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Abstract

In this thesis, we aim to study the Pdlya -Szego conjecture, which states that the regular
polygon with n sides and fixed area minimizes the first Dirichlet eigenvalue among the family
of simple polygons with n sides in R? and fixed area for n > 3. The conjecture for the cases
n = 3,4 was solved using Steiner symmetrization [15]. However, Steiner symmetrization
fails to prove the conjecture when we consider n > 5. In 2022, Beniamin Bogosel and Dorin
Bucur showed that the proof of the conjecture for n > 5 can be reduced to a finite number
of numerical computations, assuming that the conjecture is true. They used the theory of
shape derivatives and the finite element method to prove the local minimality of the regular
polygon with a fixed area. They use surgery arguments further to prove the global minimality

of the regular polygon with a fixed area.
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Chapter 1

Introduction

Shape optimization problems involve optimizing a shape functional .J, defined as
J:O—R

where O is the family of open subsets of R (n = 1,2, ...). Without loss of generality, we also
consider a subfamily of open subsets of O. These problems are inspired by natural phenom-
ena like the shapes of drops, soap bubbles and circular drums. For example, a free-floating
soap bubble will always be spherical because the bubble minimizes its surface area. More
specifically, in cases like the bee honeycomb, polygonal structures arise as the optimal shapes
[9]. In our case, we are specifically interested in studying the problems involving the shape

functional, A1, the first eigenvalue of the Laplace operator with Dirichlet boundary condition.

The classical eigenvalue problem for the Laplace operator A = §%/0x% + - -- 4+ 9*/dz2 in
an open connected bounded domain 2 C R™ has been studied extensively. The spectrum
of the Laplace operator is known to be discrete, consisting of non-negative real eigenvalues
converging to infinity. Laplacian eigenfunctions are of special interest to research since they
appear in various physical scenarios. For example, they appear as electron wave functions
in quantum waveguides and as vibration modes in acoustics. The drum frequencies of a thin
membrane (a drum) are proportional to v/A,,, where ), are the Dirichlet eigenvalues of the
Laplacian[26]. The results in [18] discuss the various properties of Laplacian eigenvalues and

eigenfunctions.



One of the most celebrated results in this direction is the Faber - Krahn inequality, which
states that the ball of volume ¢ minimizes the first Dirichlet eigenvalue among all bounded
sets of volume ¢, where ¢ > 0, ¢ fixed. The inequality motivates us to consider the prob-
lem of minimizing the first Dirichlet eigenvalue over a class of subsets, P, of O (class of
open domains of R%). Let us consider P = P,, where P, is the set of polygons with at
most n sides in R2. Because the ball is the most symmetric domain among all domains of
fixed area, it was conjectured by Pélya and Szegd [15] that the regular n-sided polygon is

the minimizer of the first Dirichlet eigenvalue over the class of polygons with at most n-sides.

For n = 3,4, it was proven that the equilateral triangle and the square minimize \; over
the set of all triangles and quadrilaterals, respectively[15]. The proof uses the Steiner sym-
metrization method, which when applied to an arbitrary triangle converges to an equilateral
triangle. Similarly, when Steiner symmetrization is applied to an arbitrary quadrilateral, it
converges to a rectangle. However, when Steiner symmetrization is applied to an arbitrary
polygon with n > 5, it produces a sequence of polygons with n + 1 sides. But a polygon
with 1 + 1 sides is non-admissible in the set P,, (P, is the family of simple polygons with n

sides in RQ). This implies that Steiner symmetrization fails in the case n > 5.

In 2022, Beniamin Bogosel and Dorin Bucur showed that the proof of the conjecture for
n > 5 can be reduced to a finite number of numerical computations [5]. We study the proof

of the following main theorem proved in [5].

Theorem For every n > 5, the proof of the Pélya - Szegd conjecture can be reduced to a

finite number of numerical computations, provided that the conjecture is true.

It is important to note that we prove the above theorem under the assumption that the

conjecture is true! The conjecture remains unsolved.

The thesis is organised as follows:



Chapter 2 begins with a study of the properties of Sobolev spaces, the Laplace operator
with Dirichlet boundary conditions, the theory of shape derivatives (required for the study of
shape functionals like A1) and the theory of the Finite element method (required for estima-
tion). Using the definition of the linear second-order elliptic operator and the first Dirichlet
eigenvalue, we also study methods for finding lower and upper bounds for \;. Finally, we use
Steiner symmetrization and Schwarz rearrangement to prove the Faber-Krahn inequality for
triangles, quadrilaterals and general domains respectively. We will be brief with the proofs

in this chapter.

Chapter 3 deals with the study of the shape derivatives of A;. We find the explicit ex-
pression of the derivative of \; for a general domain €2.In particular, we define a perturbation
field 6 for polygons and find the expression of the derivative of \; for a polygon. Using the
expressions of first-order derivatives of \; in the above cases, we find the explicit expression
of second-order derivatives of A\; for general domains and polygons. We conclude the chapter

by finding the modulus of continuity of the coefficients of the shape Hessian matrix of A;.

In Chapter 4, we study the eigenvalues of the shape Hessian matrix of the functional
|P|A\1(P), where P € P,, |P| denotes the volume of P and \;(P) denotes the first Dirichlet
eigenvalue of P. We use finite element methods to approximate the eigenvalues and find

intervals containing the eigenvalues.

Chapter 5 starts with the results of the numerical simulations performed using the finite
element method studied in Chapter 3 for some values of n. We also study a detailed procedure

to prove the global minimality of the regular polygon to prove the conjecture.

Original Contributions: This thesis has no claims to any new results by the author.
It is a literature review on the development made so far in an attempt to prove the Pélya -
Szego conjecture posed in the year 1951. The emphasis is on a clear, organised presentation
of the literature. A sketch of the proof of the conjecture for n = 3,4 is presented. We
also give a clear derivation of the explicit estimates for eigenvalues and eigenfunctions of the
Dirichlet Laplacian for the case n > 5. In the year 2022, Beniamin Bogosel and Dorin Bucur
showed that the proof of the long-standing conjecture can be reduced to a finite number of

numerical computations, provided the conjecture is true [5]. This thesis is an attempt to



explain this long proof. This also means that the conjecture remains unsolved.



Chapter 2

Preliminaries

2.1 Sobolev spaces

The primary references for this subsection on Sobolev spaces are [8],[34] and supplemented
by [31],[28].

Notation Let us denote C2°(€2) to be the space of infinitely differentiable functions
¢ : Q0 — R with compact support in 2. We define the space L} () by

loc

L;,.(Q) := {¢: Q— R measurable | ¢|g € L'(Q), VQ C Q, Q compact in Q} .

Definition 2.1.1. Let u,v € L} .(Q) and o be a multi-index. We define v as the a-th weak

loc

partial derivative of u,denoted by,
D%u = v,

if the condition

o — (1)l
/QuD ¢ dr=(—1) /Qvgzﬁdx,
holds for all ¢ € C°(92).

Definition 2.1.2. Let k be a nonnegative integer and p > 1.The Sobolev space of index (k, p)

5



15 defined by
WkP(Q) .= {v e LP(Q) | D*v € LP(Q) for all |a| <k},
where D*v denotes the a-th weak partial derivative of v.

We define the function .||, on the space W*?(Q) by

lolly, = > D],

|| <k

where ||.||, is the standard L” norm. It is immediate to see that the function ||.|x, is a norm
on the space W#?(Q). The space W*?(Q) is the closure of C*(Q) with respect to |||z, We
denote the closure of C§°(Q2) with respect to the same topology by Wok P(Q). For p =2, we
define the space H*(Q) := W*2(Q). Similarly, we denote W"*(Q) by HF(Q).

Example We consider the Heaviside function

1 z>0
Hiz) = 1 <0
-1 x

restricted to (—1,1). The weak derivative of H(z) is the delta distribution, which is not
integrable. Therefore H ¢ H'((—1,1)).

It is important to note that W*P(Q) is a Banach space with respect to the norm |||,
and H*(Q) is a Hilbert space with the inner product defined by

(u,v) = Z (D%u, D*v),

lo| <k

where

(D%, D) = / D% D% dx.
Q

Definition 2.1.3. For0 < s <1 and 1 < p < oo, we define

were) = fue @ [ [ OO0 gy <o

@ o=yl

6



The spaces W*P(2) are said to be fractional order Sobolev spaces and would be useful

for studying the regularity of solutions of partial differential equations that arise later.

Definition 2.1.4. For k € N, we define W=?(Q) as the dual space of WE? (Q) where p' is
the conjugate of p i.e, 1/p+1/p' =1

Similarly, we define W=%2(Q) = H=*(Q) = (H}(Q2))" and we define the norm ||.||_; on
H=Y(Q) by

for f € H1(Q).

The following result on embeddings of Sobolev spaces connects the ideas of smoothness

using ‘classical’” and ‘weak’ derivatives.

Theorem 2.1.1. Let 1 < p < oo,k € Z, and ) be a bounded Lipschitz domain in R™.

Case 1. kp<n
WHEP(Q) e LYQ), with ~ =

3|

| =
D=

Case 2. kp=n
WHP(Q) < LYQ), for all ¢ € [1,00).

Case 3. kp >n
WkP(Q) — C(Q).

Corollary 2.1.1. Let Q C R? be a Lipschitz domain. Then we have
H'(Q) < LP(Q),

for all p.



2.2 Partial differential equations

The primary reference for this subsection is [22].

Let us consider bounded functions a;;,7,j = 1,..., N, defined on ) that satisfy the

assumption:
There exists ¢ > 0, such that V&€ = (£,,&,...,6y) € RY Vo € Q,
(2.1)

N
D ai(@)&85 > clél,
1,7=1

where [¢] = (E24+€2+- - +£2)Y/2 denotes the Euclidean norm of &. The assumption (2.1)

is called the uniform ellipticity assumption. We also assume that a;; satisfy the condition:
(2.2)

Ve e Qand Vi, j, a;;(z) = aj(x).

Let ag be a bounded function defined on €2.

Definition 2.2.1. The linear elliptic operator L is defined on H*(Q2) by

Al du
=3 <az~j<x>a—%) T ag(a)u. 23)
Here, deriatives are understood as distributions.
An example of a linear elliptic operator is the Laplacian:
N
0%u
—Au = — —. 2.4

Definition 2.2.2. Let f € L*(Q). We define by u a solution of the Dirichlet problem

Lu=f m Q,

u=0 on 0N



if u 1s the unique solution of the variational problem

ue HYQ) and Vv e HH (),

(2.6)
Zﬁ\fj:l Jo aij(:c)g; 8‘9; dz + [, ao(z)u(z)v(z)de = [, f(z)v(z)dz.
We denote by Ay, the linear operator defined by:
Ap  LA(Q) — Hy () C L*(Q).
f+ u the solution of (2.6). (2.7)

We refer to the spectral theorem for self-adjoint, compact, positive operators on Hilbert

spaces without proof:

Theorem 2.2.1. [38] Let H be a separable Hilbert space of infinite dimension and T a
positive, self-adjoint, compact operator on H. Then, there exists a sequence of real positive
eigenvalues (p,),n > 1 converging to 0 and a sequence of eigenvectors (x,),n > 1, defining
a Hilbert basis of H such that ¥Yn, Tx, = p,,.

In our case, we consider H = L?(Q) and the linear operator T'= A;. We prove that the

operator Ay is self-adjoint, compact, positive:
Let f € L?(Q) and uw = AL f be the solution of (2.6). We have
ou Ou
Arf) = x)dr = () =——=—d 2(z)da.
(FAuf) = [ Fapute)ds - Z [ gt gt [ aei s

The condition (2.1) and the fact that ag(x) is positive implies that Ay, is positive.

Let f,g € L*(Q) and u = Apf,v = Arg. We have:
(f,Arg) = / f(z)v(z)dx = Z / a; %@day /ao(x)u(x)v(x)dx.
’ Q 1,j=1 Zj axZ 6l’j Q

Using assumption (2.2) and the equation (2.6), the right-hand side is equal to [, u(z)g(x)dz =
(ALf,g). This implies that Ay is self-adjoint.



Ay is compact due to the Rellich theorem. [22]

As a consequence of Theorem 1.2.1, there exists (u,) a Hilbert basis of L*(Q2) and a

sequence 1, > 0, converging to 0 such that Apu, = p,u,.
Setting A\, = ui we have proved:

Theorem 2.2.2. Let us consider a bounded open set Q in RY. There exists a sequence
of eigenfunctions (defining an orthonormal basis of L?(2)) and a sequence of correspond-

ing positive eigenvalues (going to +00) that we will denote respectively uy, ug, ... and 0 <
AM(L, Q) < X (L, Q) < ... satisfying:

Lu, = X\, (L, Q) in Q,

u, =0 on 0.

The above theorem implies the existence of an increasing sequence of eigenvalues and
eigenfunctions for the Laplace operator with Dirichlet boundary conditions. The first Dirich-
let eigenvalue of the Laplace operator, which we denote by A(2)(or A;(€2) interchangeably),
will be the topic of study throughout the whole thesis.

For the first Dirichlet eigenvalue, we have the following characterization using the Rayleigh
quotient [35]:
\Y 2d
AM(Q) = min fﬂ‘""—(‘vygj
veH Qw0 [ v(x)2dx

2.3 Schwarz rearrangement

The primary reference for this subsection is [22] supplemented by [27].

Definition 2.3.1. Let Q in RN be a measurable set. We denote by Q0* the ball of the same
volume as ). Let uw be a non-negative measurable function defined on ) and vanishing on
its boundary 0Q. We denote by Q(c) = {x € Q | u(x) > ¢} its level sets. The Schwarz

10



rearrangement (or spherical decreasing rearrangement) of w is the function u* defined on *

by
u*(z) = sup{c | x € Q(c)*}

In other words, u* is constructed from u by rearranging the level sets of u in balls of the same

volume.

2.3.1 Properties

Theorem 2.3.1. Let Q C RY be a measurable set, u a non-negative measurable function

defined on €1 and vanishing on its boundary. Let ,u* be the Schwarz rearrangement of u
defined on Q2*. Then:

1. 19 = 19
2. If Q is open and if u belongs to the space HL(Q), then u* € H}(*) and

/ Vu@)2de > [ |Vut (@) (2.8)
Q O*

3. If ¢ is any measurable function from R, to R, then

/Q u@)de = [ ol (@) (2.9)

Proofs for the above properties can be found in [27]. Properties (2) and (3) would be

used later in this chapter in proving the Faber-Krahn inequality for general domains.

2.4 Steiner symmetrization

The primary reference for this subsection is [22].

Let n > 2 and 2 C R" be a measurable set. Let us consider the hyperplane of symmetry

11



to be 2, = 0. We denote by Q the projection of Q on R*!:
Q:={z € R"! such that 3 z,, with (7,z,) € Q}.
Let us denote by Q(7) the intersection of  with T x R, where 7 € R"" !
Q) := {z, € R such that (7,2,) € Q,7 € Q}.
Definition 2.4.1. Let Q C RN be a measurable set. Then we define the set
. _ 1 .. 1, . =
O :={z=(z,x,) such that — §\Q(x)| < Xy < §|Q(x)\,x € Q}.

the Steiner symmetrization of 2 with respect to x, = 0.

Definition 2.4.2. Let u be a non-negative measurable function defined on 0 and vanishing
on its boundary. Let us denote by Qc) = {x € Q | u(x) > ¢} its level sets. The Steiner

symmetrization of u is the function u* defined on Q0* by

u*(x) =sup{c | z € Q(c)"}.

Analogous to the Schwarz rearrangement, similar inequalities hold for Steiner sym-
metrization as well. We prove later in the chapter that repeated Steiner symmetrization
of an arbitrary triangle or quadrilateral leads to an equilateral triangle or a rectangle respec-

tively.

2.5 Hausdorff distance

The primary reference for this subsection is [22]

Definition 2.5.1. Suppose 1, Qs are two non-empty compact sets in RY. We set
Vo € RY d(z,Q) = inf |y — |,
yeQ

p<Q1792) ‘= sup d(.flf, QQ)

e

12



Then the Hausdorff distance of 0 and Qs is defined by
d?(Q1, Q) == max(p(Q, D), p(Qa, Q1)).
We also have the following equivalent definition:
d?(Q, Q) =inf{la>0:Q c Q¢ and Q C QS}

where Q% = {x € RY | d(z,Q) < a}.

Definition 2.5.2. Denote by €2y, Qs two open subsets of a compact set B. Then their Haus-
dorff distance is defined by:

dH(Ql, QQ) = dH<B \ Ql, B \ Qg)
One of the most useful properties of the Hausdorff distance is the following compactness
property :
Theorem 2.5.1. Let B be a fized compact domain in RY and Q,, a sequence of open subsets

of B. Then there exists an open set @ C B and a subsequence €Y, which converges for the
Hausdorff distance to 2.

The Hausdorff complement topology on open sets (using Definition 2.5.2) will used later
in this chapter to study ~-convergence of solutions to PDEs in open sets, in the proof of

Faber-Krahn inequality for triangles and quadrilaterals.

2.6 Faber - Krahn inequality

2.6.1 General Domains

The primary reference for this subsection is [23]

Theorem 2.6.1. Let B be the ball of volume c, where ¢ > 0. Then,
AM(B) = min{\(Q),Q C RY, Q] = ¢, Q open}.

13



Proof Let Q2 be a bounded open set of measure ¢ and u; be the eigenfunction correspond-
ing to A(2). Let us denote by Q* = B the ball of the same volume and u} the Schwarz

rearrangement of u;. From (2.8) and (2.9), we have,

/Q* |vu;(x)|2dxgL|vu1<x)|2dx. and /Q |u’{(x)|2dx:/ﬂ|u1(x)|2dx. (2.10)

From the variational characterization of \; , we have

nd (@) = Iy
QW

a(er) < Jo V)l dr

= uerd 21

Then (2.10) together with (2.11) yields the inequality in the case of general domains.

This theorem is called the Faber-Krahn inequality. The inequality was conjectured by
Lord Rayleigh in 1877. It was proved by G. Faber in two dimensions in 1923 and Edgar

Krahn extended the proof to any dimension of the Euclidean space in 1926.

2.6.2 Triangles and Quadrilaterals

The primary reference for this subsection is [32].

Definition 2.6.1. For 6 € (0,5),h >0, £ € R" and |[{|| = 1, we define
C(&,h,0) ={z € R": [lz]| < h, (z,§) > ||lz]| cos O}
to be the cone of height h, angle 0 and azis £. The inner product (,) is the usual inner product
in R™.
Definition 2.6.2. A bounded domain 2 C R™ is said to possess the uniform cone property

if
Vo € 0Q,3C, = C(&, h,0)

such that
Yy € B(z,r)NQ,y+C, CQ,

14



where r is given such that 2r < h and 0, h fixed.

We define the uniform cone property since we prove later in the chapter that triangles

and quadrilaterals possess this property and we use the regularity of sets with this property.

We denote the collection of open subsets of the given set D in R” satisfying the uniform
cone property by [[(6, h,r, D).

Sobolev capacity of a set

Definition 2.6.3. (Capacity) The Sobolev capacity of a set Q@ C R™ is defined as

cap() = inf

bty Il oy

where U(Q) = {u € WIP(R™) : u > 1 in a neighbourhood of }.

While Lebesgue measure is the natural measure for functions in L?(R"™), Sobolev capacity

is the natural outer measure for functions in W?(R").

Definition 2.6.4. (Local capacity) Let D be a bounded open set. The local capacity of a
subset €2 in D 1is

cap(), D) = inf {/ (Vul*dz : u € MQ} :
D

where Ug is the set of all functions u of the Sobolev space H(D) such that uw > 1 almost

everywhere in a neighborhood of €.

Definition 2.6.5. For co, 79 > 0 we say that an open set Q0 has (ro, co)-capacity density
condition if Vx € 0Q,Vt € (0,ro)

cap(B(z,t) N Q°, B(x,2t))
cap(B(z,t), B(x,2t)) —

Cop.

We denote the class of open subsets of Q0 having the (r,c) - capacity density condition by
Ocr(2).

Proposition 2.6.1. [[(0,h,r, D) C O..(D).

15



Proof. Since the cone property we consider is uniform, we have the same parameter values
0, h for the cone attached. The axis &,, changes in direction with respect to the point z.
Hence, all cones associated with 92 are translations and rotations of C'(&, h, ). It is known

that Sobolev capacity is invariant under translations and rotations.

Let us consider r = h and

 cap(C(&, h,0) N B(0,t), B(0,2t))
N cap(B(0,t), B(0,2t))

where & is a unit vector at the origin.

Thus, we have Va € 09, Vt € (0,h),

cap(B(z,t) N Q°, B(x,2t))
cap(B(x,t), B(z,2t)) —

C.

[
~ convergence
Let us consider €2 a bounded set in R"™. For the following boundary value problem,
Au=f in Q,
u=0 on 09, (2.12)

we denote by uq ¢ the solution to the problem to show the dependence of the solution on
Q and f.

Definition 2.6.6. (v convergence) Let B be a fixed ball in R™. Denote (€),) C B a sequence
of open sets in R™ and 2 C B an open set in R™. We say that ), v - converges to §2 if, for

every f € L*(D), the sequence of solutions uq, ; to the problem (2.12) converges strongly in
L2(D) to uq,f-

Theorem 2.6.2. Suppose (€2,) C O.,.(D) is a sequence which converges in the H-topology

to an open set ). Then €2, v-converges to €.

Proof. We use the following results from [32] to prove the theorem and the proofs of the

16



results are given in [32] and references therein.

e Let us consider a sequence (2, such that Q, — Q in H® topology (Hausdorff com-
plement topology) and let f € H~1(D). There exists a subsequence of (2,,)(denoted
by (2,)),such that ugq,  weakly converges to u in H}(D) and u verifies the equation
—Au = fin H'(Q).

e Suppose €2, = Q in H¢ - topology. Then the following statements are equivalent:

1. for every f € H YD), ugq, s — ugq s strongly in H}(D).

2. for f =1, ug,1 — ugy in Hy(D).

o If u € H'(R") is a quasicontinuous function and u = 0 quasi everywhere in R\ 2, then
u € Hy(Q).

]

We further refer to [23], supplemented by [32] for the study of properties of H¢ - topology,
quasicontinuous functions and v - convergence. We also refer to [32] for the proof of the

following corollary.

Corollary 2.6.1. If (2,,) y-converges to 2, then A(€,) — A(Q).

Steiner symmetrization

Algorithm: Let us start with an arbitrary triangle 7o = AAyByCy. Pick any side, say
ByCy. We consider the perpendicular to ByCy from Agy. Denote this perpendicular Ly. Sym-
metrisation of Ty with respect to Ly yields an isosceles triangle. The vertex Ay remains
unaltered. Denote the vertices of the new triangle T} as Ay, B; and C}. Suppose we pick
A1 By and symmetrise with respect to the perpendicular bisector of that side. The resulting
triangle is Ty with A3 By = By(Cy and Ay = A;. Now, we symmetrise with respect to the
perpendicular bisector of AsBy. In T3, we have A3B3 = B3C3 and A3 = Ay. Thus we have,
Ag = Ay = Ay = As.... We perform the steps repeatedly to get a sequence of triangles.
The steps are given in detail in Figure 5.5. The figure is taken from [32]

17
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Figure 2.1: Symmetrisation sequence for triangles

Since Steiner symmetrisation conserves the area of the set being symmetrised, the entire
sequence of triangles can be fit inside a ball of finite radius with centre at Ay. This implies
that the sequence of triangles 7T}, is a bounded sequence in R?, implying that the sequence
of vertices A, B,, C, are bounded sequences in R%. According to the Bolzano - Weierstrass
theorem, there exists converging subsequences B,,,, C;,, converging to points B,C and A, is

constant.
Since A, — A,B, — B,C, — C in R?, dny € N, such that Vn > ng,d(A,,A) <
e,d(B,, B) < . Therefore T,, C T¢, ¥Yn > ng, where T° is given by
T° ={z ¢ RY | d(2,T) < &}.
Similarly, we have T' C 1), Vn > ny. Therefore 7,, — T" in Hausdorft distance.

Claim 2.6.1. The Steiner symmetrization of an arbitrary triangle yields an equilateral tri-

angle.
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Proof. Let us denote the sequence of side lengths of 7, by (a,), (b,)and(c,). Since all the
sequences are bounded sequences, by Bolzano - Weierstrass theorem, there exists a converging
subsequence converging to a, b and ¢ respectively. From the Steiner symmetrisation process,
we have

by = ci,¢0 = ag, b3 = a3, by = c4,a5 = c5,b6 = ag, . ..

Therefore we have agy = b3k, bsgr1 = C3kr1,A3pr2 = C3p12. LThe sequences have a common
subsequence, implying that they converge to the same limit. Hence a = b = ¢, i.e. the limit

of the sequence of triangles is an equilateral triangle. O]

Claim 2.6.2. The Hausdorff limit of the sequence T, is also an equilateral triangle.

Proof. We have subsequences of vertices A,,, B,,, Cy, that converge in Hausdorff distance.
Consider the side lengths of the triangles in this subsequences a,,,, b,,, ¢,,,. Since the vertices
converge, the side lengths also converge to say a’,V, ¢’ respectively. From Claim 2.6.1, we
know that the sequences a,,b,,c, converge to the same limit, implying that their subse-
quences also have the same limit. Hence, we have o’ = a,b’ = b and ¢ = ¢. Therefore, the

Hausdorff limit of the sequence T, is also an equilateral triangle. n

We note that the Steiner symmetrisation process for quadrilaterals yields a square and

the arguments follow similar to arguments made for the proof of triangles.

Claim 2.6.3. Triangles and quadrilaterals possess uniform exterior cone property.

Proof. Suppose T is a triangle contained in D. The sharp corners of polygons don’t allow a
cone with a nonzero opening angle to be contained in the interior of the polygon. However,
cones of uniform height and angle at each point of 9T can be contained in the set D\7T. Sim-
ilar arguments hold for quadrilaterals as well. This implies that triangles and quadrilaterals

possess uniform exterior cone property.

]

Theorem 2.6.3. The equilateral triangle has the smallest principal eigenvalue Ay among
all triangles of given area. The square has the smallest principal eigenvalue Ny among all

quadrilaterals of a given area.
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Proof. Without loss of generality, we can assume that triangles and quadrilaterals of a given
area can be fit inside a bounded open set D. By claim 2.6.3, we observe that both these sets
of polygons have uniform exterior cone property. By claim 2.6.1, the Steiner symmetrisation
process of triangles yields an equilateral triangle. This implies that the complement of these
domains in D converges to complements of the equilateral triangle and that of the square in
the Hausdorff complement topology. By Proposition 2.6.1 and Theorem 2.6.1, the eigenvalues
of the sequence of triangles and quadrilaterals converge to that of an equilateral triangle and
a square respectively. By variational characterization \;, we conclude that the square and
the equilateral triangle minimize A\; among all quadrilaterals and triangles of a given area

respectively. ]

Theorem 2.6.3 essentially proves the Faber-Krahn inequality for n-gons, where n = 3, 4.
Since Steiner symmetrization for the case n > 5 leads to polygons with n + 1 sides [22], we
can’t use the procedure for the case n > 5. Hence, we devise a new strategy in the next

chapter to solve the conjecture for n > 5.

2.7 Bounds for )\

The primary references for this subsection are [30] and [14]. We study certain important

methods to find bounds for A\, which would give us some important information regarding A .

2.7.1 Lower bounds

Theorem 2.7.1. Let L be a second-order linear elliptic operator as defined by (2.3). Let
A1 be the first eigenvalue for (2.5) with the Dirichlet boundary condition. Then there exists
X > 0 such that X is a lower bound for Aq.

Proof. We know from this chapter that the problem

Lu+Au=0 in
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u=0 on Of.

is solvable for the value A = \;, the first eigenvalue and it is solved by wu;, the first eigen-

function for A = A;.

By variational characterization of \;, we have

- 8u1 8u1 2}
a;jj—— — A\ui | dV = 0. 2.13
/Di;{jaxiaxj 1%1 ( )
Let us consider arbitrary C*! functions P, P, ..., P, defined in €. Then using Green’s

theorem, we get

//z”; %(BU?)W = 0. (2.14)

since u; = 0 on the boundary of the domain.

Summing equations (2.13) and (2.14), we have

8U1 8U1 U1 6P 2
/ Z [ ﬂ@ocj 8961 QZR o, (8@ /\1>u

i,7=1

dV = 0.

Using the preceding equation, we define the following quadratic form in terms of w, g—

> aijﬁ—za—g —|—2u;Pax (Z o ) . (2.15)

We observe that the quadratic form can be equivalently defined using the matrix M

ayl ... Gip P
Aol ... Gop b
M= : : : (2.16)
Anl  -+. Gpn P,
Pio.. Py YL %R
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Hence, if the expression (2.15) can be made positive for some selection of the functions
Py, P, ..., P, and some range of A say 0 < A\ < X and, then X\ will be a lower bound for the

first eigenvalue \;. This is equivalent to the matrix M being positive definite

The matrix M being positive definite is equivalent to the following condition

|M| = detM > 0. (2.17)
Suppose we denote by
an QA1p
A= :
Ap1 ... Qpp

We have

detM = |A| Z oF Z Ay P

,j=1

where A;; is the cofactor of the element a;; in the matrix A.

Using the fact that L is elliptic, there exists ¢y and ¢; such that

Cto < Z azyfz&] S Clzg

3,j=1

This implies that there exists ¢y and c3 such that

022@2 > |A| ZAU&@ < 032517
=1

i,j=1
for all real & and all (xy,...,z,) in Q. Hence, condition (2.17) implies
> P? 4+ \.
Z 65171 62; 7 +
If quantities A1, ..., A\, can be found such that the inequalities
0P, .
>ePP4 N i=1,2,...,n (2.18)
8$i
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hold, then the inequality follows with A = Ay + Ay + - - - + \,,. These inequalities can be

solved explicitly using the theory of Riccati equations.

Suppose that the domain is contained in the cube 0 < z; < a,7=1,2...,n. For the P,

we make the selections

P, = ¢ cot C(z; — ¢),
Co

where € > 0,6 > 0 are arbitrary and C' = 7/(a—¢e)—0 > 0. With this choice, the inequalities
(2.18) are satisfied for all \; with
CQ
)\7; < —.
Co

The lower bound A for \; essentially is given by nC?/c,.

2.7.2 Upper bound for \;

Theorem 2.7.2. Suppose T is a triangle with sides of lengths Iy < ly <l3. Then we get

2

M(T) < 2o

< gl +i+5),

where A denotes the area of T.

Remark 2.7.1. In this case, equality occurs for the equilateral triangle and this is the only

instance where the bound agrees.

Proof. In general, we obtain the upper bound for \; by constructing a test function based
on eigenfunctions of domains which are explicitly known. In our case, we shall use a test
function based on the first eigenfunction of an equilateral triangle. We shall prove the result
for a triangle T" with vertices at (0,0), (a,b) and (1,0) € R x R and rescale to obtain the

upper bound given in the theorem.

Let us consider the first eigenfunction, u, of the equilateral triangle [18] with vertices at
the (0,0),(1,0) and (1/2,+/3/2), that is,

u(z,y) = sin (4%/) — sin |:27T (:17 + %)] + sin |:27T (a: - %)] .
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We perform a linear transformation on u so that it satisfies the boundary conditions on
T'. Tt is necessary to ensure that it satisfies the boundary condition so that it can be used

as a test function for the first eigenvalue of T”. Thus, let

We have,

2

2 b
i[1 +(a—1)a+b*] and é(z,y)dx dy = SZ

\Vo(x,y)[*dx dy = ;
T T

Using the characterization of A; using Rayleigh quotient, we get

2

8
/ < E— — 2 .
M (T) 302 14 (a—1)a+ b7

if we now rescale T” by [, we obtain a triangle, say T, with vertices at the origin, (/1,0)
and (a1, b;) = l1(a,b). With this notation we have

M(T) < _ply b (2.19)

< 872 872 . (ﬂ
30202

[1+(a—1)a+b2]:3—62 + L

Using the relations,

b= Jad+83 and Iy =/(h —a)? + B2,

2

m
< —
M) S 57

we get the bound
(B +15+13).
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2.8 Shape functional
The primary reference for this subsection is [29] supplemented by [2].

We denote any shape functional by J(Q2), J(.) : Q — J(2) € R where Q is a domain of

class C*, k > 1. We consider examples of non-smooth domains as well.
Examples:

J1(9) = meas(Q) = / dz,

Q

J2(2) = meas(09) = / dz,

o0

In our case, the functional J(£2), in general, takes the form

J(Q) = /Q Fu(e, y(x), Viy(x))dz + /8 Fala, (o). Vyla))ds + ac(2)

where we denote by y(2) the solution of a boundary value problem defined on 2. We denote
by €(€2) the regularizing term that ensures the existence of optimal domain minimizing the

functional J(£2) over the appropriate class of domains and o > 0 is a constant.

If Fy =0, then J is referred to as a distributed cost functional. If F; = 0, then J is called

a boundary cost functional.

Since \(Q2) is also a shape functional itself, we must study the properties of its derivatives

and their regularity in non-smooth domains like polygons for the proof of the conjecture.

2.8.1 Shape derivatives

Let P(D) be the subset of open sets compactly contained in D, where D C R" is assumed
to be open and bounded.
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We define for Kk >0 and 0 < a <1,
CH(D,R?) = {0 c C**(D,R?%) | § has compact support in D} ,

Let 0 € C%1(D,R%) be a vector field. We define the flow T} : D — D,t € [0,1,] for each
1o € D as T}(xg) := x(t), where z : [0, ty] — R? solves

x(t) = 0(x(t)) for t € [0,t0], x(0) = .
For Q € P(D), we consider the family of perturbed domains
Definition 2.8.1. Let J : P(D) — R be a shape functional.

(i) The Eulerian semiderivative of J in direction § € C%(D,R?) at Q is defined by, when
limit exists

DpJ(Q)(6) := lim M

(ii) J is said to be shape differentiable at ) if for all 6 € C>°(D,R?) it has a Eulerian

semiderivative at 0 and the mapping
DpJ(Q): C=®(D,RY) =R, 0+ DpJ(Q)(0)

is linear and continuous, in which case DgJ(S2)(0) is called the Eulerian shape derivative at

Q.

Definition 2.8.2. Let J : P(D) — R be a shape functional, and assume that for all t €
[0,t0], DeJ(TL(Q)) eists in direction § € C21(D,RY) at TH(S)

(i) The second order Eulerian semi derivative of J in direction v € C%(D,R?) at € is
defined by, when the limit exists,

D.J(€)(8.7) := lim DEJ<T5<Q>><72 ~ DeJ()(7)
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(i) J is said to be twice shape differentiable at Q if it has a second order Eulerian

semiderivative for all 6,y € C(D,RY) at Q and the mapping
Dy J(Q) : (CZX(D,RY))? = R, (8,7) = DRJ(Q)(6,7)

is bilinear and continuous, in which case D%J(Q)(0,7) is called the second order Eulerian

shape derivative at €.

We also require the explicit expression of the Frechet derivative of A\(Q2) along with the

Eulerian derivative, which has been explained by Laurain[29] in his paper.

2.9 Finite element method

The primary reference for this subsection is [41] supplemented by [16].

The finite element method is used to approximate the solution of the equation (2.20)

using discrete approximation. We explain an example of the method below from [16]:

Example:

We consider the Laplace eigenvalue problem in an interval, say [0, 7]. In variational form,

the Laplace eigenvalue problem reads as

Find A € R and u € Hy(Q) such that (Vu, Vo) = \(u,v) Yo € Hy(Q). (2.20)

over the infinite dimensional space V := H}(Q). The classical method is to replace H}(Q)
in this variational problem by a sequence of finite dimensional subspaces V" contained in

H (). The elements of v" of V" are called trial functions.

In our example, the admissible space is H} (). This implies that we can’t consider

piecewise constant functions as elements of V". Therefore the simplest choice that we can
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consider for V" is the space of functions which are linear over each interval [(j — 1)h, jh],
continuous at the nodes x = jh and zero at x = 0. The derivative of such a function
is piecewise constant; thus V" is a subspace of V. We call these trial functions as linear

elements.

Forj=1,... N, let qﬁév be the function which equals 1 at the node x = jh and vanishes
at all others. These hat functions constitute a basis for the subspace since every member of

V" can be written as a combination
N
v (x) = Z qjgzﬁgl(:v)
i

Discrete version of the eigenvalue problem:

Let T" be a triangulation of domain Q (we refer to the triangulation as a ‘mesh’ in
Chapter 5). We use the piecewise-continuous linear finite element space V*(C V) as the
approximation space. The basis of the space V" is given by the hat function. Suppose we
denote dim(V") = n. We use the classical method to solve the variation problem (2.20) in
Vh,

Find \* € R and uj, € V" s.t (Vuy, Vog) = N (uy, vp,) Yo, € VP (2.21)

Since the dimension of V" is finite, the problem (2.21) has finitely many eigenpairs.
We denote by {A\?,uf}" | the eigenpairs for the problem 2.21. We also assume that the
eigenvalues A are increasing and the eigenfunctions u! form an orthogonal basis. Let us
consider the basis function of V" as {¢;} ;. This implies that the problem (2.21) is to solve
the generalized eigenvalue problem of n x n matrices S" and T",

She = NvThy, where Sffj = (V1. Vo)), Tl = (¢, )

i?j

For u € H?(Q2), we define 7, ,u € V" as the Lagrange interpolation of u, that is ,

(m1pu)(a;) = u(a;) for each node a; of triangulation Th.
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Figure 2.2: Representation of a triangle element by the parameters o, 6, L

For functions u € H?*({), we have
lu — 71 pulm < Cihlulge  for u € H*(Q),
where (' is defined as below and A is the mesh size to be specified.

C} := max C(T")/h.

TeTh

The estimate (2.9) would be useful in Chapter 4 for the estimate of eigenvalues.

Here, C(T) is defined on a triangle element 7" (Figure 2.2 from [41] gives a representation
of the triangle element) of 7"

Ci(T) = sup vy

veEH?2(T),v(0)=v(B)=v(A)=0 |U|H1(T) .

For each T, let L be such that, |OB| < L = |OA| < |AB|, 6 be the maximum angle, and
aL (0 < o < 1) be the smallest edge length.

Let us denote the projection P, : V + V" such that for v € V,

/(Vv — Vpy, Vo) dz =0 Yo, € V"
Q

The projection operator would be useful in estimating eigenvalues of the Shape Hessian

matrix over the finite element space in Chapter 4.
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Chapter 3

Poélya - Szego Conjecture

We denote by P, the family of simple polygons with n sides in R? and for every n > 3, we

consider the problem
min A (P). (3.1)

PePy,|Pl=n

Polya - Szego conjecture The regular polygon with n sides and area 7 is the unique

solution to the problem (3.1).

In Chapter 2, we showed the proof of the conjecture for n = 3,4. In this chapter, we
devise the following step-by-step procedure to prove the conjecture for n > 5, assuming the
conjecture is true. We show Step 1 and Step 2 of the procedure in detail in this Chapter.
Step 3 and Step 4 of the procedure are shown in Chapters 4 and 5, respectively.

Step 1 (Formal computation of the shape Hessian matrix): We use the theory of shape
derivatives from [29] to find the first-order and second-order shape derivative of A;(f2) for a
bounded, Lipschitz domain €2. We also find the expression of the first-order and second-order
shape derivative of A\;(P), where P € P,, in terms of the coordinates of the vertices of the
polygon. From [23], we show that the minimization of A; (P), where the polygon P has a fixed
area, is equivalent to the minimization of the scale-invariant functional [,,(P) := |P|A(P),
over the family of polygons P,. Using the explicit expression of the first-order shape deriva-

tive of the functional [, for a polygon, we verify that the regular polygon is a critical point
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for [,,. We also find the explicit expression for the second-order shape derivative of the func-

tional ,,.

Step 2 (Stability analysis of the shape Hessian matrix): The objective is to prove that
the regular polygon is a local minimum for the functional /,,. Since we have verified that
the regular polygon is a critical point for the functional [,,, it is necessary to verify that the
coefficients of the shape Hessian matrix of 1,, M?, are continuous for perturbations of the
regular polygon. To verify the continuity of the coefficients, we require the L estimates
of eigenfunctions, gradients of eigenfunctions, the first Dirichlet eigenvalue and the gradient
of the first Dirichlet eigenvalue. We also require the L> estimates of functions, which are
the solutions of an elliptic PDE, for which we use Gagliardo-Nirenberg type interpolation
inequalities. The stability analysis will also be required later to prove that the proof of the

conjecture can be reduced to a finite number of numerical computations.

Step 3 (Study of eigenvalues of the shape Hessian matrix, M* ): After verifying the
continuity of the coefficients of the shape Hessian matrix, M?*, it is necessary to prove that
the matrix is positive definite. We show in Chapter 4 that it is enough to prove that the
2n — 4 eigenvalues of M are strictly positive to prove the positive definiteness of M* (four
eigenvalues of M* are equal to zero). We employ finite element methods to approximate
the eigenvalues of the shape Hessian matrix. We use interval arithmetic to find an interval
in which the eigenvalues lie and verify that zero doesn’t lie in the interval. This proves
that the eigenvalues are strictly positive and the regular polygon is a local minimum for the

functional [,,.

Step 4 (Proof of the conjecture): We assume that the conjecture is true and our objective
is to prove that the proof of the conjecture can be reduced to a finite number of numerical
computations when assumed true. The strategy is to find a compact set in R?*"~* outside
which an optimal polygon that minimizes the functional [, cannot be found. To find such
a compact set P’, we find the maximum diameter, D,,,,, of an optimal polygon and the
minimum edge length, €,,;,, of an optimal polygon using surgery arguments from [7]. From
the proof for local minimality of the regular polygon, we know of a local neighbourhood of

the regular polygon, denoted by L,, where it is the unique polygon minimizing [,,. This
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implies that it is sufficient to prove that there exists no optimal polygon in the compact set

P\ L,

3.1 Computation of the shape Hessian matrix M"

3.1.1 General domains

The primary references for the following subsections are [5] and [29].

We use the notations and equations describing tensor calculus from [29]. For second-order
tensors S, T : R? — R¥¢ we define the product

S:T = isz’jﬂj.

i,j=1

Suppose 2 is a bounded, Lipschitz domain and 6,¢ € WH(R? RY). Let u be the L-

normalized eigenfunction associated with the first Dirichlet eigenvalue of €2, A\(€).

We denote by Qp = (I + 0)(Q) for a given vector field § € WH(R? R?) such that
10|lwi < 1. We denote by @(6) the material derivative as defined in [29]. We suppose 6 is

small enough such that A(€)y) is still a simple eigenvalue.

Theorem 3.1.1. The first order distributed shape derivative of \(Q) is given by

N(Q)(6) = /Q S DO dz,

such that
St = (|Vul> = \(Q)u*)Id — 2(Vu ® Vu).

where Id represents the identity operator.
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Proof. We define by uy, the solution of

Vug - Vugdax = )\(Qg)/ ugvg dz, vy € Hy (), (3.2)
Qg QG
with the normalization condition
(ug)? dr = 1.

)

We consider the change of variables, u’ = ugo (I +6) € HZ (), so that ug = u?o (I +6)~!
and we get,

Vug = (I + D7) 'V’ o (I 4+6)7 . (3.3)
The change of variables in (3.2) implies

/ B(0)Vu’ - Vudr = \(Qy) / uw’vdet(I 4+ D) dx, Yv e HL Q). (3.4)
Q Q

where B(0) = det(I + DO)(I + D)~ (I + DoT)~L.

Differentiating (3.4) at 0, we obtain for all v € H}(Q),

/Q B(0)(6)Vu- Vodr+ /Q Vi(6)- Vo dz = X (Q)(0) /Q v i+ A(Qp) /Q W(0)v + v divf3d§),
where B'(0)(0) = divdl — DO — DO™.

The corresponding derivative of the normalization condition evaluated at zero is given
by
/ 2uii(6) + u*dive dr = 0. (3.6)
Q

Since u is the eigenfunction associated to A(£2), we get

/Q Vu. Vi) dr = \(Q) /Q wil() da.

Using the fact that [, u®dz =1, and taking v = v in (3.5) we obtain
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[(IVu]* = MQ)u?*) Id — 2(Vu ® Vu) : Db dx = / St : DO du. (3.7)
Q

V@) - |

Q

Theorem 3.1.2. The second order distributed shape derivative of A\ () is given by
N@)0.6) = [ K0.¢)da,
Q
with
KX0,€) = =2(Va(0) - Va(€)) + 2XM(Q)a(0)a(€) + [MQ)(0) div € + A(Q)(€) div O]u?

+8} : (DOdiv € + DEdiv 6)

+(—|Vul* + Mu?)(div Ediv 0 + DOT 2 DE) + 2(DODE + DEDY + DEDOIT)Vu - Vu.

Proof. To compute the second-order derivative of the eigenvalue, we consider the expression
for the first-order derivative and differentiate w.r.t £ at the point 0. Denote by Q¢ = (I +
€)(€2). Let us assume that ¢ is small enough such that A(£X) is an eigenvalue of multiplicity
1. Denote by ue € Hj () the eigenfunction associated to A(€¢). We have

N(Qe)(0) = /Q [(IVuel* = AM(Qe)ug) Id — 2(Vue @ Vug)] : D(0 o (I +&)")da. (3.8)

We again consider a change of variables, u¢ = ug o (I +¢&) € H}(Q).

We obtain the following initial formula for the second-order derivative:

N(Q)(6,€) = /Q St : (D6 div &) — S} : (DODE) dx

_ /Q IV(Q) (€2 + 20 (Qui(€)] div 0 dx
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+ / [(—=D¢ — DETYVu - Vu + 2(Vu - Vi(€))]dive dx
Q
+ / [4(DE"Vu ® Vo) : DO — 4(Vi(¢) © Vu) : DE] div 6 dx.

We have,

S : (DODE) = —2(DODEVY) - Vu+ (|Vul> — A*) DO : DE.

We also simplify the terms involving the symmetric tensor product. Using the definition

of the derivative and the normalization condition (3.6), we obtain

N (©)(8,€) = —2 /

Q

(Va(0) - Va(€) — MQ)w(0)a(€)) dx + / S : (DO dive) dx

Q
—/ N(Q)(0)udiv € + N (Q)(&)udive dx
Q
— / 2(DEVu) - Vu divl dz + / (4DE"Vu ® Vu) : DO dx
Q Q

+ / (—|Vul? + M(Q)u?)DO" : DE + 2(DODEVY) - Vu da.
Q

We have

2(DETVu ® Vu) : DO = (DEDO + DEDOT)Vu) - Vu.

Which gives
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N ()8, ) = — 2 / (Va(6) - VA(E)) — NQTOVUE) de

Q
+ 2 / ((DODE + DEDO + DODET\Vu) - Vu dx
Q
+ /(—|Vu|2 + M?)(divfdiv € + DOT : D¢) dx
Q

+ / Sy : (D@ div € + D¢ dive) dx
Q

_ /Q (N(Q)(0) dive + N (Q)(€) dive) u? da.

This finishes the proof of the theorem. m

The above results give an explicit expression of the shape derivative of A\;(f2) for a
bounded, Lipshcitz domain 2. We define a specific perturbation 6 for polygons in the

next subsection, using which we find the expressions of derivatives for polygons.

3.1.2 Polygons

To consider the perturbations for a polygon, we extend the geometric perturbation of ver-

tices to a global perturbation for the polygon as follows:

Let us denote by a; (i = 0,...,n—1) the vertices of the polygon. For each vertex a; of the
polygon, we consider the vector field §; € W1*(R?) to be the corresponding perturbation.
We consider a triangulation 7 of the polygon {2 such that the edges of the polygon are
complete edges of some triangles in the triangulation. We also consider a family of globally
Lipschitz functions ¢; such that the functions ¢; are piecewise affine on each triangle of T

and they satisfy

pi(aj) = 6ij = b= (3.9)
0 ifi+].

Several choices for the triangulation are possible as shown in Figure 3.1. The figure has
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ao az

ao aQ

as a3
ay ay

Figure 3.1: A graphical view of the function ¢, on two examples of admissible triangulations
used for defining perturbations on a polygon.

been taken from [5]. We construct a global perturbation € for a polygon in R?, given by

n—1

0=> i € Whe(R?). (3.10)

=0

For a non - degenerate polygon whose vertices are denoted by (x;,7;) € R? and whose

edges are oriented in the anti-clockwise direction, the coordinates are given by
X = (a07 2 TP aan—l) = (ZL‘(), Yo, -5 Tn—1, yn—l)v (311)

where a; denote the vertices of the polygon.

The area of the polygon with vertices (x;,y;) is given by

—_

n—

A(x) = (TsYir1 — Tig1Ys)-

~
Il
o

We obtain the following expressions for the gradient of area functional and coefficients

of the Hessian matrix of area functional [[29)]] :
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VA(x) = ( Vo dx)izo . (3.12)

.....

D*A(x) = (Aij)osij<n-1- (3.13)

where the blocks (A;;) are given by

A= /Q[v@ ®Vo; —Vo; ® V. (3.14)

Theorem 3.1.3. The gradient of the first Dirichlet eigenvalue \(Q2), when § is a polygon

with coordinates x s given by

VA(x) = (/Q Si\VqSidm) = —/m]Vu]zd)indx.
i=0,....,n—1

»»»»»

Remark 3.1.1. We study the regqularity results for eigenfunctions of non-smooth domains
like polygons ([10],[1]) to prove that the boundary expression is valid. The eigenfunction has

H?%9 reqularity away from corners in a polygon and a singular part near the corners:
U = Upreg + Using

where U, € H*(Q) for some § >0 and

2

n—1
=0

where w; are the angles of the polygon considered, C; are constants, ¢; is the cutoff
function equal to 1 in a neighbourhood of the vertex a; and (r,8) are the polar coordinates

around the angle 1.

This result is also useful for studying the H*** reqularity of u; in Chapter 4.

Proof. The proof of the first equality follows from [29]. We prove the validity of the boundary

expression:
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The gradient of u is point-wise defined on 92 in a classical way, except at the vertices.
To show the validity of the expression around the vertices, we use the regularity of u. We

fix a vertex j and define
Q. = Q\(B(aj_1,€) U B(a;,e) U B(aj+1,€)),
I'e=QnN(B(aj_1,€) UB(aj,e) UB(ajs1,€)).
Since ulpq € H?(€), it is immediate that div S} = 0 on .. The gradient Vu is colinear

with the normal vector n on 0€2, since u = 0 on J2. This implies that (Vu ® Vu) n =
(n- Vu) Vu = |Vu|?n. This further implies that S}n = —|Vu|>n. Therefore we obtain

/ s?widx:—/ |Vu|2gz§ind1:—|—/ Stng;.
Qe 0Q\Te e

Claim 3.1.1. The term frg Stn ¢; converges to 0 for e — 0.

Since upeq € H 249(Q)), the gradient of Ureg is bounded. From the expression of wg,g, We

get [Viging| < Cri ! for some constant C independent on e, from which we conclude that
/ |V tyeg|* + [Vitging|* — 0,
Ie

fore — 0

This proves the claim and the claim implies that the boundary expression is valid.

We introduce the functions U; € H}(Q,R?) (i =0,...,n — 1) such that



From (3.5), we have the following two PDEs: U; € Hj(Q,R?) ,

/(DUZ'VU — AMQ)Uw)de = / [—(V¢; @ Vu)Vv + 2(Vu © Vo)V, dx

Q
+/ St / wv dx 4+ () / uoVe; d. (3.16)
Q Q Q
Similarly, we get,
/(2uUi +u*V¢;) dv = 0. (3.17)
Q

from the normalization condition (3.6).

The functions U; can be essentially described as the "directional” shape derivatives of the

function u along the perturbation 0; where 0 represents the perturbation of the domain.

Theorem 3.1.4. The Hessian matriz N> € R?"*2" of \| with respect to the coordinates of

the n-gon is given by the following n X n block matrix

N = (N}osij<n—1,

(2

where the 2 X 2 blocks are given by

Nj = / (—2DUDU] +2X(Q U; U + V¢, @ (S1V¢;) + ($1V ;) ® V;) du,
Q

+ / (~IVul® + NQ)u?) 2V, © V) da
Q

+2 /Q (Voy - Vu)(Vo; ® Vu) + (Vo - Vu) (Vu® V) + (Voy - Vo) (Vu ® Vu)) de

- /Q (W*V¢;) ® ( /Q S\Vo; dw) dx
_ /Q o ( /Q sﬁvasidx) © Vo, dr.

Proof. The proof of the theorem follows from [29]. We use the formula for K* (see Theorem
3.1.2) for the second-order shape derivative of A(Q2), with 6 given by (3.10).
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Hence, using the expression for K*, we obtain

N = / (=2DU;DUj +2X(Q)U, U7 ) da
Q
+ [ (19uP = N@)) (V6,8 V0, - Vo, Vo) do
Q

9 / (Vu® V) (Vi © Vo, — Ve ® V) da
Q

+2 / (Vi - V) (Vu® Vu) do
Q

_/Q(qfv@)@ (/Q S\, dx) d
_ /Q (u2 /ﬂ S Vo, dm) ® Vo, dr.

A direct computation shows that

(Vu® Vu)(Ve; ® Vo, — Vo, @ V) + (Vo @ Vo — Vo, @ Vi) (Vu ® Vu)
= |Vu*(Ve; ® Vo; — V; ® V).

Using the above equality, the expression simplifies to

N = /Q (=2DU;DUj +2X(Q)U, U7 ) da

+ / (=|Vul® = MQ)u?) (Vo ® Vé; — Vo; @ V) da
Q

+2 / (Vi - V) (Vu® Vu) do
Q

_ /Q (Vi) @ ( /Q s§v¢jda;) dz
_ /Q 2 ( /Q s%wm) ® Vo, dr.
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Theorem 3.1.5. Let us suppose that ) is a reqular n - gon and the triangulation T defining
¢i is symmetric. Then the Hessian matriz of A\ (Q)|Q| = A(x)A((x) in terms of coordinates
of the polygon has the 2 x 2 blocks ]\Jl’\j given by

M) = |Q|/ﬂ(—2D U DU + 20U )dx

_A\Q) /Q (Vs ® V; — Vo, ® Véby)da

Proof. Simplifying the Hessian of the product A(x)A;(x) , we have

Hess(A1(x)A(x)) = (|| Hess A1 (x)) + (VA1 (x)@VA(x)) + (VA(x)QV A1 (%)) + (A1(x) Hess A(x)).

A direct computation using the definition of the functions ¢; implies that

A ()

ZIVYA
o

/ (—=Vul> = A(Q)u?) (V¢ @ Vo; — Vo, @ V) dr =
Q

where A;; are the blocks of the Hessian matrix of the area given in (3.14) and (2 is the regular

polygon.

Using the definition of the functions ¢;, it is immediate that V¢, is a piecewise constant

1 1
/ ufdx——/u%dm——.
T, nJo n

for k=0,...,n — 1 by the symmetry of the eigenfunction. Therefore

on the triangles Tj. We have

1 1
Vep;de = — [ Véde = —VA(z).
/“ didv=1gy |, Voide = qVA@)

This implies that the last term in the shape Hessian Nié- can be simplified as
2
/ u? {V@ ® < / SIVo; dx) + ( / StV das) ® Vqu] dr = @(V.A(X) ® VA1 (x)).
Q Q Q
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Substituting the above-simplified expressions in the expression of ./\/;? and substituting the
expression of AVj} in the expression for the Hessian matrix of A(x)A(x) proves the theorem.
O

The matrices N* and M” represent the shape Hessian matrices of A;(x) and A (x)A(x),
respectively, for polygons with coordinates x = (x1, s, ..., z,). The expression of the shape
Hessian matrices will be used to prove the local minimality of the regular polygon in the

family of simple polygons with a fixed area.

3.1.3 Criticality of the regular polygon

Proposition 3.1.1. [22] Let ¢ > 0. The problems

(La) i, Mu(P),
PePy,

(L2) = min [P[A(P),

have the same solutions, up to rescalings.

Proof. Let H; be the homothety of origin O and ratio t: Hy(x) = tx. Since Hio A = t*?Ao Hy,

we get
An(P)

t2

The bijective correspondence between solutions of these two problems is given by:

An(Hi(P)) =

e The definition of (L) implies every solution of (L) is a solution of (L),

e If P is a solution of (Ly) with volume ¢;, then H,(P) with ¢ = {/E2l is a solution of

(L). i

This implies that the problems (L) and (L) have the same solutions, up to rescalings.

]
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Proposition 3.1.1 is important in the sense that this allows us to work with the problem

A

(Lz) in this thesis. This also implies that we can work with the matrix M7;, which has a

simplified expression instead of ).

The following result on criticality of the regular polygon can be shown using ideas from
[24].

Theorem 3.1.6. The regular polygon is a critical point for x — A(x)A;(x).

Proof. Let us denote by IP,, the regular polygon inscribed in the unit circle with a; = (1,0)
and denote by Ay its first Dirichlet eigenvalue. Consider the functions ¢;,i = 0,...,n — 1
defined in (3.9) on a symmetric triangulation 7, as in Figure 3.1. Fori € {0,...,n—1}, the
components 2, 2i + 1 of the gradient of |P|\;(P) are given by

A [ Vi +|P,.SI V. (3.18)

P

Given the symmetry of the first eigenfunction and the symmetric triangulation we con-

sider for IP,, it is enough to compute the gradient for ¢ = 0.

Using the definition of the functions ¢; from (3.9), we have ¢y = (1,—1/tan(0))1, +
(1,1/tan(0))1y (1o = T+, T = T,,—1). This implies that

wf va 2 () (319

Using the expression of VA;(z) and the expression

/ Vuy - Vo = /\1/ wv, Vv e Hy(P,). (3.20)
7 iy

J

we have

A _ 2 1
|1P’n!/PnSN¢o— 4P, | (/T+ <(8mu1) —tangaxulﬁym)). (3.21)
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Denote A,, = fT+(8xu1)2, Ay = fT+(8yu1)2, Ay = fT+ Ozu10yu;. By the symmetry of
the eigenfunction, we have that A,, + Ay, = A\;/n. When transferred from 7_ to 7. the

gradients undergo a rotation. This implies the matrix equality
Ry Y| R} = Y. (3.22)
_Ary Ayy ACE!J Ayy

_ [cos(f) —sin(0)
Ho = <sin(0) cos(6) ) '

where Ry is given by

It is immediate that —A,, sin6 + Ay, sinf + 24,, cosf = 0. Since A,, + Ay, = 2 and
—Agpsind + Ay sinf + 2A,, cosd = 0, we have

AL =20 (Ayy - COSQAQ;Q . (3.23)

sin 6

Using (3.23) in (3.21), we simplify the expression (3.21) to

2\ (1
by _ 1
[Pa[STV o = ——= (0) (3.24)

Summation of (3.19) and (3.24) shows that the first two components of the gradient of
x — A(x)A1(x) are zero. By symmetry, all the other components are also zero. This proves
that P, is a critical point of A;(x).A(x). O

The above theorem is crucial in showing the proof of the conjecture. Since we have shown
that the regular polygon is a critical point, it remains to prove that the regular polygon is
a local minimizer of \; among the family of simple polygons in R2. This requires a study of

the properties of the shape Hessian matrix Mf‘j
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3.2 Stability of the shape Hessian matrix M"

The primary reference for the following section is [5], supplemented by [17].

As explained in step 2 of the strategy at the beginning of the chapter, in this section we
study the continuity of the coefficients of the shape Hessian matrix ./\/;’J\ We also estimate
the modulus of continuity of the coefficients of /\/;3‘ in this section, which would be used to

show the proof of the conjecture in Chapter 5.

3.2.1 Basic quantitative estimates of eigenvalues and eigenfunc-

tions

In this section, we estimate the variation of the first Dirichlet eigenvalue \; and the corre-

sponding eigenfunction u; for the regular polygon P, and a perturbed polygon P.

Let Q € R? be a bounded Lipschitz connected domain and f € H~'(R?). We consider
the problem
—Av=f in €,
v=20 on 0.

(3.25)

Let Q, , a € {a,b} be two such domains. We denote by u, the solution of (3.25) on €,
for the right hand side f,. In case f, = 1, we denote by w, the solution of (3.25) and w,
is called the torsion function. We denote by u;, the L? normalized eigenfunctions on ),

corresponding to the Dirichlet eigenvalue A .

We initially consider the estimates in the case of domains with lesser regularity, like
domains with uniform (p,e) (see Definition 2.6.2) cone condition from [17]. We use the
convexity of polygons to deduce the estimates for eigenfunctions and eigenvalues in our
case. Assume that Q,, ), € R? satisfy uniform (p, ) cone condition [17]. Let us denote by
dp (24, €5) the Hausdorff distance between the sets €; and (.

Proposition 3.2.1. Let Q,,Q C R? satisfy the uniform (p, ) condition. Suppose we con-
sider f, = fy == f € L?*(R?). There exists a constant C such that the following estimates
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hold:

(2o, 1) Q")) ’ ) (3.26)

1 1
v v/ 2 <:C) 2 E,
R2| Uq w|” < Cl Nzl f - ( psine

[l =P <€l (M) (3.27)

psine

where C depends only on the diameters and dy denotes the Hausdorff distance (see Definition

2.5.1).

A detailed proof of the estimates (3.26) and (3.27) is given by Savaré-Schimperna [17].

These estimates would be used in our estimates of eigenfunctions.

Before proceeding on to the proof for estimates of eigenvalues and eigenfunctions in the
case of polygons, we consider a proof for estimates of functions in the case where the sets
are convex and bounded, in which case the level sets of the eigenfunctions and the torsion

function are convex.

Lemma 3.2.1. Let ,, € be convex bounded open sets. Suppose f, = f, = f € L®(R?), f >
0. Then we have

Vg = V|| 22y de < C (|4 diam(Q)] + || diam()]) (3.28)

where C = di(0Qq, 00 || f|1% -

Proof. Let Q = O, N Q. This implies that dH(ﬁfZ, 0Q4) < dy(09Q,,00). Let us denote by
¥ the solution of (3.25) in €. Then, we get,

/ 15— vaf? dz = / £ = va) dr < | ol max (v (2) — 5(a))
Qu Qa EAS 97

To estimate the quantity max,cq, (va(z) — 9(z))., we use the harmonicity of v, — @ on €.
This implies

max(v,(z) —0(z)) < max  v,(x).

er xE@Qa EBB,;-

where &€ = dy (09, 08) and (09, ® B.) denotes the Minkowski sum of boundary of €2, and

ball of radius €. In order to estimate v,(x) , we have

48



va(@) < [Ifllctwa(z) < el fIZlVewalleo,

for every x € 092, @ B. , where w, is the torsion function.

We get
|[Vw,(z)| < W, /2.

where W, is the width using the classical barrier method. This implies

diam(§2,,)

| 1= val e < el 1T

a

Summing the estimates for v, and v, proves the lemma.

]

The above lemma in particular uses the convexity of the sets €2, and €2,. We observe in
Proposition 3.2.2 that the convexity of polygons would be used in deriving the estimate of

the difference of eigenvalues.
Perturbations of the regular polygon.

We denote by P a perturbation of P, i.e polygon apa; ...a,_; with n sides such that for

every i = 0,...,n — 1 we have |a;a}| < e.

We denote by Ag, Aj the k-th eigenvalues and by u; and u; the corresponding normalized

eigenfunctions on P, PP, respectively.

Estimate for eigenvalue difference:

Proposition 3.2.2. Under the previous hypotheses, we have
D — ] < / Vs — Vi Pz < 2 (Ly + L), (3.29)
]RQ

where
Ly = (X)) luill7 2r + 2m(1 4+ €)?),
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N

)\1 ((Tn + 5)4 — 7“;11) i 2)\2 ( L1 )
Ao — A \ (P, & B:.) ’

Lo =
2 )\2—)\1 ’f‘;,lb
2\ 2 L 2
Lo= 2 poax 1 (- N[
T lram T ( (ms) >+ 1(A1<Pn@Bg))

where P, & B. denotes the Minkowsk: sum of P,, and B-.

Proof. We introduce the problem ¢ € Hj(P),—A¢ = Xju} in D'(P).

Using Lemma 3.2.1 , we have
(3.30)

/ Vo — Vui|* de < L.
R2
We consider the decomposition ¢ = Z:;Olo a;u; (eigenfunctions constitute a Hilbert basis

in H1(P)).

We also have the following estimate:

/ V¢ — Vu|* dz = /\T/ uiodr — 2)\1/ wodr + M\
R? R? R?
=\l + X{/ ui(p —uy)de — 2 100 + N\
R2

=20 (1 — 1) + A — M+ Afllo — uil)3

In order to estimate the term (1 — ), we consider the following inequalities:

* ES * >\*
/\V¢\2dx:A1/ gu* < Afllgll. < (V|-
R2 R2 ()\1)2

(We use Poincare’s inequality for the second inequality)

Za?/\i:/ IVo|?d.
i R?

20



We note the following inclusion

' _pcp,cC

Ty + € T T, — €

P.

Due to the monotonicity of eigenvalues, the inclusion implies

7"—|—€2 rn—e\>
(” ) Ale;z(" ) AL (3.31)

Tn Tn

> AF 2 n 4
Consequently, we have a2\, + Ay Z aZ(A\F)? ()\1) < <T :— 6) A1 so
i=2 "

1

2 2 2 Tn + € !
a7 A + Ao ¢pdr —ay | < AL
]RZ

IN

Tn

On the other hand,

¢* dx > / (u})? dx — 2/ ui(u] — @) dx
R R? R?

N

Ly
>1 2w —olP>1 -2 ———
> 1ot - o2 1-2 (5 a s )

which, after elementary computations leads to

A (rp+e)t—rd 29 L, 2
1—a?< n = L.
“ = AQ—Al( rd +)\2—)\1 M(P & B.) 2

n

Using the above estimate for (1 — a?), (3.30) and (3.31), we have

N L re\2 L 2
oV Pdr < 22 e (1o (I N ) L. (3.32
/Rz‘w Vu[de < =70+ A mre) | T\ NE e B s (332)
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By summation of (3.32) and (3.30), the inequality (3.29) follows. O

The above theorem gives an estimate of the difference between eigenvalues, which would

be used in estimating the difference || Nj; — N[ o~

Estimates for eigenfunction difference:

Proposition 3.2.3. There exists a constant C' > 0 such that for all 0 < ¢ < &g

1
IVuy|[p < C and  [luy — ujfzee < Cllur — vl < Ls,
here Ly :=C (L Lt Lyt )
where = —_— ),
5 4 1 3 (P, @ B.)
and Ly, Ly, L3, Ly are given by Proposition 3.2.2.

Proof. The first inequality is a consequence of the barrier method.

The second inequality is a consequence of the Gagliardo-Nirenberg inequality ([33]), given
by, ; 1
lur =il < Cl[Vur = V| s llur = uqlfs.

Then we use the first inequality and the continuous embedding H'(B,) C L3(Bs).

We consider the estimates |Vu; — Vui| 2, [|[¢ — ui||z2, ||¢ — uf||z2 combining which gives

the estimate for ||u; — u}||g1-

/(¢—u1)2dx (1—ay)? Z =(1—ap)? ¢*dx — o?
R P

R2
< —a)+ 1+ lé—uilly) — o
<2 (1—on)+2)¢ —uillz + o — uill3

<_2 L+2( ! >2+ Ly =L
“14a; 2 M (P, ® B.) MNP, ®B)  h

Using Poincare inequality and (3.30) , we get

2 Ll
—ufder < ———
/RQw i de < s
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From Proposition 3.2.2, we have

||VU1 - VUTHL2 S 2 (Ll + Lg)

The summation of the above estimates proves the theorem. O

3.2.2 Estimates of variation of coefficients of ./\/;?

The primary reference for the following subsection is [5], supplemented by [11],[10].

Let us denote by (Nj;) and (N;5) the coefficients of shape Hessian matrix of the Dirichlet
eigenvalue of P and P, respectively. The objective is to find an estimate for [N — Nl
and we require L*° estimates of uy, A1, ¢, U; and their gradients for the perturbed polygon

P and the regular polygon P,.

Since the expression of the coefficients of Aj; involves the solutions of elliptic PDEs
((3.16),(3.17)) satisfied by the functions U; with data in H~ '™ we require quantitative

estimates of the perturbation of eigenfunction in H2.
1. Estimates for terms ¢, V¢, uq,uy, Vuy, Vui:

Let ¢* : T* — R, ¢ : T'— R be the functions defined in (3.10) on a symmetric triangula-
tion 7 of P, and P respectively. We assume that Vi = 0,...n — 1, |a;af| < ¢ (which implies
dy(OP,0P,) < ¢). Then using the definition of ¢, we have:

) ) 1 1
[6%[Loe <1, [@llre <1, (VO < 7, [IVOlLe <

~ 2gin 2%’
n

The following inequalities for uq, u] follow from the fact that the fact that level sets of uy, uj

are convex.
uillzee < VAT luallzee < VA,

IVuille < (A71)2, [Villze < (A1)2 (1 +¢).
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2. Estimate for U;, U:

From (3.16), we write Vi =0,...,n — 1,

AU~ AU, = f in P

/ ulUi dr = O,
P

where f € H'(P,R?) is defined by the right-hand side of (3.16) . The term f consists of
the following type of terms (possibly multiplied by other geometric quantities):

)\1%11Tv¢, V¢D2U, %Hl ‘L7

where L is an edge of 7" and n is the normal. We note the following :
e It is required to show that the function U; € H'™¢. This fact will be required to derive
the H' estimate of (U; — U;).

e We show that the eigenfunction u; € H*™ for s € [0,1), implying that D?*u € H*.
The H?** regularity of u, is required for proving H'** regularity of Uj.

e Lemma 3.14 and Lemma 3.15 in [5] are required for the H'™ estimate of Uj.

e It is important to understand the behaviour of u; in the complement of P. To under-
stand the LP, H* properties of the extension of u;, it is enough to extend the function
by 0 in the complement. However, to understand the H? property, we extend u; using

the Stein extension operator Ep. The objective here is to find an estimate of the form
1Ep(u1) — Ep, (u)|| n2w2).-

e It is important to note from [10] that the H*® estimates of uy,U; are used for finite

element approximation of u;, U; and for using the Aubin-Nitsche lemma.

2.1 Uniform H?"* regularity of the eigenfunctions:

We recall the following result from [1].
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Lemma 3.2.2. Suppose we denote by P a perturbation of the reqular polygon P,, as above.
Let 0 <~ < Z-. Then, the solution v of (5.25) in P satisfies

lvlla1evpy < Cllflla-147(p)-

for every f € H-(P). The constant C' depends on vy but is independent of f and P. We

denote by wy = maxw;, where w; represent the interior angles of the polygon P.

The proof of the lemma involves a study of the equation (3.15) in Section 3.1. A more

detailed proof is given by Laurain|[29] using the equation (3.15).

Let us denote by sq = wlo —Jlandlet 0 < s < s.

Corollary 3.2.1. Under the previous hypotheses and notations, we have
(TS H2+S(P), H’u,lHHQ-&-s(p) < C,

with C' depends on s but is independent on the perturbation.

Proof. To estimate ||f]

In our case, f = A\ju;. Since we know H' and L? estimates of u;, this gives a bound for f,

ms+(p), we use the Gagliardo Nirenberg interpolation inequality [20].

thus proving the corollary. O

3.Construction of the Stein extension operator

We describe the Stein extension operator from [11] and refer the reader to the same for

detailed proof of the observations below.

The operator extends a function ¢ defined on a closed set 2 C R? over the whole of R2.
We can extend the function ¢ over the whole of R? by defining ¢ to be equal to zero in the
complement of the set 2. However, to make the extension of ¢ more regular, we define a

regularized distance function A(x) and we divide the complement of €2 into a mesh of cubes

Qk-

It is important to note that the size of the cubes (), depends on the distance of @) from
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the set Q. We also define the regularized distance function A(z) based on the diameter
of the cubes Q) that the point x belongs to. We also observe that the function A(z) is

differentiable and the derivatives of A(x) are bounded.

Define the function 7 by

/ thr(t)dt =0, ast — oo we have O(t™").
1

Let ¢ > 0 be a constant such that

V(z,y) e R*\ P, cA(z,y) > ¢;(z) — v,

The extension operator Ep is defined for x € [m;, M;] and y < ¢;(z), by

Ep(tjun)(z,y) = / Ty + 20, g (2, y + 26z, y)r(t) di.

where 1); denotes the cutoff function supported in B (a}f, i‘iln

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

) and aj is a vertex of P,

It is important to note that (3.35) and (3.36) ensure that the integral expression in (3.38)

is well-defined. We also observe that the inequality (3.37) ensures that
Y+ 2cA(2,y) > ¢;(),

which is necessary so that u;(z,y + 2cA(z,y)) is well defined.

We also consider a similar construction for the regular polygon P, as well. Further proof

for the construction of the Stein extension operator is given by Stein[11],[5].
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We denote U, U* the solutions of (3.16) corresponding to P, P, respectively. We denote
by N} and (N})* the shape Hessian matrices of A;(P) and A;(P,) respectively. Without

loss of generality, we assume that P C P,,.

Lemma 3.2.3. For every s € [0, 5 A(Z: — D], we have that
[Ullsr5(p) < C,
for a constant Cs > 0.

Proof. The case s = 0 follows from Poincare inequality :

Ao+ 1
U < ~1(p).
[Ulliger < £ 12

We note that u; € H?T*(P) and all the quantities in f € H'(P,R?) as defined in (3.17)
are controlled for our perturbation, in a norm which is at least H~1**. Using the bound for

Ao — A; from [4], we get the bound for the case s = 0.

For s > 0, we use Lemma 3.2.2 to get the bound. O]

Lemma 3.2.4. There exist positive constants v,C' > 0 such that for every admissible per-
turbation
U - U*HH&(BQ,IRJ‘) < Ce".

Proof. We introduce the following auxiliary problem

AV =MNU+f in P

(3.39)
V=0 on OP

Using the result from [17], we have

HV—UngCMWV+FM4®ﬁ5

From lemma 3.2.3, it is clear that both V,U* belong to H'™* with controlled norm.
Finally, we get,
||V — U*HHI(Pn) S Cé?y.
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(See [5] for detailed proof of the above estimate.)

We introduce the function V =V — ([, Vuydr)u, € H}(P). Then we have,
|V - VHH(%(P) < Ce”.

Since both U,V are orthogonal to u;, using Poincare inequality, we get

A2
Ao —

[0 -7 < =22 11f = Fllar
1

Summing the estimates proves the lemma. O]

Remark 3.2.1. Using Gagliardo - Nirenberg interploation inequality [33], we have
U= U= < CU = U'| n,

for some C > 0. (See Proposition 3.2.3)

Theorem 3.2.1. Let us consider a polygon P € P, such that |a;af| < e < eg. Then there

exists C,v > 0 such that, we have,
IV — W) lle < Ce",
Vk=1,....2n, [M(N?) = M((N)9)] < Ce”.
Proof. The first inequality follows by using the estimates of Ay, A\, vy, u] and Remark 3.2.1.

The second inequality follows from Weyl inequality on the stability of eigenvalues of a Her-

mitian matrix under perturbation. O

Remark 3.2.2. We know that the Hessian matrix of the area of a polygon is constant.

Hence, a similar estimate holds for the coefficients of the shape Hessian M.

Theorem 3.2.1 essentially gives a modulus of continuity for the coefficients of the shape
Hessian, depending on C, v. This is important in proving that the regular polygon is a global

minimizer, assuming the conjecture is true.

o8



Chapter 4
Study of eigenvalues of MA

The primary reference for this chapter is [5], supplemented by [41].

This chapter deals with the study of eigenvalues of M?, the shape Hessian matrix of the
functional |P|A;(P), for a polygon P.

4.1 Computation of eigenvalues of M*

We assume the notation \(x) and A(x) to denote the first Dirichlet eigenvalue of a polygon
and the area of a polygon, respectively, with vertex coordinates given by x = (ag,ay,...,a,_1).

We denote by N* and M?*, the shape Hessian matrix of A\;(P) and |P|\;(P), respectively,
for a polygon P.

We denote by t, = (1,0,...,1,0) € R* ¢, = (0,1,...,0,1) € R*.

Proposition 4.1.1. The vectors t,,t, € R* are eigenvectors of M corresponding to the

zero eigenvalue.

Proof. Simplifying the Hessian of the product A(x)A(x), we have

Hess(A(x)A(x)) = (A(x) Hess A\ (x)) + (VA (x)@VA(x)) + (VAX)QV A (x))+ (A1(x)Hess A(x)).

29



Suppose we consider a triangulation of the polygon with no interior vertices as in Figure 3.1.

Then ), ¢; = 1, which implies that )" V¢; = 0. From Theorem 3.1.3, we have
i=0

implying VA(x) - t, = VA(x) - t, = 0.

By the same choice of triangulation for the definition of ¢;, we get that Y " , U; = 0.
We immediately have N*t, = N*t, = 0 from Theorem 3.1.4.

It remains to show that the vectors t, and t, are eigenvectors of the Hessian matrix of
A(x). The Hessian matrix of the area of the polygon is given by the constant 2n x 2n block

matrix

D? A(x) = (Aij)o<ij<n1,

0
>ifj:z'+1and

O o=

where the non-zero 2 x 2 blocks are explicitly given by A;; = (

0o -1
2

From the expression of Hessian of area, t, and t, are in the kernel of the Hessian matrix

_1
2

of area of a polygon. This finishes the proof of the proposition. m
A similar proof of the fact that r = (1,0,cos(%’r),sin(27“),...,sin(@)) and s =
(0, —1,sin(38), — cos(35), . . ., —COS(@)) are eigenvectors of M? corresponding to the

zero eigenvalues is given in ([5], Proposition 4.12).

We denote by P,, = [apa; ...a,_1] the regular polygon with n- sides, centred at the ori-
gin, with the vertex agy at the point (1,0). We also denote by A; := Ay (P,) its first Dirichlet
eigenvalue and u; := u;(P,), the L? normalized eigenfunction, corresponding to the eigen-

value \;. We consider § = 27 /n in this chapter.

We assume that the functions ¢; in (3.10) are defined on a symmetric triangulation 7

(see Figure 3.1) and is made of the triangles T; having vertices (0, 0), (cos j6, sin j6), (cos(j +
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1)0,sin(j 4+ 1)0), 0 < j < n — 1. We also use the notation 7y = 74,7 = T,,_1.
Change of basis

We perform a change of basis on the matrix M?* such that for each vertex, the basis di-
rections correspond to the radial and tangential directions (see Figure 3 in [5]). The change

of basis gives more information about the eigenvalues of M”.

The Hessian matrix in the new basis is given by the formula H* = TTM*T, where

) —1)0 —sin(j —1)0
T = (Tij)1<i,j<n is a 2 x 2 block matrix with Tjj = C?S(j. ) Sln(.j ) . This
- sin(j —1)§  cos(j —1)0

naturally implies that M* and H* have same eigenvalues.

We also observe that the resulting matrix H* is circulant with respect to its 2 x 2 blocks:

H, H, ... H,,
H,, Hy, ... H,_

o= " o (4.1)
H1 H2 H(]

The spectrum of the matrix H” is made of the union of spectra of the following n matrices
of size 2 x 2:
B,, = Ho+ peHi + pfHy + - + p} 'H,, 1. (4.2)

where pp = exp(ik#),k = 0,...,n — 1. This follows from [25] and references therein. Let us
denote by My, My, ..., M,,_; the blocks of the first line in M*. Then, we have

Bpk = Mo —+ Ml(kaG) + -+ Mn71<ka9)nil.

cosf —sinf
where Ry = | 9 9 ) denotes the rotation matrix around the origin with angle 6 in
sin cos

the trigononmetric sense.
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Using the expression of M* (see Theorem 3.1.5), we decompose each one of the blocks

M, = M; + M? + M? with

CL(U&, Uzl) CL(U&, Uz‘2)

M! = —2|P,
o= AR 20y e, o2)

Y

M2 = ), / (Vo ® Vér) — (Vor @ Vo),

M? =2[P,| [ (Vo Véi)(Vuy @ Vuy).

Py
where
1rrly . 177l 1771
fori,j=0,...,n—1.
In the following, we compute separately the matrices Bi,k = Z;‘;Ol p};MéRzp, forl =1,2,3.

Case | = 1:

We denote by U; = (U}, U?) the solution of (3.16), with the normalization (3.17). Since

the triangulation defining ¢; is symmetric, we have
Ui(z) = RipyUp(R}2).

For 0 <7 <n—1, we have

im (ALY aULUR) (costio) —sini6)) _ (a(UhULoRE) a(U}.UZ 0 RY)
e a(U2,UY a(UZ,U2) ) \sin(if) cos(if) |  \a(UZ, Ul oRL) a(U2,U20RL) /"

Case | = 2:
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Since the matrices M7 come from the Hessian of the area, we have

0 05
Mf:—)q( 05 O),Mi_lz—Mf and M?=0 for i¢{l,n—1}
Therefore, we get

n—1
‘ A
> MR, — AL

1=0

(PeRr/240 + DRz /2-0).

Case [ = 3:

From the definition of A,,, A,,, Az, (see proof of Theorem 3.1.6), we have

Awe 0
M = 4[P| [V ol* ,
0 Ay,

A A
M: =2|P,| [ (Vo - Vi) ( o “’) ,
' Ty Axy Ayy

A —A
M2 . =2|P, Voo -V, ” .
11 = 2] | (V6o Véu-) (_ A Ayy)

We observe that fT+(V¢0 Vo), = [ (Voo - V1) = —cosf|Veg|*>. A direct com-
putation shows that |P,| = 0.5nsin6, |Véo|r, = 1/siné and using the relation (3.23), we
find that

n—1
: 2n(1 —cos(k0)) Az O
(M7 + M7)Ryy = . .
ZZ:; sin 6 0 A,
Theorem 4.1.1. For 0 <k <n—1 we have B,, = Of’“ Tk with
—iv B
n—1
ap = qk/ (Opu1)? — 2|P,| a(Ug, Z cos(ik0)(cos(i0) U} + sin(if)U?)),
To i=0

n—1

Be = /T (O,1)? — 2|P,| a(U2, S cos(ikt)(— sin(i0)U} + cos(i6)U2)),
0 =0
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where

2n(1 — cos(k0))

U = sin 6 ’
and 1
e = —=2[Pa| a(Us, Y (sin(ik0)(= sin(i0)U} + cos(i0)U7)).
i=0

From the expression of B, , we obtain the eigenvalues of B, in terms of oy, 8 and

P>
[5]. Consequently, we know that the eigenvalues of the Hessian matrix M* are the union of

spectra of eigenvalues of matrices B,,, for 0 <k <n — 1.

The explicit expressions of ay, 3 and 7 in terms of u; and the couple (Uj, U) are given
in [[5], Proposition 4.10].

Proposition 4.1.2. If the Hessian matriz M* evaluated at P, has 2n — 4 eigenvalues that

are strictly positive, then P, is a local minimum among the family of simple polygons P, in

R?.

Proof. To prove that the regular polygon is a local minimum, we need to prove that the
Hessian matrix associated with the free variables, denoted by M’, is positive definite. This
implies that it is enough to prove that the eigenvalues of the matrix M’ are strictly positive.
If we fix the vertices a,_» and a,_1, then the matrix M’, corresponding to the free variables,

would be obtained by removing the last four rows and columns of M?*.

An important property of the eigenvalues of M’ is that they are bounded below by the
eigenvalues of M* [37]. This implies that the eigenvalues of M’ are non-negative. It is enough
to prove that M’ doesn’t have a zero eigenvalue. Suppose we assume that the matrix M’ has
a zero eigenvalue and we denote the corresponding eigenvector to be £&. We know that if the
last four components of ¢ are completed by zeros, we get an eigenvector of M* corresponding
to the zero eigenvalues. We know from Proposition 3.1.1 that t,, t,,r and s are eigenvectors
of M* corresponding to the zero eigenvalues. We note that the last four components of
t., t,, r and s are linearly independent in R*, implying that the last four components cannot
be (0,0,0,0).

This implies that our assumption that the matrix M’ has a zero eigenvalue is false. Hence,

the matrix M’ is positive definite, implying that the regular polygon PP, is a local minimum
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among the family of polygons P,, in R2.

Proposition 4.1.2 essentially states that it is enough to show that the eigenvalues of M?*

are strictly positive to prove that the regular polygon is a local minimum.

4.2 Finite element approximation of the eigenvalues of
M)\

Since the eigenvalues, j,, of M?* are described analytically in Theorem 4.1.1, they do not
allow us to show that the eigenvalues are strictly positive. Therefore, we use finite element
approximation of the terms oy, Bk, 7x to numerically certify this fact. We consider certified
estimates of approximations for uq, Ay on the regular polygon P, using P; finite elements
(linear finite element space) in the first step. In the next step, we get certified estimates for
the approximation of U; and in the last step, we get approximation results for coefficients

of the Hessian matrix.

We assume the notations and definitions for this section from Chapter 2, Section 2.9. In

this section, we denote the linear finite element space by V.
Step 1: Certified approximation of the first eigenpair

We denote by Aj A1 the first Dirichlet eigenvalue satisfying the problems (2.20) and
(2.21), respectively.

Results in [41] prove that

ALh

Mg > A > ——2
T O,

where the constant C7, h are defined in Chapter 2, Section 2.9.
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This implies that we have

A= Aal < A3LCTR/(1+ CTRPAT ). (4.3)
Approximation of wu;:

Let us denote by p = Py, (u1) (Pn(uy) is the projection of u; onto V). Then

Vuy — Vpl|z2 < Cih||D*uyl|z2 and  |lug — pl|z2 < Cih||Vu — Vp)|z2. (4.4)
For u = uy € H? using | D?uy|z2 = |[|Aus]|z2  [[19], Theorem 4.3.1.4], we have
[Vuy — Vp|lz2 < C1hA; and  ||uy — pllr2 < C?h%A,. (4.5)

Let us decompose p = oy j, + p where an puq pdr =0, € R.

We obtain the error estimate

1 —|af

|

1 -
Vuy — Vuy |2 < ||Vuy — Vpl|r2 + ( ) [Vpl[z2 + EHVPHL% (4.6)

We calculate the following bounds for ||p||zz, || Vp||r2 using the definition of p, P:

IVplZe = (Vur, Vp)e, = (s, ple, < Mllpllze < M(llusllze + lp — wallz2)

where (, )p, denotes the L? inner product on P,,. We obtain further quantitative estimates

in terms of h from (4.5).
Bounds for ||p]| 2, [|VD||z: :
Using the definition of uy, p and p, we have

Vp - Vo, — Alh,/ pup, = / (Aruy — Arh, p)on, Yo, € V™.

IP)”
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Using the Poincare inequality on the orthogonal of u; ; in V", we get

(1-32) [ 19iae < P 22wl [ g,
Pr

A2h A2 P,
or
1
_ 1 _ Adn
1Pllr: < — VD2 < mﬂ)\l — Ara| + Atllur = pllz2). (4.7)
: 2.4 Lh

where Ay j, denotes the second Dirichlet eigenvalue solving the eigenvalue problem (2.21) We

obtain further quantitative estimates in terms of h from (4.5) and (4.3).

Bounds for a:

To conclude, we need bounds for . We have an p? =a?+ an p?, which proves that

i-al<i-al< [ Fr [ @) [ B ol - ple)

We obtain quantitative estimates from (4.4) and (4.7). Since a@ > 0, a can be bounded

below, for hA small enough.

Similarly, we obtain the L? error estimate for the first eigenfunction:

1o

|

1,
o =l < s = plas + (=) s + S50 (45)

Step 2: Certified approximation of U;: We consider the following steps for the

approximation:

e Estimates for ||[v — p,||r2 are considered for v the solution of (3.25) on P, with f €
H~277(R?), where ~ € (0, 1) and p, := Py (v) the projection of v onto V", in Lemma
4.2.1.

e Using the above estimate for f € H*%*V(R2), we find estimates for U defined by (4.12)
on P, with f = fr% + 5" with f™* € L*(P,) and f*" € H_%_W(Pn) in Theorem
4.2.1.
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e We find estimates for Uy = (U, UZ) defined in (3.16) with the normalization condition
(3.17) and fy € H~(P,, R?) based on estimates found in the previous step.

Lemma 4.2.1. Lety € (0,3) and v the solution of (5.25) on P, with f € H=27(R2). Then

1.1
Vo =Vpullz < [fl]-3— o) (Crh )2 7(1 A_1>2ﬂ’ (4.9)
and 1
1o =pollez < Fll - goy (Co) 27 (1 + )\—1)5” (4.10)

Proof. From the Aubin-Nitsche argument [5], we have

lv = pollzz < C1A]|VU — V|| 2.

Since f € H™27(R?), we get

||VU - va”%? = (f’ v = pv)Hfle& < ||f”H*%*’Y(R2)H’U - pUHH%Jr"r(Rz)'

Using the Gagliardo-Nirenberg interpolation inequality [20], we have

1,
Vo = VPl <Nl gov e lo = pollz2 0 ~nollite (®2):

Further using Poincare inequality, we get

1 1 1
2 3~ )2t — )
Vo= Vp,|7. < HfHH*%*V(Rz)(Clh) T(1+ )\1) M[Vv = Vp,|| 2. (4.11)

The estimate (4.11) together with the Aubin-Nitsche argument gives an estimate for

lv = pollz2-
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Theorem 4.2.1. Let U € Hy(P,) be the solution of

—AU - XU =f inP,,
U=0 on OP,, (4.12)
flP’n uUdx =0

where (f,u1)g-1 gy = 0.Consider f = [ + fom9 with fre9 € L*(P,) and f™ €
H_%_V(Pn). We denote by fi, a numerical approzimation in H=' of f such that (f, Urp)g-1,HE =
0 and uy ;, a numerical approzimation of uy, in H&(Pn). Let us denote by Uy, the finite element

solution in V" for
(VUh -Vou — /\17hUhU)dI = (fh, U)Hfle&, (413)

Py

together with the normalization condition,

/ ul’hUhdiE = 0. (414)

n

Then

. 1 5ty
90 = VUilli < CHIAD + £7ia + 1577,y @ (14 1)
1

1
2 ey sin, 3_ 1 2ty
T <(Clh)2”>\1U TS 1 gHH*%”(uw)(Clh)2 ! (1 * >\_1) )

LIV el = llz2)
+ (1w = MUz + Mall = Pa(@) 22 + (L4 Do) 21 = fullr)
Ao — ALh

Proof We have
VU — VU2 < |VU = VV||2 + |VV = VU 12,

where V = P, (U) is the projection of U onto V.
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Estimate for [|[VU — VV||2:

Let us denote U™, U to be the solutions of

U™ € Hy(P,), —AU™®=XU+ [, U™ e Hy(P,), —AU™™ = f,
0 0

so that U = U™ 4 Us"&. We define the functions Viegs Vising such that
pres ysing ¢ Yhoyres — p(reg) sing = py (eing)
and V7 V5" are the solutions of
yree e Yo AV = \U  f78, Vi g Yh _AYsine — psing,

Using Lemma 3.2.1, we get,

: : : 1\2"
||VUsmg _ vvsmg”Lz < ”fsmg” ,177(01h)%_7 (1 + ) , (4‘15)
H™2 A\
Similarly, the estimate for V'8 from (4.5) gives
|VU™ — NV V|| 2 < CLA|| MU + 8| 2. (4.16)

Summing (4.15) and (4.17) gives the estimate for |[VU — VV|| 2.

Estimate for |VV — VU,||::
|IVV = VU2 < IVV = VV |2 + [|[VV = Up| 12

where V =V — (fIP’n Vuy pdx)uy y, is the component of V' orthogonal to uy

We consider the above definition for V since U is orthogonal to u; 5, which follows from
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(4.14).We have

IVV = VV||2 = A}, (/ (Vurp — UUl)) <ALV = Ullze + IV g2 [luan — wallz2) -
(4.17)

Pr

We immediately notice that V is the solution of

V S Vh, —AV — )\Lh"; = /\1,hU — )\th

Combining with equation (4.12) and using integration by parts, we get

’VV - VUthZC - >\1,h/ |V— Uh|2d$ = (>\1U + f - Al,hV - fh,V — Uh)H—leé-
Py

Py

By the Poincaré inequality in the orthogonal of u; j, we get

) (4.18)

\ B B _
( A;:) IVV =VUi| 2@,y < (MU =MV 2|V =Unllz2) + (I[f = fall =2 [V = Unll 1)

Summing (4.17) and (4.18) gives the estimate for [|[VV — VU || 2.

The proof for the estimate ||U — Uyl|12 follows a similar procedure and is given in ([5],

Theorem 5.3).

It can be seen that the estimates become explicit as soon we have estimates for || f|| g1, || f"|| 2, || f—

Tullz-1, [|F579|| y=1/2—~, and L? estimates of U, VU, V,VV.

Estimates for U, VU,V,VV:

Since U is orthogonal to u;, we have

V2l|Ull2 < [|VU|| L2

using the Poincare inequality
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We have the following estimate for U:
TNz = MlUIZ < Wl 10 e

which implies that

Aa(A2 + 1)

MU 12 < Ullre <
VaalUl: < 90 < Y2222

(NAlI7eE

We observe that a similar estimate holds for the discrete approximation as well:

Aan(Aop + 1)

VAR Unllze < VU]l L2 < Non — Ain

I ol

To find bounds for VV, we use the fact that V is the projection of U onto the space

V" Furthermore, to find bounds for V', we use the Poincare inequality and the bound for VV'.
Estimates for ||f — fi| g1

In our case, we consider the function Uy defined in (3.16) with the normalization condition
(3.17). We assume the definition of ¢; as given in (3.9). We denote by f € H~(P,,R?) the
right hand side from (3.16) for j = 0. We shall drop the index ¢ = 0 from Uy, fy and ¢, since
it is fixed. Let us denote by T, = Ty and T = T,,_; the upper and lower triangles in the

symmetric triangulation 7 of P,,. Then, we have

1 1 1
Vqﬁ = 1T+ (1, —m> + 1T_ (1, m) and Yov € Pn, HV(b([L’)H = mlT+uT_ (.I')

Let us denote by f € H !(P,,R?) the distribution given by

(fiv)axm = / (—(Vo @ Vu)Vu + (Vuy @ Vo)V + (Vo ® Vuy )Ve) de

n

+ / S'Vo [ ww dr+ X\ / wvVe dr Yo € C2(P,).
n Pn n
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We further simplify the expression using integration by parts and the definition of the term

S,

Therefore, we get

/ S?VQb - _Q(VU1®VU1>V¢ dr = _4/ <(8:5U1)2 — ﬁ(a$u1)(ayul)) do (Si\) .
n P, T+ 0 O

Using the fact that the derivative of A\;(P)|P|, when evaluated at P, is zero , we get

2)\,

Si\ = —2)\1/77,

implying

Since the triangulation defined for ¢; is symmetric, we observe that the above computations

hold for the discrete approximation as well.

Hence, let us denote by fj the distribution given by: Vv € C°(R?)

(£ V) -1wemy = / 2(Vuo ®© Vuy )V dx + 51\,,1/ Uy pv de. (4.19)
We get
2V/2 1
1f = fall— < Tnsnd S Vuy = Vuy | do + T )\1(|3? — sinl 52 lur = winll2)-

Estimate for || f*||y-1:

We have
1
(f, U)H—HH(% _ ((f 7U)H1><H(%)

(fQW)H—leg

= / (Vo - VP(v))Vuy dz —l—/ (Vo - Vu)VP(v) dx.

n n
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where P(v) = v — (/.

P uyv)uy is the L2-projection of v on the orthogonal of u;. For the H !

estimate we have
(0 i = / (20,110, P(0) + 8,0(D,120, P(0)) + Dyuru(P(1)))
TLUT—

Which implies that

: 1 [aa
Y yr < 2v/2 )2 m_—
ez ([ ) i

We similarly compute the estimate for the term f2.

Estimates for ||f77jeg||L27 ||fsiing||H—%—’Y:

We have
1
(f,0)a-1mp = <(f ’U)HIXH0>

(f27U)H—1><H01

A
:/ (V(b-Vv)Vuldx—l—/ (Vo-Vup)Vo dw—l—/ u v dx (S(;) = (i:) + <g:> + (g:) .

We perform integration by parts on the first integral expression and express the integral over
the region T;, where T; is a triangle in the symmetric triangulation of IP,, as the regular part
Pfeg. We express the integral over the boundary of T; as the singular part ijg. Using the
estimate [|V(0pu1)|| 2y = VAil|Optn||r2(ryy and [[V(Oyur)|l 2y = VArl|Oyual|r2¢ry) from
[5] , we have

1Phgllre < V2 Lil|0yui |l reeryy  and  [|P2,ll2 < V2 Li||0yu ]| p2cry -

where L := svni\é'

For the singular part, using ([5],Remark 5.5) we have

1+ cosf
HPslingHHf%fv < ——F V )\1Hu1HL2(SO)C’Y7 ”PSQingHHféfv < 2 \% )\1HU1HLQ(SO)C’Y'

sin 6

where Sy = [0, 1].
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We again perform integration by parts on the second integral expression denoted by

2
reg’ “¥reg

Q', Q% and we again denote the regular parts by Q!

1 2
sing’ ¥ sing*

and the singular parts by

A direct computation gives the following estimates for the regular parts:
||62reg||L2 S \/5 L1Ha$u1||L2(T+) and ||Qreg||L2 S \/§L1||ayu1||L2(T7)

We also get R? = 0 and ||RY||z2 = |s}| = 2\ /n.

Finally, we have

>\1

I fhgllze < 2V2 Ly||Opus | roer, and || fo,llze < 2V2L1 |0, | 2z ).

1—|—0089
[ fingll -3 < 2————VMlluillzs)Crs 1 fdngll -3— < 2V Ml ]l 22(5)Cy

sin 8

Remark 4.2.1. We use results from [21] to obtain bounds for terms of the form fyng. The

result uses trace inequalities on fractional Sobolev spaces.

Step 3: Certified approximation of eigenvalues of M*

We use the notations from Theorem 4.2.1 for two generic problems with solutions U,, U,

corresponding to the right-hand sides f¢, f*. We denote the bilinear forms

a: HY(P,) x HY(P,) =R, a(u,v) = Vu- Vv — /\1/ uv,
P’VL n

ap VP x VPSR, ap(u,v) :/ Vu-Vv— )\l,h/ uv.
Our objective is to find error estimates of the form
|a(U®,U") = an (U, Up)|.

in order to get an estimate of order h'=% for ay, Bk, 7% in Theorem 4.1.1. By triangle

inequality, we have

(U, U") = an(Uy, Up)| <
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(U, U%) — a(VE V)| + |a(VE, V) = an(VE V)| + |an(VE V) — an (U, UR)]. (4.20)

First term

The explicit expression for the first term is given by

a(U",U%) —a(V*, V) = (U* =V -V(U" -V’ -\ / (U = VYV (U - VU,
Pn n
so that
‘a(Uav Ub) - a(va, Vb)| S

IV = VL2V (0" = V)2 + MU = V2|V [lz2 + MU 2|0 = VP 2.

Lemma 4.2.1 applied to the L2-norms of both the functions and their gradients give control

in h1=27,

We also find estimates for the second term and third term in (4.20) similar to the esti-
mation of the first term. We use Lemma 4.2.1 again to find estimates of terms of the form
|V(U® = V%)]|z2, where V¢ represents the projection of U® onto V"

We denote by

n—1

Wer =) " cos(ikf)Uy o Ry,
=0
n—1

W = " cos(ikf)Us o R
=0
n—1

Wl =Y "sin(ik0)Us o R
=0
n—1

W2 = "sin(ikf) U o R
=0

so that a(Ut, W), a(U}, WP, a(UL, WEL) a(UL, W2 allow us to express ay, B and 7

respectively.
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Denote by f** € H~! the distribution

n—1

(f*™*,v) g s = Z(cos(i + 1)k6 + cos(z’kG))/\l/ UL

=0 T

_|_

sin @

~— cos(i + 1)kf — cos(ikf) / ( —sin(2i + 1)0 cos(2i + 1)6
T,

Vu, - V.
cos(2i 4+ 1)0  sin(2i + 1)0 ) vy

1
i=0
We note that an Weu; = 0 due to the orthogonality of Uj on u;. We observe that
(f*,u1) = 0 by the symmetry of the first eigenfunction u;. These observations imply

that W is the unique solution of the problem

a(W,v) = (f* ) -1 1, Yv € Hy(Pn), [ Wuy = 0.

Py

Corresponding to the terms f;,7x, we obtain the distributions f%, f7*. The explicit

expression of the distributions 7, f7* are given in [5].
In our case, we consider U, = U] and U, = W, Whk Wk,

In order to find estimates for || VU, — VU}|| 12, we use Theorem 4.2.1 where f in the right
hand side is replaced by fo, f% f¥ for ay, Bk, v respectively. This implies that we require
the following estimates: || f**[| g1, || frk |22, [ f** — f* -1 | faimg |l r=1/2-+, corresponding to
the term ay, and similar estimates corresponding to the terms [y and .

We find the above estimates in terms of the estimates |A\; — Ay 4| , [Jur — wyp| L2, which
are expressed clearly in terms of the mesh size h. We also know from Theorem 4.2.1 that
we obtain estimates of order O(h'~%7). Hence, we obtain better approximations to the

eigenvalues of M* as we lower the mesh size h.

We find the explicit estimate for the term a4 and the estimates for the terms [, v can

be computed similarly.

The term «y:
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Using Poincare inequality, we get

1
v < —|v
” HL2 = m“ HH1

Using the computations in [5] and the above inequality, we get

[1+cos(kf) /(1 — cos(k))
Wl g-1 < A .
172 s = A I+ XN * sin 0

cos((i + 1)k0) — cos(ikf) [ —sin(2i + 1) cos(2i + 1)0
cos(2i +1)0  sin(2i + 1)0

Denote K" as

K% =

)

sin 6

Then we have

n—1 n—1 n—1
> / KWy - Vo= =) / div(K*Vur)o+ Y | K*Vuy -nv
i=0 YT i—0 Y Ti i—1 Y OT;

Since u; € H?(P,), the first term in the expression is regular. We refer to the second term

on the right-hand side of the expression to be the singular part.

For the regular part, using the fact that || D?u;||,2 = A\, we obtain
| fakll 2 < /1 + cos(kO)Ar + —\/1 — cos(kO) .

For the singular part, we consider the following. We obtain for v € H}(PP,)

n—1 n—1

cos 0
E K*Vu -nv:—g / ——2costkf(1 — cos k0)(0,u;)v.
— /aTi( 1) 2 5, sing ( )Orun)

Using [[5],Remark 5.5], we get

n—1

cos
Il a e <230

1=0

| cos ikO(1 — cos kO) |/ A1 ||u || 2(s) Cs -
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We consider the discrete version of f“*, replacing u; and A; by their discrete approximation

n—1
(fafsv) g1y = Z (cos((i 4+ 1)k0) + cos(ikd)) Al,h/ Uy pU
i=0 i

—_

sin @ cos(2i +1)8  sin(2i+ 1)0

Il
=)

%

N cos((1 + 1)kf) — cos(ik6) / ( sin(2i+1)0 cos(2i 4 1)6 ) Vi, - Vo.
T,

By direct computation, we obtain

[y

n—

(P — fon o) = S (cos((i + 1)k6) + cos(ik6) / vt — Mg )0

T;

1§
=)

%

n—1
+Z/T K*(Vu— Vuy) - Vo,
i=0 /T

which implies

N o 1+ cos ko V1 —coskf
f = 5 g < \/T)\l(|/\l_)\1,h’+)\1,hHU1_Ul,h“L?)“‘.—Hvu_vuhHL?-

sin 8

The term [;:

Similar computations as before for oy gives

0 |1 —cos(kf) /Ai(1— cos(kf))
Bl o < Ay ! .
15 = < sin 0 1+ X\ * sin 0

n—1

| f mgH 3, < 22|coszk:9 (1 = cos kB)| v/ A llut |l £2¢s0)Cr-

=0

0
o]l 2 <3 = 7 V1 — cos(kd) M + —\/1 — cos(kO)\;.

cos@ |1 — coskd
1f% = f | < oV 1 sy (A = Avul + Anllur — uipl|z2)

+\/1 — cos kb

sin 0

||VU - VU}L“LQ .
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The term ~;

We perform computations similar to ay for 44, which gives

0 |1—cos(kf) /(1 —cos(kf))
Tl Lo <\ cos )
I e < sin 0 14+ X * sin 0

n—1

va'kyl”H*%*” <2 Z |sinikd(1 — cos k0)| /At |lur || 2(s)Cs -

sing
1=0

0
I r‘gfngLQ < (S:?je\/l — cos(kf) A\ —i——\/l — cos(kf) ;.

cos |1 —coskf
1t = flot g < sV 1o N (A1 = Aral + Avnllur — uipllr2)

+\/1 — cos k6

sin 0

”VU — VU}LHL2.

Similar computations as before for ay, gives the following estimates for v

[1+4cos(kf) /(1 — cos(kf))
V2|, < )
17 = A 1+ X\ o sin ¢

n—1

cosf .
13 g <2 g [sinik6(1 — cos k)| v/ Au [ [ 2(si Cs-

1=

[ foe?(l 2 < /1 + cos(kO) M + —\/1 — cos(kO) ;.
1+ cos kO V1 —coskf
172 = 22 g < V 1+ (1A = Aal 4 llve = wapllr2) + —————IVu = V|| 2.

sin 6

For detailed calculations, see ([5], section 5.3).

We conclude with the following theorem:

Theorem 4.2.2. The terms oy, Br, V&, given by Theorem 4.1.1 admit an error estimate of
order O(h'=%7) for every v € (0,1/2),

80



We prove in the next chapter that these error estimates are essential to finding intervals
in which the eigenvalues belong. We decrease the mesh size h until we find an interval

containing the eigenvalues that don’t contain zero.
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Chapter 5

Proof of the conjecture

The primary reference for this chapter is [5], supplemented by [7]. This chapter explains the
numerical computations required to approximate the eigenvalues of M and the strategy to

prove the conjecture.

5.1 Numerical simulations

We denote by P,, the regular polygon with n sides inscribed in the unit circle with a vertex
at (1,0). We consider the symmetric triangulation of P,, 7", that we constructed earlier
for the definition of ¢; as in Figure 3.1. We divide each triangle 7},7 = 0,...,n — 1 in the
symmetric triangulation into a mesh of triangles similar to #T], given an integer m > 1.
In this way, we construct a mesh T" of median length h = 1/m. Some examples of meshes

constructed for n = 5,6, 7 are given in Figure 5.1. The figure is taken from [5].

Using the mesh T", we compute using P; finite elements (linear finite element space):

e The first two eigenvalues Ay ,, Ay, of the discrete Dirichlet eigenvalue problem (2.21).

e The first eigenfunction wu; j, of the discrete Dirichlet eigenvalue problem (2.21)
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e The solutions U?Z of
/ DUhVU - >\1,h/ UhU = (fhav)H—LHé
P, Py,

where the distributions f;L, j=0,...,n—1 are given by (4.19). The normalization

condition is given by fJPn U{LULh = 0.

e The approximations of W, W8 Wkl W2 for 1 < k < n — 1 are obtained us-
ing (Uj{h, Uj%h). We obtain the discrete approximations of oy, i, v that are of order
O(h'=27) for v € (0,0.5).

The procedure described above provides for each interval I,,,1s,,1,, and for each k =
1,...,n —1 for which oy, € I,,,8; € I, and v, € I,. Using the tool Intlab [[39]], we
find intervals I;(h,v) that contain the eigenvalues of M, (i, 0 < j < 2n — 1 described in
Theorem 4.2.1. The exponent v appears only in the choice of constants and exponents. We
choose ~y appropriately using a grid search. The intervals I;(h, ), for v € (0,0.5), depend on
the value of mesh size h chosen to construct the mesh T". If among the intervals I;(h, ) we
obtain only two that contain zero, this implies that the 2n — 4 eigenvalues of M* are strictly
positive. This shows that the regular polygon P, is a local minimum for P +— |P|A;(P).
If this case fails, we decrease the mesh size h and repeat the procedure on a refined mesh

constructed on the triangulation 7.

We require intervals around the eigenvalues small enough such that they do not con-
tain zero. This implies we require rather small values of h, which in turn requires large
computational power. Therefore, we use the software FreeFEM [13] in its parallel version
together with the libraries PETSc[3], SLEPc[40], and Hypre[36]. The computations done are
explained in detail in [5]. The results shown in Figure 5.2 suggest that the regular polygon

is a local minimizer for n € {5,6,7,8}.

In Figure 5.3, we present the non-zero eigenvalues of the Hessian matrix for 9 < n < 15.
The figure shows that eigenvalues are indeed positive. This implies that the regular polygon

is a local minimizer in these cases. We note that Figures 5.2 and 5.3 are taken from [5].
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Figure 5.1: Symmetric meshes obtained for regular polygons with n sides, where n = 5,6, 7

JAVAVAVAY
NN/

AV
AN/
AXY

VA
D
VA
KL

VAN

A\

a

A%
b

V#V
s
5

A\
N\
POK
20

b0

|

>

AV
\
>

Hexagon
Pentagon Eig. L.b. u.b. mult.
Eig. Lb. u.b. mult. || 1.323826 | 1.040291 | 1.629895 2
2.568803 | 2.359297 | 2.784816 2 3.916803 | 3.112218 | 4.719205 2
8.015038 | 7.558395 | 8.460722 2 12.990672 | 12.188270 | 13.795257 | 2
13.458443 | 13.012758 | 13.915086 | 2 7.566593 | 6.326083 | 8.803012 1
11.540733 | 10.304314 | 12.781243 1
Octagon
Heptagon Eig. L.b. u.b. mult.
Eig. Lb. u.b. mult. [| 0.452095 | 0.182855 | 0.774247 2
0.747352 | 0.446026 | 1.096876 2 1.171933 | 0.309482 | 2.034382 2
2.056766 | 0.963449 | 3.148214 2 2.772135 | 1.273803 | 4.268064 2
4.655979 | 3.078862 | 6.228621 2 12.049631 | 11.187182 | 12.912082 2
12.292485 | 10.719843 | 13.869602 | 2 13.037208 | 11.541279 | 14.535540 | 2
12.582047 | 11.490599 | 13.675364 | 2 3.999568 | 1.460555 | 6.536411 1
11.740713 | 9.203870 | 14.279726 1

Figure 5.2: Numerical approximation of the 2n — 4 non-zero eigenvalues of M* for n €
{5,6,7,8} together with intervals
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Figure 5.3: Numerical approximation of the non-zero eigenvalues of the shape Hessian matrix

n =12 | mult.

n =10 | mult. || n =11 | mult. || 0.0952 2

n=9 | mult. || 0.1927 2 0.1334 2 0.2160 2

0.2888 2 0.4601 2 0.3096 2 0.5128 2

0.7145 2 1.1017 2 0.7386 2 0.9473 2

1.7104 2 1.9625 2 1.3501 2 1.4287 2

2.8667 2 2.4640 1 1.9129 2 1.6659 1

11.4506 2 10.8361 2 10.2373 2 9.6701 2

12.1695 2 11.9253 1 12.1968 2 12.0620 1

13.4392 2 12.7814 2 13.2741 2 12.6398 2

13.5487 2 13.4475 2 13.2059 2

13.5861 2

n =14 | mult. || n =15 | mult.
n =13 | mult. 0.0521 2 0.0397 2
0.0697 2 0.1146 2 0.0864 2
0.1554 2 0.2694 2 0.2022 2
0.3669 2 0.4994 2 0.3744 2
0.6801 2 0.7918 2 0.5989 2
1.0598 2 1.0742 2 0.8406 2
1.3586 2 1.1995 1 1.0115 2
9.1413 2 8.6527 2 8.2033 2
12.2461 2 12.1611 1 12.0933 2
12.8768 2 12.4975 2 12.2933 2
13.0664 2 12.5693 2 12.9147 2
13.7288 2 13.4024 2 13.6292 2
13.7331 2 13.6320 2

for 9 < n < 15 on meshes of size h = 1073.
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5.2 Proof of the conjecture

In this section, we prove that the proof of the conjecture can be reduced to a finite number of
numerical computations under the implicit assumption that the conjecture is true! Assuming
that the area of a polygon with n sides is fixed, we devise a procedure to find a value D,
such that if the diameter of the polygon exceeds D,,,., then the polygon cannot be optimal
corresponding to our problem. Similarly, we shall also find the minimal edge length, e,,;,
and minimum inradius, 7,,;, of an optimal polygon. All these results gives a compact set of

polygons in R?"~* outside which any polygon cannot be optimal for |P|A\;(P).

Let us denote by P,, the closure of the class of simple polygons with at most n edges

with the Hausdorff distance of the complements. We denote by @,, the optimal polygon.

We denote
[} = min{|P|\\P: P €P,},

for every n > 3.

Theorem 5.2.1. Forn > 3, let P € P,. There exists a value D,,., > 0 such that if

diam(P) > Doz, then
|PIM(P) > 1y,

where Dy = 2d* + (kK +n — 2)8C.

To find an explicit bound for the diameter of an optimal polygon, D,,.., we require the
properties of the torsion function wq of a domain 2 which we consider below without proofs
from [7].

(0) : The torsion energy of 2, E(f), is defined by

1
E(Q) = min —/ ]Vu]Qd:z:—/uda:.
weHL () 2 Jq Q

We denote by wg, the solution of (3.25) for f = 1 and we call wq to be the torsion function
of €.
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(1) : We get

/ wg, dr < g

from the Saint-Venant inequality. The inequality states that the L' norm of the torsion

function of a domain is bounded by the L' norm of the torsion function of a ball.

(2): We state the following result from [7] without proof:

if wo(zg) > n >0, then / wq dr > 7r—7752,
Bs(zo) 2

where § = 24/7.

This essentially states that the value of the torsion function of a domain at a point gives

information about the integral of the torsion function in a neighbourhood of the point.

(3): We consider the following property stated in [7]:

For all ¢ > 0, suppose there exist Cy,r9 > 0, Cyry < min {g, ﬁ} such that if for some
r <roand z,...,z, € R such that Sy, (z;) N Sa(z;) = 0 (S2-(x;) defined in property (4))
for all ¢ # j, it holds
max{wq(x) : x € U; Sy, (z;)} < Cyry,

then we have that
E(Q\ UiSo(x;)) + ¢|Q\ UpSar ()] < E(Q) + ¢|Q].
The property would be used essentially later to find the maximum diameter for an optimal
domain.
(4) : Let us consider a strip Sy, (a) := [a — 2rp, a + 2ry] x R such that

max wg > C3,
S2r0(a)
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Suppose that Cy = ry. Then we have

/ waq dx > 27?061,
Bacy (o)

where z is a maximum point of w in Ss,,(a). In particular

/ waq dx > 27‘(‘061.
Sirg (a)

We introduce k € N such that

B /8 B 1
k= {mrcgJ +1= LﬁcgJ M

where 7/8 denotes the upper bound of L' norm of w from the Saint Venant inequality

mentioned in Property 1. Suppose the diameter of @), is larger than 8Cyk. If we take the
r-axis along the diameter, there will be at least one strip of width 4Cp, denoted by Sj. ,
such that

max wo < Cs.

54 Co

(5): We obtain the following bound for wq(x) [6]:

3/4
lwa(z)] < 2v/2 d(z)? (&) . (5.1)

3/4
We use this inequality for 2 = @Q,, so that using |Q,,| = 7, we have the bound
we, (r) < 2v2 d(x)l/Q,
where d(z) is the distance of the point  from 0f2.
We introduce e; and d; such that

22(e)? < €2 and d; = - (5.2)

€1

Suppose, for contradiction, we assume that the diameter of @, is the segment [ag, a;,]

89



and it is greater than D,,.,.. We construct k + n — 2 adjacent strips of width 8Cj around
the midpoint of the segment [ag, a,,]. Suppose we remove at most n — 2 strips that contain
a vertex in their interior. From property (4), we see that there exists a strip of width Sy¢,
such that

max w < C.
Sacy(a)

. From property (3), this implies

E(Qn\ 5r(a) +¢|Qn \ Sr(a)] < E(Qn) + ¢[Qul. (5-3)

The intersection of the strip S,(a) with @), is a union of trapezes {7}};c;. When removing
any of these trapezes, one splits the polygon @),, into two polygons. In particular, if a vertex

is on the boundary of the strip, one splits the polygon into more than two polygons.

Hence, from the arguments of [[7], Corollary 4.3], we get

E(Qn\Tj) + c|Qu \ Tj < E(Qn) + ¢|Qul- (5.4)
From [[7], Lemma 3.1}, we get

1Qu \ T3 M(Qu\T;) < 1QulM(Qy) for every j € J. (5.5)

Suppose we remove a trapeze, say 1}, from @, NS¢, (a). The polygon @), splits into two
polygons Pp and P7 , which have n + 4 edges in total. We have two possibilities:

1. Both PTl,j and P%j are polygons with less than n sides.

2. One of P:}j and P%j is a polygon with n + 1 edges and the other one is a triangle.

If the first situation occurs, it contradicts optimality by (5.5). Hence, We suppose that the
second situation above occurs for each trapeze T;. We claim that there are only triangles on
one side of the strip [5]. Hence, assuming that there are triangles only on the left side of the
strip, we choose the triangle with the vertex ag. We know that the vertex is at a distance
of at least d; from the strip, by our previous computations. We continuously move the strip
Sic,(a) to the right until it intersects its neighbouring vertex or a different vertex a;. In
both cases, removing the trapeze splits the polygon into two or three polygons with less than

n edges. This has been demonstrated in Figure 5.4. The figure has been taken from [5].
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aAp1 anp-1
‘\\ A\\
ag c ey ag c e
aj: ::"
\va/ \va’
a; ay

Figure 5.4: (b) The strip Sy¢,(a) meets a neighbour of ag (¢) or another vertex ay .

If we assume that the length of the longest side of the trapeze is [, then the area of the
triangle on the left together with the trapeze is at least dyl/2. We know that the area is less
than 7 since the set is fully contained in the polygon. This implies that [/2 < e; and we get

that the maximum of wg, is less than CF from (5.2), leading to a contradiction.

Theorem 5.2.2. Suppose P = [ag ... a,_1] € P, and diam(P) < D,q,. There exists 6 > 0
such that if |aga;| < § < by, then

PIM(P) = 15, — Cat, (5.6)
where C depends only on n. We choose &y such that
I 062 > T (5.7)

This essentially implies that the length of an edge of an optimal polygon, with a fixed

area in P, cannot be smaller than a certain threshold.

We use the following lemma in the proof:

Lemma 5.2.1. Let P = [ay. .. a, 1] € P, be such that |P| = 7 and diam(P) < Dyne,. Let
P €P,,P =[by...b, 1] such that we have |a;b;| <& for everyi=0,...,n—1 . Then

I\ (P) = M (P)| < 4v2rets (max{Ai(P), M (P))? M (P N P')s%.
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an—1

aj \

t a
a0 aO 1 an—1

Figure 5.5: The segment a,_;al intersecting a vertex a;, in case the angle dy is convex (left),
in case the angles dy, @) are concave (right)

The proof of the lemma follows from [[7], Inequality 2.6].

Proof (of Theorem 5.2.2) Let P = [ag...a, 1] € P, is such that |P| = 7, diam(P) <
Dy and |aga;| < 6. Assume that 7\ (P) < I _,. Assume at least one of the angles ag, a
is convex. We move the point a, continuously towards a;, denoting it by af, = [1 —t]ag + ta;.
If it doesn’t intersect any vertex of P for ¢ € (0,1), we denote the case t = 1 to be the
polygon P’.

Using Makai’s inequality [12] and the fact ppr > pp — d, where pp denotes the inradius

of P, we get
1 1

M(P) < sM(By) < -
P (r/4lx_)? — 26

AL(By). (5.8)

Finally using Lemma 4.2.1 and the equation (5.8), we get

n—il _ < n—1 . < N
T — D0 M(P) < P M(P) < M(P') = \(P)

§4 277'641”( 1 3—/\1(B1)>25 .
(m/ (A5 )2 — 26)

n—1

N|=
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In case the edge [a,_;af] meets a vertex, the polygon P! is split into two polygons,
as shown in Figure 5.5. We choose the one with the smallest eigenvalue and repeat the
argument. The proof for the case that both the angles are concave also follows a similar

argument as given in [[5], Theorem 7.3]. Figure 5.5 is taken from [5].

Theorem 5.2.3. For every n > 5, the proof of the Pdlya - Szego conjecture can be reduced

to a finite number of numerical computations, assuming the conjecture is true.

Proof The proof follows from induction. From Chapter 2, we know that the Pélya - Szego
conjecture has been solved for n = 3,4. Suppose the inequality is true for polygons with up

*

to n — 1 edges. We denote by P,, = [a...a}_,] the regular polygon inscribed in the unit
circle with vertex aj = (1,0). According to our assumption, we have [ | = A (P,,_1)|P,_1].

To prove the conjecture for n edges, we shall analyze the problem (3.1) in the following steps.

Step 1: From Section 4.1, we compute the 2n —4 eigenvalues of the shape Hessian matrix
M* and certify its positivity using the finite element approximation methods discussed in

Section 4.2. This proves that P, is a local minimum.

We denote by P C P, the family of polygons P = [apa;...a,_,] with a; = (z4,¥;).
We consider the two points fixed ag = ag,a; = aj and we assume that the edge [apa]

is the longest edge. We identify the polygon P as a point in R?"~*, with the coordinates

(ZEQ, Ya2,...,Tn-1, yn—l)-

Step 2: Using Theorem 3.2.1, we compute a neighbourhood of P,, where the local mini-
mality holds i.e

This implies that for a value gy, we have |P|A\(P) > |P,|\i(P,,) for every P = [ag...a, 1]
with ap = ajj,a; = aj, such that Vi = 2,...,n—1, |a;af| < gy. We denote this neighbourhood

by L,, a closed set.

Step 3: Since [apa;] is the maximal length of an edge by our assumption, we get the
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bound

P
%’aoal‘ S Dmax-

Using Theorem 5.2.2, we get a lower bound for e,,;,. Similarly, using Makai’s inequality
[12], we get a lower bound for the inradius (denoted as pi,) of an optimal n—gon. All
these geometric constraints: inradius, shortest edge length and measure determine a smaller
compact set P such that P C P in R24,

We note that there exist universal upper bounds for eigenvalue and for the area in P.
Below we work with § < £z < 1. From Lemma 5.2.1, we know that for two polygons
P P e P such that if the distance between two vertices is at most & , then there exists K
such that [A;(P) — A\ (P')] < Kd2. We also have

|P| =P < K'6
where K’ = nD,,q, + nm. This implies that there exists a constant K” such that
(P[P = M(P)|P| < K52,
holds for P, P'.

Step 4: We assume that P, is the only minimizer for P — [P|A(P) in P. From Step
2, we know that there exists ; > 0 such that outside the neighbourhood £,, of P,, in R?"~4
we have |P|A1(P) > If +&1. We consider § > 0 such that K”(20)z < & and 26 < g with &y
from (5.7).

Since the set P \ £, is compact, we cover the set with at most ¢, 4 (%)27%4 balls

(Bj)jes of radius 0, where ¢y,_4 is a dimensional constant.

Choose one of the balls B; enumerated above. We consider an admissible polygon P €
P \ £, contained in the ball B;. We obtain a certified numerical estimate of |P|\;(P),

obtaining a certified estimate interval of length £/4. If the computation gives

PIM(P) 2 1 + =, (5.9)
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then the polygon P is not optimal and by the choice of §, there doesn’t exist an optimal
polygon in the ball B;. If the condition (5.9) holds for every admissible polygon in every
ball B;, then the conjecture is solved. We consider €; = 1 and verify that (5.9) holds every
time there exists an admissible polygon in one of the balls by repeating the above procedure.
If it holds, we stop. if it doesn’t hold for any polygon, we divide ; by 2 and repeat the

procedure. The procedure we described stops in a finite number of steps.
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Chapter 6
Conclusion

We conclude with a brief mention of a related problem to the Dirichlet eigenvalue problem

that we have seen until now.

Let us consider the quantity
T(Q) = / wodz,
Q

where w is the torsion function given by (3.25) where f = 1. The quantity T'(Q) is called

torsional rigidity.

We know that the Saint-Venant inequality implies that the ball maximizes the torsional

rigidity among all sets of area 7. Polya and Szego conjectured the following [15]:

Conjecture: The unique solution to the problem

max 1T'(P)
PePy,|P|=m

is the regular polygon with n sides and area 7.

The results we obtained for the Dirichlet eigenvalue problem can be used to solve the
above conjecture as well. The proof of local maximality again involves computing the Hessian
matrix for the regular polygon. The expression of the Hessian matrix is obtained by Laurain
in [[29],Proposition 14].
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