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1 Introduction

A central goal of Artificial Intelligence (Al) is to develop rational agents
that operate in an environment to maximize a performance measure, using
prior knowledge and sensory inputs. These agents follow policies, which are
decision rules mapping observations and history to actions. When system
dynamics are known, planning algorithms can be used to compute optimal
policies. However, real-world environments are often only partially known,
necessitating learning from interaction.

Reinforcement Learning (RL) is a dominant framework for learning op-
timal decisions under uncertainty. RL includes off-policy learning from pre-
collected data and online learning through real-time interaction. Most RL
approaches rely on the formalism of Markov Decision Processes (MDPs),
where a finite set of state variables is sufficient to encode relevant history.
Extensions include multi-armed bandits, contextual bandits, and partially
observable MDPs (POMDPs).

A core challenge in RL is the curse of dimensionality—the exponential
growth of state-action spaces. Fortunately, real-world systems are often mod-
ular. Hierarchical RL exploits this modularity by decomposing tasks into
simpler subtasks, significantly reducing computational complexity. The in-
tegration of deep learning has further automated representation learning in
RL, as seen in systems like Deep Q-Networks, AlphaGo, and Watson.

Despite these advances, current Al systems are fragile, data-hungry, and
often opaque. They struggle with robustness, generalization, and inter-
pretability. This fragility stems from a lack of formal representation of causal
structures governing the environment.

Causal Inference (CI) provides a principled framework for reasoning about
interventions and counterfactuals—hypothetical outcomes under alternative
actions—even when data is limited or the environment is only partially ob-
served. Recent developments in both empirical sciences and machine learning
show how causal knowledge can support principled policy evaluation and ro-
bust decision-making. However, the integration of CI into AI remains in its
early stages and requires substantial theoretical and empirical progress.

To develop truly intelligent and reliable agents, Al must transition from
heuristic-driven approaches to a deeper understanding of the causal principles
that underpin robust decision-making under uncertainty.



2 Background

2.1 Reinforcement Learning

Reinforcement learning (RL) refers to the process by which an agent learns
how to map situations to actions with the aim of maximizing a cumula-
tive reward signal. Unlike supervised learning, the agent is not explicitly
instructed on which actions to take. Instead, it must explore and discover
effective strategies through trial and error. A defining challenge in RL is
that actions influence not only immediate rewards but also future states and
rewards, introducing the notion of delayed consequences. These two aspects
trial and error search and delayed reward—are the key characteristics that
distinguish RL from other forms of machine learning.

In contrast, supervised learning involves learning from a dataset of labeled
examples provided by an external expert. Each training example specifies
the correct response for a given input, allowing the learner to generalize its
predictions to unseen instances. While effective in many domains, supervised
learning is limited in interactive settings, where collecting representative and
correct examples for every possible scenario is impractical. In such settings,
agents must learn directly from their own experience.

RL also differs from unsupervised learning, which primarily seeks to un-
cover hidden patterns or structure within unlabeled data. While RL does
not rely on labeled examples, its primary goal is not structural discovery but
rather the maximization of expected reward over time. Although identifying
structure in the environment can assist in learning more effective policies,
it is not the central objective of RL. Thus, reinforcement learning stands
as a distinct paradigm within machine learning—complementing, but not
reducible to, either supervised or unsupervised learning.

We shall define the learning problem and ways to solve it using causal
inference in upcoming sections. Primarily we’ll see better solutions to the
traditional tasks, i.e. Online and off-policy learning. And then we shall see
4 new causal RL tasks with expand the boundaries of RL.
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2.2 Causal Inference

2.2.1 The Environment and Structural Causal Models

Definition 1 (Structural Causal Model)
A Structural Causal Model (SCM) M is defined as a 4-tuple (I1,V, F, P)

where:

e U = {Uy,Us,...,Us} is a set of exogenous (background) variables.
These represent influences external to the model that nonetheless af-
fect variables within it.

o V=A{V),V,,...,V,,} is a set of endogenous variables, which are deter-
mined by variables and functions within the model.

o F ={f1,fo ..., fu} is a set of structural functions, one for each en-
dogenous variable. Fach function f; defines the value of V; as

v = fi(pa;, u),

where pa; C V \ {V;} are the parents of V; and u; € U is the corre-
sponding exogenous input.

e P(U) is a probability distribution over the exogenous variables.

Several insights emerge from the definition of a Structural Causal Model
(SCM). First, an SCM M distinguishes between two types of variables: the
exogenous variables II, which are unobserved and determined outside the
model’s domain, and the endogenous variables V', which are observed and
influenced within the model. The exogenous variables follow a probability
distribution P(U) over their possible states, representing factors external to
the agent’s deployed environment.

In practical terms, U often includes latent or unmeasured influences,
such as a patient’s genetic makeup, a customer’s private demographics, or a
robot’s hidden physical constraints, which can significantly impact outcomes
yet remain inaccessible to the agent. For example, a doctor may lack in-
formation about a patient’s DNA while prescribing medication, even though
it critically affects treatment efficacy. In contrast, another physician with
access to such genetic data could make more informed decisions. Similarly,
a robot with limited sensors may struggle to localize itself precisely, while
others with better equipment achieve near-perfect awareness. These are sim-
ply different representations of reality, shaped by each agent’s sensory and
interventional capabilities within their respective environments.

11



More broadly, the existence of U enables the modeling of unobserved
confounders, which are intrinsic to any real-world scenario where complete
information is unattainable. This is especially true in human-centered en-
vironments, where full observability is inherently restricted. Unless stated
otherwise, we will adopt the viewpoint of a Causal Reinforcement Learning
(CRL) agent, reflecting the perceptual and interventional limitations specific
to that agent.

Secondly, each endogenous variable V; € V' is determined by a structural
function f; that depends on a subset of other endogenous variables and rele-
vant exogenous inputs. The randomness in U induces variability in V', laying
the foundation for the formal data-generating process described in the next
section. The set of structural functions F and the distribution P(U) jointly
specify how observable states and rewards are generated in the environment.

A key advantage of the SCM framework lies in its expressive power: it
can incorporate a wide range of causal relationships. This generality al-
lows SCMs to encompass familiar reinforcement learning environments such
as Multi-Armed Bandits (MABs) and Markov Decision Processes (MDPs).
A crucial distinction, however, is that standard RL models typically leave
action variables X unspecified within the environment. In contrast, SCMs
explicitly encode the mechanisms governing actions, which might originate
from a human demonstrator, another agent, or even natural forces like grav-
ity. We denote these mechanisms as fx = {fx : mx — X}, representing the
functions that determine the values of X.

By default, the environment is assumed to operate under a behavior policy
terminology standard in RL [4] or under the natural regime in the context of
causal inference [3]|. For instance, a human doctor chooses treatments based
on their expertise, irrespective of an Al agent’s recommendation. Similarly,
the motion of a particle may evolve under gravitational influence, even with-
out direct intervention. The essential point for CRL is that the agent does
not inherently control how X is instantiated in the environment—this must
be explicitly modeled or learned.

A few key observations are in order. First, Structural Causal Models
(SCMs) offer a highly expressive framework that naturally accommodates
the modeling of traditional reinforcement learning (RL) environments. Sec-
ond, although the SCM defines the underlying generative mechanisms of the
environment, its actual structure is typically hidden from the agent. The
purpose of the SCM is merely to encode the dynamics that govern the en-
vironment’s behavior and the resulting Potential Causal Histories (PCHs).
Third, the SCM itself is conceptually distinct from the datasets generated
through interactions with the environment and from any assumptions the
agent may impose on these datasets .
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2.2.2 Learning through Observational and Interventional Regimes

A key characteristic of the CRL architecture outlined so far is the clear sepa-
ration between the agent and the environment in which it operates. This di-
vision naturally leads to a distinction between endogenous variables (II) and
exogenous variables (U). Notably, this separation is not fixed or universal,
it is shaped by the perspective of the specific agent. In other words, the way
the environment is partitioned into endogenous and exogenous components
depends on the agent’s perceptual and interventional reach. Furthermore,
the environment may act as an intermediary for diverse forms of interaction,
effectively concealing the presence of other behavior-generating agents with
their own policies and perspectives, distinct from those of the CRL agent we
are focusing on.

Observational Distribution

The CRL agent interacts with its environment primarily in two ways: by
perceiving it through sensors (“seeing”) and by intervening via actuators
(“doing”). These modes of interaction are formalized through layers 1 and
2 of the PCH. When the CRL agent simply observes the unfolding of events
over time, the resulting variations stem from other behavior agents present
in the environment , which could be either natural phenomena or artificial
entities. Since the CRL agent lacks knowledge of these agents’ internal mod-
els their perceptions, intentions, and behavior policies their influence on the
environment is treated as part of a passive observational process. In such
settings, the CRL agent does not actively manipulate the structural causal
model (SCM); instead, action variables X evolve according to the prevailing
behavior or natural regime.

For any SCM M, the set of structural functions F establishes a mapping
from exogenous (unobserved) variables U to endogenous (observed) variables
V. The probability distribution P(U) over the exogenous variables induces a
joint distribution over the endogenous variables V, denoted by P(V), which
is referred to as the observational distribution.

Definition 2 (Observational Distribution)
Given a structural causal model M = (U, V,F,P(U)), the observational
distribution over any set of endogenous variables Y C U is defined as:

P(y) => 1Y (u) =y} P(u),

u

where Y (u) denotes the value of Y obtained by evaluating the structural func-
tions F with exogenous variables set to u.

13



Interventional Distribution

In this section, we describe how an agent’s interactions with the environment
can be modeled when they attempt to bring about certain outcomes. Specif-
ically, we focus on interventions that depend on prior states and actions.
These are commonly known as soft or policy interventions, and we follow a
framework that formalizes them rigorously.

Let mx represent a sequence of decision rules {7mx | VX € X} defined over
a generic set of action variables X. Each 7wy is a function that selects values
for X using inputs from a set of variables Sx; in other words, X < mx(Sx).
For convenience, we write this as mx (X | Sx) to indicate a stochastic policy
that maps values of Sx to a probability distribution over the possible values
of each X € X.

These policies mx are also known as adaptive treatment strategies or
treatment policies in medical decision-making. They are especially useful
in personalized medicine, where treatment plans are continually adjusted
according to the evolving condition of a patient.

A policy specifies the actions an agent (such as a doctor or a recom-
mendation algorithm) should take based on the state variables it observes
within a structural causal model (SCM). A policy intervention, written as
do(X <« 7mx) and abbreviated as do(mx ), replaces the default behavior policy
fx of every variable X € X with the specified decision rule 7x.

We now formally define the resulting system when such a policy inter-
vention is applied, using the concept of a submodel.

Definition 3 (Submodel)

Let M = (U, V,F, P) be a structural causal model (SCM), and let wx be
a policy defined over a set of action variables X C V. The submodel M,
induced by the policy wx is another SCM, given by M., = (U, V, F, ., P(U)),
where the updated structural assignments F™ are defined as:

Fre ={fv : V\X}U{mx: X}.

This submodel reflects the effect of replacing the structural functions associ-
ated with the variables in X by the policy x, while leaving all other mecha-
nisms unchanged.

In words, when the causal model M is subjected to an intervention spec-
ified by 7y, the structural equations governing the variables in X are re-
placed with the corresponding policy mechanisms defined by mx. All other
structural functions remain unchanged. The resulting model, denoted M
captures the altered causal dynamics under the intervention.

TX
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A notable subclass of such interventions is known as atomic interven-
tions, denoted do(X <« x), or simply do(x). These interventions assign fixed
constant values to the variables in X, effectively defining the decision rules
as X < x for every X € X.

The submodel resulting from an atomic intervention do(z) applied to a
model M is commonly denoted by M,. This submodel represents a specific
instantiation of the broader causal system M, which is capable of generating
multiple possible worlds. In contrast, M, captures a single such world shaped
by the intervention.

The significance of a submodel lies in its ability to assign precise meaning
to how the world would behave under new interventional scenarios. Just as
a structural causal model (SCM) naturally determines observational distri-
butions (see 2), it also provides a principled way to evaluate the outcomes
resulting from interventions of the form do(wx), where 7x is a policy.

The effect of such an intervention on outcome variables of interest—often
reward signals denoted by Y is referred to as a potential response. The formal
notion of potential responses to atomic interventions do(x) was introduced
by Pearl (2000). We now extend that concept to encompass policy-based
interventions do(mx).

Definition 4 (Potential Response)

Let M = (U,V, F, P) be a structural causal model (SCM), and let XY CV
be two sets of variables. Let wx be a policy over the variables in X, and let
u € U represent a specific unit or context. The potential response of Y to the
policy intervention do(mx), denoted Yy, (u), is defined as the solution for'Y
obtained from the system of structural equations F, in the modified model
M. That is,

Ve (u) =Y (u; Mry ).

Definition 5 (Interventional Distribution)
Let M = (U,V,F,P(U)) be a structural causal model (SCM). This model
induces a family of joint distributions over the endogenous variables V', each
corresponding to an intervention do(mx), where mx is a policy over a set of
action variables X C V.

For any subset Y C V', the interventional distribution under policy wx s

defined as:
PR =y = Y Pl

wY "X (u)=y

where Y™ (u) denotes the potential response of Y under the policy interven-
tion do(mx) (as given in Definition 4).
This distribution can be computed via the following steps:

15



1. Substitute the original mechanisms of each variable in X with the cor-
responding policy functions mx, resulting in the submodel M™ ;

2. For each context u € U, evaluate the structural equations F™ following
a valid topological order (ensuring variables on the left-hand side are
evaluated only after those on the right-hand side);

3. Accumulate the probability mass P(U = u) for all u such that the eval-
uated outcome Y™ (u) equals y in the submodel M™ .

Causal Decision Models

We now formalize the policy optimization problem within the framework of
structural causal models (SCMs), using the causal tools developed earlier.
The environment is represented by an SCM M = (U, V, F,P) . The agent’s
objective is to interact with a subset of variables X C V., considered as
actions, in order to optimize performance measured by a reward variable
Y C V, evaluated within the environment M.

The agent selects the values of the action variables X by applying inter-
ventions do(7) according to a policy w. The set of all such candidate policies
over X defines the policy space II. We formalize this below.

Definition 6 (Policy Space)

Let M = (U, V  F P) be a structural causal model, and let X = {Xy,..., Xy} C
V be a collection of action variables. A policy space 11 is a set of policies T,
where each policy is a sequence of decision rules

= (m(X1 [ S1), ..., 7u(Xn | Su))
such that for everyt=1,..., H:

e The action variable X; is not a descendant of any future actions X;11,..., Xy,
that is, X; € V\ De(Xiq1, ..., Xn);

o The state variables S; are non descendants of the actions X;, ..., Xg,
that ’iS, Sz - \% \ De(Xi, . 7XH)

We will denote such a policy space compactly as:
II={(X1,5),...,(Xu,S)}
Every policy 7w € I is described as a sequence of decision rules:
(m (X1 | S1), .., mw(Xu | SH)).

16



An agent following policy 7 selects actions Xi,..., Xy in temporal order,
guided by this sequence.
At each intervention step i = 1,..., H, the agent:

1. Observes the state variables S; = s;;

2. Samples an action x; ~ m;(X; | S; = s;) based on the decision rule 7;;
3. Executes the intervention do(X; < z;), applying the selected action.
In summary, a policy space II defines:

e the set of controllable actions X = (Xj,..., Xy), and

e the state variables Si,..., Sy that are observable at the time of each
intervention.

Definition 7 (Causal Decision Model)
A causal decision model (CDM) is a tuple

(M,II, R)

where M = (U, V, F,P) is a structural causal model (SCM), 11 is a policy
space defined over actions X C 'V, and R is a reward function defined over
reward signals Y C V.

Among the elements in Definition 7, the SCM M represents the under-
lying environment; the policy space II indicates the agent’s capabilities once
deployed in the environment, i.e., which variables it can control and observe
during interaction; and the reward function R evaluates the agent’s perfor-
mance from the system designer’s perspective.

Formally, every CDM (M, II, R) describes a planning or decision making
task (Bellman, 1966) aimed at identifying an optimal strategy from the policy
space II, given full knowledge of the environment M. The optimal policy 7*
for a CDM (M, I, R) is one that maximizes the reward function R under
the dynamics of M, that is:

" = arg max E.[R(Y); M|
TE

Each CDM (M, II, R) can be visualized using an augmented causal di-
agram G built from the SCM M. In this diagram, action variables X and
reward variables Y are highlighted in blue and red, respectively; for every
action X; € X, its input state .S;.

A few key observations:

17



e The number of action variables H = |X| defines the horizon of the
decision making problem. When H = 1, the CDM models a single
stage decision process such as multi armed bandits. When H > 1, it
captures a sequential decision making setting, like in Markov decision
processes, where the agent must choose each action X; based on the
state S; observed at that step.

e Different CDMs can be defined over the same environment M by alter-
ing the policy space Il and reward function R, yielding distinct optimal
policies. That is, the optimal policy 7* depends on the agent’s interac-
tive capabilities after deployment and how its behavior is incentivized.
Changing either II or R will affect the resulting optimal policy.

More broadly, the formulation of CDMs allows one to represent canonical
planning tasks (or equivalently, decision making models) across disciplines,
including RL and healthcare, when the detailed parametrization of the un-
derlying environment M is known.

e Multi Armed Bandit .
(M*prag, 1Y), consisting of an arm choice X and reward Y. The
policy space IT = {(X, )} defines a set of policies 7 that selects values
of action X following a probability distribution 7(X).

e Contextual Bandit .
(M*cnag, I1Y). Compared to MABs, a context variable S is now
observed. The policy space II = {(X, S)} consists of candidate policies
7(X|S) that select values of action X based on the observed context

S.

e Dynamic Treatment Regime . In a DTR model (M}, 5, I1,Y),
the policy space 1T = {(X;,{S1,...,S:, X1,..., Xa})}L, consists of
a sequence of decision rules m = (my,...,my). For each i th stage,
the decision rule m;(X;|Sy,...,S;, X1,...,Xi1) selects values of action
X; based on all past actions and states’ history Sy,...,S5;, X1,..., Xi1.
The goal is to maximize the primary outcome Y after intervening on
all actions X,..., Xg.

e Markov Decision Process . Consider a Markov decision process
(MDP) model (M, MDP,II, R). The environment M consists of a set
of states S = {S;},, a set of actions X = {X;} |, and a set of reward
signals Y = {Y;},. The policy space I = {(X;, S;)}", defines a set
of decision rules m = (71 (X1|S1), ..., mn(Xn|Sn)). The reward function

18



R can be described as either the average reward Rayerage(Y') or the dis-
counted reward Rgiscount(Y'). In the discounted case, rewards obtained
later are discounted more than those obtained earlier. If the discount
factor ¥ = 0, the agent is said to be myopic, i.e., only concerned with
immediate rewards. Fig. 10d represents the causal diagram of an MDP
model spanning over steps ¢ = 1, 2, 3.

e Partially Observable MDP . A partially observable MDP (POMDP)
is a generalization of MDP in which system dynamics are governed by
an MDP environment, but the agent cannot directly utilize the under-
lying state S = {5}, to determine its actions X = {X;}!" ;. Instead,
it only receives a set of observation variables O = {O;}?_; depending
on the underlying states. The policy space
II = {(X;,{O01,...,0;, X1,..., Xn})}1-, defines a set of non Markov
policies m = (m;(X;|O1,...,0;, X1, ..., X;1))i,. For each intervention
stage, an agent following a non Markov policy 7w € II selects an action
x; < m(X;|Oq,...,04 Xy, ..., X;1) based on all past observations and
actions.

When the policy space Il and reward function R are well specified, and
detailed parameters of the underlying environment M are provided, efficient
algorithms exist in the planning literature to solve for an optimal policy in
a CDM (M, II, R). For example, in an MDP model, one could obtain an
optimal policy using standard dynamic programming algorithms. The same
planning procedure applies to a DTR model. Planning in POMDP models is
more computationally challenging due to the latent nature of the underlying
states and requires the algorithm to maintain memory and possibly reason
about beliefs over the states. A variety of heuristics for approximate planning
in POMDPs have been proposed. Optimizing policies in a general CDM
has been studied under the framework of influence diagrams, with several
algorithms and approximate procedures proposed.

2.2.3 Causal Reinforcement Learning Tasks

The causal decision model described so far assumes full knowledge of the
underlying environment. However, in many real world applications, the de-
tailed parametrization of the environment is rarely known, which means that
standard planning algorithms are not immediately applicable. In order for
the agent to optimize the performance of the underlying system, a learning
process must take place, leading to the learning paradigm of causal reinforce-
ment learning (CRL).

19



To make this more precise, consider again a CDM (M, II, R), which de-
fines a planning task of finding an optimal policy in space II that maximizes
the reward function R, evaluated within the environment M. A CRL agent C
is assumed to have access to the policy space Il and the performance measure
R.! However, the underlying environment M is not fully known. Instead,
the agent C only has access to:

1. aset of structural assumptions A, encoding qualitative knowledge about
the environment M, and

2. a learning regime L, dictating how it can interact with M to collect
data.

This partial knowledge introduces new dimensions for formulating opti-
mal decision making under uncertainty, which we outline below.

Learning Regimes (L£). Following the discussion of the PCH, a CRL
agent may interact with M in different ways, such as through passive obser-
vation (i.e., £ = see) or active interventions (i.e., £ = do). These learning
regimes model distinct interaction types:

e Passive Observation. The agent does not actively determine actions,
but instead receives observational data D ~ P(V') summarizing trajec-
tories generated by another agent (e.g., a human demonstrator) already
operating in the environment under some behavioral policy. This set-
ting corresponds to off policy reinforcement learning (Li et al., 2011,
2014).

e Active Intervention. The agent actively selects actions X by per-
forming interventions do(), according to a policy 7, and receives inter-
ventional data D ~ P,(V). This corresponds to online reinforcement
learning (Auer et al., 2002b).

We will explore these learning scenarios and their corresponding algorithms
in more detail later in the paper.

Structural Assumptions (A). Structural assumptions define a hypothe-
sis class of plausible environmental models within which the agent operates.
A common approach is to specify these assumptions via a causal diagram G,
encoding the qualitative structure of the SCM M. The hypothesis class M
is then defined as the set of SCMs compatible with G, i.e., G(M) = G.

"'We assume the agent is aware of how rewards are evaluated.

20



For instance, the causal diagram in Fig. 10d specifies a class of MDP
environments consisting of states S;, actions X;, and reward signals Y; for
1 =1,2,..., while leaving the underlying transition and reward distributions
unspecified. Additional structural assumptions may involve constraints on
the behavior policy (Pearl and Robins, 1995), or assumptions about equiva-
lence classes of causal diagrams (Zhang, 2008), among others.

Returning to the CDM (M, I1, R), where the environment M is not fully
specified, replacing M with the learning regime £ and structural assumptions
A leads to a new formulation: (£, A, TI, R). This tuple characterizes a causal
reinforcement learning task.

Definition 8 (Causal Reinforcement Learning Task)

Let M = (U, V,F,P) be a structural causal model (SCM). A causal rein-
forcement learning (CRL) task T in the environment M 1is defined as a 4
tuple (L, A, 11, R), where:

1. L is a learning regime describing how the agent interacts with the en-
vironment M; for example, passive observation (see) or active inter-
vention (do).

2. A is a set of structural assumptions about the SCM M.
3. 11 is a policy space over the set of actions X C V.
4. R is a reward function defined over reward signals Y C V.

Each CRL task (£, A,1I,R) defines a decision making problem under
uncertainty about the environment. Given this tuple, the agent aims to
identify an optimal policy 7* € II that maximizes the expected reward R,
evaluated under the true (but unknown) environment M*. Since M* is
not directly observable, the agent relies on structural assumptions A and a
learning regime L to guide its interaction with the environment. The optimal
policy is thus given by:

= arg maﬁ{EWM* R(Y) | A, L]
TE
This formulation differs from Equation [ref] by expressing the unknown

SCM M* as a superscript, while the information accessible to the agent (i.e.,
A and L) is placed in the conditioning set.
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Algorithm 1: Causal Reinforcement Learning Agent C

Require: CRL task T = (L, A,1I, R) Ensure: A policy estimate & € 11
that optimizes the CDM (M, 11, R)

1. Initialize dataset D = {}
2. for each episodet =1,...,T do

o [Interact with SCM M following regime L and receive samples
VO ~ Pp(V; M)

e Update dataset D = D U {V(t)}
3. end for

4. Return an empirical estimate @ € 11 of the optimal policy ™ using
data D and assumptions A

A CRL task 7 in an unknown bandit environment M, involving an arm
choice X, a reward Y, and a covariate Z. The objective is to learn a policy
X < & from the policy space II = {X,-} that maximizes E,[R(Y)]. De-
pending on the learning regime £, the agent either passively observes data
from P(X,Y,Z) (L = see) or actively intervenes (£ = do), receiving data
from P,(Y,Z). Structural assumptions A = Gpackdoor €ncode known causal
relationships in the environment.

Algorithm 1 outlines the agent’s learning strategy: at each episode t =
1,...,T, it interacts with the environment to collect data V® following
regime L. Observational data arises from a prior policy fx, while interven-
tional data follows policy w. After collecting data D, the agent computes an
empirical policy estimate 7 € II using A and D.

This setup summarizes various policy learning problems across reinforce-
ment learning and causal inference literature.

The formalization of CRL tasks using structural causal models provides
a unifying framework for capturing a broad range of learning settings com-
monly studied in both reinforcement learning (RL) and causal inference (CI).
Moreover, this framework allows for the systematic exploration of novel CRL
tasks that arise in practical, real world scenarios.

In Section [3], we will revisit these tasks such as off policy learning, online
learning, and causal identification through the lens of CRL. These tasks typi-
cally aim to optimize policies within the experimental policy space [Igxp and
can be viewed as variations along the first two CRL dimensions: the learning
regime and structural assumptions. Other aspects of the task formulation
remain fixed.
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Although widely studied, some of these tasks lacked a formal understand-
ing of key validity conditions prior to this framework. For example, verifying
whether an off policy method (e.g., inverse propensity weighting or dynamic
programming) can recover a policy consistent with the true optimum defined
by the underlying SCM. Viewing these classical settings through the CRL
framework sheds light on foundational questions and deepens our under-
standing of how causal inference and reinforcement learning methodologies
align.

Comparison with Markov Decision Processes

The CRL tasks described so far assume that the agent has access to either the
learning regime L under which the data are collected, or structural assump-
tions A encoding causal invariances about the environment. In this section,
we will demonstrate that such causal knowledge is generally indispensable
for learning an optimal policy in an unknown SCM. Our discussion focuses
on standard MDPs, which represent a widely used class of sequential decision
making models.

Definition 9 (Standard MDP)
A Markov decision process is a tuple (D(S), D(X), T, R), where:

1. D(S) is the set of states, called the state space;
2. D(X) is the set of actions, called the action space;

3. T(s,z,s") € [0,1] is the transition probability that taking action x in
state s leads to state §';

4. R(s,x) is the immediate reward received after taking action x in state
s.

A policy w(x | s) is a function mapping each state in D(S) to a probability
distribution over actions in D(X). Forindicesi < j € N, denote the sequence
‘/;j = {‘/17 ‘/i+17 ) V]}

Given a policy ™ and an initial state distribution P(Sy), the MDP defines
a joint distribution over states Si.p, actions Xi.p, and rewards Yi.g up to
horizon H :

H
PW(SI:H7x1:H7yle> = P(Sl) HW(% | Sz‘)T(Si,lfia Si—f—l) : ﬂ{R(Suxz‘) = yz}

=1
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The key assumption of a standard MDP is the Markov property, which as-
serts that the future is conditionally independent of the past given the present
state:

Staity Xvan, Yiir AL S, Xiw, Yomw | Si foralli=2,3,...

This implies the MDP is a compact representation of the joint distribution
over full trajectories, provided the Markov property holds. In causal terms,
the property may hold in both the observational distribution P(s1.m, 1.4, Y1.1)
and the interventional distribution Pr(S1.m, 1.0, Y1.H)-

Proposition 1 (Observational = Interventional)
For any structural causal model (SCM) M* that is compatible with the causal
diagram Gupp in Fig. [ref], there exists another SCM MW, also compatible

with Gypp, such that for every stage i = 1,2,..., the following equalities
hold:

P(l)(é‘z‘ﬂ | si, i) = P*(si41 | 83, 4), E(l)[Yz‘ | Siaxi] = E*[Yi | Sz‘,%‘L
while under the intervention on x;, we have:

PO (sip1 | 8:) # Pr(sier | 1), EPY | 8] #EL [V ] s

T

Proposition 2 (Interventional %% Observational)
For any structural causal model (SCM) M* that is compatible with the causal
diagram Guypp shown in Fig. 10d, there exists another SCM M®, also com-
patible with Gypp, such that for every stage i = 1,2, ..., we have:

PP(sip1 | si) = P (sinn | s0), EQYi | si] =EL[Yi | s,

[

while:

P(Q)(Sz'+1 | Sz‘,fﬂz‘) # P*(5i+1 ’ Siaxi)v E(Q)[Y% | Sz‘;l’z‘] # E*[Yi | 51’;%]-
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3 Traditional tasks through causal lens

The formal definition of causal reinforcement learning (CRL) tasks provides a
unified framework for representing key problems in both reinforcement learn-
ing (RL) and causal inference (CI). In this section, we examine classical RL
CI tasks, including off policy learning, online learning, and causal identifica-
tion. These tasks primarily vary along two dimensions: interaction regime
and structural assumptions, while other aspects remain fixed. Then we’ll
explores broader CRL scenarios by relaxing these constraints.

Although rooted in established literature, these tasks reveal nuanced in-
teractions between RL and causal invariances, now made precise through the
CRL lens. For example, structural causal models (SCMs) formally justify
methods like inverse propensity weighting and dynamic programming in off
policy learning, clarifying their applicability under unobserved confounding.
This CRL perspective highlights foundational links between CI and RL.

Before delving into these tasks, we introduce additional notation. We
consider a finite horizon decision process with horizon H = |X| < oo, where
actions X = {X3,..., Xy} follow a topological order induced by the SCM
M*. For indices i < j, define the action and state sequences as X;.; =
{X;,...,X,;} and S;; = {S;, ..., S;}, respectively. We also write X; = X1
and S; = Sy,;. Fix a policy 7 € II, and for any i < j, let (m;,...,m;) denote

the corresponding sequence of decision rules governing X, ..., Xj.

)
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3.1 Off Policy Learning

Off policy learning addresses the challenge of estimating an optimal policy
using data generated by a different behavior policy, under the key assumption
of No Unmeasured Confounders (NUC), defined below. This assumption
legitimizes policy learning from observational data.

We briefly introduce two major evaluation methods in off policy settings:
inverse propensity weighting and dynamic programming.

The agent interacts with the environment (SCM) by passively observing
sequences of events across episodes t = 1,...,T. In each episode, the agent
observes M* and samples V (t) ~ P(V'). The agent’s goal is to learn a policy
from a candidate set II that maximizes a reward function R(Y’). This setup
is central to comparing learning frameworks and modes of interaction.

The off policy learning setting is characterized by:

Ton = <I —see, A=NUC, TI={(X.,S)}.,, R:DY)— R> .

Here, the agent combines observational data with the NUC assumption,
stating that there are no hidden variables influencing both actions and out-
comes. The learning objective becomes:

7 = arg max EM [R(Y)| A= NUC, Dgs ~ P(V)].

Practically, NUC implies that the effect of any action X; on reward Y,
conditioned on prior actions and covariates, is fully captured by observable
causal pathways. No unmeasured variable should induce spurious correlation
between decisions and outcomes. The following definition formalizes this
assumption.

Definition 10 (No Unmeasured Confounder)

Let M* be a structural causal model (SCM), and let the policy space be 11 =
{(X;, 8}, . The No Unmeasured Confounder (NUC) condition holds if,
for each action variable X;:

1. The endogenous parents PA; are included in the observable history
XﬂUSi, i.@., o B

2. The exogenous parent U; is independent of all other erogenous noises
U, associated with endogenous variables V; € V '\ {X;}:

Ui ILA{U; | V; € VA{X}}
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In the definition above, the first condition stipulates that all endogenous
parents of each action X; are accessible, being included within the past states
and actions, denoted as S;, X;1. The second condition asserts that, given the
historical trajectory X;; U S;, the value of each action X; is determined by
an independent exogenous noise variable Uj.

Within the structural causal model M*, observational data are assumed
to arise from a behavior policy fx that assigns values to each action X; based
on its endogenous parents PA; and the corresponding exogenous inputs Uj,
across time steps ¢ = 1,...,H. The No Unmeasured Confounder (NUC)
condition allows this behavior policy to be represented through a sequence
of decision rules

7T7J<Xl |X11,gz) fOI'Zzl,,H

such that for each time step i, the rule satisfies m;(X; | X1, Si) = P(X; | PA;).
When actions are assigned according to these rules, the following conditional
independence relationships hold for any sequence of actions Zp:

XiJ'I_Si+li:i""7SHiil7)/J_:H|Xi17gi fOIizl,...7H.

In this expression, S;, ~denotes the potential outcome for the state vari-

able in the submodel M ~induced by the intervention do(X; < 7;), and
Yz, represents the prospective reward in the submodel M7 .

3.1.1 Off Policy Evaluation

When the Non Unique Confounding (NUC) assumption is satisfied, it be-
comes feasible to utilize various strategies to estimate and compare the out-
comes of different candidate policies using observational data, without re-
quiring direct online experimentation in the environment. One such widely
used method is based on the concept of inverse probability weighting (IPW),
a technique extensively studied and applied in the literature.

Theorem 1 (Inverse Propensity Weighting, under NUC)

Let (M*, 11, R) be a causal decision model (CDM), where the policy space is
defined as 11 = {({X;, S)H}L,, and the reward function is R : D(Y) — R.
Assuming the NUC condition holds, for any evaluation policy m € 11, the
expected reward under ™ can be computed from the observational distribution
P (V') using the following expression.:

H
g T, 5 T 5 I I mi(w; | si)
TH/SH observation;lrdistribution =1 ‘ " Z/

TV
ratio ™ and obs. probabilities
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Among the terms presented above, the quantity P(z; | Z;1, 5;) represents
the inherent likelihood of the behavior policy selecting action X; at time step
7, and is referred to as the propensity score. In order for the inverse prob-
ability weighting (IPW) estimator to be valid, it must satisfy the positivity
assumption, which requires that the propensity scores obey

P(z; | ©;1,5;) > 0 for all combinations of Z; and ;.

This condition ensures that every action under consideration by the eval-
uation policy has a non zero probability of appearing in the observational
data.

We also observe that by successively applying Bayes’ rule, the inverse
probability weighting (IPW) expression in Equation (1) can be reformulated
as:

E, [R(Y)] = E[R(Y) | zu, Su] HP(Si | Zia, San) mi(i | s0). (2)

TH,SH =1

Evaluating this expression by traversing the actions in reverse topological
order, i.e., from ¢+ = H down to ¢ = 1, yields an alternative method for assess-
ing the outcomes of candidate policies. This approach is grounded in dynamic
programming (DP). The following theorem outlines how DP can be utilized
for off policy evaluation using the observational distribution, assuming the
NUC condition is satisfied.

Theorem 2 (Dynamic Programming)

Let (M* 11, R) be a causal decision model (CDM), where 11 = {(X;, S;)}L,
and R : DY) — R. If the NUC condition is satisfied, then for any policy m €
I, the expected reward E.[R(Y')] can be computed from the joint distribution
P(V) as follows:

E.[R(Y)] =E ZQS)(%,&)M(% | S1) | (3)
z1
where the value function QSP (%;,8;), fori=1,...,H1, is defined recursively

as:

QW (z;,5)=E ZQ¥+1)(57¢+1,§¢,S¢+1) Tivt(Tipr [ Sig1) [T 80|, (4)

Tit1

and the terminal value is given by:
QYN (Zw,51) =E[R(Y) | T, 5n]. (5)
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Once the IPW and DP evaluation formulations are established, practical
algorithms can estimate the expected rewards of candidate policies using
finite samples from the observational distribution P(V).

For IPW, each observed reward is weighted by the odds ratio between
the target policy m and the behavior policy’s propensity score P(z; | Zi1, S;)
corresponding to the ratio. The expected reward is then approximated by
the empirical average of these weighted rewards. Initially developed for single
stage decisions (H = 1), this method has been extended to the sequential
setting (H > 1), provided the NUC condition holds.

For DP based evaluation, one first approximates the value function
using parametric models fitted to the observational data, such as linear func-
tions via least squares regression or more flexible alternatives like trees, ker-
nels, or neural networks. This approach falls under the broader scope of
batch reinforcement learning.

Once the expected rewards are estimable, the agent may optimize over
the policy space II to obtain an optimal policy via methods like policy gra-
dient. If the Q function ng) (Z;,8;) depends only on the current state action
pair (z;, s;), an optimal policy can be derived by iteratively optimizing each
decision rule 7; in reverse topological order. This process closely resembles
the structure of Q learning.

However, both IPW and DP approaches may fail when the NUC condition
(Definition 10) is violated.
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3.2 Online Learning

In online learning, an agent evaluates candidate policies m € II by actively
deploying them in the environment across multiple episodes t = 1,...,7.
During each episode, the agent selects a policy 7, intervenes on the action
variables via (X < 7®), and observes outcomes V) ~ P, (V).

Formally, the online learning task is defined as:

Ton = (L =do, A= 0,11 = {(X;,5)}/L,,R=D(Y) = R) (6)

To optimize performance in this setting, the agent searches for an optimal
policy 7* that maximizes the expected reward under its own interventions:

7 = argmax B2 [R(Y) | Doy ~ Px(V) (7)

Unlike the off policy setting 7og, online learning imposes no additional
structural assumptions beyond the temporal order of states and actions.
Therefore, the NUC condition is not required to hold. In fact, for any policy
7w € II, under the interventional model M, all relevant variables S; that
influence each action X; are assumed to be observable. As a result, the
NUC condition is inherently satisfied in the post interventional setting. The

following proposition formalizes this insight.

Lemma 1 (Experimental NUC)

Let (M*II,R) be a CDM where 11 = {(X;,S;)}x,ex and R : D(Y) — R.
Then for any policy w € 11, the NUC condition holds in the interventional
model (M, 11, R) induced by do(r).

3.2.1 Randomized Control trial (RCT)

We now describe algorithms that implement online policy learning through
direct interaction with the environment. The first approach, Randomized
Controlled Trials (RCT), follows an “explore then commit” strategy. The
agent explores the environment using randomly selected actions for a fixed
number of episodes, then commits to the best performing policy based on
data collected during exploration.

In each episode t = 1,2, ..., the agent selects a policy 7, performs an
intervention via do(7("), and observes the outcome V® ~ P (V).

The exploration phase lasts for NV episodes. During this phase, the agent
uses a uniform random policy mynir, which assigns values to each action
X; by sampling uniformly from its domain. According to Lemma 1, the
NUC condition holds under such interventions, enabling the agent to evaluate
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any candidate policy m € II using the IPW or DP methods described in
Theorems 2 and 3.

After N episodes, the agent selects the policy with the highest empirical
reward estimate and commits to it for the remainder of the episodes.

Algorithm 2: Randomized Controlled Trials (RCT)

Input: Policy space 11, total number of exploration episodes N € N

1. For each episode t =1,2,...:

(a) Choose a policy 7 as follows:

o [ft < N: use uniform random policy
wunir = (X1 ~ Unif(D(X1)),..., Xy ~ Unif(D(Xpg)))

and set m(®) TUNIF

o Else: set
7® « arg max BN [Y]
well
(b) Perform intervention do(x®) and receive observation V) ~

P (V)

3.2.2 The Upper Confidence Bound Algorithm

The Upper Confidence Bound (UCB) algorithm is built on the principle of
optimism in the face of uncertainty (OFU), where the agent assumes the
most favorable outcome consistent with past observations. Compared to
RCT, UCB offers key advantages:

e It does not require prior knowledge of the reward gap between optimal
and suboptimal policies.

e [t operates without knowledge of the total number of episodes T

e It achieves similar theoretical performance as RCT when tuned opti-
mally.

UCB uses adaptive randomization, adjusting action probabilities based on
prior outcomes. In a multi armed bandit (MAB) model Myap = (X, {P;}rex, Y),
the agent computes an upper confidence bound for each arm x that overes-
timates the expected reward E,[Y] with high probability.

31



~ Let YW Y™ be iid. samples from P(Y), with empirical mean
E[Y]=13" Y®. Hoeffding’s inequality implies:
log(1/6)

P (E[Y] <E[Y]+ T) > 16, forde (0,1)

Define N;(z) = >/, 1{X® = 2} as the count of times arm z was selected
by time ¢. Then the UCB estimate at time ¢ is:

where the empirical reward is given by:

n I < i i
ED[Y] = mZy().ﬂ{X() =z}
i=1

The first term estimates the reward; the second reflects the uncertainty
(exploration bonus). At each episode, UCB selects the arm with the highest
bound, performs do(z), and observes the reward Y®.

Setting § = t* ensures increasingly tight bounds as learning progresses.
This balances exploration (trying under sampled arms) with ezploitation
(choosing empirically high reward arms).

Algorithm 3: Upper Confidence Bound (UCB) in MAB

Input: Action space X

1. For each episodet =1,2,...:
(a) Set confidence level § = t*
b) For each arm x € X, compute:
(

log(1/9)

_ )
UCBa (z,6) = E{V[Y] + ()

where Egl)[Y] is the empirical mean and Ny (x) the number of

times x was selected up to t1

(c) Select action:

2 « argmax UCBy (z, 6)
zeX

(d) Perform do(z®) and observe reward Y ®
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3.3 Causal Identification

Online learning algorithms ensure the No Unmeasured Confounding (NUC)
condition holds by deploying candidate policies in the environment. However,
randomized experiments are not always feasible or ethical. For example, the
causal effect of a risk factor such as smoking cannot be ethically investigated
using randomized controlled trials. Moreover, such experiments can be pro-
hibitively expensive. In a survey of phase trials for new drugs approved by
the U.S. Food and Drug Administration (FDA) from 2015-2016, the median
cost per patient was estimated at $§ 41,117. These limitations highlight the
need for policy learning approaches that do not rely on direct interventions.

An alternative approach is to relax the NUC assumption and leverage
structural assumptions encoded in a causal diagram. This leads to the frame-
work of causal identification, characterized by the signature:

Ta=(L=see, A=G, I={(X;,5)},, R=DY)—=R) (8)
The optimization objective is then:

" = arg I?S%EM" [R(Y)] subject to A =G, Dops ~ P(V) (9)

Like in off policy learning , the agent collects observational data from the
structural causal model (SCM) M over repeated episodes, observing samples
from P(V') without performing interventions (I = see). Crucially, the agent
does not assume the NUC condition. Instead, it incorporates expert domain
knowledge via a causal diagram G (see Def. 6 and Sec. 2.3 for discussion),
assumed to be compatible with the true SCM.

The goal is to learn an optimal policy 7* € II using both the observa-
tional data P(V') and the structural assumptions in G. A central challenge is
determining whether the interventional distribution Pr(Y") can be uniquely
recovered from P(V) under the assumptions encoded in G, a property for-
malized by the notion of identifiability.

Definition 11 (Identifiability)
Let XY CV, and let m be a policy over X. We say the interventional dis-
tribution Pr(Y') is identifiable from structural assumptions A if it is uniquely

computable from any positive observational distribution P(V') in any SCM
M satisfying A. That is, for all SCMs My, My satisfying A:

P.(Y; M) = P.(Y; My) whenever P(V;M,)= P(V;M,)>O0.

In causal identification, the structural assumptions A are encoded in a
causal graph G. We say P.(Y) is identifiable from G if the above condition
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holds for all SCMs M, M5 such that G(M;) = G(My) = G. In contrast,
off policy learning relies on the NUC condition as its structural assumption,
restricting the form of the behavior policy fx.

It follows, under the NUC condition, the expected reward E, [R(Y)] is
identifiable:

Corollary 1

Let TT = {(X;, S;)}L, be a policy space and R : D(Y) — R a reward func-
tion. Then, for any policy m € 11, the interventional distribution Pr(Y') is
identifiable from the NUC condition (Def. 13) with respect to I1.

3.3.1 Sequential Backdoor for Policy Evaluation

As outlined in Section, both Inverse Propensity Weighting and Direct Policy
Learning are foundational methods in off policy evaluation, widely used in
causal inference and reinforcement learning. It is therefore critical to under-
stand under which conditions these techniques can correctly identify expected
rewards for a given policy space II, when working with an arbitrary causal
diagram G.

To address this, we generalize a key graphical criterion known as the
sequential backdoor condition, which helps determine whether the effects
of executing a sequence of interventions can be identified using covariate
adjustment. Unlike the original setting, which focuses on atomic policies, our
version supports more general sequential policies, those that choose actions
based on observed covariates.

Manipulated Graphs from Policy Interventions

Let m € II be a policy. Denote by G, the causal graph resulting from the
intervention do(7) in the underlying structural causal model. To construct
G, from G:

1. For each timestep ¢ =1, ..., H, remove all incoming edges to the action
variable X;.

2. Add edges from the state variables S; to the action node X; as specified
by the policy.

For a sub policy m;; = (m,...,m;) with 1 < ¢ < j < H, we define
the corresponding manipulated graph G, ; as the diagram resulting from the
intervention do(m;, ..., ;).
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3.3.2 Sequential Backdoor Condition

Definition 12 (Sequential Backdoor Condition)

Let G be a causal diagram and 'Y CV denote the reward variables. A policy
space 11 = {(X;, S;) L, satisfies the sequential backdoor condition with re-
spect to'Y in G (also called backdoor admissible) if for every policy m € 11,
and for all timesteps i = 1,..., H, the following holds:

X; 1 Y| X1, S; in g&ﬂh‘+1:H

That is, conditioning on the history of past actions X;; and state variables
S; blocks all backdoor paths from X; to Y in the manipulated graph resulting
from the remaining policy 7,4 1..

This condition mirrors the classical backdoor criterion where a backdoor
path is one that starts with an incoming edge into the variable of intervention
(here, X;). The sequential backdoor condition ensures that at each step, the
observed history is sufficient to control for all confounding that may bias the
estimate of X;’s effect on Y.

Special Case: Atomic Policies

Consider the case of an atomic policy m = (my,...,my) where each decision
rule deterministically sets X; to some fixed value z;. For such policies, the
manipulated graph Gy, . x,, is formed by simply removing all incoming edges
to X;11,..., Xg. In this case, the independence condition simplifies to:
This reduces to the original sequential backdoor criterion proposed by Pearl
and Robins. Notably, the atomic version is a special case of the more general
policy dependent version, implying that the generalized condition is strictly
stronger.

Relation to the NUC Condition

If the No Unmeasured Confounding (NUC) condition holds, then all direct
causes of each X; are contained in the variables X;; and S;, and there exist
no unobserved confounders influencing both X; and other variables. In this
setting, conditioning on X;; and S; suffices to block all backdoor paths from
X, toY.

Corollary 2. Let M be a CDM with associated causal diagram G, and
let the policy space 1T = {(X;, S;)}L, be backdoor admissible. If the NUC
condition holds in M, then II automatically satisfies the sequential backdoor
condition with respect to Y in G.
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Theorem 3

Let G be a causal diagram, and let 11 = {(X;,S;)}L, denote a policy space.
Suppose R : D(Y) — R is a reward function. If Il is backdoor admissible
with respect to' Y in G (Definition 12), then for any policy m € 11, the ex-
pected reward E[R(Y)] is identifiable from G. Furthermore, E;[R(Y)] can
be computed from the observational distribution P(V) using either the IPW
estimator or the DP estimator.

In essence, the sequential backdoor criterion extends conventional off pol-
icy evaluation methods to more general settings where the No Unmeasured
Confounding (NUC) assumption is violated, and unobserved confounders
may influence both actions and other variables in the system. Provided that
the sequential backdoor condition is satisfied, one can employ IPW and DP
estimators to assess candidate policies using observational data, while ensur-
ing the asymptotic validity of the resulting estimates.

3.4 Novel Causal Reinforcement Learning Tasks

Recall that a CRL agent operates within a causal decision making model
(CDM) denoted as (M, I, R) , where M represents an underlying structural
causal model (SCM) that is not fully observable, II is the policy space, and R
is the reward function. Although the agent is ultimately evaluated in the true
environment M, for learning purposes, we replace M with a learning regime
L and a set of structural assumptions A about the environment. This gives
rise to a new task signature (£, A, II, R), which defines a causal reinforcement
learning task.

The objective of the agent is to identify an optimal policy 7* within II
that maximizes the expected reward when evaluated under the true model
M, given assumptions A and access to data from L:

T = arg max EMIR(Y) | A, L]
e

In essence, the CRL agent aims to optimize the policy with respect to the
reward, while incorporating prior structural knowledge and leveraging data
collected under a given learning regime.

A summary of the task signatures discussed so far is presented, which
contextualizes the discussion. Each task examined represents a distinct point
in the space defined by learning regimes and structural assumptions. For
instance, off policy learning corresponds to a standard offline setting where
the No Unmeasured Confounding (NUC) assumption is presumed valid. In
such cases, classic estimators like IPW and DP can be used to generalize
from observational data to new interventional policies.
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We also explored online learning, where the data collection process is ac-
tive and interventional. Here, fewer causal assumptions are needed since the
data aligns directly with the intended inference. In contrast, causal identifi-
cation represents a subtler offline setting where unconfoundedness might not
hold, but sufficient structural knowledge allows the agent to either verify the
NUC condition or optimize the policy objective regardless.

These three modalities, off policy learning, online learning, and causal
identification, each embody different choices in the learning regime and struc-
tural assumptions about the true environment M.

In the remainder of the paper, we introduce additional classes of CRL
tasks that fall outside these traditional paradigms. These tasks are inspired
by practical, real world settings and exhibit novel challenges and structural
considerations, motivating new methods of analysis.

Novel CRL Task Dimensions

We now outline four novel causal reinforcement learning (CRL) problem set-
tings that extend beyond standard learning paradigms. These tasks are mo-
tivated by practical limitations and challenges commonly faced in real world
applications.

CRL 1: Causal Offline to Online Learning (COOL). [1] How can we
pre train an online agent to accelerate its learning by using imperfect causal
information derived from confounded observational data? Inferring the ef-
fects of candidate policies from observational data may be infeasible due to
hidden confounding. Conversely, relying solely on trial and error experimen-
tation is inefficient and potentially costly. The key challenge is to reduce
the number of interventions required by the agent by leveraging invariant
relationships encoded in a causal model. This task considers both online
interaction (L2) and offline observational data (L1). We investigate methods
that integrate these two modalities in settings where purely offline learning
is provably inadequate, yet full scale online experimentation is undesirable.

CRL 2: Where to Intervene and What to Observe. [1] Should an
agent intervene to achieve its goal? If so, where should the intervention be
applied? The agent’s objective is to discover an optimal policy from a set of
candidates, each specifying actions and input states, including the option of
inaction (null intervention). In the simplest case, the agent operates over a
fixed action space [Igxp and aims to identify an optimal intervention do(X =
x) that maximizes expected reward. We’ll generalizes this to richer settings
with a mixed action space Ilyx, where interventions may differ qualitatively.
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This scenario is particularly relevant in domains such as medicine, where
evaluating combinations of treatments leads to combinatorial explosion in
possible interactions.

CRL 3: Counterfactual Decision Making. [1] What if the agent had
acted differently, would its outcome have improved? In this setting, the
agent has executed an action X = x and seeks to evaluate the counterfac-
tual outcome under an alternative do(X = z’). Unlike prior settings where
randomized experimental policies neutralize decision bias, we now consider
learning under introspective regimes. We introduce the Counterfactual Do
(Ctf Do) regime, where agents reason over a space of counterfactual policies
[Terr. This capability becomes especially valuable in adversarial contexts,
where an agent’s tendencies are exploited, leading to systematic underper-
formance.

CRL 4: Causal Imitation Learning. [1] Does simply imitating expert
behavior always yield effective policies? If not, under what conditions is im-
itation learning successful? Here, the agent must learn from demonstration
data and a causal diagram when the reward function is ill defined or unavail-
able, and unmeasured confounding is present. In contrast to previous tasks
that assumed known rewards, this setting reflects realistic challenges such
as training autonomous systems from human demonstrations. For example,
an autonomous vehicle may learn from a human driver’s trajectories without
explicit access to a reward metric. The challenge lies in enabling effective pol-
icy learning purely from observational traces and causal knowledge, without
assuming access to a ground truth performance measure.
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4 Causal Offline to Online Learning

The learning algorithms introduced in the previous section rely exclusively
on a single mode of interaction with the environment, either through passive
observation (i.e., “seeing” or offline data) or direct intervention (i.e., “do-
ing” or online experimentation). Despite the strong theoretical guarantees
of both approaches, a natural question arises: can an agent combine these
two learning regimes to improve performance?

This question motivates the setting of offline to online learning. Existing
approaches in the reinforcement learning literature assume the No Unmea-
sured Confounding (NUC) condition, making them unsuitable in scenarios
where hidden confounders affect the data. In contrast, we study the problem
of causal offline to online learning (COOL), where the agent begins with ac-
cess to confounded observational data and then transitions to limited online
experimentation. This setting relaxes the NUC assumption and reflects more
realistic constraints encountered in practice.

Initially, the agent passively observes the environment over episodes t =
1,...,n, receiving observational samples V® ~ P(V). Beginning at episode
t = n + 1, the agent selects a policy 7 and interacts with the environment
via direct intervention: do(7®), observing outcomes V® ~ P (V). The
agent aims to leverage the offline data {V(), ... V(™} to accelerate and
guide the online learning process.

We formalize this hybrid learning setup with the following task signature:

7:Jff+on = <‘C = {Seevdo}v A= ®7 II = {(sz Si)}XiGX’ R: D(Y) - R>

The objective of the agent is to identify a policy 7#* that maximizes the
expected reward, using both observational and experimental data:

7" = arg max EM[R(Y) | Dops ~ P(V), Dexp ~ Pc(V)].

A distinguishing feature of this setting is the integration of both obser-
vational and interventional data to guide the learning process, enabling the
agent to make more informed decisions while minimizing unnecessary inter-
ventions.

To formalize the intuition behind leveraging both observational and ex-
perimental data, we present an online to offline learning strategy that in-
tegrates observational data into the Upper Confidence Bound (UCB) algo-
rithm, assuming that the No Unmeasured Confounding (NUC) condition
holds.
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Consider a multi armed bandit (MAB) model defined by (M, {X,0},Y).
Let Dgps = {(X@, Y @)} | denote n i.i.d. samples drawn from the observa-
tional distribution P(X,Y). At episode ¢, let DI, = {(X M+ y )yt
represent the experimental data collected by the UCB algorithm.

We define the empirical reward estimate for each arm x using both the
observational and experimental data as follows:

n tl

=(n 1 i i n+i n+i

E;H)[y]:m (§ YO XO =2} ) YO X ”::C}>,
n i=1 i=1

Algorithm 4: Upper Confidence Bound in Direct Offline to

Online Transfer (UCB)

Input: Policy space I1 = {(X,0)}, observational data Dyps =

1: For each episodet =1,2,...:

2: Compute the augmented upper confidence bound for each arm
z e X:

log(1/6)

UCBpii(z,6) = ECH[Y] +
+t( ) [ ] 2Nn+t(x)

where 6 = t4.

3: Select the arm with the highest bound:

X — arg max UCBp14(x,6)
TEe

4: Perform the intervention do(X ")) and observe the reward
Y+ - append to the data.

5: End For

This formulation allows the UCB algorithm to incorporate prior observa-
tional experience into its reward estimates while maintaining the exploration
exploitation tradeoff during online learning. The integration is valid under
the NUC assumption, which guarantees that the observational samples can
be treated as if they were drawn from interventional distributions.

Let N, 1(z) denote the total number of times arm z appears in the com-
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bined dataset of observational and experimental interactions:

n-+t
1=1

where D U Dg?p contains both observational samples and those collected

online up to episode t.
Using this combined count, we define the augmented upper confidence
bound for each arm z as:

_ D(n+t) log(1/9)
UCB,14(z,0) = EY*™[Y] + —2Nn+t($),
where E{"™ [Y] is the empirical reward estimate , and ¢ is a user defined
confidence parameter.

This formulation defines an augmented version of the UCB algorithm,
called UCB™, that directly incorporates observational data as if it were
collected under intervention, assuming the NUC condition holds. At each
episode t, UCB* computes the augmented confidence bound UCB,,(x,d)
for each arm, selects the arm with the highest bound, and observes the re-
sulting reward.

Performance Analysis. We now analyze the theoretical properties of
UCB* under the NUC assumption. Let the MAB model be defined by
(M, {X,0},Y), and assume that the NUC condition holds. The expected
reward for each arm = € X is identifiable from the observational distribution
P(X,Y) as:

E,[Y]=E[Y | X = a].

Moreover, when evaluating an interventional policy 7(X) under the inter-
vened model (M,,{X,0},Y), the NUC condition still holds, and the ex-

pected reward can also be computed from the interventional distribution:
E,[Y] =E.[Y | X =z|.

These equalities justify pooling observational and interventional data to con-
sistently estimate arm level expected rewards.

Equation above provides a consistent estimator for E,[Y] under the NUC
assumption. When enough observational data is available, UCB™ can quickly
identify the optimal arm with minimal online interaction. In such settings,
off policy reward estimates derived from observational data can be used to
initialize the online learning process, effectively warm starting the agent.
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Robustness to Violations of NUC. Despite the advantages of this ap-
proach, the NUC assumption is often fragile and may not hold in many
practical scenarios due to unmeasured confounding. Therefore, it is essential
to empirically evaluate the performance of UCB * in settings where NUC is
violated. We address this in the following experiments, which assess both
the effectiveness and robustness of the augmented strategy under varying
conditions.

In general, off policy estimation techniques may not reliably recover the
unknown expected rewards of target policies in the absence of the NUC as-
sumption. A straightforward transfer of estimated rewards can lead to inac-
curacies in determining the optimal policy during the online learning phase,
thereby degrading the performance of the learning algorithm. Furthermore,
because the outcomes of interventions are not observed prior to the initiation
of online learning, the learner is unable to identify potential biases introduced
during the off policy evaluation stage using purely observational data. This
presents substantial challenges for offline to online learning in settings where
the NUC condition fails to hold. One might then conjecture that the learner
should disregard all prior observational data, regardless of its volume, and
initiate the online learning process anew.

This section demonstrates that such a conclusion is unwarranted and ad-
dresses the difficulties posed by the confounded scenario described above.
We investigate the framework of causal offline to online learning (COOL),
which seeks to enhance the efficiency of online reinforcement learning by in-
corporating observational offline data. Our focus lies in scenarios where the
NUC assumption is violated, rendering the expected rewards of prospective
policies non identifiable from observational data alone. In such cases, ap-
plying standard off policy evaluation directly can introduce substantial bias
into reward estimates, ultimately impairing the subsequent online learning
process.

4.1 Confounding Robust Offline to Online Learning

This section investigates the problem of offline to online learning in multi
armed bandit (MAB) settings where the NUC assumption is violated, ren-
dering conventional off policy learning methods, such as inverse propensity
weighting (IPW, Theorem 2) and direct prediction (DP, Theorem 3), inap-
plicable. A natural question arises from the perspective of causal inference:
can one estimate the expected rewards of actions from observational data
using causal identification techniques, such as do calculus based approaches?

It is known, however, that in MAB environments, the expected rewards
are generally not identifiable without introducing further assumptions. This
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leads to the following corollary, which follows from the formal notion of iden-
tifiability presented in Definition 14.

Corollary 2 (Non Identifiability)

Consider endogenous variables X, Y C V' and let m be a policy over X.
The interventional (policy) distribution P.(Y') is not identifiable from the
structural assumptions A and the observational distribution P(V') if there
exist two structural causal models My, My consistent with A such that

P(V;My)=P(V; M) >0, but P.(Y; M) # P.(Y; My).

Intuitively, this means that the expected reward E,[Y] for an arm x can-
not be identified if there exist two MAB environments that induce the same
observational distribution P(X,Y’) but yield different expectations E,[Y].
Therefore, from observational data alone, the agent cannot uniquely recover
the expected rewards of actions. The following example illustrates this non
identifiability phenomenon in MAB settings.

The preceding discussion may suggest that in the presence of unobserved
confounders and in the absence of additional causal assumptions, prior ob-
servational data cannot assist in evaluating the expected rewards of arms
in MAB models. However, we demonstrate that this conclusion is overly
pessimistic. It is possible to derive causal bounds, interval estimates on the
unknown expected rewards, using observational data alone.

While the precise values of non identifiable expected rewards remain inac-
cessible, the learner can still infer partial information to constrain the feasible
region of these expectations. Specifically, in MAB settings with action vari-
able X and reward variable Y, foundational work by Manski (1990) and
Robins (1989) provides techniques for deriving informative bounds, defined
formally below, that contain the true expected reward E[Y | do(X = z)]
using only the observational distribution. These causal bounds offer a prin-
cipled way to leverage observational data in confounded environments.

Theorem 4 (Natural Bounds [2])

For any structural causal model M* containing an action variable X and a
reward variable Y, assume that the domain of X is discrete and finite, and
that Y is bounded in the interval [0,1]. Then, the expected reward for any
arm x lies within the interval

E.[Y] € [z, 7],
where
l, =E[Y | z] - P(x), r, =E[Y | 2] P(x)+1— P(x),

and all terms are computed from the observational distribution.
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The lower and upper bounds in Equation above depend solely on the
observational distribution P(X,Y’) and are thus computable from observa-
tional data. These bounds are informative and lie strictly within the interval
[0, 1] whenever the marginal probabilities P(x) > 0 for all arms = € D(X).
Furthermore, the natural bounds have been shown to be optimal in the con-
text of MAB models, meaning they cannot be tightened without introducing
additional assumptions or access to interventional data.

The causal bounds E,[Y] € [(,,7,] can be leveraged to refine the upper
confidence bound estimates assigned to each arm = during the online learning
phase. Specifically, for a UCB algorithm selecting an arm at episode t, the
causally clipped upper confidence bound for arm z is defined as

UCBqy(z,6) = min {max {UCB(x, ), (.} ,r.} .

In this formulation, UCB,(z,d) denotes the standard upper confidence
bound used in MAB models, as introduced in Equation (182). The clipping
ensures that the adjusted confidence bound UCB;(z,§) remains within the
causal interval [(,,r,]. Intuitively, whenever the confidence bound estimated
from experimental data is inconsistent with the causal bounds, particularly
in the early stages of learning when ¢ is small and UCB,(z, d) is relatively
loose, the causal bounds take precedence. As more experimental samples
N;(z) are gathered over time, the standard upper bound progressively aligns
with the causal interval.

The algorithm prioritizes the causal bounds because observational data
is typically more abundant, whereas experimental interaction (interventions)
can be costly. Since the bounds in Theorem 8 are valid and estimable from
sufficient observational data, they offer a reliable means of constraining un-
certainty during learning.

Algorithm 5 presents the augmented UCB algorithm that integrates causal
bounds derived from observational data, referred to as UCB™. It takes as
input the causal bounds E,[Y] € [¢,,r,] for all candidate arms z. At each
episode t, it computes the clipped confidence bound UCB,,;(x,§) by incor-
porating both the observationally derived causal bounds and experimental
data accumulated up to that point. The algorithm then selects the arm with
the highest clipped confidence bound and observes the resulting reward.

Algorithm 5: Causal-UCB for Multi-Armed Bandits

Input: Action space X; known causal bounds E;[Y| € [ly,ry] for each
rekX
For each roundt =1,2,...:
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For each © € X, compute:
UCBy(x) = min {ry, fi(x) + Be(x)}

Choose arm:
X(t) = argmax UCB,(z)
zeX

Perform intervention do(X (t)) and observe reward Y (t)

Update fiz+1(X (t)) and Bey1(X(2))
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4.2  Online Learning in Sequential Decision Making

The offline to online learning framework discussed thus far has focused on
MAB models with a single decision point, i.e., a horizon of H = 1. In
what follows, we generalize this framework to optimize a causal decision
model (CDM) denoted by (M,II, R), where the policy space is given by
1= {m(X; | S;)}L,, and the reward function is R : D(Y) — R, mapping a
set of signals Y to a scalar reward.

We begin by introducing a purely online learning algorithm designed to
optimize a CDM (M, I1, R) without requiring explicit parametrization of the
underlying environment M. Unlike the previously discussed algorithms for
MAB settings, our proposed method engages with the underlying structural
causal model M over multiple episodes indexed by t =1,...,T.

In each episode t, instead of selecting a single action X, the algorithm

determines a sequence of actions (X7,..., Xy). More precisely, it chooses
a policy 7 = (w?), o ,wﬁ’) at the start of episode t. For every decision
stage? = 1,..., H, the algorithm observes state Sft), selects an action XZ»(t) ~

7ri(t)(XZ» | Si(t)), and performs the intervention do(X; < Xi(t)).

We now present a novel online learning algorithm designed to optimize a
policy space over a sequence of actions X = {X;,..., Xg}.

We begin by introducing the necessary notation and technical preliminar-
ies. For each stage i = 1,..., H, define the action history up to stage i as
X; = {X1,...,X;} and the corresponding state history as S; = {S1,..., S;}.

For any policy m € II, by applying standard probabilistic identities and
Bayes’ rule, the expected reward can be expressed as

H1
Er [R(Y)] = Z E. [R(Y) | T, ngH Pr(si41 | 23, 5) mia (@i | siv1) -
THSH re:vgrd =0 transitionz)?obabilities p;lircy

(10)

The above decomposition holds in the post interventional submodel M,
where each action X; is determined by the policy function ;. Among the
quantities involved, the policy 7 is assumed known, and thus it suffices to
estimate the transition distributions Pr(s;11 | %;, 8;) and the conditional
reward E.[R(Y) | Zy, 5u).

By Lemma 1, the NUC condition is satisfied in the post interventional
system (M, I, R). Consequently, for each ¢ = 0,..., H1, conditioning on
the past states S; d separates all backdoor paths between the actions X;
and any other variables in the submodel M7™. By applying Rule 2 of the do
calculus,
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Pr(siy1 | T4, 5:) = Pr,(si11 | 5), (11)
E:[R(Y) | Zp,5u| = Ezpy [R(Y) | 55]. (12)

In words, the transition distribution P, (s;+1 | Z;, $;) and the conditional
expected reward E.[R(Y) | Zy, Sy| are invariant across all policies m € II.
This invariance implies that both quantities can be consistently estimated
by pooling interventional data collected under different candidate policies in
the policy space II.

Algorithm 6: Upper Confidence Bound (UCB) for CDMs

Input: A policy space 11 = {(X;, S;)},, a reward function R : D(Y) —
[0,1].

1. For each episodet =1,2,...:

(a) Construct the set My1(0) of all candidate SCMs M, with error

probability 6 = tl4’ that are compatible with the interventional
data {V ..., VEDY collected up to episode t.

(b) Find the optimal policy 7O for an optimistic SCM M® e
M1 (9) such that:

Eqo[RY);: MU= max o BRI M]

(c) Ezecute the policy 7 via do(m®) and observe V®),

J

Throughout this section, we assume that the state and action spaces,
S and X respectively, are finite, and the reward function R(Y") is bounded
within the interval [0, 1]. Let 7). .. 7® € II be a fixed sequence of policies.
Given a finite set of samples {V®) ... V®} drawn from the corresponding
interventional distributions P.a)(V),..., P.»(V), we define the empirical

estimators for the transition probabilities Py, (S; | s1.i1), for i =1,..., H,
and the conditional reward E,, [V | 1.1 as follows:

A () Z;‘:l 1 {Xi(j) = T, gi(i)1 = §i+1}
Vi=1,...,H1, P;’(s; S;) = —— ,
? ) 9 ) T; (S +1 | S ) Nt(mi, Sz‘)
t V() _ = o) _ ¢ ()
ot B [0y [ 5y o LU = S =} FOYO)
o N(Zw,5m) ’
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Algorithm above outlines a UCB based approach for optimizing an un-
known causal decision model (CDM) II, action space II, and reward function
R. The algorithm operates in phases: model construction, optimistic plan-
ning, and policy execution.

In Step 2, the algorithm builds a set My (§) of plausible structural causal
models (SCMs) using interventional data {V() ... VD) For each SCM
M € My(0), the transition probabilities Pz, (Si41 | §;) for i =1,..., H + 1,
and the conditional reward E;z, [R(Y) | §y], lie within convex intervals cen-
tered around their empirical counterparts derived from previously collected
interventional samples.

The confidence parameter § is designed to decrease with the episode index
t, so that M1 () captures the true SCM IT with high probability as more data
is gathered. In Step 3, the most optimistic SCM M® € M, (0) is selected,
and its optimal policy 7(*) is computed to maximize expected reward. Step 4
then executes this policy throughout episode t to collect new interventional
data V® ~ P (V).

The discrepancy between the true and empirical distributions is bounded
in Ly norm using a concentration inequality from Weissman et al. (2003):

P (”ﬁ(.)p(.)nl - \/2\9(3/)“08;(2/5)) <5

n

Fix a confidence level 4 € (0,1). Define M,(0) as the set of SCMs M with
endogenous variables V', such that for each i = 0,..., H + 1, the transition
distribution P, (S;+1 | ;) is close to the empirical estimate P;?(Siﬂ | 5),
and the expected reward E;, [R(Y') | 5y] is close to its empirical estimate

EY [R(Y) | 54]. Specifically:
1Pz, (- | 5 MYPE (- | 50) |l < si(0)
Ee, [R(Y) | 5113 MIES,[R(Y) | 51)| < < (6)
The confidence radius ;(0) is defined for i = 0,..., H as:

2|D(S41)|log (w)

and for rewards:
log <8H|'D(§H4)XH)|>
5
sp(0) =L —
#(0) 2N,(Zp,5m)
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By applying a union bound over these concentration bounds and Ho-
effding’s inequality, the probability that the true model II is excluded from
M,(6) is at most:

)
HE M) <SS st T ey <

=0 x;,5; TH,SH

Thus, the true SCM II belongs to the candidate model set M, (J) with prob-
ability at least 19.
The UCB algorithm performs optimistic planning by identifying a policy
) that is optimal for a carefully chosen optimistic SCM M®. Given a
fixed SCM M, standard planning techniques (e.g., dynamic programming
from Bellman, 1957; Koller and Milch, 2003) can be employed to determine
a policy over the action space Il that maximizes the expected reward.

However, the challenge here extends beyond policy optimization for a
fixed model. It also involves selecting the particular SCM M® from the set
of plausible models M,;(§) such that the resulting optimal policy achieves
the highest possible expected reward.

This dual layer optimization problem—over both models and policies—can
be cast as a polynomial programming problem. Leveraging the decomposi-
tion structure and model invariances, the expected reward under a policy 7
can be expressed as:

H
= Z Bz, [R(Y) | 51] HP@(SM | 8i) i1 (@it | Sit1)
TH,SH 1=0

This representation shows that the expected reward decomposes into com-
ponents involving transition probabilities and the policy itself. The learner
therefore seeks the SCM M ® and corresponding policy 7 that jointly max-
imize this quantity over the feasible set M ().

Each decision rule m;(X; | S;) for i« = 1,..., H is defined as a proper
conditional probability distribution that maps states S; to actions X;. The
transition probabilities Py, (S;+1 | §;), fori =0, ..., H1, lie within the convex
confidence set characterized earlier, while the expected rewards E;, [R(Y) |
Sp| lie within a convex polytope R defined previously.

Solving for both an optimistic SCM M® and a corresponding policy
7 is equivalent to solving a polynomial program. The objective of this
program is to maximize the expected reward E;[R(Y')], where the transition
probabilities Pz, (S;+1 | §;) and expected reward Ez, [R(Y) | Sg| are denoted
by variables II; and R, respectively. The program is subject to standard
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probabilistic constraints:

Zﬂ-i(xi |8i):1, 7TZ(:1:1|31)20, for aH’LIl,,H

When the policy space II satisfies the perfect recall condition—i.e., the
agent retains access to all prior observations and decisions—the polyno-
mial program can be solved efficiently using dynamic programming tech-
niques (Koller and Friedman, 2009, Def. 23.5). This condition implies that
S; CH{Xq, ..., Xt U{S1,...,S8i} for i < j, meaning no past information is
forgotten.

An optimistic policy 7(*) can then be computed by solving the following
extended Bellman style recursive equations for ¢ = 1,..., H1:

Q(si, Ts) = max max E Q(Si+1,Ti) - Pr,(siv1 | 5i) ’
Z; Pii(~|si)eni o
K3

and for the terminal step i = H:

Qo) =max{ | mas B, (1Y) 5]}

o | Eopy[ROY)|sH]ER
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4.3 Learning from Observational Data

Despite offering strong performance guarantees, the online learning algorithm
presented in Algorithm above does not utilize information from the obser-
vational distribution P(V'). Under the No Unmeasured Confounding (NUC)
condition in the underlying Causal Decision Model (CDM) (M*,II, R), the
history of states and actions ()_(,-1, 52) blocks all backdoor paths from each ac-
tion X; to any other variable in the causal graph G. Consequently, it becomes
valid to estimate the interventional transition distribution Py, (S;4; | §;) for
i =0,...,H1, and the expected reward E;,[R(Y) | x|, using their corre-
sponding observational conditional distributions:

P(S@+1 | jiagi) and E[R(Y) | EH;EH]-

The validity of this substitution follows directly from Rule 2 of do calcu-
lus. These observational estimates can serve as a warm start for the UCB
algorithm, allowing it to begin learning with some prior knowledge.

However, in general scenarios where the NUC condition is violated and
no additional causal assumptions are available, these quantities may not be
identifiable. This leads to challenges in estimation due to potential confound-
ing.

To address such cases, we turn to the notion of partial identification.
Specifically, we aim to bound the interventional transition probabilities Pz, (s;41 |
5;) and expected rewards from the observational distribution P(V'), even in
the presence of unmeasured confounding.

Theorem 5
Let (M*,11, R) be a Causal Decision Model (CDM), where the policy space is

I = {m(X; | Si)}isy -
For everyi=1,..., H1, the interventional transition probability
Pr, (5641 | 5:)
15 bounded as
Py, (siv1 ] 8i) € [lz,(si11), 77,(si41)]
where
['(5i41,7;) [(5i41,7:)
(5, %) (5, Za)
The function T' is defined recursively using the observational distribution
P(V) as:

Lz, (Sz’—H) = Tz (Siy1) =

P<81>, ZfZ = O,
P(Si41,2:)P(5;, %) + U(8;,20), ifi > 1.

[(Si41,7;) = {
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The upper bound in Eq. (283) can be rewritten as:

U(5i41, ) P(5i41, 2:)P(5:, ;) + (55, Za1)
['(5:, Zi1) ['(5:, Zi1)
P(8iy1,%;) P(5,7;)

['(5;, %)
Interpretation. Consider the denominator. Observe that the gap P(5s;, ;) =
P(5;41,%;) > 0 whenever the observational probabilities P(s,x) are strictly
positive for all realizations of the state action pair. This implies that the
bounds provided in above Theorem are generally informative, i.e., they are
strictly contained in the interval [0, 1].

=1+

The bounds presented in Theorem above can thus be seen as a general-
ization of the natural causal bounds from Natural Bounds, now extended to
sequential decision settings where the number of actions H > 1.

Theorem 6
Let M = (G,II,R) be a Causal Decision Model (CDM), where the policy
space 1 = {m;(X; | S;)}L, and the reward function R : D(Y) — [0,1]. Then

the interventional reward mean Ez,[R(Y) | Sy is bounded as:

Ezy[R(Y) | 51) € [lay (5u), T2, (50)],

where P(5s. 520
Lo () = E[R(Y) | 51 7] - 500,
P(5y,7w)

rey (Su) = (E[R(Y) | 55, Zn]) - +E[R(Y) | 5, Zu].

(50, Tr=1)

Since the conditional reward E[R(Y) | sy, Zy| € [0, 1], the bounds pre-
sented must lie strictly within the interval [0, 1] whenever the observational
probability P(5y, Zg) is non zero. This ensures that the bounds are informa-
tive. These bounds are expressed as functions of the observational distribu-
tion P(V'), which is identifiable through the data collection process and can,
therefore, be consistently estimated. Consequently, the causal bounds can be
approximated using the corresponding sample mean estimates. Furthermore,
standard concentration inequalities can be employed to quantify and control
the uncertainty arising from finite sample sizes.
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Algorithm 7: Upper Confidence Bound with Causal Bounds
(UCB™)

Require: a policy space 11 = {(X;, )}, a reward function R :
G(Y) — [0,1], causal bounds [(,(5i+1),Tx(Si+1)], fori = 1,...,H1, and
[y, (5H), Tay (51)] for all state action pairs (z,s) € X x S.

1. Let M. be the collection of all SCMs M with endogenous variables
V, and transition distributions Py, (Siy1 | Si; M) consistent with
bounds [£,(Sit1), 7z(Si+1)] for i =0,..., H1, and reward expectations
Exp, 1Y | 53 M| consistent with [, (Su), Tz (Sw)], such that:

TH

Vi=0,...,H1, £,(5i+1) < Py, (Sig1 | 55 M) < 7(5i11),  (13)
ly (Sg) <Eg,[Y | sy M| < 7zpy (5H). (14)

Ty

2. for each episodet =1,2,... do

3. Construct a set of plausible SCMs My1(8) using 6 = t*, as in
Steps 2 4 of Algorithm 6.

4. Identify the optimal policy ©® of an optimistic SCM M® ¢
My (8) N M. such that:

EWU),M(” [Y; M(t)] = m%(EmM [Y; M} s.t. mell, M € My (5)(7./\/16.
| (15)

5. Ezecute 7™ for episode t and collect observations V).

6. end for
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5 Mixed Policy Learning: When and Where
to Intervene

Agents operating in complex, uncertain environments must process large vol-
umes of information efficiently and safely. Achieving this requires identifying
optimal policies that drive desirable outcomes. Most existing work, including
previous sections, assumes a fixed action space—often over a variable set X
with | X| = k limiting policies to 2¥ configurations in binary settings.

This section relaxes the fixed action assumption by considering flexible
action spaces, including settings where interventions are optional. While full
intervention may be feasible in controlled environments (e.g., simulators), it
can be risky or impractical in real world systems due to potential side effects.

Interestingly, in non Markovian causal systems, full control via do(X <«
x) is not always optimal. In some cases, partial interventions—targeting a
subset X' C X can yield better outcomes. However, this flexibility increases
complexity, requiring evaluation over up to 3* intervention subsets.

Real world dynamics often reduce the need for full control. For example,
physical constraints (e.g., inertia, gravity) naturally influence robotic behav-
ior, and medical decisions depend on practitioner expertise and regulatory
frameworks. In such scenarios, intervening on a subset of variables while
allowing others to evolve naturally under their inherent mechanisms fy can
be more effective.

To formalize this setting, we introduce a mized policy space, which com-
prises multiple policy spaces defined over subsets of action and context vari-
ables:

ix = {{WX‘,SXA} | X' C X, Sx C S*} : (16)

Each element in IIygx spans a spectrum from purely observational to fully
experimental policies.
For convenience, we use the shorthand 7 € Ilyx to denote 7 € II C Ilyx.
The mixed policy learning problem is characterized by the task signature:

Tuix = (Z=do, A=G, Ilyix = {{mx,s | S C Si}xicx}, X CX,, R).

Unlike standard settings with a fixed policy space, here the agent searches
over a mixed policy space to find:

™ = arg max EM[R(Y)],

mellpvx

where the expectation is evaluated under the interventional distribution in-
duced by the observational data D*P ~ P,(V'), and the causal graph G. This
task is distinguished by its flexible policy scope.
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5.1 Mixed Policy with no context

We now explore how an agent can efficiently discover the optimal action
in environments defined by a mixed policy space and an underlying causal
diagram. For simplicity, we consider a multi armed bandit (MAB) setting
where each policy 7 € Ik is an experimental policy over a subset X C X*,
with each action rule 7(x:) defined without contextual information.

Example 1 (Where to Intervene)
Consider a MAB environment governed by the structural causal model M =

(U,V,F,P(U)), where:
U:{U17U2}7 V= {X17X27Y}7
and all variables are binary. The causal mechanisms are defined as:

Xl(—Ul,
F = XQ(—Xl@UQ,
Y%XQEBUQ,

with independent noise: P(Uy) = P(Us) = 1.

An agent deployed in this environment aims to mazimize Y by choosing
optimal interventions over X, and Xs:

T = arg g}i}g Edo(Xlizvl,Xg:acg)[Y; M]

The mized policy space reflects all subsets of the action set Xy = { X1, X},
resulting in 21%%! possible intervention scopes. This maps naturally to a MAB
formulation, where each arm corresponds to an intervention set and assign-
ment (e.g., do(X; =0),do(Xy =1),...), leading to 9 distinct arms.

We analyze a naive strategy in which the agent lacks knowledge of the
causal graph and follows a strict experimentalist approach, intervening si-
multaneously on all action variables X = {Xy, Xo}. We refer to this as the
all at once agent. Its actions correspond to:

do(X1 = x1, Xy = x3), for all z1,25 € {0,1}.

While the agent’s internal model assumes a flat structure (see Fig. 29b),
its performance is still governed by the actual SCM M. A key question arises:
Can ignorance of the causal structure be compensated by conducting more
interventions? That is, can repeated sampling from do(X; = 1, Xo = x3)
distributions lead to the correct policy?

After interacting with the environment, the all at once agent eventually
converges to a policy yielding:

Eqy, 4,[Y] = E[zs ® U] = 0.525 + 0.5(1 & z5) = 0.5.
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Despite its naive formulation, the all at once strategy where the agent
intervenes on all variables simultaneously leads to a policy that performs no
better than random, achieving an expected reward of at most 0.5 regardless of
the specific values of X; and X5. Initially, one might attribute this limitation
to sample complexity, suggesting that increased interactions would eventually
lead to convergence. However, this strategy fundamentally disregards the
causal structure G, and no amount of sampling can compensate for this.

In contrast, consider a policy from the mixed policy space that intervenes
only on X;. The expected reward becomes:

E:Ul [Y] = T,

implying that the optimal intervention is do(X; = 1), which deterministically
yields Y = 1.

This contrast reveals that the all at once strategy fails to converge, as it
omits partial interventions entirely. Meanwhile, a brute force strategy that
exhaustively explores all subsets of { X7, X5} can recover the optimal policy.
Empirical results (see Fig. 29d) show that the all at once agent incurs linear
regret, while the brute force agent successfully converges.

Further insight is gained via Rule 3 of do calculus. Notably, P(y |
do(z1,x9)) = P(y | do(zz)) because X; does not affect Y under interven-
tion on X5. Thus, we have:

My, z0 = Hao-

To summarize, the expected rewards for selected interventions in the
mixed policy space are:

E[Y] = E[X;] = 0.5, (17)
E,, [Y] = 21, (18)
E.,[Y] = 0.525 + 0.5(125) = 0.5. (19)

These results highlight that partial interventions, guided by causal struc-
ture, can outperform strategies that ignore underlying causal mechanisms.
Therefore, the optimal action for the original model M — is do(X; =
1), yielding an expected reward of px, ,; = 1. Any joint intervention on
{Xi, X5} results in suboptimal performance, incurring regret and preventing
convergence to the optimal solution.

To analyze this further, we explore how interventional probabilities relate
within the causal model from Fig. 29a. The observational distribution P(y) =
P(y | do(P)) can be expressed as a convex combination of interventional
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distributions:
P(y) = ZP(?J | 21)P(21) = me (y) P(x1). (20)
x1 xr1
Hence, the expected reward is:

W=, Pla) < py Plan) = iy, (21)

This inequality holds for any SCM compatible with Fig. 29a and emphasizes
that interventions on non optimal arms (e.g., do(Xs) or do(X;, X3)) lead to
regret. Between these, intervening on Xj is preferable over {X;, X5} due to
fewer required arms. Ultimately, do(X;) is preferable over doing nothing, as
the observational reward 1’ is bounded above by HX, -

A natural question is whether py, can exceed py, in some causal model.
Indeed, this is possible. Consider a variant SCM M* with the same structure
as Eq. (306), except the mechanism for Y is modified as:

fy = X2 + UXQ,Y' (22)

Then, the expected rewards become:

EY] =E[(X: ® Ux,y) + Ux,v] =1, (23)
E, [Y] = 0521 + 0.5(221) = 1, (24)
E,,[Y] = 22+ 0.5. (25)

This demonstrates that in M, px, > py,, showing that the relative op-
timality of intervention sets depends on the SCM’s specific mechanisms.
Hence, the optimal action is do(Xy = 1), achieving an expected reward of
ix,—1 = 1.5. This highlights the inherent limitation of relying solely on the
causal diagram to determine the preferable interventional scope. The opti-
mal strategy ultimately depends on the specific instantiation of the structural
causal model (SCM), rather than just its graphical representation. In light of
the example, it becomes clear that disregarding the underlying causal struc-
ture—specifically the relationship between the action space and reward—can
lead to suboptimal decisions due to repeatedly selecting regret incurring
arms. For instance, naive strategies that either intervene on all variables,
do(zy,xs), or on those closest to the outcome, such as do(xs), may never
converge to the truly optimal arm, e.g., do(z7").

This example reveals the presence of equivalence classes of actions with
respect to their expected rewards, as well as partial orderings among subsets
of action variables. Notably, the expected reward of one action can often
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be expressed using probabilities associated with other interventions. For
example, the observational distribution P(y) can be decomposed as

P(y) =Y Py, (y)P(x1) =Y Py, (y)Pa(21).

Figure 30 illustrates the relationships among various interventional distribu-
tions and their rewards. It shows that certain distributions, like Py, (y, z2),
can be derived from others, such as P(y, z1,x2). Furthermore, the expected
observational reward can be rewritten using expressions that depend on other
arms’ distributions. As we will see, such decompositions can significantly en-
hance the performance of online learning algorithms.

These ideas are explored more formally in the work of Lee and Bareinboim
(2019a, 2018a, 2020).

5.1.1 Structural Properties in Mixed Policy Learning in a MAB
Setting

In this section, we outline three structural properties that arise in bandit
problems under mixed policy settings. These properties emerge due to shared
causal mechanisms across actions and can be analyzed using tools like do
calculus.

Property 1: Equivalence Among Actions. Do calculus provides a prin-
cipled way to determine equivalences among interventional distributions.
These equivalences effectively partition the action space into equivalence
classes. Rule 3 of do calculus is particularly useful for identifying when an in-
tervention does not affect the outcome variable. Specifically, if the following
condition holds:

P(y | do(z, 2)) = P(y | do()),

then we can conclude that the variable z has no causal effect on y when z is
intervened upon. This can be verified graphically by checking if Y L Z | X
in the manipulated graph G,.

In such cases, (g . = [ia, meaning interventions that differ only in z yield
the same expected reward. Hence, in an online learning context where the
goal is to minimize cumulative regret, it suffices to explore only a represen-
tative action from each equivalence class—particularly those containing the
optimal arm.

Motivated by this observation, we introduce the concept of a minimal
intervention set, which includes only the necessary interventions to identify
the best arm without redundant exploration.
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Definition 13 (Minimal Intervention Set (MIS))

A subset of action variables X* C X" is said to be a minimal intervention set
relative to a causal graph G, intervenable variables XV, and a target variable
Y, if there exists no proper subset X~ C X such that

[y = g for every SCM conforming to G,

and for every x° € D(X") consistent with x.

Proposition 3 (Minimality)
A set of variables X C X* is a minimal intervention set for G with respect
to Y if and only if X* C an(Y )qy. -

This characterization demonstrates that one can consider only directed
edges among variables (excluding unobserved variables) to acquire minimal
intervention sets (MISes). Intervening on nothing or a single ancestor of Y
in G constitutes MISes. Moreover, intervening on W = pa(Z) \ Z is also an
MIS for any Z C an(Y)q, since each variable W; € W has a directed path
towards Y without passing through the rest of W (i.e., W\ {W;}).

Property 2. Partial orders among minimal intervention sets.
Given a causal diagram G, there may exist partial orders among MISes where
some sets of interventions are always at least as good as others across all
SCMs consistent with G. Specifically, for two sets of variables W, Z C X* it
may hold that:

max fb, < max fi,

weD(W) 2€D(Z)

for every SCM conforming to G. If this inequality holds, then actions over
D(W) are redundant for identifying optimal interventions.

Definition 14 (Possibly Optimal Minimal Intervention Set (POMIS))
Given a causal diagram G, a set of intervenable variables X*, and target
variable Y, let X' C X* be a minimal intervention set (MIS). If there exists
an SCM conforming to G such that

o> ma. 2%
Hz ZGZ\{})((*} a

where Z is the collection of MISes and x*, z* denote the optimal interventions
over X*, Z respectively, then X* is a possibly optimal minimal intervention
set (POMIS) with respect to G, X*, and Y .

Definition 15 (Possibly Optimal Minimal Intervention Set (POMIS))
Given a causal diagram G, a set of intervenable variables X*, and a target
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variable Y, let X* C XV be a minimal intervention set (MIS). If there exists
an SCM conforming to G such that

IE‘* > ma. 2%
M ZEZ\{))((*}'LL
where Z is the set of all MISes with respect to G, XV, and Y, and z*, z*

denote the optimal interventions over X* and Z, respectively, then X* is a
possibly optimal minimal intervention set (POMIS).

To determine whether a subset of X7 is a POMIS, one could enumerate
all possible partial orders among MISes and select those not dominated by
any other. However, it remains unclear under what graphical conditions two
arbitrary MISes can be compared or whether such conditions are complete.

As a starting point, we consider a partial order between two MISes using
Rule 2 of do calculus. Let W be an MIS and consider an intervention on W.
Then, for some Z C XV:

Eo[Y]=> EuY |z Pu(2).

If Rule 2 allows converting the observation z into an intervention, this
becomes:

EolY] =) EewlY]Pu(2) €Y EGu)r[Y]Pul2) = By [Y] = B2, [Y],

where Z' U W' is the MIS corresponding to Z U W and (z,w)* denotes
the assignment that maximizes the expectation.
To identify such Z C X?, we use Rule 2, which requires:

(Y LZ[W)ay., orequivalently, (Y L Z)\w),-
If no backdoor path from Z to Y exists in G \ W, then:
fw < fhw,z = ez

This process can be repeated iteratively until no non intervened subset
of X? contains a backdoor path to Y.

Figure 31 illustrates this logic. In the base graph (Fig. 31a), each X; for
1 > 1 has a backdoor path via Z, and X} is also directly confounded with Y.
After intervening on X; (Fig. 31b), the light blue area shows all remaining
backdoor paths to Y in Gx,, implying:

1 < g,y
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In simplified projections, we ignore variables not in X or Y, yet the same
backdoor paths remain visible. Upon intervening on X5, X; and X3 lose
their backdoor connections to Y. Then, due to minimality, we conclude:

* * *
x, < Hx, X5, X, < Hx,

We may exclude variables ineffective to Y under do(z5) initially. To that
end, we define a set of variables with backdoor paths to Y in a given graph:

5.2 Structural Properties in Mixed Policy Learning in
a MAB Setting

The subgraph induced by the Minimal Unobserved Confounders’ Territory
(MUCT) represents how Y is determined through the variables ruled by
unobserved confounders under interventions outside the MUCT. MUCT is
tightly related to Rule 2 of do calculus, where the procedure iteratively ex-
pands variables that have backdoor paths to Y, such that the remaining
variables become exchangeable between conditioning and intervention.

This relates to the partial orders we aim to establish. Specifically, this
implies that:

Ho < s V\T = Hpa(T)\T

where Xy =V \ {Y'}. We define:
e MUCT(G,Y) as the Minimal UC Territory of G with respect to Y,

e IB(G,Y) =pa(T)c \ T as the Interventional Border of G with respect
to Y, where T'= MUCT(G,Y).

Given an arbitrary Xy C V' \ {Y'}, one can obtain a MUCT and IB from
H, the latent projection of G onto X U{Y}. Then:

Hosw < HUSIB(Hy,Y)

A more involved example is depicted in Figure 32, where the MUCT can
be constructed by iteratively updating {Y'} to include variables confounded

with Y, their descendants, and confounded variables of those descendants,
e.g., yielding {Y, C, E, F'} under do(B).

Theorem 7 (Lee and Bareinboim, 2018a, 2019a)
Given G, Xy, andY , let X' C Xy be an MIS and let H be the latent projection
of G onto X U{Y'}. Then, X is a POMIS if and only if

IB(Hy,Y)=X
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This result can be interpreted as follows: under the distributions induced
by the unobserved confounders in a MUCT, the internal mechanisms within
the MUCT are finely tuned to yield optimal outcomes for some external
configurations. Intervening on any of the variables in the MUCT disrupts this

mechanism, often yielding suboptimal rewards. For example, in Figure 31,
the arms {X;}, {X3}, and {X,} are identified as POMISes.

Property 3. Expressions Among Actions The first two structural
properties guide bandit agents to focus on a reduced set of possibly optimal
arms before observing any data. The third property connects the causal
effect of playing an arm with the distributions obtained through other arms.

Consider the causal diagram in Figure 33 with Xy = {B, D, E'} where
the POMISes include 0, {B}, {D}, {E}, {B,D}, and {D,E}. An agent
playing only POMIS arms will observe samples from distributions such as
P(V)v Pb(v \ {B})7 ) Pd,e<v \ {D7 E})

By ¢ factorization, the expected reward under do(f) is:

E[Y] = Z Y- Pd,e(y> a, b) ' Pa,c(e) ' Pc(d) ' Pb(c) (26)
= Z Y- Pd,e(y | a, b) ' Pd,e(av b) ' Pa,c(e) ' Pc(d) ' Pb(c) (27)

Each term above can be rewritten or estimated using data from other
arms using do calculus (see Table 15). For instance, P.(d) can be estimated
from a weighted combination of terms from different arms:

N.P.(d) + Ny P(d | ¢) + 3, Nefo Po(d | €) + 32, Ny Po(d | €)

P.(d) =
( ) Nc+N®|c+ZeNe|c+ZbNb\c

where N, is the number of samples with Z = z in the distribution
do(W = w).

This estimator is based on maximum likelihood, aggregating compati-
ble observations from different arms. By plugging these estimators into the
expression for E[Y], one obtains a more data efficient estimator.

In practice, this means that an online agent can confidently estimate
pg = E[Y] without excessively sampling the suboptimal arm associated with
do(D), avoiding high regret. For instance, as proposed in , bootstrapping is
used to estimate the posterior of the expected reward for each POMIS, which
is then integrated into Thompson Sampling. Similarly, variance estimates
from bootstrap samples can be translated into effective counts for use in

UCB based algorithms.
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5.3 Mixed Policy with context

5.3.1 Causal Decision Making Over Mixed Policies with Contexts

As discussed in the previous section, a causal understanding of the environ-
ment enables agents to reason over a broad range of policies across various
policy spaces, allowing them to decide not only which variables to intervene
on, but also which to observe as part of their context. In this section, we
explore systematic decision making over mixed policies where contexts are
involved.

To illustrate the concept, consider an agent operating in the environment.

5.4 Contextual Minimality in Optimal Mixed Policies

Optimizing a mixed policy involves evaluating whether each component of
the policy space (actions or contexts) contributes effectively. An action on X
is considered meaningful if it affects Y through a change in its mechanism 7.
A context S € Sy is considered relevant if it provides information relative to
other contexts Sx \ {S}.

However, this basic characterization is often insufficient when evaluat-
ing subsets of contexts across multiple actions, especially under optimized
mechanisms 7'l

The key idea is to identify contexts that can be inferred (or fixed) using
the rest of the context set. These relationships are captured more formally
in Equation 320. The fixed values do not need to be contexts themselves;
any variable whose value can be inferred from others can be fixed to simplify
the policy expression.

For our purposes, we aim to rewrite expected reward expressions such
that any fixed context is inferable from remaining context variables.

Example: Fixing for Simplification Consider:
> Plalbo)f(abd) <Y fla— (b),bd)=> f(bd)
ab,d b,d b,d

With C' fixed, we say a is fixed conditional on B. The corresponding decision
rule f drops a by inferring it from b and c.

Definition 16 (Minimality under Optimality)

Given a causal graph G, target variable Y, decision variables Xy, and context
variables Sy, a policy space 11 is minimal under optimality if there exists
a structural causal model M compatible with G such that:

pto> p for all TI. C T
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That is, any strictly smaller policy space leads to strictly worse performance
in some SCenario:
RM,Zg—>HLCH¢,u£>uE

Next, we will derive a sufficient condition for detecting non minimality
under optimality by:

1. Constructing an intermediate expected reward expression given a can-
didate set of variables to fix.

2. Checking whether this expression leads to a valid, simpler policy space.

Step 1: Deriving an Intermediate Expression from the Expected
Reward

Consider a policy space II that meets the basic minimality criteria. Let
X' C X(IT) be a subset of actions of interest (i.e., actions we may intervene
upon), and S” C Sy \ X’ represent non action variables within the context
(i.e., those we hold fixed).

Given:
(i) a subset U’' € G& of exogenous variables,

(ii) a subset Z of endogenous variables disjoint from S’ U X’ such that
Z CSx\(SUX'), and

(iii) an ordering < over V' £ S'U X'U Z,

such that the triple (U’, Z, <) satisfies certain structural constraints (see Lee
and Bareinboim, 2020, Lemma 1), the intermediate reward expression i, can
be written as:

o = ZP(u’) Z yQx(y,s | ) Z H Pz | v, 257,u) H (x| sx\{z},2),

y,s’ ! z ZeZ zeX’

where @), = P, x is the distribution governed by 7 except over X'.
The conditions are engineered to isolate the term Q,(y,s’ | x’) such that
Z becomes irrelevant and does not influence it, allowing us to simplify the
expected reward by moving to a more minimal policy that only considers
context 5.

To elaborate, we substitute Pr(z | V., u') with P(z | Vz), where Vy is
the smallest subset of V', U U’ that suffices for determining Z. The goal is
to reparameterize the expectation into p,-, where decisions (7'(X | Sx)) are
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made solely over X', using the transformation 7(z | Sx \ {z},2) — 7(z |
Sx \ {z}). This is achieved by appropriately fixing the values of variables
in the contexts needed for Z (those in V) so that the conditional terms
P.(z | vz) become analogous to P(z | ¢1) as encountered earlier.

We observe that identifying and fixing unnecessary contexts simplifies
this process and eliminates those not essential. This provides insight into
the careful selection of variables—choosing contexts and exogenous variables
wisely avoids overcomplication. The ordering < ensures a valid factorization
of the joint probability distribution and indicates the relative ordering of
variable fixation.

Step 2: Converting the Intermediate Expression to the Expected
Reward under a Simpler Policy

After obtaining the intermediate expression for some (U’, Z, <), we convert
this into the simplified expression ., where the revised policy space is de-
fined as II' = (IT\ X’) U {(x, Sx \ Z)}zex’. This conversion is accomplished
by fixing Z values unconditionally.

During this transformation:

e Each variable in Z whose ancestral variables lie entirely in V , is fixed
as it only depends on contexts, decisions, and exogenous variables.

e Fixing each z at the value which maximizes the ability to eliminate the
term P(z | -) simplifies the overall expression.

This leads to a streamlined policy representation relying solely on the vari-
ables X’ and context S’.

Constructing a Simpler Policy via a Dependency Graph

The process of deriving a simpler policy from the intermediate reward ex-
pression can be framed as constructing and analyzing a dependency graph.
This graph, structured as a Directed Acyclic Graph (DAG), is based on the
conditional distributions over Z and U..

Graph Construction. We begin by introducing nodes for all variables in
U., Z, the parents of Z, and the parents of the intervened variables. Directed
edges are then drawn according to the structure of the conditional distribu-
tions. For instance, if a distribution P.(Z | V) exists, then the node Z will
have directed edges from all variables in V, establishing them as its parents.
This rule also applies to decision functions, such as 7(z | sx), where the
parents of x in the graph are given by the contexts in sx.
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Marking Nodes to Simplify Policy. Once the DAG is constructed, we
assess whether all variables in Z can be fixed to derive a simpler policy. To
begin, identify the subset of context variables S: that have no parents in the
graph; these can be marked immediately as they are available to condition
on other variables. For example, in the provided case, C; can be used to
determine values for Cs.

Nodes are then marked iteratively: a node can be marked once all its
parent nodes are marked. For instance, C5 may be marked unconditionally
if it has no parents. Then, X, can be marked provided Cj is already marked.
Together with C; and C3, we can fix Cy using:

ca(cs, xa(e3), c1) = ea(cy),

implying the other dependencies can be simplified away.

Conditions for Policy Simplification. We can finalize the simplified
policy if the following two conditions are met:

1. All variables in Z are successfully marked (i.e., fixed).

2. For each intervened variable X, its ancestors do not include any context
variables that will be unavailable in the simplified policy, i.e., variables

in S\ (Sx \ Z).

When both criteria are satisfied, the intermediate expression can be reduced
to an expected reward expression under a simpler policy.
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6 Counterfactual Decision Making

In this section, we explore a novel mode of interaction between the agent
and the environment through Layer 3 of the Probability Causality Hierarchy
(PCH). Previous tasks relied on interactions characterized by passive obser-
vation (seeing) and active experimentation (doing), corresponding to Layers
1 and 2 of the PCH. Here, we introduce an advanced interaction modality,
enabling agents to reason over a space of counterfactual policies, denoted

[ICTF.

Task Signature: Counterfactual Randomization

We define an online learning task with counterfactual randomization using
the following signature:

Tettrana = (I = ctf, A=A, I =1CTF, R=D(Y) — R).
This task seeks a policy 7* such that:

f = EM [R(Y
w =g max BY (R(Y).
where the defining feature is the use of counterfactual interactions to guide
learning.

Counterfactual vs. Interventional Interaction

To contextualize this setting, recall the interventional policy space Ilgxp .
When an agent follows a policy 7 € Igxp and performs interventions do(7),
it induces an interventional distribution P.(V), typically grounded in
Fisherian randomization.

In contrast, when the agent follows a policy m € Ilcrr, it engages with
the environment through counterfactual interactions, gaining access to x
specific counterfactual effects of decisions on outcomes. These counterfactual
effects characterize a unique distribution type, described in detail in Plecko
and Bareinboim (2022, Sec. 4.1.1), and enable decision making informed by
"what would have happened if...” reasoning.

Counterfactual Randomization (ctf rand)

We will introduce a specific form of counterfactual interaction termed coun-
terfactual randomization (ctf rand), which enables agents to act optimally
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even in complex decision making environments where interventional approaches
fall short. This new methodology expands the agent’s learning capabilities
by leveraging the structure of counterfactuals for policy optimization.

6.1 Counterfactual Decision Criterion

We begin by outlining how an agent interacts with a multi armed bandit
(MAB) environment under different causal regimes.

In the observational setting, the agent passively observes actions and
outcomes, both influenced by unobserved confounders U. The system behav-
ior is captured by a policy fx, which maps U to the arm choice X, creating
a spurious association between X and the reward Y. This is represented
by a bidirected arrow X «~ Y, which reflects natural biases or predilec-
tions for example, gamblers preferring blinking machines or doctors relying
on intuition. The expected reward in this regime is E[Y | z].

In the interventional setting, these natural biases are overridden. An ex-
ternal policy (e.g., random assignment via coin flips) enforces actions through
do(z), breaking the influence of U on X. The resulting causal graph removes
the bidirected edge between X and Y. The expected reward is now E,[Y],
determined by the reward function fy (X, U) and the exogenous distribution
P(U).

The observational agent operates within its inherent preferences, while
the interventional agent explores the environment independently. By lever-
aging both regimes and their respective distributions, we can understand and
improve the agent’s natural decision making tendencies through counterfac-
tual reasoning.

We begin by outlining how an agent interacts with a multi armed bandit
(MAB) environment under different causal regimes.

In the observational setting, the agent passively observes actions and
outcomes, both influenced by unobserved confounders U. The system behav-
ior is captured by a policy fx, which maps U to the arm choice X, creating
a spurious association between X and the reward Y. This is represented
by a bidirected arrow X «~ Y, which reflects natural biases or predilec-
tions for example, gamblers preferring blinking machines or doctors relying
on intuition. The expected reward in this regime is E[Y | z].

In the interventional setting, these natural biases are overridden. An ex-
ternal policy (e.g., random assignment via coin flips) enforces actions through
do(z), breaking the influence of U on X. The resulting causal graph removes
the bidirected edge between X and Y. The expected reward is now E,[Y],
determined by the reward function fy (X, U) and the exogenous distribution

P(U).
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The observational agent operates within its inherent preferences, while
the interventional agent explores the environment independently. By lever-
aging both regimes and their respective distributions, we can understand and
improve the agent’s natural decision making tendencies through counterfac-
tual reasoning.

Definition 17 (Counterfactual Distribution (Bareinboim et al., 2020))

A Structural Causal Model (SCM) M = (U, V F, P) defines a family of
joint distributions over counterfactual events such as Yy,...,Z,, for any
variables Y, Z,..., X, W € V.

The counterfactual distribution is given by:

P(Ya, . 20) = Y U{Ya(u) =y,.... Zy(u) = 2} - P(u),

u

where the indicator function selects worlds where the counterfactual variables
take the specified values under interventions x,w, ... and P(u) is the distri-
bution over exogenous variables.

Example 2 (Evaluating Counterfactual Distributions)

Note that in Equation above, the left hand side includes variables with differ-
ing subscripts, each representing a distinct counterfactual world. The evalu-
ation of this expression can be understood through the following procedure:

1. For each group of subscripts (e.g., do(x), ..., do(w) applied to 'Y, ..., Z
respectively), replace the corresponding structural mechanisms with con-
stants to obtain modified functions F,, ..., Fy, thus defining submodels

My, ..., My, of the original SCM M.

2. For every possible setting of exogenous variables U = u, evaluate the
altered mechanisms in a valid topological order—ensuring that any vari-
able on the left hand side is computed only after all variables on the right
hand side of its structural equation have been evaluated. This yields the
counterfactual outcomes of the observed variables.

3. Finally, accumulate the probability mass P(U = w) for all instantia-
tions of u that are consistent with the specified counterfactual events
(e.g., Yo =vy,..., Zy = z), which correspond toY =y,...,Z = z in
the submodels M, ..., M,,.

The counterfactual analysis outlined earlier motivates a novel decision
making principle in MAB environments. Rather than comparing expected
rewards under interventions (i.e., E,[Y] for each action z), the agent should

69



compare the expected outcomes of acting in line with or against their natural
inclination. Formally, the counterfactual policy is given by:

7 (x) = argmax E [YX<—x ‘ X = x} , (28)

where z° denotes the agent’s natural (observed) choice, and x is a can-
didate action. This policy, called the Counterfactual Decision Criterion
(CDC), compares potential rewards conditioned on the agent’s original in-
clination, thus incorporating personalized information encoded in the con-
founders.

For instance, in the binary case where the observed choice is X = 1, the
agent evaluates:

E[Vyxco| X =1 vs. E[Yxe:| X =1].

If the counterfactual reward of choosing X = 0 is higher, the agent should
act against their intuition and choose X = 0; otherwise, they should follow
it. This introduces a new class of counterfactual policies that optimize not
just over rewards but over personalized, intuitive deviations.

Definition 18 (Counterfactual Policy (MAB) )

Let M be a multi armed bandit (MAB) environment. A counterfactual policy
space grr is defined as a set of policies w(X | X*) that map an intended
action X* to a probability distribution over possible realized actions X. We
will denote this policy space by:

HCTF = {W(X | X*)}

At first glance, the structure of a counterfactual policy w(X | X*) might
seem unintuitive, as both its input and output are defined over the domain
of the action variable X. This appearance of self reference could suggest a
circular dependency in the system. However, from a semantic standpoint,
(X | X*) is a well defined and computable counterfactual quantity in any
structural causal model (SCM) M.

Although X* and X belong to the same action space, they represent vari-
ables from distinct hypothetical settings. The intended action X* corresponds
to the agent’s inherent behavioral tendency, as seen in the observational dis-
tribution from layer 1 , whereas the realized action X represents the out-
come of an intervention, generating the interventional distribution observed
n layer 2.

Choosing an intervention do(X < x) in accordance with the agent’s pre-
disposition X = x results in the expected reward associated with the counter-
factual policy m(X | X™).
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Definition 19 (Counterfactual Submodel MAB)
Let M be a multi armed bandit (MAB) environment as depicted in Fig. 43a,
described by the structural causal model:

M=(U=A{U}, V={X,Y}, F={fx,fy}, P=PU)).

Let 7(X | X*) be a counterfactual policy defined over the action variable X .
A corresponding counterfactual submodel M, of M is defined as a modified
SCM:

My = <U = {U}> Ve = {X*7X>Y}7 Fr, P = P(U)>,

where the structural functions F, are specified by:

X* = fx(U),
Fr={ X ~n(X | X%,
Y = fy(X*,0).

Figure 43c presents a graphical depiction of the submodel M, which is
induced by a counterfactual policy (X | X*). In this construction, a new
virtual variable X™* is introduced to represent the agent’s intended action.
This variable serves as an input to determine the realized action X, which
in turn influences the reward variable Y.

Formally, the expected reward E.[Y; M] under a counterfactual policy
(X | X*) in an MAB environment is defined as the expected value of Y in
the counterfactual submodel M:

E[Y;M] =Y RE[Y |22 M- Pz |2 M) P(z; M)  (29)
= ZE YV |z,2 s M) - w(z | 2) - P(x). (30)

<
T ,T

The second equality follows from the definition of the submodel M, (as
per Eq. 348), where X* is generated via the behavioral policy fx from the
original model M, and the realized action X is sampled from the counter-
factual policy 7. Since 7™ does not depend on the unobserved confounder U,
conditioning on X* effectively blocks any backdoor paths from X to Y. Con-
sequently, the joint conditioning on both the intended and realized actions
(X*, X) in M, recovers the counterfactual effect of treatment on the treated
(ETT). The expression can thus be rewritten as:

EY; M =Y E[Yx— | X =2] 7(x|2)- Pa).

‘
T,T
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More generally, observe that the counterfactual policy space Ilerr sub-
sumes the experimental policy space Ilgxp = {7(X)} in MAB environments.
For any experimental policy 7(X), one can emulate its behavior using a coun-
terfactual policy m(X | X*) by setting the realized action via the intervention
do(X = z) independently of the agent’s natural inclination X* = 2. That
is,

m(z) =n(x|2), V.

Under this formulation, the expected reward simplifies to:
E Y] =) ()Y E[Yxy | X =2]- Pz (31)
= 3 n(a) - EIY;). (32)

By the definition of potential outcomes and interventional distributions ,
the counterfactual expression E[Y,] corresponds exactly to the interventional
expectation E,[Y]. Hence, the above equation recovers the expected reward
of an experimental policy m(x).

As will be shown next, an optimal counterfactual policy can always match
or outperform the best experimental policy in terms of expected reward.

Theorem 8 (Counterfactual Policies Dominate Interventional Policies MAB)
Let M be an MAB environment. Define the counterfactual policy space as
Herr = {m(X | X*)} and the interventional policy space as lgxp = {m(X)}.
Then, the optimal counterfactual policy achieves expected reward at least as
high as the optimal interventional policy:

max E;[Y]> max E.[Y].
mellcTr mellpxp

A natural question arises: under what conditions does the equality in
Theorem 15 hold, allowing a standard interventional agent to match the
performance of an optimal counterfactual agent? This occurs when the No
Unobserved Confounding (NUC) condition (Definition 13) holds in the un-
derlying MAB environment. Under this condition, there is no unobserved
confounder simultaneously influencing both the action X and the reward Y.
As a result, the agent’s intended action X* is independent of the potential

outcome Y, induced by the intervention do(X <« x):

X*1UY,.
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When this independence holds, the expected reward under the counter-
factual submodel M, simplifies as follows:

E[Y; M, =Y E[Yxy] Y 7z |2): P(a) (33)

¢
T

= EYxd] - Pe(x), (34)

where Pr(z) = Y. w(z | ) - P(z) denotes the marginal distribution over
realized actions under the counterfactual policy 7.

This result implies that an interventional agent can simulate the behavior
of the counterfactual policy by adopting an experimental policy defined as
7(x) = Pr(z). Therefore, when the NUC condition is satisfied, the optimal
counterfactual and experimental policies achieve identical performance.

6.1.1 Markov Decision Processes with Unobserved Confounders

In this section, we extend the notion of counterfactual policies to a broader
class of sequential decision making problems, where an agent must determine
a sequence of actions over time. Our analysis centers on a canonical class
of environments—Markov Decision Processes (MDPs)—augmented through
the framework of structural causal models (SCMs). This formulation gen-
eralizes classical MDPs (cf. Puterman, 1994) to accommodate settings with
latent confounding, thereby enabling a principled treatment of unobserved
factors influencing both actions and outcomes.

Definition 20 (MDP Environment)
An MDP environment is represented as a structural causal model (SCM)

M = (U, V,F, P(U)),

where the decision horizon is H € N,. The components are defined as fol-
lows:

e U={U,...,Ug} is a sequence of exogenous variables;

e V={S X,Y} comprises endogenous variables consisting of sequences
of states S = {S1,...,Su}, actions X = {X1,..., Xy}, and rewards
Y = {}qa"'aYH}7.

o [ isa collection of structural assignments, defined for eachi=1,..., H

as:
S = fS(SLz'l, X1, Uz'>7

X = fX(Sian)a
Y, = fY(SiaXiin);
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e P(U) is a product distribution over the exogenous variables, given by
P(U) = [, P(U,), where each U; is drawn i.i.d. from a common
distribution over domain D(U).

Definition abo introduces a generalized class of environments analogous
to Markov Decision Processes (MDPs), in which the No Unobserved Con-
founders (NUC) assumption does not hold. These environments, referred
to as MDPs with Unobserved Confounders (MDPUCSs), have been formally
studied in recent work by Zhang and Bareinboim in 2022.

In a standard MDP, the Markov property ensures that both the observa-
tional distribution P(S, X,Y") and the interventional distribution P, (S, X,Y),
induced by a policy 7 = (m (X1 | S1),...,7u(Xu | Su)), satisfy the condi-
tional independence:

Si+1:H7 Xi:Ha ?;H i 5'lsz'a Xl:ia }712 ’ Sz for all © = 17 ) H. (35)

This condition can be verified graphically using d-separation in the causal
diagram of the MDP.

However, in the MDPUC setting, the existence of unobserved confounders
invalidates this equivalence. In particular, the transition dynamics and re-
ward structure may differ between observational and interventional regimes.
Specifically, for each time step i:

P(5i+1 ’ Sivxi) 7£ Pwi(SiJrl ‘ Si)v (36)

These discrepancies underscore the breakdown of the standard MDP assump-
tions when latent confounding is present.

We now formalize the notion of counterfactual policies in the context of
MDPUCs. Analogous to the multi-armed bandit (MAB) setting, an agent
employing a counterfactual policy selects its action X; based on its original
intended action, as well as on counterfactual considerations.

Crucially, in the MDP setting, the agent also incorporates the observed
current state S; into its decision-making process. This distinguishes MDPUC
counterfactual policies from those in MABs, where the state is static or ab-
sent. In this way, counterfactual reasoning allows agents to query alternative
histories—i.e., “what would have happened if a different action were taken
in this state?”—and exploit this richer informational structure to refine their
decision policy over time.

The remainder of this section explores how counterfactual policies can
be constructed and optimized in MDPUC environments, and introduces the
causal machinery necessary to support this reasoning over trajectories.
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Definition 21 (Counterfactual Policy — MDP)
For an MDP environment M, a counterfactual policy space Ilo7r is defined
as a collection of policies:

= (m (X1 |51, X7), -, ma(Xu | Su, X5)),

where each decision rule m;(X; | S;, XF) maps from the joint domain of the
observed state S; and the intended action X} to a probability distribution over
the space of realized actions X;.

We denote the counterfactual policy space compactly as:

Herr = {(XH {Si> Xz*})}szl :

Definition 22 (Counterfactual Submodel — MDP)
Let M = (U, V, F, P(U)) be a Markov Decision Process (MDP) environment,
and let m = (m (X1 | S1, X7)s ., 7ua(Xu | Su, X}y)) be a counterfactual pol-
icy over the action sequence X = {Xy,...,Xg}.

Then, the counterfactual submodel M s defined as a Structural Causal

Model (SCM):
Mw = <Ua V7r = {57 X*7Xa Y}uFTHP(U»?

where: - S = {S1,...,Su} is the set of states, - X* = {X7,..., X} is the
set of intended actions, - X = {Xy,...,Xn} is the set of realized actions, -
Y = {Y1,..., Yy} is the set of rewards, - Fy is a modified set of structural
assignments:

S; = fS(Slzi—laXlzi—la Ui)
X7* = T
F, = L= (8, U) fori=1,... H.

Y, = fY(Sia Xi, Ui)

Counterfactual Markov Property. The causal diagram in Fig. 44b rep-
resents the submodel M, induced by an MDP environment and a counterfac-
tual policy m(X; | S;, X7). The joint distribution P, (S, X*, X,Y’) describes
the probability distribution over the endogenous variables in M.

By inspection, the data-generating mechanism defined by the causal struc-
ture in M, gives rise to a Markov chain (Puterman, 1994). At each decision
stage i =1,..., H, the state S; and intended action X satisfy a conditional
independence with respect to the past trajectory, which reflects a generalized
Markov property in the counterfactual model:

P(Si—i-lei:_l ‘ gl:iaXik;iaXl:i;Mﬂ) = P(Si-i-laX;:,-l | SzaXz*aXzaMﬂ')a (38)
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and similarly, the expected reward at each step i obeys the following condi-
tional independence:

These relations assert that in the counterfactual submodel, the future (state
and intended action) and the reward depend only on the current tuple (.5;, X7, X;),
and are conditionally independent of the full past history. Thus, despite the
presence of unobserved confounding, the agent can reason with structured
temporal dependencies within M.

Lemma 2 (Invariance of ETTs across stages). Let M be an MDP en-
vironment, 7(X; | S;, X;) be a counterfactual policy over actions X1, ..., Xg,
and let M, denote the induced counterfactual submodel. Then, for every
decision stage ¢+ = 1,..., H, the transition distribution over the next state
Si+1 and next intended action X, i, as well as the expected reward Y;, con-
ditional on (S;, X;, X;) in the submodel M., is equal to the corresponding
effect of treatment on the treated (ETT) quantities in M:

P(Siy1, Xiy1 |= Sz‘,x;,lﬁi;Mw) = P(SiﬂXiF T, X1 Xt x| Si,iﬁ;;M>7
(40)
E(Y; | Si =i, X; = 03, X; = w5y M) = E[YiXit— 2, | 5, X; = 2 M]. (41)

Moreover, these quantities remain invariant across every stagei =1,..., H,
ie.,
P(Si+1Xi<_ .’IZ'Z'7X1'+1XZ'<— Z; ‘ SZ',X£ = .CE;) == P(SQX1<— Z’l,XQXl(— 1 ’ Sl,X
(42)
(43)

These invariances enable counterfactual generalization across stages, allow-
ing policies optimized via counterfactual randomization to consistently ex-
ploit temporal structures in the environment.

Reduction to Standard MDP. Lemma 2 allows us to represent the joint
distribution P™(S, X', X,Y) induced by a counterfactual policy

™= (7T1(X1 | Slei)v cee aﬂ-H(XH | SHaX}I))
using a standard MDP of the form
Mctf = <D(S)a D<X)a D(X)a Tctfa Rctf>7
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where D(S) and D(X) denote the domains of state S; and action X;, respec-
tively, at every stage i =1,..., H.

ETT-based Transition and Reward Functions. The transition dis-
tribution Ty¢ and reward function R are defined in terms of conditional
effects of treatment on the treated (ETTs) evaluated in the original MDP
environment M, as:

Tus(s,z, 2,8, 2") = P (S X~ 2 =§, X;1 Xie—a =2 | Si=s, Xi=1),
(44)

Rctf<57x,$£) =FE [YiXZ%— x | S;=s, X;= :L‘} ) (45)

Planning Objective. Let R(Y) =Y 2 ~"'Y; be a discounted cumulative
reward function over an infinite horizon H = oo, with discount factor v €
(0,1). The objective is to find an optimal counterfactual policy 7* € Ilcrp
that maximizes the expected reward

7 =arg max E [R(Y)].

w€llcTr

Stationary Policy Assumption. In light of classical planning results
(Puterman, 1994), it is sufficient to consider a stationary class of counterfac-
tual policies:

= (W(Xi | Si,X;));’i such that m = m = - --

1 Y
Q-function and Augmented Bellman Equation. Define the Q-function
for a counterfactual policy 7 as the expected discounted reward starting from
state s, intended action x, and realized action z':

Q" (s,z,2)=E Zvjyiﬂ' |Si=s Xi=a, X; =2; M"|, (46)
=0

which can be recursively expressed using the following augmented Bellman
equation:

Q" (s, 31") = Reu(s, @, :C‘) +7 Z Tewe(s, x‘a s, xl> Z 7T($// | s, m/)QW<SI7 a2, $”).

S/,I', mN

(47)

77



Optimal Policy. An optimal counterfactual policy 7* can be obtained by
iteratively computing Q™ and maximizing over realized actions x for each
(s, ) pair:
™z | 5,2) = argmax Q" (s, z,z)
x

Relation to Interventional Policies. Experimental policies in the space
Mexp = {7 = (mi(X; | 9))iL1 }
can be embedded in the counterfactual policy space
Herp = {7 = (m(X; | Si,X‘i))fil}.

For every experimental policy 7, there exists a corresponding counterfactual
policy 7 such that

m(x | s)=m(z | s,2), foralls, z, z

In this case, the intended actions X do not influence the reward variables
Y in the submodel M™ induced by the counterfactual intervention ctf(r).
Marginalizing out the intended actions X from the submodel M™ yields the
experimental submodel M™ induced by the interventional action do(r").
As a result, the expected performance under both policies coincide:

Er[R(Y)] = Ex(ryy-

Theorem 9 (Counterfactual Dominates Interventional Policies)
Let M be an MDP environment, and let R(Y') be a reward function over
reward signals Y = {Y1,...,Yy}. Let the counterfactual policy space be

Herr = {7 = (m(X; | S5, X 0))1L,
and the interventional (experimental) policy space be

Hgxp = {W‘ = (ﬂ-‘i(Xi | Sz))zlil}
Then,

arg max E [R(Y)] D arg max E gy

rellcTR ﬂ—‘GHEXP

That s, the optimal performance of counterfactual policies weakly dominates
that of interventional policies.
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Corollary 3 (Equivalence under NUC)

Let M be an MDP environment in which the No Unobserved Confounding
(NUC) condition holds. Then, for any decision stage i = 1,...,H, state
s; €S, action x; € X, and intended action i € X,

(S’“ Xl S =5, X = xz> = Px,oi(Sit1 | Si = si), (48)

Xix'i) " Xix'i
E [ ’ S = Sl, i = IZ} = EXﬁ—mz[Y:L ’ Sz = Si]- (49)

Xi+x'i
As a result, the counterfactual transition probabilities Ti; and reward func-
tion Ry reduce to their experimental counterparts Tow, and Rey,. Hence, the
performance of the optimal counterfactual policy coincides with that of the
optimal experimental policy.

6.2 Counterfactual Randomization

In previous sections, we developed algorithms for computing optimal coun-
terfactual policies that account for intended actions in environments such
as MABs and MDPs. However, when the environment is unknown, a cen-
tral question arises: how can one learn an optimal counterfactual policy by
estimating counterfactual quantities from observed interactions?

To explore this, consider the MAB environment as an example. When the
intended action produced by the agent’s behavioral mechanism fyxy matches
the realized action (i.e., ¥ = x), the counterfactual effect E[Y, | x] aligns
with the observed reward E[Y | X = z]| due to the composition axiom |3,
Ch. 7.3]. In contrast, when x" # =, the intention-specific effect E[Y, | ] is
generally unidentifiable from passive data or standard interventions, unless
further assumptions or full model knowledge are available.

Even in identifiable cases, implementing such a policy poses an additional
challenge: agents often revise their intentions during deliberation. For ex-
ample, an agent may initially consider = z1, later revise to & = x5, and
finally act on a different decision " = z,. Only the last choice reflects the
agent’s final commitment, irrespective of how they reached it.

To operationalize counterfactual reasoning in such settings, we introduce
a novel randomization method called Counterfactual Randomized Controlled
Trials (Ctf-RCT). This procedure aims to intervene at the intention level:
the agent’s action deliberation is interrupted, the current intended action is
treated as fixed, and the system proceeds with random or strategic explo-
ration conditioned on that intention.
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Algorithm 8: Counterfactual Randomized Controlled Trials

(Ctf-RCT) in MAB

Require: The domain of actions D(X); number of exploration episodes
N e N.

1. For each episodet =1,2,...:

(a) Observe and store the agent’s intended action X1 ~ fx.

(b) Select the realized action X (t) as:

‘ Unif(D(X)) ift< N
X'(#) = S .
EnlY, | X = X® t>N
ZREL N[Yz | ] of

(c) Apply the intervention do(X (t)) and observe the reward Y ®).

J

Algorithm above outlines this process. Ctf-RCT takes as input the action
space X and the number of exploration episodes N. For each episode t, the
agent produces an intended action X® ~ fx. If t < N, the algorithm
samples the realized action uniformly at random from X. If ¢ > N, the
realized action is chosen to maximize the empirical estimate of the x-specific
effect conditioned on the intended action X = X®, using data collected
during the exploration phase.

To estimate the counterfactual quantity E[Yy,, | X = 2], we use the
empirical mean over t episodes:

) ‘ 1 L . w
EOYxey | X =2 = N ZZIY@ XD =2, XD =2} (50)
where N;(z', ) counts the number of times the intended action was x’

and the executed action was x.

This quantity consistently estimates the effect of X on Y when intervening
on X'. The Counterfactual Randomized Controlled Trial (Ctf-RCT) chooses
the intended action X and intervenes with do(X ") at each episode, observing
the resulting reward.

To optimize decisions under uncertainty, this approach extends to a coun-
terfactual version of UCB. For each pair (z, z'), we define an upper confidence
bound (UCB) using Hoeffding’s inequality:

log(1/9)

UCB,(z,2,6) = EO Yy, | X = o
t({l?,.CE, ) [ X<z ‘ l‘}“— 2Nt(x’xz)7

(51)
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where § € (0,1) is the error tolerance. At each episode ¢, the Coun-
terfactual UCB (Ctf-UCB) algorithm observes the agent’s intended action
X'(t), calculates UCBs over all z conditioned on X (¢), and selects the ac-
tion x maximizing UCB,(x, X (t), ). It then executes do(X (t)) and receives

reward Y,
The value of § is typically adapted across episodes, often set as a non-
increasing function of the frequency N;(X (¢)) of the intended action so far.

Algorithm 9: Counterfactual UCBVI in MDP (Ctf~-UCBVI)

Input: Counterfactual policy space 11, where 11 = {‘X;,{S;, X;} =},
and a reward function R(Y) = Zfil .

1. Initialize dataset H(® = 0.

2. For episodest =1,2,...:
(a) Compute UCB Q-values: Q=1 UCB-@-values(H(~V).
(b) For stepi=1,... H:

1. Observe current state S; = Sz-(t).

1. Intercept intended action X; = Xi(t).

1i. Choose counterfactual action:

‘Xi(t) = arg max Qgt_l) (S(t) x® x)

N A

w. Perform intervention do(XZ»(t) = ‘Xi(t)) and receive reward
A

)

v. Update dataset:

1@ 2 E=1) {Si(t)’ Z(t)7 aXi(t)}

Algorithm 10: UCB-Q-values

k k) < (k k
Input: Dataset H = {SZ( )in( ), XZ-( )7Y;( )}'12:1
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1. Forall s,s € D(S) and z,x',2" € D(X), compute from H®:

t

(s,2,2 ) ZZ]I{S(k =s, X(k Z.(k) =z}

k=1 1i=1

t H

(s, 2,2 :ZZY; ]l{S(k X(k)—x X(k):x‘}

5=l =il

t H

Ni(s,z,z,s,2 )= ZZ ]l{Sl-(k) = s,Xi(k) =z,
k=1 i=1
‘Xz(k) = 751(?1 =5, H—l =z}

2. Let K= {(s,z,2') € D(S) x D(X) x D(X) | Ny(s,z,z") > 0}.
3. For all (s,z,z) € K, compute:

- Ni(s,z, 2,8, "
By(s,2,0', 8, 2") = DUBDE. 5,2 )

Ny(s,z,z')
. N, (s,z,x)
Ri(s,z,x) Ni(s 2 7)

4. Initialize Vt(HH)(s,x) =0 and QgH)(S,SU,.CL“) = H for all (s,z,x) €
D(S) x D(X) x D(X).

5. Forh=H, H —1,...,1:

(a) For all (s,z,z) € K, compute:

N

Qgh)(s, x, l“) = min {Qghil)(s, z, l“), H, Rt(s, T, xl) +T;

-Vt(hﬂ)(s7 z, sc) + b,gh)(s, z, w)}

where the bonus term is:

B (5,2 7) 7H\/log (5|D(S) x D(X) x D(X)|T/6)
b Ny(s,z,z)

(b) Update value function:

V" (s, ) = max Q" (s, z, 2)

T
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6.2.1 Counterfactual Randomization For MDPS

We extend the idea of counterfactual randomization to the setting of Markov
Decision Processes (MDPs), enabling agents to reason over their intended
actions and learn optimal policies in the counterfactual space IICTF.

Consider an unknown finite-horizon MDP M with horizon H, where the
agent interacts over episodes t = 1,2,...,T. At each episode ¢, the agent
selects a counterfactual policy:

) = (Wgt)(Xl | Slaxi)a e 7771(;)(XH | SH7X}1)> ’

where X; is the action taken at step i, S; is the current state, and X is the
agent’s natural (intended) action at that step.

After executing 7(*), the agent performs the intervention ctf-7*) and ob-
serves a trajectory of rewards.

y® — (Ym stt))
with the total reward defined as R(Y ")) = Zfil Yi(t).

Counterfactual Reward Function

We assume access to a known counterfactual reward function:
Ree(s,z,2) =E[Y; | S; = s, X; = 2, X = ],

which allows evaluating expected rewards under hypothetical actions.

Ctf-UCBVI Algorithm

To solve the MDP under counterfactual reasoning, we adapt the UCBVT al-
gorithm (Azar et al., 2017) into a counterfactual version called Ctf~-UCBVI.
The procedure iterates as follows:

1. At each episode t, based on historical data HED  compute the coun-
terfactual Q-values Qy(s,z, ) using empirical Bellman updates and a
confidence bonus derived via Chernoff-Hoeffding bounds.

2. Define the transition operator over values as:

ﬁ-‘/;(hﬂ)sxa: ZTtsxx s ') V(h+1)(s z'),

where 7} estimates the counterfactual transition probabilities.
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3. For each step 1 =1, ..., H of episode t:

e Observe the current state S; = Si(t) and the agent’s intended action
X =x".
e Choose an action Xi(t) by maximizing Qt(Si, z, X;) over .

e Execute the intervention do(Xi(t)) and observe reward Y;(t).

7 Causal Imitation Learning

Reinforcement Learning (RL) has been used successfully in very complex
environments over the past few decades. A key assumption in many tradi-
tional RL algorithms is that the reward function is clearly defined. However,
in many real world situations, it is difficult to create a reward function that
covers every possible case. For instance, in human driving, it’s hard to design
an accurate reward function, and testing in the real world can be risky. But
observing expert drivers is usually possible. In reinforcement learning, the
imitation learning (IL) approach looks at how an agent can learn to act in
an environment where the reward function is unknown, by watching demon-
strations from a human expert. Formally, a causal imitation learning task is
described by the following Causal Decision Model.

T=(T=sce, A=G, II={(X;, S}, R=10) (52)
The Agent will try to find a policy such that,
7" = arg max EM [R|G, Dops ~ P(V), R = ¢] (53)
mellpxp

An imitation learning agent aims to acquire a policy within a space by lever-
aging demonstration data provided by a demonstrator (such as a driver or
physician) who follows a distinct behavioral policy. In each episode t =
1,...,T, the agent observes the demonstrator interacting with the environ-
ment M* and receives trajectories V® ~ P(V) sampled from the correspond-
ing observational distribution. The agent may also have access to structural
knowledge about the environment, such as a causal graph A = G. Unlike
off policy learning or causal inference tasks, imitation learning is uniquely
challenging because the reward function is neither disclosed to the agent nor
explicitly defined (i.e., R = @).

Corollary 4

Let X, Y CV be endogenous variables. If the reward function R : D(Y) — R
is not explicitly specified, then the expected reward B, [R(Y)] under any policy
7w over actions X cannot be identified from the causal diagram G.
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As stated in Corollary 4, when the reward function R is unknown, the
expected reward E,[R(Y)] under a policy 7 cannot be uniquely determined
from the observational distribution P(V') within the causal diagram G.

To address this challenge of non identifiability, a common strategy is to
assume that the observed trajectories are generated by an expert demon-
strator whose performance, measured by E[R(Y)], meets or exceeds a known
threshold. If we can identify a policy 7 that achieves at least the expert’s
level of performance, we can ensure that the agent’s policy is also satisfactory.

Definition 23
For a CDM (M*,11,R), an imitating policy 7* is a policy such that its ex-
pected reward is lower bounded by the expert’s reward, i.e.,

Er [R(Y); M| > E[R(Y); M]

VvV Vv
Agent’s Performance Ezxpert’s performance

The core principle of imitation learning is captured by a fundamental
inequality: the agent’s expected reward should match or exceed that of the
expert when evaluated in the underlying environment M*. On the left hand
side of this equation lies the agent’s actual performance, while the right hand
side denotes the expert’s performance; serving as the benchmark the agent
aims to achieve. The ultimate goal in imitation learning is to find a policy
7 that satisfies this condition.

Two main paradigms dominate the landscape of imitation learning;:

e Behavioral Cloning (BC): These methods aim to directly replicate
the expert’s policy by learning a mapping from states to actions using
supervised learning.

e Inverse Reinforcement Learning (IRL): These approaches first
infer a reward function under which the expert’s policy is optimal, and
then derive an optimal policy for the agent by maximizing this learned
reward.

Under standard assumptions, both BC and IRL can produce agent poli-
cies that achieve performance on par with the expert. In some cases, espe-
cially when additional structural information about the reward function is
available, IRL can even yield policies that outperform the expert in the same
environment.

However, the effectiveness of both BC and IRL hinges on a critical as-
sumption: that the agent has access to the same observations as the expert.
When some of the expert’s observed variables are hidden from the agent, the
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demonstrations are influenced by unobserved confounders (UCs), violating
the no unobserved confounding (NUC) assumption.

In such cases, applying BC or IRL directly may fail to yield satisfactory
results, even if the expert’s behavior is optimal. This challenge raises a fun-
damental question: how can one perform imitation learning in the presence
of unobserved confounding? The remainder of this section addresses this
question and explores imitation learning from a causal perspective.

7.1 Causal Behavioral Cloning

We begin with the behavioral cloning (BC) approach, where the agent seeks to
learn an imitating policy by directly replicating the conditional observational
distributions P(X; | Z;). Here, each action X is predicted based on a subset
of input states Z; C S;, where S; denotes the full set of variables observed at
step ¢.

Definition 24 (Behavioral Cloning Policy)
Let I = {IL(X; | Z)}L, denote a policy space, and let P(V) represent
an observational distribution over variables V. A behavioral cloning policy
7 € Il is defined in terms of P(V') such that, for each time stepi=1,..., H,
we have

mi(Xi | Z;) = P(X; | Z;) for some Z; C S;.

Example 3 (Behavioral Cloning in a Multi Armed Bandit Setting)
Consider a simple environment where an agent must learn a driving policy
that imitates the behavior of a car following another. The policy w(X) belongs
to a space where actions depend on a variable U, such as the distance to the
front car.

Using the behavioral cloning approach, the agent directly imitates the ob-
served action distribution. Specifically, the behavioral cloning policy mpc(X)
15 defined as:

mpe(X =1)=P(X=1)=PU =1)

Assuming P(U = 1) = 0.9, this yields mpce(X = 1) = 0.9.

Suppose the reward is defined as a linear function of some outcome Y,
written as R(Y) = €Y, where ¢ is an unknown constant. The expected reward
under the behavioral cloning policy is then:

ErpoR(Y)] =¢ - mpe(X =1) =0.9¢

To compare this with the expert’s performance, consider the expected re-
ward under the expert’s true behavior. Since the expert acts based on U, and
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P(U =1)=0.9, we have:
ER(Y) =¢-E[Y]=¢-P(U=1)=0.9

Thus, in this scenario, the behavioral cloning policy successfully replicates
the expert’s expected performance.

Theorem 10 (Behavioral Cloning under No Unobserved Confounding)
Let { M, I = {m(X; | S)}L,, R : Y — R ) define a causal decision
model (CDM), where 11 is the space of policies over actions X; conditioned
on subsets of observed variables S;.

Suppose the following conditions hold:

1. The no unobserved confounding (NUC) condition is satisfied for the
policy space I1 in the structural causal model M;

2. For each action X; at time step i = 1,..., H, its endogenous parents
in the model are a subset of the observed variables: PA; C S;.

Then, there exists a behavioral cloning policy w € 11 such that the ex-
pected reward under this policy matches the expert’s performance in the true
environment M:

EA[R(Y); M| = E[R(Y); M]

Moreover, such a policy is explicitly given by m;(X; | S;) = P(X; | S;) for
ali=1,. .  H.

Example 4 (Failure of Behavioral Cloning without NUC)
Reuvisit the driving scenario where the agent aims to learn a policy by observ-
ing a human driver. In this setup, the distance Y between the demonstrator
and the front car depends on the deceleration U of the front car. The human
driver observes U through the tail light and uses it to decide on an action
X. Howewver, the imitator only has access to drone footage, in which the tail
light (i.e., U) is not visible. Thus, U remains unobserved from the imitator’s
perspective.

The environment can be modeled by a structural causal model M defined
over:

M= (U={U},V={X,Y},F,PU))

where the structural equations are:

X U
Y+ XU
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Here, U € {0,1} is a binary variable drawn from P(U = 1) = 0.5. Since U
influences both the action X and the outcome Y, and is unobserved by the
imitator, the no unobserved confounding (NUC) condition does not hold in
this environment.

Let the driver’s performance be measured by a reward function R(Y) =
eY, where ¢ € R is a fized but unknown parameter. The expected reward
under the expert’s policy is:

E[R(Y) =¢-E[Y]=¢-EX®U]=¢c-E[-Ua U] =¢

Now, applying the behavioral cloning approach, the imitator mimics the
marginal distribution of the expert’s actions:

(X =1)=PX=1)=PU=1)=05

This results in a stochastic policy where the agent chooses to accelerate half
the time, independent of the unobserved U.

To evaluate the performance of this policy, consider the expected reward
under the new induced model M,

Ero[R(Y)] = Y eE[Y | X = a]mpo(x) = 05e(E[Y | X = 0] + E[Y | X = 1)

Since Y = X & U, we compute:
ErpoelRY) =05-c-(E[0U]+E[1®U])=05-¢
Hence, the performance under the behavioral cloning policy is:

Er, [R(Y)] = 0.5¢

7T'BC[

This is significantly worse than the expert’s performance €, highlighting
that when the NUC' condition is violated due to unobserved confounders, be-
havioral cloning fails to match expert performance.

7.1.1 Backdoor Criterion for Imitation

We begin our discussion with a modified version of the sequential backdoor
criterion (Definition 15), which enables a learner to replicate the expert’s
behavior. Recall that for any policy = € II, the graph G, . x,, where
1 =0,...,H—1, denotes a modified causal graph derived from the original
diagram G by replacing all incoming edges to each action node X (for j €
{i+1,..., H}) with edges originating from the respective state inputs S; to
X;. In imitation learning, G, . r, represents the causal structure where
all future actions beyond the i-th stage are embedded into the graph.
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Definition 25 (Imitation Backdoor Condition)

Let G be a causal graph, and let X,Y C V be variable subsets. A policy
class 1 = {X;, S;}L, is said to satisfy the imitation backdoor condition with
respect to Y in G (or simply, 11 is imitation admissible) if for every policy
m € Il and each action node X; € X, one of the following holds:

1. X; is not an ancestor of Y in the graph G i.e., X; & An(Y)grin

Tit1yTH?

2. The set S; d-separates all backdoor paths from X; to any node in'Y in
GTietomH that ds, (Y AL X5 | S) gXimiinemn -

The first condition in Definition 25 captures scenarios in which the action
at X; has no effect on the outcome Y once subsequent actions have been fixed.
In the graph G, . x,, the parental structure of future actions Xi-i—l:H has
been altered, potentially rendering the value of X; irrelevant to Y. That is,
the distribution over Y remains unchanged regardless of the policy selected
for X;. This permits X; to fail Condition (2) indicating it cannot be imitated
in isolation—yet still belong to a clonable set of actions X, since downstream
actions may buffer Y from inaccuracies at X;.

The second condition is analogous to the classical backdoor criterion,
where Z; is a variable set encoding sufficient information to support imita-
tion of X; with respect to Y. In practical terms, if the joint distribution
P(Z;, X;) over observed states Z; and actions X; aligns for both the expert
and the imitator, then a reward signal Y generated adversarially cannot dis-
cern between the two. Consequently, effective imitation can be achieved.

The imitation backdoor condition provides a practical criterion for deter-
mining whether a policy, compatible with a given policy space in a causal
diagram, can be effectively imitated. We now introduce several key notations
required for this characterization.

Definition 26 (Policy Subspace)

Given a policy space 11 = {X;, S;}1,, a policy subspace II' of I, denoted by
I C 10, is defined as a sequence {X;, Z;}| where Z; C S; for each action
X, e X.

In other words, every policy space 11 is trivially a subspace of itself. A
subspace 11" is called proper if II' # 11, which we denote by II' C I1. For any
policy © € II', one can always construct a corresponding policy m € II such
that m;(z; | s;) = m,(x; | ;) for alli =1,..., H and for all realizations x;, s;,
and z;. This reflects that inputs in S; \ Z; have no influence on the chosen
action X;. Therefore, a policy © is also compatible with the larger space 11
if it is compatible with a subspace II" C II.

89

,,,,,



Theorem 11 (Behavioral Cloning from Imitation Backdoor)

Let G be a causal diagram, 11 a policy space over action variables X, and let
Y C V be a set of variables. If there erists a subspace I = {X;, Z;} L, of
II such that 11" satisfies the imitation backdoor condition with respect to Y
in G, then there exists a behavioral cloning policy ™ € II' such that for any
structural causal model M compatible with G,

E[R(Y); M] = E[R(Y); M].

Moreover, such a policy is explicitly given by m;(z; | z;) = P(x; | z;) for each
i=1,... H.

Theorem 11 establishes that whenever an imitation admissible subspace
II' C II is identified, the expert’s performance can be replicated via behav-
ioral cloning—specifically, by matching the conditional distribution P(X; |
Z;) for each action X; € X. Furthermore, it has been demonstrated that
the imitation backdoor criterion is not only sufficient but also necessary for
behavioral cloning to succeed within a broad class of policy spaces. In this
class, each input state S; contains all variables that temporally precede action
X, in the causal diagram G .

In particular, if no imitation admissible subspace exists within II, then for
any behavioral cloning policy 7w € II, one can always construct a structural
causal model M consistent with G such that the resulting BC policy 7 fails
to match the expert’s performance.

7.2 Causal Inverse RL

This section explores an alternative approach to imitation learning, known
as inverse reinforcement learning (IRL) , within a causal decision-making
model (M, II, R). As in behavioral cloning, the imitator does not possess full
knowledge of the environment M or the true reward function R. However,
the agent has access to a parametric family of reward functions R = {R :
D(Y) — R} that contains the actual reward R.

We begin by analyzing an IRL strategy under the assumption of No Un-
measured Confounding (NUC; Definition 13), and subsequently relax this
assumption to accommodate a broader class of causal models specified by a
causal diagram G.

Following the game-theoretic formulation of | imitation learning (Defini-
tion 28) is modeled as a two-player zero-sum game. In this game, the agent
selects a policy, while an adversary (e.g., Nature) chooses a worst-case reward
function from the set R. The learning objective is expressed as the following
min-max optimization:
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A = minmax (E«[R(Y); M| — E.[R(Y); M]).

nell RER

Here, the inner maximization can be interpreted as a causal IRL step
that identifies a worst-case reward function R € R which maximizes the
discrepancy in performance between the expert policy 7* and a candidate
imitation policy 7. Notably, the expert’s expected reward E «[R(Y); M] is
independent of the choice of 7.

The outer minimization corresponds to planning within a causal decision-
making model (M, 11, ]:2) using the adversarial reward R. If the performance
gap A = 0, then the solution 7* is a successful imitation of the expert. If
the expert policy is sub-optimal, it is possible to observe A < 0, i.e.,

En [R(Y); M] < Era [R(Y); M],

indicating that the learned policy 7* dominates the expert in the worst-
case scenario. This suggests that 7* may choose to disregard the potentially
flawed expert policy, leveraging prior structural knowledge about the reward
function. When this prior is informative, solving the optimization problem
above can yield a policy that not only matches but potentially exceeds the
expert’s performance in the true environment—despite the reward function
remaining partially unknown.

Despite the clear semantics of the objective, solving the associated op-
timization problem requires detailed knowledge of the underlying structural
causal model M, which is generally unavailable to the agent in practical
scenarios. This raises the question of identifiability: under what conditions
can the solution to Eq. 474 be inferred from the observational distribution
P(V)?

Let us fix a reward function R € R. The expert’s expected reward
E «[R(Y); M] can be computed directly from P(V') by evaluating the aver-
age of R(Y") weighted by the marginal distribution P(Y). Under the No Un-
measured Confounding (NUC) assumption, the imitator’s expected reward
E.[R(Y); M] is also estimable from P(V) via standard off-policy evaluation
methods, such as Inverse Propensity Weighting or Direct Policy estimation.

Consequently, under the NUC assumption, the agent can formulate the
minimax optimization, using only the observational distribution P(V'), the
hypothesis class R of reward functions, and the policy space II. Solving this
identifiable program yields a valid imitation policy.
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7.2.1 Minimal Imitation Backdoor

We now turn to the study of causal inverse reinforcement learning (IRL)
in more general settings where the No Unmeasured Confounding (NUC)
assumption does not hold. In such scenarios, demonstration data may be
influenced by latent confounders that affect both the agent’s actions and
other variables in the environment. Our approach builds upon a refinement
of the imitation backdoor criterion (Definition 30), leveraging the concept of
minimal d-separating sets.

Definition 27 (Minimal Imitation Backdoor)

Let G be a causal diagram, and let X, Y C V denote sets of variables. An
imitation admissible policy space I1 over X is said to be minimal if there
exists no proper subspace II' C 11 that also satisfies the imitation backdoor
criterion with respect to'Y in G.

In other words, a policy space II = {X;,S;}x,ex is minimal if, for each
action variable X; € X, the set S5; is a minimal d-separating set between X;
and the reward variable(s) Y in the manipulated causal graph Gx
Alternatively, if X; is not an ancestor of Y in the graph G
S; = 0.

i34 1sTH *

then

Tid1yyTH )

Theorem 12 (Identifiability under Minimal Imitation Backdoor)

Let G be a causal diagram, let 11 be a policy space over actions X, and let’Y C
V be a subset of variables. Suppose there exists a subspace I = {X;, Z;}1,
contained within I1 such that I is minimal imitation admissible with respect
to Y in G. Then, for any policy @ compatible with II', the interventional
distribution P™(Y') is identifiable from the observational distribution P(V)
and 1s given by:

H

P™(y) = Y Plylzuzn) [[ Pz | #io1, 2ia) milai | 22),

TH,ZH =1

where X; = {X1,...,X;} and Z; = {Z,,...,Z;} denote the sequences of
actions and covariates up to stage i, forit=1,..., H.

The notion of a minimal imitation backdoor introduced in Definition 32,
together with the identifiability result established in Theorem 21, naturally
leads to an algorithmic strategy for causal inverse reinforcement learning
(IRL) in the presence of unobserved confounding. Rather than searching for
imitating policies directly within the full policy space II, the agent instead
restricts attention to a minimal imitation admissible subspace IT" C II.
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As previously discussed in Section 8.1, there exist efficient procedures for
identifying admissible policy subspaces that satisfy the imitation backdoor
criterion. Given such an admissible subspace, one can refine it into a minimal
admissible subspace by progressively eliminating input state variables from
S; for each decision point X;, stopping once the imitation backdoor condition
no longer holds. This reduction process can be executed in polynomial time
with respect to the total number of state variables S and action variables X.

7.2.2 Imitation Via Inverse RL

7.3 Imitation via Inverse Reinforcement Learning

Once a minimal imitation admissible subspace II' C II is identified, an im-
itating policy can be derived by solving the minimax optimization problem
in Eq. (474), where the original policy space II is replaced by the refined
subspace II'. Expanding the objective with respect to the possible outcomes
of Y, the optimization problem can be reformulated as follows:

Azgg%%lg% y R(y) | Py) —Pr(y) (54)

Performance gap

In this formulation, the term P(y) represents the expert’s occupancy mea-
sure over the domain of reward-relevant variables Y, corresponding to the
marginal distribution derived from observational data. The second term,
P, (y), denotes the imitator’s occupancy measure, expressed as an interven-
tional distribution. Due to the minimal admissibility of II', Theorem 21
ensures that P.(Y) is identifiable from the observational distribution P(V)
and the given policy 7.

When the hypothesis class R for the reward functions is chosen appro-
priately, the minimax program in Eq. (54) becomes solvable via several well-
established TRL techniques. Consequently, we refer to Eq. (54) as the canon-
tcal IRL formulation. In the following, we illustrate how this reduction en-
ables the application of existing algorithms such as the multiplicative-weights
algorithm (MWAL) and generative adversarial imitation learning (GAIL).

Causal MWAL

Causal MWAL investigates inverse reinforcement learning in Markov decision
processes where the reward function R(y) is modeled as a linear combination
of feature expectations. Let the feature mapping be denoted by 7 (y) € R¥,
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and assume that the reward function takes the form R(y) = w - 7(y), where
w € Py is a coefficient vector in a convex set defined as:

Po={weR"|Aw<1,w>0} (55)

Let 7 denote the i-th component of the feature vector . Suppose that
deterministic policies within the space II are indexed according to feature
orderings 7Y, ..., 7(™. Then, the canonical IRL program in Eq. (54) reduces
to a two-player zero-sum matrix game under the linearity assumption.

Proposition 4

Let the hypothesis class of reward functions be R = {R = w -7 | w € Py}.
Then the solution A of the canonical IRL program in Eq. (54) is equivalent
to the solution of the following minimax problem:

A = minmaxw' G, (56)
mell' wEPy

where G € R¥*™ s a matriz with entries defined as

G(i.j) =Y _ 7y (Py) — Pun(v))

Effective algorithms for solving the matrix game in Eq. (56) include the
classical Multiplicative Weights (MW) method and its adaptation for ap-
prenticeship learning, MWAL.

Causal GAIL, introduced by Ho and Ermon (2016), presents an approach
for learning imitation policies in Markov Decision Processes using a flexible
class of non-linear reward functions. The reward function R(y) maps out-
comes to real values, formally R : Y — R, where Ry = {r: D(Y) — R}.

To manage the complexity of the reward function, a convex regularization
function W(R) is applied. The resulting optimization problem, known as the
penalized canonical program of causal IRL, is expressed as:

min max [E,p[R(y)] — Eyp, [R(y)] — V(R)]
s ERy

This formulation is commonly referred to as Equation (502) in related
literature. It is often more convenient to work with its dual form. The
following proposition states this formally:

Theorem 13 (Proposition 7)
Given a hypothesis class R = {R : D(Y) — R} reqularized by V, the solution
7 to the canonical program above can also be obtained by solving:

min U (P|| Py)
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where W* is the convexr conjugate of ¥, defined as
U (P||Pr) = maxger,, [Eyp[R(y)] — Eyop, [R(y)] — U(R)].

Equation (503) aims to find a policy 7 that minimizes the divergence
between the expert’s distribution and the one induced by the policy over the
outcome space ), with the divergence quantified by ¥*.

When a specific regularizer U(R), as described in Equation (13) of Ho and
Ermon (2016), is used, the optimization problem in Equation (503) simplifies
to:

min O*(P||P;) = min max [E,pllog D(y)] + Eyp, log(1 — D(y))]
™ m  D:Y—(0,1)

Here, D denotes a discriminator function (often parameterized as a neural
network) that estimates whether a sample comes from the expert or the
policy. This formulation aligns causal imitation learning with the adversarial
training paradigm of Generative Adversarial Networks (GANs), where two
neural networks — a generator (policy 7) and a discriminator — are trained
in a minimax setup.

The policy 7 is considered successful when the discriminator D can no
longer distinguish between the expert and the learner’s trajectories. Solving
the minimax problem involves finding a saddle point (7, D), which can be

approached through iterative optimization methods as implemented in the
GAIL algorithm by Ho and Ermon.
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8 Conclusion

The current generation of Al agents that excel at decision-making are pre-
dominantly built on the foundations of reinforcement learning (RL). However,
most RL systems lack explicit modeling of underlying causal structures and
do not engage in causal reasoning.

Across diverse fields, there is a growing recognition that effective decision-
making requires understanding causal relationships in the environment. For
example, a robot must interpret causal dynamics in its surroundings to plan
actions, a physician must know the effects of medications to treat patients
effectively, and an economist must understand the causal link between ed-
ucation and employment to shape policy. These scenarios illustrate that
decision-making often depends on grasping complex and sometimes hidden
causal mechanisms.

Despite some progress toward integrating causal reasoning into RL, a sys-
tematic and cohesive framework has been largely missing. To address this,
we integrate Pearl’s Structural Causal Models (SCMs) with RL, enabling
agents to encode causal knowledge and perform counterfactual reasoning.
This fusion gives rise to a theoretical and algorithmic foundation for Causal
Reinforcement Learning (CRL), aimed at robust decision-making under un-
certainty.

The CRL framework enhances RL algorithms in several ways. It allows
us to relax key assumptions about the data-generating process and enables
learning in the presence of unobserved confounders. We propose new algo-
rithms for offline learning—such as off-policy and imitation learning—that
remain reliable despite confounding. We also design online algorithms capa-
ble of identifying optimal policies while maintaining low regret, using causal
insights even from biased offline data.

Finally, we distinguish between the different modes of agent interaction
with the environment. While supervised learning relies on passive observa-
tion, RL agents learn by actively exploring and adapting. By generalizing
this interaction—incorporating both passive and active elements—we expand
the space of learning possibilities. In particular, counterfactual randomiza-
tion extends classical randomized experiments into a counterfactual domain,
empowering agents with the ability to reason about hypothetical scenarios.
We argue this capacity is crucial for the development of the next generation
of intelligent systems.
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