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ABSTRACT

This thesis explores the spectral theory of Schrodinger operators and their applica-
tions to evolution equations. The primary focus is on the spectral decomposition of
unbounded self-adjoint operators on Hilbert spaces, with particular emphasis on the
Laplacian and Schrodinger operators of the form —A + V', where V' is a potential
function. The work begins with a detailed exposition of the spectral theorem for
unbounded self-adjoint operators, utilizing tools from functional analysis, including
projection-valued measures, the Cayley transform, and the theory of Banach C*-
algebras. The spectral theorem is then applied to Schrodinger operators, where the
potential V' is assumed to satisfy various growth conditions, such as V(z) — oo as
|x| = o0 or V(z) — 0 as |z| — oo.

The thesis also investigates the essential self-adjointness of these operators and their
spectral properties, including the discrete and essential spectra. Specific examples,
such as the quantum harmonic oscillator and the Coulomb potential, are analyzed in
detail, with explicit calculations of eigenvalues and eigenfunctions provided. The
work further extends to the study of evolution equations, where the semigroup
theory is employed to solve initial value problems associated with PDEs involving
Schrédinger operators.

In the final chapters, the thesis delves into the theory of spectral multipliers, which
are operators of the form m(T'), where m is a bounded measurable function and T
is a self-adjoint operator. The boundedness of these multipliers on L spaces is es-
tablished using techniques from Fourier analysis, including the Mikhlin-Hérmander
multiplier theorem and the Calderén-Zygmund decomposition. The results are ap-
plied to Schrodinger operators, providing sufficient conditions for the LP-boundedness

of spectral multipliers associated with these operators.



Overall, this thesis bridges the gap between abstract spectral theory and concrete
applications in PDEs, offering a comprehensive treatment of the spectral properties
of Schrodinger operators and their implications for solving evolution equations. The
results presented have potential applications in quantum mechanics, mathematical

physics, and the analysis of PDEs.
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Notations

Notation Description
C(X) Continuous functions on the space X onto a scalar field
B(Q) Bounded functions on the space X onto a scalar field
B(H) Bounded linear functionals on a Hilbert space
C>(RY) Space of complex-valued smooth functions on RY with com-
pact support
L*(X) Space of square integrable complex-valued functions on X
2(X) Space of square summable sequences with entries in R indexed
by X
H*(RY) Sobolev space with index s with norm given by ||f|[s* =
JRY(L+[€7)°f(8) dg
HZ(RY) Space that is the closure of C°(R”Y) with the H*—norm
S(RYM) Schwartz space in RY
S'(RYN) Space of Tempered distributions in RY
LP(RY) Space of complex-valued functions f on RY such that

Jan S < 00




Chapter 1

Preliminaries

1.1 Introduction

Spectral decomposition has been of interest to mathematicians since time immemorial.
In the case of a university student, the first time we come across this concept is in the
undergraduate linear algebra course, where we look at spectral decomposition of linear
operators in finite dimensional spaces. This thesis wishes to explore this notion, progressing
through compact and self-adjoint and normal bounded operators, upto unbounded self-
adjoint operators. We then continue to explore the different applications of this spectral
theorem.

We will venture into spectral theory of operators from the next chapter onwards. This
chapter is devoted to develop some preliminary concepts that will be used repeatedly

throughout this thesis.



1.2 Banach Algebras: Multiplicative Linear Func-

tionals and Maximal Ideals

Definition 1.2.1. A Banach Algebra over C is a Banach space A with the norm ||.|| that

satisfies:

x(yz) = (zy)z (1.1)
(t+y)z=xz+yz; xz(ly+2)=xy+xz (1.2)
a(ry) = (az)y = z(ay) (1.3)
lzyll < llz[llyl (1.4)

for all x,y,z € A and a € C.

In addition, if we have xy = yx for all x,y € A, then A is said to be a commutative Banach
algebra, and if A has an element e such that xe = ex = x and |le|| =1 for all z € A, then
A is said to be a Banach algebra with unity. If there exists an element ~! € A such that

1

Tr T = ZCil

x = e where e is the unit element of A, then z is said to be invertible, and it

is easy to see that such an inverse is unique for each invertible x.

Definition 1.2.2. A multiplicative linear functional on a Banach algebra A is a map

¢ : A — C such that

d(zy) = d(z)o(y) (1.5)

for all z,y € A.

In this text, we usually assume ¢ is not identically 0 for convenience.

The set of all multiplicative linear functionals on a Banach algebra A shall be denoted by



YA

Proposition 1.2.3 (Properties of multiplicative linear functionals). Suppose ¢ €

Y4, where A is a commutative Banach algebra with unit. Then

(a) ¢le) =1,
(b) if x € A is invertible, then ¢(x) # 0 for every ¢ € X4,
(c) if ||z|| <1, then e — x is invertible,

(@) 16(@)] < ||| for every z € A, i.c., ||6] = 1.

Proof. Let ¢ € ¥ 4. Consider z € A such that ¢(z) # 0. Then (a) immediately follows

from

¢(z) = ¢lex) = p(e)o(x),

implying that ¢(e) = 1.
Note that

which proves (b), as neither one of ¢(x) nor ¢(z~!) is zero.
By (1.4), we have |lz"|| < [|z||", and if ||z|| < |A| for A € C {0}, then for s, = e + A1z +
(A™H222 + ...+ (A D2 € A, note that for n > m,

Isn = smll = AT 2™ 4+ (A7"a"

can be made arbitrarily small for large n, m since ||z|| < |A|. This means that the sequence
{sn} forms a Cauchy sequence in .A. Due to the completeness of A, there exists an element

s € A such that s, — s. Since (A™1)"z" — 0 as n — oo,

Sn.(e—=A"tz)=e— (ANH) Tt = (e — A7) L s,

4



implies that s is the inverse of e — A™'2. Hence (c) is proved by taking A = 1.
From (c), we have that if ||z|| < |A| for A € C, then Ae — z is invertible and hence by
(b), #(Ae — ) # 0, which implies that ¢(x) # A, for all x € A, which in turn implies the

required result. O

Remark 1.2.4. From the previous proposition, we can conclude that ¥ 4 C A*, where A*

denotes the set of all continuous linear functionals on .A.

Corollary 1.2.5. X 4 is closed with respect to the weak™ topology the closed unit ball in

A*, and hence is weak® compact.

Proof. Recall that if f,, € A*, then f,, — f in the weak* topology if and only if f,(z) —
f(x) for all x € A.

Assume ¢, — ¢ in the weak® topology on A*, for ¢, € ¥ 4. We need to show that ¢
is a multiplicative linear functional, and that will prove our statement. However, that is

immediate, as

¢zy) = lm ¢y (zy) = lim ¢n(2)¢n(y) = o(2)d(y).

By Banach-Alaoglu theorem [16, Ch. 3, Thm. 3.15], we know that the unit ball in A* is
weak* compact. Since ¥4 is a closed subset of the unit ball (Proposition 1.2.3), we have

that ¥ 4 is (weak™) compact. O

Remark 1.2.6. X 4 is a compact Hausdorff space, and the Hausdorffness follows from the

Hausdorffness of the weak* topology on A* [16, Ch. 3, 3.14].
Definition 1.2.7. Let A be a Banach algebra with identity. I C A is called a sub-algebra
if I is a subspace and zy € I for every z,y € I.
(a) A sub-algebra I C A is called an ideal if for every z € A and y € I, we have zy € I.
(b) Such an ideal is called a proper ideal if I # A.

5



(¢) An ideal I is called mazimal if for I’ ideal such that I C I, then I' = A.

Remark 1.2.8. Note that for non-commutative Banach algebras, the notions of left, right
and two-sided ideals have to be considered. However, in this text, we will be needing ideals

of commutative algebras, hence the above definition.

Remark 1.2.9. Also note that if I C A is a proper ideal, then e ¢ I. If e € I, then for
x ¢ I, xe = x € I since I is an ideal. This implies that I = A, contradicting that I is a
proper ideal. This is therefore a defining property of a proper ideal, i.e., I is a proper ideal
if and only if e ¢ I.

If I is an ideal, then so is I, the closure of I in A. This is because if € 9I, then
there is a sequence {x,} such that ||z, — x| — 0 as n — oo. Thus for any a € A,

lazy, — azx| < |a||||zn — z|| = 0 as n — oo.

Proposition 1.2.10. Let A be a commutative Banach algebra with unit, and let I C A be
a proper ideal. Then

(a) I contains no invertible element,
(b) I is a proper ideal,
(c) I is contained in some mazximal ideal.

(d) Mazimal ideals are closed.

Proof. Straightaway, if 2 € I is invertible, we have 2! € A. This implies that zz™! =e € I
which is a contradiction because I is a proper ideal. That proves (a).

For (b), since non-invertible elements in A is a closed set, both I and I are contained in
this set. This shows that I is a proper ideal.

Consider P := {J C A, J is a proper ideal of A : I C J}. Using inclusion as the partial

ordering, if A1 C As C ..., for A; € P, we see that B = U72, is an upper bound by Zorn’s

6



lemma [13, Ch. 1, Sec. 11]. We note that e ¢ B, which implies that B is a maximal ideal.
We have thus produced a maximal ideal that contains I, proving (c).

Finally, suppose M is a maximal ideal in A. Since M has no invertible elements and since
the set of all invertible elements is open, M contains no invertible elements either. This
implies that M is a proper ideal that contains M, which contradicts the maximality of M.

Thus M has to be closed. O

Definition 1.2.11. For each =z € A, the spectrum of z, o(x) is the set of all complex
numbers A\ such that Ae — z is not invertible. The complement of o(z) is called the
resolvent set of x, denoted by p(x).

The spectral radius of x is defined as follows:

n(x) = sup [|Al.
Ao (z)

Theorem 1.2.12 (Gelfand-Mazur). If A is a Banach algebra in which every non-zero

element is invertible, then A is isometrically isomorphic to C.

Proof. Let A1 # A2. Then for z € A, at most one of \je —x and Age — x is zero, and hence
the other is invertible. From here, and since o(z) is non-empty [16, Ch. 10, 10.13], there
exists exactly one point A, in o(x). It also follows that A e — z is not invertible, and hence
is zero. Thus x = Aze, and hence the map x — A; is an isomorphism of A onto C. Also

note |A\;| = ||\ze]| = ||z|| makes the map an isometry. O

Proposition 1.2.13. Let A be a commutative Banach algebra with unit. The map ¢ —

ker ¢ is a one-to-one correspondence between o4 and the set of mazimal ideals of A.

Proof. Let us first show that ker ¢ is a maximal ideal of A, for ¢ € ¥ 4. If z € ker ¢, a € A,
we have ¢(azx) = ¢(a)p(x) =0, i.e., ax € ker ¢. This shows that ker ¢ is an ideal, which is

maximal because the quotient, 4/ ker ¢ is one-dimensional.

7



The correspondence is one-to-one, as if ker 1 = ker ¢o, then ¢ = ags for a € C. But
¢1(e) = ¢a(e) = 1 implies that o = 1.

We now need to show that any maximal ideal of A is of the form ker ¢ for some ¢ € ¥ 4.
We have showed that M is closed (Proposition 1.2.10), and thus we can quotient A by
M. Consider 7 : A — A/M, the quotient map, i.e., a - a+ M. A/M is also a Banach
space (Ref 1., Thm 1.41). We claim that A/M is a Banach algebra with the following
multiplication:

(a+M)b+ M) =ab+ M.

This multiplication is well-defined because of the following. If a + M =d' + M, b+ M =
b+ M, then a —a’,b — ¥ € M. Clearly, since M is an ideal, m = (a +d')(b— V) =
ab+abl —ab—d¥ e M, m'=(a—ad)(b+V)=ab+ab —ad'b—a'b' € M. This inturn
implies that ab — a'b = %(m +m') e M = ab+ M = a'b' + M. The only part we have
to check in Definition 1.2.1 is (1.4), since the others just follow from A being a Banach
algebra. This again follows from A being a Banach algebra, since for any m,m’ € M,
@+ m)(b+m)| < fla+ mllllo+ m]l

We now claim that A/M has no proper ideals. Suppose I C A/M is a proper ideal.
Consider 7= Y(I) = {a € A,7w(a) € I}. 77 1(I) is a proper ideal of A as e ¢ A and
M C 7 1(I), which contradicts that M is a maximal ideal. Since .A/M has no proper
ideal, any non-zero x € A/M is invertible as otherwise, the ideal generated by this element
is proper. We can thus apply Theorem (1.2.12), which gives us A/M = C. Consider the
isomorphism ¢ : © — A, for all x € A/M. Define ¢ : A — C by p = ¢ o w, which is
multiplicative since ¢ is. It is easy to see that ker ¢ = M. We have thus produced ¢ € ¥ 4
such that kery = M. O

Example 1.2.14. Let A = C(X), where X is compact Hausdorff. Fix zg € X, and
define the multiplicative linear functional ¢,, : f — f(xg) on C(X). We claim that any
multiplicative linear functional is the evaluation at a point.

Let M., = ker(¢(zo)) = {f € C(X), f(zo) = 0}. This is a maximal ideal because of

8



Proposition 1.2.13.
Suppose M C C(X) is a maximal ideal. We try to show that there exists xy € X such that
M = M,,. Suppose there exists no z¢g € X such that f(zp) =0 for all f € M. Then, for all
x € X, there exists f, € M such that f,(x) # 0, which implies there exists a neighborhood
U, of x € X such that f,(t) # 0 for all ¢ € U,. The collection of all U, covers X. X being
compact and Hausdorff implies that there exists a finite collection {1, ....,zy,} such that
X =Uj_ Uy;. Define:
n
9= fo,fo, €M

j=1
as fz; € M. Thus if y € X, there exists jo such that y € Uy, which implies g(y) =
> i | fa |2 > 0. Hence, we have g strictly positive, which implies % is also strictly positive
making g(%) = e € M, which contradicts the fact that M is a maximal ideal. Thus we
have M = M,, for some z( € X, which proves our claim.

1.3 The Gelfand Transform and C*- algebras

Definition 1.3.1. Let A be a commutative Banach algebra with unity. For x € A, define

z:3X4—Cby

The map x — % is called the Gelfand transform.

Note that & is a continuous function on Y 4, since if ¢, € ¥4 such that ¢, — ¢ in the

weak* topology, then Z(¢q) = da(x) = O(x) = ().

Example 1.3.2. Let A = C(X) where X is a compact Hausdorff space. Since all multi-

plicative linear functionals are of the form ¢,, as in Example 1.2.14. Thus we can identify



Y4 with X. For each f € A, f: 34 = C, f(bu,) = buy(f) = f(x0). Upon the identifica-

tion, the Gelfand transform is the identity map between A and C'(X 4).

The below theorem lists some important properties of the Gelfand transform, however the

proof is left unattended in this document. The proof can be found in [16, Ch. 11, 11.19].

Theorem 1.3.3. Suppose A is a commutative Banach algebra with unit.

(a) The Gelfand transform is an algebra homomorphism from A onto C(X4), € = 1

where e € A is the identity,
(b) x € A is invertible if and only if & never vanishes, i.e., & is invertible in C(X 4),
(c) Range & = o(x),
(d) ||Z]lcc = n(z) < ||z||, where n(x) is the spectral radius.

Example 1.3.4. Let us consider the same example as in Example 1.2.14 and 1.3.2. The
equality in Theorem 1.3.3 is attained in this case as the Gelfand transform is the identity

map, || fllso = | f]l, for f € C(X), and we have o(f) = Range f= Range f.

Definition 1.3.5. An involution is a mapping = — x* of an algebra that satisfies:

(8) (x+y)" ="+,
(b) (wy)* = ya*,
(¢) (Aa)* = Aa”,

(d) z** = .
An Banach algebra with an involution is called a Banach* algebra.

10



Definition 1.3.6. A commutative Banach* algebra is said to be symmetric if for all z € A

'R>I

7 =

The Gelfand transform has an interesting property, and this property will help us establish
the spectral theorem for bounded normal operators. Before that however, we require one

final tool in the form of the proposition below.

Proposition 1.3.7. Let A be a commutative Banach* algebra with unit.

(a) A is symmetric if and only if for self-adjoint © € A, i.e. when x = x*, & is real-

valued.

(b) If A is symmetric, then the range of the Gelfand map is dense in C(X4).

Proof. Let us prove (a) first. Assume that A is symmetric, then 2* = & for all z € A.

Hence for x = zx, we have T = o = &, which makes & real-valued. Conversely assume

y—y*
2

that for self-adjoint x, & is real valued. Let y € A, and define u = % and v =

Note that both u and v are self-adjoint, and y = u + iv. This makes y* = u — iv and by
taking tha Gelfand transform, we get y* = @ — it = ¢ (since the Gelfand transform is an

algebra homomorphism, Theorem 1.3.3), which makes A symmetric.

For (b), we try to show that G = {Z : z € A} separates points in ¥ 4. This will mean that
we can use the Stone-Weierstrass theorem [17, Ch. 7, 7.32] and obtain that G is dense in
C(X4). Note that G is a sub-algebra of C'(X 4) closed under conjugation as A is symmetric.
Also note that 1 € G. To show G separates points in A, we know that if ¢1 # ¢9, the
o1(x) # pa(x) for some x € A, ¢; € ¥4, i = 1,2. This implies that £(¢1) # Z(¢p2). This

implies that G separates points in Y 4, and hence we have the result. ]
Definition 1.3.8. A Banach* algebra is called a C*—algebra if ||z*z|| = ||z|?.

11



Note that in C* algebras, we have ||z*|| = ||z||, since ||z * z|| = ||z||? < ||z||||z*|| = ||z|| <
||l=*||, and the other side follows from z** = z.

C*-algebras also have another important property, as shown by the following proposition.

Proposition 1.3.9. If A is a C*—algebra (with unit), then A is symmetric.

Proof. Let x = 2* € A, ¢ € ¥ 4 and suppose ¢(z) = &(¢) = a+ i, a, 5 € R. For t € R,
consider z = x + ite € A. Then, ¢(2) = ¢(x) + itp(e) = a+if + it = a+i(B +1).

Note z* = z — ite, which makes z*z = 22 + t%e. Hence
o+ (B+1)? = 16(2)| < |2)? = %2 < [Ja?]| + 8 = ||=|* + ¢,

where the inequality is from Proposition 1.2.3. This immediately implies that o? + 82 +
26t < ||z||? for all + € R, which forces 8 = 0. Thus we have that # is real-valued for

self-adjoint x, which gives us that A is symmetric by Proposition 1.3.7. O

Theorem 1.3.10 (Gelfand-Naimark). Suppose A is a commutative C*—algebra with
unit, and mazimal ideal space/ space of multiplicative linear functionals ¥ 4. Then the

Gelfand transform is an isometric *—isomorphism of A onto C(X4).

Proof. 1t suffices to show that the Gelfand transform is an isometry. This will in turn
prove that the range of the Gelfand transform is closed in C(X 4), which will conclude the
proof by Proposition 1.3.7, (b).

Fix z € A and define y = z*z. Then y* = z*z = y, and hence it is self-adjoint. For some
EeN, [l [l = [ )y | = lly* "|I*. Thus by induction, we get [|y*"[ = [ly[*".

From Theorem 1.3.3 we have that ||7|lcc = 7(y). This gives us

. . koL .
llloc = n(y) = lim Iy |2 = lim [jy] = [lyll.
—00 k—o0

12



Thus for self-adjoint y, we have ||7|loc = |yl = ||z*z|| = ||||*.

Now, y = z * x implies § = 24 = |£|?>. We thus have,
l]* = 12 = [|2(13

giving us ||z|| = ||Z||eo, proving that the Gelfand transform is an isometry. O

Suppose B C A be commutative Banach algebras with unit, with B being a sub-algebra.

For x € B, there exists two spectra:
og(z) ={A € C: e —x is not invertible in B},

oa(r) ={A € C: Xe—x is not invertible in A},
and clearly, o4(z) C og(x).

The following proposition will apply rather beautifully to our treatment of bounded normal

operators.

Proposition 1.3.11. Suppose A is a commutative Banach algebra with unit and B C A

is a closed sub-algebra with unit. If v € B and og(x) is nowhere dense in C, then op(z) =

oa(z).

Proof. Let \g € op(x). Because of nowhere denseness, there exists a sequence A, €
C\ op(z) such that \,, = A¢ in C. Note that each A\,e — x is invertible in B and A\,e —x —
Aoe —z. We claim that ||(A,e—2) 7t — oo as n — oo. If not, by passing to a subsequence,
assume ||(A,e — x) 7| < ¢ < oo for all n, without loss of generality.

But then, for large n, we have

I(Ane = 2) = (Aoe = 2)|| < A = Aol < ™ < [|(Ane — 2) 71|,

13



which implies that A\pe — x is invertible in B, which is a contradiction. Thus our claim is
right.
This guarantees that A\ge — x cannot be invertible in A either, because otherwise, (\,e —

z)~! — (Aoe — 2)~! by continuity. Thus, A\g € A. O

Corollary 1.3.12. Suppose A is a C*—algebra with unit and B C A be a sub-algebra with

unit.

(a) If x € B and x is invertible in A, then x is invertible in B, and

(b) o5(z) = oa(z).

Proof. Let x € B and set y = z*x. Let C be the C*—sub-algebra generated by y and e.
Then clearly, C C B C A.

Now if z is invertible in A, then y is also invertible in A. Since C is a commutative
C*—algebra with identity, o¢(y) C R, which is nowhere dense in C. Hence, by the previous
proposition, we have o¢(y) = oa(y). This implies that 0 ¢ C, which implies that y is

invertible in C C B. Thus, 2 ! =y 'a* € Bas y~! € B. O

This completes the chapter of required preliminaries to step into the main content of the

thesis, which starts in the next chapter.
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Chapter 2

Spectral Theorem for Unbounded
Self-Adjoint Operators on a
Hilbert Space

2.1 Introduction

The operators we consider in this thesis are linear, unless otherwise explicitly mentioned.

Let us recall some definitions to start, and get them out of the way.
Definition 2.1.1. )\ € C is called an eigenvalue of T if T'— AI is not injective.

Definition 2.1.2. A vector 0 # f € H is called an eigenvector of T associated with A if
Tf=M\f.

In the following definitions, the notion of adjoint is the usual one, for we consider at the

most, bounded operators [16, Ch. 4, Thm. 4.10].
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Definition 2.1.3. Let H be a Hilbert space. An operator T on H is symmetric if we have
for z,y € 2(T),

<T:L‘, y) = <£L’, Ty>'

Clearly, T' C T whenever T is symmetric. If T'= T, then T is self-adjoint. When H is
finite-dimensional, the notions of symmetric and self-adjoint coincide. Lets look at a case

where this breaks down when we are no longer in finite-dimensional Hilbert spaces.

Example 2.1.4. Consider the bounded linear operator on summable sequences with entries

in R indexed by Z, T : £?(Z) — (*(Z) given by:
(Tz)j = wjp1 — 5.
This operator is symmetric, because

(Tz,y) = (w41 — z5)y;

JEL

= (z,Ty).

However, computing the unique operator 7% such that (Tz,y) = (x, T*y), yields

(T*y)j = Y5 — Yj—1,

which for sure is not the same operator as T. Therefore the notions of symmetric and
self-adjoint are distinct in the sense a self-adjoint operator is always symmetric, but a

symmetric operator need not be self-adjoint.

Definition 2.1.5. An operator T : H — H is said to be normal if TT* = T*T. A normal

operator is unitary if TT* =T*T = 1.
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Example 2.1.6. Consider T : L?([—m,7]) — L*([—7,7]) given by

(TF)(p) =¥ f().

The spectrum of this operator is the unit circle in the complex plane, o¢(T) = T and

T =TT"=1.

Definition 2.1.7. T : H — H is compact if for any bounded sequence {x,} C H, the

sequence {Tx,} has a convergent subsequence.

Let’s state the finite dimensional version of the spectral theorem we all know well.

Theorem 2.1.8. [1, Ch. 7, Thm. 7.29] Suppose F = R/C and T is a linear operator on

FN. Then the following are equivalent:

(a) T is normal. Moreover, T is self-adjoint if F = R.

(b) H has an orthonormal basis consisting of eigenvectors of T.
We also note that in the finite-dimensional case,
o(T) ={X € C: \is an eigenvalue}

since T' — Al is not injective iff 7' — AI is not invertible. This is not transferrable to the

infinite-dimensional case. Let us look at an example.

Example 2.1.9. Consider the right shift operator T": £2 — ¢? given by
T(ai,az,...)=(0,a1,aq9,...).
Note, however T has no eigenvalues because:

(T—)\I)(al,aQ,...) = (0,&1,&2,...)—)\(al,az,...),
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which shows that T' — AI is injective. But the spectrum of T’ is:
o(T)={reC: |\ <1},

which is an easy consequence of the fact that the above set consists of eigenvalues of the

left shift operator, which is the adjoint of the right shift operator.

So we need a new theory for infinite-dimensional Hilbert spaces. Let us consider the special
case of compact self-adjoint operators on a Hilbert space, H. Recall the spectral theorem

in this case [2, Ch. 10, 10.106]:

Theorem 2.1.10. Suppose T' is a compact self-adjoint operator on H. Then:

(a) There exists an orthonormal basis of H consisting of eigenvectors of T.

(b) There exists a countable set 2 and an orthonormal family {e}req in H, { i treq in

R\ {0}, such that for every f € H,

Tf = Z )\k<f, 6k>€k.

keQ

If H is an R Hilbert space, then a compact operator T is self-adjoint if and only if (a) is

true. This is however not true for C— Hilbert spaces.

The class of compact self-adjoint operators is a restrictive one, even within the realm of
bounded linear operators on a Hilbert space H, and hence it is natural to ask to extend
the spectral theorem to more general settings. In this chapter, we will aim to prove the
spectral theorem for unbounded self-adjoint operators by first using the theory of Banach
C*-Algebras to establish the spectral theorem for bounded normal operators, then establish
the theory of the Cayley Transform, and finally apply the spectral theorem for bounded

normal operators onto the Cayley Transform of an unbounded self-adjoint operator.
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2.2 Projection-valued measures

Definition 2.2.1. Let Q be a set and .%# be a o—algebra of subsets of 2, and let (H, || - ||)
be a Hilbert space. A projection-valued measure on (2, %) is a map P : % — B(H) such
that:

(a) If E € #, then P(E) = P(E)* = P(E)?, i.e., each P(E) is an orthogonal projection,
(b) P(0) =0, P(Q2) = I, the identity map,

(c) P(ENF) = P(E)P(F),

(d) U2 E; = E such that Ejs are disjoint, then P(E) = > 22, P(Ej;) in the strong

operator topology.

From here, we get that for each u,v € H,
Puw(E) = (P(E)u,v)

is a complex measure on ). All the properties are straightforward from the definition,
except the countable additivity. To check this, suppose {£;}32; are disjoint. Then,
(P(Ué\leEj)u, v) = Z;-V:ﬁP(Ej)u, v) = 32721 (P(Ej)u,v) which is an absolute convergence
due to the operator norm convergence of Z;’il P(Ej). Also note that P, is a positive finite

measure and || Py || = Puu(Q) = (P(Q)u, u) = ||ul|?. Here is an example.

Example 2.2.2. Let # = L?([0,1]) and let .# be the Borel o-algebra. For E € .7, define

P(E)f =xef

where x g is the characteristic function on E. By the definition of the characteristic func-
tion, all the properties of projection-valued measures are straightforward for this particular

example.
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Next, we try to define integration with respect to this measure. Let B(2) be the space of

bounded measurable functions on Q. If f € B(f2), u € H, consider

‘ / f dP..
Q

By polarizing, we can write P, , for u,v € H in terms of P4y utv, Pu—vu—v, Putivutivs Pu—iv,u—iv

< N1 £ lloo Pau($2) = 1| Flloo]lual|*.

and obtain:

‘ / f dP..
Q

Thus, if [[ul] = [jo] = 1,

1 . .
< I loolll+ ol + flu = ol* + flu + 0] + [lu— aw]]?).

’ / f dP..
Q
’ / f dP..
Q

making (u,v) — fQ f dP,, a continuous sesquilinear form and by Riesz Representation

< 4 floo;

and in general,

< Al llollulloll,

theorem [2, Ch. 8, Sec. 8C], there exists a unique bounded operator, T, such that

/f dPy,, = (Tyu,v).
Q

We will denote Ty by [, f dP.
The linearity of this operator is clear, by the definition. How does this operator look

though? To see this, consider g = Z;Vﬂ CjXE;, a simple function. Then

N N N
/ g dPu,v - /(Z CjXEj) dPu,v - Z/ CjXEj dpu,v - ZC]‘P(E]‘)U,’U P
Q € 5= j=179 j=1

making [,g dP = Zjvzl ¢;P(Ej). If f € B(R), then there exists a sequence of simple
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functions { f,} such that || f, — f|lcc — 0. Hence we have,

fr v -

where the first expression is in the operator norm.

(-1 dPH <AIf = fulloo = 0,

Theorem 2.2.3. If P is a projection-valued measure on (Q,.F), then the map f —
Jo [ dP is a*-homomorphism from B() onto B(H).

Proof. Let us work with simple functions, and prove the x—homomorphism property. Sup-

pose f and g are simple functions:

n m
F=Y cixs: 9= dixm,
=1 k=1

for Ej, b, e 7

Then, fg =74 > 4L ¢jdkXE,nF, and

| 19 ap~ ZZc]dk/xE ory P

7=1 k=1

and that shows that the map f — [, f dP is a homomorphism.

Now if f,g € B(Q2), then there exist sequences {f,}, {gn} of simple functions such that
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fn = f, gn — g in the L*° norm. This does also mean that f,g, — fg in the L norm,

which implies

H/ Jn9n dP—/fg dPH:H/(fngn_fg) dPH§4||fngn_ngoo_>O
Q Q Q

Since f,, gn are simple, we have

/angn dP:/an dP/an dP. (2.1)

An observation here will help us conclude the result: if |7, — T|| — 0, [|S, — S|| — 0,
then 7,5, — T'S in the operator norm. This follows straight from the triangle inequality:
TSy — TS| = |T0Sn — TS + TS — TS| < || TullllSn — S|| + T, — T||||S]| — 0. This
concludes our proof of the homomorphism as we just take lim,,_,o, on both sides in (2.1).

We now aim to show that (fQ f dpP)* = fQ f dP. Again, consider a simple function
f=>""_1 ¢jxg,, which makes f= > i1 GiXE;-

Now, [o f dP =377, ¢;P(E;), which makes ([ f dP)* =377, ¢;P(E;)* = 3_7_, ¢;P(Ej) =
fQ f dP, proving the assertion for simple functions. The approximation of bounded mea-

surable functions by simple functions gives us the result. O

We now set 2 = X 4, and write down the first version of the spectral theorem that we will

prove.

2.3 Spectral Theorem for Bounded Normal Oper-

ators

Theorem 2.3.1 (Spectral Theorem I). Let A be a commutative C*—sub-algebra of
B(H) with identity. Let ¥ be the set of multiplicative linear functionals on A (or) the
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mazimal ideal space, and let T — T be the Gelfand Transform. Then there exists a unique

regular projection-valued measure P on ¥ such that

T = / T dP,
b
for all T € A. Moreover, there exists Ty € B(H) such that for all f € B(X), such that
Ty = / f dP.
b

Furthermore, if S € B(H) then the following are equivalent:

(a) S commutes with every operator T € A,

(b) S commutes with every P(E) for all E € F, where F is the Borel sigma-algebra on
X,

(c) S commutes with every [ f dP for all f € B(X).

Proof. The proof of the first two statements are simple consequences of Theorems 1.3.10
and 2.2.3. This means that we just have to prove the equivalence statements. (c) implies
(b) follows from letting f = xg for E € .%. (c) implies (a) follows from Theorems 1.3.10
and 2.2.3, by the identification of A and C(X) and the extension of the representation of
Ty as fz f dP to all bounded measurable functions on ¥. The operator fz [ dP =T} is
bounded for all f € B(X), and hence (a) implies (c). (b) implies (c) can be concluded by

approximation with simple functions. O

Let us now restrict ourselves to a single operator.

Theorem 2.3.2 (Spectral Theorem for Bounded Normal Operators). Let T €

B(H) be a normal operator. Then there exists a unique projection-valued measure P on
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the Borel subsets of o(T') satisfying
T= / A dP()N). (2.2)
o(T)

Proof. Let A be the commutative C*—algebra with identity generated by T, T* and I.
Then ¥4 can be identified with (7)) C C. This is because of theorem 1.3.3 and the
Gelfand-Naimark Theorem (1.3.10), for we have ¢ € $4, ¢(T) = T(¢) = X € o(T). Since
> 4 is compact Hausdorff, by Example 1.3.2, we have that the Gelfand Transform is the
identity map after the identification, i.e T()\) = A. For clarity, the identification from the

Gelfand-Naimark theorem is as follows:

A C(.4)
T A=A
T2 A= A2
T* A=A
p(T,T*) | A= p(A,A)

And the right column becomes the whole of all continuous functions on C'(X4) by the
Stone-Weierstrass theorem.
We now have the existence of the unique projection-valued measure by Theorem 2.3.1, call

it P, such that
1= [ gar=[ o) apw,
o(T)

o(T)

for all f € C(X4). In particular, T = fU(T) A dP()). This proves our theorem. O

We finally prove one small but useful result, before we venture into the realm of unbounded

operators.

Theorem 2.3.3. A normal operator T € B(H) is
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(a) self-adjoint if and only if o(T) C R,

(b) unitary, i.e. T*T = I = TT*, if and only if o(T) lies on the unit circle in the

complex plane.

Proof. Let A be the smallest C*—sub-algebra of B(H) generated by T,T* and I. Then
T(\) = A (Theorem 2.3.2) and (T*Y (A) = . Due to the correspondence between T' and
T, we have that 7= T* if and only if A\ = X\ and T*T = I = T'T* if and only if A\ = 1,
ie, [N\ =1for A € o(T). O

2.4 The Cayley Transform

The operators (by default linear) in this section are necessarily not bounded, and hence
the theories we know for bounded operators need not necessarily apply to this setting.
One particular definition we need before we step into the theory of unbounded operators

is stated below.
Definition 2.4.1. A linear operator T': H — H is said to be densely defined if its domain

2(T) is dense in H.

This naturally means that we can think of extensions of such an operator T into larger
domains than Z(T") (even when T is not densely defined). We use the notation T' C S if S
is an extension of T', i.e. Z(T") C Z(S) and Sz = Tz for all x € Z(T).

Remark 2.4.2. Adjoints: If we want to associate an adjoint 7™ to an operator T', we

want its domain 2(T™) to consist of all those y € H such that the linear functional,
x— (Tz,y)
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is continuous on Z(T'). We now try to apply the Hahn-Banach extension theorem [10, Ch.
3, Thm. 3.1.2] and for y € Z(T*) we can extend the above functional to a continuous

linear functional on H, i.e. there exists T*y € H such that

(Tz,y) = (z,T"y)

for all z € 2(T'). T*y is uniquely determined if and only if Z(7T') is dense in H. It is seen
that 7% is linear as if z € Z(T) and z,y € 2(T%),

(2, T*x+T"y) = (2, T"x) + (2, T*y) = (Tz,2) + (Tz,y) = (Tz,x + y) = (2, T (x + y)).

The verification of scalar multiplication is much easier, as

(2, T (ax)) = (Tz,az) = a(Tz,x) = (T(az),z) = (az, T z) = (z,aT™x),

for a € C. This shows that Z(T™) is a subspace of H.

Definition 2.4.3. A symmetric operator T is called maximally symmetric if there exists

no proper symmetric extension of 7', i.e if T' C S and S is symmetric, then S =T.

Theorem 2.4.4. Let T be a symmetric operator in H not necessarily densely defined.

Then,

(a) | Tz +iz|* = l]|* + | T=|,

(b) T is a closed operator if and only if Z(T +il) is closed,
(¢) T +iT is one-one,

(d) If Z(T +il) = H, then T is mazimally symmetric,

(e) (a), (b), (c) and (d) are true if i is replaced with —i.
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Proof. The proof of (a) is quite straightforward:

Tz + Z:L'||2 = ||T:1:H2 + H$||2 + (Tz,iz) + (iz, Tz)
= | Tz|]” + ||=|* — i(Tx,x) + i(Tx,x)

= [T ]? + ||z

For (b), consider the map ¢ : Z(T + il) — 4(T) given by (T + il)x — [z, Tx] (ordered
pair), where the graph of T, 9(T) = {[z,Tz]: =€ 2(T)}. 4(T) is a subspace of H x H
where the norm is defined as follows: for [a,b] € H x H, define ||[a,b]||> = |al/® + ||b]|*.
Clearly, by (a), ¢ is an isometry. If we show that ¢ is a one-to-one correspondence we'’re
done. Note that for x € Z2(T) = 2(T + il), we have [z,Tz] € 4(T) and that implies
(T + il)x exists, proving (b).

(c) follows readily from (a) because when (T +il)z = 0, we have || Tz +iz||? = 0 implying
|lz||? + | Tx||* = 0 which forces = = 0.

To show that T is maximally symmetric, we show this by contradiction. Suppose Z(T +
il) = H and S is a proper symmetric extension of 7', then S + il is a proper extension
of T+ il. For any symmetric operator T, if Z(T) is dense in H, for Tz = 0, we have
0= (Tz,y) = (x,Ty), which makes z L Z(T) and = = 0, making 7" one-one. Thus in our
situation, we have that S + il is one-one. This makes T+ ¢ not one-one too, and not
symmetric. Hence, 7'+ ¢I has to be maximally symmetric.

Since (a) is valid if 7« — —i, all other statements are valid too. O

Definition 2.4.5. The Cayley transform of an operator T' on H is defined as follows:

U= (T —il) (T +il)™".

Let us compute the Cayley transform for a bounded linear operator, to illustrate the power

of Theorem 2.4.8, which comes later.
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Example 2.4.6. For k € N, define T} : /?(N) — ¢2(N) by:

Ti(x1,x2,...) =(0,0,..., kxg,0,...).

Note that T} is a self-adjoint bounded operator. We then compute

1 1 1 1
(T —i—iI)_l(fUhx%---) = (ixl, z’xz""’z’—i—kxk’ixkﬂ"”) .

Then, the Cayley transform of T is given by U : Z(T} +iI) — ¢?>(N), a unitary operator,

is given by:
Ul ) k—1
X1,T9,...) = (T1,T2 .y —— Tk, Thot 1, -+ | -
1,2 1,72 Tk Tt
Theorem 2.4.7. Suppose that U is an operator in H and an isometry, i.e. ||[Uz| = ||z||
forz e 2(U).

(a) If c € 2(U), y € 2(U) then (Uz,Uy) = (z,y),
(b) If Z(U) is dense in H, then I — U is one-one,

(c) If any one of 2(U), Z(U) or 4(U) is closed, so are the other two.

Proof. (a) immediately follows from [16, Ch. 12, Ex. 2|, which says that any Hilbert space

inner product satisfies

N
1
<$7y> = N Z ||.’L‘ + anyHQan,
n=1

for a € C, o™ =1 and o? # 1. Therefore, using the fact that U is linear and an isometry,

we conclude.

For (b), assume there exists € H such that (I —U)x = 0. If we show = 0, we are done.
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For z=(I—-U)y € Z(I —U), we have

(z,(I =U)y) = (z,y) — (z,Uy)
= <U1‘, Uy) - <l‘, Uy)

= <U-'L'—.’L',Uy> :07

which gives us that z € [Z(I — U)]* forcing x to be 0.
We have that

1 2 9
ﬁ\l[x,Ufc]—[y,Uy]H :5!![96—?;,U:r—Uy]H2

1
=35 (lz = yI? + |U(z — »)|1?)
= ||z -y

=lU@ -y,

establishing a one-to-one correspondence between the three spaces, giving us (c). O

This next theorem carries the major result of the section, i.e. the Cayley transform of a self-
adjoint operator is unitary. This will help us establish the spectral theorem for unbounded
self-adjoint operators in the next section. Before the proof, however, the following fact is
imperative: for a self-adjoint closed densely defined operator, Z(I +T?) = H. This fact is
a ready conclusion from [16, Ch. 13, 13.13].

Theorem 2.4.8. Suppose U is the Cayley transform of a symmetric operator T in H.
Then

(a) U is closed if and only if T is closed,

(b) Z(I —U) = 2(T), I —U is one-one and T can be reconstructed from U by the
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formula:

T=iI+U)I-U)",

(c) U is unitary if and only if T is self-adjoint.

Conversely, if V' is an operator on H that is an isometry and I —V is one-one, then V is

the Cayley transform of a symmetric operator in H.

Proof. We have that U = (T —iI)(T +iI)~!, making 2(U) = Z(T +il). From Theorem
2.4.4 (b), we get that the latter is closed, and this makes U a closed operator as Z(U) is
closed, from Theorem 2.4.7. This proves (a).

The one-one correspondence between Z(T + iI) and ¢(7T) in Theorem 2.4.4 gives us a
one-one correspondence between Z(T) and Z(T + il), i.e. x <> z such that z = Tx + ix.
From Theorem 2.4.7 we have that T + ¢l is one-one, which makes sure that its inverse

exists. Therefore,
Uz= (T —4iI)(T +il) (T + il)x = Tz — ix,

for x € 2(T).
Now, to establish the reconstruction, we need to first show that D(T') = Z(I — U), which

is straightforward as:
(I-U)z=2z—-Uz=(Tzr+izx) — (Tz —ix) = 2ix.

We also note that (I + U)z = 2Txz. Note that the injectivity of I — U is clear, as if for
(T+il)xy = 21 # 20 = (T +il)xy € Z(T + il), implying x1 # x1, which will give us
(I —U)z # (I —U)zy. This ensures the existence of (I — U)~!. Therefore,

2Tx = (I+U)z = (I +U)(I —U)"(2ix),
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for all x € 2(T) which gives us T = i(I + U)(I — U)~L.
Now for (c), assume first that 7" is self-adjoint. Then from the fact stated just before this
theorem, we have Z(I + T?) = H. Now, we have

I+T? = (TH+il)(T —il) = (T —il)(T +il),

making Z(U) = Z(T +il) = H = Z(T —iI) = Z(U). If we just show that U is an
isometry, we have that U is unitary, since Z(U) = H. (Ref 1., Thm. 12.13).

This can be shown readily using Theorem 2.4.4 (a). For z € 2(U) = Z(T + iI), we have
x=(T+il)y,y € 2(T). Thus,

U] = (T = aD)(T + i)~ (T +il)yl* = |(T = iD)yl* = |(T +iDyl* = ||=]*.

Now assume that U is unitary. Suppose we have reconstructed 7" as in (b). To talk about
its adjoint, we need to ensure that Z(T") = Z(I — U) is dense in H. We have shown
that I — U is one-one, in (b). Note that I — U is a normal operator since U is unitary:
(I-U)I-U)=2-U-U*= (I —-U)(I—U)* For a normal operator S, Z(S) is
dense in H if and only if S is one-one because for normal operators we have the relation
|Sz|| = ||S*z|| for all xz € 2(S) if and only if ker(S) = ker(S*) if and only if Z(5) is dense
in H since ker(S*) = [%2(S)]+ = ker(S) = {0}. This makes 2(T) = Z(I — U) dense in H,
and hence we can talk about 7. And since T is symmetric, we have T' C T™*. If we show
the other side of the inclusion, i.e. T* C T, we are done.

Now we know that U is unitary if and only if Z(U) = H and U is an isometry. Since by
definition Z(T —il) = Z(U) = H, by Theorem 2.4.4 (d) and (e) we conclude that T is
maximally symmetric, and hence T'= T*. This shows that T is self-adjoint.

Finally to prove the converse, let V' be as in the statement. Since V is an isometry and
I —V is one-one, we have a one-one correspondence z <> x between Z(V) and Z(I — V)

given by x = z — Vz. We aim to reconstruct S as in (b) and show that it is symmetric and
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verify that V is indeed the Cayley Transform of S.
Define S on Z(I — V') by

Sz =1i(z+ Vz), (2.3)

for ¢ = z — Vz. Let us now show that S is a symmetric operator. Let x = z — Vz and
y=u—Vufor z,y € Z2(S5) and u,z € Z(V). In the calculations below, we use Theorem
2.4.7 (a).

(Sa,y) = ilz + Vz,u— Vu)
= i[(z,u) + (2, —Vu) + (Vz,u) + (Vz, Vi)
= i[(Vz,u) — (2, Vu)]
(x,Sy) = —ilz — Vz,u+ Vu)
= —i[(z,u) + (2, V) + (=Vz,u) + (—Vz, Vu)]

=i[(Vz,u) — (z,Vu)],

giving us that (Sz,y) = (z, Sy), making S symmetric.
To verify that V = (S —il)(S+il)~!, we show that V(Sz +iz) = Sz —iz for all x € 2(S),
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which is an equivalent expression.

Sr—iz=i(z+Vz)—i(z —Vz)
=21 Vz
Sr+iz=i(z+Vz)+i(z —Vz)
= 21z
V(Sz +ix) = V(2iz)
=21 Vz

= Sx —ix,

proving that V is the Cayley Transform of S. O

2.5 The Spectral Theorem

As explained before, we look to apply the results from section 1.4 to the Cayley Transform
of an unbounded self-adjoint operator T', which is unitary by Theorem 2.4.8. However
integral with respect to the projection-valued measure of the map f : o(7') — C given by
f(A) = X may not exist anymore due to the unboundedness of T'. Hence, we will have to
check this apriori to writing the main theorem.

In this section, consider P : # — B(H) to be a projection-valued measure defined as in

Definition ?7?. If we recall, we had defined T for each f € B(Q) to be as follows:

(fo7y>:/ﬂf dPx,ya

for every x,y € H. We extend this to unbounded measurable functions f in the following

results.
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Lemma 2.5.1. Let f: Q) — C be a measurable function. Define

sz{er, /|f|2 de7x<oo}.
Q

Then Wy is a dense subspace of H. Moreover, if x,y € H, then

JNL d|Px,y|g||yu{ s sz,x}Z. (2.4)
Q 0

Furthermore, if f is bounded and v =T}z then
dPy, = f dP;, (2.5)
forx,z e H.

Proof. We first check if #} is a subspace of H. Since by the property of projection-valued

measures, P(E) is self-adjoint for all £ € .%# and hence for x € H:
IP(E)z||* = (P(E)z, P(E)x) = (z, P(E)*x) = (z, P(E)x) = (P(E)z, ) = Pyo(E).
Now suppose that z,y € #} and  + y = z. Then
P..(B) = ||P(E)z|* < ||P(E)z+P(E)y|? < 2| P(E)x|*+2| P(E)y|® = 2[Po.u(B)+Pyy(E)),
implying z € #}. For scalar multiplication, assume u = ax for o € C. Then
P.(B) = ||P(E)(ax)|* < a*| P(E)z|* = |a|* Pro(E),

which makes %} a subspace of H.
To show #; is dense in H, consider, for n =1,2,3,..., E, = {z € Q, |f(z)| < n}. Then if
x € Z(P(Ey)), then P(E)x = P(E)P(E,)zr = P(EN Ey,)zx for E € .%. We have for any
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E € 7, |P.2(E)| = ||P(E)z|? < ||z||?* since orthogonal projection does not increase norm

[10, Ch. 7, Prop. 7.1.2]. This gives us that

/ P P, = / P dPys < n2|all? < oo,
Q E,

which concludes that #Z(E,) C #;. Observing that Q = U2 E,, and the fact that the
map F — P(F)y is countably additive gives us that y = lim,_,o P(Fy,)y for all y € H.
This gives us that y € 7%» for all y € H, implying that #} is dense in H.

Now, we need to prove the next statement. If x,y € H and f is a bounded measurable func-
tion on €, then by the Radon-Nikodym theorem [2, Ch. 9, 9.36] there exists a measurable

function u on  with |u| =1 a.e. such that
uf dP:c,y = |f’ d‘Px,y"
This gives us,

/Q ] dIPey| = /Q uf dPpy = (Tupz,y) < | Tugzllyl,

and by Theorem 2.2.3, we have that |Tyz|? = (T Tz, x) = (TsTsz,z) = (Tjsex,z) =
Jols|* dP, for any simple function s, and hence this extends to bounded measurable

functions in a natural way. Thus,

I (uf)e|? = /ﬂ uf]? dPyy — /Q P2 dP,.,

giving us the required result for bounded f. For general measurable f, we again approxi-
mate by simple functions.

The last statement is obtained by the following calculation using Theorem 2.2.3: for any
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measurable g,

/ g APy = (Tyz,v) = (Tyx, Tyz) = (T§lyx, 2) = (Tf,x) = / gf dPy.,
Q Q
concluding the proof. O

The following theorem establishes T’y for any measurable f and basically extends Theorem
2.2.3 to general measurable functions. The proof consists of considering truncations of f,
fn = fbn, where each ¢, is defined as ¢, (z) = 1 if |f(x)| < n and 0 otherwise and deriving
the result in the limiting sense. We will omit the proof in this text, as there is little to

elaborate from W. Rudin’s treatment of [16, Ch. 13, 13.24], and just state the theorem.

Theorem 2.5.2. Let P be a projection-valued measure on a set ).

(a) To every measurable function f : Q@ — C there exists a densely defined closed operator

Ty in H with 2(Ty) = #} characterized by

(Tya,y) = /Q f dp,,, (2.6)

forx € #; and y € H also satisfying

| Tye))? = /Q P dPys, @7

forx € Ws.

b) The multiplication theorem (the map f — |, f dP = T¢ was a *-homomorphism
( p p Q 1 phism,
Theorem 2.2.3) holds in the following way: if f and g are measurable, then

Tng C ng and @(Tng) = % N Vﬂfg, (2.8)

and hence TyT, = Tyy if and only if Wig C Wy.
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(c) For each measurable f : Q@ — C we have
T; =Tf (2.9)
and
TyT; = Ty = T} Ty, (2.10)

i.e. Tt 1s normal.

Definition 2.5.3. The essential range of f, denoted by &Z(f), is the smallest closed
subset of C that contains f(x) for almost all z € Q. In other words, it is the set of all

z € Q excluding those z that lie in some set F € .% with P(F) = 0.

This next theorem relates the spectrum of T and the essential range of f, which will be
instrumental in our proof of the spectral theorem. The theorem is basically the definition

of the point spectrum and continuous spectrum for the operator 7.

Theorem 2.5.4. Suppose P is a projection-valued measure on a set ) and f be an

F —measurable function, f:Q — C. Define
Ey,={z€Q, f(z)=a}
for a € C.

(a) If « € EZ(f) and P(Ey) # 0, then Ty — ol is not one-one, and hence not invertible

(point spectrum,).

(b) If o € (ER)(f) but P(E,) # 0, then Ty — ol is a one-one map of Wy onto a
dense proper subspace of H and there exist vectors x, € H with ||x,|| = 1 such that

limy, 00 T¢xn — axy, = 0 (continuous spectrum,).
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(¢c) o(Ty) = ER(F).

Proof. Let us assume without loss of generality, a = 0.

(a)

If P(Ep) # 0, then there exists an xg € Z(P(Ep)) with ||zo| = 1. Let ¢p = xg,-
By the definition of Ey, we have f¢g = 0, which also makes it a bounded function.
By Theorem 2.2.3 we have TyTy, = 0. Note that Ty, = [, xg,dP = P(Ep). This
implies:

TfZL'O = TfP(Eo)xo = TfT¢0:E0 = 0,

which shows that there exists a non-zero x¢ such that Tyxo = 0, making T not

one-one.

Let P(Ep) =0 but P(E,) # 0 for n = 1,2, ... where
1

Pick z, € Z(P(E,)) with ||z,|| = 1 and let ¢, = xg,. Note that we have

1
ITyznll = 1 Tsonznll < [ Tronll = [fonllc < —

upon using (2.7). This makes Tyx, — 0 even when ||z,|| = 1, which clearly shows
that Ty ¢ B(H).

Now, if Tz = 0 for some x € #5, then ||Tjz||*> =0 = [, |f|* dPyq. Since |f| > 0
almost everywhere, it must be that P, .(Q) = [|z||*> = 0 which makes z = 0 and
hence, T’ is one-one. This also makes T = T}‘ one-one.

If #(Ty) filled H, then T} is bijective and the closed graph theorem [10, Ch. 4,
Thm. 4.42] will help us conclude that TJT 1'is a bounded operator, but the sequence

we produced above says otherwise, as Trx, — 0, but T F T 'ty = T does not
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ciple.

converge to zero. Thus the range is a proper subspace of H.

If y € [Z(Ty)]* and we show y = 0 we show that T maps into a dense subspace of
H, and we're done with (b). The map x — (Tyx,y) = 0 is continuous on #} and
hence y € Z(T7}) by the definition of the adjoint (Remark 2.2.3). This in turn gives

us:

for all x € #} which makes Ty = 0 and as T7 is one-one, y = 0. This concludes
that #Z(Ty) is a dense proper subspace of H.

From the proof of (a) and (b), we see that % C o(T¥). Let us assume 0 ¢ EZ(f).
Then g = %, fg = 11is bounded and TyT, = Ty, = I which makes Z(Ty) = H

contradicted by (b) since T maps into a dense proper subspace of H.

O

We now have almost all the tools to prove the spectral theorem for unbounded self-adjoint

operators. This last final theorem before the finale is called the Change of Measure Prin-

Theorem 2.5.5. Suppose that

(a) F and F' are o—algebras in the sets Q and €V,

(b) P:(F)— B(H) be a projection-valued measure,

(c) ¢:Q — Q is such that ¢~ (E') € F for all E' € F'.

Then, P': ' — B(H) defined by P'(E') = P(¢~Y(E")) is also a projection-valued measure

on QY and

Q,f dP;7y2/52fo¢ dPy., (2.11)
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for f F'—measurable such that either of these integrals exists.

Proof. The proof of (2.11) is straightforward, since it is just the definition of P’ for char-
acteristic functions. This then translates to simple functions an hence all measurable f.
The projection-valued measure part follows from the fact that P is a projection-valued

measure. O

Theorem 2.5.6 (Spectral Theorem for Unbounded Self-Adjoint Operators). To
every self-adjoint operator T in H corresponds a unique projection-valued measure P on

the Borel subsets of the real line such that

(Tz,y) = /OO t dPyy(t), (2.12)

— 00

where x € Z(T') and y € H. Moreover, P is concentrated on o(T) C R, i.e. P(c(T)) = 1.

Such a P is called the spectral decomposition of T.

Proof. Let U be the Cayley Transform of T, U = (T —4I)(T +il)~!, and let Q be the unit
circle in C with the point 1 removed. Hence U is a bounded normal (unitary) operator from
Theorem 2.4.8. Let P’ be the spectral decomposition of U, as in Theorem 2.3.2. Theorem
2.4.8 also tells us that I — U is one-one, which gives us P'({1}) = 0, since 1 is not an
eigenvalue of U. This is because any Ag is an eigenvalue if and only if Py = P({\o}) # 0.
(Theorem 2.5.4).

From the spectral decomposition of U we have that

Uz, y) = /Q X dPL (M), (2.13)

for z,y € H. We then define f : 3 — R by



from which we can define Ty (Theorem 2.5.2) as follows:

(Trz,y) :/Qf dp,, (2.14)

for x € #; and y € H. Note that f is real valued since A € €, which implies T} is
self-adjoint by Theorem 2.5.2 and we have by (2.8) (the multiplication theorem),

Ty(I-U)=14iI+7U). (2.15)
From (2.15) we see that 2(T") = Z(I —U) C #%, and by Theorem 2.4.8 we have that
TI-U)=iI+U),

making T a self-adjoint extension of T'. However, when an operator S is self-adjoint, it is
maximally symmetric, because if not and if there exists a symmetric extension to S, say
S1, then ST C S*, and we have 51 C ST C §* = § C S, concluding that S = S. Since T’

is a self-adjoint extension of 1", which is also self-adjoint, we have that Ty = T'. Thus,

(Tz,y) :/Qf dP:]'E,y (2.16)

for € 2(T) and y € H. We also observe from Theorem 2.5.4 that o(T) = o(T}) =
EX(f) C (—o0,00). f being one-one on 2 guarantees the application of Theorem 2.5.5 by
defining

P(f(E)) = P'(E) (2.17)

for £ Borel subset of €). This provides us with the required projection-valued measure
that converts (2.16) to (2.12). The uniqueness of this projection-valued measure follows

from the uniqueness of P’. We have thus established the spectral decomposition of an
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unbounded self-adjoint operator on a Hilbert space.
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Chapter 3

Schrodinger Operators and

Examples

3.1 Introduction

The previous chapter developed the necessary abstract theory required for this chapter. In
here, we will explore operators of the kind —A + V', or Schrodinger Operators, and focus
on applying the results of Chapter 1 and 2 to these operators. For that, we will have to
prove that operators of this kind, for specific V, are self-adjoint. For this purpose, we will
look at some preliminary definitions and notions before we venture into the spectral theory

of such operators.
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3.2 The Laplacian as a Multiplication Operator

and its Spectrum

Lemma 3.2.1. Let f : RY — C be a measurable function. Define My : L*(RY) — L*(RY),

the multiplication operator, mapping v — fv with domain
2(My) = {v e L*RY); foe L*RY)}.
Then,

(a) My is bounded if and only if f € L=®(RYN),

(b) My is densely-defined,

(c) My is conjugate-adjoint, i.e. My = My,

(d) My is self-adjoint if and only if f is real-valued, and

(e) My is closed.

Proof. The proof of this lemma is not difficult, but will be done in detail as this is an

important result.
(a) Assume that f € L°°(RY). Then

g0l = [ 1ol do < 112 ol

making M bounded.

For the converse, suppose that || Mfv||? < c[|v||?, for some constant ¢ > 0 independent

of v. Set A, = {x € RY; |f| > n}. Let x,, be the characteristic function of A,,. Then
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clearly,

/ FolPm = / o2 < / Mof? < el
RN An RN

This then implies for each n € N,

n? / of? < / ol < / jof2,
An An RN

If we take n — oo everywhere, we get a contradiction unless f is bounded.

To show that Z(My) is dense in L2(RY), we pick an element v € L?(R") and show

that there exists a sequence in Z(My) that converges to v in L2(RY).

Define E,, = {x € RY; |f(z)| < n}, and let x,, be the characteristic function of E,,.

Define a sequence ¢p; = vxy, k € N. Then each ¢, € Z(Mjy), since

/ Foul? = / Foxal? = / ol < K2l
RN RN By,
Now,

/ rm—vwzz/ rvxk—vwzz/ 02l — 1 = 0,
RN RN RN

as k — oo.

Since M is densely-defined, M is uniquely defined and characterized by
(fu,v) = (Mypu,v) = (u, Myv),

for u € Z(My) and v € Z(M}). Since Z(My) is dense in L?(R™), there exists a
sequence {¢} C Z(M;y) such that ¢y — v in L?, i.e. there exists a subsequence

{¢,} such that ¢y, () — v(z) pointwise almost everywhere (a.e.). For brevity, call
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this subsequence ¢. Then,

<fua ¢k> - <fu,v) = <Mfu,1}>,

due to the continuity of inner product. Similarly,

<’U,, .]F¢k> - <U, fU) = <U, va>7
but
(fu, dr) :/ fudy =/ ufor = (u, fér).
RN RN
Therefore, since the adjoint is unique, M} = Mj. This also makes Z(M}) = Z(My).
(d) This immediately follows from (c).

(e) Let {u,} C 2(M;) such that u,, — u in L*(RY) and Mu, = fu, — w in L>(RY).
To show that Mj is closed, we show that v € Z(My) and Myu = w, we're done. But
the assumptions imply that w, — v and fu,, — w pointwise a.e., making w = fu

a.e., which proves our claim.

Before we address the question so as to what important applications these multiplication
operators can have, a rudimentary tool used in a majority of proofs henceforth, is integra-

tion by parts. The following theorem establishes this.
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Theorem 3.2.2 (Integration by Parts). [5, App C.2] Let Q@ C RY be an open, bounded
set. Let u,v € C1(Q). Then,

/uxiv dr = —/ Uy, da:—i—/ wv V' dS(z), (3.1)
Q Q o0N

fori=1,2,..., N, where uy, = %, 0Q is the boundary of Q and V' is the unit outward

normal in the i—th direction.
Remark 3.2.3. Consider a function ¢ € C®(RY). Let F : L2(RY) — L%*R") be the
Fourier Transform. Then,

Fau)(©) = [ e (—a)w) do.

=— [ V(™. Vy(z) dr,

RN
_ /R () Al dr, (3.2)
= [ 6P wla) ¢

RN
= €2 9(9),

where the first two steps are obtained by repeated integration by parts (3.1). We can
perform integration by parts since the integration is actually over a bounded domain, the
support of the function . Since this support is compact, the boundary terms vanish in

(3.1).

Since F is a unitary map and a bijection on L?(R™V) by Plancherel’s theorem, we have
F(=A) = €%,

for ¢p € C°(RYN). This gives us that the operator —A is conjugate to the multiplication
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operator M¢2. Define the domain of M¢2 as in Lemma 3.2.1. This gives us that
P(-A) ={f € *RY); [¢]* (Ff) € L*(RY)}.
Clearly, by Lemma 3.2.1 (d), —A is self-adjoint on 2(—A).

Let us now look at a couple definitions.

Definition 3.2.4. Let H be a Hilbert space. An operator T' on H is essentially self-

adjoint if T = T, where the closure of T, T, is the operator whose graph is (7).

Definition 3.2.5. A domain on which a symmetric operator is essentially self-adjoint is

called a core domain.

Remark 3.2.6. Consider T'= —A on L?(RY) with 2(T) = C*(RY). Therefore, 2(T*)
consists of f € L*(RY) such that ¢ — (f,—Ag) for all ¢ € C2(RY). By Plancherel’s

theorem,

(f,—A) = (Ff,[€]).

This implies that f € 2(—A*) if and only if there exists a function g € L2(RY) such that
g — |€|> Ff is orthogonal to F(C®(RY)), i.e.

(g —[€]* Ff, ) =0

for all ¢ € C°(RYN). But since C°(RY) is dense in L2(RY), g = |¢|> Ff. This implies
that f € 2(—A*) if and only if |¢]2F f € L2(RY), which makes the operator —A essentially

self-adjoint on the core C2°(RY).

Remark 3.2.7. Note that the closure of an operator is the unique self-adjoint extension
for an essentially self-adjoint operator. This is because if A is essentially self-adjoint on a
core domain and if B is a self-adjoint extension, since A is the smallest such extension, we

have A C B. Taking adjoint will give us the reverse inclusion, making B = A.
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Hence, the Laplacian —A is essentially self-adjoint on C°(RY) with domain of self-adjoint
extension Z(—A). We call the unique self-adjoint extension of —A to Z(—A) the Free

Hamiltonian, denoted by Hj.

Even though we know the only unique self-adjoint extension of an essentially self-adjoint
operator is the closure of the operator itself, we will be using the Friedrichs extension,
elaborated below. Note that the Friedrichs extension method is applicable for positive,
densely-defined symmetric operators, and yields a positive self-adjoint extension. How-
ever, in this text, we are solely concerned with this process in the context of Schrédinger

Operators.

Definition 3.2.8. Let Q C RY be an open set. We define the space H}(f2) to be the

closure of the space C2°(£2) with respect to the norm:

lllF = lloll* + IVl

where ||.|| denotes the L?—norm.

The following theorem characterizes the Friedrichs extension. For a proof, refer [3, Ch. 7,

Thm. 7.2].

Theorem 3.2.9. Let V € L} (RN) be real-valued with V> 0. Then define the Hilbert

loc

space
Hy o= {f € HYRY); fVV € LXRM)} (3.3)
with respect to the inner product

<f79>q = <fug>1 + <Vf7g>
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There ezists a self-adjoint extension of H := —A + V with the domain Z(H) = {u €
Hy 5 f— (f,u), extends to L2(RYN) continuously}, with

forall f,g € P(H).

Remark 3.2.10. The Free Hamiltonian has no eigenvalues and its spectrum is purely

continuous. This property is illustrated readily in the following calculation:

Let © € RY be an open set and u € C°() be such that ||u|| = 1 and u satisfies the
eigenvalue equation: Au = Au. Then taking the Fourier Transform will give us @(|¢2—)\) =

0. This violates Plancherel’s theorem as it forces 4 = 0 a.e..

We will require a couple definitions before we set foot into determining the spectra of

various operators, starting with the Free Hamiltonian.

Definition 3.2.11. Let T : 2(T) — H be a self-adjoint operator and A\ € R. A sequence

{tun}nen is a singular sequence for 7' and A if:
(a) |Jup|| =1 for all n € N or liminf, o ||uy] > 0,
(b) u, = 0, and

(c¢) T — A)uy| — 0.

Definition 3.2.12. X\ € R is said to be in the essential spectrum of 7' if there exists a
singular sequence for 7" and X\. We denote the essential spectrum by oess(7).
The discrete spectrum of 7' is defined to be 04;sc(T") = 0(T') \ 0ess(T'). This consists of

isolated points in the spectrum having at most finite multiplicity.

The following theorem characterizes the spectrum of the Free Hamiltonian.
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Theorem 3.2.13. o(Hy) = 0ess(Hp) = [0, 00).

Proof. We first show that Hy is a positive operator. For any ¢ € C°(RY),

(o) == | Ap()pl@do

—— [ @@
supp ¢
= /V<p -V dx + boundary term (Integration by parts)

= (Vp,Vp) = / \V(z)|? dz > 0.
RN

Note: The boundary term becomes zero as supp ¢ is compact.
Now, for any f € 2(Hy) = HZ(RY), since Hy is essentially self-adjoint with core C°(RY),
we have that 3 a sequence {pn}nen C C°(RY) such that ¢, — f and —Ag, — Hof.

Therefore,

(Hof,f) 20 Vfe 2(Hy)

This implies Hy is a positive operator.
The positivity forces that P(A) > 0 whenever A < 0, where P(\) is the associated projection
valued measure.

= o (Hpy) C [0,00).

From Remark 3.2.10, we have that o (Hy) = 0ess (Ho). Therefore we only need to show
Oess (Ho) D [0,00). We shall use the Definition 3.2.11 and construct a singular sequence
for Hy and any \ € [0, 00).

Note that the function w(z) := €%, where ¢ € RY fixed with £ - € = ), behaves like an
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eigenfunction for —A. However in lieu of Remark 3.2.10, we see that %% ¢ L2 (]RN ), and

hence is not an eigenfunction.

Thus point-wise we have,
(—Aw)(z) = dw(z), xRV,

Choose a cutoff function ¢ € C°(B(0,2)) with 0 < ¢ < 1, where B(0,2) is the ball
in RN of radius 2 centred at origin, such that 1| B0 = 1 Define now the truncations

Yr(z) = (&), 2 e RV, k € N

These cutoff functions help us design our singular sequence {uy} with ||ug|| =1 :
= Yrw
[Pre]

We just need to show the remaining two properties. Choose f € C° (]RN ) and observe

that
|(fs ur)| = fuydzx
RN
= / fupdz
B(0,2k)
S/ ! dzx —I—/ Yk dx
B(ok) 1Vl B(0.2k\BOK) 1Vl
< A2 + / f e dx — 0 as k — oo,
|1l B(0,2k)\B(0,k) 9wl
since

[4hrw]|* = /]RN g (z)w(2)|? d

2/ |lw(x)|?dx = |By| — oo as k — oo,
B(0,k)

and for £ > Ny the term inside the second integral vanishes for large Ny as supp f C By,.
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Thus u; — 0 as k — 00
k — oo, for f € C (]RN) note that

To show that ||[(Ho — AI) ug|| — 0

N 82
—A@f) == 572 (k)
j=1 "7

Y[ [ 0% L0t Of 0% f
[ f + 6787 + 7/%81.

= Ba:j
= —(Avyp) f = 2(VY, V) —pAf.
Again using the essential self-adjointness of Hy,
1(Ho — AI) || :/ ‘(—A—AI) O
RN [Yww |
1 L2
SHNL S / ’(—A )| d
[rel|” |/ B(0.k)

+ [1-8= A0 ()]

The first term vanishes as —A ( i€ m) = \e®

Using the identity above, we have

1
12 (Vpp,, Vw) + Appwl|? da

~ ewwl® Jao2enmom
2
/| e Vi + [ 18w i
Hlﬁka B(0,2k)\B(0,k)
2
/ 4A|V¢k2dm+/
WWH B(0,2k)\ B(0,k) B(0,2k)\ B(0,k)
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From our construction of the cutoff functions 3 «, 8 such that

s < BB (2 2)

= (2¥ - 1) (;Jrli)

— 0as k — oo.

Hence 0,55 (Hp) D [0, 00), proving our theorem. O

Let us now look at examples of Schrodinger Operators —A + V' with different V. We will
mostly be concerned with the spectral data associated with such operators and largely take
the self-adjointness and essential self-adjointness on C2°(RY) for granted. This is because
these properties need to be verified for each example separately because the operators are
vastly different by just changing the kind of V' we consider. This thesis is more concerned
with spectral decomposition and solutions to partial differential equations comprising of
such differential operators. If one should require the proofs to self-adjointness and essential
self-adjointness, then refer to [3, Ch. 7].

Let us straightaway jump into the first example.
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3.3 V(r) — o0 as |z|] — x

In addition to the assumptions above, we will also impose that V' (z) > ¢y for some constant
co € R and for all z € RY. Then (—A + V) : C®(RY) — L?(RY) is bounded below, i.e.,

there exists a constant o > 0 such that
I(=A+ V)ul| > allull, Vue CXRY).

This arises from the property that —A is a positive definite operator.

Then, since —A + V is essentially self-adjoint on the core C2°(RY), there exists a unique
self-adjoint extension. Let this extension be the Friedrichs extension, which is also the

same as

-A+ V‘CgO(RN) = H,
defined on 2(H) = H(RY), defined by Definition 3.2.8.

The following result will prove instrumental in our characterization of the spectrum of the
operator H. The proof is based on standard functional analytic techniques such as the

Riesz Representation Theorem [2, Ch. 8, Sec. 8C] and is hence omitted from this thesis.

Lemma 3.3.1. Let Q := (0,2m)N C RN be a cube and {un }nen € C(RY) be a sequence
such that

||Un||H3 <c¢y, VYVneN

Then there exists a subsequence {un, }ren and u € HE(RN) such that

Un, — w in LXHQ) and  up, > u in HY(Q) as k — oco.

This lemma is an important tool in proving the following theorem due to Rellich.

%)



Theorem 3.3.2 ((Rellich’s Compactness Theorem)). Let Q C RY be an open and
bounded set. Then for any bounded sequence {u, }nen in H (RY), there exists a subsequence
{un, Yren C {tntnen such that {u,,} converges strongly in L*(Q). Let this strong limit be

w. Then, u € H}(Q) and un, — u in HY(RY).

Proof. Let {up}nen C H&(Q) be given and bounded, i.e., there exists Ky such that Ky > 0
and ||uy||1 < Kp.

Consider the open cube W C RY such that Q C W (always possible since €2 is bounded).
Since Hg () is the completion of C°(2), for any uy,, we can find a ¢, € C°(2) C C°(W)
such that

1
lun = @nllt < =, and - [lgnf < K. (3-4)

Then, by Lemma 3.3.1, there exists a subsequence {¢n, }jen C {¢n}tnen and u € H(W)
such that

©n; — u in L*(W), Pn; Y win HF (W) as j — oo.

Define v’ to be the restriction of u to Q. Then clearly, v’ € L*(Q) and ¢, — v’ in L*(Q).
By 3.4 and using the fact that HJ(Q) C H} (W), we get

<90nj7w>1 — <u7¢>1 V¢ € Hol(Q)>

which implies

©n; o/ in HY (Q).

Since Hilbert spaces such as H{ () are weakly closed, v’ € Hg (). But by the uniqueness
of the weak limit, v = «’ and we have v’ € H}(Q).

Thus, ug, — v’ in L*(Q) and uy, = v’ in H}(€2), completing the proof. O
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We will use Rellich’s compactness theorem to show that for an operator of the form
H=-A+V

with V(x) — oo as |z| — oo and V(x) > 0, Vo € RY the operator (H + 1)~! is compact.
However, before we can do this, we observe that the continuous embedding H¢(Q) C L?(Q)

gives rise to a self-adjoint positive operator. To wit, 2(Ty) C H}(Q2) and such that
(Tou,v) = (u,v)1 Yu,v € 2(Tp),

Tp turns out to be the Friedrichs extension of —A|ge ().
We designate Tj to be called the Laplace operator with Dirichlet boundary conditions.

Define the inner product

(o By = (o, )1 + / V(@) (@) lw) de,

RN
and complete Cg° (]RN ) with respect to this inner product. Call the space so obtained
Hyy (RY).
Note that whenever u € Hj(RY) with [pn V(2)|u(z)[* dz < oo,

lullfy = [lullf + /RN V(@)u(z)]* dz < oo,

we have u € H&V(RN).

The reverse inclusion is straightforward, and hence
3y (@) = @) 0 fue Y [ Vol <o
RN

Because of this above equality, the Friedrichs extension H = Hy + V of (=A + V)|cee )
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is characterized by:

C&(RY) € 2(H) € Hyy (RY)

and

(Hu,v) = (u,v)1v, u€ P(H),ve H&V(RN).
Furthermore, 2(H) C H&V(RN) is dense with respect to | - [|1,v-

Theorem 3.3.3. Let V : RN — R be continuous with V(x) — oo for x| — oo, and let
H = Hy+V be the Friedrichs extension of (—A + V)|ceowny. Then if V(z) > 0, H is a

positive operator and (H + 1)~ is compact.

Proof. Since H = Hp + V' is the Friedrichs extension of (—A + V)|geo gy, choosing ¢ €
C>®(RY) we have,
(CA+V)p, 0) = (=Ap,0) + (Vi ) 2 0,

since —A‘CSO(RN) is a positive operator and V' > 0. Again by the density argument used
in Theorem 3.2.13, we have that H > 0.

To show that (H + 1)~! is compact, we take a sequence {f,} nen C L?(R"Y) such that
fo 0 in L2(RN).

We then consider a sequence

up = (H+1)""fn

and produce a subsequence {u,,} such that {un,} converges in L?*(RY) using Rellich’s
compactness theorem.

The fact that {f,,} converges weakly implies that {f,} is weakly bounded in L?(R").

(H 4 1)~! is bounded, which implies that {u,} is bounded and is a weak null sequence in

L2(RM),
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Note that u, € Z(H) and
[ Hup 1y < ([(H +1)(H + 17 ol + [Junl| < K.
But then by the definition of H,
H“nu%,v = (Un, up)1,v = (Hun, up) < [|Hupl||lun|| < Ko,

where K, Ky are positive constants.

Since V() is continuous, we can choose R > 0 such that, given € > 0,
, || > R.

Note that
/ V(@) un(z) 2 dz < K>
RN

by the definition of (-,-); v, and this gives us
/ [un (2)|? dz < Kae.
|z|>R

Now define the cutoff function ¥ € C°(B(0,2R)) with g = 1on B(0,R) and 0 < ¢p < 1
as in Theorem 3.2.13.
See that

lomualf <2 [ GhIVuPdo+2 [ 90 o +

<2 / Vun? da 42 / V2 lunl? dz + Il
B(0,2R) B(0,2R)\ B(0,R)

<2 / Vun? di + 2 / VRl lunl? dz + Il
B(0,2R) B(0,2R)\ B(0,R)

S K37
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for some positive constant K3 > 0, since all the terms are bounded.
Thus, {1rUn }nen is a bounded sequence in HE(B(0,2R)).
Now we can apply Rellich’s compactness theorem. There exists a subsequence {un; } C {un}
such that
l¥RUA,; || — 0 in L*(B(0,2R)), as j — oo,

. w
since u, — 0.

Now choose jp € N such that
HwRun]HQ < 6? vj Z jO’

Thus,
un, |I> < Kae+e, Vi > jo.

This implies u,; — 0 as j — oo. Therefore, (H +1)~! is a compact operator. ]
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Corollary 3.3.4. (H + 1) : 2(H) — L*(RY) is a bijective map with a compact inverse
(H+1)"%

By the spectral theorem for compact self-adjoint operators, the spectrum of (H 4+ 1) and, in
turn, H, is discrete, and the eigenvalues {\;}ren form an increasing sequence diverging to

infinity. The eigenfunctions @y, corresponding to Ay form an orthonormal basis for L*(RY).

An example of an operator of the form H = —A + V with V(z) — oo as |z| — oo is the

quantum harmonic oscillator with V' (x) = 2%, € R. The operator

d2
st 22 C®(R) — L*(R)

is essentially self-adjoint with the closure being the unique self-adjoint extension.

From Theorem 3.3.3, we have that o(H) = ogisc(H) and the eigenvalues 0 < A} < A2 < ...
are such that A\ — oo as k — o0o. The next couple of theorems will be aimed at calculating
these eigenvalues and associated eigenfunctions.

The proof of the following theorem is just some straightforward algebraic computation.

Theorem 3.3.5. Define the operators A, AT : S(R) — S(R) by:

to (i) )

Call T := ATA. Then, T = (H — 1), TAT— ATT = [T, AT| = AT and TA— AT = [T, A] =
—A.

We are more interested in the proof of the corollary below.

Corollary 3.3.6. Let ¢y € S(R) such that



If we define o, (x) := (AN "@q, for n € Ny := NU {0}, then

Typn =npn, n € Np.

Moreover, we have for k,{ € Ny, k # ¢ that {pg, ) = 0.

Proof. We will show the first part by induction.
Note that

Now assume the induction hypothesis Ty, = ny,, for n € N. Let us compute:

Toni1 = TAlp, (by definition of ¢, 1)
- ([T, ATl + ATT> on
- ATQOn + ATnSpn
= Al(n+ 1)y,

= (n + 1)9071—1—1-

Thus we can apply the principle of mathematical induction to conclude Ty, = ny, for

n € Ny.
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Now assume k # £, k, £ € Ng. Then

Upr, pe) = (0r; Tpe)

= (T, pe) (since T is self-adjoint)

= k‘<90k7 SD€>

Since k # ¢, it follows that (¢x, ¢¢) = 0. O

The final theorem in this section reads as follows:

Theorem 3.3.7. Let
d2
H=—— +2°

o z € R.

Let \, = 2k + 1, k € Ny be the sequence of eigenvalues and {pk}ren, be the associated

etgenfunctions as in Corollary 3.3.6.

(a) Let X\ be some eigenvalue of H and let w € Z(H) be an associated eigenfunction.
Then Au € Z(H) and H(Au) = (A — 2)Au.

(b) o(H) = {\ : k € No}.

Proof. Let us first show (a).

d d
(Hu,u) = <da:u7 d$u> + (ru,zu) (integration by parts)

This shows that Au € L?(R), since

(Au, Au) = (At Au, u) = %((H Cu,u) = %(Hu, ) — %(u,u) < 0.
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Now recall Z(H) = 2(T) and
1 1
Tu = §(H —u = 5()\ — 1)u.
Define = (A — 1), and fix ¢ € C°(R).

(Au, (T — p)g) = (u, AT — p))
= (u, (T — p)Alp) — (u, Alyp)

= (T — pu, Ap) — (Au, ¢) = —(Au, ),
making (Au, (T — p)p) =0 Ve € CX(R).
The operator T — (u — 1) is essentially self-adjoint:
Au € (BT — (- V)* =kex(T - (u—1)) € 9(T) = D(H).
Thus Au € Z(H) and TAu = (u — 1)Au. And since T' = 1(H — 1), we have H = 2T + 1:
HAu = 2T + 1)Au = 2T Au + Au = 2(p — 1) Au+ Au = 2 — 2+ 1) Au = (A — 2) Au,

therefore, if u is an eigenfunction of H with eigenvalue A, then Au is also an eigenfunction
with eigenvalue \ — 2.
(2) now follows from (1).

H>0=0(H)C (0,00)

Then, there exists m € N such that A™u # 0, and A™ 'y = 0. Otherwise, (1) will give us

a sequence of eigenvalues that are not bounded from below.

o Forsuch an m, HA™u= (2T +1)A"u=2AA"u+ A"u =0+ A"u = A™u.
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Since Awu is an eigenfunction of H with eigenvalue A — 2, by induction, A™wu is also an
eigenfunction of H with eigenvalue A\ — 2m.

But the above calculation shows that A — 2m = 1. In other words, there exists m € Ny
such that A = 2m + 1.

This proves that any A € o(H) can be written as 2m + 1 for some m € N uniquely. Hence,

U(H):{)\kikGNo}. ]

Remark 3.3.8. The eigenvalues A\ = 2k + 1 of

_ 2
H——@—i-x, r €R,

are simple, i.e., the eigenspace is spanned by exactly one eigenfunction.

The eigenfunctions of the operator H associated with each A, @i (z), have the form
vr(z) = ckPk(x)eféxz, reR, keNp.

Here, P, are polynomials of degree k called Hermite polynomials, and c¢; are constants

such that

<‘70j7§0k> = 5jk7 ky] € I\IO-
These functions ¢y ¢ C°(R), but are elements of S(R).

Remark 3.3.9. These results can be generalized to —A + |z|?> on L2?(R"), using the

notion of tensor product of operators.
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3.4 V(r)—0as |z|] — x

Definition 3.4.1. An operator B is said to be relatively bounded with respect to A
with relative bound & if there exists 5 such that for all x € Z(A),

[1Bz|| < Bl + &[|Az|].

In this section, we will focus on operators H = Hy + V with V(z) — 0 as |x| — oo and
such that My is relatively bounded with respect to Hy with relative bound & < 1.

We will again assume the self-adjointness and the essential self-adjointness granted.

Theorem 3.4.2. Let H be a self-adjoint operator on H and A be a symmetric, compact
linear operator. Then

Uess(H + A) = Uess(H)-

Proof. We prove this by showing that {u, } is a singular sequence for H and A if and only
if {u,} is a singular sequence for H + A and A.

Let {u,} be a singular sequence for H and A. Then we have:

(1) [Junll =1
(ii) up = 0asn — oo

(iii) ||(H — A)up|| — 0 as n — oo

We need to show |[(H + A — Al )uy|| — 0 as n — oo, which is straightforward since

|(H+ A—X)uy|| < ||(H—=A)upl| + ||Aun|| — 0 as n — oo.
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Here, we have used the fact that A is compact.

For the converse, similarly, given [[(H — A + A)uy|| — 0 as n — oo,
|(H = Xuy|| = [[(H =X+ A— A)uy,|| < |[(H— X + A)uy|| + || Auy|| — 0 as n — oo.

This proves Weyl’s theorem. O

Theorem 3.4.3. Let V : RV \ {0} — R be continuous with V(x) — 0 as || — co. Let My
be the multiplication operator associated with V and assume that My, is relatively bounded

with respect to Hy with relative bound & < 1. Set H = Hy+ V. Then
Uess(H) = Uess(HO) = [07 OO)

Proof. We will assume in this proof that V' is bounded (relative bound 0), i.e., there exists
M > 0 such that |V (z)] < M for all z € RY.

Recall the second resolvent equation: for an operator T : H — H and u, A € p(T), we have
R)\ - RH = ()\ - M)R)\R;r

Here, call T\ =T — Al and R) = T/\_1 (which exists for A € p(7")). By this equation, we

can write for ¢ € R,
(H+cl)™ — (Hy+cl)™ = (H+c) 'V(Hy+ )™t

We aim to show that the RHS is compact.
Straightaway, (Hg + c¢I)~! is bounded. We show next that V (Hp + ¢I)~! is compact.
Choose a sequence {fy,}nen C L2(RY) with f,, — 0 as n — co. Let uy, := (Ho + cI)~Lf,.
From the proof before, we have wu,, — 0 as n — oo.
Also note that

[un| + [ Hounl| < K1,
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for a constant K7 > 0. Thus,
lunll} = llunl® + 1 Vunl® = [[unl® + (Houn, un) ~ (integration by parts),

< K27

for a constant Ko > 0.

Therefore, if ¢ € C°(RY), there exists ¢, > 0 such that

lounllf = llgunll® + IV (oun) |” < €.

Thus, {@un, }nen is bounded.
Hence the sequence {@u, }nen is bounded in L?(RY). Using Rellich’s compactness theorem,
there exists a subsequence (also denoted by @u,, for brevity) such that u,, — 0in L2(RY),
for all p € C°(RY).
Now, given € > 0, we can choose R > 0 such that |V (x)| <e, |z| > R. We can now choose
a cutoff function 1z € C®(RY) with the property 0 < ¢g < 1, with g supported in
B(0,2R) and ¥r|p(o,r) = 1-
Then,

Vunl < [VYrual + V(A = ¥r)unl],

< M [t pun| + €l|(1 = Yr)un.

Therefore, we can find Ne € N such that || run,|| < 5 for every n > Ne. For such large n,
we observe that

[Viun|| < Be,

where 8 > 0.

We can thus conclude that Vu, — 0 as n — oo, and hence V(Hy + ¢i)~! is compact.
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Now, using Weyl’s theorem,
Oess(H 4 cI)™Y) = 0egs(Ho + cI)71),

Thus if (1 + €)' € Oess((H + cI)™Y), then p € gess(H),
and vice versa. O

Remark 3.4.4. If V is such that V(z) — 0 for |x| — oo and relatively bounded with
Hy with relative bound & < 1, we can construct singular sequences for Hy and H > 0
with support outside a ball Br with R arbitrarily large. Since V(z) — 0 as |z| — o0,
Oess(Hp) C 0ess(H). We only need to show the other side.

Since oess(Hp) = [0,00), if Oess(H) # 0ess(Hp), Ao > 0 such that A € oess(H) \ 0ess(Hp).
Let {¢r}ren be any singular sequence for H and A and R > 0 arbitrary. We claim that
Y — 0 for kK — oo.

If not, then 3 a sequence {w;}jen C {¥}ren and n > 0 such that ||w;|] > nVj € N.

Since IR > 0 such that ||[Vug|| < e, ||Hovg| < ||(H — M) vg|| + ||V okl + €||unl],

= {||vk|l}xen is bounded as well as {|lw;]|};en.

Using Rellich’s compactness theorem, we find a subsequence {w;};en and u € L2(RY) such
that u,, — u.

But {¢1} is a singular sequence, which forces u = 0, contradicting that ||w;|| > nVj € N.
Therefore ¢ — 0,k — oo in L2(RY).

For € > 0, choose R, > 0 such that |V (x)| < € for |z| > R,. Then

[(Ho — Dwkll < |(H = A)vgll + [[Voor]| + €l[un]-
Since V is continuous, we rule that

limsup ||[(Hy — M)vi|| < e.

k—o0
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Therefore we have produced a singular sequence for Hy and A, with A < 0, contradicting

Oess(Ho) = [0, 00).
Thus we conclude that oess(H) C 0ess(Hp). Therefore oess(H) = 0ess(Hp)-

Remark 3.4.5. We thus have gess(H + V) = [0, 00). It is however possible that there exist
discrete eigenvalues less than zero. In fact, if Ju € Z(H) with (Hu,u) < 0, then H has at
least one negative eigenvalue since if not then o(H) N (—o0,0) = (.

We then have o(H) C [0,00) and by spectral theorem we have H > 0, which is a contra-
diction.

It is also worthy to note that if at all there is an eigenvalue A < 0, then A\ € ogisc(H).

Let us now look at examples of potentials V' of the kind in this section. A particular

example we will look at is
1
V()=V(r)=—=, r>0,r=|z
r

and obtain its negative eigenvalues and eigenfunctions. A natural approach with a radial
potential such as ours is to use spherical coordinates. Note that we will just outline an
approach to obtain said eigenvalues and not calculate them explicitly.

Consider the Laplace-Beltrami operator —Agy-1 on L2(SV~1), with SV ~! being the unit
sphere in RY. This operator —Agn—1 has a purely discrete spectrum (refer [4]), 0 = \g <
AL <A << Aj =00, j—o00.

The eigenspaces associated with each \; are spanned by certain C*° functions Yj;(z')

1

called spherical harmonics”.

Now, using separation of variables, we get

1Refer [19, Ch.4] for more details
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where z = rz’, 2’ € SV1, r = |z|, and eigenfunctions u associated with eigenvalue & of

the operator —A + V in the Hilbert space L?(R™) (for any potential V),
LX(RY) = L2((0,00), N7 tdr) @ L2(SN 71, dwn 1),

gives us the ODE

oy - Ny - <1 LNy H> o(r) = 0,

r o or2

which is just a Bessel differential equation.
For j € N,v =v; € L*((0,00), " ~1dr) becomes a solution for the Bessel differential equa-

tion. Accomplishing a unitary transformation v s r¥V—1/2

v, gives us an additional term
including the factor %2

Therefore, in R3, for the Coulomb potential, we get an infinite sequence of negative eigenval-
ues. If V satisfies a certain speed of decay, i.e., decays faster than —Cx (1+|z|?) as |z| — oo,

then the subspaces of L?(RY) spanned by the eigenfunctions are finite-dimensional.

The next example we will consider is a potential V of the form

N -2

2
V(fﬁ):#a a>—<2 >, for N > 3.

Call Ly = —A+ iz the Friedrichs extension of the same operator defined on C2(RN\{0}).
The restriction a > — (%)2 makes the operator L, positive semi-definite.

Consider 0 = —&¥>2 — 1(/(N —2)2 + 4a, with opposite sign to a.
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then

T T
I°=|(— ) (= el
a < V*”uﬁ>< V*ﬁﬂﬁ’

=—-A—-0(N-2-0) !

ER

I 1§ = La| oo v g0y

where a = —o(N —2 —0).
If o € C2(RY\ {0}),

<LZ¢7S0> = LZ@‘Qd%

N

T

2
X
V(z) + Uch(x) dx

RN

v
o

upon substituting Lg in.

Similarly, like with the Coulomb potential, L7 is spherically symmetric, and we can use
polar form.

Let u(z) = f(r)Yg(2') with f € C2°((0,00)) and Y is a spherical harmonic of degree k > 0.

Applying L¢ to f(r)Yr(2') is equivalent to the Bessel operator:

2 _ a _
£ > gy - Ly 4 RN 2D

fr),

r r2

on the radial factor since Yjj is harmonic.

This operator is also positive definite on RV, L? (rN _1dr). Again, with the unitary trans-
N—

formation g(r) = rie f(r),

402 — 1
492

g(r),

g(r) = —g"(r) +

which is a symmetric positive operator on L?(RY, dr).
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The radial eigenfunctions of this operator have the asymptotics
u(z) = clz|77(1 + O(|z]))

as |z| — 0. Decay is thus more rapid near the origin.

Remark 3.4.6. L¢ is essentially self-adjoint for a > 1 — (%)2 on C°(RM\ {0}), and
L, is its unique self-adjoint extension. But for — (%)2 <a<l- (%)2, the Friedrichs
extension need not be the unique extension, but there exists a one-parameter class of
extensions, that all differ from the Friedrichs one by just the change of one parameter.

We will not delve into this further in this thesis, but [11] gives a comprehensive list of

references that elaborate this operator in much greater detail.

3.5 Bounded and continuous V

Let V : R" — R be bounded and (piecewise) continuous. Again, we assume that the

operator —A+V!Cgo(Rn) is essentially self-adjoint, leading to a unique self-adjoint extension:

H=Hy+V =—-A+V|gomn)
Theorem 3.5.1. Let V : R — R be defined by
V(z) := cos/|z|,
and let H= Hy+ V. Then, we claim that
o(H)=[-1,00).

Proof. First, observe that since V(x) = cos |x|, we have V(x) < 1, so it follows immediately
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that o(H) C [-1,00).

For the converse, we will show that [—1,1] C o(H). Specifically, we demonstrate that for
each A € [—1,1], the operator H has essential spectrum at A. We will construct a singular
sequence for H at A.

Let A € [—1, 1] and choose &,, := % Then, for n € N, there exists a monotonically increasing

sequence {xy} C R such that
V(z) — A <&, Ve B(xy,2n).

This follows from the fact that for x > 0,

V'(z) = — siny/z =0 as |z] = oo,

1
2\/x
Thus, we also have that {z, } diverges to infinity. Also, assume that B(x,, 2n)N\B(zp4+1, 2(n+
1)) = 0 for all n.

Now, let ¢, € C°(R) be a cutoff function such that 0 < ¢, <1, 1, = 1 on [—n,n], and

1y, is supported on (—2n,2n). Define the sequence {n,} by

%(3? - xn)
[Yn(z — 20)|| L2 ’

so that ||n,||r2 = 1. This sequence {n,} is compactly supported, and we claim it forms a
singular sequence for H.

Indeed, for any y € L*(R), we have

(M, Y) I/R |¢1i?ix—_xi7)bﬁp y(z)der -0 as n — oo,

since z,, — oo as n — 0o, and the support of 1, is compact.
Now, consider

I(Ho + V' = A)na|| < [[Homnl| + |(V = A)nal-
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We know that Hgn, — 0 as n — 0o, because the supports of 1, spread out, and the free
Hamiltonian Hy = —A on large regions of R tends to zero. Similarly, since |V (x,) —A| < &,
on B(xy,2n), we have ||[(V —=AI)n,|| — 0. Therefore, ||(H—AI)n,|| — 0 as n — oo, implying
that

A€ oess(H) Co(H).

Next, we show that [1,00) C o(H). Let A € [1,00). We take a sequence {z,,} on R where
|V (z)| < &n, on B(zp,2n). Define the singular sequence {u,} for Hy and A that we used

earlier to show that o.ss(Hy) = [0,00). Let v, := up(x — ). Then we have

|(H — A)vy|| < |[(Ho — A)vp]|| + ||[Vor|| < ||(Ho — A)vg|| + 6, — 0 as n — oc.

Thus,
A€ oess(H) Co(H).

In conclusion, we have shown that o(H) = 0¢ss(H) = [—1,00). O

This brings us to the end of this chapter. In the next chapter, we will apply what was

established in this chapter to solve certain kinds of partial differential equations.
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Chapter 4

Introduction to Evolution

Equations

4.1 Introduction

Throughout Chapters 1 and 2, we have established the necessary tools to tackle our main
problem. This chapter contains more preliminary content, but this will be the base of
our research problem to be introduced in Chapter 4. An evolution equation is a partial
differential equation of the form

up = Au,
where u = u(z,t), uy = %, and A is a linear operator on a Hilbert space H. Of course,

the derivatives are in the non-classical/distributional sense. This chapter will be devoted

to analyzing different examples of evolution equations.
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Consider the initial value problem (I.V.P) for solution u € L?(R),

Uy =Au, AR, t>0,z€R,

u(z,0) =up(x).

This comprises of an evolution equation, with A being the 1 x 1 matrix, [a]. This is a usual

ordinary differential equation and the solution to the I.V.P is given by

u(z,t) = ug(x)e™.

Consider the I.V.P. when A is a bounded operator on a Hilbert space.

Uy =Au, t>0,zeRY,

u(x,0) = wup(x).

The solution is given by

u(z,t) = uo(x)eAt,

At

where e** can be defined as

t2A? th A

This expansion on the RHS is convergent whenever A is a bounded operator on ‘H. Hence,
the major question is when A is an unbounded operator, say a differential operator. The

rest of this chapter will be devoted to the cases of the examples we discussed in Chapter 2.
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4.2 Semigroup Theory

Definition 4.2.1. Let H be a Hilbert space and let {E(t) : t € R} be a collection of linear

operators with the properties:

(a) E(t+s)=E(t)E(s) for s,t € R,

(b) for all f € H and all sequences {t,}neny C R with ¢, — ¢, one has the strong
convergence E(t,)f — E(t)f,

(c) E(0)=1I.

Such a collection is called a strongly continuous one-parameter group. A semigroup is half
of this group, i.e.,

{E(t) : t > 0}.
Definition 4.2.2. A contraction semigroup is a semigroup with ||E(¢)|| <1 for all ¢ > 0.

Definition 4.2.3. Let {E(t) : t > 0} be a contraction semigroup and define the linear

operator A as
Af = lim E(t)tf_f

t—0

with 2(A) = {f € H : limy_yg E(t)tf_f exists} . Then A is called the infinitesimal generator

of the contraction semigroup.
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Why are we looking at semigroups? Consider the contraction semigroup {et4 : ¢ > 0}

when A is a bounded operator. Also consider the I.V.P.

Ut — Au, t Z 07
(4.1)

u(z,0) = up(x).

Clearly, if E(t) = e'4, E(t)ug satisfies the LV.P since

%E(t)uo = Ae'ug = AE(t)uo.

Therefore, if A is a bounded operator, it is precisely the infinitesimal generator of the
contraction semigroup

{E(t) = et > 0.

A natural question to ask now, since we are usually given the operator A in the IVP, is

when A generates a contraction semigroup.
Lemma 4.2.4. Let {E(t) : t > 0} be a contraction semigroup and A its infinitesimal
generator. Then,

(a) A is densely defined,

(b) A is a closed operator,

(¢) [0,00) 2 p(A),

(@) |RAll < 5. A€ (0,00).

Hille and Yosida showed that if the operator A satisfies the properties of the lemma, then

A generates a semigroup.
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Theorem 4.2.5. (Hille-Yosida) If an operator A is given, satisfying the properties of the
lemma, then there exists a semigroup {E(t) : t > 0} such that A is precisely its infinitesimal

generator.

The proofs of both the above results are tedious and add little to our discussion, and hence
are omitted.

We know that {E(t) = e} is a straightforward choice for semigroup generated by A when
A is a bounded operator. What do we do when A is unbounded? Stone’s Theorem in the
next section will help us with this.

The following theorem makes satisfying the conditions of the Hille-Yosida theorem easier.

Definition 4.2.6. An operator A : Z(A) — H is said to be dissipative if Re(Au,u) <
0 for each u € 2(A).

Theorem 4.2.7. (Lumer-Phillips) Let A: P(A) CH — H be a densely defined opera-
tor.
(a) If A is dissipative and H(A — NI) = H for at least one \g > 0, then A is the
infinitesimal generator of a semigroup {E(t) : t > 0}.

(b) If A is the infinitesimal generator of a semigroup {E(t) : t > 0}, then Z(A—\) = H
for all X >0 and A is dissipative.

4.3 Solution to the IVP

Now that we have established how we can verify if (4.1) has a solution, and what that

solution is, let us characterize the solution, F(t)ug.
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Theorem 4.3.1 (M.H. Stone). Let {E(t) : t € R} be a unitary, strongly continuous single-

parameter group. Then, there is a unique self-adjoint operator T satisfying

Proof. Let ¢ € C°(R) and f € L?(RY). Define

form [ e0E@S .

—00

This integral is a Riemann integral due to the strongly continuous nature of E(t).
Define

2 = {all continuous linear combinations of functions f,}.

For a given ¢ > 0, consider ¢, € C°(R) with the properties . > 0, p. C [e, €] and
J7% @e(x)dx = 1. Therefore,

€

It~ 11 = [ etoes - na < ([

—€

%uMQ sup [E@)f — /]

—e<t<e

—0 as e€—0.

This proves that & is dense in L?(RY).

Furthermore, for each f, € Z,

=[§¢®E®ﬁﬁ=fw

uniformly on supp ¢ as s — 0.
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Define the operator 1" for f, € Z as

Tf, = —if_y = lim ~(E(s) — I)f,.

s—018

Note that T maps & onto itself:

Also, note that T' commutes with E(¢) on Z:

TE(t)fo =T(E®)f)e = —i(E(t)f)-p = E(t)(=if-p) = E@)T f,.

Finally, note that T' is symmetric on Z:

s—0 0 18

(T fon) = limy (5 (B06) = 1) Fongp ) =l ( f 3o (1= B(=5)) 5, ) = (T
Let us now show that T is essentially self-adjoint on 2. We will show that
ker(T™ +iI) = {0}.
Let u € ker(T* +iI) C 2(T*). For alln € 2 = 2(T),
d

%<E(t)77,u) = (TE(t)n,u) =«(E(t)n, T u) = —(E(t)n,u) (sinceT*u = —iu).
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Therefore,

F(t) .= (E(t)n,u) satisfies F'=—F.

This is an ODE whose solution is

Since

[E@)] < [lnl[[lull,

we conclude that F'(0) = 0. Henceforth, 0 = F'(0) = (E(0)n, u) = (n,u) for all n € 2. This
forces u = 0, since u € L? but 2 is dense in L?(R).

We have thus shown that T is essentially self-adjoint on .

Set U(t) := ¢"T where T is the closure of T. Clearly, {U(t),t € R} is a strongly continuous
unitary group.

Finally, we show U(t) = E(t) for all t € R. For every n € 2 C 2(T),

%U(t)n _ TU()n.

Also, we have

E(tyne 92 Cc 2(T) for allt € R.

Employing an age-old technique, define for each 7,
a(t)=Et)n—-U(t)n, tekR
Clearly, «a(t) is strongly differentiable, where

o (t) =iTE({t)n —iTU(t)n = iTa(t).
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Since T is essentially self-adjoint, T is self-adjoint.
We have,
d . . =
%H@(@H2 = i{Ta(t), a(t)) —i(a(t), Ta(t)) = 0,
and «(0) = 0.
This forces a(t) = 0, and thereby E(t)n = U(t)n for all n € 2,t € R.

Since Z is dense in ‘H, we have that

This proves Stone’s theorem. O

This theorem tells us how the contraction semigroup from the Hille-Yosida theorem looks
like by guaranteeing the existence of a unique self-adjoint operator T (which is the infinites-
imal generator of the semigroup) and establishing a bijection between unitary strongly
continuous groups {E(t) : t € R} and operators of the form %7

If A is unbounded, consider the Yosida approximation
Ay = AARy = AM(A—X)7'A (since A commutes with R)).

If Ay is bounded and (é —I)7'A — Aas A — 0o, E)(t) = e exists and we call

lim e = et
A—00

and define the semigroup A generates to be {e!4 : t > 0}. This gives us one way of

evaluating such an operator whenever A is unbounded.

Let us now look at examples.
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Example 4.3.2. Consider the I.V.P.

Ut =u,, t>0, xR,

u(z,0) =up(r), z €R,

on H = L%*(R) and choose Ap = %% with domain PD(A) = HL(R).

Ox2

Note that

(Ap, ) = (¢, 0) = —(p,¢') (integration by parts).

Also,

(¥, 0) = (@, ¢),

which implies Re(Agp, ) = 0, making A dissipative.

If we show that Z(A — AI) = H for at least one A\ > 0, by part (b) of the Lumer-Phillips
theorem, A generates a semigroup.

Note that showing Z(A — M) = H is the same as showing for all f € L(R), there exists
a solution to

Xp—¢' ' =f, A>0.

Using the integrating factor e=**, we can solve the above ODE to get

This is a unique solution which can be verified by standard methods. Therefore,
H(A — M) = L*(R).

A hence generates a contraction semigroup {E(t) : t > 0} and u(x,t) = E(t)ug(z). We

have thus proven that the I.V.P has a solution. Here, we can explicitly write down the
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semigroup. For v € L?(R),

Therefore, the solution is

u(z,t) = uo(x —t).
Example 4.3.3. The Heat Equation

u = Au, t>0, xRN,

u(z,0) = up(z), =€ RV,

with H = L?(RY), A = A with domain 2(A) = HZ(RY). Again, let us show that A is

dissipative. Using integration by parts,
(Ap,p) = —(Vp, Vi) = —||Vyl|* < 0.

We claim now that Z(A— A\ ) = H for some A > 0, or again as before, for each f € L?(R"Y)
we show that A\u — Au = f, x € RN, A > 0 has a unique solution.

Taking Fourier transform, we have

~

AG(E) = [€%u(8) = f(&), €eRN,

which, by Plancherel’s formula and Fourier inversion, gives us a unique solution u €

H2(RN) for each f € L2(RV).

Applying Lumer-Phillips, A = A generates a contraction semigroup and hence the IVP
has a solution. Using the Yosida Approximation, we have that A generates {4 : ¢ > 0}.

By the Fourier transform, we can write the solution
u(z,t) = E(t)ug(z) = ePug(x)
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where

A 1 _le—yl?
eCug(r) = —+ e 2t wug(y)dy.

Example 4.3.4. Now consider a more abstract situation, but one we have encountered
before, the I.V.P

up = Au, t>0

’UJ(.%, 0) = UO(x)
where A: P(A) C H — H, ugp € H. Assume that —A is self-adjoint, positive definite linear
operator with compact inverse. The operator —A + |x|? falls into this category.

For such an operator, 3 an orthonormal basis of eigenfunctions {¢;} and an increasing

sequence of corresponding eigenvalues
D<A <A< o< A<

with A\; — oo as j — oo.

Hence for u € H, we have the Fourier expansion

w="> (u,0;)¢;

o0
j=1

and

—Au = Z Aj(u, @) @;.
j=1

Set u(t) = 372, u;(t)p;, where u;(t) = (u(t), ;). Therefore, by taking the inner product
of the IVP with ¢;, we get

Luj+Nu; =0,t>0

u;j(0) = o,

where ug j = (ug, ¢;).
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Solving the above ODE gives us

which leads to

Mg

u(z,t) = E(t)uo(z) = Huo, 07) ;-

7j=1
The semigroup {E(t)} generated is a semigroup by Lumer-Phillips with A as infinitesimal
generator.

In particular, for A = —A + 22 on L?(R), we have

o0

Ze (2k+1)t u07¢j>90j7

k=0
where ¢; are the eigenfunctions of the operator A.
Example 4.3.5. An interesting question to now ask is if the wave equation, which is
not traditionally in the form of the evolution equations we have been studying, can be
manipulated in some way so we can apply the theory in this chapter.

Consider the I.V.P,
u(z,t) = Au(z,t), =€ RN t>0,

u(z,0) = up(z), r € RN,
ur(x,0) = uy(x), r € RV,

The trick is to write this as a first-order problem in two dimensions, by setting

flx,t) =u(z,t), g(x,t) =wuw(x,t).
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Then, the wave equation I.V.P transforms to

This falls into our category of evolution equations, on the Hilbert space
H=H'RY) o L*RY).

Define A(u,v) = (v, Au) where u,v € D(A). It can then be shown again by methods

much alike to the previous examples that A is an infinitesimal generator of a semigroup

. . uo(z)
{E(t) : t > 0}, making the solution E(t)
uy ()
Remark 4.3.6. The semigroup theory is a very important tool when it comes to showing

the existence of solutions to a given initial value problem. However to find the solution

explicitly, we need to use methods specific to each problem.

We have answered the question: How to get a solution for (4.1), let’s ask a different
question. In a finite-dimensional vector space, say of dimension N, if A is replaced by
m(A), where m is a measurable function, for example, a polynomial, we know that m(A)
has eigenvalues m(\;), {j =1,2,..., N} where \; are eigenvalues of A. From there on, the
solution to (4.1) just follows as in the case with A.

What do we do in the case when the vector space is infinite dimensional and our operator
is self-adjoint in that space? Using all the theory we explored up until now, the spectral
theorem, semigroup theory and the theory of self-adjoint extensions, how do we tackle this?

This will be answered in the next chapter.
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Chapter 5

Spectral Multipliers

5.1 Introduction

As teased in the previous chapter, we can define for a bounded measurable function m and

a positive-definite self-adjoint operator 1" on a Hilbert space H:

where o(7T) is the spectrum of 7" and P is the unique projection-valued measure that is
the spectral decomposition of T'.

Clearly, m(T) is an operator again on the Hilbert space H, but it need not necessarily be
linear. Consider the example m(\) = sgn(A), A € R. This is therefore, new territory. The
natural problem here is to ask when is m(7") bounded.

For this, let us look at the case when H = L2(RY). Then, for f € L?(RY),
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Im(@)f13 = [ | () (@) da

-/, ( / O dP(A)) f(@)

<lml [ 1@ da

= [ImlIZILf13.

2
dx

Therefore, m(T) is a bounded operator on L?(R™).

Definition 5.1.1. An operator T : LP(R™) — L2(R") is called

(i) strong (p,q) if T is bounded, i.e.

1Tl < Cpg [1£1p

forall f € LP(R"), 1 <p<o0,1<¢q< 0.

(ii) weak (p,q) if

1
sup (Hf()‘))q < Cpq Hpra
A>0

where pf(A) = {(x € R" : [T f(x)| > \)}, for all f € LP(R"),1<p <00, 1< g < 00,

Remark 5.1.2. Although we have defined the above notions for R™ as the ambient space,
we can most definitely generalize these definitions for an arbitrary ambient space X.

Now that we have shown that m(T) is a bounded operator on L?(R"), it is only to ask if
it can be bounded on LP(R"™), p # 2.

A natural way one might go about this is to prove the result for L2 N LP(R™). Then use
a limiting argument. However, there are several intricacies one must account for, and

tackling these is the objective of this chapter.
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5.2 Fourier Multipliers

Definition 5.2.1. Let A < p < oo and m € S'(RN). Then m is said to be a Fourier
multiplier on LP(RN) if T}, f :=m x f € LP(RYN) for all f € S(RY) and

sup || * f| < oo,
I fllp=1

where m is the inverse Fourier transform of m.

The set of all such m is called M,,(R") and it is a Banach space with respect to the norm
[l pm,®yy = supjgy,=1 lm = fllp. The following is a very important measure theoretic
fact that will be useful througout the remainder of this thesis. Refer to [15, Ch. 4, Sec.

4.3] for a proof.

Theorem 5.2.2 (Tchebychev). Let X be a Banach space. Then,

prA) = p({z € X = [f(2)] > A}) < A7PIFID

for all f € LP(X).

Corollary 5.2.3. If T is strong (p,q) then it is weak (p,q).
Proof. We are given that 3 C,, ; such that
ITfllg < Cpq Iflly VF € LP(RY).

Notice by Tchebychev’s inequality,

{az € RY 1 |Tf(2)] > A} < X9 Tf)4.
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Then,
X {z e RN ¢ T f(x)] > AY < |TfI4,

implying that
1
Az e RY 1 [T f(x)] > A}* < Cpg [If1lp-

Since the RHS is independent of A,
N 1
iulg)\}{ﬂf e RY T f(z)] > A} < Cpg [l -
>

which proves that 7" is weak (p, q). O

The next two results will form the basis of proof techniques in proving any operator of the

form m(T) is LP bounded, 1 < p < oo, whenever it is linear.

Definition 5.2.4. An operator T is said to be sublinear if T'(f + g) is determined by the
values of T'f, T'g and

IT(f +9)| < |Tf|+ [Tyl

The definition of strong and weak (p, ¢) can be extended to such sublinear operators. This

leads to a theorem that harnesses a strong method of proof: duality.

Theorem 5.2.5 (Marcinkiewicz Interpolation). Let 1 < r < co and T be a sublinear

operator. If T is weak (1,1) and strong (r,r), then T is strong (p,p) for any 1 <p <.

Refer [6, Ch. 6, Sec. 6.5] for a proof of this well-known theorem.

The following provides a very useful decomposition of L'-functions.

93



Theorem 5.2.6 (Calderén-Zygmund Decomposition). Let f € L'(RY). For every
n >0, f can be decomposed as f =g+b=g+ > 22, b; such that

lg(z)] <2Vn  a.e. 2 € RY, (5.1)

where supp (bj) € Qj, Qj is a cube with [bjdx = 0. The Q; have disjoint interior,

> o1@sl < nMIfl, (5.2)
j=1
and
o0
Hglh+Z||ij1 <6 f]l1- (5.3)
j=1

Proof. Tt is enough to show the theorem for f > 0, as otherwise write f = f* — f~ and
perform the decomposition separately for f* and f~.

Notice that since f € L2(RY), given 7, we can find [ > 0 such that for every cube of side
length [, |Q|™! [ fdy < n. Make an [-sided cube mesh of RY and choose Q° among these
cubes.

Subdivide Q° into 2V cubes of side % each and let Q! be one cube among them: 3 two

possibilities:

(1) Q'™ fgu f dy <

(i) Q! [ f dy = 1.

We don’t need to do any further subdivision in the case (i), since we have our estimate.

Collect all such cubes Q; in a sequence. In case of (ii), continue the subdivision. Therefore,
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ifzd¢ ; Qj, by Lebesgue Differentiation theorem, we get
f(z)<n, ae xzeRV\ UQj.
J
Define:

ﬁfijdy 376@]‘;
f(z) T ¢ Q;

bj(x) = (f(z) — g(x))xq,;(x), jeEN.
Clearly, |g(z)| < 2Vn a.e. z € RV,

/ bj(z)dx = f(z) —g(z)dz =0,
Qj Qj

and from (i), we get 372, [Q;] < %Hf“l, concluding our proof. O

We conclude this section with a multiplier theorem [9].

Theorem 5.2.7 (Mikhlin-Hérmander). Let m € L¥(RY) and s be the least integer

> % Then for all |a| < s, if

A

2
2
dee ¢ < A%, (5.4)

sup R7N+2|a‘
R>0 R<|{|<2R

then m(t) is an LP multiplier for any p € (1, 00).
Moreover, T, is weak (1,1).
Remark 5.2.8. The condition (5.4) is due to Hormander. However, the theorem was first
proved by Mikhlin for a stronger assumption,
’ [e%

wm(é)' < Boé| 7 (5:5)
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for all multi-indices «. Let us show that if a bounded measurable function satisfies the

Mikhlin’s condition, it satisfies the Hormander condition too.

o 2
O )

R7N+2\oz|
ogx

R<|€|<2R

dg < RN+2|QB§/ |$Z‘72‘a|d£
R<|¢|<2R

2R

:R—N+2|awN_lB§/ p—2lal N-1 g
R

—2|a|+N

r—2lal R

— R—N+2|O¢‘
“ olal+ N &

WN_lB

= A, < .

This final constant A, is independent of R, and hence if we take supgr~q on both sides of
the inequality and see that since we are considering only a finite number of multi-indices

a, we can find A such that A, < A? for all |a| < s.

Proof. (Mikhlin-H6rmander) If we show that T,, is weak (1,1), i.e. for every f €
LP(R™), if we have

sup A pr(A) < el flh,
then since T, is strong (2,2), using Marcinkiewicz-Interpolation theorem, we have that

T, is strong (p,p) for 1 < p < 2. Since T, : LP(RY) — LP(RY) is a bounded linear map,
3 Ty, - P (RY) — LF (RY) with L+ L = 1 such that

(T f,9) = (£, Thg), Y feLPRN),ge P (RY).

The adjoint operator T}, is a bounded operator with the same norm as 7, and in partic-

ular, it is exactly equal to T3, where m is the complex conjugate of m: This is because for
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any f € L> N LP(RY) and g € L2 N LY (RY), we have

Tutoo) = [ F @D TE . (by Parseval)
- [ m@ (it
- [ Feomie st
= (f, Tmg)- (again by Parseval)

By the uniqueness of the adjoint and the denseness of L>NLP in LP, we have that T, = Tr.
This will conclude that Ty, : LP(RY) — LP(RY) is a bounded operator for all p € (1,00).

All that remains is to show that T, is weak (1,1).

To show T, is weak (1,1), we need to show for any A > 0,
c
pr,,p(A) = [z € RY : [Ty f ()] > A| < LS

Note that if f = g + b is the Calderén-Zygmund decomposition of f, then

A A
BT f (A) < g <2> + p1,b <2>

We know that b= 372, b; such that 3 a collection of cubes Q; with disjoint interior with
supp b; € Q; Vj. Call Q = Uj Q;. Define another measurable set Q* = Uj Q; where Q;
is Q; but with twice the side length.

Then,

Wl f(A) < W (;) + BT (;) : (5.6)

A
§#ng 5 +

= p1 + p2 + p3.

(g0« [Tub(a)| > 2} + ]
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Let us estimate ps first.
|ﬂ*|<2|@ |<2NZ|QJ|<f. (5.7)

Now let us tackle p;.

A

A
{QERN Tng| > 2}'

<¢ <i>2 T2 (Tchebychev)

< 559l (T is strong (2,2))
< 5z llglhllgl (Holder)

< 1allglh2Vx (5.1

= Sl

For brevity we incorporate all constants together at the end, into c.
Finally, we tackle uy = Ha € Q" ¢ |Tb(z)| > %}‘ We need to produce a ¢ such that

p2 < X

It is enough if we show that:

/m Tb()] da < cllby]|1, (5.8)

where ¢ does not depend on j.

This is because if this claim is true, we have

[ mb@lde <3 [ (T de < €Y byl < oclflh,
T ¢Q* j=1 z¢Q; j=1
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by (5.3). By Tchebychev,

N2
o = Lo ¢ Q5 [Tb(a)] > 24| < / Tb(x)]| da
2 )\ Z'gﬂ*

Cc
= ZIfh.

This will prove the theorem. All we need to show is the local estimate.
Let p € C°(B(0,2)) such that (&) =1 V || < 1.

Define now:

B(€) = »(&) — p(26).

This then implies, Y ;2 8 (271¢) = 1, since it gives us a telescoping sum for £ # 0.
Let my(€) = B(€) m(2"¢). Then,

[ 0= me) s < 5.9

by (5.4) for s > 0.
If K;(z) is the kernel associated with m;(z), then by Plancherel’s identity,

/N(1 +12?)? | K@) 2 de < c.
R

Let Agr = {z € RY : max,, |z.n| > R}. Let xg be the characteristic function of Ar. Then

by Cauchy Schwarz,

1

/AR el (/AR“ e d:”>§ (/RN“ * |x!2>S|Kz<x>12d:c>2

—S

=cR ,

[z

which gives us a good estimate for very large R.

Let us now reapply the same technique to {xmy (&), where & is the k-th co-ordinate of &,
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i.c. By (5.9),
[10- 8% gome)de <.

By Plancherel,
/(1 o) VK (2)[2 dE < c.

Again using the Cauchy Schwarz inequality,

/]VKg(ac)\dx < (/RN(1+ \x!z)_sd:ﬁ>é\ﬁ:c.

Note that by Taylor expansion, K;(z +y) — K;(z) ~ VK;(z) - y + O(|y|?). For small y,
higher order terms will be negligible.

Now by Fundamental Theorem of Calculus, for all k,

Yk d
/ R+ 1) dag ~ Kl + ) — Ki(2),
o dx

for small y. Therefore,

/ Ki(z+y) — Ki(@)) da < ly] / V()| de < clyl.
RN RN

Also note, as a tempered distribution,
o0 o0

K(x):= > 2K @22)= > m(27%).

l=—00 l=—00
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Now if @); is a cube of side R centred at the origin, then

/ |2N’Kl(2l.-)*bj|dx§/ / 2V (2 (@ — ))|Ibj (y)| d dy
z¢Qx z€Q; Jx¢Q;

< 1t / Ky (2)) do
l

2'R

N
< c(2'R) =7 |lbj . (5.10)

Since fQj bjdy =0,

/ K-y bywdyde = [ [ K2 - ) - K@) byly) dyda.
z¢Q; JyeQ; ¢2Q; JyeQ;

T

Therefore,

/ 2V (@) by dr < / / VU K2 ( — ) — Ki(2) by (9)] dee dy
2¢Qj yeQ; J2¢Q;

< 2'R)|[by)1. (5.11)

We use the estimate in (5.10) for 2'R > 1, and the estimate in (5.11) for 2/R < 1. Hence-
forth,

[ byl o < el
z¢Qj
completing the proof. ]

Remark 5.2.9. It may be clear for some readers as to how (5.9) came from the Hérmander
condition, for which here is an explanation. For any ¢ € C2°(Ry), we establish that the
Sobolev norm sup;~q ||@mlls, me(§) = m(t§), is equivalent to the classical Hormander

condition, i.e.

2
d€ < o0.

0]

Tgagpmt(f)

sup R7N+2|a‘
R>0 R<|¢§|<2R
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Recall the classical definition of the Sobolev norm, s € Z, s > %

Q 2

0
H‘pmt”s = Z a(pmt(é“) df, t>0
a|<s/ ¢
2
=2 / > m(©) e Q)| de
lal<s B+y=«
2
(e D(g)| " de
22T Sl @e0)
tZ"Y‘ tf é- 2d€
a|z<sﬂ+'y— ‘/R<f|<2R ‘m ( )‘
< C 2lal—N (a) 2d
N |Oé§<:s/R<|f<2th : ’m (5)’ :
=Cry Y (tR)™NVH2el )mm) (5)‘2 d¢ - RN+2lal
lal<s tR<|§|<2tR
< CN,¢RN+28 Z (tR)—N+2|aI ‘m(a)(f)rdé
lal<s tR<|¢|<2tR
<Chnyc

- (6% (63 2
where (tR)~N+2l |ftR<|£‘<2tR Im@(©)]"d¢ < e, V]a|<s, t>0,

For converse inequality, let ¢ € C°(RY) such that supp ¢ C B(0,2) and ¢ = 1 whenever
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€] < 1. Let |a| <s. We have for R > 0,

2 2
R-N+2lal ‘m(w(f)) dg < 3 RN ‘m(m(g)‘ de
R<|¢|<2R la|<s R<|€|<2R
_ Z R-N+2la| ‘m(a)(Rfl) 2RNd§/
lal<s 1<|¢’1<2
_ () /o1 2
- > mig (&) d¢
laf<s 1<|é'|<2
2
<y / 3 mP e de
la|<s 1<|é'|<2 By—=a
< [lemgl?
<

)

which is a uniform bound for all |a] < s.

5.3 Spectral Multipliers as Fourier Multipliers

Earlier, we have defined the operator,

m(—A) = /U s m(X\) dP()),

where P is the unique projection-valued measure that is the spectral decomposition of
—A. Then the following corollary follows directly from Theorem 5.2.7. Define m(—A) as

a Fourier multiplier:

F(m(=A)f) =m(E) £(9). (5.12)
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Corollary 5.3.1. Let m € L*°(Ry). For s > % if
sup ||emel|s < oo, (5.13)
>0

then m(—A) is a bounded LP—multiplier.

Proof. This just follows from the fact that since m abides to the regularity condition, so

does m(|¢[?). O

Let us now move to Schrodinger Operators A that are densely defined on L*(RY). We
now ask the question, when is m(A4) a bounded LP— multiplier for bounded measurable
functions m.

William Hebisch [7] gives a sufficient condition similar to Corollary 5.3.1 as to when m(A)
is a bounded LP—multiplier.

Hebisch considers operators of the kind T'= —A+V such that V is a non-negative potential,
ie, V>0.

Theorem 5.3.2 (Hebisch). Suppose that T = —A 4+ V, V > 0 is a densely defined
Schréodinger Operator. Let m be a bounded measurable function on the real line. If for

some € > 0, non-zero ¢ € CX(R4) and constant C, we have the Sobolev norm
lpmillxze, . < C, (5.14)

then m(T) is weak (1,1) and bounded on LP for 1 < p < oco.

Before we jump into the proof of this theorem, we need a few lemmas.

Lemma 5.3.3 (Segal). For semi-positive-definite self-adjoint operators A and B such that
B is relatively bounded with respect to A with relative bound 3, i.e., || Bz| < Bllz|+~||Az||,
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v < 1, then A+ B is self-adjoint on P(A) and essentially self-adjoint on any core for A.

Moreover,
le” B < Jle™ e (5.15)
The proof of this lemma uses the Kato-Trotter formula, which can be seen from [12].

Lemma 5.3.4. Write for a kernel K,

1K 5 = max {sup/lK(w,y)l(l + [z —y|") dy, sup/IK(w,y)l(l + e —y|") dw}-
x Yy
(5.16)
If supp m C [—1,4], e > 0, b > 0, then

Im(T)l; < Climllxsr

where the norm on the right is a Sobolev norm. The constant C is independent of m and

T.

Proof. Set K(\) = A~! m(—1log\). Since supp m € [—1,4], then clearly supp K C [e™%, ¢].
Note that
A N
1K By = [ RGP+ 6254 e
2 R

For m € L',

e |lm(=1lo 1
Jy d)\—/_4|()l\g/\)’ = [ (=)l du= il

This basically tells us that K is also L' if m is L', and |K(€)| < ||K|1 = ||m||1. We can
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translate this to any % + € + b using the Fourier transform definition, and we get

2

dX

. < | 9
2 K 2 _ E K

i<NELetp

2
< Cllmln

)

if % +e+beZ Nowlet K(\) =) f((n)ei”’\, en = eine™ T, Combining this with

the definition of K, we get

m(T) = K(e e =Y K(n)ep.

N

We now claim that [|e, || < Co(1 4 |n|)2 . If we show this, then,

Im(T)If; < C2 > 1K (m)|(1 + [n]) 2+

<Y IKmPa+ \n|>2"+N+“€}§ {20+

< CQHKH%

[SIES

+b

< Cyllmllxgr oy

proving what we need. Let us prove the claim.

Since T is self-adjoint, we get these inequalities for which the proof is given just after the

proof of this lemma:

/ e (2, 9)] Y dz < Cy

Sup/ le T (z, ) dz < C}) .

(5.17)

(5.18)

Let £ =~ tn||le Ty, for v < 1, where |le=7 |, = max{sup,, [ e~ (z,y)[e"*~¥(1 + |z —

yl)? dy, sup, [ e " (,y)|e?" V(L + o —y|)" da}.

Then, |le~"|, < Csup, [ e~ (x, y)|el*¥l dz < CCy. Also note that ¢~ being a unitary
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operator, wlog, we get,

* ine” T —
leally < [ 1677 @ pl(1+ o —yi) da

)t
|lz—y|<t |z—y|>¢

N N . — . _
<1+ 087 [BO0,1)]2 e e Tyl + e (1 + [z -yt e T (L y) |y
(1+6) b+3 /Cs H€ Ps + e~ vﬁue TH elnllle™ "y
(1+ 0o+ VC3Ch + e_'yéHe_THyew

< Cy(1 4 [n|)?*7,

| AN

IN

completing the proof of this lemma. O

Proof. (Hebisch) By the Spectral Theorem (Theorem 2.5.6), m(T') is bounded on L2(RY).
Again, as in Theorem 5.2.7, we show that m(7T') is weak (1,1). Then, we use the Marcinkiewicz
Interpolation Theorem (Theorem 5.2.5) and duality, we prove that m(7') is strong (p,p)
for 1 < p < oo.

By Lemma 5.3.3, we have |le=T|| < [|e/®e?||. Then for any f € L?(RY), we have

2

0 < [le™ T f(@)|I3 < [l f(a)[|3 = (4mt)~ / \ / VW p(y) dy| da

,‘2 2
(4mt)™ /‘/ 3 dy

dx
= [le"* f(2)]3,

for all f € L?(RY). Therefore using Plancherel Theorem, if e~'*(x,y) denotes the Heat
kernel for 7', then
0<e M (x,y) < e(x,y), (5.19)
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_Iav:fy\2

where e'®(z,y) = (47Tt)_%€ it . We now prove the following inequalities for s,¢ > 0.

/e—tT<$7y) es|:c—y| dzx < CeCs2t
/ le T (z,y)? dz < Ct 2
RN

sup e T (x,y)| < Ct™ %
x7y

Let us do the proofs of the latter two inequalities first. Note, using (5.19)

lz—y|?
/ le T (2, y)|? dx§(47rt)N/ e 2 da
RN RN

proving (5.21). Sinilarly, using (5.19), we prove (5.22) as follows,

T _le—y|? _N
sup ™" (z,y)| <supe” @ (4mt)” 2
I)y m?y
<Ct =,

Let us now come to inequality (5.20). For s,t > 0,

2
lz—yl

/e_tT(a:,y) e*lP 7l gy < (47rt)_% /e_ I esleyl gy

_N _(z—yl-2t9)% 2
= (4mt)” 2 /e w ¥t dr

o0 2
_N 2 =2t N
= (4mt) 2 wn_1€° t/ e” at N lar

—00

S CeCSQt‘

(5.20)
(5.21)

(5.22)

These inequalities also prove the inequalities (5.17) and (5.18) for s = ¢ = 1. Let us now

state and prove one final lemma before the rest of the proof of this theorem.
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Lemma 5.3.5. For every k > 0, there exists (,0 > 0 such that if m € HS, supp m C
[—1,4], then
m(T)(z,y)| < Cllmfc(1+ |z —y|)~" (5.23)

for all z,y € RN,

Proof. Set v(\) = m(\)e?, and ¢ = % + k + 1. By the same logic as in Lemma 5.3.4,
|lvllc < Ci|lm||c. This then, by Lemma 5.3.4,

[o(T)I}. < Callv]lc.
Using the inequalities (5.19),(5.22), we get

(1 + |z = y))* m(T)(z,y)| = ‘/U(T)(an) e T (s,y) (L+ |z —y))* ds
< / [0(T)(z,8)] (1+ |z —yD)* e (s,9)| (1+]s —y)* ds

. _N e
< (D)} sup(dm)~ze” 5 (1+ |z)*.
x

Taking y — 0, the lemma follows. O

Clearly (5.14) is true for all ¢ € C°(R4). Fix ¢,1) € C°(R), supp ¢ C [§,2], > pcr 0(2%%2) =
1 for all z > 0 and supp ¢ C [—1,1] with ¢(z) =1 for all z € [0, 5]. Then define:

mr(A) = 922 N)m(A) 5 Ye(X) = $(2%N).
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We then get some more inequalities for b < ¢, i.e., there exists C' such that

| (rme)(T)|| g2 < C (5.24)
/ i (T) (@, )| (1 + 2-%a — y|)? do < C (5.25)
[WR(T)(z,y)| < C 27"V (1 +27F|z —y|) N (5.26)

Let us now prove these inequalities. (5.25) is an easy consequence of the properties of
dilations, and using Lemma (5.3.4) and replacing € by € — b. Similarly, (5.26) is derived
from using Lemma 5.3.5. Once these two are done, (5.24) is obvious from them.

Now, let us move on to the Calderén Zygmund Decomposition. Let f € L', and apply the
Calderon Zygmund decomposition at height A. Refer Theorem 5.2.6.

Let Q;f be the ball with the same centre as (); and radius 2dg, where dg, is the diameter
of Q;. Choose a compactly supported L! function such that supp h C {z : |z| < 1} =: B.
Then, using (5.25),

/ mi(T)h(z)| d < / lmi () ()] |h(a)] de
|z|>2

|z[>2

< ||y sup / mu(T) (2, y)| do
yeB

< ||y sup / me(T) (2, )| de
Yy J]z—y|>1

< [|A]112% sup / ma(T) (. y)| (1+ 2% — y]) dae
Y
< CkaHhHl.

Also,

3 / mk(T)h(z)| dz < © 3" 290l < Calhls.
k>0 |1>2 k>0
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Therefore, using dilation and applying the above for each b;,

S T do < Clby ) (5.27)
i<k 7 (QF)e
SRy

Let us recall what we need to prove: We need to show m(T) is weak (1, 1), i.e., for f € L!,
tn(r)f(A) < C|flli. It is the ‘bad part’ that usually gives us trouble, so let us tackle that
first. One final lemma will help us with that.

Lemma 5.3.6. There exists C such that

1> o, (1) 313 < CAllf - (5.28)
i

Proof. Observe that there exists Cp such that if @ = {z : max;{z;} < 1} then for all z,
we have

sup (1+ |z —y[)" """ < Coinf (1+|z—y[)~ V"
yeQ yeQ

By dilation, for all j,

sup (1+27M |z —y)) ™1 <Cyinf (1+27 |z —y[) N1 (5.29)
yeQ; YeQ;

Now fix j and set the centre of @; to be yo. Then by (5.29) and (5.26),

i, (T)b; ()] < C / 2N (14 278z — y) Vb (y)] dy
<2 MNACHQy] (14278 | — yol) V!
<Gy / 2N (14 278z — y)) N xo, () dy

=AC3 (279N (1 + 275 )TV e xg, ) (@),
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If h € L?, then

(27BN (L 278 |- )7 x| = (278 )N x h xg)) 2l

< C4<Mh7XQ]’>7

where M is the Hardy-Littlewood Maximal function (Refer Appendix). Since M is bounded

on L2,
<h, > ik, (T)bj> < C5(Mh, > Mxq,)
J 1,2 J
< Collhll2 || > Mo,
J 2
< Cellhll2 > X*|Q;|
J
< CAll £l
completing the proof of the lemma. O

Therefore, if £ > k, by the definition of ¢y, we have ¥ymy; = 0 so, ¥ (T) me(T) = 0, since
the supports of 1, and my are disjoint.

Similarly, for £ > k, by the definition of ¥, 1 (T) me(T) = me(T).
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Now we go back to the Calderén-Zygmund Decomposition.

T)f = Zmz )b; + m(T)g

=D D me(D)b; + > me(T)b; | +m(T)g

j \t<k; >k;

=33 me(T)b; +m(T Zw )b +g —kaj(:r)wkj(:r)bj. (5.30)

J l<k;

We use the same logic as in Theorem 5.2.7, and divide p,,(7)#()) into three parts, corre-
sponding to the three terms in (5.30), pp(7)f(A) = p1 + pa + ps.
As before, define Q* = Uj Qj. Then, by (5.27),

= {az: Zng(T)bj >é\}
j <k;

<|Q*+ = / D> me(T) dx
J €<k

C C

S)\”le-i-)\;Hijl

C

< — .

< S1Iflh

Next, using Lemma 5.3.6,

2

Zwk )i +9g| < CAlflh

2
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And since m(T) is strong (2,2) and using Tchebychev’s Inequality,

e
(¢

2
> Z% T)b;j +g

£

IN

2
< ¢
A

Finally, by (5.24) and Tchebychev’s Inequality,

3 = {961 (kaJ(T)le](T)bj) > ;\}

S D ma (T),; (T)b;
J
C
<5 Z 165111
J

C
<
< S,

IN

1

completing the proof of the theorem.
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5.4 Next Steps

Let us revisit the Schrédinger Operator of the form ., = —A+ # that we briefly touched
upon in [7, Sec. 2.3| detailing Theorem 5.3.2 proves that the operators of the form m(.%,)
are bounded LP—multipliers for a > 0.

[11] establishes the LP boundedness of m(.%,) for —% < a <0, N > 3. The operator
is semi-positive-definite in this interval. The operator does not have a unique self-adjoint

—(V-2)° (V—2)*
4

<a<l1l--‘—F%,

extension for N > 3. The result was proved considering the
Friedrich’s extension for this region. The proof does follow a similar pathing, with the
Marcinkiewicz Interpolation and Calderén-Zygmund Decomposition again taking centre
stage.

Possible next steps include the analysis of m(.Z,) on other related Banach spaces.
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