Local Bandgap Variations In
Moiré Structures - Origin And
Parametric Dependence

A thesis
Submitted towards the partial fullfilment of

BS-MS dual degree programme
by

SHRIDHAR SANJAY SHANBHAG

\OJ

IISER PUN

DATE: 15/03/2024
under the guidance of
DR. JAN WILHELM

INSTITUTE OF THEORETICAL PHYSICS
UNIVERSITY OF REGENSBURG

from May 2023 to Mar 2024

INDIAN INSTITUTE OF SCIENCE EDUCATION AND RESEARCH
PUNE



Certificate

This is to certify that this dissertation entitled “Local Bandgap Variations In
Moiré Structures - Origin And Parametric Dependence” submitted towards
the partial fulfillment of the BS-MS degree at the Indian Institute of Science
Education and Research, Pune represents original research carried out by
Shridhar Sanjay Shanbhag at the University of Regensburg, under the su-
pervision of Dr. Jan Wilhelm during academic year May 2023 to March 2024.

L~
71

Supervisor: Student:

Dr. JAN WILHELM SHRIDHAR SANJAY SHANBHAG

JUNIOR GROUP LEADER 20191056

UNIVERSITY OF BS-MS

REGENSBURG I[ISER PUNE
DATE:

15/03,/2024



Declaration

I, hereby declare that the matter embodied in the report titled “Local Bandgap
Variations In Moiré Structures - Origin And Parametric Dependence” is the
result of the investigations carried out by me at the University of Regensburg
from the period 15-05-2023 to 15-03-2024 under the supervision of Dr. Jan
Wilhelm and the same has not been submitted elsewhere for any other degree.

Supervisor:

DR. JAN WILHELM
JUNIOR GROUP LEADER
UNIVERSITY OF
REGENSBURG

DATE:
15/03/2024

PN )
/‘)S/\S”WC
A \? _

Student:

SHRIDHAR SANJAY SHANBHAG
20191056

BS-MS

IISER PUNE



Acknowledgements

[ would like to express my heartfelt gratitude to my supervisor, Dr. Jan Wil-
helm, for his support, guidance, and encouragement throughout the duration
of my project. Dr. Wilhelm’s expertise, patience, and mentorship have been
invaluable to me, and I am deeply grateful for the opportunity to work under
his supervision. His constructive feedback and insightful advice have played
a crucial role in this project, and I am truly thankful for his dedication and
commitment to my academic growth.

I would also like to extend my sincere gratitude to the University of Regens-
burg for providing me with the resources and environment conducive to my
studies. The university has provided me with support and accomodation
during my studies and has been very patient with my needs during my stay.

Additionally, I am grateful to my close friends and family for their love, en-
couragement, and understanding throughout this journey. Their constant
support and encouragement have been a source of strength and motivation,
without which life would have been very difficult and I am profoundly grateful
for their presence in my life.



Contents

1.1
1.2
1.3

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9

Moiré Structures

Moiré Pattern . . . . . . . . ..o
Transition Metal Dichalcogenide Bilayers . . . . . . . . .. ..
Exciton Dynamics in Moiré Patterns . . . . . . .. ... ...

Density Functional Theory

The Many Body Problem . . . . .. .. ... ... ......
The Electron Density . . . . .. ... .. .. ... ...
Hohenberg-Kohn Theorems . . . . . . . ... ... ... ...
Kohn-Sham DFT . . . ... .. ... ... ... ... ....
Self-consistent Field Cycle . . . . .. ... .. ... ... ...
Exchange-Correlation Functional . . . . ... ... ... ...
Basis Sets . . . . . ...
Geometry Optimization . . . . . . .. ... ... ... ....
Local Density Of States . . .. . ... ... .. .. ... ...

2.10 Valence and Conduction Band Edges . . . . . . ... ... ..

3.1
3.2
3.3
3.4
3.5

4.1

4.2
4.3
4.4

Results-I: VBM And CBM

Overview Of The System . . . . . . .. .. .. ... ... ...
Local Density of States . . . . . . . . .. ... ... .. ....
Local Band Edge Variation . . . . . . .. ... .. ... .. ..
Dependence on moiré length . . . . . . . ... ... ... ...
Discussion . . . . . . . ...

Results-11I: Altering The Structures

Band Edge Variations For The Structures Without Geometry

Optimization . . . . . . . . . ...
Flattened Geometry . . . . . . . . . .. .. ... ... .. ..
In-Plane Frozen Geometry . . . . . . . ... ... ... ....
Discussion . . . . . . .. . o

11
13
14
16
17
18
19
22
23

26
26
27
29
32
34

36



5 Conclusion And Future Direction

References

A Additional data
A.1 Mathematics of Moiré Patterns



List of Figures

1.1
1.2

1.3
1.4

3.1
3.2

3.3

3.4
3.5

3.6
4.1

4.2
4.3

4.4

4.5

Moiré patterns made from the overlap of two identical hexag-

onal lattices . . . . . . . . . ...
Structure of a hexagonal TMD monolayer . . . .. . ... ..
High-symmetry stacking configurations in heterobilayers :
A TMD moiré cell . . . . ... . ... ... ..

LDOS plots at two different regions of the moiré cell . . . . .
Local band edge and local band gap maps for TMD moiré cell
with 2010 atoms, po = 1V " 'nm=2 . . . . .. .. .. ... ...
Local band edge and local band gap maps for TMD moiré cell
with 1839 atoms, pp = 1eV 'nm™2 . . . . . .. ... ... ...
Experimentally determined band edge maps (taken from [1]) .
Variability of the band gap and band edges as a function of
the moiré length . . . . . . . .. . . ... ... L.
Moiré potential as a function of moiré wavelength . . . . . . .

Band edge and band gap variations for the cases with and
without geometry optimization . . . . . ... ... ... ...
Variability of the interlayer separation . . . .. .. ... ...
Variability of the interlayer separation as a function of moiré
length . . . . . ...
A comparison of the band edge and band gap variations for
the cases without geometry optimization and with and without
interlayer gap variation . . . . . . ... ...,
A comparison of the band edge and band gap variations for
all the four cases . . . . . . .. ..o



Abstract

A moiré pattern is a large scale interference pattern formed by the overlap
of two small scale patterns with a small twist angle. A moiré structure can
be formed by overlapping two 2D materials with similar structures and lat-
tice constants over each other with a small twist angle. Moiré structures
made from transition metal dichalcogenide bilayers show interesting proper-
ties such as a variation in the local band gap. This low-energy electronic
structure can modeled as the properties of a single layer on which a periodic
potential energy landscape is imposed. This periodic potential is called the
moiré potential.

The extent to which the band edges vary in space is a measure of the moiré
potential. Theoretical studies of the moiré potential based only on interlayer
coupling without taking into account lattice relaxation effects calculate the
size of this moiré potential to be of the order of tens of millielectronvolts
[2]. Theoretical works that includes lattice relaxation effects calculate the
moiré potential to be of the order of a hundred millielectronvolts [3], [4]. Ex-
periments performed on the moiré structure formed by overlaying MoSe; on
WSe, observed a moiré potential of the order of a hundred millielectronvolts
[1]. The moiré potential of this magnitude is called a ‘deep moiré potential’

11].

In this work, we implemented a method to study the moiré potential by us-
ing DFT to geometry optimize the structure and obtain the Local Density of
States. We then use the LDOS to calculate the valence and conduction band
edges and get an estimate of the moiré potential. We find that the extent
of variation in the valence and conduction band edges thus obtained is of a
similar order of magnitude as the ones obtained in experiments (deep moiré
potentials). Furthermore, we use this method to understand the dependence
of the moiré potential on the atomic reconstruction of the moiré cell.



Introduction

Atomically thin 2D materials have been extensively studied since the discov-
ery of graphene in 2004 [5]. The study of isolated 2D systems led to studies
of materials comprising of different layers of 2D materials stacked together
called van der Waals heterostructures. These structures offer precise exper-
imental control, allowing researchers to select the atomic species making up
the semiconductors in each layer. Furthermore, by adjusting parameters like
the relative twist angle between two layers, these structures can be used to
create unique interference patterns called moiré patterns.

These moiré patterns create a superstructure with a moiré cell with atoms
from both layers. This superstructure called the moiré structure has a peri-
odicity that is much larger than that of the monolayer crystal lattice. Moiré
patterns in 2D materials can be used to tune their electronic properties,
which are fundamentally influenced by a periodic potential landscapes called
the moiré potential. Moiré structures host a wide variety of interesting elec-
tronic phenomena such as the fractal quantum hall effect [6], tunable Mott
insulators |7] and unconventional superconductivity [8]. Moiré structures can
be made from a variety of 2D materials. In this thesis, we study the moiré
structure made by two layers of transition metal dichalcogenide bilayers.

Transition metal dichalcogenides (TMDs) are 2D materials of the type MX,
where M is a metal atom and X is a chalcogen atom. TMDs have interesting
optical and electronic properties and became really popular after their band
structure was systematically studied [9]. TMDs have weak dielectric screen-
ing and strong geometrical confinement that give rise to an extraordinarily
strong coulomb interaction resulting in fascinating many body phenomena.
One of these is the formation of strongly bound electron-hole pairs called
excitons. Excitons are the fundamental electronic excitations in 2d semi-
conductors. They play a vital role in the optical response even at room
temperature [10].

In TMD moiré structures, the electron-hole pair can exist either within a



layer or across layers. The moiré potential forms a potential energy land-
scape for these excitons impeding their free propagation. The excitons can
get trapped in low energy pockets of the moiré potential [11].

Understanding the moiré potential is thus crucial to understanding many of
the properties of moiré structures. Theoretical calculations based only on in-
terlayer coupling estimate a very low value of the moiré potential (~ 10meV)
[2]. The moiré potentials that are experimentally determined are over an or-
der of magnitude larger and are called "deep" moiré potentials [1]. Theoret-
ical work that includes lattice relaxation effects calculate the moiré potential
to be of the order of a hundred millielectronvolts [3], [4].

The goal of this thesis is to use DFT to calculate the moiré potential for
the moiré structure made from MoSe; on WSes for small twist angles. We
attempt to reproduce the results in the experimental paper [1] and analyse
the dependence of the moiré potential on the system parameters such as the
moiré wavelength, or the twist angle.

This thesis is structured as follows: Chapter 1 discusses the construction and
mathematics of the moiré structures and briefly describes the TMD moiré
cell and its regions of alignment. Chapter 2 introduces the theoretical foun-
dations of DF'T, and the methods used to compute the local density of states
and the moiré potential. Chapter 3 and Chapter 4 present the results of our
study and discusses them. Finally, the thesis concludes in Chapter 5, sum-
marizing the key findings and proposing the direction for future research.



Chapter 1

Moiré Structures

Moiré patterns originate from the overlap of two or more periodic structures
with a slight relative displacement or rotation or lattice constant mismatch.
These patterns exhibit complex interference phenomena which have been
studied in mathematics, physics and art. The term comes from a type of
textile called ‘moire’ which is made by pressing two layers of silk cloth to-
gether when wet which creates a rippled effect due to the similar but imper-
fect spacing of the threads. Moiré structures or moiré materials are materials
that arise when two similar 2D atomic lattices are stacked with a slight twist
angle or misalignment with respect to each other.

In this chapter, we will provide the reader with a detailed understanding of
moiré structures made from transition metal dichalcogenide (TMD) bilayers.
TMD bilayers are a fascinating class of materials with unique electronic, op-
tical and mechanical properties. In this thesis, we study the moiré structure
made by overlaying Molybdenum Diselenide (MoSes) on Tungsten Diselenide
(WSez) since detailed experimental analysis exists for this particular moiré
structure provided in [1].

This chaptered is structured as follows: we shall describe the moiré patterns
and the mathematical basis for understanding and constructing them in 1.1,
we shall study the properties of transition metal dichalcogenides in 1.2 and
the dynamics of excitons in TMD bilayers in 1.3.

1.1 Moiré Pattern

A moiré pattern is a large-scale interference pattern formed by overlaying two
similar patterns with a slight difference, such as a shift, or a lattice constant



mismatch or a twist angle. A moiré pattern has a repeating structure and a
super-cell made of both layers called the moiré cell. The length of this moiré
cell is called the moiré wavelength or simply the moiré length.

The moiré length is a measure of spatial frequency of the lattice misalignment.
It is analogous to beat frequency in audio waves with different wavelengths.
The superposition of two waves with wave vectors k; and ks, is given by,

A(r) = sin(k_i f) +sin<k_; : f) = sin <k1;k2 :i') cos (kl ; i f)

Consider k; and ks to be waves along one of the principal axes of the unit cells
of the two structures with a wavelength equal to the cell length. For similar
wave vectors, the function has a small wavelength pattern due to the sum of
the wave vectors in the sine term and a long wavelength pattern due to the
difference of the wave vectors in the cosine term. The moiré wavelength is
the result of the long wavelength pattern since the small wavelength pattern
is smaller than atomic legth scales. Therefore,

47
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)\moiré ~

Generally, the larger the twist angle, the larger is the difference between ks
and ks, and the smaller the moiré length as shown in figure 1.1.
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(a) Twist angle: 6° (b) Twist angle: 4°

Figure 1.1: Moiré patterns made from the overlap of two identical hexagonal
lattices

As shown in figure 1.1, the moiré cell has regions within it with different
types of lattice misalignment. Understanding these regions is crucial for our
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understanding of moiré structures in condensed matter physics as we shall
see in the following sections.

1.2 Transition Metal Dichalcogenide Bilayers

In this thesis, we study the properties of moire structures formed by layering
transition metal dichalcogenide (TMD) bilayers. TMDs are 2D semiconduc-
tors of the type MXs, where M is a transition metal atom (such as Mo,
W, etc.), and X is a chalcogen atom (such as Se, S or Te). Structurally,
these semiconductors are of the 2H form which is a hexagonal phase with a
honeycomb lattice, similar to graphene. Each unit cell has one metal atom
in-plane and two nonmetal atoms above and below the plane as shown below.
Thus, they have a lattice structure of a honeycomb where each lattice point
is alternatively a metal atom or a dichalcogen pair. This leads to a broken
inversion symmetry which is not present in materials like graphene.

(a) Structure seen from above (b) Structure seen from the side

Figure 1.2: Structure of a hexagonal TMD monolayer

TMD bilayers are of two kinds - homobilayers, where the two layers are
chemically identical and heterobilayers, where the two layers are chemically
distinct. In this thesis, we study the TMD heterobilayer formed by MoSe,
on WSes,.

The broken inversion symmetry in TMDs results in two distinct aligned stack-
ing configurations termed R (0° alignment between the two layers) and H
(180° alignment between the two layers) as shown below [1]. Three types
of stacking orders exist for R-stacked bilayers. These are called R}f(same
as RY), RY and Ry; [1]. Here, RY refers to a kind of R-stacking where the
metal atom of the upper layer is directly above a nonmetal atom of the lower



layer [1]. Similarly, the three types of stacking orders for H-stacked bilayers
are HY[, HY (same as H3;) and HZ [1].

(a) R-stacked (b) H-stacked

Figure 1.3: High-symmetry stacking configurations in heterobilayers
(taken from [1])

All three stacking orders are in every moire cell for a nearly H-stacked twisted
bilayer as seen in figure 1.4.

Figure 1.4: A TMD moiré cell consisting of 2010 atoms made by overlaying
MoSe; on WSe,. The red region has HY (same as Hy,), the yellow region has
H% and the blue region in the corners has H}f

The difference in the local interlayer alignment of the atoms leads to different
local bandgaps in each region. The moiré structure in effect has repeating
local regions with different band edges and different interlayer gaps.

The low energy band variations can be modeled as the result of a spatially
periodic potential energy landscape being imposed on a sinlge layer. This
potential energy landscape is termed as the moiré potential. As a result



of the moiré potential, many interesting emergent quantum phenomena have
been observed in twisted TMD bilayers. One of the exciting fields of research
is the study of exciton dynamics in these materials.

1.3 Exciton Dynamics in Moiré Patterns

In 2D semiconductors, excitons are the fundamental electronic excitations.
They are bound states of an electron and a hole attracted to each other
by the Coulomb force. In the context of two-dimensional transition metal
dichalcogenide (2D TMD) structures, excitons are of particular interest due
to the unique characteristics of these materials.

The 2D nature of TMD structures, coupled with weak dielectric screen-
ing, leads to very strong coulomb interactions, resulting in the formation
of strongly bound electron-hole pairs upon optical excitation [10]. This en-
hanced interaction significantly influences the behavior and properties of ex-
citons in these systems, making them intriguing subjects for study [12].

Moiré excitons represent a specialized category of excitons within TMD struc-
tures. They refer to photo-excited electron-hole bound states that form
within a layer or across two layers and are termed as intralayer and interlayer
excitons respectively. These excitons are influenced by the moiré potential
which creates a distinct potential energy landscape for them.

The presence of various regions with different local interlayer alignment in
TMD moiré structures can greatly alter the electronic band structure of the
material. This alteration manifests as the formation of miniband structures
and flat bands, directly impacting the material’s transport behavior and elec-
tronic properties [12].

As a consequence of these unique electronic structures, moiré excitons give
rise to several interesting quantum phenomena and many-body effects, in-
cluding exciton condensation, superfluidity, and the emergence of topologi-
cally protected states [12]. Understanding these phenomena is essential for
harnessing the full potential of TMD moiré structures in future technological
applications.

One significant aspect of moiré excitons is their confinement within low-
energy pockets of the moiré potential, which impedes their free propagation



within the material [10]. This confinement has implications for the material’s
optical and electronic response, making it crucial to study and understand
the underlying causes and parameters governing the moiré potential [10].

The two-dimensional nature of TMD structures facilitates experimental in-
vestigation using techniques such as scanning tunneling microscopy (STM)
[10], providing valuable insights into the behavior and properties of excitons
that are not easily accessible in the study of bulk 3D materials.

Thus, understanding moiré potentials is very important to understanding the
electronic properties and the behaviour of excitons in TMD moiré structures.
In this thesis, we use DFT calculations on the entire moiré cell (as is done
in [13]) to accurately determine the band edges and understand the moiré
potential.



Chapter 2

Density Functional Theory

Density Functional Theory (DFT) is a powerful tool in modern computa-
tional condensed matter physics used to study the electronic and nuclear
structure of molecules and condensed matter materials. It was developed by
Walter Kohn, Pierre Hohenberg and Lu Jeu Sham in 1964-65 [14] [15]. DFT
is based on the idea that any characteristic of a system made of interacting
particles can be written as a function of the ground state density n(r). This
scalar function depends only on the position but, in principle, contains all
the information required to construct the many-body wave function. This
chapter aims to provide the reader with the theoretical foundations of density
functional theory, followed by a discussion of Kohn-Sham DFT. We describe
the self consistent field method for solving the underlying equations numeri-
cally using gaussian basis sets. We then describe the local density of states
and how we compute it from the Kohn-Sham states. Finally, the chapter
concludes with a description of the valence band and conducting band and
how we calculate it for our system. The main reference for this chapter is

the book by Robert G. Parr and Yang Weitao [16].

2.1 The Many Body Problem

For any time-independent, non-relativistic quantum mechanical system, the
Schrodinger equation [16] is given by

H|U,) =E,|U,) (2.1)

Here, H is the Hamiltonian of the system and |¥,) is the nth eigenstate of
the system with corresponding energy FE,,. The Hamiltonian consists of five
parts for a system of interacting nuclei and electrons.

~

H = fnucl + 7/—\‘e + ?nucl, nuel T vnucl, et ‘Z, e (22)



The first two terms are the kinetic energy of the nuclei and the electrons,
respectively.

~ hQ
T  =— E 2.
nucl 2MAV ( 3)
~ hQ
T = _——— 2 2.4
© 2m Vi (2:4)

%

Here, the mass of the electron is represented by m, and their coordinates are
represented by r;. Ry, represent the atomic coordinates and M4 represents
their masses. The other three terms are the potential energies due to the
coulomb interaction between the particles.

ZAZBG
nucl nucl — ;;4 |RA _ RB’ (25)
=X (2.6)
1 J>

ZAG
nucl e — ZZ |T _ RA| (27)

The Schrédinger equation then becomes,
H(r,R)¥(r,R) = E¥(r,R)

where, r is the ordered set of all electron coordinates and R is the ordered
set of all atomic nuclei coordinates.

The above Hamiltonian ignores relativistic effects and magnetic interactions,
including orbit-orbit, spin-orbit and spin-spin interactions. This Hamiltonian
also treats both electrons and nuclei on the same footing as quantum me-
chanical objects. However, electrons are very light and cannot be described
by classical mechanics, while nuclei, being thousands of times heavier display
only small quantum effects in comparison. This large mass difference leads to
nuclei having significantly smaller velocities than electrons. Thus, electrons
adjust to a change in the nuclear geometry very quickly.

We thus use the Born-Oppenheimer approximation which decouples the wave-
function of the nuclei (¥,,,.) and the wavefunction of the electrons (V.),

\D(L B) = Wyual (E)‘Ile(g) (28)
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According to this approximation, the electron wavefunction obeys the Schréodinger
equation,

A

Her(r)¥egr(r) = EVeg(r) (2.9)
with
f{e,ﬂ - Te (2) + Vnucl e,E(E) + ‘766 (2) + Vnucl nucl,R (210)

Here, R are only parameters of the nuclei position and thus, Vyy g is just
a number. The above Hamiltonian can be used to solve the Schrodinger
equation to find the many-body wavefunction analytically. In principle, we
are done. The many-body wavefunction yields all the physical properties of
the system. However, an analytical solution for the many-body system is
difficult to obtain for any system with more than one electron, so we rely on
numerical methods.

A standard way to solve a partial differential equation is to discretize the
space into a grid. Let us assume that N4 grid points are used to discretize
the space. The Schrédinger equation then becomes an eigenvalue equation
where |¥,,) has NJ; entries, and the Hamiltonian has ]]\\f]g%d X N\, entries.
Solving the eigenvalue problem thus requires N,, = N7, floating point op-
erations on a computer. The computing time thus grows exponentially with
the number of electrons. With even 100 grid points in any direction, it would
take the largest supercomputers in the world longer than the age of the uni-
verse to compute the solution to the many-body Schrodinger equation for a
moiré cell.

This makes it computationally infeasible to solve the Schrodinger equation
for moiré structures, motivating the use of a different approach.

2.2 The Electron Density

In this thesis, we use Density Functional Theory (DFT) to calculate the
properties of the moiré structures. In DF'T, we optimize the electron density
n(r) to minimize the ground state energy E in the Schrodinger equation. Nu-
merically, this method has the advantage that we have only a single variable
n(r) instead of a large number of variables in the wavefunction.

11



2.2.1 Definition of the electron density
The electron density operator 7 is defined as

Ar)=> 6(r—r;) (2.11)

i=1

where r; is the coordinate of electron 7 and N is the total number of electrons
in our system. The electron density n(r) of a system in a state with an
electronic wavefunction V¥ is defined as the expectation value of the electron
density operator,

n(r) = (¥|a(r) V)

:/drldrg...drN\IJ*(rl,rg,...,rN)ﬁ(r)\Il(rl,rg,...,rN)
:N/drgdrg...dr]\;|\lf(r1,r2,...,rN)|2

where W is the many-electron wavefunction of the system.

2.2.2 Properties of the electron density

The electron density has the following notable properties:

1. The electron density n(r) is normalized to the number of electrons,
/n(r)d3r =N (2.12)

2. It is non-negative everywhere,

n(r) >0 (2.13)

3. If Ugp(ry,re,...,ry) is a Slater determinant with ;(r) as the single
particle orbitals, the electron density is given by,

n(r) = 3 Wil (2.14)

12



2.3 Hohenberg-Kohn Theorems

The Hohenberg-Kohn theorems (HKTs) introduced by Pierre Hohenberg and
Walter Kohn form the main principles of DFT [14].

The HKTs assume that the many-electron Hamiltonian is of the form:
H = T(x) + Var(x) + Vee (x) (2.15)

where,

‘7611‘/(1‘) /d r Ueztn Zvext I‘Z (216)

In the case of an external potential caused by the Coulombic attraction be-
tween the electrons and the nuclei,

ZA(E
2.1
Uext Z ‘I'—RA‘ ( 7)

A pre-requisite to understanding the Hohenberg-Kohn theorems is the con-
cept of function space and functionals. We define the function space Ly
as

Ly = {fz : R* — R with /ﬁ(r) dr = Nand fi(r) >0V r € R3} (2.18)

this means that Ly contains all possible electron densities with N electrons.
A functional F' : Ly — R is a map that maps a function (in our case, an
electron density) to a single real number.

The Hohenberg-Kohn theorems are as follows:

1. The ground state electron density ng(r) uniquely determines the exter-
nal potential ve.(r) up to an additive constant.

2. There exists a total energy functional E[n] of the form

EJi] = FJi] + / Br v (1) 7(r) (2.19)

such that the ground state energy E of a many-electron system in an
external potential ve.(r) is obtained when minimizing E[n| among all
electron densities n(r) € Ly:

E = min E[n] (2.20)

neELn

The functional F[n] is a universal functional independent of ve,;.

13



The first HKT implies a one-to-one mapping between the ground state den-
sity and the external potential. The second HKT states that we can find
the ground state energy E and the ground state density n(r) of a many-
electron system with external potential v.,; (e.g. given by the atomic nuclei)
by minimizing the total energy functional E[n]| by varying n(r). The exact
form of the functional F'[n] is unknown, and approximate forms are used to
enable DFT calculations in practice. The functional F[n] comprises all en-
ergy (kinetic energy and electron-electron interaction) of the many-electron
state except for the interaction with the external potential. The kinetic en-
ergy and the electron-electron interaction are difficult to compute accurately
solely from the electron density. This problem can be avoided using Kohn-
Sham DFT, as described in the following section.

2.4 Kohn-Sham DFT

Kohn-Sham DFT is a method introduced by Walter Kohn and Lu Sham [15]
in which we avoid the problem of inaccurate kinetic energy and our inabil-
ity to compute the electron-electron interaction by expressing the electron
density using Kohn-Sham orbitals.

2.4.1 Kohn-Sham orbitals

In this thesis, we assume that all Kohn-Sham orbitals are doubly filled, and
thus the electron density is given by

n(r) =23 fuilr) (221)

where 1;(r) are the Kohn Sham orbitals that are under the constraint of
orthonormality,

Wil = [ @iy = 6,
2.4.2 Approximation to kinetic energy

Introducing orbitals allows us to approximate the kinetic energy as

h2
T, o, on] = —g,- (Wil V2 ¢ (2.22)
i—1

14



The total energy functional En]| is
En| =Tn|+ Eun| + Eye[n] + Ecu[n] (2.23)

Where, the Hartree energy Ey[n] given by

//d3 dr ri‘) (2.24)

E..t[n] is the external potential energy,

Eofn] = / dr? vy (1) 1(r) (2.25)

E..[n] is the exchange-correlation energy that contains all electron-electron
interactions beyond the Hartree energy.

Since the kinetic energy functional described above is valid only for the
non-interacting system, to account for the interaction effects, the exchange-
correlation functional in KS-DFT includes the difference between the true
kinetic energy functional T'[n| and the single-particle kinetic energy func-
tional T[n]

EXS .= E,. + Tn] — Ty[n)] (2.26)
The total energy functional then becomes,

E[n] = T[n| + Egn] + Ey[n] + Eepn]
= Ts[n] + Ex[n] + (Eue[n] + T[n] —
T.,[n] + Egn] + EX5 4 E..(n)

Ts[n]) + Eex[n]

- s

Thus, the total energy E can be computed from the minimization

E=mnZ [n] = min [Ts[n] + Euln] + E75[n] + Eeuln]] (2.27)

2.4.3 Kohn-Sham equations

The minimization procedure of the total energy is done by setting up a
Lagrangian constrained by the orthonormal condition of the KS-orbitals.
Solving the minimization problem leads to the Kohn-Sham equations [15]:

2

—h—V2 + Vet (r) + v (r) + Vpe(r) | Y5(r) = €00;(x) (2.28)

2m
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The KS-eigenvalues ¢; result from the Lagrangian optimization procedure
and, therefore, cannot be interpreted as the eigenvalues of the Schrodinger
equation. The KS equation contains the external potential v..(r), the Hartree
potential vy (r), the exchange-correlation potential v,.(r) and the kinetic en-
ergy term. The derivative of the exchange-correlation energy functional with
respect to the electron density gives the exchange-correlation potential.

Uee(r) = on(r)

(2.29)

The Hartree potential is the Coulomb interaction between the electron and
the electron density given by the KS-orbitals

UH(I') 262/6131_/21':1 |w1(1‘/)‘ (230>

v — |

If the true form of E,.[n| was known, the system’s exact ground-state en-
ergy and density could be found. However, no exact closed form for E,.[n]

is known, and current implementations of KS-DFT rely on approximate
exchange-correlation functionals. Since the Hartree and exchange-correlation
potential depend on the KS-Orbital, the equation must be solved self-consistently,
as described in the following section.

2.5 Self-consistent Field Cycle

The Kohn-Sham equations are a set of equations that depend on the poten-
tials shown in equations (2.30), (2.29), and (2.17) [17]. Since this effective
potential depends on the electron density, the calculation of this density is
done via an iterative scheme called the self-consistent field cycle as described
below [17].

1. The SCF cycle starts with an inital guess of the electron density, n,.
In our study, we use the superposition of atomic densities.

2. The next step in the process is to calculate the potentials vg(r), and
Uge(r) from the density as shown in equations (2.30), and (2.29).

3. These are then used as input in the Kohn-Sham equation to obtain the

eigenvalues (¢;) and the eigenvectors ().
h2
_%VQ =+ Ue:pt(r) + UH(r) + Uzc<r> %(r) = Eiwi(r)

This is the most computationally expensive part of the SCF cycle.
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4. The eigenfunctions v; are used to compute the density.

n(r) =2 o)

This new density differs from the initial density and the process is
restarted with this new density to calculate the potentials as in step 2.

5. The difference between the input and output density is decreasing with
each iteration. The SCF cycle is stopped once the difference between
the densities is below a specified threshold.

6. Once the density has converged, the total energy Eig is calculated
giving us the required estimate of the ground state energy of the system.

Exsn] = T[] + Enln] + EXS[n] + / droea()n()  (231)

An accurate estimation of the ground state energy and density requires a
good choice of exchange correlation functional and a basis set in which to
represent the KS-orbitals as we shall see in the following sections.

2.6 Exchange-Correlation Functional

A crucial part of determining the accurate ground state density is the choice
of the exchange-correlation functional which is responsible for capturing the
electron-electron interaction effects that are beyond the Hartree potential.
Since no closed form of EX$ exists, many approximate functionals have been
developed with various levels of accuracy [18]. The most simple exchange cor-
relation functional is the Local Density Approximation(LDA). LDA assumes
a homogeneous electron gas in a volume d°r and the exchange-correlation
functional is approximated to have the form

BLPA] — / 1 n(r)e(n(r)) (2.32)

where €,. is the exchange correlation energy per electron of a homogeneous
electron gas.

A more sophisticated approach is to include information on the gradient of
the density which introduces non-local effects. Exchange-correlation func-
tionals that include the gradient Vn(r) are categorized as Generalized Gra-
dient Approximation (GGA) functionals.
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The general form of GGA functionals is

FGGAR,] — / &r n(r) f(n(r), Va(r)) (2.33)

The most commonly used GGA functional is the Perdew-Burke-Ernzerhof
(PBE) functional. It is applicable to a wide range of systems and it does
not depend on experimentally fitted parameters. The PBE functional has
parameters that have been determined to satisfy exact conditions for a few
systems where the exact functional form is known. In this thesis, the PBE
functional is used for all DFT calculations.

2.7 Basis Sets

To solve the KS-equation numerically, we use basis sets to represent the KS-
orbitals. Each KS-orbital is represented as a linear combination of known
basis functions ¢, (r),

¢§S(T) = Z Cru®u (1)

where, C,,,, are the corresponding expansion coefficients.

An exact representation of the KS orbitals in a given basis would require an
infinite coordinate system spannned by the complete basis set with N, — oo
[18]. However, this is not feasible since the computational cost of solving the
KS-equation scales with O(N?). There are various types of basis functions
¢,(r) that can be used to expand the KS-orbitals such as the plane wave
basis set, Gaussian-type orbitals etc. [18].

In this thesis, we use the Gaussian orbitals for all DFT calculations. These
have the general form,

by (1) = Yim(0, @)r?" 2 le=¢"

where, Y, (0, ) are the spherical harmonics. The index I,n and m determine
the type of orbital and ( defines the width of the Gaussian funtion.

Basis sets are classified based on the number of functions used. The small-
est basis set is the minimum basis set, which has only enough functions to
account for all electrons of the neutral atom. The next larger basis set is
called Double Zeta Valence Polarization (DZVP). DZVP contains twice as
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many basis functions for each orbital as indicated by the D. The zeta refers
to the exponent in the gaussian function [17]. As the inner orbitals change
less when a chemical bond is formed, the basis set only uses two sets of basis
functions for the Valence orbitals as indicated by the V in the name. P stands
for polarization, which refers to the use of additional basis functions to in-
troduce more flexibility. This is due to the fact that when electrons interact
with each other, the resulting charge distribution will be distorted which can
be addressed by introducing polarization functions, which are higher angular
momentum functions.

2.8 Geometry Optimization

In this thesis, we study moiré structures which have supercells with different
regions of alignment as discussed in the previous chapter. Due to the various
angles and strain values of the structures studied, it is not possible for us
to use experimental values for the position of the atoms because, for many
of the structures studied, it is likely that no experimental data on atomic
positions exists. In order to calculate the physical properties of the moiré
structures, we need the positions of every atomic nucleus. One way to get
the positions of atomic nuclei is to use the geometry that has the lowest total
energy among all geometries of the system. Geometry optimization is the
process of changing the system’s geometry by varying the nuclear coordinates
to minimize the total energy of the system [18].

2.8.1 Potential energy surface

Consider a system with K atomic nuclei. Let R = (R1,Ra, ..., Rg) be the
positions of the nuclei. The ground state energy Er of the electronic system
is then parametrized by the nuclear positions.

We can consider E(R) as a function of the atomic positions that depends on
3K variables (3 spatial coordinates for each of the K atoms). This function
is called the potential energy surface. The reason for this name is that we
have a 3K-dimensional plane above which there is a continuous potential
energy surface with height E(R).

2.8.2 Algorithms for Geometry Optimization

Geometry optimization relies on numerical minimization schemes to find a
local minimum of the potential energy surface [16]. One simple method is
called gradient descent minimization.
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The gradient descent method repeatedly takes a step in direction of the
negative gradient of f:

Xpi1 = Xn — k, V f(x5)

where k,, is the step size that is adjusted in the n*® iteration using the line
search procedure,

k, = argkmin[f(xn — kV f(x,))]

Another popular method is the Broyden—Fletcher—Goldfarb—Shanno (BFGS)
algorithm as described below:

With an initial guess Ry, and an initial guess of the Hessian matrix By, the
following steps are repeated:

1. Obtain a direction py by solving
Bupn = ~VE(Ry)
2. Using the line search procedure, find an acceptable step size k,

k, = argmin[E(R,, + kp,)]
I Pn

3. Let s, = kp, and update R,y 1 = Ry, + kpn

i yi = VERun) - VE(R,)

T TRT
YeyY Bysks;. B
k+1 k yfsk S{Bksk

The above steps are repeated until R,, converges to the solution.

2.8.3 Force Calculation

As seen above, the gradient VE(R) needs to be computed for geometry
optimization. A theorem that is useful in the calculation of these energy
gradients is the Feynman-Hellman theorem [19] [20].

If X\ is any parameter of the system, and H, is the parametrized Hamiltonian,
and the Schrodinger equation is given by,

H\Uy = E\U,, (2.34)
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then, the derivative of the eigenvalue Ey = (U,| Hy |¥,) is given by

OF)
D <‘I’

and so, no derivatives on ¥, need to be evaluated.

OH,
O\

\I/A> (2.35)

o

IR

o

IR

The proof of the Hellmann-Feynman theorem relies on the assumption that
we use an infinite basis set for our calculations. As a consequence, when
comparing numerically computed forces with the Hellmann-Feynman force
for special cases, large discrepancies are observed. The reason is that we
always use a finite basis set to compute the wavefunction .
Consequently,
JE(R) ov | - ~| OW
= = (o [ wa) + (wa || 52 ) + (v U
IR IR ‘ A A IR A A
# <‘If,\ ‘1/A>
So, we need to take the derivative of the wavefunction, ¥ /IR explicitly into
account while using a finite basis. The additional derivatives of the wave-
function contribute to Pulay forces which are defined as the additional force
to the Hellmann-Feynman force due to the derivative of the wavefunction. In
most DFT implementations the pulay forces are also computed along with
the Hellman-Feynman forces.
The next section gives a description of the local density of states and provides
a numerical way to compute it from DFT.
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2.9 Local Density Of States

For any physical system, the density of states (DOS) is defined as the number
of available electronic states within a volume V' per unit energy interval per
unit volume [16]. The density of states is thus defined as,

p(E) = —— (2.36)

where N(E)JE is the number of states in the system of volume V whose
energies lie in the range F to F+ §FE. In general, the density of states of a
system of volume V and N countable energy levels is defined as:

p(B) = 5+ > 8B~ e) (2.37)

where, ¢; is the energy of the i" state.

The local density of states(LDOS) is a space resolved density of states. LDOS
(denoted as p(7, E)) is thus a measure of number of electronic states available
per unit energy per unit volume at a specific point in space.

For a system of non-interacting electrons,

o7 B) = Y 167 PO(E — ) (2.38)

where, ¢;(7) are the single electron wavefunctions. Thus, we sum over each
state such that the contribution from each state is weighted by the density of
that state at that point. In an inhomogeneous system like moiré structures,
LDOS is a more useful quantity, since, p(7, E) contains more information
than p(F). In order to compute the LDOS, we implement,

p(F, B) =Y [ni(P)* 6(E — e) (2.39)

where 1, is a bloch state which is the n'" eigenfunction obtained from the
SCF convergence with crystal wave number £ and the ¢; are the Kohn-Sham
eigenvalues.

Since we do a periodic calculation with the edges of the moiré cell as the pe-
riodic boundary, the eigenfunctions are Bloch states and need to be summed
over k. In this thesis, since we are studying a 2d material, we compute a
further integral over z to obtain p(z,y, F).

oo,y F) =Y / (P 2z S(E — )
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In order to numerically compute LDOS, we implement the formula with a
finite spread approximation of the delta function,

! (£ = 6")2} (2.40)

P(%yaE) = §/|¢n,k(ﬂ|2dz O'\/% €xXp [_T‘Z

In the above equation, since, 1, () and €, are obtained from the Kohn-Sham
equations, the value of €,, does not correspond to the energy expectation of the
wavefunction. Hence, the above equation is an approximation of the actual
LDOS. We use this equation as implemented in CP2K [21]. The quantity
p(x,y, E) is computed for a wide range of E and for every point (x,y) in the
discretized real space within the moiré cell and a 2 X 2 mesh in the k-space.
However, attempting to analyze the LDOS (denoted as p(z,y, E)) at every
single point within the moiré cell is impractical. This is because LDOS near
an atomic nucleus is likely to be very different from one that is away from
any atom.

This inherent small-scale variability poses a challenge, as it obscures the
differences in LDOS due to variations in interlayer alignment across the moiré
structure. To address this, we adopt a systematic approach. We divide the
moiré cell’s area into one hundred discrete bins in a 10 X 10 grid. The LDOS
is then calculated at every point (x,y) in the discretized real space, and then,
we average the LDOS within each bin.

1
/Oavg<xi7yi7E) = Z// p(xaya E)dU (241)
Si

where S; is the i*" bin with area A which is one hundredth the area of the
moiré cell.

Since this binned LDOS is averaged over a region with many atoms, we
can use it to calculate the local valence and conduction band edges for that
region.

2.10 Valence and Conduction Band Edges

In solid state physics, the electrons are in quantum states that are superpo-
sitions of a very large number of atomic orbitals. In the limit of very large
systems, the energy spacing between the multi-atom orbitals become negli-
gibly small. We can thus assume that the electron states form continuous
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bands of energy levels. The band closest to the Fermi level and just below
it is called the valence band while the one just above it is called the conduc-
tion band. The energy gap between the highest point of the valence band
(the valence band edge) and the lowest point of the conduction band (the
conduction band edge) is called the band gap.

In order to find the local band edges for our system from the LDOS, we use
a specific cutoff LDOS, py. The energies for which the bin averaged LDOS
is below this cutoff are disregarded for the calculation of the local valence
and conduction band edges. The reason for this cutoff is that we expect a
certain amount of spreading from quantum mechanics. This causes the states
localized to one region to be found with a very low probability in another
region. This leads to a small contribution to the LDOS in one region due
to the states present in another region which introduces inaccuracies in the
local band edge determination. By imposing this cutoff, we ensure that only
electron states with significant contributions to the LDOS within a given
region are considered for the determination of the local band edges.

Thus, the local valence band maximum (VBM) is the highest value of E
below the Fermi level, for which the binned LDOS is higher than the cutoff,

ie.,
ESunm(zi, ;) = max{E|E < Ep and payg(zi, yi, E) > po} (2.42)

where, Fr is the Fermi energy given by,

1

Er = 3 (emomo + €Lumo)

where egono and er,umo are the KS-DFT eigenvalues for the highest occupied
molecular orbital and the lowest unoccupied molecular orbital respectively.
Likewise, the local conduction band minimum (CBM) is the lowest value of E
above the Fermi level, for which the binned LDOS is higher than the cutoff.

Efv (@i, yi) = min{E|E > Ep and pavg(®i, yi, E) > po} (2.43)

Once the VBM and CBM are determined for each of the bins, the local band
gap can then be calculated as the difference between them, i.e.,

EéOAP - Eé(])BM - E<)/OBM (2-44)

In this thesis, all our DFT calculations are done using CP2K [21] with atomic
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centred gaussian basis sets. We used the DZVP (Double Zeta Valence Po-
larization) basis set [section 2.7| for all geometry optimization calculations.
We used the TZVP (Triple Zeta Valence Polarization) basis set [section 2.7]
for LDOS calculations. For the calculations of LDOS, we divide the k-space
into a 2 X 2 mesh and sum over each point. For the calculation of the local
valence and conduction band edges, we used a cutoff of py = 1eV~"'nm—2
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Chapter 3
Results-I: VBM And CBM

In this chapter and the next, we discuss the results obtained during the dura-
tion of the research conducted on the H-stacked TMD moiré structure made
of MoSe; and WSe,. We begin by presenting the results of the LDOS calcula-
tions conducted and the differences of the LDOS at different stacking regions
of the moiré cell. We use the LDOS obtained to calculate the band edges and
band gap for this system. We then describe the band edge surfaces obtained
from this calculation. Finally, we show that the extent of the variation in
the band edges, which is a measure of the moiré potential increases with the
moiré length. We shall study the causes and parametric dependence of this
variation in the following chapter.

3.1 Overview Of The System

As described in the first chapter, the system under study is the moiré struc-
ture made by overlaying MoSe; on WSes,. In order to study this material, we
prepare moiré cells with various angles (and thus moire lengths). The exact
mathematics used to construct the moiré cell is described in the appendix
section A.1. Each moiré cell is comprised of two layers of TMD layers, one
of MoSe; and one of WSe,. Since each TMD layer comprises of one layer of
metal atoms (W or Mo) in between two layers of nonmetal atoms (Se), in
effect, we have six layers of atoms of various types.

Each of the TMD layers is constructed using cell parameters that are DFT
optimized for the TMD monolayer from the Computational 2D Materials
Database (C2DB) [22] [23]. Each of six atomic layers are completely flat
since the atoms each have the same Z component of position. It is known
from spectroscopy experiments that the moiré structure prepared from these
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TMDs have a non-trivial height variation [1]. Thus, we expect the atoms to
move around in the lattice when the system is prepared.

In order to find the positions of atoms in these systems, we perform a ge-
ometry optimization calculation for the moiré cell using DFT with the PBE
functional and gaussian DZVP basis [24]. During the geometry optimization,
we do not optimize the cell length of the moiré cell since the unoptimized
structures are made using the DFT optimized lattice parameters for each
of the TMD layers. Using the geometry optimized moiré cell, we perform a
DFT calculation to obtain the ground state density function using the PBE
functional and TZVP. We use this to find the local density of states as de-
scribed in section 2.9.

We present the results of the LDOS calculations and interpret them and
discuss the causes of the band edge variations obtained.

3.2 Local Density of States

As described in 2.9, we divide the moiré cell into a hundred regions called
bins. We then calculate the LDOS for every point in the moiré cell, integrate
over the z-axis and average over each of the bins as described in equation
(2.41). The bin averaged LDOS plots for two regions within a moiré cell are
shown in figure 3.1.
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Figure 3.1: LDOS plots at two different regions of the moiré cell
Figure (a) shows the structure of the moiré cell with 2010 atoms divided into
100 bins. The LDOS is calculated at every point in the cell, integrated over
the z-axis and averaged over each bin.

This bin-averaged LDOS is shown for two bins highlighted in magenta and
red in figure (b) and (c). The magenta spot is in the HY region while the
red spot is in the Hy region. The energy scale in (b) and (c) is set to zero at
the Fermi level.

The red line in (b) and (c) is the cutoff LDOS at 1eV 'nm~2. The points
where the ends of the line meet the LDOS plots are the valence and conduc-
tion band edges and the length of the red line is the band gap.

As explained in section 1.2, each H-stacked moiré cell has three stacking
regions called Hyf, HY and HX regions. As depicted in figure 3.1, our analysis
shows us that there is notable disparity in the local density of states across
various regions within the moiré cell. The local VBM is 3.40 eV on the red
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sport, and 3.28 €V on the magenta spot. This is a difference of about 120
meV which is called the moiré potential. The CBMs are 4.46 ¢V and 4.44 eV
on the red and magenta spots respectively with a difference of 20meV which
is not very high. The band gaps are 1.05 ¢V and 1.17 ¢V on the red and
magenta spots respectively with a band gap difference of about 120 meV.
These values show quite clearly that the band edges vary quite significantly
in the different regions of the moiré cell.

In the following section, we shall further examine the spatial variability of
the band edges.

3.3 Local Band Edge Variation

We utilize the band edges derived from each of the 100 bins (section 2.9)
using equations (2.42) and (2.43) and use cubic interpolation to extrapolate
these edges across the entire moiré cell. Similarly, we can construct band gap
surfaces using the band gap values calculated using equation (2.44).

Since we know the average LDOS for every bin, we can assign this value at
the center of the bin. We then use cubic interpolation to estimate the bin
averaged VBM, CBM and band gap at other points. That is, we estimate
what they would have been if we calculated their values by using a bin
averaged LDOS with a bin centered at that point. This process enables us
to construct band edge surfaces for both the conduction and valence bands.
The band edge surfaces thus obtained are shown in figure 3.2.

Figures 3.2a and 3.2b show us the spatial distribution of both the conduction
and valence band edges within the moiré structure. Notably, these band edges
exhibit spatial variation across the surface. Furthermore, discernible small
domains emerge where the band edge values remain relatively constant. This
spatial heterogeneity arises from the variation of local atomic arrangements
and electronic properties within the moiré cell.
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Figure 3.2: Local band edge and local band gap maps for TMD moiré cell
with 2010 atoms, po = 1leV ™ 'nm~2

We now present the band edge results for another moiré cell with 1839 atoms
and a twist angle of 3.2°.
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Figure 3.3: Local band edge and local band gap maps for TMD moiré cell
with 1839 atoms, py = 1eV ™ 'nm 2

We see that qualitatively, the valence band and conduction band edges and
the local band gap form a similar pattern for a different moiré length. Quan-
titatively, we see that the extent to which the local band edges vary are quite
different.

The patterns we observed in our band edge calculations look quite similar to
the ones observed in the experiments as shown in 3.4.
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Figure 3.4: Experimentally determined band edge maps (taken from [1])

One significant difference is that the valence band edge maximum and the
conduction band edge minimum occur in the same region in the experiment
while in our calculations, we see that they occur in different places (with a
shift). Another difference is that in the experiment, the moiré wavelength is
not consistent across cells. The moiré wavelength interpolates continuously
between a minimum of 5 nm to greater than 20 nm while our study is limited
to moiré cells with wavelength only up to 6 nm.

3.4 Dependence on moiré length

We repeated the calculations of the LDOS and band edges for several systems
by varying the twist angle to get moiré cells of varying moiré lengths. We
found that the extent of the variation in the local valence edge, conduction
edge and the bandgap depended on the moiré length as shown in 3.5.
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Figure 3.5: Variability of the band gap and band edges as a function of the
moiré length

Our finding is that, the larger the moiré length, the larger is the extent of
the moiré potential. In the experiment presented in [1], they found that the
moiré potential increases with the moiré wavelength and reaches a maximum
at around 12 nm as shown in figure 3.6. Thus, our result is in agreement with
the experimental data (although, in the experiment they have not studied
this for the structures with moiré wavelength smaller than 6 nm which is the
moiré wavelength of our largest structure).
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Figure 3.6: Moiré potential as a function of moiré wavelength ex-
tracted from spectroscopic imaging experiments. Solid lines are fifth-order
fits to the data. Taken from [1]

3.5 Discussion

This section provides a summary and discussion of the results presented in
this chapter.

We saw in section 3.2 that the moiré structures we constructed and geometry
optimized did not have the same LDOS at different regions of the moiré cell.
We computed the conduction and valence band edges using the LDOS and
obtained band edge maps for the system. We saw that different regions of the
moiré cell with varying interlayer alignments had different local band edges.

The variation in the low energy electronic structure can be modelled as the
consequence of a spatially varying potential imposed on a single layer. This
spatially varying potential is called the moiré cell. The extent of the variation
of the band edges is thus a measure of the strength of the moiré potential.

In order to study the moiré potential, we used the band edges obtained to
construct a band edge map using cubic interpolation. The band edge map
thus obtained has several interesting features. The valence band edge map
showed us that the moiré cell had large patches with a very high valence
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band edge and small triangular regions with a low valence band edge. The
conduction band edge on the other hand had patches with a very low band
edge and small regions with very high conduction band edge. We also see
that the regions with the large patches in the valence and conduction band
are distinct. This means that the region with the conduction band minimum
does not coincide with the region of valence band maximum.

Comparing with the structure shown in figure 3.2d we see that the three
alignment types described in section 1.2 have three different regimes for con-
duction and valence band edges.

The band edge minima and maxima occur as follows:

1. The H}] region (on the corners of the inscribed rhombus) is the valence
band minimum and the conduction band minimum.

2. The H% region (also called the Hé\g region) which is visibly the lightest
in the structure as seen in figure 3.2d has the valence band maximum
and the conduction band minimum.

3. The Hx region has one of the valence band minima and a a moderately
high value of conduction band. This region is lighter blue in the con-
duction band edge map in figure 3.2b and brown in the valence band
edge map in 3.2a. This region has the highest band gap.

Notice that the lowest band gap does not occur in any of the regions listed
but in between the Hy and HY regions. The rectangular regions that sepa-
rate the Hyj and HY regions are domain walls of transition stacking usually
called solitons or strain solitons.

We performed this analysis for 10 structures with various lengths and angles
and found that the strength of the moiré potential increases with increasing
moiré length as shown in figure 3.5 which was in agreement with the experi-
ment in [1] (figure 3.6).

In the following chapter, we shall probe the causes for the large spatial vari-
ability in the band edges and the reason for the increase in the moiré potential
with increasing moiré length.
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Chapter 4

Results-11: Altering The
Structures

So far, we have seen that the valence and conduction band edges vary greatly
in space. We have also seen that the extent of variability, which indicates
the strength of the moiré potential, increases with the moiré length. The
moiré potential could be due to the internal strain in the TMD layers or it
could be due to differences in the interlayer coupling. We shall now probe
the reason and parametric dependence of this variability. The way we do
this is by altering the structure of the moiré pattern and examining the
variation in the conduction and valence band edges. In this chapter, we shall
summarize and discuss the results obtained by performing our analysis on
altered structures.

4.1 Band Edge Variations For The Structures
Without Geometry Optimization

In this section, we present the results for the calculations of the band edges
obtained from LDOS calculations for the structures without geometry op-
timization. For such structures, there is no in-plane strain and there is a
constant inter-layer gap. The two TMD layers have the same structure as
they would have in the absence of the other layer since they each layer simply
assumes the structure of the TMD monolayer.
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Figure 4.1: Band edge and band gap variations for the cases with and
without geometry optimization Figure (a) and (b) compare the extent
of the variation in the valence band edge and the conduction band edge with
and without geometry optimization. Figure (c) compares the extent of the
band gap variation in the two cases.

As we can see in figure 4.1, the extent of the band edge variation and the band
gap variation is negligibly small and non-increasing for the structures without
geometry optimization compared to the geometry optimized structures.

We thus conclude that the geometry optimization changes the structures in
a way that increases the variation in the band edges. We hypothesize that
the extent of the change from geometry optimization is also dependent on
the moiré length and thus, larger the moiré length, greater is the geometry
alteration and thus greater is the extent of the variation.

One of the changes that the geometry optimization causes is the variation in
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the interlayer gap as shown in figure 4.2.
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Figure 4.2: Variability of the interlayer separation for a moiré structure
with 2010 atoms

Let us now examine the extent of the interlayer gap variation in the geometry
optimized structures as a function of the moiré length for the 10 different
moiré cells with different values of moiré length as shown in figure 4.3.
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Figure 4.3: Variability of the interlayer separation as a function of moiré
length
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We find that the extent of the interlayer gap variation increases with increas-
ing moiré length. We can thus hypothesize that the variation in the interlayer
gaps is the cause of the band edge variation.

In order to test our hypothesis, we perform the LDOS and band edge calcu-
lations for the structures after altering them to eliminate height variations
as described in the following section.

4.2 Flattened Geometry

In order to test our hypothesis, we alter the geometry optimized moiré cell
as follows:

1. We divide the cell vertically into the 6 atomic layers, 4 of non-metals
and 2 of metals.

2. We then average over the Z position of all the atoms for each of the
layers.

3. Finally, we replace the Z position of each of the atoms with the average
7 position for that layer, effectively flattening each layer.

We use this altered geometry to compute the ground state electron density
and calculate the LDOS. We measure the band edges and the band edge
variation for each of the systems. The band edges for this altered system
and the original geometry optimized system are plotted in figure 4.4.
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Figure 4.4: A comparison of the band edge and band gap variations for the
cases without geometry optimization and with and without interlayer gap
variation

We see in figure 4.4 that the flattened geometry has a significantly different
valence edge variation and thus a different band gap variation. However, we
see that the effect of the flattening on the conduction band edge is minimal.

4.3 In-Plane Frozen Geometry

The other way in which we can alter the geometry optimized cell is by freezing
the motion of the atoms in-plane while allowing motion in the Z direction.
We do this by replacing the X and Y values of the atomic position of each of
the atoms with the X and Y values of the geometry optimized unit cell. The
band edge variation for these altered systems are plotted in figure 4.5.
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Figure 4.5: A comparison of the band edge and band gap variations for all
the four cases

We see that in the case of the valence edge variation, all three systems show
similar values for all structures. However, for the conduction edge variation,
the effect of freezing in-plane motion is very significant.

4.4 Discussion

In this chapter, we saw that the band edge variations observed in our TMD
moiré structure were significantly smaller for the structures if no geometry
optimization was performed. We therefore learnt that the alteration in the
geometry in each layer due to the presence of the other layer is a major
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contributor to the moiré potential. In order to further understand the ex-
act nature of the moiré potential’s dependence on the geometry, we altered
the structures by freezing the atomic in-plane motion while allowing height
variations in one case and by flattening the structure while allowing in-plane
motion in another case.

By doing so, we were able to find out whether the internal strain, or the
interlayer coupling are the dominant factors in determining the spatial con-
duction edge variation and valence edge variation for each of the moiré cells.
We see that the conduction edge variation has been very nearly zero for all the
structures with frozen in-plane motion while flattening the structure had no
effect on the conduction edge variation. We thus conclude that the in-plane
strain is significantly more important in determining the moiré potential for
the conduction band than the interlayer coupling.

On the other hand, in the case of the valence edge, however, we see that
the effect of freezing in-plane motion led to a small change in the effect of
the moiré potential while flattening the geometry reduced the effect of the
moiré potential significantly as seen in figure 4.5a. We therefore conclude
that in-plane strain and interlayer coupling affect the spatial variation of the
conduction and valence band edges differently and to a different extent.

No experimental data exists for the computational results presented in this
chapter as it requires precise control of the positions of all the atoms and
such alterations to the TMD moiré structures have not been performed.
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Chapter 5

Conclusion And Future Direction

In this thesis, we studied transition metal dichalcogenide moiré structures
made by overlaying MoSe; on WSe,. Each of the structures was studied by
constructing the moiré cell and using geometry optimization to obtain the
optimal structures and performing density functional theory calculations to
get the local density of states (LDOS). We used the LDOS obtain the local
conduction band maxima and valence band minima at various locations in
the moiré cell. We found that there is significant difference in the band edges
at different locations of the cell. Using the local band edges we obtained the
band edge maps which showed that the band edge variation is of the order
of 100 meV.

When we repeated this procedure for 10 different moiré cells, each with a
different moiré length, we saw that the extent to which the band edges vary
in space, which is a measure of the moiré potential, increases with the moiré
length. Therefore, we see that the moiré potential is much stronger for struc-
tures with a larger moiré length.

In order to probe the structural causes for the moiré potential, we calcu-
lated the LDOS and local band edges for the moiré cells without first doing
geometry optimization. When we did this, we saw that the extent of band
edge variation decreased significantly to an order of 10 meV. We therefore
conclude that geometry optimization changes the structures in a way that
greatly increases the moiré potential.

We can divide the motion of the atoms during geometry optimization into
two components: out of plane motion (in the z direction) and in-plane mo-
tion (in the xy plane). In-plane motion changes the in-plane strain in the
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lattice and out of plane motion changes the interlayer coupling.

In order to probe which of these two structural effects more significantly affect
the conduction and valence band edges, we altered the geometry optimized
structures and obtained the LDOS for these altered structures. We altered
the structures in two ways. In the first case, we flattened the structure by
replacing the z value of every atom by the average z value of that atomic
layer. In the second case, we froze in-plane motion by replacing the x and y
value of the position of every atom by the x and y value of the position of
the unoptimized structures.

When we performed LDOS calculations, in the case of the flattened struc-
tures, we saw nearly no change to the extent of the variation in the conduction
band edge while the extent of valence band edge variation decreased signif-
icantly. In case of the frozen in-plane motion, we saw that the conduction
edge variation became as small as the case with no geometry optimization
while the valence band edge variation was not significantly affected (espe-
cially for the smaller structures).

We thus conclude that spatial variation in the in-plane strain and not the
interlayer coupling is the most important structural contributor to the con-
duction band edge. For the valence band edge, the variation in the interlayer
coupling contributes to the band edge variation significantly more than the
in-plane strain.

In this thesis we found that for the geometry optimized structures, the vari-
ation in the band edges, which is a measure of the moiré potential, is of the
order of 100 meV, while for the same structures without geometry optimiza-
tion, we obtain a moiré potential of the order of 10 meV.

Experimental observations reveal the moiré potential to be of the order of 100
meV [1]. Moiré potentials of such a large magnitude are referred to as ’deep
moiré potentials’ [1]. Previous studies that do not include lattice relaxation
effects (such as [25]) calculate a ’shallow’ moiré potential of the order of 10
meV.

It is known from experiments that moiré structures undergo a significant
amount of atomic relaxation [26]. In this thesis, we have compared the moiré
potential for the same structures with and without geometry optimization
and confirmed that atomic relaxation significantly increases the moiré poten-
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tial. We have thus confirmed recent theoretical works like [3] and [4] which
calculate ’deep’ moiré potentials of the order of 100 meV.

We also obtained band edge maps from the LDOS computations and found
that the extent of variation and shapes of the regions of high valence band
maximum and low conduction band minimum were similar to the ones ob-
served in [1]. One major discrepancy observed between our calculations and
the experimental data (from [1]) is that, in our work, we saw that the re-
gions of low conduction band minimum and the regions of high valence edge
maximum do not occur at the same region, unlike in the experiments (figure
3.4) where they are overlapping.

Finally, our study also agreed with the experiment that the strength of the
moiré potential increases with increasing moiré wavelength. However, in the
experiment, the smallest moiré cells had a wavelength of 6nm which is the
length of the largest cell we studied. This points to a need for computational
methods and tools that enable dft calculations for structures with several
thousand atoms in the unit cells.

From the work presented in this thesis, we can conclude that the technique
established in this investigation is applicable for computing the moiré poten-
tials in transition metal dichalcogenide bilayers. Moreover, we can employ
this approach to address particular inquiries regarding the parametric influ-
ence of the moiré structure on the moiré potential which is either extremely
difficult or impossible to do in experiments.

This method can be used to better examine the moiré potential and the be-
haviour of excitons for future work. In the structures that we studied, we
found that the valence band maximum and the conduction band minimum
are located at different regions of the moiré cell. This can lead to excitons
with the electron and the hole spatially segregated in the moiré cell as de-
scribed in [13| which must be further studied in the future.
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Appendix A

Additional data

A.1 Mathematics of Moiré Patterns

In order for two lattices to form a moiré pattern, we need the two lattices to
form a larger pattern with agreement between the lattices at regular intervals.
The moiré pattern effectively forms a much larger unit cell for the combined
two-layer system called the “moiré cell”.

To form a moiré pattern, a linear combination of the lattice vectors of one
layer needs to be equal to a linear combination of the lattice vectors of another
layer.

Let d@; and dy be lattice vectors of the lower (WSes) lattice and let 51 and 52
be the lattice vectors of the upper (MoSe,) lattice.

The required condition can then be expressed as:
nla_[l + 71252 = mlgl + m252 (Al)

where, nq, ng, my, and my are integers.

Let [, and [, be the lattice constants of WSe; and MoSe; monolayers without
strain.

Let r = I,/l, be the ratio between the two lattice constants.

If [} is the lattice constant of the MoSe, layer with strain, define s = [} /I
Let R(0) be the active rotation operator in two dimensions where 6 is the
twist angle of this moiré pattern.

Therefore, we can express 51 and 62 in terms of @; and @, as follows:
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And since for a honeycomb lattice, the angle between the two lattice vectors
is /3,
™

= (5)a

Therefore, we can express ds, by and by in terms of a;.

- T\ -

% =h(3)a

51 =rsR (6) d’l

52 =rsR (9+ g) 61
Equation (A.1) may be written as:

nlc_il + ngR <g) 61 :rsmlR (9) 61
+ Tsng 0 + g) (71
Therefore,

e (3) =m0 o (o4)

This is a matrix equation. Equating the entries gives us:

ny + na R cos (g) = rsmy cos (6) + rsmq cos (0 + g)

nzfsin (g) = rsmy sin (0) 4 rsmy sin (9 + %)

The above equations can be solved to find rs and # in terms of ny, na, my

and mo.
We find:
/N3 + nyng + n}
rs =
\/m% + mymg + m3
and,

f = tan <—\/§n2/2 ) — tan™! <—\/§m2/2 )

n1+n2/2 m1—|—m2/2
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Expressing b; and by as a linear combination of d@; and as,

- 1 2
b =7rs|cos@ — —sinf |d; +rs| —sinf | a
' ( V3 ) ' (\/5 ) ’

- 2 1
by =rs| ——=sinf | a; +rs|cosf + —sinb | a.
= (g0 s (cost o) 2

Or,
- 2rs 2m
by=—|sin(0+—]a in (6 a
1 \/5{8111( + 3)a1+sm( —|—7r)a2]
o 2rs . . T o
by = ﬁ [sm (0 + ) @, + sin (9—1— §> CL2:|

Since we are looking for moiré structures with large patches where atoms

have similar alignment, we need rs ~ 1 and small values of 6.

Now, we can choose various values of ny, ng, m; and msy that give us appro-
priate values of s and # and the moiré¢ length. Once we know that the strain
and theta values are acceptable, we can then use a3, b, and bg expressed in

terms of a7 to construct the moiré supercell.

51



	Moiré Structures
	Moiré Pattern
	Transition Metal Dichalcogenide Bilayers
	Exciton Dynamics in Moiré Patterns

	Density Functional Theory
	The Many Body Problem
	The Electron Density
	Hohenberg-Kohn Theorems
	Kohn-Sham DFT
	Self-consistent Field Cycle
	Exchange-Correlation Functional
	Basis Sets
	Geometry Optimization
	Local Density Of States
	Valence and Conduction Band Edges

	Results-I: VBM And CBM
	Overview Of The System
	Local Density of States
	Local Band Edge Variation
	Dependence on moiré length
	Discussion

	Results-II: Altering The Structures
	Band Edge Variations For The Structures Without Geometry Optimization
	Flattened Geometry
	In-Plane Frozen Geometry
	Discussion

	Conclusion And Future Direction
	References
	Additional data
	Mathematics of Moiré Patterns


