j

∑
ℓ≤kj

mℓ(T )bj +
∑
ℓ>kj

mℓ(T )bj

+m(T )g

=
∑
j

∑
ℓ≤kj

mℓ(T )bj +m(T )

∑
j

ψkj (T )bj + g

−
∑
j

mkj (T )ψkj (T )bj . (5.30)

We use the same logic as in Theorem 5.2.7, and divide µm(T )f (λ) into three parts, corre-

sponding to the three terms in (5.30), µm(T )f (λ) = µ1 + µ2 + µ3.

As before, define Ω∗ =
⋃

j Q
∗
j . Then, by (5.27),

µ1 =

∣∣∣∣∣∣
x :

∣∣∣∣∣∣
∑
j

∑
ℓ≤kj

mℓ(T )bj

∣∣∣∣∣∣ > λ

3


∣∣∣∣∣∣

≤ |Ω∗|+ λ

3

∫
Ω∗

∣∣∣∣∣∣
∑
j

∑
ℓ≤kj

mℓ(T )bj(x)

∣∣∣∣∣∣ dx
≤ C

λ
∥f∥1 +

C

λ

∑
j

∥bj∥1

≤ C

λ
∥f∥1.

Next, using Lemma 5.3.6,

∥∥∥∥∥∥
∑
j

ψkj (T )bj + g

∥∥∥∥∥∥
2

2

≤ Cλ∥f∥1.
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And since m(T ) is strong (2, 2) and using Tchebychev’s Inequality,

µ2 =

∣∣∣∣∣∣
x :

∣∣∣∣∣∣m(T )

∑
j

ψkj (T )bj + g

∣∣∣∣∣∣ > λ

3


∣∣∣∣∣∣

≤
(
C

λ2

)∥∥∥∥∥∥
∑
j

ψkj (T )bj + g

∥∥∥∥∥∥
2

2

≤ C

λ
∥f∥1.

Finally, by (5.24) and Tchebychev’s Inequality,

µ3 =

∣∣∣∣∣∣
x :

∣∣∣∣∣∣
∑

j

mkj (T )ψkj (T )bj

∣∣∣∣∣∣ > λ

3


∣∣∣∣∣∣

≤ 3

λ

∥∥∥∥∥∥
∑
j

mkj (T )ψkj (T )bj

∥∥∥∥∥∥
1

≤ C

λ

∑
j

∥bj∥1

≤ C

λ
∥f∥1,

completing the proof of the theorem.
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5.4 Next Steps

Let us revisit the Schródinger Operator of the form La = −∆+ a
|x|2 that we briefly touched

upon in [7, Sec. 2.3] detailing Theorem 5.3.2 proves that the operators of the form m(La)

are bounded Lp−multipliers for a ≥ 0.

[11] establishes the Lp boundedness of m(La) for − (N−2)2

4 ≤ a ≤ 0, N ≥ 3. The operator

is semi-positive-definite in this interval. The operator does not have a unique self-adjoint

extension for −(N−2)2

4 < a < 1 − (N−2)2

4 , N ≥ 3. The result was proved considering the

Friedrich’s extension for this region. The proof does follow a similar pathing, with the

Marcinkiewicz Interpolation and Calderón-Zygmund Decomposition again taking centre

stage.

Possible next steps include the analysis of m(La) on other related Banach spaces.
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