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Abstract

Kernel methods enable the learning of nonlinear functions by mapping data into high-

dimensional spaces, where linear techniques can then be applied effectively. In quantum

kernel methods, classical data is encoded into quantum states, thereby leveraging the expo-

nentially large Hilbert space available in quantum systems. This thesis implements quantum

kernel methods using nuclear magnetic resonance (NMR) as a platform to control and mea-

sure nuclear spin systems. In this work, classical data is encoded through tailored pulse

sequences that generate multiple quantum coherences, first in solid-state, followed by liquid-

state NMR setups. We demonstrate the effectiveness of the resulting quantum kernels by

applying them to standard machine learning tasks such as one-dimensional regression us-

ing a kernel ridge regression model and two-dimensional classification using Support Vector

Machines (SVMs). In addition, we extend the method to process quantum data directly.

For this, we develop a protocol to compute quantum kernels for unparameterized operator

inputs and present experimental results for the classification of quantum operators based on

their entangling properties. Overall, our results confirm that quantum kernels derived from

NMR quantum systems can be successfully used for machine learning tasks involving both

classical and quantum data.
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Chapter 1

Introduction

Quantum information processing and machine learning are two of the most rapidly evolving

fields in recent years. They have opened up exciting new frontiers in computation, with

the potential to revolutionize various aspects of technology. This thesis is motivated by

the promise of quantum-enhanced techniques to achieve results and performances beyond

the reach of classical approaches. The ability of algorithms with quantum core to handle

quantum data which is not possible with classical algorithms is one such are where quantum

advantage can be explicitly demonstrated. The central theme of this work is to explore the

intersection of these two fields, focusing on quantum kernel methods implemented on nuclear

magnetic resonance (NMR) quantum processors and their ability to process both classical

and quantum data.

At its core, the thesis explores ways to embed classical data into the operator space of a

quantum system using tailored feature maps that exploit multiple quantum coherences—a

resource naturally available in nuclear spin systems that was first demonstrated in the context

of solid-state NMR [1]. Such mappings are not only computationally intriguing but also

pave the way for more efficient learning algorithms, as evidenced by recent advances in both

classical kernel methods and their quantum counterparts.
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The significance of this research is twofold. First, it provides a concrete experimental plat-

form—based on NMR quantum processors—to implement and validate theoretical ideas from

quantum machine learning. Second, by focusing on less-explored quantum kernel techniques

that leverage multiple quantum coherences, this work uncovers novel pathways for encoding

quantum data for machine learning. This approach may ultimately enable quantum proces-

sors to handle complex learning tasks more efficiently than classical systems, marking an

important step toward realizing practical quantum advantage in machine learning.

In the chapters that follow, we briefly review the key concepts in quantum information

processing and NMR quantum computing, followed by a discussion of quantum machine

learning to provide a context and motivation of this work.

1.1 Quantum Information

A formalism and set of tools to describe information stored and processed in quantum systems

is what what we refer to as quantum information science. Here we cover the basics of

quantum information theory as described in Nielsen and Chuang’s seminal textbook [2].

The fundamental unit of information, in classical information theory, is the bit. It can take

values 0 or 1. In quantum information, this role is played by the quantum bit or qubit. It is

essentially a two-level quantum system that can exist in a superposition of its basis states.

The basis states can be represented as |0⟩ and |1⟩ and a general pure state of a single qubit

can be written as

|ψ⟩ = α |0⟩+ β |1⟩ , (1.1)

where α and β are complex coefficients and represent probability amplitudes. These satisfy

the normalization given by |α|2 + |β|2 = 1. It is this nature of superposition that allows

the qubit to exist in a continuum of states between |0⟩ and |1⟩ and encode a continuum of

corresponding values, a key resource in quantum computing.
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Multiple-qubit systems are represented within the tensor product of their constituent single-

qubit Hilbert spaces. Specifically, a two-qubit system resides in a four-dimensional Hilbert

space with basis states given by {|00⟩ , |01⟩ , |10⟩ , |11⟩}. Crucially, multi-qubit systems can

exhibit entanglement [2], a form of non-classical correlation with no analog in classical in-

formation. An entangled pair of qubits cannot be described as having independent states;

instead, only the joint state is well-defined. A well-known instance is the Bell state for two

qubits, defined as 1√
2
(|00⟩+|11⟩). This entangled state exhibits the property that performing

a measurement on one qubit instantly fixes the outcome for the other, independent of the

physical distance separating them [2].

In quantum computing, information processing is achieved through quantum logic gates,

which act as reversible, unitary operations transforming the state of the qubits. For instance,

single-qubit gates like the Pauli-X (which flips |0⟩ ↔ |1⟩), Pauli-Z (which phases |1⟩ by −1

relative to |0⟩), and the Hadamard gate (which creates superposition) are analogous to

classical logic operations but act on quantum amplitudes. Entanglement between qubits is

generated using multi-qubit gates like the controlled-NOT (CNOT) gate, which conditionally

inverts the state of a target qubit based on the state of a control qubit. Through appropriate

sequences of such gates, a quantum computer can perform complex computations.

Another essential component is measurement. When a qubit is measured, the result is a

classical bit value (such as 0 or 1), and the qubit’s state collapses onto the corresponding

computational basis state. The outcome probabilities are given by the squared amplitudes

(Born rule). In contrast to a classical bit, a qubit generally collapses upon measurement,

losing any superposition or entanglement with other qubits. This inherent balance between

acquiring information and causing state disturbance represents a core principle in quantum

information theory.

In practical quantum information processing, especially on experimental platforms, not all

states are perfectly isolated pure states. We often encounter mixed states, which are sta-

tistical ensembles of pure states. A practical depiction of a quantum state, whether pure
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or mixed, is provided by the density operator ρ. For a pure state |ψ⟩, it is defined as

ρ = |ψ⟩ ⟨ψ|, while for a statistical ensemble {pi, |ψi⟩}, it is given by ρ =
∑

i pi |ψi⟩ ⟨ψi|.

This density matrix framework is especially advantageous in contexts such as NMR, where

experiments involve large groups of spins rather than isolated quantum entities [3].

Quantum information science has motivated powerful algorithms (e.g., Shor’s factoring al-

gorithm, Grover’s search) that theoretically outperform their classical counterparts [2, 4].

However, implementing these algorithms requires precisely controlled qubit registers and

long coherence times. Various physical platforms have been explored for realizing qubits,

including trapped ions, superconducting circuits, and nuclear spins in molecules. In this

thesis, our attention is centered on nuclear spin qubits within an NMR system. Prior to

examining how such systems can be leveraged for machine learning applications, we first

introduce the fundamentals of quantum information processing as implemented in NMR.

1.2 NMR Quantum Information Processing

Nuclear Magnetic Resonance (NMR) has emerged as a pivotal platform for quantum informa-

tion processing since the late 1990s [6, 7]. In NMR quantum computing, qubits are typically

encoded in nuclear spin-1
2
particles, such as those of 1H, 13C, or 31P nuclei in molecules.

An ensemble of molecules is held in a strong static magnetic field, which defines a common

quantization axis (conventionally the z-axis). Each nuclear spin experiences a Zeeman inter-

action with the field, causing its two spin states (mz = +1
2
or −1

2
) to have different energies.

The energy level separation for a nuclear spin µ is given by ℏωµ, where the Larmor frequency

ωµ = −γµB0 depends linearly on the nuclear gyromagnetic ratio γµ and the strength of the

applied magnetic field B0. The single-spin Hamiltonian is

HZeeman = −ℏωµIz,µ , (1.2)
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Figure 1.1: Schematic of an NMR quantum information processing setup. (Reproduced from
Ref. [5] with permission from Springer Nature.)

where Iz,µ is the spin angular momentum operator in the z-axis for the µth spin. For a collec-

tion of n nuclear spins, the Zeeman Hamiltonian is expressed as HZeeman = −ℏ
∑n

µ=1 ωµIz,µ.

At thermal equilibrium and temperature T , the state of the spin ensemble is characterized

by the Boltzmann density operator

ρth =
1

Z
e
− H

kBT ≈ 1

2n

(
I + ϵ

n∑
µ=1

Iz,µ

)
, (1.3)

where Z = Tr(e−H/kBT ) denotes the partition function, kB is Boltzmann’s constant, and

ϵ = ℏω
kBT

≪ 1 is the thermal polarization factor, typically on the order of 10−5 at room

temperature under standard NMR conditions [8]. The approximation in Eq. (1.3) arises

from the high-temperature limit, where kBT ≫ ℏω. In this regime, the thermal state is close

to the maximally mixed state I/2n, with a small polarization bias along the +z axis for each

individual spin.

In the context of NMR, the qubit states |0⟩ and |1⟩ are associated with the spin eigen-

states |↑⟩ and |↓⟩, corresponding to magnetic quantum numbers mz = +1/2 (spin-up) and
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mz = −1/2 (spin-down), respectively. Logical operations in an NMR quantum computer

are performed using resonant radio-frequency (RF) pulses, which induce spin rotations to

realize single-qubit gates. Two-qubit gates are achieved by harnessing the intrinsic inter-

actions between coupled nuclear spins [3]. NMR systems are inherently ensemble quantum

computers: rather than a single molecule, we have roughly 1018 identical copies undergoing

the same operations. As a result, the measurement in NMR does not collapse a single quan-

tum state, but instead yields an ensemble-averaged signal. Fig. 1.1 shows a schematic of an

NMR quantum information processing setup.

1.2.1 Acquisition and Measurement in NMR

In NMR, readout is accomplished through inductive detection of the transverse magnetiza-

tion of the ensemble. After manipulating the spins, one typically allows the spins to precess

in the transverse (xy) plane, generating an oscillating voltage in a detection coil. The mea-

sured signal, referred to as the free induction decay (FID), arises from the collective coherent

transverse magnetization of the spin ensemble [8]. Applying a Fourier transform to the FID

yields the NMR spectrum, which exhibits resonance peaks corresponding to distinct nuclear

spins identified by their respective Larmor frequencies and their associated coherences. The

magnitude and phase of these spectral peaks reveal details about the populations and co-

herences of the underlying spin states. In quantum information terms, the measurement in

liquid-state NMR is typically a collective measurement of the average magnetization, which

can be related to expectation values of spin operators [3]. Through careful calibration and

pulse sequences, one can infer the outcome of computational basis measurements (i.e., the

effective populations of |0⟩ and |1⟩ states for each qubit) from the NMR signal.

Importantly, the observed FID is also shaped by two intrinsic relaxation processes. The T1

relaxation time, known as spin-lattice relaxation, describes the process by which the longi-

tudinal magnetization returns to equilibrium through energy exchange with the surrounding

environment. In contrast, the T2 relaxation time, or spin-spin relaxation, refers to the decay
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of phase coherence among spins in the transverse plane due to mutual interactions. In most

FID measurements, the decay of the signal is predominantly governed by T2, which limits the

duration over which the coherent oscillations can be observed and accurately transformed

into the frequency domain. In liquid-state NMR, T2 relaxation times can reach durations on

the order of seconds, enabling extended coherence and the implementation of high-fidelity

quantum operations [3]. Conversely, in solid-state NMR, T2 times are generally shorter due

to pronounced dipolar couplings, which accelerate the dephasing of spin states [9].

1.2.2 Spin–Spin Interactions: J-Coupling and Dipolar Coupling

Beyond the Zeeman splitting, qubits in an NMR quantum processor interact with one an-

other via two primary mechanisms: scalar J-coupling and dipole-dipole coupling[8]. The

J-coupling, also referred to as scalar or indirect coupling, is an interaction transmitted

through chemical bonds, mediated by the electrons shared between neighboring nuclei. It is

isotropic and typically described (in a two-spin system) by a Hamiltonian HJ = 2πℏJ I1 ·I2 =

2πℏJ(I1xI2x + I1yI2y + I1zI2z). In the presence of a strong magnetic field, the components

of the interaction Hamiltonian that do not commute with the Zeeman term—known as non-

secular terms—are effectively averaged out. Consequently, the primary form of spin-spin

interaction in liquids is well-approximated by HJ ≈ 2πℏJ I1zI2z [8]. The scalar coupling

constant J , measured in hertz, varies depending on the nature of the chemical bonding and

typically spans a range from a few hertz to several hundred hertz. In liquid-state NMR

quantum computing, J-couplings between qubits are weak but nonzero, and they serve as

the resource for implementing two-qubit gate operations (for example, a controlled-NOT can

be realized through sequences that refocus unwanted single-spin evolutions and let the IzIz

coupling generate entangling interactions) [10].

The dipole-dipole coupling arises from a direct through-space interaction between the mag-

netic dipole moments of two spins. In the regime of a strong external magnetic field B0, the
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relevant secular component of the dipolar Hamiltonian for spins i and j is expressed as [8]

H
(i,j)
dd = dij

(
2IizIjz − IixIjx − IiyIjy

)
, (1.4)

where the coupling strength

dij =
µ0

4π

γiγjℏ2

r3ij
(1− 3 cos2 θij) , (1.5)

It depends on the inter-spin distance rij and the angle θij between the internuclear vector

rij and the direction of the external magnetic field [8]. Unlike J-couplings, dipolar couplings

do not require a chemical bond and can be much stronger (kilohertz range or more for spins

that are nearby). However, in a liquid the rapid molecular tumbling averages dij to zero

(because the angular factor averages to zero), effectively eliminating dipolar interactions. In

solid samples, dipolar couplings remain active and can induce complex multi-spin dynamics.

Dipolar interactions are inherently two-body and can create entanglement among nuclear

spins in solid-state NMR systems [11].

1.2.3 Solid-State NMR for Quantum Computing

Solid-state NMR offers the advantage of naturally strong couplings between qubits, which

can in principle generate entanglement and multi-qubit quantum gates more readily than

in liquid-state systems. However, the presence of strong dipolar interactions among many

spins also makes control more challenging, as spins do not remain isolated two-level systems.

Techniques such as magic-angle spinning and decoupling pulses are often used in NMR to

average out or selectively re-introduce interactions [9]. For quantum information processing,

one approach is to use carefully designed pulse sequences to engineer an effective Hamilto-

nian that mimics the desired gate or interaction. For example, sequences based on average

Hamiltonian theory can turn on or off certain terms of the dipolar Hamiltonian, enabling

coherent control over coupled spins [12].
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(a) (b)

Figure 1.2: (a) Structure of adamantane. (b) Intermolecular interactions in the crystal lattice
that lead to growth of multiple quantum coherences (MQCs). Each molecule is represented
by a blue sphere, and the connecting lines indicate the MQC developed between the spins
of those molecules.

An interesting model system in solid-state NMR is a so-called spin network in a crystal.

One example is the molecular plastic crystal adamantane (C10H16), which has a symmet-

ric structure (see Fig. 1.2). Like other plastic crystals it shows a peculiar behaviour with

respect to its orientation and the dipolar interactions between its 13C nuclear spins. Due to

its symmetric structure, molecules at every lattice site rapidly tumble in the crystal lattice,

averaging out the intra-molecular dipolar interactions. This leads to long enough coher-

ence times (T ∗
2 ∼ 1ms) for the nuclear spins to be manipulated using NMR pulses. However,

dipolar couplings between spins belonging to different molecules persist and are not averaged

out, making them useful for generating multiple quantum coherences (MQCs) [13]. MQCs

are collective excitations where multiple spins flip coherently, and their observation in NMR

serves as a signature of multi-spin entanglement and correlated dynamics [11]. This abil-

ity to access correlated multi-spin states makes solid-state NMR a compelling platform for

exploring quantum algorithms that require entanglement among several qubits. Chapter 2

will delve into the theory and experimental results on MQCs and discuss their relevance to

quantum information processing.
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(a)
(b)

Figure 1.3: (a) Structure of the single layered star-topology register. (b) Molecular structure
of trimethyl phosphite, where 31P and 1H spins form central (C) and (A) ancillary qubits,
respectively.

1.2.4 Liquid-State NMR and Quantum Gates

Most early demonstrations of quantum algorithms with NMR employed liquid-state sys-

tems [14]. In liquid-state NMR, molecules are not only orientationally disordered but are

positionally disordered too. Therefore they experience averaged Hamiltonian where dipolar

couplings vanish and only J-couplings (and chemical shift differences) are significant [15].

Each distinct nuclear spin in a molecule can be treated as a qubit, and they can be individu-

ally addressed by frequency-selective RF pulses (since each spin type resonates at a different

frequency). This selectivity, combined with precisely calibrated pulse sequences, allows for

universal quantum control. Pseudopure states are used to emulate a pure initial state out

of the thermal ensemble [6, 7]. Through techniques like temporal averaging or spatial aver-

aging, one prepares an effective ρ ≈ |00 · · · 0⟩ ⟨00 · · · 0| state (up to an identity component)

from the thermal state.

Beyond the well-known quantum algorithms like Grover’s search [16, 17] and Shor’s factor-

ing algorithm (demonstrating the factorization of 15) [18], liquid-state NMR has facilitated

the implementation of several lesser-known algorithms. For instance, the quantum random

walk algorithm has been experimentally realized using a three-qubit NMR system, demon-

strating the unique quantum interference patterns absent in classical random walks [19].
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Additionally, the quantum pattern recognition algorithm, which combines principles from

Hopfield neural networks with adiabatic quantum computation, has been implemented on a

two-qubit NMR quantum computer [20]. Another notable example is the realization of the

quantum algorithm for solving linear systems of equations, known as the HHL algorithm,

on a four-qubit NMR processor [21]. These implementations underscore the versatility of

NMR quantum computing in exploring a diverse array of quantum algorithms. Single-qubit

rotations in NMR are realized by resonant RF pulses that act as fast rotations about axes in

the xy-plane of the Bloch sphere. Two-qubit gates are typically realized by coupling evolu-

tions: for instance, a controlled-phase gate can be implemented by letting a two-spin system

evolve under the 2πJI1zI2z interaction for a specific duration, up to single-qubit refocusing

pulses [10]. By combining such operations, a CNOT gate can be achieved. The readout in

liquid NMR yields the ensemble averages, from which the output of the algorithm (such as

a spectral peak indicating the answer qubit) can be inferred.

Liquid-state NMR QIP benefited from extremely high quantum gate fidelities and long co-

herence times (on the order of seconds for T2 in some systems), as well as the ability to fully

characterize the quantum state through tomography [22]. Nonetheless, liquid-state NMR

faces an inherent scalability limitation: as the number of qubits n increases, the signal-

to-noise ratio diminishes exponentially. This is due to the fact that the deviation of the

thermal state ρth (Eq. (1.3)) from the identity becomes vanishingly small. By about 10–12

qubits, the signal becomes too weak to be useful [23]. Moreover, preparing true entangled

pure states is effectively impossible since the system remains mostly in a mixed state; NMR

quantum computing operates without ever producing entanglement detectable by the usual

measures [24]. Despite these limitations, NMR provided a crucial early platform to test

quantum computing concepts and inspired many techniques in quantum control.

Additionally, one can build multi-qubit systems employing molecules with specific structural

configurations. One such example is the star-topology register, where a central qubit is

interactively linked to multiple ancillary qubits, forming a configuration reminiscent of a

15



star (see Fig. 1.2.4). The central qubit (31P) can be used to mediate interactions between

the ancillary qubits (1H), enabling multi-qubit gates which allow generation of entanglement

in as many as 20 qubits [25]. Such topological registers are a powerful tool for exploring

multi-qubit dynamics and entanglement in NMR systems.

1.3 Quantum Machine Learning

By leveraging the unique properties of quantum mechanics, quantum machine learning of-

fers the potential to boost the efficiency and power of learning algorithms. One prominent

technique involves utilizing quantum systems to process data in high-dimensional feature

spaces that are otherwise inaccessible to classical computers. Some of the earliest theoretical

advancements in quantum machine learning include Harrow et al.’s quantum algorithm for

solving linear systems of equations (2009) [26], quantum principal component analysis [27],

and the quantum support vector machine [28]. Foundational reviews by Biamonte et al. [29]

and Schuld et al. [30] provided comprehensive overviews of these developments, laying the

theoretical foundation for the field. More recently, progress has been made in demonstrat-

ing quantum-enhanced feature spaces for classification tasks using superconducting hard-

ware [31], as well as in advancing variational quantum algorithms, which have emerged as a

prominent framework for near-term QML applications [32]. Moreover, studies on the power

of data [33] have clarified conditions for quantum advantage in learning tasks, while recent

theoretical work has expanded frameworks beyond kernel methods to uncover new avenues

for QML [34]. This thesis focuses on quantum kernel methods, an approach that combines

the strengths of classical kernel methods with quantum feature maps.
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1.3.1 Quantum Kernel Methods

Supervised machine learning tasks often involve finding a function that maps input data to

output labels. In linear regression or classification, the function is a linear combination of

the input features. However, many real-world problems are nonlinear, and linear models

may not capture the underlying structure of the data. Kernel methods offer a way to

address this limitation by implicitly mapping the data into a high-dimensional feature space

where linear models can be applied effectively. The kernel function k(xi,xj) computes the

inner product between the feature vectors xi and xj in this high-dimensional space, allowing

linear algorithms to operate in a nonlinear feature space without explicitly computing the

high-dimensional mapping [35]. In classical machine learning there kernels are basically

predefined kernel functions embedded in the model, such as the polynomial or Gaussian

kernels, that compute the inner products in feature space [36]. In quantum kernel methods

the classical data is encoded into quantum states or operators within a high-dimensional

Hilbert space, where kernel functions are computed based on overlaps between these quantum

representations. Quantum kernels can effectively represent complex data structures that

might be difficult to capture using classical kernels [37]. These kernels are then compatible

with classical supervised learning techniques, such as support vector machines [38]. Refer to

the Chapter 3 for a detailed theoretical discussion on quantum kernels.

Quantum kernel methods offer several advantages:

• Efficient feature mapping: A quantum processor can generate complex feature maps

that are difficult to simulate classically. This allows the quantum kernel to represent

high-dimensional data correlations efficiently.

• Hybrid implementation: In this hybrid framework, the quantum device is re-

sponsible for evaluating the kernel—specifically, the inner products between quantum

states—while the machine learning model itself, such as SVM or kernel ridge regres-

sion, is trained using classical computational resources. This division of tasks aligns
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well with the capabilities of present-day quantum hardware.

• Potential quantum advantage: There exist theoretical proposals indicating that

certain learning tasks that involve “quantum inputs” might be intractable for classical

algorithms but can be efficiently handled using quantum kernels [39].

Experimental implementations of quantum kernels have demonstrated their effectiveness for

regression and classification tasks, including studies utilizing nuclear spins in solid-state

NMR [1] and photonic quantum circuits [40] and other near-term quantum devices [31].

Further research has focused on mitigating errors and optimizing circuit design to maintain

kernel magnitudes as systems scale, exemplified by classification of complex cosmological

datasets using Google’s Sycamore quantum processor [41]. These experimental validations

underscore the practicality of quantum kernels for diverse classical and quantum applications,

thereby expanding possibilities for advanced quantum computing tasks.

In this work, we experimentally implement quantum kernel methods using a liquid-state

NMR quantum register characterized by a star topology [25], by exploiting multiple quan-

tum coherences (MQCs) as a means to access the full Hilbert space of the system. This

approach is inspired by work presented by Kusumoto et al. [1]. Our approach surpasses

prior methodologies by generalizing the kernel framework to handle quantum data and per-

form quantum-specific tasks. Initially, we validate our quantum kernel through experiments

involving classical machine learning benchmarks. Subsequently, we numerically analyze the

extended kernel by applying it to entanglement classification tasks, achieving promising ex-

perimental results [42].

1.3.2 Objectives

In this thesis we aim to achieve the following::

• Design and Implement Quantum Feature Maps: Designing new protocols for
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encoding classical information into the quantum states of nuclear spin systems involves

crafting customized pulse sequences. Specifically, our approach focuses on utilizing

multiple quantum coherences (MQCs) in both liquid-state and solid-state NMR to

implement feature maps capable of capturing higher-order spin correlations.

• Compute and Evaluate Quantum Kernels: Establish an experimental framework

where the quantum kernel is evaluated by measuring the fidelity between quantum

states generated by the feature maps. These quantum-derived kernels will subsequently

be integrated into classical machine learning algorithms to carry out specific tasks.

• Show a Clear Quantum Advantage In Machine Learning With Quantum

Data: Demonstrate that the quantum kernel methods implemented on NMR quan-

tum processors can outperform classical kernel methods on learning tasks that involve

quantum inputs. This will involve comparing the performance of quantum kernel mod-

els against classical models on specific tasks like entanglement classification.

In summary, this thesis seeks not only to advance the theoretical understanding of quantum

kernel methods in terms of design and implementation of quantum feature maps but also

to demonstrate their experimental viability by computing them using nuclear spin systems.

The insights gained here could have far-reaching implications, potentially leading to new

quantum algorithms that transform how we process and analyze data across a wide array of

scientific and engineering disciplines.

The subsequent chapters expand upon the foundation provided in this chapter by explor-

ing the generation and detection of multiple quantum coherences, the implementation of

quantum feature maps in nuclear spin systems, and the experimental assessment of quan-

tum kernel methods in various learning scenarios. Chapter 2 introduces the theory behind

multiple quantum coherences and their relevance to quantum information processing. Chap-

ter 3 delves into the theoretical framework of quantum kernel methods and their application

to machine learning tasks. Chapter 4 outlines the experimental protocol for implementing
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Figure 1.4: Structure of the thesis, highlighting the chapters and their interconnections.

quantum kernels with classical inputs in NMR systems and shows the results of applying the

kernel to classical machine learning tasks. Chapter 5 introduces the quantum kernel with

quantum inputs and discusses its implementation in NMR systems followed by application

of such a kernel for entanglement classification task. See Fig. 1.4 for a visual representation

of the thesis structure. Finally, Chapter 6 summarizes the key findings and discusses the

implications of our work for quantum machine learning and quantum information processing.
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Chapter 2

Multiple Quantum Coherences

2.1 What are Multiple Quantum Coherences (MCQs)?

Multiple quantum coherences (MQCs) in multiple spin-1
2
systems basically refer to coherent

spin excitations that involve simultaneous flips of multiple spins. In NMR spin-systems

that invovle multiple spins interaction with each other, one often observes single-quantum

coherences (SQC) in a standard NMR experiment, which correspond to transitions flipping

one spin at a time (e.g., | ↑↓⟩ → | ↓↓⟩). However, higher-order, multi-spin processes can

occur under certain pulse sequences, giving rise to double-quantum (±2) or even higher-order

(±3,±4, . . . ) coherences.

These MQCs provide valuable insights into the multi-spin correlation effects that can arise

through strong dipole–dipole in solid-state NMR and other strongly coupled spin systems.

We intend to utilize these MQCs to map our data onto the full Hilbert space of the quan-

tum systems creating an expressive feature space and further compute the kernel functions

corresponding to these maps. Refer to the next chpater for more details on the kernel

functions. Additionally, MQCs have recently garnered attention in quantum information

because their presence can signal nontrivial quantum correlations, including entanglement
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among spins [11].

In this chapter, we present the theoretical framework underlying multiple quantum coher-

ences, highlight their connection with quantum entanglement, describe an experimental pro-

tocol for their generation and detection, and report the corresponding experimental findings.

We aim to establish the theoretical and practical foundation for utilizing MQCs in NMR

quantum computing for quantum machine learning applications.

2.2 Theory of MQCs

This section provides an explanation of multiple quantum coherences from the density matrix

viewpoint. We will begin with the notion of coherence order in an N -spin system, then

illustrate it via a two-spin density matrix example.

2.2.1 Coherence Orders

Consider a system of N spin-1
2
nuclei in a strong static magnetic field B0ẑ. Let Iz,tot =∑N

j=1 Ijz denote the total spin angular momentum operator along the z-axis, measured in

units of ℏ. For a system of N spin-1
2
particles, the corresponding Hilbert space has dimension

2N , and any density matrix ρ describing the system can be written as a linear combination

of tensor product operators.

ρ =
∑
α

cα Ωα, (2.1)

where {Ωα} forms a convenient operator basis (e.g., product operators like I1xI2y · · · INz,

etc.), and cα are complex coefficients.

Multiple-quantum coherences are charecterized by the coherence order, which classifies the

terms in ρ by how they change the total z-magnetization quantum number Mz. Formally,
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an operator O(p) has coherence order p if

[Iz,tot, O
(p)] = p ℏ O(p). (2.2)

This means that O(p) connects states whoseMz values differ by p in the computational basis,

Mz being the eigenvalue of Iz,tot for a given state.

In NMR, single-quantum operators are observable magnetic dipole transitions (one spin flips

between | ↑⟩ and | ↓⟩). Higher-order coherences such as p = ±2,±3, . . . that indicate si-

multaneous multi-spin flips are usually weak in standard experiments but can be selectively

excited and detected by applying special multi-pulse sequences [13] or other entangling op-

erations (refer to the Sec 2.3.3).

2.2.2 Density Matrix Expansion and Example

To see more concretely what multiple quantum coherences look like in the density matrix,

let us consider a simplified two-spin (N = 2) example. The total z-magnetization quantum

numbers for these basis states are:

|00⟩ :Mz = +1
2
+ 1

2
= +1,

|01⟩ :Mz = +1
2
− 1

2
= 0,

|10⟩ :Mz = −1
2
+ 1

2
= 0,

|11⟩ :Mz = −1
2
− 1

2
= −1.

An operator O(p) of coherence order p changesMz by p. To systematically see these coherence

orders write ρ in the basis {|00⟩, |01⟩, |10⟩, |11⟩}. Suppose

ρ =
∑
α,β

ρα,β |α⟩⟨β|, (2.3)

where α, β ∈ {00, 01, 10, 11} label the basis states. Each off-diagonal (α ̸= β) element ρα,β

corresponds to a transition from |β⟩ to |α⟩. To see the associated coherence order p, compute
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Figure 2.1: Coherence orders in a two-spin system.

the difference in Mz for |α⟩ and |β⟩. For instance:

ρ01,00 connects |00⟩(Mz = +1) to |01⟩(Mz = 0),

so it has p = (0) − (+1) = −1. Likewise, ρ11,00 connects Mz = −1 to Mz = +1, giving

p = −1− 1 = −2, and so on (see Fig. 2.1). Hence, each density matrix element ρα,β can be

classified into a certain coherence order. Grouping these elements yields a partition of ρ into

subspaces ρ(p) of coherence order p:

ρ =
N∑

p=−N

ρ(p),

where ρ(p) contains exactly those matrix elements that connect states differing by p in Mz.

Thus, in a two-spin system, observing p = ±2 coherence indicates simultaneous flipping of

both spins (e.g., | ↑↑⟩ ↔ | ↓↓⟩). In general, an N -spin system can display coherence orders

p ranging from −N to +N . The presence of high-order coherences |p| ≫ 1 implies strong

multi-spin correlations, which can be selectively excited by suitable pulse sequences.
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2.2.3 MQCs and Entanglement

Observation of multiple quantum coherences provide a unique window into multi-spin cor-

relations, which are also at the heart of quantum entanglement. From the density ma-

trix perspective, large off-diagonal terms connecting states with widely different Mz (e.g.,

p = ±2,±3, . . . ) mean that the system’s wavefunction (or mixed state) has substantial co-

herence between macroscopically distinct spin configurations. Such coherences often imply

nontrivial quantum correlations. In fact, for certain simple spin systems (e.g., a pair of

dipolar-coupled spins at low temperature), the intensity of the p = ±2 coherence can act

as an entanglement witness [11], revealing the presence of nonseparable states. Past studies

have also have explored how the time evolution of MQC intensities correlates with quantita-

tive measures of entanglement, such as concurrence, for various spin pairs [43]. MQCs can

also act as robust indicators of multi-qubit entanglement in quantum information settings,

such as verifying large Greenberger-Horne-Zeilinger states [44].

Hence, analyzing the density matrix in terms of coherence orders helps us connect multi-spin

correlations (which yield higher-order coherences) to concepts like quantum entanglement.

In more complex systems, multi-qubit states may develop large |p| MQCs without neces-

sarily implying pairwise entanglement among all spins, but strong MQCs are nonetheless a

fingerprint of strongly correlated spin dynamics.

2.3 Methods

A typical MQC NMR experiment consists of a preparation period where a specific pulse

sequence excites multiple-quantum coherences, an evolution period where these coherences

evolve under the spin interactions, a mixing period to convert the higher order coherences

to detectable single quantum coherences, and finally data acquisition (detection) [13]. The

Fig. 2.2 illustrates the pulse sequence for a generic MQC experiment.
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Figure 2.2: Schematic of a typical MQC NMR experiment. The pulse sequence is designed to
generate multiple quantum coherences, which subsequently evolve under the influence of the
spin Hamiltonian. These coherences are then transformed into single quantum coherences
to enable their detection.

2.3.1 Generation of MQCs

The technique used to generate multiple quantum coherences is determined by the char-

acteristics of the spin system in question, particularly the type and strength of spin-spin

interactions present.

Solid-state systems

In solid-state NMR systems with strong dipolar interactions, MQCs can be excited using

tailored pulse sequences that selectively create high-order coherences. For instance, an eight-

pulse cycle, shown in can be used to engineer an effective Hamiltonian with flip-flip terms,

as shown in Eq. (2.4), which preferentially excite ±2-quantum transitions [13, 45]. We de-

mostrate this taking polycrystalline adamantane as an example that has been introduced

in the Sec 1.2. The spins naturally evolve under the dipolar interaction Hamiltonian, us-

ing which an effective Hamiltonian H0 is engineered through the application of a periodic

sequence of π/2 pulses [46]. These pulses are arranged in a cycle with a duration τ0 and

are designed to rotate the spin operators such that, over one cylce, the average Hamiltonian

becomes

H0 =
∑
i<j

dij (IiyIjy − IixIjx) . (2.4)
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From Eq. (1.3), the initial state of the system is the high-temperature thermal equilibrium

state, approximated by ρ0 ∝ Iz. Under evolution with the engineered Hamiltonian H0, the

density operator develops off-diagonal elements in the Zeeman basis. The density operator

naturally takes on a product form when written as

ρ(τ) = ρ(0) + iτ [ ρ(0), H0 ] + iτ 2 [ [ρ(0), H0] , H0 ] · · · . (2.5)

The nested commutators in this expansion generate terms like IqzI(q−1)z . . . I2zI1x, represent-

ing correlated dynamics among q spins. These contributions scale with the q/2-th power of

dij τ and are directly responsible for producing multiple quantum coherences. As a result,

coherence orders p = 0,±2,±4, . . . emerge naturally in solid-state systems.

Liquid-state systems

Liquid-state NMR allows for more direct ways to generate MQCs within each molecule or

spin systems as it allows for precise local as well as non-local gates [5]. As an illustrative

example, consider a two-spin system: applying a Hadamard operation to one qubit, followed

by a controlled-NOT interaction betweeen the two generates a Bell state. This entangled

state exhibits a coherence order of 2.

Taking the example of star-topology spin systems introduced in the Sec 1.2 (refer to Fig. 1.2.4),

one can generate MQCs of all orders in the following way. We apply the Hadamard gate

on the central qubit to generate a superposition state. We then apply a controlled-NOT

gate between the central and each of the outer qubits. If we start with the pure state of

|00 . . . ⟩ with Mz = −10, this generates a W-state, which is a superposition of all possible

spin configurations of the outer spins. The coherence order of the W-state is the highest

possible coherence order in the system. However, in practice we have the thermal state of the

system to begin with which contains a mixture of states with all possible Mz values ranging

from −10 to 10. If we start with such a state, the MQCs generated will be a mixture of all
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possible coherence orders.

2.3.2 Detecting MQCs

To detect MQCs, in a typical NMR experiment, high-order coherences must be transformed

into observable single-quantum (SQ) coherences. The detected signal then reflects how each

coherence order contributes to the measured magnetization. Here, we follow the treatment

of Baum et al. [13] to describe the detection process. Assume the initial density operator

is ρ(0). After the preparation, evolution and mixing as shown in the Fig. 2.2, the detected

signal is given by

S(τ, t1, τ
′) = Tr

{
Iz V

†(τ ′) e−iH1 t1 U †(τ) Iz U(τ) e
iH1 t1 V (τ ′)

}
. (2.6)

Letting the t1 = 0 and expanding the operators in the Zeman eigenbasis {|i⟩}, define the

matrix elements

Pij(τ) = ⟨i|U †(τ) Iz U(τ)|j⟩ , (2.7)

Qji(τ
′) = ⟨j|V (τ ′) Iz V

†(τ ′)|i⟩ . (2.8)

Then the signal can be written as

S(τ, τ ′) =
∑
i,j

Pij(τ)Qji(τ
′), (2.9)

The idea is to use a mixing propagator that effectively undoes the effect of the preparation

propagator up to a known phase factor. This can be imposed by choosing

V (τ ′) = e−iφ Iz U †(τ ′) eiφ Iz , (2.10)

so that V (τ) is, apart from a phase shift by φ, the Hermitian conjugate of U(τ). This ensures
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that all pathways corresponding to a given coherence order n acquire the same phase. Under

the condition of Eq. (2.10), one can show that the signal separates into a discrete sum over

coherence orders:

S(τ) =
∑
p

[∑
i,j

∣∣Pij(τ)
∣∣2] exp{i p φ} ,

=
∑
p

Ap(τ) exp{i p φ} .
(2.11)

Here, each coherence order p is associated with an additional phase factor exp{i p φ}. By

systematically varying the phase φ, a Fourier transform with respect to φ can be employed

to extract and distinguish the individual contributions corresponding to different coherence

orders. The resulting spectrum Ap provides a direct measure of the intensity of each MQC in

the system. Note that the amplitudes Ap depend directly on the ability of U(τ) to geenrate

MQCs in the following way:

Ap =
∑

i,j : |Mz(i)−Mz(j)|=p

|⟨i|U(τ) Iz U †(τ)|j⟩|2. (2.12)

This theoretical framework forms the basis for detecting and analyzing MQCs in NMR

experiments.

2.3.3 Experimental Details

All experiments were conducted at room temperature using a 500 MHz NMR spectrometer.

A HX probe was utilized for solid-state measurements, while a QXI probe was employed for

experiments in the liquid state. The pulse sequences were implemented using standard pulse

programming techniques. The pulse lengths were calibrated using the standard π/2 and π

pulse lengths for the spins under study.
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Figure 2.3: Pulse sequence for generating MQCs in adamantane. The effective Hamiltonian
H0 is realized through a specific sequence of π/2 pulses, as illustrated. In this setup, the
timing parameter ∆′ is defined as ∆′ = 2∆+τp, where τp denotes the duration of a π/2 pulse.
The pulses X and X refer to π/2 rotations applied along the +x and −x axes, respectively.

Adamantane

Preparation: For generation of MQCs the intermolecular dipolar interactions is essential.

Hence, the experiments were performed on static polycrystalline adamantane introduced in

the Sec 1.2 without any magic anngle spinning (MAS). The T1 relaxation time for 1H nulcei

was observed to be 1.54 seconds. The MQC experiment employs the standard eight-pulse

sequence originally developed by Warren et al. [47]. The pulse sequence consists of a series

of X ≡ (π
2
)x and X ≡ (π

2
)−x pulses with delays in between as shown in figure to generate the

effective Hamiltonian H0 as shown in Eq. (2.4). The delay ∆ was set to 2µs and the pulse

duration τp was set to 2.67µs. Noting that ∆′ = 2∆ + τp, the total duration of the pulse

sequence can be calculated as τ0 = 12τp + 12∆ = 56.04µs. Looping over this pulse sequence

N times amounts to applying the unitary U(τ) with τ = Nτ0.

Mixing: To implement V (τ), it is necessary to realize U †(τ), which can be achieved by

applying a π/2 phase shift to each pulse in the original sequence. Therefore the mixing period

consists of Y and Y pulses with an additional incremental phase shift of φ to implement full

V (τ) as shown in Eq. (2.10).

Detection: After the mixing period a delay of about 0.5s is given to let all the single quan-

tum coherences decay followed by a detection pulse - X that transfers all the z-magnetization
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(a) (b)

Figure 2.4: (a) Circuit diagram illustrating the generation of multiple quantum coherences
(MQCs) in TMP, representing the unitary evolution U(τ). A Hadamard gate is applied
to the central qubit, while CNOT gates are applied between the central qubit and each
of the outer qubits. (b) Corresponding pulse sequence for generating MQCs in TMP. The
Hadamard gate is realized via a 90◦y pulse on the 31P channel. The CNOT operation is
implemented using a 90◦x pulse on the 31P channel, followed by a delay of 1/(2J), and then
a 90◦x pulse on the 1H channel.

to X-Y plane for aquisition. The signal is obtained by varying φ over a range of values which

is then fourier transformed to obtain the MQC spectrum.

TMP

Preparation: The J-couplings play a crucial role in the generation of MQCs in liquid-

state systems. The experiments were performed on trimethyl phosphite (TMP) introduced

in the Sec 1.2. J-coupling strenght between 31P and 1H nuclei was observed JH−P = 11

Hz. The pseudo Hadamard gate is implemented on the central qubit by a 90◦y pulse on 31P

channel followed by a 90◦x-delay(1/2J)-90
◦
y sequence on 1H channel which acts as a pseudo

CNOT gate [48]. The pulse sequence used in the experiment is depicted in Fig. 2.4. Details

regarding the calibration of pulse durations and relaxation times for TMP are provided in

Table 2.1.
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Nuclei T1 relaxation (in s) π/2 pulse width (in µs)
1H 5.6 11.02
31P 9.7 18.25

Table 2.1: Relaxation times and pulse widths for TMP.

Mixing: The time reversed version of the preparation pulse sequence is used for imple-

menting U †(τ). For the incremental phase shift φ each pulse is shifted by φ. This is pos-

sible because the phase rotation operator commuted with the interaction Hamiltonian of

J-coupling.

Detection: A pulse field gradient is applied at the end of the mixing period to dephase

any unwanted single-quantum coherences. Then a 90◦y pulse is applied on the 31P channel to

rotate all z-magnetization into the transverse plane, enabling detection on 31P. Again, the

signal is obtained by varying φ over a range of values which is then fourier transformed to

obtain the MQC spectrum.

2.4 Results and Discussion

2.4.1 Solid-state NMR: Adamantane

The signal obtained in adamantane for different preparation times determined by N is shown

in Fig. 2.4.1(a). Note that the signal for negative values of φ is obtained by reflecting the

signal in the positive φ domain about φ = 0. This can be done keeping in mind the inherent

symmetry in the signal about φ = 0. Additionally, to get the correct MQC spectrum, the

signal has needs to be tiled multiple times in the φ domain. This is done keeping in mind

the periodicity of the signal in the φ domain. Fig. 2.4.1(b) shows the spectrum for different

vales of N . The intensity of the peaks at different orders gives a measure of the strength of

the MQCs in the system.
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N τ(in µs) K Cluster Size (
√
K)

1 56.04 7.3 2.7

6 336.24 46.5 6.8

10 560.40 349.5 18.7

Table 2.2: Cluster size growth for different values of N in Adamantane.

Growth of Cluster Size

Longer the spin dynamics under tailored pulse sequences, higher will be the number of

correlated spins and hence higher will be the coherence order of the MQCs generated. This

is evident from the MQC spectrum obtained for different N values in adamantane. We

can infer that the zero and double quantum coherences are present for N = 1 as the MQC

spectrum shows peaks at p = 0,±2. As the cluster size is increased to N = 6 and N = 10,

the MQC spectrum shows peaks at higher orders p = ±4,±6, . . . indicating the presence of

higher order coherences. Such higher order coherences indicate that larger groups of spins

have become coherently entangled which can be considered as forming a cluster. The growth

in the size such clusters can be seen in the MQC spectrum as the appearance of higher order

coherences. In a system of K spins, the number of transitions for a given p = ∆Mz follows

a binomial distribution [46], which for K ≫ 1, can be approximated by a Gaussian:

n(p,K) ∝ exp

(
− p2

K

)
. (2.13)

The width of the MQC spectrum, σ =
√
K, corresponds to the cluster size. Table 2.4.1

displays the growth of cluster size for different values of N in Adamantane. The cluster

size is determined as the square root of the number of spins in the cluster, as indicated in

Eq. (2.13). This cluster size increases with the number of loops N in the pulse sequence,

suggesting that the number of correlated spins in the system expands with the preparation

time Nτ0.
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2.4.2 Liquid-state NMR: TMP

The signal obtained in TMP is shown in Fig. 2.4.2(a) and the corresponding fourier transform

is shown in Fig. 2.4.2(b). The advantage of liquid state system is in precise control over the

amplitudes of the MQCs generated. If instead of a Hadamard gate, a local y-rotation of

some angle less than π/2 is applied, the amplitude of the MQCs generated can be controlled.

However, the main limitation in liquid-state systemsis the number of spins that can be

correlated simultaneously, which is constrained by the number of spins present in a single

molecule. This restriction places an upper bound on the number of coherence orders that

can be generated in liquid-state systems.
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(a)

(b)

Figure 2.5: (a) The signal is obtained by varying φ over a range of values which is then
fourier transformed to obtain the MQC spectrum. N corresponds to the number of loops
the pulse sequence shown in Fig. 2.3 that determines the preperation time τ (which is also
the mixing time) (b) The MQC spectrum obtained by fourier transforming the signal for
different N values.
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(a)

(b)

Figure 2.6: (a) MQC signal obtained for TMP. The signal is obtained by varying φ over a
range of values which is then fourier transformed to obtain the MQC spectrum. (b) The
MQC spectrum obtained by fourier transforming the signal tiled multiple times in the φ
domain.
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Chapter 3

Theory of Kernel Methods

3.1 Classical Kernel Methods

At the core of kernel methods lies the idea of transforming input data into a high-dimensional

feature space—commonly known as the Reproducing Kernel Hilbert Space (RKHS)—where

complex, non-linear relationships in the original input space become linear. This transfor-

mation is carried out implicitly through the evaluation of inner products between mapped

data points using a kernel function. In this section, we present a concise overview of classi-

cal kernel-based techniques, with particular emphasis on linear regression and kernel ridge

regression, which form the basis for their quantum counterparts.

3.1.1 Linear Regression

As one of the most foundational tools in machine learning, linear regression seeks to uncover

a linear relationship between input features and a target variable. This is accomplished by

fitting a hyperplane to the training data that minimizes the error between predicted and

observed outcomes [49]. Rather than modeling complex structures directly, linear regression
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assumes that the dependence of the target on the features can be effectively captured through

a weighted sum, making it both interpretable and computationally efficient.

Model Formulation

Consider a dataset {(xi, yi)}Ni=1, where xi ∈ Rd represents the feature vector of the i-th

observation, and yi ∈ R is the corresponding target value. The model is trained on this

set of information, which is referred to as the training set. The linear regression model

assumes that the relationship between the input features and the output can be described

by a linear function:

yi = f ∗(xi) + ϵi, (3.1)

and

f ∗(xi) = w∗⊤xi + b (3.2)

where f ∗(x) is the actual function from which the data points are sampled. w∗ ∈ Rd is the

actual weight vector, b ∈ R is the bias term, and ϵi is the error term accounting for the noise in

the sample data. For the purpose of clarity the bias, b, can be taken inside the weight vector

by adding a dummy feature or an extra component to every feature vector which always takes

the value 1. Formally, we transform xi = [x
(1)
i , x

(2)
i , ..., x

(d)
i ] into x̃i = [x

(0)
i , x

(1)
i , x

(2)
i , ..., x

(d)
i ]

where x
(0)
i = 1 for all i. This allows us to write,

f ∗(xi) = w̃∗⊤x̃i (3.3)

where the transformed w̃∗ = [b, w(1), w(2), ..., w(d)]. These transformed vectors x̃i and w̃∗

are used in the rest of the discussion and tilde is dropped for the sake of brevity. The task

now, is find the best estimate f(xi) for the actual function f ∗(xi) or equivalently the best

estimate w for the actual weight vector w∗ from the limited training data.
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Cost Function and Optimization

The above objective of linear regression can be achieved by finding the optimal value of w

that minimizes the error between the predicted values ŷi = f(xi) = w⊤xi and the actual

values yi This is typically achieved by minimizing the Mean Squared Error (MSE) cost

function, defined as:

J(w, b) =
1

N

N∑
i=1

(yi − ŷi)
2 =

1

N

N∑
i=1

(yi −w⊤xi)
2. (3.4)

Minimizing this cost function with respect to w and b involves finding the gradient of J(w, b)

and setting it to zero, which leads to the following normal equation:

w = (X⊤X)−1X⊤y, (3.5)

where X is the design matrix formed by stacking the feature vectors xi as rows, and y is

the vector of target values [50]. Now we will show how a linear kernel function shows up in

linear regression naturally and use the same construction to obtain the kernel function for

non-linear regression tasks.

Regularization

To avoid overfitting and to make our model robust to noise in the sample, a regularized form

of the linear regression cost function is considered, which includes a penalty term:

J(w) =
1

N

N∑
i=1

(yi −w⊤xi)
2 + λ∥w∥2, (3.6)

39



where λ > 0 serves as a hyperparameter that balances the model’s fit to the training examples

against the magnitude of its weights. The solution w∗, derived by optimizing this objective,

admits a closed-form expression:

w =
N∑
i=1

αixi, (3.7)

where αi are coefficients to be determined. Substituting this into the cost function and the

prediction function, we get:

J
(
{αi}Ni=1

)
=

1

N

N∑
i=1

[
yi −

N∑
j=1

αjx
⊤
j xi

]2

+ λ

[∑
i,j

αiαjx
⊤
i xj

]2

, (3.8)

f(x) =
N∑
i=1

αix
⊤
i x (3.9)

The task now reduces to optimizing the coefficients {αi} such that they minimize the objec-

tive function defined in Eq. (3.8). Once determined, these {αi} values are substituted into

the predictive model given by Eq. (3.9) to estimate outputs for unseen data points.

The Linear Kernel

Observe that both Eq. (3.8) and Eq. (3.9) depend solely on inner products between feature

vectors, not on the vectors themselves. This implies that neither the training process nor

subsequent predictions require explicit knowledge of individual feature vectors. The useful-

ness of cost function and prediction function being independent of the individual feature

vectors becomes evident in non-linear regression model. Here we define the linear kernel

function,

k(xi,xj) = x⊤
i xj (3.10)
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Figure 3.1: Illustrating data (left) and its feature space mapping using a higher-dimensional
kernel (right).

3.1.2 Kernel Ridge Regression

We know that the assumptions made about the model in Eq. (3.1) and Eq. (3.2) do not

hold in general. That is the dataset can be sampled from a non-linear function. A common

strategy for handling such non-linear relationships involves mapping the input variables into

an expanded feature space where a linear correlation with the target variable emerges, despite

their non-linear interaction in the original space. However, instead of explicitly performing

this transformation, kernel methods rely on computing inner products in the feature space

directly using a kernel function (see Fig. 3.1) [51].

To better understand this, consider a training dataset {(xi, yi)}Ni=1, where xi ∈ Rd represents

the feature vector of the i-th observation, and yi ∈ R is the corresponding target value. This

dataset has been sampled from f ∗(x), which we know to be non-linear.The objective becomes

determining an optimal approximation f(x) of the underlying function based on available

training samples. To address nonlinear patterns, kernel techniques employ a transformation

ϕ : Rd → F that projects inputs into an enriched feature space F , where the following

assumption about the model becomes valid:

yi = f ∗(xi) + ϵi, (3.11)
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and

f ∗(xi) = w∗⊤ϕ(xi). (3.12)

The formulation in Eq. (3.12) reveals that f ∗(↶) behaves as a linear combination of the

mapped features ϕ(xi) in F . This establishes an important duality: linear operations in

the high-dimensional feature space effectively capture nonlinear relationships present in the

original Rd space. However, explicitly calculating ϕ(x) for every data point and then com-

puting the inner product in F is computationally expensive and often infeasible. This is

exactly where the linear regression model being independent of the individual feature vec-

tors becomes significant. It enables the application of what is commonly called the kernel

trick. Through this technique, we can efficiently evaluate inner products in F by means of a

kernel function k(xi,xj), bypassing the need for direct computation in the high-dimensional

space. This becomes evident when we express the regularized objective function in terms of

the feature space F .

J(w) =
1

N

N∑
i=1

(yi −w⊤ϕ(xi))
2 + λ∥w∥2, (3.13)

with the positive parameter λ, serving as a regularization strength parameter, balances

model complexity against training fit, mirroring its function in linear regression. Following

the same derivation approach as before, the minimizing solution for w takes the form:

w =
N∑
i=1

αiϕ(xi) (3.14)

This result is also known by the name Representer Theorem. Substituting this into the cost

function and the prediction function, and defining the kernel function as

k(xi,xj) = ⟨ϕ(xi), ϕ(xj)⟩ = ϕ(xi)
⊤ϕ(xj), (3.15)

we get:

J
(
{αi}Ni=1

)
=

1

N

N∑
i=1

[
yi −

N∑
j=1

αjk(xj,xi)

]2

+ λ

[∑
i,j

αiαjk(xi,xj)

]2

, (3.16)
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f(x) =
N∑
i=1

αik(xi,x) (3.17)

Now the significance of cost function and prediction function being independent of the indi-

vidual feature vectors and of the kernel function k(xi,xj) becomes clear. The kernel function

allows us to compute the inner product in the feature space F without explicitly computing

the feature vectors ϕ(xi) and ϕ(xj). And that further allows us to train our model and

predict the output(or target) value for any new feature vector (or input vector). This is the

essence of the kernel trick. To be more explicit, model training involves finding the optimal

values of {αi} that minimize the objective function defined in Eq. (3.16). Once optimized,

these αi can be used in the prediction function in Eq. (3.17) to predict the output for any

new input.

Within this section we have examined the kernel trick for regression. The underlying prin-

ciple remains equally applicable to classification problems. The theory for kernel trick in

classification tasks is similar to that of regression tasks with the only difference being the

cost function and the prediction function. For more details on the theory of kernel methods

in classification tasks, refer to [51].

3.1.3 Common Classical Kernels

Several kernel functions are commonly used in classical machine learning and here are few

examples of them:

• Polynomial Kernel: k(xi,xj) = (x⊤
i xj + c)d, where c and d are parameters. This

kernel maps the data into a polynomial feature space.

• Radial Basis Function (RBF) Kernel: k(xi,xj) = exp
(
−∥xi−xj∥2

2σ2

)
, where σ con-

trols the width of the Gaussian function. The RBF kernel maps data to an infinite-

dimensional space, making it highly flexible.
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• Sigmoid Kernel: k(xi,xj) = tanh(αx⊤
i xj + c), resembling the neural network acti-

vation functions.

The effectiveness of kernel techniques stems from their capacity to model nonlinear relation-

ships through implicit high-dimensional embeddings. Despite being fundamental to conven-

tional machine learning, their computational overhead for kernel matrix operations escalates

rapidly with data size and dimensionality, driving research into quantum computing alter-

natives for these calculations.

3.2 Quantum Kernel Methods

These methods constitute a novel paradigm in machine learning that harnesses quantum

information processing to boost the capabilities of traditional kernel-based models. The

principal idea is to map the input data into the operator space of the quantum system that

exploits the rich algebraic structure of quantum operators, without necessitating a full-scale

quantum computer [52]. The inner products of these quantum states (or operators) are

then computed using quantum algorithms, leading to the construction of quantum kernels

that capture the underlying structure of the data. These quantum kernels can be used to

train and predict in kernel-based models just like the classical kernels. Quantum kernel

methods typically involve two main steps: Quantum Feature Mapping and Quantum Kernel

Computation [53].

3.2.1 Quantum Feature Mapping

In quantum feature encoding, each input sample gets mapped to a quantum state or operator

that encodes the data’s inherent patterns and relationships. The selection of an appropriate

quantum feature map is governed by both the problem requirements and the target char-
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acteristics of the transformed feature space, while also being constrained by the practical

limitations of available quantum hardware. Some common quantum feature mappings in-

clude quantum Fourier transform, quantum amplitude encoding, and quantum variational

circuits and so on.

In this work we map the input data into the operator space of the quantum systems. Given

an input data point χi, which can be classical or quantum in nature, we map it to an operator

A(χi) in the operator space of the quantum system in the following way:

A(χi) = U(χi)A0U
†(χi), (3.18)

where A0 is a reference operator and is chosen to be Hermitian. The unitary transformation

U(xi) critically influences the feature space’s capacity and complexity. Increased entangling

capability in the unitary operator enhances the feature space’s expressivity [31]. This opera-

tor A(χi) can be represented as a vector by expanding it in terms of Pauli operators. For an

n-spin-1
2
system, this expansion results in A(χi) being a vector in a R4n dimensional space.

The operator A(χi), when n is sufficiently large and U(χi) is expressive enough, becomes

computationally intractable for classical computers due to the exponential growth in com-

plexity. Particular examples of such quantum feature mappings are described in Chapter 4

and Chapter 5, for classical and quantum data respectively.

3.2.2 Quantum Kernel Computation

After mapping data points to quantum states, the quantum kernel is computed by evaluating

inner products between state vectors. The resulting kernel matrix, built from these quan-

tum state similarities, enables subsequent training and inference in kernel-based learning.

Quantum kernel computation can be performed using various techniques, such as quantum

state overlap estimation, quantum kernel alignment, or quantum kernel matrix inversion.

These techniques leverage quantum algorithms and quantum circuits to efficiently compute
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Figure 3.2: Quantum feature mapping and quantum kernel computation protocol. The
quantum circuit starts with the initial state of ρCeq in order to ensure the symmetry of the
quantum kernel since only the C qubit is measured at the end. For more details refer to
Sec 4.1

the kernel values. For the feature map defined in Eq. (3.18), the quantum kernel can defined

as:

k(χi, χj) = ⟨A(χi), A(χj)⟩F = Tr (A(χi)A(χj)) , (3.19)

where the Frobenius inner product1 has been selected as our operator inner product. This

formulation defines the quantum kernel k(xi,xj) employed in our investigation.

If A0 ∝ ρeq then A(χi) can be interpreted as the density matrix (quantum state), ρ(χi),

that we get upon acting U(χi) on the system. The quantum kernel function k(χi, χj) then

measures the overlap between the quantum states corresponding to the input data χi and χj.

This interpretation becomes useful in visualizing the quantum kernel function as a measure of

similarity between the quantum states. The quantum feature mapping and quantum kernel

computation protocol is illustrated in Fig. 3.2. Note that computation of kernel values

does not require a universal quantum computer and can be done on a quantum system

with a limitted control provided it allows the dynamics that can aid in implementing highly

entangling U(χ) and computing the the Frobinious inner product between the operators.

1For operators A and B, the Frobenius inner product is ⟨A,B⟩F = Tr(A†B), coinciding with the Hilbert-
Schmidt inner product [54]. The Hermitian nature of A(xi) allows omitting the dagger operation.
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Chapter 4

Quantum Kernel for Classical Data

This chapter investigates the implementation and utilization of quantum kernels using an

NMR spin register system, with particular emphasis on processing classical input data.

Building upon the multiple quantum coherences (MQCs) introduced in Chapter 2, we en-

code real-valued classical data into operator representations on a quantum system. We

then experimentally compute the resulting kernel function and demonstrate two standard

machine-learning tasks. As mentioned earlier, these MQCs can be seen as a witness of the

entanglement between the spins in the system. The goal in this chapter is to show that the

kernel values computed using these MQCs can be used to train and predict in kernel-based

models and thus hinting at a possible connection between the quantum entanglement and

expressive quantum kernel functions. Parts of this chapter are inspired by the quantum

kernel approach of Kusumoto et al. [1] and further extended in our own work [42].
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4.1 Implementation

4.1.1 Quantum Feature Mapping in NMR

Recall from Sec 3.2 that, for a classical input xi ∈ Rn, a quantum feature map can be

constructed by associating to each xi a unitary U(xi). Then, by choosing a reference operator

A0 in the quantum system, we define

A(xi) = U(xi)A0 U
†(xi). (4.1)

In our NMR experiment, we use A0 = ICz , the z-magnetization operator of the central spin in

a star-topology spin register (see Sec 1.2). We utilize this operator A(xi) as a feature map,

denoted as ϕNMR(xi), for our quantum machine learning tasks. Given 10-spin-1
2
nuclear

spins in the system, the operator A(xi) becomes computationally intractable for classical

computers when the U(xi) involves entangling all the spins in the system. This is due to the

exponential growth in complexity as the number of spins increases. Such entanglement can be

accompished by using the pulse sequence used for generation of MQCs shown in Fig. 2.4. The

systems is shown to maintain coherence over tens of spins in Chapter 2, which implies that

we can effectively work with feature vectors of dimension 4O(10). The mere existence of high-

dimensional feature spaces doesn’t automatically translate to improved machine learning

performance. However, the potential to access these computationally prohibitive spaces

presents a valid rationale for examining their utility.

Encoding Classical Inputs. Following Refs. [1, 42], we encode each component of the

data vector xi = (x
(1)
i , x

(2)
i , . . . , x

(n)
i ) into a series of phase shifts on the ancillary qubits.

Denoting a single “entangling block” by Ue, which is equivalent to the MQC generating

unitary for star-topology systems in Sec 2.3, we then define, for each dimension j = 1, . . . , n,

V (x
(j)
i ) = e−i x

(j)
i IAz Ue e

+i x
(j)
i IAz ,
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where IAz acts collectively on the ancillary spins or one at a time, depending on the pulse

implementation. Finally, we combine these steps for all j to form

U(xi) =
n∏

j=1

V
(
x
(j)
i

)
. (4.2)

4.1.2 NMR Kernel Computation

The kernel method offers a practical approach to untilize A(xi) directly for machine learning

applications. While element-wise evaluation of A(xi) remains computationally prohibitive,

we can directly determine the Frobenius inner product for feature vector pairs. This mea-

surement forms the basis of our NMR kernel function kNMR(xi,xj) in this investigation. Now

we can note that,

kNMR(xi,xj) = Tr (A(xi)A(xj))

= Tr
(
U(xi)I

C
z U

†(xi)U(xj)I
C
z U

†(xj)
)

= Tr
(
U †(xj)U(xi)I

C
z U

†(xi)U(xj)I
C
z

) (4.3)

The cyclic properties of the trace have been used in to get the last expression. If we destroy

the magnatization of all the A spins in the thermal state in Eq. (1.3) and call the resulting

state as ρCeq, the above expression can be written as:

kNMR(xi,xj) ∝ Tr
(
U(xj)U(xi)ρ

C
eqU

†(xi)U
†(xj)Iz

)
(4.4)

The physical interpretation becomes evident when examining U(xi)U(xj)ρ
C
eqU

†(xi)U
†(xj):

this operator represents the evolved quantum state after initializing the system in ρCeq, sub-

jecting it to unitary evolutions U(xi) and U(xj), and finally measuring the central spin’s

Iz magnetization of this state gives the kernel. In this text that follows we will equate

kNMR(xi,xj) to the expression on the right of the above equation up to a constant of pro-

portionality.
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4.2 Experimental Details

The experimental measurements were conducted using a 500 MHz NMR spectrometer equipped

with a QXI probe for liquid state samples. We use a star-topology molecule, namely trimethyl

phosphite (TMP) where 31P is the central spin and the three methyl 1H groups collectively

serve as ancillary spins [42].

1. Initialization: To destroy the z-magnatization of the A spins and prepare the thermal

equilibrium state ρCeq, we begin with a 90◦y excitation pulse applied to the A spins and

then a gradient pulse to eliminate transverse magnetization components.

2. Data Encoding: For each classical input xi, we implement the unitary U(xi) as a se-

quence of local rotation pulses on the ancillary spins to implement the input dependent

z-rotation, interspersed with Ue. With this we prepare

ρfin = U †(xj)U(xi) ρ
C
eq U

†(xi)U(xj).

3. Kernel Value Readout: We measure ⟨ICz ⟩ by applying a 90◦y pulse on the central

spin and then detecting the resulting free induction decay. This signal (normalized and

scaled by constants) yields kNMR(xi,xj) up to an overall factor.

Iterating over (xi,xj) pairs yields the full kernel matrix, which can then be used in standard

kernel-based machine learning algorithms.

4.3 Results and Discussion

In what follows, we show how this NMR-based quantum kernel can handle typical regression

and classification problems with classical data. Our results are consistent with and extend

the solid-state demonstration by Kusumoto et al. [1].
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U(xi) U(xj)
†

C Ri†
z H Ri

z Rj†
z H Rj
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z Rj†
z Rj

z

Figure 4.1: Quantum circuit for encoding classical inputs xi and xj in terms of unitaries U(xi)
and U(xj), followed by measurement of z magnetization of C qubit. Here, helix represents
the dephasing operations on x and y magnetizations C-qubit. The circuit assumes we start
with the thermal equilibrium state ρCeq.

4.3.1 One-Dimensional Regression

Consider a scalar input xi ∈ R that we wish to regress onto a target function such as

a trigonometric function or polynomial. We pick regularly spaced training points {xi},

compute the kernel matrix Kij = kNMR(xi, xj), and then fit a kernel ridge regression model

(Sec 3.1.2). Writing the kernel explicitly, we get

kNMR(xi, xj) = Tr
(
U †(xj)U(xi) ρ

C
eq U

†(xi)U(xj) I
C
z

)
= Tr

(
U †
e e

i(xi −xj)I
A
z Ue ρ

C
eq U

†
e e

−i(xi −xj)I
A
z Ue I

C
z

)
.

(4.5)

Hence the kernel function depends only on the difference xi − xj. This symmetry can be

exploited to reduce the number of experimental points needed to compute the kernel matrix.

Considering φ = xi − xj and noting that e−iφ IAz commutes with ICz , we can write this as

kNMR(xi, xj) = Tr
(
e−iφ IAz U †

e e
iφ IAz Ue ρ

C
eq U

†
e e

−iφ IAz Ue e
iφ IAz ICz

)
. (4.6)

This right-hand term represents the MQC signal generated through the experimental se-

quence in Fig. 2.4 when applying a phase shift of φ. This means that the kernel function is

basically the difference xi − xj mapped to different fourier components of the MQC signal

as can be seen fron Eq. (2.11). Consequently, the kernel k(xi − xj) is identical to the results
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(a) (b)

(c) (d)

Figure 4.2: One-dimensional regression task with NMR Quantum Kernel. Regression of
(a) sine function with 15 training data points and (b) a seventh-degree polynomial function
with 42 training data points. (c) and (d) plot the percentage RMSE against the number of
training samples for the sinusoidal and polynomial functions, correspondingly.

displayed in Fig. 2.4.2(a), with the abscissa representing the quantity xi − xj. The Fig. 4.1

shows the quantum circuit for encoding the classical inputs xi and xj in terms of unitaries

U(xi) and U(xj), followed by measurement of z magnetization of the central spin.

As for the tasks, Fig. 4.2(a) illustrates one such example, where the target function is a sine

function for one full period and we used 15 training points. Fig. 4.2(a) shows the same for an

8th degree polynomial. Our trained model faithfully reproduces the sine function as well as

the polynomial, with an RMS error well below 2%, underscoring the efficacy of the quantum
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kernel approach for simple regression tasks.

4.3.2 Two-Dimensional Classification

We next extend the data input to xi = (x
(1)
i , x

(2)
i ) ∈ R2. We again construct

U(xi) = e−ix
(1)
i IAz Ue e

ix
(1)
i IAz e−ix

(2)
i IAz Ue e

ix
(2)
i IAz .

The resulting kernel kNMR(xi,xj) is extracted experimentally for a grid of input points. Since

this kernel satisfies the symmetry [1]

k({x(1)i , x
(2)
i }, {x(1)j , x

(2)
j }) = k({x(1)i − x

(2)
j , x

(2)
i − x

(2)
j }, {x(1)i − x

(2)
i , 0}), (4.7)

we can set x
(2)
j = 0, and extract the kernel for two-dimensional inputs with only three

independent parameters, x
(1)
i , x

(2)
i and x

(1)
j . Fig. 4.3 shows the x

(1)
j slices of the experimental

kernel.

We then train, e.g., a support vector machine (SVM) to separate the data into two classes.

Fig. 4.4 (a) and (b) show examples with the “circles” and “moons” dataset respectively,

which are standard synthetic dataset in machine learning that is not linearly separable

in the original space. In Figs. 4.4 (a,b), circles and squares show two classes of training

datasets. The decision functions learned by the SVM are shown by the backgrounds of

Figs. 4.4 (a,b). The hinge loss values, that quantify errors in these classifications, are 0.15

and 0.08 respectively. These results show that the choice of the protocol to compute the

kernel is fairly reliable and has the potential to carry out standard ML tasks.

Overall, these classical-data tasks confirm that NMR-based quantum kernels can serve as

powerful function approximators, with the dimension of the operator space acting as a “fea-

ture dimension” that is potentially very large. A direct classical simulation of large star-

topology spins becomes intractable with increasing qubit number. This advantage hints at
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Figure 4.3: Two dimensional NMR quantum kernel and the corresponding classification tasks
in 2D plane. The x

(1)
j slices of the experimentally obtained kernel for two-dimensional input.
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(a) (b)

Figure 4.4: Two-dimensional classifications for (a) circles dataset and (b) moons dataset.
In both classifications, the squares and circles represent the training data points belonging
to two different classes. The background represents the decision function obtained after
training.

the possibility of quantum speedup or at least a complexity-theoretic separation for certain

classes of problems, although more theoretical analysis is needed to establish unconditional

quantum advantage [42].

In this chapter, we demonstrated how one can encode classical real-valued inputs into quan-

tum operators on an NMR spin register, measure their pairwise similarities (kernel values),

and employ these kernel values to carry out regression and classification tasks. The success

of these demonstrations reinforces the notion that multiple quantum coherences can provide

an exponentially large effective feature space, with minimal overhead in hardware control.

In the next chapter, we will shift our attention to quantum inputs—namely, unitaries and/or

quantum states—and show that essentially the same kernel framework can be leveraged to

discriminate entangling vs. non-entangling transformations, thus broadening the scope of

quantum machine learning to fully quantum tasks.
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Chapter 5

Quantum Kernel for Quantum Data

In the previous chapter, we used quantum kernels for classical data. However, a significant

power of quantum machine learning arises when the input data themselves are quantum—for

instance, quantum states or unitaries that one wants to classify or regress upon. This chapter

generalizes kernel techniques to quantum data domains, demonstrating their application to

quantum tasks like entanglement cclassification. Much of this discussion parallels our results

in Ref. [42], where we proposed and numerically demonstrated a procedure to classify which

unitaries become entangling on a given initial state.

5.1 Entanglement Classification Problem

We focus on a scenario described in [42] wherein we have:

1. A fixed initial quantum state ρ0 of some number of spins (or qubits).

2. A family of candidate unitaries {Ui}, each of which may or may not generate entan-

glement in the final state Uiρ0U
†
i .
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The goal is to label each Ui as Entangling or Nonentangling with respect to the initial state

ρ0. It is a nontrivial problem, which is discussed by Serrano-Ensástiga and Martin [55]. In

many-body or multi-qubit settings, one typically has to check partial transposes or nega-

tivity measures to ascertain entanglement. Doing so repeatedly for a large set of Ui can

be extremely costly. Instead, we propose a quantum kernel approach that can classify the

unitaries more efficiently once the kernel is well-trained.

To be more concrete, consider a two-qubit system with an initial thermal state β = 1.5 given

by

ρ0 = e−β(I1z+I2z)/4,

We introduce a set of single-qubit unitary operations applicable to qubit 2, as depicted in

Fig. 5.1(a). The operations combine a y-rotation Ry(θ) on qubit A with a composite pulse

sequence U(α) = 90◦x-delay(
α

2πJ
)-90◦y, where J represents the A-B qubit coupling constant.

Some of these U(θ, α) generate entanglement in Uρ0U
†, some do not. Fig. 5.1(b) shows the

range of θ and α values for which the unitaries are entangling.

5.2 Encoding Quantum Data

The quantum input in this problem is an operator Ui rather than a classical vector xi. We can

still define a quantum feature map A(Ui) as follows. Suppose we already have an “entangling

block” Ue, akin to the blocks in Chapter 4. We can sandwich Ui around Ue so that

V (Ui) = Ui Ue U
†
i . (5.1)

Next, we define

A(Ui) = V (Ui)A0 V
†(Ui), (5.2)
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(a) (b)

Figure 5.1: (a) Quantum circuit depicting the class of input unitaries used for entanglement
classification task. The unitary U(θ, α) is a product of a local and a non-local unitary acting
on qubit 2. (b) Entanglement labels. The range of θ and α values for which the unitaries
are entangling are colored in green while the non-entangling region is colored in yellow.

where A0 is again chosen as some reference operator, typically the z-magnetization of a

designated “central” qubit or set of qubits. In other words,

A0 = ICz , where C is the central qubit.

Then

k(Ui, Uj) = Tr
[
A(Ui)A(Uj)

]
defines the quantum kernel between unitaries Ui and Uj. The physical interpretation is the

same as before: If ρCeq is the initial state for the central qubit, one effectively applies V (Ui)

followed by V †(Uj) to measure the final z-magnetization on C. This gives the overlap of

A(Ui) and A(Uj) in the operator space.
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(a) (b)

Figure 5.2: (a) The geometry of the spin register used for the entanglement classification task.
The central qubit C is coupled to two ancillary qubits A each of which is coupled to one B. The
unitaries Ui act on the A and B qubits, while the z-magnetization of the central qubit is measured.
(b) The structure of the Dibromofluoromethane (DBFM) molecule used to realize one branch of
the register in (a).

5.2.1 Extended Star-Topology System

Whereas in Chapter 4 we considered a single-layer star system (one central qubit, plus n

ancillary qubits), here we may optionally consider a double-layer star geometry to allow for

additional registers. For instance, one layer of A qubits couples to C and a second layer of

B qubits, one coupled to each A qubit, as shown schematically in [42]. This arrangement

can be beneficial for tasks like entanglement classification, because the unitaries Ui might

act predominantly on the outer (A–B) qubits, while leaving C for readout. Fig. 5.2(a) shows

the geometry of such a system with 2 ancillary qubits A and 2 ancillary qubits B.

The entangling block Ue can then be implemented between C and A qubits, and the z-

magnetization of C can be measured to compute the kernel. The experimental implementa-

tion of the entangling gate Ue follows the pulse sequence: 90◦Cy -90◦Ay -τ( 1
2JAC

)-90◦Cx , where τ

denotes the evolution period under the JAC coupling between qubits C and A. This sequence

effectively realizes a pseudo-Hadamard operation on qubit C followed by a controlled-phase

interaction between C and A.
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J-coupling

JHC = 224.5

JFC = −310.9

JHF = 49.7

T1 T∗
2

H 13.7 0.4

F 5.2 0.2

C 1.9 0.5

Table 5.1: Tabulated values include the spin-spin coupling constants (in Hz) and the char-
acteristic relaxation times T1 and T2 (reported in seconds).

5.3 Experimental Details

The experiments have been done on a 500 MHz NMR spectrometer with QXI liquid state

probe. Fig. 5.2(b) shows the structure of the Dibromofluoromethane (DBFM) [56] molecule

used to realize one branch of the double layered star system. Dibromofluoromethane consists

of three nuclear spin qubits 1H, 13C and 19F. Since it is an all to all coupled system, the

central qubit is chosen to be 31C and the inner ancillary qubits are 1H amd the outer ancillary

qubits are 19F. The solvant used to prepare the solution of DBFM is Acetone-d6 and the

experiments are done at room temperature.

The same NMR hardware described in Chapter 4 can implement the circuit V (Ui) in princi-

ple, provided we can physically synthesize Ui or U
†
i via standard J-couplings and single-spin

gates between A and B qubits. The z-magnetization of the central qubit C is then measured

to obtain the kernel value k(Ui, Uj). The kernel matrix can be computed by iterating over

all pairs of Ui and Uj in the training set. The readout simply measures ⟨ICz ⟩ by a 90◦y pulse

on the central spin followed by a free induction decay (FID) detection.

5.4 Results and Discussion

5.4.1 Classification Protocol

Our classification pipeline is as follows:
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1. Training set: Identify a subset {Ui} of unitaries for which we have labels (entangling

vs. nonentangling) obtained by classical negativity measures like logarithmic negativ-

ity [57] or by prior knowledge.

2. Compute kernel matrix: For each pair (Ui, Uj) in the training set, measure or

simulate k(Ui, Uj) as described in Sec. 5.2.

3. Train classifier: Feed the kernel matrixK to a standard kernel SVM or kernel logistic

regression, where the SVM hyperplane is in an abstract high-dimensional operator

space.

4. Inference on test set: For a new unitary U∗, measure k(U∗, Uj) for j in the training

set, form the row vector
(
k(U∗, U1), . . . , k(U

∗, UN)
)
, and apply the learned classifier to

predict whether U∗ is entangling or not.

5.4.2 Numerical Results

We numerically simulate the computation of the kernel on the quantum register shown in

Fig. 5.2(a). For the kernel computation, We take a number of these unitaries as a training set,

measure (or simulate) k(Ui, Uj), and train an SVM. Then we pick another set of 196 (14×14)

unitaries (test set) to see how well the kernel classifies them. As shown in Fig. 5.3 below, we

find accuracy of 95%, even for test unitaries outside the range of training parameters—an

effect we refer to as extrapolation in operator space. In Fig. 5.3(b) we show the accuracy

when tested on non-parametrized random unitaries which is 82%. This shows that our model

is able to generalize well to unseen data. While the training is done on a restricted class of

unitaries, the model is able to make correct predictions on catagorically different unitaries.

The accuracy as a function of the number of training unitaries is shown in Fig. 5.4(a). The

accuracy saturates at around 95% with 30 training unitaries. The accuracy is robust to

variations in the delay time τ in the entangling unitary Ue used to construct the kernel, as

shown in Fig. 5.4(b).
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(a)

(b)

(c)

Figure 5.3: Numerical Quantum kernel classification of entangling vs. nonentangling unitaries.
ding unitaries Ui parametrized by θ and α. (a) The background indicates the actual classification
of entangling (inside elliptical patches) and nonentangling (outside elliptical patches) when acted
on the thermal equilibrium state ρ0. The circles represent 30 training unitary operators, and
the triangles are the test unitary operators. (b) The accuracy when tested on non-parametrized
random unitaries. (c) Same as (a), except with a classical Gaussian kernel trained on the parameter
space (θ, α). A quantum kernel SVM can label new test unitaries (marked by triangles) with high
accuracy (95%) using only a small training set. Notably, the classifier based on the quantum kernel
can discover an upper region of entangling transformations even when no training data is present
in that region (extrapolation), while the classical kernel in (c) completely fails to recognize this
region.
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(a) (b)

Figure 5.4: (a) Accuracy of the quantum kernel SVM vs. the number of training unitaries. (b)
Accuracy vs. the delay time τ used in the entangling unitary Ue. Both saturate at around 95%.

5.4.3 Experimental results

We now turn to the experimental realization of the quantum kernel for entanglement classi-

fication. We use the DBFM molecule to realize one branch of the double-layered star system

shown in Fig. 5.2(a). We prepare the thermal equilibrium state ρ0 on the central qubit 31C

and the ancillary qubits 1H and 19F. We then apply the unitaries U(θ, α) as the encoding

unitaries on the ancillary qubits 1H and 19F whenever required. The entangling unitary Ue

is applied between the central qubit 31C and the ancillary qubit 1H. The z-magnetization of

the central qubit 31C is then measured to obtain the kernel value k(Ui, Uj). This readout is

done by applying a 90◦y pulse on the central spin followed by a free induction decay (FID)

detection. The kernel matrix is computed by iterating over all pairs of Ui and Uj in the

training set. Again, 30 unitaries are used as the training set and 196 unitaries are used as

the test set. The experimental results are shown in Fig. 5.5. The accuracy of the quantum

kernel SVM is 91% which is slightly lower than the numerical results. This discrepancy can

be attributed to the imperfections in the pulse sequences used to implement the unitaries

U(θ, α) and Ue.

We also show the heat maps of the kernel values of all testing unitaries with respect to
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Figure 5.5: Experimental quantum kernel classification of entangling vs. nonentangling uni-
taries. The description is the same as in Fig. 5.3(a).

each training unitary in Fig. 5.6. The title of each subplot indicates the (θ, α) values of

the training unitary. The heat maps show that the kernel values are high for the testing

unitaries that are close to the training unitaries in the operator space. In particular, take

a look at the training unitary with (θ, α) values of (90, 90). The heat map shows that the

kernel values are high for the testing unitaries that are close to (90, 90) as well as (90, 270).

This is because the unitaries U(90, 90) and U(90, 270) are equivalent up to a global phase

and hence produce the same transformation on the register. This explains why our quantum

kernel SVM can classify the test unitaries with high accuracy even when they are outside the

range of training parameters. Such an inherent symmetry in the unitaries would be difficult

to capture with a classical kernel which are trained on the parameter space.
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Figure 5.6: Heat maps of kernel values of all testing unitaries with respect to each training
unitary. The title of each subplot indicated the (θ, α) values of the training unitary.
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5.4.4 Advantages and Outlook

A classical kernel approach would require expressing the unitaries as parameter vectors and

learning a decision boundary in that parameter space. But for arbitrary, nonparametric Ui,

or for very high-dimensional families, a classical approach struggles. By contrast, the quan-

tum kernel with k(Ui, Uj) = Tr[A(Ui)A(Uj)] operates directly in operator space—without

any explicit parameterization which is evident from the model’s ability to handle random

unitaries. One can show that unitaries that produce similar transformations on the register

yield large kernel values from Fig. 5.6. Hence, once the kernel is trained, it can efficiently

classify new unitaries that may differ from the training set in many parameters, as long as

they yield similar transformations in the extended star-topology system. This approach is

promising for tasks such as verifying quantum gates, detecting quantum phase transitions,

or diagnosing multi-qubit operations without performing full tomography [42].

5.5 Summary

In this chapter, we introduced and analyzed quantum kernels for quantum inputs : specifi-

cally, how to map each input unitary U into an operator A(U) on an NMR spin register,

and thereby define a kernel function k(Ui, Uj). We argued that this can be realized on

a star-topology or extended star-topology architecture, using readily available NMR pulse

sequences. A key advantage over classical kernels is the ability to handle large or non-

parameterized unitaries in a high-dimensional operator space. Our numerical simulations on

entanglement classification indicate that the kernel-based classifier can learn to distinguish

entangling transformations with high accuracy, even extrapolating beyond the parameter

region of the training set. Future experimental work on an extended star-topology molecule

will aim to implement this scheme directly and compare the classification success with stan-

dard measures of entanglement generation.
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Chapter 6

Conclusion

This thesis has demonstrated the potential of integrating quantum machine learning with

NMR quantum systems by developing and experimentally validating quantum kernel meth-

ods. The work advances the state-of-the-art in quantum information processing by leveraging

multiple quantum coherences (MQCs) in NMR to create high-dimensional quantum feature

spaces, thereby providing a novel approach to both classical and quantum learning tasks.

The research began with a comprehensive analysis of MQCs in both solid-state and liquid-

state NMR systems, establishing a robust experimental framework to generate and detect

these coherences. By mapping input data into the operator space of quantum systems via

data-dependent unitary transformations that generate the MQCs, a practical realization of

quantum feature mapping was achieved. This enabled the construction of quantum kernels

that capture intricate correlations among the input data.

Building on this foundation, two main applications were explored. First, quantum kernels

for classical data were implemented and tested on standard machine learning tasks such

as one-dimensional regression and two-dimensional classification. The experimental results

not only validate the theoretical underpinnings of kernel methods but also demonstrate that

the quantum kernels, extracted from the dynamics of MQCs, can successfully reproduce
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the performance of their classical counterparts while operating in an exponentially larger

feature space. Second, the approach was extended to quantum data by designing quantum

kernels capable of handling non-parametrized unitary inputs. This extension was applied

to the entanglement classification problem, where the proposed kernel showed strong po-

tential in distinguishing entangling from nonentangling unitaries with high accuracy. The

experimental results on the NMR quantum register confirmed the feasibility of implement-

ing quantum kernels for quantum data, paving the way for future applications in quantum

machine learning. The work also highlighted the the quantum advantage in using quantum

kernels over classical methods, particularly in terms of their ability to extrapolate and handle

non-parametric data efficiently.

The quantum data used in this work is limitted to the unitary operators. A future direction

in this regard could be developing a model that can handle non-unitary quantum maps as

inputs. This is an ongoing project that we are currently working on. While the present study

lays a strong foundation for the use of quantum kernels, scaling these techniques to larger

qubit systems and exploring their integration with error-mitigation strategies is essential.

Such efforts will be crucial for transitioning from proof-of-concept experiments to practical,

real-world quantum learning applications.

Overall, this work contributes to the growing body of knowledge at the intersection of quan-

tum information and machine learning, opening promising avenues for the development of

fully quantum learning systems that leverage the natural high-dimensionality and entangle-

ment present in quantum systems.
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[45] Gonzalo A. Álvarez and Dieter Suter. Localization effects induced by decoherence in

superpositions of many-spin quantum states. Phys. Rev. A, 84:012320, Jul 2011.
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