
Shape Optimization Problems on
Polygons

A Thesis

submitted to

Indian Institute of Science Education and Research Pune

in partial fulfillment of the requirements for the

BS-MS Dual Degree Programme

by

Sriram V

Indian Institute of Science Education and Research Pune

Dr. Homi Bhabha Road,

Pashan, Pune 411008, INDIA.

April, 2024

Supervisors: Dr. Anisa Chorwadwala and Dr. Sheela Verma

© Sriram V 2024

All rights reserved





Certificate

This is to certify that this dissertation entitled Shape Optimization Problems on Polygons

towards the partial fulfilment of the BS-MS dual degree programme at the Indian Institute

of Science Education and Research, Pune represents study/work carried out by Sriram V

at Indian Institute of Science Education and Research under the supervision of Dr. Anisa

Chorwadwala, Associate Professor, Department of Mathematics and Dr. Sheela Verma,

Assistant Professor, Department of Mathematics, Indian Institute of Technology (BHU),

Varanasi during the academic year 2023-2024.

Dr. Sheela Verma Dr. Anisa Chorwadwala

Committee:

Dr. Anisa Chorwadwala

Prof. Murali Krishna Vemuri

Dr. Sheela Verma

May, 2024.

Anisa Chorwadwala
May, 2024.





This thesis is dedicated to IISER Pune





Declaration

I hereby declare that the matter embodied in the report entitled Shape Optimization

Problems on Polygons are the results of the work carried out by me at the Department of

Mathematics, Indian Institute of Science Education and Research, Pune, under the

supervision of Dr. Anisa Chorwadwala and the same has not been submitted elsewhere for

any other degree. Wherever others contribute, every e↵ort is made to indicate this clearly,

with due reference to the literature and acknowledgement of collaborative research and

contributions.

Sriram V

20191014





Acknowledgments

I express my sincerest gratitude to my supervisors, Dr. Sheela Verma and Dr. Anisa Chor-

wadwala for their unconditional support throughout the whole project. They were instru-

mental in helping me develop the skills to tackle research problems in the future. I thank

Prof. Murali Krishna Vemuri for his insights and suggestions regarding the project. I thank

my friends at IISER Pune for their constant support throughout this journey.

I take this opportunity to acknowledge the financial support through the KVPY Fellow-

ship by the Department of Science and Technology (DST), Govt. of India.

ix



x



Abstract

In this thesis, we aim to study the Pólya -Szegö conjecture, which states that the regular

polygon with n sides and fixed area minimizes the first Dirichlet eigenvalue among the family

of simple polygons with n sides in R2 and fixed area for n � 3. The conjecture for the cases

n = 3, 4 was solved using Steiner symmetrization [15]. However, Steiner symmetrization

fails to prove the conjecture when we consider n � 5. In 2022, Beniamin Bogosel and Dorin

Bucur showed that the proof of the conjecture for n � 5 can be reduced to a finite number

of numerical computations, assuming that the conjecture is true. They used the theory of

shape derivatives and the finite element method to prove the local minimality of the regular

polygon with a fixed area. They use surgery arguments further to prove the global minimality

of the regular polygon with a fixed area.
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Chapter 1

Introduction

Shape optimization problems involve optimizing a shape functional J , defined as

J : O 7! R

where O is the family of open subsets of Rn (n = 1, 2, . . . ). Without loss of generality, we also

consider a subfamily of open subsets of O. These problems are inspired by natural phenom-

ena like the shapes of drops, soap bubbles and circular drums. For example, a free-floating

soap bubble will always be spherical because the bubble minimizes its surface area. More

specifically, in cases like the bee honeycomb, polygonal structures arise as the optimal shapes

[9]. In our case, we are specifically interested in studying the problems involving the shape

functional, �1, the first eigenvalue of the Laplace operator with Dirichlet boundary condition.

The classical eigenvalue problem for the Laplace operator � = @2/@x2
1 + · · ·+ @2/@x2

n in

an open connected bounded domain ⌦ ⇢ Rn has been studied extensively. The spectrum

of the Laplace operator is known to be discrete, consisting of non-negative real eigenvalues

converging to infinity. Laplacian eigenfunctions are of special interest to research since they

appear in various physical scenarios. For example, they appear as electron wave functions

in quantum waveguides and as vibration modes in acoustics. The drum frequencies of a thin

membrane (a drum) are proportional to
p
�m, where �m are the Dirichlet eigenvalues of the

Laplacian[26]. The results in [18] discuss the various properties of Laplacian eigenvalues and

eigenfunctions.
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One of the most celebrated results in this direction is the Faber - Krahn inequality, which

states that the ball of volume c minimizes the first Dirichlet eigenvalue among all bounded

sets of volume c, where c > 0, c fixed. The inequality motivates us to consider the prob-

lem of minimizing the first Dirichlet eigenvalue over a class of subsets, P , of O (class of

open domains of Rd). Let us consider P = Pn, where Pn is the set of polygons with at

most n sides in R2. Because the ball is the most symmetric domain among all domains of

fixed area, it was conjectured by Pólya and Szegö [15] that the regular n-sided polygon is

the minimizer of the first Dirichlet eigenvalue over the class of polygons with at most n-sides.

For n = 3, 4, it was proven that the equilateral triangle and the square minimize �1 over

the set of all triangles and quadrilaterals, respectively[15]. The proof uses the Steiner sym-

metrization method, which when applied to an arbitrary triangle converges to an equilateral

triangle. Similarly, when Steiner symmetrization is applied to an arbitrary quadrilateral, it

converges to a rectangle. However, when Steiner symmetrization is applied to an arbitrary

polygon with n � 5, it produces a sequence of polygons with n + 1 sides. But a polygon

with n+ 1 sides is non-admissible in the set Pn (Pn is the family of simple polygons with n

sides in R2). This implies that Steiner symmetrization fails in the case n � 5.

In 2022, Beniamin Bogosel and Dorin Bucur showed that the proof of the conjecture for

n � 5 can be reduced to a finite number of numerical computations [5]. We study the proof

of the following main theorem proved in [5].

Theorem For every n � 5, the proof of the Pólya - Szegö conjecture can be reduced to a

finite number of numerical computations, provided that the conjecture is true.

It is important to note that we prove the above theorem under the assumption that the

conjecture is true! The conjecture remains unsolved.

The thesis is organised as follows:
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Chapter 2 begins with a study of the properties of Sobolev spaces, the Laplace operator

with Dirichlet boundary conditions, the theory of shape derivatives (required for the study of

shape functionals like �1) and the theory of the Finite element method (required for estima-

tion). Using the definition of the linear second-order elliptic operator and the first Dirichlet

eigenvalue, we also study methods for finding lower and upper bounds for �1. Finally, we use

Steiner symmetrization and Schwarz rearrangement to prove the Faber-Krahn inequality for

triangles, quadrilaterals and general domains respectively. We will be brief with the proofs

in this chapter.

Chapter 3 deals with the study of the shape derivatives of �1. We find the explicit ex-

pression of the derivative of �1 for a general domain ⌦.In particular, we define a perturbation

field ✓ for polygons and find the expression of the derivative of �1 for a polygon. Using the

expressions of first-order derivatives of �1 in the above cases, we find the explicit expression

of second-order derivatives of �1 for general domains and polygons. We conclude the chapter

by finding the modulus of continuity of the coe�cients of the shape Hessian matrix of �1.

In Chapter 4, we study the eigenvalues of the shape Hessian matrix of the functional

|P |�1(P ), where P 2 Pn, |P | denotes the volume of P and �1(P ) denotes the first Dirichlet

eigenvalue of P . We use finite element methods to approximate the eigenvalues and find

intervals containing the eigenvalues.

Chapter 5 starts with the results of the numerical simulations performed using the finite

element method studied in Chapter 3 for some values of n. We also study a detailed procedure

to prove the global minimality of the regular polygon to prove the conjecture.

Original Contributions: This thesis has no claims to any new results by the author.

It is a literature review on the development made so far in an attempt to prove the Pólya -

Szegö conjecture posed in the year 1951. The emphasis is on a clear, organised presentation

of the literature. A sketch of the proof of the conjecture for n = 3, 4 is presented. We

also give a clear derivation of the explicit estimates for eigenvalues and eigenfunctions of the

Dirichlet Laplacian for the case n � 5. In the year 2022, Beniamin Bogosel and Dorin Bucur

showed that the proof of the long-standing conjecture can be reduced to a finite number of

numerical computations, provided the conjecture is true [5]. This thesis is an attempt to
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explain this long proof. This also means that the conjecture remains unsolved.
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Chapter 2

Preliminaries

2.1 Sobolev spaces

The primary references for this subsection on Sobolev spaces are [8],[34] and supplemented

by [31],[28].

Notation Let us denote C1
c (⌦) to be the space of infinitely di↵erentiable functions

� : ⌦ 7! R with compact support in ⌦. We define the space L1
loc(⌦) by

L1
loc(⌦) :=

�
� : ⌦ 7! R measurable | �|⌦ 2 L1(⌦), 8⌦ ⇢ ⌦, ⌦ compact in ⌦

 
.

Definition 2.1.1. Let u, v 2 L1
loc(⌦) and ↵ be a multi-index. We define v as the ↵-th weak

partial derivative of u,denoted by,

D↵u = v,

if the condition Z

⌦

uD↵� dx = (�1)|↵|
Z

⌦

v� dx,

holds for all � 2 C1
c (⌦).

Definition 2.1.2. Let k be a nonnegative integer and p � 1.The Sobolev space of index (k, p)
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is defined by

W k,p(⌦) := {v 2 Lp(⌦) | D↵v 2 Lp(⌦) for all |↵|  k},

where D↵v denotes the ↵-th weak partial derivative of v.

We define the function k.kk,p on the space W k,p(⌦) by

kvkpk,p :=
X

|↵|k

kD↵vkpp,

where k.kp is the standard Lp norm. It is immediate to see that the function k.kk,p is a norm

on the space W k,p(⌦). The space W k,p(⌦) is the closure of C1(⌦) with respect to k.kk,p. We

denote the closure of C1
0 (⌦) with respect to the same topology by W k,p

0 (⌦). For p = 2, we

define the space Hk(⌦) := W k,2(⌦). Similarly, we denote W k,2
0 (⌦) by Hk

0 (⌦).

Example We consider the Heaviside function

H(x) =

8
<

:
1 x � 0

�1 x < 0

restricted to (�1, 1). The weak derivative of H(x) is the delta distribution, which is not

integrable. Therefore H /2 H1((�1, 1)).

It is important to note that W k,p(⌦) is a Banach space with respect to the norm k.kp
and Hk(⌦) is a Hilbert space with the inner product defined by

(u, v) :=
X

|↵|k

(D↵u,D↵v),

where

(D↵u,D↵v) =

Z

⌦

D↵u D↵v dx.

Definition 2.1.3. For 0 < s < 1 and 1  p < 1, we define

W s,p(⌦) =

⇢
u 2 Lp(⌦) :

Z

⌦

Z

⌦

|u(x)� u(y)|p
|x� y|n+sp

dx dy < 1
�
.
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The spaces W s,p(⌦) are said to be fractional order Sobolev spaces and would be useful

for studying the regularity of solutions of partial di↵erential equations that arise later.

Definition 2.1.4. For k 2 N, we define W�k,p(⌦) as the dual space of W k,p0

0 (⌦) where p0 is

the conjugate of p i.e, 1/p+ 1/p0 = 1

Similarly, we define W�k,2(⌦) = H�k(⌦) = (Hk
0 (⌦))

0 and we define the norm k.k�1 on

H�1(⌦) by

kfk�1 = sup
v2H1

0 (⌦)

hf, vi
kvk1

for f 2 H�1(⌦).

The following result on embeddings of Sobolev spaces connects the ideas of smoothness

using ‘classical’ and ‘weak’ derivatives.

Theorem 2.1.1. Let 1  p  1, k 2 Z+ and ⌦ be a bounded Lipschitz domain in Rn.

Case 1. kp < n

W k,p(⌦) ,! Lq(⌦),with
1

q
=

1

p
� k

n
.

Case 2. kp = n

W k,p(⌦) ,! Lq(⌦), for all q 2 [1,1).

Case 3. kp > n

W k,p(⌦) ,! C(⌦).

Corollary 2.1.1. Let ⌦ ⇢ R2 be a Lipschitz domain. Then we have

H1(⌦) ,! Lp(⌦),

for all p.
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2.2 Partial di↵erential equations

The primary reference for this subsection is [22].

Let us consider bounded functions aij, i, j = 1, . . . , N , defined on ⌦ that satisfy the

assumption:

There exists c > 0, such that 8⇠ = (⇠1, ⇠2, . . . , ⇠N) 2 RN 8x 2 ⌦,

NX

i,j=1

aij(x)⇠i⇠j � c|⇠|2, (2.1)

where |⇠| = (⇠21+⇠
2
2+ · · ·+⇠2N)1/2 denotes the Euclidean norm of ⇠. The assumption (2.1)

is called the uniform ellipticity assumption. We also assume that aij satisfy the condition:

8x 2 ⌦ and 8i, j, aij(x) = aji(x). (2.2)

Let a0 be a bounded function defined on ⌦.

Definition 2.2.1. The linear elliptic operator L is defined on H1(⌦) by:

Lu := �
NX

i,j=1

@

@xi

✓
aij(x)

@u

@xj

◆
+ a0(x)u. (2.3)

Here, derivatives are understood as distributions.

An example of a linear elliptic operator is the Laplacian:

��u := �
NX

i=1

@2u

@x2
i

. (2.4)

Definition 2.2.2. Let f 2 L2(⌦).We define by u a solution of the Dirichlet problem

Lu = f in ⌦,

u = 0 on @⌦ (2.5)

8



if u is the unique solution of the variational problem

8
<

:
u 2 H1

0 (⌦) and 8v 2 H1
0 (⌦),

PN
i,j=1

R
⌦ aij(x)

@u
@xi

@v
@xj

dx+
R
⌦ a0(x)u(x)v(x)dx =

R
⌦ f(x)v(x)dx.

(2.6)

We denote by AL the linear operator defined by:

AL : L2(⌦) ! H1
0 (⌦) ⇢ L2(⌦).

f 7! u the solution of (2.6). (2.7)

We refer to the spectral theorem for self-adjoint, compact, positive operators on Hilbert

spaces without proof:

Theorem 2.2.1. [38] Let H be a separable Hilbert space of infinite dimension and T a

positive, self-adjoint, compact operator on H. Then, there exists a sequence of real positive

eigenvalues (µn), n � 1 converging to 0 and a sequence of eigenvectors (xn), n � 1, defining

a Hilbert basis of H such that 8n, Txn = µnxn.

In our case, we consider H = L2(⌦) and the linear operator T = AL. We prove that the

operator AL is self-adjoint, compact, positive:

Let f 2 L2(⌦) and u = ALf be the solution of (2.6). We have

(f, ALf) =

Z

⌦

f(x)u(x)dx =
NX

i,j=1

Z

⌦

aij(x)
@u

@xi

@u

@xj
dx+

Z

⌦

a0(x)u
2(x)dx.

The condition (2.1) and the fact that a0(x) is positive implies that AL is positive.

Let f, g 2 L2(⌦) and u = ALf ,v = ALg. We have:

(f, ALg) =

Z

⌦

f(x)v(x)dx =
NX

i,j=1

Z

⌦

aij(x)
@u

@xi

@v

@xj
dx+

Z

⌦

a0(x)u(x)v(x)dx.

Using assumption (2.2) and the equation (2.6), the right-hand side is equal to
R
⌦ u(x)g(x)dx =

(ALf, g). This implies that AL is self-adjoint.

9



AL is compact due to the Rellich theorem. [22]

As a consequence of Theorem 1.2.1, there exists (un) a Hilbert basis of L2(⌦) and a

sequence µn > 0, converging to 0 such that ALun = µnun.

Setting �n = 1
µn

we have proved:

Theorem 2.2.2. Let us consider a bounded open set ⌦ in RN . There exists a sequence

of eigenfunctions (defining an orthonormal basis of L2(⌦)) and a sequence of correspond-

ing positive eigenvalues (going to +1) that we will denote respectively u1, u2, . . . and 0 <

�1(L,⌦)  �2(L,⌦)  . . . satisfying:

Lun = �n(L,⌦) in ⌦,

un = 0 on @⌦.

The above theorem implies the existence of an increasing sequence of eigenvalues and

eigenfunctions for the Laplace operator with Dirichlet boundary conditions. The first Dirich-

let eigenvalue of the Laplace operator, which we denote by �(⌦)(or �1(⌦) interchangeably),

will be the topic of study throughout the whole thesis.

For the first Dirichlet eigenvalue, we have the following characterization using the Rayleigh

quotient [35]:

�1(⌦) = min
v2H1

0 (⌦),v 6=0

R
⌦ |rv(x)|2dxR

⌦ v(x)2dx
.

2.3 Schwarz rearrangement

The primary reference for this subsection is [22] supplemented by [27].

Definition 2.3.1. Let ⌦ in RN be a measurable set. We denote by ⌦⇤ the ball of the same

volume as ⌦. Let u be a non-negative measurable function defined on ⌦ and vanishing on

its boundary @⌦.We denote by ⌦(c) = {x 2 ⌦ | u(x) � c} its level sets. The Schwarz

10



rearrangement (or spherical decreasing rearrangement) of u is the function u⇤ defined on ⌦⇤

by

u⇤(x) = sup{c | x 2 ⌦(c)⇤}

In other words, u⇤ is constructed from u by rearranging the level sets of u in balls of the same

volume.

2.3.1 Properties

Theorem 2.3.1. Let ⌦ ⇢ RN be a measurable set, u a non-negative measurable function

defined on ⌦ and vanishing on its boundary. Let , u⇤ be the Schwarz rearrangement of u

defined on ⌦⇤. Then:

1. |⌦| = |⌦⇤|.

2. If ⌦ is open and if u belongs to the space H1
0 (⌦), then u⇤ 2 H1

0 (⌦
⇤) and

Z

⌦

|ru(x)|2dx �
Z

⌦⇤
|ru⇤(x)|2dx. (2.8)

3. If � is any measurable function from R+ to R, then
Z

⌦

�(u(x))dx =

Z

⌦⇤
�(u⇤(x))dx. (2.9)

Proofs for the above properties can be found in [27]. Properties (2) and (3) would be

used later in this chapter in proving the Faber-Krahn inequality for general domains.

2.4 Steiner symmetrization

The primary reference for this subsection is [22].

Let n � 2 and ⌦ ⇢ Rn be a measurable set. Let us consider the hyperplane of symmetry

11



to be xn = 0. We denote by ⌦ the projection of ⌦ on Rn�1:

⌦ := {x 2 Rn�1 such that 9 xn with (x, xn) 2 ⌦}.

Let us denote by ⌦(x) the intersection of ⌦ with x⇥ R, where x 2 Rn�1:

⌦(x) := {xn 2 R such that (x, xn) 2 ⌦ , x 2 ⌦}.

Definition 2.4.1. Let ⌦ ⇢ RN be a measurable set. Then we define the set

⌦⇤ := {x = (x, xn) such that � 1

2
|⌦(x)| < xn <

1

2
|⌦(x)|, x 2 ⌦}.

the Steiner symmetrization of ⌦ with respect to xn = 0.

Definition 2.4.2. Let u be a non-negative measurable function defined on ⌦ and vanishing

on its boundary. Let us denote by ⌦(c) = {x 2 ⌦ | u(x) � c} its level sets. The Steiner

symmetrization of u is the function u⇤ defined on ⌦⇤ by

u⇤(x) = sup{c | x 2 ⌦(c)⇤}.

Analogous to the Schwarz rearrangement, similar inequalities hold for Steiner sym-

metrization as well. We prove later in the chapter that repeated Steiner symmetrization

of an arbitrary triangle or quadrilateral leads to an equilateral triangle or a rectangle respec-

tively.

2.5 Hausdor↵ distance

The primary reference for this subsection is [22]

Definition 2.5.1. Suppose ⌦1,⌦2 are two non-empty compact sets in RN . We set

8x 2 RN , d(x,⌦1) := inf
y2⌦1

|y � x|,

⇢(⌦1,⌦2) := sup
x2⌦1

d(x,⌦2).

12



Then the Hausdor↵ distance of ⌦1 and ⌦2 is defined by

dH(⌦1,⌦2) := max(⇢(⌦1,⌦2), ⇢(⌦2,⌦1)).

We also have the following equivalent definition:

dH(⌦1,⌦2) = inf{↵ > 0 : ⌦2 ⇢ ⌦↵
1 and ⌦1 ⇢ ⌦↵

2}

where ⌦↵ = {x 2 RN | d(x,⌦)  ↵}.

Definition 2.5.2. Denote by ⌦1,⌦2 two open subsets of a compact set B. Then their Haus-

dor↵ distance is defined by:

dH(⌦1,⌦2) := dH(B \ ⌦1, B \ ⌦2).

One of the most useful properties of the Hausdor↵ distance is the following compactness

property :

Theorem 2.5.1. Let B be a fixed compact domain in RN and ⌦n a sequence of open subsets

of B. Then there exists an open set ⌦ ⇢ B and a subsequence ⌦nk
which converges for the

Hausdor↵ distance to ⌦.

The Hausdor↵ complement topology on open sets (using Definition 2.5.2) will used later

in this chapter to study �-convergence of solutions to PDEs in open sets, in the proof of

Faber-Krahn inequality for triangles and quadrilaterals.

2.6 Faber - Krahn inequality

2.6.1 General Domains

The primary reference for this subsection is [23]

Theorem 2.6.1. Let B be the ball of volume c, where c > 0. Then,

�1(B) = min{�1(⌦),⌦ ⇢ RN , |⌦| = c, ⌦ open}.

13



Proof Let ⌦ be a bounded open set of measure c and u1 be the eigenfunction correspond-

ing to �(⌦). Let us denote by ⌦⇤ = B the ball of the same volume and u⇤
1 the Schwarz

rearrangement of u1. From (2.8) and (2.9), we have,

Z

⌦⇤
|ru⇤

1(x)|2 dx 
Z

⌦

|ru1(x)|2 dx. and

Z

⌦⇤
|u⇤

1(x)|2 dx =

Z

⌦

|u1(x)|2 dx. (2.10)

From the variational characterization of �1 , we have

�1(⌦
⇤) 

R
⌦⇤ |ru⇤

1(x)|2 dxR
⌦⇤ u⇤

1(x)
2 dx

and �1(⌦) =

R
⌦ |ru1(x)|2 dxR

⌦ u1(x)2 dx
. (2.11)

Then (2.10) together with (2.11) yields the inequality in the case of general domains.

This theorem is called the Faber-Krahn inequality. The inequality was conjectured by

Lord Rayleigh in 1877. It was proved by G. Faber in two dimensions in 1923 and Edgar

Krahn extended the proof to any dimension of the Euclidean space in 1926.

2.6.2 Triangles and Quadrilaterals

The primary reference for this subsection is [32].

Definition 2.6.1. For ✓ 2 (0, ⇡2 ), h > 0, ⇠ 2 Rn and k⇠k = 1, we define

C(⇠, h, ✓) = {x 2 Rn : kxk < h, (x, ⇠) > kxk cos ✓}

to be the cone of height h, angle ✓ and axis ⇠. The inner product (, ) is the usual inner product

in Rn.

Definition 2.6.2. A bounded domain ⌦ ⇢ Rn is said to possess the uniform cone property

if

8x 2 @⌦, 9Cx = C(⇠x, h, ✓)

such that

8y 2 B(x, r) \ ⌦, y + Cx ⇢ ⌦,
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where r is given such that 2r  h and ✓, h fixed.

We define the uniform cone property since we prove later in the chapter that triangles

and quadrilaterals possess this property and we use the regularity of sets with this property.

We denote the collection of open subsets of the given set D in Rn satisfying the uniform

cone property by
Q
(✓, h, r,D).

Sobolev capacity of a set

Definition 2.6.3. (Capacity) The Sobolev capacity of a set ⌦ ⇢ Rn is defined as

cap(⌦) = inf
u2U(⌦)

kukpW 1,p(Rn),

where U(⌦) = {u 2 W 1,p(Rn) : u � 1 in a neighbourhood of ⌦}.

While Lebesgue measure is the natural measure for functions in Lp(Rn), Sobolev capacity

is the natural outer measure for functions in W 1,p(Rn).

Definition 2.6.4. (Local capacity) Let D be a bounded open set. The local capacity of a

subset ⌦ in D is

cap(⌦, D) = inf

⇢Z

D

|ru|2dx : u 2 U⌦

�
,

where U⌦ is the set of all functions u of the Sobolev space H1
0 (D) such that u � 1 almost

everywhere in a neighborhood of ⌦.

Definition 2.6.5. For c0, r0 > 0 we say that an open set ⌦ has (r0, c0)-capacity density

condition if 8x 2 @⌦, 8t 2 (0, r0)

cap(B(x, t) \ ⌦c, B(x, 2t))

cap(B(x, t), B(x, 2t))
� c0.

We denote the class of open subsets of ⌦ having the (r, c) - capacity density condition by

Oc,r(⌦).

Proposition 2.6.1.
Q
(✓, h, r,D) ⇢ Oc,r(D).
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Proof. Since the cone property we consider is uniform, we have the same parameter values

✓, h for the cone attached. The axis ⇠x0 changes in direction with respect to the point x0.

Hence, all cones associated with @⌦ are translations and rotations of C(⇠0, h, ✓). It is known

that Sobolev capacity is invariant under translations and rotations.

Let us consider r = h and

c =
cap(C(⇠0, h, ✓) \B(0, t), B(0, 2t))

cap(B(0, t), B(0, 2t))

where ⇠0 is a unit vector at the origin.

Thus, we have 8x 2 @⌦, 8t 2 (0, h),

cap(B(x, t) \ ⌦c, B(x, 2t))

cap(B(x, t), B(x, 2t))
� c.

� convergence

Let us consider ⌦ a bounded set in Rn. For the following boundary value problem,

�u = f in ⌦,

u = 0 on @⌦, (2.12)

we denote by u⌦,f the solution to the problem to show the dependence of the solution on

⌦ and f .

Definition 2.6.6. (� convergence) Let B be a fixed ball in Rn. Denote (⌦n) ⇢ B a sequence

of open sets in Rn and ⌦ ⇢ B an open set in Rn. We say that ⌦n � - converges to ⌦ if, for

every f 2 L2(D), the sequence of solutions u⌦n,f to the problem (2.12) converges strongly in

L2(D) to u⌦,f .

Theorem 2.6.2. Suppose (⌦n) ⇢ Oc,r(D) is a sequence which converges in the Hc-topology

to an open set ⌦. Then ⌦n �-converges to ⌦.

Proof. We use the following results from [32] to prove the theorem and the proofs of the
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results are given in [32] and references therein.

• Let us consider a sequence ⌦n such that ⌦n ! ⌦ in Hc topology (Hausdor↵ com-

plement topology) and let f 2 H�1(D). There exists a subsequence of (⌦n)(denoted

by (⌦n)),such that u⌦n,f weakly converges to u in H1
0 (D) and u verifies the equation

��u = f in H�1(⌦).

• Suppose ⌦n ! ⌦ in Hc - topology. Then the following statements are equivalent:

1. for every f 2 H�1(D), u⌦n,f ! u⌦,f strongly in H1
0 (D).

2. for f ⌘ 1, u⌦n,1 ! u⌦,1 in H1
0 (D).

• If u 2 H1(Rn) is a quasicontinuous function and u = 0 quasi everywhere in R\⌦, then
u 2 H1

0 (⌦).

We further refer to [23], supplemented by [32] for the study of properties of Hc - topology,

quasicontinuous functions and � - convergence. We also refer to [32] for the proof of the

following corollary.

Corollary 2.6.1. If (⌦n) �-converges to ⌦, then �(⌦n) ! �(⌦).

Steiner symmetrization

Algorithm: Let us start with an arbitrary triangle T0 = �A0B0C0. Pick any side, say

B0C0. We consider the perpendicular to B0C0 from A0. Denote this perpendicular L0. Sym-

metrisation of T0 with respect to L0 yields an isosceles triangle. The vertex A0 remains

unaltered. Denote the vertices of the new triangle T1 as A1, B1 and C1. Suppose we pick

A1B1 and symmetrise with respect to the perpendicular bisector of that side. The resulting

triangle is T2 with A2B2 = B2C2 and A2 = A1. Now, we symmetrise with respect to the

perpendicular bisector of A2B2. In T3, we have A3B3 = B3C3 and A3 = A2. Thus we have,

A0 = A1 = A2 = A3 . . . . We perform the steps repeatedly to get a sequence of triangles.

The steps are given in detail in Figure 5.5. The figure is taken from [32]
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Figure 2.1: Symmetrisation sequence for triangles

Since Steiner symmetrisation conserves the area of the set being symmetrised, the entire

sequence of triangles can be fit inside a ball of finite radius with centre at A0. This implies

that the sequence of triangles Tn is a bounded sequence in R2, implying that the sequence

of vertices An, Bn, Cn are bounded sequences in R2. According to the Bolzano - Weierstrass

theorem, there exists converging subsequences Bni , Cnj converging to points B,C and An is

constant.

Since An ! A,Bn ! B,Cn ! C in R2, 9n0 2 N, such that 8n � n0, d(An, A) <

", d(Bn, B) < ". Therefore Tn ⇢ T ", 8n � n0, where T " is given by

T " = {x 2 RN | d(x, T )  "}.

Similarly, we have T ⇢ T "
n, 8n � n0. Therefore Tn ! T in Hausdor↵ distance.

Claim 2.6.1. The Steiner symmetrization of an arbitrary triangle yields an equilateral tri-

angle.

18



Proof. Let us denote the sequence of side lengths of Tn by (an), (bn)and(cn). Since all the

sequences are bounded sequences, by Bolzano - Weierstrass theorem, there exists a converging

subsequence converging to a, b and c respectively. From the Steiner symmetrisation process,

we have

b1 = c1, c2 = a2, b3 = a3, b4 = c4, a5 = c5, b6 = a6, . . .

Therefore we have a3k = b3k, b3k+1 = c3k+1, a3k+2 = c3k+2. The sequences have a common

subsequence, implying that they converge to the same limit. Hence a = b = c, i.e. the limit

of the sequence of triangles is an equilateral triangle.

Claim 2.6.2. The Hausdor↵ limit of the sequence Tn is also an equilateral triangle.

Proof. We have subsequences of vertices Ani , Bni , Cni that converge in Hausdor↵ distance.

Consider the side lengths of the triangles in this subsequences ani , bni , cni . Since the vertices

converge, the side lengths also converge to say a0, b0, c0 respectively. From Claim 2.6.1, we

know that the sequences an, bn, cn converge to the same limit, implying that their subse-

quences also have the same limit. Hence, we have a0 = a, b0 = b and c0 = c. Therefore, the

Hausdor↵ limit of the sequence Tn is also an equilateral triangle.

We note that the Steiner symmetrisation process for quadrilaterals yields a square and

the arguments follow similar to arguments made for the proof of triangles.

Claim 2.6.3. Triangles and quadrilaterals possess uniform exterior cone property.

Proof. Suppose T is a triangle contained in D. The sharp corners of polygons don’t allow a

cone with a nonzero opening angle to be contained in the interior of the polygon. However,

cones of uniform height and angle at each point of @T can be contained in the set D\T . Sim-

ilar arguments hold for quadrilaterals as well. This implies that triangles and quadrilaterals

possess uniform exterior cone property.

Theorem 2.6.3. The equilateral triangle has the smallest principal eigenvalue �1 among

all triangles of given area. The square has the smallest principal eigenvalue �1 among all

quadrilaterals of a given area.
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Proof. Without loss of generality, we can assume that triangles and quadrilaterals of a given

area can be fit inside a bounded open set D. By claim 2.6.3, we observe that both these sets

of polygons have uniform exterior cone property. By claim 2.6.1, the Steiner symmetrisation

process of triangles yields an equilateral triangle. This implies that the complement of these

domains in D converges to complements of the equilateral triangle and that of the square in

the Hausdor↵ complement topology. By Proposition 2.6.1 and Theorem 2.6.1, the eigenvalues

of the sequence of triangles and quadrilaterals converge to that of an equilateral triangle and

a square respectively. By variational characterization �1, we conclude that the square and

the equilateral triangle minimize �1 among all quadrilaterals and triangles of a given area

respectively.

Theorem 2.6.3 essentially proves the Faber-Krahn inequality for n-gons, where n = 3, 4.

Since Steiner symmetrization for the case n � 5 leads to polygons with n + 1 sides [22], we

can’t use the procedure for the case n � 5. Hence, we devise a new strategy in the next

chapter to solve the conjecture for n � 5.

2.7 Bounds for �1

The primary references for this subsection are [30] and [14]. We study certain important

methods to find bounds for �1, which would give us some important information regarding �1.

2.7.1 Lower bounds

Theorem 2.7.1. Let L be a second-order linear elliptic operator as defined by (2.3). Let

�1 be the first eigenvalue for (2.5) with the Dirichlet boundary condition. Then there exists

� > 0 such that � is a lower bound for �1.

Proof. We know from this chapter that the problem

Lu+ �u = 0 in ⌦,
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u = 0 on @⌦.

is solvable for the value � = �1, the first eigenvalue and it is solved by u1, the first eigen-

function for � = �1.

By variational characterization of �1, we have

Z

D

nX

i,j=1


aij
@u1

@xi

@u1

@xj
� �1u

2
1

�
dV = 0. (2.13)

Let us consider arbitrary C1 functions P1, P2, . . . , Pn defined in ⌦. Then using Green’s

theorem, we get Z Z nX

i=1

@

@xi
(Piu

2
1)dV = 0. (2.14)

since u1 = 0 on the boundary of the domain.

Summing equations (2.13) and (2.14), we have

Z

D

nX

i,j=1

"
aji
@u1

@xj

@u1

@xi
+ 2

X

i

Piu1
@u1

@xi
+

✓
@Pi

@xi
� �1

◆
u2
1

#
dV = 0.

Using the preceding equation, we define the following quadratic form in terms of u, @u
@xi

,

nX

i,j=1

aij
@u

@xi

@u

@xj
+ 2u

nX

i=1

Pi
@u

@xi
+ u2

 
nX

i=1

@Pi

@xi
� �

!
. (2.15)

We observe that the quadratic form can be equivalently defined using the matrix M

M =

0

BBBBBB@

a11 . . . a1n P1

a21 . . . a2n P2
...

...
...

an1 . . . ann Pn

P1 . . . Pn

Pn
i=1

@Pi
@xi

� �

1

CCCCCCA
(2.16)
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Hence, if the expression (2.15) can be made positive for some selection of the functions

P1, P2, . . . , Pn and some range of � say 0  �  � and, then � will be a lower bound for the

first eigenvalue �1. This is equivalent to the matrix M being positive definite

The matrix M being positive definite is equivalent to the following condition

|M | = detM > 0. (2.17)

Suppose we denote by

A =

0

B@
a11 . . . a1n
... . . .

...

an1 . . . ann

1

CA

We have

detM = |A|
nX

i=1

@Pi

@xi
� �|A|�

nX

i,j=1

AijPiPj,

where Aij is the cofactor of the element aij in the matrix A.

Using the fact that L is elliptic, there exists c0 and c1 such that

c0

nX

i=1

⇠2i 
nX

i,j=1

aij⇠i⇠j  c1

nX

i=1

⇠2i .

This implies that there exists c2 and c3 such that

c2

nX

i=1

⇠2i  1

|A|

nX

i,j=1

Aij⇠i⇠j  c3

nX

i=1

⇠2i ,

for all real ⇠i and all (x1, . . . , xn) in ⌦. Hence, condition (2.17) implies

nX

i=1

@Pi

@xi
> c2

nX

i=1

P 2
i + �.

If quantities �1, . . . ,�n can be found such that the inequalities

@Pi

@xi
> c2P

2
i + �i i = 1, 2, . . . , n (2.18)
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hold, then the inequality follows with � = �1 + �2 + · · · + �n. These inequalities can be

solved explicitly using the theory of Riccati equations.

Suppose that the domain is contained in the cube 0  xi  ↵, i = 1, 2 . . . , n. For the Pi

we make the selections

Pi = �C

c2
cotC(xi � "),

where " > 0, � > 0 are arbitrary and C = ⇡/(↵�")�� > 0. With this choice, the inequalities

(2.18) are satisfied for all �i with

�i <
C2

c2
.

The lower bound � for �1 essentially is given by nC2/c2.

2.7.2 Upper bound for �1

Theorem 2.7.2. Suppose T is a triangle with sides of lengths l1  l2  l3. Then we get

�1(T ) 
⇡2

3A2
(l21 + l22 + l23),

where A denotes the area of T.

Remark 2.7.1. In this case, equality occurs for the equilateral triangle and this is the only

instance where the bound agrees.

Proof. In general, we obtain the upper bound for �1 by constructing a test function based

on eigenfunctions of domains which are explicitly known. In our case, we shall use a test

function based on the first eigenfunction of an equilateral triangle. We shall prove the result

for a triangle T 0 with vertices at (0, 0), (a, b) and (1, 0) 2 R ⇥ R+ and rescale to obtain the

upper bound given in the theorem.

Let us consider the first eigenfunction, u, of the equilateral triangle [18] with vertices at

the (0, 0), (1, 0) and (1/2,
p
3/2), that is,

u(x, y) = sin

✓
4⇡yp
3

◆
� sin


2⇡

✓
x+

yp
3

◆�
+ sin


2⇡

✓
x� yp

3

◆�
.
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We perform a linear transformation on u so that it satisfies the boundary conditions on

T 0. It is necessary to ensure that it satisfies the boundary condition so that it can be used

as a test function for the first eigenvalue of T 0. Thus, let

�(x, y) = u

 
x� a� 1/2

b
y,

p
3

2b
y

!
.

We have,

Z

T 0
|r�(x, y)|2dx dy =

2⇡2

b
[1 + (a� 1)a+ b2] and

Z

T 0
�(x, y)2dx dy =

3b

4
.

Using the characterization of �1 using Rayleigh quotient, we get

�1(T
0)  8⇡2

3b2
[1 + (a� 1)a+ b2].

if we now rescale T 0 by l1, we obtain a triangle, say T , with vertices at the origin, (l1, 0)

and (a1, b1) = l1(a, b). With this notation we have

�1(T ) 
8⇡2

3b2l21
[1 + (a� 1)a+ b2] =

8⇡2

3�2


1 + (

a!
l1

� 1)
a1
l1

+
b21
l21

�
. (2.19)

Using the relations,

l2 =
q
a21 + b21 and l3 =

q
(l1 � a1)2 + b21,

we get the bound

�1(T ) 
⇡2

3A2
(l21 + l22 + l23).
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2.8 Shape functional

The primary reference for this subsection is [29] supplemented by [2].

We denote any shape functional by J(⌦), J(.) : ⌦ 7! J(⌦) 2 R where ⌦ is a domain of

class Ck, k � 1. We consider examples of non-smooth domains as well.

Examples:

J1(⌦) = meas(⌦) =

Z

⌦

dx,

J2(⌦) = meas(@⌦) =

Z

@⌦

dx,

In our case, the functional J(⌦), in general, takes the form

J(⌦) =

Z

⌦

F1(x, y(x),ry(x))dx+

Z

@⌦

F0(x, y(x),ry(x))dx+ ↵✏(⌦),

where we denote by y(⌦) the solution of a boundary value problem defined on ⌦. We denote

by ✏(⌦) the regularizing term that ensures the existence of optimal domain minimizing the

functional J(⌦) over the appropriate class of domains and ↵ > 0 is a constant.

If F0 ⌘ 0, then J is referred to as a distributed cost functional. If F1 ⌘ 0, then J is called

a boundary cost functional.

Since �(⌦) is also a shape functional itself, we must study the properties of its derivatives

and their regularity in non-smooth domains like polygons for the proof of the conjecture.

2.8.1 Shape derivatives

Let P(D) be the subset of open sets compactly contained in D, where D ⇢ Rn is assumed

to be open and bounded.
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We define for k � 0 and 0  ↵  1,

Ck,↵
c (D,Rd) :=

�
✓ 2 Ck,↵(D,Rd) | ✓ has compact support in D

 
,

Let ✓ 2 C0,1
c (D,Rd) be a vector field. We define the flow T t

✓ : D ! D, t 2 [0, t0] for each

x0 2 D as T t
✓(x0) := x(t), where x : [0, t0] ! Rd solves

ẋ(t) = ✓(x(t)) for t 2 [0, t0], x(0) = x0.

For ⌦ 2 P(D), we consider the family of perturbed domains

⌦t := T t
✓(⌦).

Definition 2.8.1. Let J : P(D) ! R be a shape functional.

(i) The Eulerian semiderivative of J in direction ✓ 2 C0,1
c (D,Rd) at ⌦ is defined by, when

limit exists

DEJ(⌦)(✓) := lim
t#0

J(⌦t)� J(⌦)

t
.

,

(ii) J is said to be shape di↵erentiable at ⌦ if for all ✓ 2 C1
c (D,Rd) it has a Eulerian

semiderivative at ⌦ and the mapping

DEJ(⌦) : C
1
c (D,Rd) ! R, ✓ 7! DEJ(⌦)(✓)

is linear and continuous, in which case DEJ(⌦)(✓) is called the Eulerian shape derivative at

⌦.

Definition 2.8.2. Let J : P(D) ! R be a shape functional, and assume that for all t 2
[0, t0], DEJ(T t

✓(⌦)) exists in direction ✓ 2 C0,1
c (D,Rd) at T t

✓(⌦)

(i) The second order Eulerian semi derivative of J in direction � 2 C0,1
c (D,Rd) at ⌦ is

defined by, when the limit exists,

D2
EJ(⌦)(✓, �) := lim

t#0

DEJ(T t
✓(⌦))(�)�DEJ(⌦)(�)

t
.
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(ii) J is said to be twice shape di↵erentiable at ⌦ if it has a second order Eulerian

semiderivative for all ✓, � 2 C1
c (D,Rd) at ⌦ and the mapping

D2
EJ(⌦) : (C

1
c (D,Rd))2 ! R, (✓, �) 7! D2

EJ(⌦)(✓, �)

is bilinear and continuous, in which case D2
EJ(⌦)(✓, �) is called the second order Eulerian

shape derivative at ⌦.

We also require the explicit expression of the Frechet derivative of �(⌦) along with the

Eulerian derivative, which has been explained by Laurain[29] in his paper.

2.9 Finite element method

The primary reference for this subsection is [41] supplemented by [16].

The finite element method is used to approximate the solution of the equation (2.20)

using discrete approximation. We explain an example of the method below from [16]:

Example:

We consider the Laplace eigenvalue problem in an interval, say [0, ⇡]. In variational form,

the Laplace eigenvalue problem reads as

Find � 2 R and u 2 H1
0 (⌦) such that (ru,rv) = �(u, v) 8v 2 H1

0 (⌦). (2.20)

over the infinite dimensional space V := H1
0 (⌦). The classical method is to replace H1

0 (⌦)

in this variational problem by a sequence of finite dimensional subspaces V h contained in

H1
0 (⌦). The elements of vh of V h are called trial functions.

In our example, the admissible space is H1
0 (⌦). This implies that we can’t consider

piecewise constant functions as elements of V h. Therefore the simplest choice that we can
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consider for V h is the space of functions which are linear over each interval [(j � 1)h, jh],

continuous at the nodes x = jh and zero at x = 0. The derivative of such a function

is piecewise constant; thus V h is a subspace of V . We call these trial functions as linear

elements.

For j = 1, . . . , N , let �N
j be the function which equals 1 at the node x = jh and vanishes

at all others. These hat functions constitute a basis for the subspace since every member of

V h can be written as a combination

vh(x) =
NX

i

qj�
h
j (x).

Discrete version of the eigenvalue problem:

Let T h be a triangulation of domain ⌦ (we refer to the triangulation as a ‘mesh’ in

Chapter 5). We use the piecewise-continuous linear finite element space V h(⇢ V ) as the

approximation space. The basis of the space V h is given by the hat function. Suppose we

denote dim(V h) = n. We use the classical method to solve the variation problem (2.20) in

V h,

Find �h 2 R and uh 2 V h s.t (ruh,rvh) = �h(uh, vh) 8vh 2 V h. (2.21)

Since the dimension of V h is finite, the problem (2.21) has finitely many eigenpairs.

We denote by {�hi , uh
i }ni=1 the eigenpairs for the problem 2.21. We also assume that the

eigenvalues �hi are increasing and the eigenfunctions uh
i form an orthogonal basis. Let us

consider the basis function of V h as {�i}ni=1. This implies that the problem (2.21) is to solve

the generalized eigenvalue problem of n⇥ n matrices Sh and T h,

Shx = �hT hx, where Sh
i,j = (r�i,r�j), T h

i,j = (�i,�j).

For u 2 H2(⌦), we define ⇡1,hu 2 V h as the Lagrange interpolation of u, that is ,

(⇡1,hu)(ai) = u(ai) for each node ai of triangulation T h.
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Figure 2.2: Representation of a triangle element by the parameters ↵, ✓, L

For functions u 2 H2(⌦), we have

|u� ⇡1,hu|H1  C1h|u|H2 for u 2 H2(⌦),

where C1 is defined as below and h is the mesh size to be specified.

C1 := max
T2T h

C1(T )/h.

The estimate (2.9) would be useful in Chapter 4 for the estimate of eigenvalues.

Here, C1(T ) is defined on a triangle element T (Figure 2.2 from [41] gives a representation

of the triangle element) of T h:

C1(T ) := sup
v2H2(T ),v(O)=v(B)=v(A)=0

|v|H2(T )

|v|H1(T )
.

For each T , let L be such that, |OB|  L = |OA|  |AB|, ✓ be the maximum angle, and

↵L (0 < ↵  1) be the smallest edge length.

Let us denote the projection Ph : V 7! V h such that for v 2 V ,

Z

⌦

(rv �rpv,rvh) dx = 0 8vh 2 V h.

The projection operator would be useful in estimating eigenvalues of the Shape Hessian

matrix over the finite element space in Chapter 4.
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Chapter 3

Pólya - Szegö Conjecture

We denote by Pn the family of simple polygons with n sides in R2 and for every n � 3, we

consider the problem

min
P2Pn,|P |=⇡

�1(P ). (3.1)

Polya - Szego conjecture The regular polygon with n sides and area ⇡ is the unique

solution to the problem (3.1).

In Chapter 2, we showed the proof of the conjecture for n = 3, 4. In this chapter, we

devise the following step-by-step procedure to prove the conjecture for n � 5, assuming the

conjecture is true. We show Step 1 and Step 2 of the procedure in detail in this Chapter.

Step 3 and Step 4 of the procedure are shown in Chapters 4 and 5, respectively.

Step 1 (Formal computation of the shape Hessian matrix): We use the theory of shape

derivatives from [29] to find the first-order and second-order shape derivative of �1(⌦) for a

bounded, Lipschitz domain ⌦. We also find the expression of the first-order and second-order

shape derivative of �1(P ), where P 2 Pn, in terms of the coordinates of the vertices of the

polygon. From [23], we show that the minimization of �1(P ), where the polygon P has a fixed

area, is equivalent to the minimization of the scale-invariant functional ln(P ) := |P |�(P ),

over the family of polygons Pn. Using the explicit expression of the first-order shape deriva-

tive of the functional ln for a polygon, we verify that the regular polygon is a critical point
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for ln. We also find the explicit expression for the second-order shape derivative of the func-

tional ln.

Step 2 (Stability analysis of the shape Hessian matrix): The objective is to prove that

the regular polygon is a local minimum for the functional ln. Since we have verified that

the regular polygon is a critical point for the functional ln, it is necessary to verify that the

coe�cients of the shape Hessian matrix of ln, M
�, are continuous for perturbations of the

regular polygon. To verify the continuity of the coe�cients, we require the L1 estimates

of eigenfunctions, gradients of eigenfunctions, the first Dirichlet eigenvalue and the gradient

of the first Dirichlet eigenvalue. We also require the L1 estimates of functions, which are

the solutions of an elliptic PDE, for which we use Gagliardo-Nirenberg type interpolation

inequalities. The stability analysis will also be required later to prove that the proof of the

conjecture can be reduced to a finite number of numerical computations.

Step 3 (Study of eigenvalues of the shape Hessian matrix, M� ): After verifying the

continuity of the coe�cients of the shape Hessian matrix, M�, it is necessary to prove that

the matrix is positive definite. We show in Chapter 4 that it is enough to prove that the

2n� 4 eigenvalues of M� are strictly positive to prove the positive definiteness of M� (four

eigenvalues of M� are equal to zero). We employ finite element methods to approximate

the eigenvalues of the shape Hessian matrix. We use interval arithmetic to find an interval

in which the eigenvalues lie and verify that zero doesn’t lie in the interval. This proves

that the eigenvalues are strictly positive and the regular polygon is a local minimum for the

functional ln.

Step 4 (Proof of the conjecture): We assume that the conjecture is true and our objective

is to prove that the proof of the conjecture can be reduced to a finite number of numerical

computations when assumed true. The strategy is to find a compact set in R2n�4 outside

which an optimal polygon that minimizes the functional ln cannot be found. To find such

a compact set P 0, we find the maximum diameter, Dmax, of an optimal polygon and the

minimum edge length, emin, of an optimal polygon using surgery arguments from [7]. From

the proof for local minimality of the regular polygon, we know of a local neighbourhood of

the regular polygon, denoted by Ln, where it is the unique polygon minimizing ln. This
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implies that it is su�cient to prove that there exists no optimal polygon in the compact set

P 0 \ Ln.

3.1 Computation of the shape Hessian matrix M�

3.1.1 General domains

The primary references for the following subsections are [5] and [29].

We use the notations and equations describing tensor calculus from [29]. For second-order

tensors S, T : Rd 7! Rd⇥d, we define the product

S : T =
nX

i,j=1

SijTij.

Suppose ⌦ is a bounded, Lipschitz domain and ✓, ⇠ 2 W 1,1(Rd,Rd). Let u be the L2-

normalized eigenfunction associated with the first Dirichlet eigenvalue of ⌦, �(⌦).

We denote by ⌦✓ = (I + ✓)(⌦) for a given vector field ✓ 2 W 1,1(R2,R2) such that

k✓kW 1,1 < 1. We denote by ũ(✓) the material derivative as defined in [29]. We suppose ✓ is

small enough such that �(⌦✓) is still a simple eigenvalue.

Theorem 3.1.1. The first order distributed shape derivative of �(⌦) is given by

�0(⌦)(✓) =

Z

⌦

S�
1 : D✓ dx,

such that

S�
1 = (|ru|2 � �(⌦)u2)Id� 2(ru⌦ru).

where Id represents the identity operator.
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Proof. We define by u✓, the solution of

Z

⌦✓

ru✓ ·rv✓ dx = �(⌦✓)

Z

⌦✓

u✓v✓ dx, 8v✓ 2 H1
0 (⌦✓), (3.2)

with the normalization condition Z

⌦✓

(u✓)
2 dx = 1.

We consider the change of variables, u✓ = u✓ � (I+✓) 2 H1
0 (⌦), so that u✓ = u✓ � (I+✓)�1

and we get,

ru✓ = (I +D✓T )�1ru✓ � (I + ✓)�1. (3.3)

The change of variables in (3.2) implies

Z

⌦

B(✓)ru✓ ·rv dx = �(⌦✓)

Z

⌦

u✓v det(I +D✓) dx, 8v 2 H1
0 (⌦). (3.4)

where B(✓) = det(I +D✓)(I +D✓)�1(I +D✓T )�1.

Di↵erentiating (3.4) at 0, we obtain for all v 2 H1
0 (⌦),

Z

⌦

B0(0)(✓)ru ·rv dx+

Z

⌦

rũ(✓) ·rv dx = �0(⌦)(✓)

Z

⌦

uv dx+ �(⌦✓)

Z

⌦

ũ(✓)v+ uv div✓ dx,

(3.5)

where B0(0)(✓) = div✓I �D✓ �D✓T .

The corresponding derivative of the normalization condition evaluated at zero is given

by Z

⌦

2uũ(✓) + u2div✓ dx = 0. (3.6)

Since u is the eigenfunction associated to �(⌦), we get

Z

⌦

ru.rũ(✓) dx = �(⌦)

Z

⌦

uũ(✓) dx.

Using the fact that
R
⌦ u2 dx = 1, and taking v = u in (3.5) we obtain
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�0(⌦)(✓) =

Z

⌦

[
�
|ru|2 � �(⌦)u2

�
Id� 2(ru⌦ru) : D✓] dx =

Z

⌦

S�
1 : D✓ dx. (3.7)

Theorem 3.1.2. The second order distributed shape derivative of �1(⌦) is given by

�001(⌦)(✓, ⇠) =

Z

⌦

K�(✓, ⇠) dx,

with

K�(✓, ⇠) = �2(rũ(✓) ·rũ(⇠)) + 2�(⌦)ũ(✓)ũ(⇠) + [�(⌦)(✓)div ⇠ + �(⌦)(⇠)div ✓]u2

+S�
1 : (D✓div ⇠ +D⇠div ✓)

+(�|ru|2 + �u2)(div ⇠div ✓ +D✓T : D⇠) + 2(D✓D⇠ +D⇠D✓ +D⇠D✓T )ru ·ru.

Proof. To compute the second-order derivative of the eigenvalue, we consider the expression

for the first-order derivative and di↵erentiate w.r.t ⇠ at the point 0. Denote by ⌦⇠ = (I +

⇠)(⌦). Let us assume that ⇠ is small enough such that �(⌦⇠) is an eigenvalue of multiplicity

1. Denote by u⇠ 2 H1
0 (⌦⇠) the eigenfunction associated to �(⌦⇠). We have

�0(⌦⇠)(✓) =

Z

⌦⇠

[
�
|ru⇠|2 � �(⌦⇠)u

2
⇠

�
Id� 2(ru⇠ ⌦ru⇠)] : D(✓ � (I + ⇠)�1)dx. (3.8)

We again consider a change of variables, u⇠ = u⇠ � (I + ⇠) 2 H1
0 (⌦).

We obtain the following initial formula for the second-order derivative:

�00(⌦)(✓, ⇠) =

Z

⌦

S�
1 : (D✓ div ⇠)� S�

1 : (D✓D⇠) dx

�
Z

⌦

[�0(⌦)(⇠)u2 + 2�(⌦)uũ(⇠)] div ✓ dx
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+

Z

⌦

[(�D⇠ �D⇠T )ru ·ru+ 2(ru ·rũ(⇠))]div✓ dx

+

Z

⌦

⇥
4(D⇠Tru�rv) : D✓ � 4(rũ(⇠)�ru) : D✓

⇤
div ✓ dx.

We have,

S�
1 : (D✓D⇠) = �2(D✓D⇠ru) ·ru+

�
|ru|2 � �2

�
D✓T : D⇠.

We also simplify the terms involving the symmetric tensor product. Using the definition

of the derivative and the normalization condition (3.6), we obtain

�00(⌦)(✓, ⇠) = �2

Z

⌦

(rũ(✓) ·rũ(⇠)� �(⌦)ũ(✓)ũ(⇠)) dx+

Z

⌦

S�
1 : (D✓ div⇠) dx

�
Z

⌦

�0(⌦)(✓)u2div ⇠ + �0(⌦)(⇠)u2div✓ dx

�
Z

⌦

2(D⇠ru) ·ru div✓ dx+

Z

⌦

(4D⇠Tru�ru) : D✓ dx

+

Z

⌦

(�|ru|2 + �(⌦)u2)D✓T : D⇠ + 2(D✓D⇠ru) ·ru dx.

We have

2(D⇠Tru�ru) : D✓ = ((D⇠D✓ +D⇠D✓T )ru) ·ru.

Which gives
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�00(⌦)(✓, ⇠) =� 2

Z

⌦

(reu(✓) ·reu(⇠))� �(⌦)eu(✓)eu(⇠) dx

+ 2

Z

⌦

((D✓D⇠ +D⇠D✓ +D✓D⇠T )ru) ·ru dx

+

Z

⌦

(�|ru|2 + �u2)(div✓div ⇠ +D✓T : D⇠) dx

+

Z

⌦

S�
1 : (D✓ div ⇠ +D⇠ div✓) dx

�
Z

⌦

(�0(⌦)(✓) div⇠ + �0(⌦)(⇠) div✓) u2 dx.

This finishes the proof of the theorem.

The above results give an explicit expression of the shape derivative of �1(⌦) for a

bounded, Lipshcitz domain ⌦. We define a specific perturbation ✓ for polygons in the

next subsection, using which we find the expressions of derivatives for polygons.

3.1.2 Polygons

To consider the perturbations for a polygon, we extend the geometric perturbation of ver-

tices to a global perturbation for the polygon as follows:

Let us denote by ai (i = 0, . . . , n�1) the vertices of the polygon. For each vertex ai of the

polygon, we consider the vector field ✓i 2 W 1,1(R2) to be the corresponding perturbation.

We consider a triangulation T of the polygon ⌦ such that the edges of the polygon are

complete edges of some triangles in the triangulation. We also consider a family of globally

Lipschitz functions �i such that the functions �i are piecewise a�ne on each triangle of T
and they satisfy

�i(aj) = �ij =

8
<

:
1 if i = j,

0 if i 6= j.
(3.9)

Several choices for the triangulation are possible as shown in Figure 3.1. The figure has
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Figure 3.1: A graphical view of the function �2 on two examples of admissible triangulations
used for defining perturbations on a polygon.

been taken from [5]. We construct a global perturbation ✓ for a polygon in R2, given by

✓ =
n�1X

i=0

✓i�i 2 W 1,1(R2). (3.10)

For a non - degenerate polygon whose vertices are denoted by (xi, yi) 2 R2 and whose

edges are oriented in the anti-clockwise direction, the coordinates are given by

x = (a0, a1, . . . , an�1) = (x0, y0, . . . , xn�1, yn�1), (3.11)

where ai denote the vertices of the polygon.

The area of the polygon with vertices (xi, yi) is given by

A(x) =
n�1X

i=0

(xiyi+1 � xi+1yi).

We obtain the following expressions for the gradient of area functional and coe�cients

of the Hessian matrix of area functional [[29]] :
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rA(x) =

✓Z

⌦

r�i dx

◆

i=0,...,n�1

, (3.12)

D2A(x) = (Aij)0i,jn�1. (3.13)

where the blocks (Aij) are given by

Aij =

Z

⌦

[r�i ⌦r�j �r�j ⌦r�i]. (3.14)

Theorem 3.1.3. The gradient of the first Dirichlet eigenvalue �(⌦), when ⌦ is a polygon

with coordinates x is given by

r�(x) =
✓Z

⌦

S�
1r�i dx

◆

i=0,...,n�1

= �
Z

@⌦

|ru|2�in dx.

Remark 3.1.1. We study the regularity results for eigenfunctions of non-smooth domains

like polygons ([10],[1]) to prove that the boundary expression is valid. The eigenfunction has

H2+� regularity away from corners in a polygon and a singular part near the corners:

u = ureg + using

where ureg 2 H2+�(⌦) for some � > 0 and

using =
n�1X

i=0

Ci�ir
⇡
!i sin

✓
⇡

!i
✓

◆
(3.15)

where !i are the angles of the polygon considered, Ci are constants, �i is the cuto↵

function equal to 1 in a neighbourhood of the vertex ai and (r, ✓) are the polar coordinates

around the angle i.

This result is also useful for studying the H2+s regularity of u1 in Chapter 4.

Proof. The proof of the first equality follows from [29]. We prove the validity of the boundary

expression:
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The gradient of u is point-wise defined on @⌦ in a classical way, except at the vertices.

To show the validity of the expression around the vertices, we use the regularity of u. We

fix a vertex j and define

⌦✏ = ⌦\(B(aj�1, ✏) [B(aj, ✏) [ B(aj+1, ✏)),

�✏ = ⌦ \ (B(aj�1, ✏) [B(aj, ✏) [B(aj+1, ✏)).

Since u|@⌦ 2 H2(⌦✏), it is immediate that div S�
1 = 0 on ⌦✏. The gradient ru is colinear

with the normal vector n on @⌦, since u = 0 on @⌦. This implies that (ru ⌦ ru) n =

(n ·ru) ru = |ru|2n. This further implies that S�
1n = �|ru|2n. Therefore we obtain

Z

⌦✏

S�
1r�i dx = �

Z

@⌦✏\�"

|ru|2�in dx+

Z

�"

S�
1n�i.

Claim 3.1.1. The term
R
�"
S�
1n �i converges to 0 for "! 0.

Since ureg 2 H2+�(⌦), the gradient of ureg is bounded. From the expression of using, we

get |rusing|  Cr
⇡
!i

�1 for some constant C independent on ", from which we conclude that

Z

�"

|rureg|2 + |rusing|2 ! 0,

for "! 0

This proves the claim and the claim implies that the boundary expression is valid.

We introduce the functions Ui 2 H1
0 (⌦,R2) (i = 0, . . . , n� 1) such that

eu(✓) =
n�1X

i=0

✓i ·Ui.
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From (3.5), we have the following two PDEs: Ui 2 H1
0 (⌦,R2) ,

Z

⌦

(DUirv � �(⌦)Uiv) dx =

Z

⌦

[�(r�i ⌦ru)rv + 2(ru�rv)r�i] dx

+

Z

⌦

S�
1�i

Z

⌦

uv dx+ �(⌦)

Z

⌦

uvr�i dx. (3.16)

Similarly, we get, Z

⌦

(2uUi + u2r�i) dx = 0. (3.17)

from the normalization condition (3.6).

The functions Ui can be essentially described as the ”directional” shape derivatives of the

function u along the perturbation ✓i where ✓ represents the perturbation of the domain.

Theorem 3.1.4. The Hessian matrix N � 2 R2n⇥2n of �1 with respect to the coordinates of

the n-gon is given by the following n⇥ n block matrix

N � = (N �
ij)0i,jn�1,

where the 2⇥ 2 blocks are given by

N �
ij =

Z

⌦

�
�2DUiDUT

j + 2�(⌦)UiU
T
j +r�i ⌦ (S�

1r�j) + (S�
1r�i)⌦r�j

�
dx,

+

Z

⌦

�
�|ru|2 + �(⌦)u2

�
(2r�i �r�j) dx

+2

Z

⌦

((r�i ·ru)(r�j ⌦ru) + (r�j ·ru)(ru⌦r�i) + (r�i ·r�j)(ru⌦ru)) dx

�
Z

⌦

(u2r�i)⌦
✓Z

⌦

S�
1r�j dx

◆
dx

�
Z

⌦

u2

✓Z

⌦

S�
1r�idx

◆
⌦r�j dx.

Proof. The proof of the theorem follows from [29]. We use the formula for K� (see Theorem

3.1.2) for the second-order shape derivative of �(⌦), with ✓ given by (3.10).
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Hence, using the expression for K�, we obtain

N �
ij =

Z

⌦

�
�2DUiDUT

j + 2�(⌦)UiU
T
j

�
dx

+

Z

⌦

�
|ru|2 � �(⌦)u2

�
(r�i ⌦r�j �r�j ⌦r�i) dx

�2

Z

⌦

(ru⌦ru) (r�i ⌦r�j �r�j ⌦r�i) dx

+2

Z

⌦

(r�i ·r�j) (ru⌦ru) dx

�
Z

⌦

(u2r�i)⌦
✓Z

⌦

S�
1r�j dx

◆
dx

�
Z

⌦

✓
u2

Z

⌦

S�
1r�i dx

◆
⌦r�j dx.

A direct computation shows that

(ru⌦ru)(r�i ⌦r�j �r�j ⌦r�i) + (r�i ⌦r�j �r�j ⌦r�i)(ru⌦ru)

= |ru|2(r�i ⌦r�j �r�j ⌦r�i).

Using the above equality, the expression simplifies to

N �
ij =

Z

⌦

�
�2DUiDUT

j + 2�(⌦)UiU
T
j

�
dx

+

Z

⌦

�
�|ru|2 � �(⌦)u2

�
(r�i ⌦r�j �r�j ⌦r�i) dx

+2

Z

⌦

(r�i ·r�j) (ru⌦ru) dx

�
Z

⌦

(u2r�i)⌦
✓Z

⌦

S�
1r�jdx

◆
dx

�
Z

⌦

u2

✓Z

⌦

S�
1r�idx

◆
⌦r�j dx.
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Theorem 3.1.5. Let us suppose that ⌦ is a regular n - gon and the triangulation T defining

�i is symmetric. Then the Hessian matrix of �1(⌦)|⌦| = A(x)�1(x) in terms of coordinates

of the polygon has the 2⇥ 2 blocks M�
ij given by

M�
ij = |⌦|

Z

⌦

(�2DUiDUT
j + 2�(⌦)UiU

T
j )dx

��(⌦)
Z

⌦

(r�i ⌦r�j �r�j ⌦r�i)dx

+2|⌦|
Z

⌦

(r�i ·r�j)(ru⌦ru) dx.

Proof. Simplifying the Hessian of the product A(x)�1(x) , we have

Hess(�1(x)A(x)) = (|⌦|Hess �1(x)) + (r�1(x)⌦rA(x)) + (rA(x)⌦r�1(x)) + (�1(x) HessA(x)).

A direct computation using the definition of the functions �i implies that

Z

⌦

�
�|ru|2 � �(⌦)u2

�
(r�i ⌦r�j �r�j ⌦r�i) dx =

�1(⌦)

|⌦| Aij,

where Aij are the blocks of the Hessian matrix of the area given in (3.14) and ⌦ is the regular

polygon.

Using the definition of the functions �i, it is immediate that r�i is a piecewise constant

on the triangles Tk. We have

Z

Tk

u2
1 dx =

1

n

Z

⌦

u2
1 dx =

1

n
.

for k = 0, ..., n� 1 by the symmetry of the eigenfunction. Therefore

Z

Tk

u2
1r�i dx =

1

|⌦|

Z

Tk

r�i dx =
1

|⌦|rA(x).

This implies that the last term in the shape Hessian N�
ij can be simplified as

Z

⌦

u2
1


r�i ⌦

✓Z

⌦

S�
1r�j dx

◆
+

✓Z

⌦

S�
1r�i dx

◆
⌦r�j

�
dx =

2

|⌦|(rA(x)⌦r�1(x)).
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Substituting the above-simplified expressions in the expression ofN �
ij and substituting the

expression of N �
ij in the expression for the Hessian matrix of A(x)�(x) proves the theorem.

The matrices N � and M� represent the shape Hessian matrices of �1(x) and �1(x)A(x),

respectively, for polygons with coordinates x = (x1, x2, . . . , xn). The expression of the shape

Hessian matrices will be used to prove the local minimality of the regular polygon in the

family of simple polygons with a fixed area.

3.1.3 Criticality of the regular polygon

Proposition 3.1.1. [22] Let c > 0. The problems

(L1) : min
|P |=|Pn|,
P2Pn

�1(P ),

(L2) : min
P2Pn

|P |�1(P ),

have the same solutions, up to rescalings.

Proof. Let Ht be the homothety of origin O and ratio t: Ht(x) = tx. Since Ht�� = t2��Ht,

we get

�n(Ht(P )) =
�n(P )

t2
.

The bijective correspondence between solutions of these two problems is given by:

• The definition of (L1) implies every solution of (L1) is a solution of (L2),

• If P is a solution of (L2) with volume c1, then Ht(P ) with t =
q

|Pn|
c1

is a solution of

(L1).

This implies that the problems (L1) and (L2) have the same solutions, up to rescalings.
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Proposition 3.1.1 is important in the sense that this allows us to work with the problem

(L2) in this thesis. This also implies that we can work with the matrix M�
ij, which has a

simplified expression instead of N �
ij.

The following result on criticality of the regular polygon can be shown using ideas from

[24].

Theorem 3.1.6. The regular polygon is a critical point for x ! A(x)�1(x).

Proof. Let us denote by Pn the regular polygon inscribed in the unit circle with a0 = (1, 0)

and denote by �1 its first Dirichlet eigenvalue. Consider the functions �i, i = 0, . . . , n � 1

defined in (3.9) on a symmetric triangulation T , as in Figure 3.1. For i 2 {0, . . . , n� 1}, the
components 2i, 2i+ 1 of the gradient of |P |�1(P ) are given by

�1

Z

Pn

r�i + |Pn|S�
1r�i. (3.18)

Given the symmetry of the first eigenfunction and the symmetric triangulation we con-

sider for Pn, it is enough to compute the gradient for i = 0.

Using the definition of the functions �i from (3.9), we have �0 = (1,�1/ tan(✓))1T+ +

(1, 1/ tan(✓))1T�(T0 = T+, T� = Tn�1). This implies that

�1

Z

Pn

r�0 =
2�1
n

 
1

0

!
. (3.19)

Using the expression of r�1(x) and the expression

Z

Tj

ru1 ·rv = �1

Z

Tj

u1v, 8v 2 H1
0 (Pn). (3.20)

we have

|Pn|
Z

Pn

S�
1r�0 = �4|Pn|

✓Z

T+

✓
(@xu1)

2 � 1

tan ✓
@xu1@yu1

◆◆
. (3.21)
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Denote Axx =
R
T+
(@xu1)2, Ayy =

R
T+
(@yu1)2, Axy =

R
T+
@xu1@yu1. By the symmetry of

the eigenfunction, we have that Axx + Ayy = �1/n. When transferred from T� to T+. the

gradients undergo a rotation. This implies the matrix equality

R✓

 
Axx �Axy

�Axy Ayy

!
RT

✓ =

 
Axx Axy

Axy Ayy

!
. (3.22)

where R✓ is given by

R✓ =

 
cos(✓) � sin(✓)

sin(✓) cos(✓)

!
.

It is immediate that �Axx sin ✓ + Ayy sin ✓ + 2Axy cos ✓ = 0. Since Axx + Ayy = �1
n and

�Axx sin ✓ + Ayy sin ✓ + 2Axy cos ✓ = 0, we have

�1 = 2n

✓
Ayy �

cos ✓

sin ✓
Axy

◆
. (3.23)

Using (3.23) in (3.21), we simplify the expression (3.21) to

|Pn|S�
1r�0 = �2�1

n

 
1

0

!
. (3.24)

Summation of (3.19) and (3.24) shows that the first two components of the gradient of

x ! A(x)�1(x) are zero. By symmetry, all the other components are also zero. This proves

that Pn is a critical point of �1(x)A(x).

The above theorem is crucial in showing the proof of the conjecture. Since we have shown

that the regular polygon is a critical point, it remains to prove that the regular polygon is

a local minimizer of �1 among the family of simple polygons in R2. This requires a study of

the properties of the shape Hessian matrix M�
ij.
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3.2 Stability of the shape Hessian matrix M�

The primary reference for the following section is [5], supplemented by [17].

As explained in step 2 of the strategy at the beginning of the chapter, in this section we

study the continuity of the coe�cients of the shape Hessian matrix N �
ij. We also estimate

the modulus of continuity of the coe�cients of N �
ij in this section, which would be used to

show the proof of the conjecture in Chapter 5.

3.2.1 Basic quantitative estimates of eigenvalues and eigenfunc-

tions

In this section, we estimate the variation of the first Dirichlet eigenvalue �1 and the corre-

sponding eigenfunction u1 for the regular polygon Pn and a perturbed polygon P .

Let ⌦ 2 R2 be a bounded Lipschitz connected domain and f 2 H�1(R2). We consider

the problem 8
<

:
��v = f in ⌦,

v = 0 on @⌦.
(3.25)

Let ⌦↵ , ↵ 2 {a, b} be two such domains. We denote by u↵ the solution of (3.25) on ⌦↵

for the right hand side f↵. In case f↵ = 1, we denote by w↵ the solution of (3.25) and w↵

is called the torsion function. We denote by u1,↵ the L2 normalized eigenfunctions on ⌦↵

corresponding to the Dirichlet eigenvalue �1,↵.

We initially consider the estimates in the case of domains with lesser regularity, like

domains with uniform (⇢, ") (see Definition 2.6.2) cone condition from [17]. We use the

convexity of polygons to deduce the estimates for eigenfunctions and eigenvalues in our

case. Assume that ⌦a,⌦b 2 R2 satisfy uniform (⇢, ") cone condition [17]. Let us denote by

dH(⌦1,⌦2) the Hausdor↵ distance between the sets ⌦1 and ⌦2.

Proposition 3.2.1. Let ⌦a,⌦b ✓ R2 satisfy the uniform (⇢, ") condition. Suppose we con-

sider fa = fb := f 2 L2(R2). There exists a constant C such that the following estimates
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hold: Z

R2

|rua �rub|2  Ckfk
1
2

L2kfk
1
2

H�1

✓
dH(⌦a,⌦b)

⇢ sin "

◆ 1
2

. (3.26)

Z

R2

|ua � ub|2  CkfkH�1

✓
dH(⌦a,⌦b)

⇢ sin "

◆ 1
2

. (3.27)

where C depends only on the diameters and dH denotes the Hausdor↵ distance (see Definition

2.5.1).

A detailed proof of the estimates (3.26) and (3.27) is given by Savaré-Schimperna [17].

These estimates would be used in our estimates of eigenfunctions.

Before proceeding on to the proof for estimates of eigenvalues and eigenfunctions in the

case of polygons, we consider a proof for estimates of functions in the case where the sets

are convex and bounded, in which case the level sets of the eigenfunctions and the torsion

function are convex.

Lemma 3.2.1. Let ⌦a,⌦b be convex bounded open sets. Suppose fa = fb = f 2 L1(R2), f �
0. Then we have

krva �rvbkL2(R2) dx  C (|⌦↵| diam(⌦a)|+ |⌦b| diam(⌦b)|) , (3.28)

where C := dH(@⌦↵, @⌦b)kfk21.

Proof. Let ⌦̂ = ⌦↵ \ ⌦b. This implies that dH(@⌦̂, @⌦↵)  dH(@⌦↵, @⌦b). Let us denote by

ṽ the solution of (3.25) in ⌦̂. Then, we get,

Z

⌦↵

|ṽ � v↵|2 dx =

Z

⌦↵

f(ṽ � v↵) dx  kfk1|⌦↵|max
x2⌦↵

(v↵(x)� ṽ(x)).

To estimate the quantity maxx2⌦↵(v↵(x) � ṽ(x))., we use the harmonicity of v↵ � ṽ on ⌦̂.

This implies

max
x2⌦̂

(v↵(x)� ṽ(x))  max
x2@⌦↵�B"

v↵(x).

where " = dH(@⌦a, @⌦b) and (@⌦↵�B") denotes the Minkowski sum of boundary of ⌦↵ and

ball of radius ". In order to estimate v↵(x) , we have
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v↵(x)  kfk1w↵(x)  "kfk21krw↵k1,

for every x 2 @⌦↵ � B" , where w↵ is the torsion function.

We get

|rw↵(x)|  Wx/2.

where Wx is the width using the classical barrier method. This implies

Z

⌦↵

|ṽ � v↵|2 dx  "kfk21|⌦↵|
diam(⌦↵)

2
.

Summing the estimates for va and vb proves the lemma.

The above lemma in particular uses the convexity of the sets ⌦a and ⌦b. We observe in

Proposition 3.2.2 that the convexity of polygons would be used in deriving the estimate of

the di↵erence of eigenvalues.

Perturbations of the regular polygon.

We denote by P a perturbation of Pn i.e polygon a0a1 . . . an�1 with n sides such that for

every i = 0, . . . , n� 1 we have |aia⇤
i |  ".

We denote by �k,�⇤k the k-th eigenvalues and by uk and u⇤
k the corresponding normalized

eigenfunctions on P,Pn, respectively.

Estimate for eigenvalue di↵erence:

Proposition 3.2.2. Under the previous hypotheses, we have

|�1 � �⇤1| 
Z

R2

|ru1 �ru⇤
1|

2 dx  2 (L1 + L3), (3.29)

where

L1 = "(�⇤1)
2 ku⇤

1k
2
L2 (2⇡ + 2⇡(1 + ")3),
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L2 =
�1

�2 � �1

✓
(rn + ")4 � r4n

r4n

◆
+

2�2
�2 � �1

✓
L1

�1(Pn � B")

◆ 1
2

,

L3 =
2�1

1 + ↵1
L2 + �⇤1

 
1�

✓
rn

rn + "

◆2
!

+ �⇤1

✓
L1

�1(Pn � B")

◆ 1
2

.

where Pn � B" denotes the Minkowski sum of Pn and B".

Proof. We introduce the problem � 2 H1
0 (P ),��� = �⇤1u

⇤
1 in D0(P ).

Using Lemma 3.2.1 , we have

Z

R2

|r��ru⇤
1|

2 dx  L1. (3.30)

We consider the decomposition � =
P+1

i=1 ↵iui (eigenfunctions constitute a Hilbert basis

in H1
0 (P )).

We also have the following estimate:

Z

R2

|r��ru1|2 dx = �⇤1

Z

R2

u⇤
1� dx� 2�1

Z

R2

u1� dx+ �1

= �⇤1 + �⇤1

Z

R2

u⇤
1(�� u⇤

1) dx� 2�1↵1 + �1

= 2�1(1� ↵1) + �⇤1 � �1 + �⇤1k�� u⇤
1k22.

In order to estimate the term (1� ↵1), we consider the following inequalities:

Z

R2

|r�|2 dx = �⇤1

Z

R2

�u⇤  �⇤1k�k2 
�⇤1

(�1)
1
2

kr�k2.

(We use Poincare’s inequality for the second inequality)

X

i

↵2
i�i =

Z

R2

|r�|2dx.
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We note the following inclusion

rn
rn + "

P ✓ Pn ✓ rn
rn � "

P.

Due to the monotonicity of eigenvalues, the inclusion implies

✓
rn + "

rn

◆2

�1 � �⇤1 �
✓
rn � "

rn

◆2

�1. (3.31)

Consequently, we have ↵2
1�1 + �2

1X

i=2

↵2
i (�

⇤
i )

2  (�⇤1)
2

�1

✓
rn + "

rn

◆4

�1 so

↵2
1�1 + �2

✓Z

R2

�2 dx� ↵2
1

◆

✓
rn + "

rn

◆4

�1.

On the other hand,

Z

R2

�2 dx �
Z

R2

(u⇤
1)

2 dx� 2

Z

R2

u⇤
1(u

⇤
1 � �) dx

� 1� 2ku⇤
1 � �k22 � 1� 2

✓
L1

�1(Pn � B")

◆ 1
2

,

which, after elementary computations leads to

1� ↵2
1 

�1
�2 � �1

✓
(rn + ")4 � r4n

r4n

◆
+

2�2
�2 � �1

✓
L1

�1(P� B")

◆ 1
2

:= L2.

Using the above estimate for (1� ↵2
1), (3.30) and (3.31), we have

Z

R2

|r��ru1|2 dx  2�1L2

1 + ↵1
+ �⇤1

 
1�

✓
rn

rn + "

◆2
!

+ �⇤1

✓
L1

�⇤1(Pn � B")

◆ 1
2

:= L3. (3.32)
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By summation of (3.32) and (3.30), the inequality (3.29) follows.

The above theorem gives an estimate of the di↵erence between eigenvalues, which would

be used in estimating the di↵erence kNij �N⇤
ijkL1 .

Estimates for eigenfunction di↵erence:

Proposition 3.2.3. There exists a constant C > 0 such that for all 0 < " < "0

kru1kL1  C and ku1 � u⇤
1kL1  Cku1 � u⇤

1k
1
3

H1  L5,

where L5 := C

✓
L4 + L1 + L3 +

L1

�1(Pn � B")

◆
,

and L1, L2, L3, L4 are given by Proposition 3.2.2.

Proof. The first inequality is a consequence of the barrier method.

The second inequality is a consequence of the Gagliardo-Nirenberg inequality ([33]), given

by,

ku1 � u⇤
1kL1  Ckru1 �ru⇤

1k
2
3

L3ku1 � u⇤
1k

1
3

L3 .

Then we use the first inequality and the continuous embedding H1(B2) ✓ L3(B2).

We consider the estimates kru1 �ru⇤
1kL2 , k�� u1kL2 , k�� u⇤

1kL2 combining which gives

the estimate for ku1 � u⇤
1kH1 .

Z

R2

(�� u1)
2 dx = (1� ↵1)

2 +
1X

i=2

↵2
i = (1� ↵1)

2 +

Z

R2

�2 dx� ↵2
1

 (1� ↵1)
2 + (1 + k�� u⇤

1k22)� ↵2
1

 2 (1� ↵1) + 2k�� u⇤
1k2 + k�� u⇤

1k22

 2

1 + ↵1
L2 + 2

✓
L1

�1(Pn � B")

◆ 1
2

+
L1

�1(Pn � B")
:= L4.

Using Poincare inequality and (3.30) , we get

Z

R2

|�� u⇤
1|

2 dx  L1

�1(Pn � B")
.
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From Proposition 3.2.2, we have

kru1 �ru⇤
1kL2  2 (L1 + L3).

The summation of the above estimates proves the theorem.

3.2.2 Estimates of variation of coe�cients of N �
ij

The primary reference for the following subsection is [5], supplemented by [11],[10].

Let us denote by (Nij) and (N ⇤
ij) the coe�cients of shape Hessian matrix of the Dirichlet

eigenvalue of P and Pn respectively. The objective is to find an estimate for kNij �N ⇤
ijk1

and we require L1 estimates of u1,�1,�,Ui and their gradients for the perturbed polygon

P and the regular polygon Pn.

Since the expression of the coe�cients of Nij involves the solutions of elliptic PDEs

((3.16),(3.17)) satisfied by the functions Ui with data in H�1+�, we require quantitative

estimates of the perturbation of eigenfunction in H2.

1. Estimates for terms �,r�, u1, u⇤
1,ru1,ru⇤

1:

Let �⇤ : T ⇤ ! R,� : T ! R be the functions defined in (3.10) on a symmetric triangula-

tion T of Pn and P respectively. We assume that 8i = 0, . . . n� 1, |aia⇤
i |  " (which implies

dH(@P, @Pn)  "). Then using the definition of �, we have:

k�⇤kL1  1, k�kL1  1, kr�⇤kL1  1

2 sin 2⇡
n

, kr�kL1  1

2 sin 2⇡
n � 2"

,

The following inequalities for u1, u⇤
1 follow from the fact that the fact that level sets of u1, u⇤

1

are convex.

ku⇤
1kL1 

p
�⇤1, ku1kL1 

p
�1,

kru⇤
1kL1  (�⇤1)

3
2 , kru1kL1  (�1)

3
2 (1 + ").
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2. Estimate for Ui,U
⇤
i :

From (3.16), we write 8i = 0, . . . , n� 1,

8
>>><

>>>:

��Ui � �Ui = f in P

Ui = 0 on @P
Z

P

u1Ui dx = 0,

(3.33)

where f 2 H�1(P,R2) is defined by the right-hand side of (3.16) . The term f consists of

the following type of terms (possibly multiplied by other geometric quantities):

�1u11Tr�,r�D2u,
@�

@n
H1|L,

where L is an edge of T and n is the normal. We note the following :

• It is required to show that the function Ui 2 H1+s. This fact will be required to derive

the H1 estimate of (Ui �U⇤
i ).

• We show that the eigenfunction u1 2 H2+s for s 2 [0, 1), implying that D2u 2 Hs.

The H2+s regularity of u1 is required for proving H1+s regularity of Ui.

• Lemma 3.14 and Lemma 3.15 in [5] are required for the H1+s estimate of Ui.

• It is important to understand the behaviour of u1 in the complement of P . To under-

stand the Lp, H1 properties of the extension of u1, it is enough to extend the function

by 0 in the complement. However, to understand the H2 property, we extend u1 using

the Stein extension operator EP . The objective here is to find an estimate of the form

kEP (u1)� EPn(u
⇤
1)kH2(R2).

• It is important to note from [10] that the Hs estimates of u1, Ui are used for finite

element approximation of u1,Ui and for using the Aubin-Nitsche lemma.

2.1 Uniform H2+s regularity of the eigenfunctions:

We recall the following result from [1].
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Lemma 3.2.2. Suppose we denote by P a perturbation of the regular polygon Pn, as above.

Let 0 < �  ⇡
!0
. Then, the solution v of (3.25) in P satisfies

kvkH1+�(P )  CkfkH�1+�(P ).

for every f 2 H�1+�(P ). The constant C depends on � but is independent of f and P . We

denote by !0 = max!i, where !i represent the interior angles of the polygon P .

The proof of the lemma involves a study of the equation (3.15) in Section 3.1. A more

detailed proof is given by Laurain[29] using the equation (3.15).

Let us denote by s0 =
⇡
!0

� 1 and let 0  s  s0.

Corollary 3.2.1. Under the previous hypotheses and notations, we have

u1 2 H2+s(P ), ku1kH2+s(P )  C,

with C depends on s but is independent on the perturbation.

Proof. To estimate kfkHs(P ), we use the Gagliardo Nirenberg interpolation inequality [20].

In our case, f = �1u1. Since we know H1 and L2 estimates of u1, this gives a bound for f ,

thus proving the corollary.

3.Construction of the Stein extension operator

We describe the Stein extension operator from [11] and refer the reader to the same for

detailed proof of the observations below.

The operator extends a function ' defined on a closed set ⌦ ⇢ R2 over the whole of R2.

We can extend the function ' over the whole of R2 by defining ' to be equal to zero in the

complement of the set ⌦. However, to make the extension of ' more regular, we define a

regularized distance function �(x) and we divide the complement of ⌦ into a mesh of cubes

Qk.

It is important to note that the size of the cubes Qk depends on the distance of Qk from
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the set ⌦. We also define the regularized distance function �(x) based on the diameter

of the cubes Qk that the point x belongs to. We also observe that the function �(x) is

di↵erentiable and the derivatives of �(x) are bounded.

Define the function ⌧ by

⌧(t) =
e

⇡t
Im


exp

✓
�(t� 1)1/4 exp

✓
� i⇡

4

◆◆�
(3.34)

Then it is immediate that

Z 1

1

⌧(t) dt = 1, for k = 1, 2, . . . , (3.35)

Z 1

1

tk⌧(t) dt = 0, as t ! 1 we have O(t�k). (3.36)

Let c > 0 be a constant such that

8(x, y) 2 R2 \ P, c�(x, y) > �j(x)� y, (3.37)

The extension operator EP is defined for x 2 [mj,Mj] and y < �j(x), by

EP ( ju1)(x, y) =

Z 1

1

 j(x, y + 2c�(x, y)u1(x, y + 2c�(x, y))⌧(t) dt, (3.38)

where  j denotes the cuto↵ function supported in B(a⇤
j ,

3
4 ln) and a⇤

j is a vertex of Pn.

It is important to note that (3.35) and (3.36) ensure that the integral expression in (3.38)

is well-defined. We also observe that the inequality (3.37) ensures that

y + 2c�(x, y) > �j(x),

which is necessary so that u1(x, y + 2c�(x, y)) is well defined.

We also consider a similar construction for the regular polygon Pn as well. Further proof

for the construction of the Stein extension operator is given by Stein[11],[5].

56



We denote U,U⇤ the solutions of (3.16) corresponding to P,Pn respectively. We denote

by N �
ij and (N �

ij)
⇤ the shape Hessian matrices of �1(P ) and �1(Pn) respectively. Without

loss of generality, we assume that P ✓ Pn.

Lemma 3.2.3. For every s 2 [0, 12
V
( ⇡
!0

� 1)], we have that

kUkH1+s(P )  Cs,

for a constant Cs > 0.

Proof. The case s = 0 follows from Poincare inequality :

kUkH1
0 (P ) 

�2 + 1

�2 � �1
kfkH�1(P ).

We note that u1 2 H2+s(P ) and all the quantities in f 2 H�1(P,R2) as defined in (3.17)

are controlled for our perturbation, in a norm which is at least H�1+s. Using the bound for

�2 � �1 from [4], we get the bound for the case s = 0.

For s > 0, we use Lemma 3.2.2 to get the bound.

Lemma 3.2.4. There exist positive constants ⌫, C > 0 such that for every admissible per-

turbation

kU�U⇤kH1
0 (B2,R2)  C"⌫ .

Proof. We introduce the following auxiliary problem

8
<

:
��V = �⇤U⇤ + f ⇤ in P

V = 0 on @P.
(3.39)

Using the result from [17], we have

kV �U⇤kL2  Ck�⇤U⇤ + f ⇤kH�1(B2)"
1
2 .

From lemma 3.2.3, it is clear that both V,U⇤ belong to H1+s with controlled norm.

Finally, we get,

kV �U⇤kH1(Pn)  C"⌫ .
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(See [5] for detailed proof of the above estimate.)

We introduce the function Ṽ = V � (
R
P V u1dx)u1 2 H1

0 (P ). Then we have,

kV � Ṽ kH1
0 (P )  C"⌫ .

Since both U, Ṽ are orthogonal to u1, using Poincare inequality, we get

kU� Ṽ k  �2
�2 � �1

kf � f̃kH�1 .

Summing the estimates proves the lemma.

Remark 3.2.1. Using Gagliardo - Nirenberg interploation inequality [33], we have

kU�U⇤kL1  CkU�U⇤k
1
3

H1 ,

for some C > 0. (See Proposition 3.2.3)

Theorem 3.2.1. Let us consider a polygon P 2 Pn such that |aia⇤i |  "  "0. Then there

exists C, ⌫ > 0 such that, we have,

kN �
ij � (N �

ij)
⇤kL1  C"⌫ ,

8k = 1, . . . , 2n, |�k(N �)� �k((N �)⇤)|  C"⌫ .

Proof. The first inequality follows by using the estimates of �1,�⇤1, u1, u⇤
1 and Remark 3.2.1.

The second inequality follows from Weyl inequality on the stability of eigenvalues of a Her-

mitian matrix under perturbation.

Remark 3.2.2. We know that the Hessian matrix of the area of a polygon is constant.

Hence, a similar estimate holds for the coe�cients of the shape Hessian M�.

Theorem 3.2.1 essentially gives a modulus of continuity for the coe�cients of the shape

Hessian, depending on C, ⌫. This is important in proving that the regular polygon is a global

minimizer, assuming the conjecture is true.
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Chapter 4

Study of eigenvalues of M�

The primary reference for this chapter is [5], supplemented by [41].

This chapter deals with the study of eigenvalues of M�, the shape Hessian matrix of the

functional |P |�1(P ), for a polygon P.

4.1 Computation of eigenvalues of M�

We assume the notation �(x) and A(x) to denote the first Dirichlet eigenvalue of a polygon

and the area of a polygon, respectively, with vertex coordinates given by x = (a0, a1, . . . , an�1).

We denote by N � and M�, the shape Hessian matrix of �1(P ) and |P |�1(P ), respectively,

for a polygon P .

We denote by tx = (1, 0, . . . , 1, 0) 2 R2n, ty = (0, 1, . . . , 0, 1) 2 R2n.

Proposition 4.1.1. The vectors tx, ty 2 R2n are eigenvectors of M� corresponding to the

zero eigenvalue.

Proof. Simplifying the Hessian of the product A(x)�(x), we have

Hess(�1(x)A(x)) = (A(x) Hess �1(x)) + (r�1(x)⌦rA(x)) + (rA(x)⌦r�1(x))+ (�1(x)HessA(x)).
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Suppose we consider a triangulation of the polygon with no interior vertices as in Figure 3.1.

Then
Pn

i=1 �i = 1, which implies that
Pn

i=0 r�i = 0. From Theorem 3.1.3, we have

nX

i=0

S�
1r�i = 0,

implying r�(x) · tx = r�(x) · ty = 0.

By the same choice of triangulation for the definition of �i, we get that
Pn

i=1 Ui = 0.

We immediately have N �tx = N �ty = 0 from Theorem 3.1.4.

It remains to show that the vectors tx and ty are eigenvectors of the Hessian matrix of

A(x). The Hessian matrix of the area of the polygon is given by the constant 2n⇥ 2n block

matrix

D2A(x) = (Aij)0i,jn�1,

where the non-zero 2 ⇥ 2 blocks are explicitly given by Aij =

 
0 1

2

�1
2 0

!
if j = i + 1 and

Aij =

 
0 �1

2

�1
2 0

!
if i = j + 1.

From the expression of Hessian of area, tx and ty are in the kernel of the Hessian matrix

of area of a polygon. This finishes the proof of the proposition.

A similar proof of the fact that r = (1, 0, cos(2⇡n ), sin(
2⇡
n ), . . . , sin(

2(n�1)⇡
n )) and s =

(0,�1, sin(2⇡n ),� cos(2⇡n ), . . . ,� cos(2(n�1)⇡
n )) are eigenvectors of M� corresponding to the

zero eigenvalues is given in ([5], Proposition 4.12).

We denote by Pn = [a0a1 . . . an�1] the regular polygon with n- sides, centred at the ori-

gin, with the vertex a0 at the point (1, 0). We also denote by �1 := �1(Pn) its first Dirichlet

eigenvalue and u1 := u1(Pn), the L2 normalized eigenfunction, corresponding to the eigen-

value �1. We consider ✓ = 2⇡/n in this chapter.

We assume that the functions �j in (3.10) are defined on a symmetric triangulation T
(see Figure 3.1) and is made of the triangles Tj having vertices (0, 0), (cos j✓, sin j✓), (cos(j+
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1)✓, sin(j + 1)✓), 0  j  n� 1. We also use the notation T+ = T0, T� = Tn�1.

Change of basis

We perform a change of basis on the matrix M� such that for each vertex, the basis di-

rections correspond to the radial and tangential directions (see Figure 3 in [5]). The change

of basis gives more information about the eigenvalues of M�.

The Hessian matrix in the new basis is given by the formula H� = TTM�T, where

T = (Tij)1i,jn is a 2 ⇥ 2 block matrix with Tjj =

 
cos(j � 1)✓ � sin(j � 1)✓

sin(j � 1)✓ cos(j � 1)✓

!
. This

naturally implies that M� and H� have same eigenvalues.

We also observe that the resulting matrix H� is circulant with respect to its 2⇥2 blocks:

H� =

0

BBBB@

H0 H1 . . . Hn�1

Hn�1 H0 . . . Hn�2
...

...
. . .

...

H1 H2 . . . H0

1

CCCCA
. (4.1)

The spectrum of the matrix H� is made of the union of spectra of the following n matrices

of size 2⇥ 2:

B⇢k = H0 + ⇢kH1 + ⇢2kH2 + · · ·+ ⇢n�1
k Hn�1. (4.2)

where ⇢k = exp(ik✓), k = 0, . . . , n� 1. This follows from [25] and references therein. Let us

denote by M0,M1, . . . ,Mn�1 the blocks of the first line in M�. Then, we have

B⇢k = M0 +M1(⇢kR✓) + · · ·+Mn�1(⇢kR✓)
n�1.

where R✓ =

 
cos ✓ � sin ✓

sin ✓ cos ✓

!
denotes the rotation matrix around the origin with angle ✓ in

the trigononmetric sense.

61



Using the expression of M� (see Theorem 3.1.5), we decompose each one of the blocks

Mi = M1
i +M2

i +M3
i with

M1
i = �2|Pn|

"
a(U1

0 , U
1
i ) a(U1

0 , U
2
i )

a(U2
0 , U

1
i ) a(U2

0 , U
2
i )

#
,

M2
i = ��1

Z

Pn

[(r�0 ⌦r�i)� (r�i ⌦r�0)],

M3
i = 2|Pn|

Z

Pn

(r�0 ·r�i)(ru1 ⌦ru1).

where

a(U1
i , U

1
j ) :=

Z

Pn

(DU1
i DU1

j + �1U
1
i U

1
j )

for i, j = 0, . . . , n� 1 .

In the following, we compute separately the matricesBl
⇢k

=
Pn�1

i=0 ⇢
i
kM

l
iRi✓, for l = 1, 2, 3.

Case l = 1:

We denote by Ui = (U1
i , U

2
i ) the solution of (3.16), with the normalization (3.17). Since

the triangulation defining �i is symmetric, we have

Ui(x) = Ri✓U0(R
T
i✓x).

For 0  i  n� 1, we have

M1
iRi✓ =

 
a(U1

0 , U
1
i ) a(U1

0 , U
2
i )

a(U2
0 , U

1
i ) a(U2

0 , U
2
i )

! 
cos(i✓) � sin(i✓)

sin(i✓) cos(i✓)

!
=

 
a(U1

0 , U
1
0 �RT

i✓) a(U1
0 , U

2
0 �RT

i✓)

a(U2
0 , U

1
0 �RT

i✓) a(U2
0 , U

2
0 �RT

i✓)

!
.

Case l = 2:
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Since the matrices M2
i come from the Hessian of the area, we have

M2
1 = ��1

 
0 0.5

�0.5 0

!
, M2

n�1 = �M2
1 and M2

i = 0 for i /2 {1, n� 1}.

Therefore, we get
n�1X

i=0

⇢ikM
2
iRi✓ =

�1
2
(⇢kR⇡/2+✓ + ⇢kR�⇡/2�✓).

Case l = 3:

From the definition of Axx, Ayy, Axy (see proof of Theorem 3.1.6), we have

M3
0 = 4|Pn|kr�0k2

 
Axx 0

0 Ayy

!
,

M3
1 = 2|Pn|

Z

T+

(r�0 ·r�1)

 
Axx Axy

Axy Ayy

!
,

M3
n�1 = 2|Pn|

Z

T�

(r�0 ·r�n�1)

 
Axx �Axy

�Axy Ayy

!
.

We observe that
R
T+
(r�0 ·r�1)T+ =

R
T�
(r�0 ·r�n�1) = � cos ✓|r�0|2. A direct com-

putation shows that |Pn| = 0.5n sin ✓, |r�0|T+ = 1/ sin ✓ and using the relation (3.23), we

find that
n�1X

i=0

⇢ik(M
2
i +M3

i )Ri✓ =
2n(1� cos(k✓))

sin ✓

 
Axx 0

0 Ayy

!
.

Theorem 4.1.1. For 0  k  n� 1 we have B⇢k =

 
↵k i�k

�i�k �k

!
with

↵k = qk

Z

T0

(@xu1)
2 � 2|Pn| a(U1

0 ,
n�1X

i=0

cos(ik✓)(cos(i✓)U1
i + sin(i✓)U2

i )),

�k = qk

Z

T0

(@yu1)
2 � 2|Pn| a(U2

0 ,
n�1X

i=0

cos(ik✓)(� sin(i✓)U1
i + cos(i✓)U2

i )),
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where

qk =
2n(1� cos(k✓))

sin ✓
,

and

�k = �2|Pn| a(U1
0 ,

n�1X

i=0

(sin(ik✓)(� sin(i✓)U1
i + cos(i✓)U2

i )).

From the expression of B⇢k , we obtain the eigenvalues of B⇢k in terms of ↵k, �k and �k

[5]. Consequently, we know that the eigenvalues of the Hessian matrix M� are the union of

spectra of eigenvalues of matrices B⇢k , for 0  k  n� 1.

The explicit expressions of ↵k, �k and �k in terms of u1 and the couple (U1
0 , U

2
0 ) are given

in [[5], Proposition 4.10].

Proposition 4.1.2. If the Hessian matrix M� evaluated at Pn, has 2n� 4 eigenvalues that

are strictly positive, then Pn is a local minimum among the family of simple polygons Pn in

R2.

Proof. To prove that the regular polygon is a local minimum, we need to prove that the

Hessian matrix associated with the free variables, denoted by M 0, is positive definite. This

implies that it is enough to prove that the eigenvalues of the matrix M 0 are strictly positive.

If we fix the vertices an�2 and an�1, then the matrix M 0, corresponding to the free variables,

would be obtained by removing the last four rows and columns of M�.

An important property of the eigenvalues of M 0 is that they are bounded below by the

eigenvalues ofM� [37]. This implies that the eigenvalues ofM 0 are non-negative. It is enough

to prove that M 0 doesn’t have a zero eigenvalue. Suppose we assume that the matrix M 0 has

a zero eigenvalue and we denote the corresponding eigenvector to be ⇠. We know that if the

last four components of ⇠ are completed by zeros, we get an eigenvector of M� corresponding

to the zero eigenvalues. We know from Proposition 3.1.1 that tx, ty, r and s are eigenvectors

of M� corresponding to the zero eigenvalues. We note that the last four components of

tx, ty, r and s are linearly independent in R4, implying that the last four components cannot

be (0, 0, 0, 0).

This implies that our assumption that the matrixM 0 has a zero eigenvalue is false. Hence,

the matrix M 0 is positive definite, implying that the regular polygon Pn is a local minimum
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among the family of polygons Pn in R2.

Proposition 4.1.2 essentially states that it is enough to show that the eigenvalues of M�

are strictly positive to prove that the regular polygon is a local minimum.

4.2 Finite element approximation of the eigenvalues of

M�

Since the eigenvalues, µn, of M
� are described analytically in Theorem 4.1.1, they do not

allow us to show that the eigenvalues are strictly positive. Therefore, we use finite element

approximation of the terms ↵k, �k, �k to numerically certify this fact. We consider certified

estimates of approximations for u1,�1 on the regular polygon Pn using P1 finite elements

(linear finite element space) in the first step. In the next step, we get certified estimates for

the approximation of Ui and in the last step, we get approximation results for coe�cients

of the Hessian matrix.

We assume the notations and definitions for this section from Chapter 2, Section 2.9. In

this section, we denote the linear finite element space by Vh.

Step 1: Certified approximation of the first eigenpair

We denote by �1,�1,h the first Dirichlet eigenvalue satisfying the problems (2.20) and

(2.21), respectively.

Results in [41] prove that

�1,h > �1 >
�1,h

1 + C2
1h

2�21,h
.

where the constant C1, h are defined in Chapter 2, Section 2.9.
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This implies that we have

|�1 � �1,h|  �31,hC
2
1h

2/(1 + C2
1h

2�21,h). (4.3)

Approximation of u1:

Let us denote by p = Ph(u1) (Ph(u1) is the projection of u1 onto Vh). Then

kru1 �rpkL2  C1hkD2u1kL2 and ku1 � pkL2  C1hkru�rpkL2 . (4.4)

For u = u1 2 H2, using kD2u1kL2 = k�u1kL2 [[19], Theorem 4.3.1.4],we have

kru1 �rpkL2  C1h�1 and ku1 � pkL2  C2
1h

2�1. (4.5)

Let us decompose p = ↵u1,h + ep where
R
Pn
epu1,hdx = 0,↵ 2 R.

We obtain the error estimate

kru1 �ru1,hkL2  kru1 �rpkL2 +

✓
1� |↵|
|↵|

◆
krpkL2 +

1

↵
krepkL2 . (4.6)

We calculate the following bounds for kpkL2 , krpkL2 using the definition of p, Ph:

krpk2L2 = (ru1,rp)Pn = �1(u1, p)Pn  �1kpkL2  �1(ku1kL2 + kp� u1kL2)

where (, )Pn denotes the L2 inner product on Pn. We obtain further quantitative estimates

in terms of h from (4.5).

Bounds for kepkL2 , krepkL2 :

Using the definition of u1, ep and p, we have

Z

Pn

rp ·rvh � �1h,

Z

Pn

pvh =

Z

Pn

(�1u1 � �1h, p)vh, 8vh 2 Vh.
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Using the Poincare inequality on the orthogonal of u1,h in Vh, we get

✓
1� �1,h

�2,h

◆Z

Pn

|rep|2dx  k�1u1 � �1,hpkL2p
�2,h

Z

Pn

|rep|2dx,

or

kpkL2  1

�
1
2
2,h

krpkL2 
�

1
2
2,h

(�2,h � �1,h)
(|�1 � �1,h|+ �1ku1 � pkL2). (4.7)

where �2,h denotes the second Dirichlet eigenvalue solving the eigenvalue problem (2.21) We

obtain further quantitative estimates in terms of h from (4.5) and (4.3).

Bounds for ↵:

To conclude, we need bounds for ↵. We have
R
Pn

p2 = ↵2 +
R
Pn
ep2, which proves that

|1� ↵|  |1� ↵2| 
Z

Pn

p̃2 +

Z

Pn

(u2
1 � p2) 

Z

Pn

p2 + ku1 � pkL2(2 + ku1 � pkL2).

We obtain quantitative estimates from (4.4) and (4.7). Since ↵ > 0, ↵ can be bounded

below, for h small enough.

Similarly, we obtain the L2 error estimate for the first eigenfunction:

ku1 � u1,hkL2  ku1 � pkL2 +

✓
|1� ↵|
|↵|

◆
kpkL2 +

1

↵
kepkL2 . (4.8)

Step 2: Certified approximation of Uj: We consider the following steps for the

approximation:

• Estimates for kv � pvkL2 are considered for v the solution of (3.25) on Pn with f 2
H� 1

2��(R2), where � 2 (0, 12) and pv := Ph(v) the projection of v onto Vh, in Lemma

4.2.1.

• Using the above estimate for f 2 H� 1
2��(R2), we find estimates for U defined by (4.12)

on Pn with f = f reg + f sing with f reg 2 L2(Pn) and f sing 2 H� 1
2��(Pn) in Theorem

4.2.1.
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• We find estimates for U0 = (U1
0 , U

2
0 ) defined in (3.16) with the normalization condition

(3.17) and f0 2 H�1(Pn,R2) based on estimates found in the previous step.

Lemma 4.2.1. Let � 2 (0, 12) and v the solution of (3.25) on Pn with f 2 H� 1
2��(R2). Then

krv �rpvkL2  kfk
H� 1

2��(R2)
(C1h)

1
2��(1 +

1

�1
)
1
2+�, (4.9)

and

kv � pvkL2  kfk
H� 1

2��(R2)
(C1h)

3
2��(1 +

1

�1
)
1
2+�. (4.10)

Proof. From the Aubin-Nitsche argument [5], we have

kv � pvkL2  C1hkrv �rpvkL2 .

Since f 2 H� 1
2��(R2), we get

krv �rpvk2L2 = (f, v � pv)H�1⇥H1
0
 kfk

H� 1
2��(R2)

kv � pvkH 1
2+�(R2)

.

.

Using the Gagliardo-Nirenberg interpolation inequality [20], we have

krv �rpvk2L2  kfk
H� 1

2��(R2)
kv � pvk

1
2��

L2 kv � pvk
1
2+�

H1(R2).

Further using Poincare inequality, we get

krv �rpvk2L2  kfk
H� 1

2��(R2)
(C1h)

1
2��(1 +

1

�1
)
1
2+�krv �rpvkL2 . (4.11)

The estimate (4.11) together with the Aubin-Nitsche argument gives an estimate for

kv � pvkL2 .
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Theorem 4.2.1. Let U 2 H1
0 (Pn) be the solution of

8
>>><

>>>:

��U � �U = f in Pn,

U = 0 on @Pn,
R
Pn

uUdx = 0

(4.12)

where (f, u1)H�1,H1
0
= 0.Consider f = f reg + f sing with f reg 2 L2(Pn) and f sing 2

H� 1
2��(Pn). We denote by fh a numerical approximation in H�1 of f such that (fh, u1,h)H�1,H1

0
=

0 and u1,h a numerical approximation of u1, in H1
0 (Pn). Let us denote by Uh the finite element

solution in Vh for Z

Pn

(rUh ·rv � �1,hUhv)dx = (fh, v)H�1⇥H1
0
, (4.13)

together with the normalization condition,

Z

Pn

u1,hUhdx = 0. (4.14)

Then

krU �rUhkL2  C1hk�1U + f regkL2 + kf singk
H� 1

2
(C1h)

1
2��

✓
1 +

1

�1

◆ 1
2+�

+�
1
2
1,h

 
(C1h)

2k�1U + f regkL2 + kf singk
H� 1

2��(R2)
(C1h)

3
2��

✓
1 +

1

�1

◆ 1
2+�
!

+�
1
2
1,h(kV kL2ku1,h � ukL2)

+
�

1
2
2,h

�2,h � �1,h

⇣
|�1,h � �1|kUkL2 + �1,hkU � Ph(U)kL2 + (1 + �2,h)

1
2kf � fhkH�1

⌘
.

Proof We have

krU �rUhkL2  krU �rV kL2 + krV �rUhkL2 ,

where V = Ph(U) is the projection of U onto Vh.
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Estimate for krU �rV kL2 :

Let us denote U reg, U sing to be the solutions of

U reg 2 H1
0 (Pn), ��U reg = �U + f reg, U sing 2 H1

0 (Pn), ��U sing = f sing,

so that U = U reg + U sing. We define the functions Vreg, Vsing such that

V reg, V sing 2 Vh, V reg = Ph(U
reg), V sing = Ph(U

sing)

and V reg, V sing are the solutions of

V reg 2 Vh, ��V reg = �U + f reg, V sing 2 Vh, ��V sing = f sing.

Using Lemma 3.2.1, we get,

krU sing �rV singkL2  kf singk
H� 1

2�� (C1h)
1
2��

✓
1 +

1

�1

◆ 1
2+�

, (4.15)

Similarly, the estimate for V reg from (4.5) gives

krU reg �rV regkL2  C1hk�1U + f regkL2 . (4.16)

Summing (4.15) and (4.17) gives the estimate for krU �rV kL2 .

Estimate for krV �rUhkL2 :

krV �rUhkL2  krV �rṼ kL2 + krṼ � UhkL2

where V = V � (
R
Pn

V u1,hdx)u1,h is the component of V orthogonal to u1,h

We consider the above definition for V since U is orthogonal to u1,h, which follows from
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(4.14).We have

krV �rV kL2 = �
1
2
1,h

✓Z

Pn

(V u1,h � Uu1)

◆
 �

1
2
1,h (kV � UkL2 + kV kL2ku1,h � u1kL2) .

(4.17)

We immediately notice that V is the solution of

V 2 Vh, ��V � �1,heV = �1,hU � �1,hV

Combining with equation (4.12) and using integration by parts, we get

Z

Pn

|rV �rUh|2dx� �1,h

Z

Pn

|V � Uh|2dx = (�1U + f � �1,hV � fh, V � Uh)H�1⇥H1
0
.

By the Poincaré inequality in the orthogonal of u1,h we get

✓
1� �1,h

�2,h

◆
krV �rUhkL2(Pn)  (k�1U��1,hV kL2kV �UhkL2) + (kf�fhkH�1kV �UhkH1)

(4.18)

Summing (4.17) and (4.18) gives the estimate for krV �rUhkL2 .

The proof for the estimate kU � UhkL2 follows a similar procedure and is given in ([5],

Theorem 5.3).

It can be seen that the estimates become explicit as soon we have estimates for kfkH�1 , kf regkL2 , kf�
fhkH�1 , kf singkH�1/2�� , and L2 estimates of U,rU, V,rV .

Estimates for U,rU, V,rV :

Since U is orthogonal to u1, we have

p
�2kUkL2  krUkL2

using the Poincare inequality
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We have the following estimate for U :

kUk2L2 � �1kUk2L2  kfkH�1kUkH1 .

which implies that

p
�2kUkL2  krUkL2 

p
�2(�2 + 1)

�2 � �1
kfkH�1 .

We observe that a similar estimate holds for the discrete approximation as well:

p
�2,hkUhkL2  krUhkL2 

p
�2,h(�2,h + 1)

�2,h � �1,h
kfhkH�1 .

To find bounds for rV , we use the fact that V is the projection of U onto the space

Vh. Furthermore, to find bounds for V , we use the Poincare inequality and the bound forrV .

Estimates for kf � fhkH�1 :

In our case, we consider the functionU0 defined in (3.16) with the normalization condition

(3.17). We assume the definition of �i as given in (3.9). We denote by f0 2 H�1(Pn,R2) the

right hand side from (3.16) for j = 0. We shall drop the index i = 0 from U0, f0 and �0 since

it is fixed. Let us denote by T+ = T0 and T� = Tn�1 the upper and lower triangles in the

symmetric triangulation T of Pn. Then, we have

r� = 1T+

✓
1,� 1

tan ✓

◆
+ 1T�

✓
1,

1

tan ✓

◆
and 8v 2 Pn, kr�(x)k =

1

sin(✓)
1T+[T�(x).

Let us denote by f 2 H�1(Pn,R2) the distribution given by

hf, viH�1⇥H1
0
=

Z

Pn

(�(r�⌦ru1)rv + (ru1 ⌦rv)r�+ (rv ⌦ru1)r�) dx

+

Z

Pn

S�
1r�

Z

Pn

u1v dx+ �1

Z

Pn

u1vr� dx 8v 2 C1
c (Pn).
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We further simplify the expression using integration by parts and the definition of the term

S�
1 .

Therefore, we get

Z

Pn

S�
1r� =

Z

Pn

�2(ru1⌦ru1)r� dx = �4

Z

T+

 
(@xu1)2 � 1

tan ✓ (@xu1)(@yu1)

0

!
dx :=

 
s�1
0

!
.

Using the fact that the derivative of �1(P )|P |, when evaluated at Pn is zero , we get

Z

Pn

�2(ru1 ⌦ru1)r� dx =

 
2�1
n

0

!
,

implying

s�1 = �2�1/n.

Since the triangulation defined for �j is symmetric, we observe that the above computations

hold for the discrete approximation as well.

Hence, let us denote by fh the distribution given by: 8v 2 C1
c (R2)

(fh, v)H�1⇥H1
0
=

Z

Pn

2(rv �ru1,h)r� dx+ s�1,h

Z

Pn

u1,hv dx. (4.19)

We get

kf � fhkH�1  2
p
2p

n sin ✓

Z

Pn

|ru1 �ru1,h|2 dx+

r
1

1 + �1
(|s�1 � s�1,h|+ |s�1 |ku1 � u1,hkL2).

Estimate for kf ikH�1 :

We have

(f, v)H�1,H1
0
=

 
(f 1, v)H�1⇥H1

0

(f 2, v)H�1⇥H1
0

!

=

Z

Pn

(r� ·rP (v))ru1 dx+

Z

Pn

(r� ·ru1)rP (v) dx.
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where P (v) = v� (
R
Pn

u1v)u1 is the L2-projection of v on the orthogonal of u1. For the H�1

estimate we have

(f 1, v)H�1,H1
0
=

Z

T+[T�

(2@xu1@xP (v) + @y�(@xu1@yP (v)) + @yu1@x(P (v))) .

Which implies that

kf 1kH�1  2
p
2

✓Z

T+

(@xu1)
2

◆ 1
2

+
1

tan ✓

r
2�1
n

.

We similarly compute the estimate for the term f 2.

Estimates for kf i
regkL2 , kf i

singkH� 1
2�� :

We have

(f, v)H�1,H1
0
=

 
(f 1, v)H�1⇥H1

0

(f 2, v)H�1⇥H1
0

!

=

Z

Pn

(r� ·rv)ru1dx+

Z

Pn

(r� ·ru1)rv dx+

Z

Pn

u1v dx

 
s�1
0

!
:=

 
P 1

P 2

!
+

 
Q1

Q2

!
+

 
R1

R2

!
.

We perform integration by parts on the first integral expression and express the integral over

the region Ti, where Ti is a triangle in the symmetric triangulation of Pn, as the regular part

P i
reg. We express the integral over the boundary of Ti as the singular part P i

sing. Using the

estimate kr(@xu1)kL2(Tj) =
p
�1k@xu1kL2(Tj) and kr(@yu1)kL2(Tj) =

p
�1k@yu1kL2(Tj) from

[5] , we have

kP 1
regkL2 

p
2 L1k@xu1kL2(T+) and kP 2

regkL2 
p
2 L1k@yu1kL2(T+).

where L1 :=
p
�1

sin ✓ .

For the singular part, using ([5],Remark 5.5) we have

kP 1
singkH� 1

2��  1 + cos ✓

sin ✓

p
�1ku1kL2(S0)C�, kP 2

singkH� 1
2��  2

p
�1ku1kL2(S0)C�.

where S0 = [0, 1].
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We again perform integration by parts on the second integral expression denoted by

Q1, Q2 and we again denote the regular parts by Q1
reg, Q

2
reg and the singular parts by

Q1
sing, Q

2
sing.

A direct computation gives the following estimates for the regular parts:

kQ1
regkL2 

p
2 L1k@xu1kL2(T+) and kQ2

regkL2 
p
2L1k@yu1kL2(T�).

We also get R2 = 0 and kR1kL2 = |s�1 | = 2�1/n.

Finally, we have

kf 1
regkL2  2

p
2 L1k@xu1kL2(T+) +

2�1
n

and kf 2
regkL2  2

p
2L1k@yu1kL2(T�).

kf 1
singkH� 1

2��  2
1 + cos ✓

sin ✓

p
�1ku1kL2(S0)C�, kf 2

singkH� 1
2��  2

p
�1ku1kL2(S0)C�.

Remark 4.2.1. We use results from [21] to obtain bounds for terms of the form fsing. The

result uses trace inequalities on fractional Sobolev spaces.

Step 3: Certified approximation of eigenvalues of M�

We use the notations from Theorem 4.2.1 for two generic problems with solutions Ua, Ub

corresponding to the right-hand sides fa, f b. We denote the bilinear forms

a : H1
0 (Pn)⇥H1

0 (Pn) ! R, a(u, v) =

Z

Pn

ru ·rv � �1

Z

Pn

uv,

ah : Vh ⇥ Vh ! R, ah(u, v) =

Z

Pn

ru ·rv � �1,h

Z

Pn

uv.

Our objective is to find error estimates of the form

|a(Ua, U b)� ah(U
a
h , U

b
h)|.

in order to get an estimate of order h1�2� for ↵k, �k, �k in Theorem 4.1.1. By triangle

inequality, we have

|a(Ua, U b)� ah(U
a
h , U

b
h)| 
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|a(Ua, U b)� a(V a, V b)|+ |a(V a, V b)� ah(eV a, eV b)|+ |ah(eV a, eV b)� ah(U
a
h , U

b
h)|. (4.20)

First term

The explicit expression for the first term is given by

a(Ua, U b)� a(V a, V b) =

Z

Pn

r(Ua �V a) ·r(U b �V b)��1

Z

Pn

[(Ua �V a)V b +(U b �V b)Ua],

so that

|a(Ua, U b)� a(V a, V b)| 

kr(Ua � V a)kL2kr(U b � V b)kL2 + �1kUa � V akL2kV bkL2 + �1kUakL2kU b � V bkL2 .

Lemma 4.2.1 applied to the L2-norms of both the functions and their gradients give control

in h1�2�.

We also find estimates for the second term and third term in (4.20) similar to the esti-

mation of the first term. We use Lemma 4.2.1 again to find estimates of terms of the form

kr(Ua � V a)kL2 , where V a represents the projection of Ua onto Vh.

We denote by

W↵k =
n�1X

i=0

cos(ik✓)U1
0 �RT

i✓

W �k =
n�1X

i=0

cos(ik✓)U2
0 �RT

i✓

W �k,1 =
n�1X

i=0

sin(ik✓)U2
0 �RT

i✓

W �k,2 =
n�1X

i=0

sin(ik✓)U1
0 �RT

i✓

so that a(U1
0 ,W

↵k), a(U1
0 ,W

�k), a(U1
0 ,W

�k,1), a(U1
0 ,W

�k,2) allow us to express ↵k, �k and �k

respectively.
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Denote by f↵k 2 H�1 the distribution

hf↵k , viH�1,H1
0
=

n�1X

i=0

(cos(i+ 1)k✓ + cos(ik✓))�1

Z

Ti

u1v

+
n�1X

i=0

cos(i+ 1)k✓ � cos(ik✓)

sin ✓

Z

Ti

 
� sin(2i+ 1)✓ cos(2i+ 1)✓

cos(2i+ 1)✓ sin(2i+ 1)✓

!
ru1 ·rv.

We note that
R
Pn

W↵ku1 = 0 due to the orthogonality of U1
0 on u1. We observe that

(f↵k , u1) = 0 by the symmetry of the first eigenfunction u1. These observations imply

that W↵k is the unique solution of the problem

a(W, v) = hf↵k , viH�1,H1
0
, 8v 2 H1

0 (Pn),

Z

Pn

Wu1 = 0.

Corresponding to the terms �k, �k, we obtain the distributions f�k , f�k . The explicit

expression of the distributions f�k , f�k are given in [5].

In our case, we consider Ua = U1
0 and Ub = W ↵k ,W �k ,W �k .

In order to find estimates for krUb�rUh
b kL2 , we use Theorem 4.2.1 where f in the right

hand side is replaced by f↵k , f�k , f�k for ↵k, �k, �k respectively. This implies that we require

the following estimates: kf↵kkH�1 , kf↵k
regkL2 , kf↵k �f↵k

h kH�1 , kf↵k
singkH�1/2�� , corresponding to

the term ↵k and similar estimates corresponding to the terms �k and �k.

We find the above estimates in terms of the estimates |�1 � �1,h| , ku1 � u1,hkL2 , which

are expressed clearly in terms of the mesh size h. We also know from Theorem 4.2.1 that

we obtain estimates of order O(h1�2�). Hence, we obtain better approximations to the

eigenvalues of M� as we lower the mesh size h.

We find the explicit estimate for the term ↵k and the estimates for the terms �k, �k can

be computed similarly.

The term ↵k:
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Using Poincare inequality, we get

kvkL2  1p
1 + �1

kvkH1

Using the computations in [5] and the above inequality, we get

kf↵kkH�1  �1

s
1 + cos(k✓)

1 + �1
+

p
�1(1� cos(k✓))

sin ✓
.

Denote K↵k
i as

K↵k
i =

cos((i+ 1)k✓)� cos(ik✓)

sin ✓

 
� sin(2i+ 1)✓ cos(2i+ 1)✓

cos(2i+ 1)✓ sin(2i+ 1)✓

!

Then we have

n�1X

i=0

Z

Ti

K↵k
i ru1 ·rv = �

n�1X

i=0

Z

Ti

div(K↵k
i ru1)v +

n�1X

i=1

Z

@Ti

K↵k
i ru1 · nv

Since u1 2 H2(Pn), the first term in the expression is regular. We refer to the second term

on the right-hand side of the expression to be the singular part.

For the regular part, using the fact that kD2u1kL2 = �1 we obtain

kf↵k
regkL2 

p
1 + cos(k✓)�1 +

p
2

sin ✓

p
1� cos(k✓)�1.

For the singular part, we consider the following. We obtain for v 2 H1
0 (Pn)

n�1X

i=0

Z

@Ti

(K↵k
i ru1 · n)v = �

n�1X

i=0

Z

Si

cos ✓

sin ✓
2 cos ik✓(1� cos k✓)(@ru1)v.

Using [[5],Remark 5.5], we get

kf↵k
singkH� 1

2��  2
n�1X

i=0

cos ✓

sin ✓
| cos ik✓(1� cos k✓)|

p
�1ku1kL2(S0)C�.
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We consider the discrete version of f↵k , replacing u1 and �1 by their discrete approximation

hf↵k
h , viH�1,H1

0
=

n�1X

i=0

(cos((i+ 1)k✓) + cos(ik✓))�1,h

Z

Ti

u1,hv

+
n�1X

i=0

cos((i+ 1)k✓)� cos(ik✓)

sin ✓

Z

Ti

 
� sin(2i+ 1)✓ cos(2i+ 1)✓

cos(2i+ 1)✓ sin(2i+ 1)✓

!
ru1,h ·rv.

By direct computation, we obtain

hf↵k
h � f↵k , vi =

n�1X

i=0

(cos((i+ 1)k✓) + cos(ik✓))

Z

Ti

(�1u1 � �1,hu1,h)v

+
n�1X

i=0

Z

Ti

K↵k
i (ru�ruh) ·rv,

which implies

kf↵k � f↵k
h kH�1 

r
1 + cos k✓

1 + �1
(|�1��1,h|+�1,hku1�u1,hkL2)+

p
1� cos k✓

sin ✓
kru�ruhkL2 .

The term �k:

Similar computations as before for ↵k gives

kf�kkH�1  �1
cos ✓

sin ✓

s
1� cos(k✓)

1 + �1
+

p
�1(1� cos(k✓))

sin ✓
.

kf�k
singkH� 1

2��  2
n�1X

i=0

|cos ik✓(1� cos k✓)|
p
�1ku1kL2(S0)C�.

kf�k
regkL2  cos ✓

sin ✓

p
1� cos(k✓)�1 +

p
2

sin ✓

p
1� cos(k✓)�1.

kf�k � f�k
h kH�1  cos ✓

sin ✓

r
1� cos k✓

1 + �1
(|�1 � �1,h|+ �1,hku1 � u1,hkL2)

+

p
1� cos k✓

sin ✓
kru�ruhkL2 .
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The term �k

We perform computations similar to ↵k for �1k , which gives

kf�k,1kH�1  �1
cos ✓

sin ✓

s
1� cos(k✓)

1 + �1
+

p
�1(1� cos(k✓))

sin ✓
.

kf�k,1
sing kH� 1

2��  2
n�1X

i=0

|sin ik✓(1� cos k✓)|
p
�1ku1kL2(S0)C�.

kf�k,1
reg kL2  cos ✓

sin ✓

p
1� cos(k✓)�1 +

p
2

sin ✓

p
1� cos(k✓)�1.

kf�k,1 � f�k,1
h kH�1  cos ✓

sin ✓

r
1� cos k✓

1 + �1
(|�1 � �1,h|+ �1,hku1 � u1,hkL2)

+

p
1� cos k✓

sin ✓
kru�ruhkL2 .

Similar computations as before for ↵k gives the following estimates for �2k :

kf�k,2kH�1  �1

s
1 + cos(k✓)

1 + �1
+

p
�1(1� cos(k✓))

sin ✓
.

kf�k,2
sing kH� 1

2��  2
n�1X

i=0

cos ✓

sin ✓
|sin ik✓(1� cos k✓)|

p
�1ku1kL2(S0)C�.

kf�k,2
reg kL2 

p
1 + cos(k✓)�1 +

p
2

sin ✓

p
1� cos(k✓)�1.

kf�k,2
h � f�k,2kH�1 

r
1 + cos k✓

1 + �1
(|�1 � �1,h|+ ku1 � u1,hkL2) +

p
1� cos k✓

sin ✓
kru�ruhkL2 .

For detailed calculations, see ([5], section 5.3).

We conclude with the following theorem:

Theorem 4.2.2. The terms ↵k, �k, �k, given by Theorem 4.1.1 admit an error estimate of

order O(h1�2�) for every � 2 (0, 1/2),
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We prove in the next chapter that these error estimates are essential to finding intervals

in which the eigenvalues belong. We decrease the mesh size h until we find an interval

containing the eigenvalues that don’t contain zero.
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Chapter 5

Proof of the conjecture

The primary reference for this chapter is [5], supplemented by [7]. This chapter explains the

numerical computations required to approximate the eigenvalues of M� and the strategy to

prove the conjecture.

5.1 Numerical simulations

We denote by Pn the regular polygon with n sides inscribed in the unit circle with a vertex

at (1, 0). We consider the symmetric triangulation of Pn, T h, that we constructed earlier

for the definition of �i as in Figure 3.1. We divide each triangle Tj, j = 0, . . . , n � 1 in the

symmetric triangulation into a mesh of triangles similar to 1
mTj, given an integer m � 1.

In this way, we construct a mesh T h of median length h = 1/m. Some examples of meshes

constructed for n = 5, 6, 7 are given in Figure 5.1. The figure is taken from [5].

Using the mesh T h, we compute using P1 finite elements (linear finite element space):

• The first two eigenvalues �1,h,�2,h of the discrete Dirichlet eigenvalue problem (2.21).

• The first eigenfunction u1,h of the discrete Dirichlet eigenvalue problem (2.21)
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• The solutions Uj
h of

Z

Pn

DUhrv � �1,h

Z

Pn

Uhv = (fh, v)H�1,H1
0

where the distributions fjh, j = 0, . . . , n � 1 are given by (4.19). The normalization

condition is given by
R
Pn

Uj
hu1,h = 0.

• The approximations of W↵k ,W �k ,W �k,1,W �k,2 for 1  k  n � 1 are obtained us-

ing (U1
j,h, U

2
j,h). We obtain the discrete approximations of ↵k, �k, �k that are of order

O(h1�2�) for � 2 (0, 0.5).

The procedure described above provides for each interval I↵k
, I�k

, I�k and for each k =

1, . . . , n � 1 for which ↵k 2 I↵k
, �k 2 I�k

and �k 2 I�k . Using the tool Intlab [[39]], we

find intervals Ij(h, �) that contain the eigenvalues of M�, µj, 0  j  2n � 1 described in

Theorem 4.2.1. The exponent � appears only in the choice of constants and exponents. We

choose � appropriately using a grid search. The intervals Ij(h, �), for � 2 (0, 0.5), depend on

the value of mesh size h chosen to construct the mesh T h. If among the intervals Ij(h, �) we

obtain only two that contain zero, this implies that the 2n� 4 eigenvalues of M� are strictly

positive. This shows that the regular polygon Pn is a local minimum for P 7! |P |�1(P ).

If this case fails, we decrease the mesh size h and repeat the procedure on a refined mesh

constructed on the triangulation T h.

We require intervals around the eigenvalues small enough such that they do not con-

tain zero. This implies we require rather small values of h, which in turn requires large

computational power. Therefore, we use the software FreeFEM [13] in its parallel version

together with the libraries PETSc[3], SLEPc[40], and Hypre[36]. The computations done are

explained in detail in [5]. The results shown in Figure 5.2 suggest that the regular polygon

is a local minimizer for n 2 {5, 6, 7, 8}.

In Figure 5.3, we present the non-zero eigenvalues of the Hessian matrix for 9  n  15.

The figure shows that eigenvalues are indeed positive. This implies that the regular polygon

is a local minimizer in these cases. We note that Figures 5.2 and 5.3 are taken from [5].
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Figure 5.1: Symmetric meshes obtained for regular polygons with n sides, where n = 5, 6, 7

Figure 5.2: Numerical approximation of the 2n � 4 non-zero eigenvalues of M� for n 2
{5, 6, 7, 8} together with intervals
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Figure 5.3: Numerical approximation of the non-zero eigenvalues of the shape Hessian matrix
for 9  n  15 on meshes of size h = 10�3.
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5.2 Proof of the conjecture

In this section, we prove that the proof of the conjecture can be reduced to a finite number of

numerical computations under the implicit assumption that the conjecture is true! Assuming

that the area of a polygon with n sides is fixed, we devise a procedure to find a value Dmax

such that if the diameter of the polygon exceeds Dmax, then the polygon cannot be optimal

corresponding to our problem. Similarly, we shall also find the minimal edge length, emin

and minimum inradius, rmin of an optimal polygon. All these results gives a compact set of

polygons in R2n�4 outside which any polygon cannot be optimal for |P |�1(P ).

Let us denote by Pn the closure of the class of simple polygons with at most n edges

with the Hausdor↵ distance of the complements. We denote by Qn the optimal polygon.

We denote

l⇤n = min{|P |�1P : P 2 Pn},

for every n � 3.

Theorem 5.2.1. For n � 3, let P 2 Pn. There exists a value Dmax > 0 such that if

diam(P ) > Dmax, then

|P |�1(P ) > l⇤n,

where Dmax := 2d⇤ + (k + n� 2)8C0.

To find an explicit bound for the diameter of an optimal polygon, Dmax, we require the

properties of the torsion function w⌦ of a domain ⌦ which we consider below without proofs

from [7].

(0) : The torsion energy of ⌦, E(⌦), is defined by

E(⌦) = min
u2H1

0 (⌦)

1

2

Z

⌦

|ru|2dx�
Z

⌦

udx.

We denote by w⌦, the solution of (3.25) for f = 1 and we call w⌦ to be the torsion function

of ⌦.
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(1) : We get Z

Qn

wQn dx  ⇡

8
.

from the Saint-Venant inequality. The inequality states that the L1 norm of the torsion

function of a domain is bounded by the L1 norm of the torsion function of a ball.

(2): We state the following result from [7] without proof:

if w⌦(x0) � ⌘ > 0, then

Z

B�(x0)

w⌦ dx � ⇡⌘

2
�2,

where � = 2
p
⇡.

This essentially states that the value of the torsion function of a domain at a point gives

information about the integral of the torsion function in a neighbourhood of the point.

(3): We consider the following property stated in [7]:

For all c > 0, suppose there exist C0, r0 > 0, C0r0 < min
�

c
2 ,

1
2K

 
such that if for some

r  r0 and x1, . . . , xn 2 R such that S2r(xi) \ S2r(xj) = ; (S2r(xi) defined in property (4))

for all i 6= j, it holds

max{w⌦(x) : x 2 [iS2r(xi)}  C0r0,

then we have that

E(⌦ \ [iS2r(xi)) + c|⌦ \ [iS2r(xi)|  E(⌦) + c|⌦|.

The property would be used essentially later to find the maximum diameter for an optimal

domain.

(4) : Let us consider a strip S2r0(a) := [a� 2r0, a+ 2r0]⇥ R such that

max
S2r0 (a)

w⌦ > C2
0 ,

88



Suppose that C0 = r0. Then we have

Z

B2C0 (x0)

w⌦ dx � 2⇡C4
0 ,

where x0 is a maximum point of w in S2r0(a). In particular

Z

S4r0 (a)

w⌦ dx � 2⇡C4
0 .

We introduce k 2 N such that

k =

�
⇡/8

2⇡C4
0

⌫
+ 1 =

�
1

16C4
0

⌫
+ 1.

where ⇡/8 denotes the upper bound of L1 norm of w from the Saint Venant inequality

mentioned in Property 1. Suppose the diameter of Qn is larger than 8C0k. If we take the

x-axis along the diameter, there will be at least one strip of width 4C0, denoted by S 0
4C0

,

such that

max
S0
4C0

w⌦ < C2
0 .

(5): We obtain the following bound for w⌦(x) [6]:

|w⌦(x)|  2
p
2 d(x)1/2

✓
|⌦|3/4
⇡3/4

◆
. (5.1)

We use this inequality for ⌦ = Qn so that using |Qn| = ⇡, we have the bound

wQn(x)  2
p
2 d(x)1/2,

where d(x) is the distance of the point x from @⌦.

We introduce e1 and d1 such that

2
p
2(e1)

1/2 < C2
0 and d1 =

⇡

e1
. (5.2)

Suppose, for contradiction, we assume that the diameter of Qn is the segment [a0, am]
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and it is greater than Dmax. We construct k + n � 2 adjacent strips of width 8C0 around

the midpoint of the segment [a0, am]. Suppose we remove at most n� 2 strips that contain

a vertex in their interior. From property (4), we see that there exists a strip of width S4C0

such that

max
S4C0 (a)

w < C2
0 .

. From property (3), this implies

E(Qn \ Sr(a)) + c|Qn \ Sr(a)| < E(Qn) + c|Qn|. (5.3)

The intersection of the strip Sr(a) with Qn is a union of trapezes {Tj}j2J . When removing

any of these trapezes, one splits the polygon Qn into two polygons. In particular, if a vertex

is on the boundary of the strip, one splits the polygon into more than two polygons.

Hence, from the arguments of [[7], Corollary 4.3], we get

E(Qn \ Tj) + c|Qn \ Tj| < E(Qn) + c|Qn|. (5.4)

From [[7], Lemma 3.1], we get

|Qn \ T j|�1(Qn \ T j) < |Qn|�1(Qn) for every j 2 J. (5.5)

Suppose we remove a trapeze, say Tj, from Qn \ SC0(a). The polygon Qn splits into two

polygons P 1
Tj

and P 2
Tj
, which have n+ 4 edges in total. We have two possibilities:

1. Both P 1
Tj

and P 2
Tj

are polygons with less than n sides.

2. One of P 1
Tj

and P 2
Tj

is a polygon with n+ 1 edges and the other one is a triangle.

If the first situation occurs, it contradicts optimality by (5.5). Hence, We suppose that the

second situation above occurs for each trapeze Tj. We claim that there are only triangles on

one side of the strip [5]. Hence, assuming that there are triangles only on the left side of the

strip, we choose the triangle with the vertex a0. We know that the vertex is at a distance

of at least d1 from the strip, by our previous computations. We continuously move the strip

S4C0(a) to the right until it intersects its neighbouring vertex or a di↵erent vertex ak. In

both cases, removing the trapeze splits the polygon into two or three polygons with less than

n edges. This has been demonstrated in Figure 5.4. The figure has been taken from [5].

90



Figure 5.4: (b) The strip S4C0(a) meets a neighbour of a0 (c) or another vertex ak .

If we assume that the length of the longest side of the trapeze is l, then the area of the

triangle on the left together with the trapeze is at least d1l/2. We know that the area is less

than ⇡ since the set is fully contained in the polygon. This implies that l/2  e1 and we get

that the maximum of wQn is less than C2
0 from (5.2), leading to a contradiction.

Theorem 5.2.2. Suppose P = [a0 . . .an�1] 2 Pn and diam(P )  Dmax. There exists �0 > 0

such that if |a0a1|  �  �0, then

|P |�1(P ) � l⇤n�1 � C�
1
2 , (5.6)

where C depends only on n. We choose �0 such that

l⇤n�1 � C�
1
2
0 > l⇤n. (5.7)

This essentially implies that the length of an edge of an optimal polygon, with a fixed

area in Pn, cannot be smaller than a certain threshold.

We use the following lemma in the proof:

Lemma 5.2.1. Let P = [a0 . . .an�1] 2 Pn be such that |P | = ⇡ and diam(P )  Dmax. Let

P 0 2 Pn, P 0 = [b0 . . . bn�1] such that we have |aibi|  � for every i = 0, . . . , n� 1 . Then

|�1(P 0)� �1(P )|  4
p
2⇡e

1
4⇡ (max{�1(P ),�1(P

0)})2 �1(P \ P 0)�
1
2 .
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Figure 5.5: The segment an�1at
0 intersecting a vertex ak in case the angle â0 is convex (left),

in case the angles â0, â1 are concave (right)

The proof of the lemma follows from [[7], Inequality 2.6].

Proof (of Theorem 5.2.2) Let P = [a0 . . . an�1] 2 Pn is such that |P | = ⇡, diam(P ) 
Dmax and |a0a1|  �. Assume that ⇡�1(P ) < l⇤n�1. Assume at least one of the angles a0, a1

is convex. We move the point a0 continuously towards a1, denoting it by at
0 = [1� t]a0+ ta1.

If it doesn’t intersect any vertex of P for t 2 (0, 1), we denote the case t = 1 to be the

polygon P 0.

Using Makai’s inequality [12] and the fact ⇢P 0 � ⇢P � �, where ⇢P denotes the inradius

of P , we get

�1(P
0)  1

⇢2
�1(B1) 

1
�
⇡/4l⇤n�1

� 1
2 � 2�

�1(B1). (5.8)

Finally using Lemma 4.2.1 and the equation (5.8), we get

�⇤n�1

⇡ �Dmax�
� �1(P ) 

�⇤n�1

|P 0| � �1(P )  �1(P
0)� �1(P )

 4
p
2⇡e

1
4⇡

 
1

�
⇡/(�⇤n�1)

1/2 � 2�
�3 � �1(B1)

! 3
2

�
1
2 .
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In case the edge [an�1at
0] meets a vertex, the polygon P t is split into two polygons,

as shown in Figure 5.5. We choose the one with the smallest eigenvalue and repeat the

argument. The proof for the case that both the angles are concave also follows a similar

argument as given in [[5], Theorem 7.3]. Figure 5.5 is taken from [5].

Theorem 5.2.3. For every n � 5, the proof of the Pólya - Szegö conjecture can be reduced

to a finite number of numerical computations, assuming the conjecture is true.

Proof The proof follows from induction. From Chapter 2, we know that the Pólya - Szegö

conjecture has been solved for n = 3, 4. Suppose the inequality is true for polygons with up

to n � 1 edges. We denote by Pn = [a⇤
0 . . . a

⇤
n�1] the regular polygon inscribed in the unit

circle with vertex a⇤0 = (1, 0). According to our assumption, we have l⇤n�1 = �1(Pn�1)|Pn�1|.
To prove the conjecture for n edges, we shall analyze the problem (3.1) in the following steps.

Step 1: From Section 4.1, we compute the 2n�4 eigenvalues of the shape Hessian matrix

M� and certify its positivity using the finite element approximation methods discussed in

Section 4.2. This proves that Pn is a local minimum.

We denote by P ⇢ Pn the family of polygons P = [a0a1 . . . an�1] with ai = (xi, yi).

We consider the two points fixed a0 = a⇤
0, a1 = a⇤

1 and we assume that the edge [a0a1]

is the longest edge. We identify the polygon P as a point in R2n�4, with the coordinates

(x2, y2, . . . , xn�1, yn�1).

Step 2: Using Theorem 3.2.1, we compute a neighbourhood of Pn where the local mini-

mality holds i.e

|P |�1(P ) � |Pn|�1(Pn).

This implies that for a value "0, we have |P |�1(P ) � |Pn|�1(Pn) for every P = [a0 . . . an�1]

with a0 = a⇤
0, a1 = a⇤

1, such that 8i = 2, . . . , n�1, |aia⇤
i |  "0. We denote this neighbourhood

by Ln, a closed set.

Step 3: Since [a0a1] is the maximal length of an edge by our assumption, we get the
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bound s
|Pn|
|P | |a0a1|  Dmax.

Using Theorem 5.2.2, we get a lower bound for emin. Similarly, using Makai’s inequality

[12], we get a lower bound for the inradius (denoted as ⇢min) of an optimal n�gon. All

these geometric constraints: inradius, shortest edge length and measure determine a smaller

compact set eP such that eP ✓ P in R2n�4.

We note that there exist universal upper bounds for eigenvalue and for the area in eP .

Below we work with �  ⇢min

4 < 1. From Lemma 5.2.1, we know that for two polygons

P, P 0 2 eP such that if the distance between two vertices is at most �, then there exists K

such that |�1(P )� �1(P 0)|  K�
1
2 . We also have

||P |� |P 0||  K 0�

where K 0 = nDmax + n⇡. This implies that there exists a constant K 00 such that

|�1(P )|P |� �1(P
0)|P 0||  K 00�

1
2 .

holds for P, P 0.

Step 4: We assume that Pn is the only minimizer for P ! |P |�1(P ) in eP . From Step

2, we know that there exists "1 > 0 such that outside the neighbourhood Ln of Pn in R2n�4

we have |P |�1(P ) > l⇤n + "1. We consider � > 0 such that K 00(2�)
1
2 < "1

4 and 2�  �0 with �0

from (5.7).

Since the set eP \ Ln is compact, we cover the set with at most c2n�4

�
Dmax

�

�2n�4
balls

(Bj)j2J of radius �, where c2n�4 is a dimensional constant.

Choose one of the balls Bj enumerated above. We consider an admissible polygon P 2
eP \ Ln contained in the ball Bj. We obtain a certified numerical estimate of |P |�1(P ),

obtaining a certified estimate interval of length "/4. If the computation gives

|P |�1(P ) � l⇤n +
"

2
, (5.9)
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then the polygon P is not optimal and by the choice of �, there doesn’t exist an optimal

polygon in the ball Bj. If the condition (5.9) holds for every admissible polygon in every

ball Bj, then the conjecture is solved. We consider "1 = 1 and verify that (5.9) holds every

time there exists an admissible polygon in one of the balls by repeating the above procedure.

If it holds, we stop. if it doesn’t hold for any polygon, we divide "1 by 2 and repeat the

procedure. The procedure we described stops in a finite number of steps.
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Chapter 6

Conclusion

We conclude with a brief mention of a related problem to the Dirichlet eigenvalue problem

that we have seen until now.

Let us consider the quantity

T (⌦) =

Z

⌦

w⌦dx,

where w is the torsion function given by (3.25) where f = 1. The quantity T (⌦) is called

torsional rigidity.

We know that the Saint-Venant inequality implies that the ball maximizes the torsional

rigidity among all sets of area ⇡. Polya and Szego conjectured the following [15]:

Conjecture: The unique solution to the problem

max
P2Pn,|P |=⇡

T (P )

is the regular polygon with n sides and area ⇡.

The results we obtained for the Dirichlet eigenvalue problem can be used to solve the

above conjecture as well. The proof of local maximality again involves computing the Hessian

matrix for the regular polygon. The expression of the Hessian matrix is obtained by Laurain

in [[29],Proposition 14].
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