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Abstract

In this thesis, we study the problem of fairly dividing a set of indivisible items among a

group of agents. Envy-free (EF) allocations might fail to exist in this setting, motivating

the study of relaxed notions such as EF1 and EFX. While EF1 allocations can always be

computed e�ciently, the existence of EFX (even for n � 4 additive agents) remains one of

fair division’s largest unresolved problems to date. However, upon restricting our domain to

lexicographic valuations - a subclass of additive functions - EFX allocations are known to

always exist.

When randomization is allowed, it is possible to achieve EF in expectation (ex-ante) -

simply choosing an agent uniformly at random and assigning all the goods to them. However,

preserving ex-ante fairness while ensuring that every deterministic allocation in the support

also satisfies strong fairness guarantees (ex-post) is a far more non-trivial problem. In this

thesis, we detail our attempts to compute randomized allocations that are simultaneously

ex-ante EF and ex-post EFX, for agents with lexicographic valuations. Our main result

is a polynomial time algorithm which computes an ex-ante 6/7 -EF and ex-post EFX+PO

allocation for lexicographic goods. For the chores setting, we provide an algorithm that

gives ex-ante EF and ex-post EFX, but fails ex-post PO. Finally, we show that by relaxing

ex-ante EF to ex-ante PROP, it is possible to obtain ex-post EFX + PO for both goods and

chores. We also discuss some of our alternative approaches and study their guarantees and

limitations.

xi



xii



Contents

Abstract xi

1 Preliminaries 5

1.1 Basics of Computational Complexity . . . . . . . . . . . . . . . . . . . . . . 5

1.2 Fair Division . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Review: Background and Motivation 11

2.1 Fair Division of Indivisible Resources . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Lexicographic Preferences . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.3 The Best of Both Worlds framework . . . . . . . . . . . . . . . . . . . . . . 31

3 Results: BoBW Algorithms For Lexicographic Valuations 43

3.1 Uniform Random Permutation . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2 Uniform Tailed Simultaneous Eating . . . . . . . . . . . . . . . . . . . . . . 49

3.3 Ex-ante EF and Ex-Post EFX for Chores . . . . . . . . . . . . . . . . . . . . 63

3.4 Ex-ante PROP and Ex-post EFX+PO . . . . . . . . . . . . . . . . . . . . . 67

4 Conclusion, Open Problems and Future Directions 69

xiii



xiv



Introduction

The central problem in fair division is to partition or allocate a set of resources among a

set of agents who have diverse and heterogeneous preferences over the resources. This is

a very natural problem that arises in numerous real-world scenarios such as rent division,

land partitioning, divorce settlements, division of inheritance, electronic frequency allocation

among others. Roughly speaking, the goal is to allocate resources in a fair and e�cient

manner and has been widely studied by economists, mathematicians and computer scientists

over the past century.

Most of the classic work on the problem has been devoted to the fair division of divisible

resources - items that could be assigned fractionally among agents. This line of research dates

back to Steinhaus (1948) [18], who introduced the well-known cake-cutting problem. The

quintessential fairness notion is envy-freeness (EF) [1], where every agent prefers their own

assignment over that of any other. As a very simplistic model, consider a one-dimensional

cake represented by the [0, 1] interval, where each agent has a valuation density function that

dictates their utilities for di↵erent sub-intervals. The [0, 1] interval needs to be partitioned

into n pieces such that every agent prefers their own piece of cake to any of the others’.

While the existence of such a partition was long established [4], it was only in 2016 that a

bounded time algorithm was discovered [3], with a staggering upper bound of O(nnnnnn

).

On the other hand, the best known lower bound for envy free cake cutting is ⌦(n2). Closing

this gap is one of the largest open problems in the divisible setting [27].

On the other hand, when the resources are indivisible (each item has to be assigned

wholly to some agent), the nature of the problem becomes that of combinatorial optimization.

However, in this setting, EF allocations need not even exist - take the case where there are
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two agents, but just one item. Furthermore, computing if an instance admits an envy-free

allocation is shown to be NP-complete.

Naturally, one proceeds to consider relaxed notions of fairness such as envy-freeness upto

one good (EF1) [5]. An allocation is said to be EF1 if every agent prefers their own bundle

over any other agent’s, after removing atmost one good from the other agent’s bundle. It

is known that (unlike EF) EF1 allocations always exist for monotone valuations and can

be found in polynomial time [8]. Caragiannis et al. [6] define a stronger notion, called

envy-freeness upto any good (EFX) where envy between agents can be eliminated by the

removal of any single good from the envied bundle. Given that EF allocations could fail to

exist, EFX is widely regarded as the next best fairness guarantee in the indivisible setting.

However, it has proven to be a notoriously challenging problem - even for just four agents

with additive valuations, the existence of EFX allocations remains elusive.

In some special cases, such as when the marginal gain of any good is either 0 or 1 [10],

or when agents can be grouped into less than three types, and agents in a single type share

a common valuation function [17], EFX is known to exist. Another special case where EFX

is known to exist, is when the agents have lexicographic preferences over the items. In fact,

not only do EFX allocations always exist, they can be computed in polynomial time.

Another line of work in fair division that has taken significant attention in the past few

years, is that of “Best of Both Worlds” fairness (BoBW). Consider a real-life scenario where

all the goods are replenished in a periodic manner and have to be allocated among the agents

repeatedly. Deterministic algorithms that achieve fair allocations, upon repeated allocation

could be systematically rigged in order to discriminate a specific agent or a group. One

would require some randomness over the allocations to counter this fundamental bias present

in deterministic allocations. A randomized allocation can be thought of as a probability

distribution over deterministic allocations. A randomized allocation A is said to be ex-ante

EF if no agent envies any other agent in expectation. For some property hQi, A is said to

be ex-post hQi, if every allocation in the support of A satisfies fairness notion hQi.

It is straightforward to obtain just ex-ante EF: pick an agent uniformly at random and

assign all the goods to that agent. In expectation, every agent receives the same bundle.

However, this results in significant envy ex post, as a single agent receives everything while

all others get nothing. Aziz et al. [13] show that for additive agents, an allocation that is

simultaneously ex-ante EF and ex-post EF1 can be computed in poly. time. This approach
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of computing randomized allocations with simultaneous fairness guarantees has since been

termed as the “Best of Both Worlds” (BoBW) approach.

Achieving randomized allocation for additive agents with stronger ex-post guarantees

such as ex-post EFX, while preserving ex-ante EF is still an open question. We now know that

EFX allocations always exist when the agent have lexicographic valuations. This motivates

our central question: Given any instance with lexicographic valuations, can we e�ciently

compute a randomized allocation that is ex-ante EF and ex-post EFX? Additionally, could

we achieve ex-post PO as well?

Organization of the thesis and Original Contributions

Although this thesis focuses on a specific problem, we begin by introducing fundamental

questions in fair division for readers unfamiliar with the field and highlight some key results.

The focus of this thesis is on discrete fair division as mentioned earlier.

Chapter 1 provides a summary of computational complexity and basic fair division con-

cepts and notations, which shall be used throughout the thesis.

Chapter 2 is a review chapter which serves as all the background and motivation for our

problem. It is divided into 4 sections:

• Section 2.1 highlights some fundamental algorithms for achieving di↵erent fairness

notions such as EF1, EFX and PROP etc. for instances across di↵erent valuation

classes (additive and monotone) and problem settings (e.g. goods-only, chores-only).

• Section 2.2 talks in detail about lexicographic preferences. We study this subclass of

additive functions, and compare which properties and results are strengthened from the

additive setting. Finally, it also includes an algorithm for characterizing all EFX+PO

allocations for lexicographic goods instances. Additionally, we briefly discuss lexico-

graphic chores and mixed instances, identifying key di↵erences in the computational

hardness of problems across the di↵erent settings.

• Section 2.3 is about the introductory work on BoBW fairness and techniques related to

fractional allocations. We first examine the Simultaneous Eating algorithm, a mecha-
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nism with strong fairness guarantees such as SD-envy-freeness, ex-ante EF, and ordinal

e�ciency. Next we study the Birkho↵ -von Neumann decomposition - a very useful

algorithm to decompose any bi-stochastic matrix into a convex combination of permu-

tation matrices. Finally, we talk about the PS-Lottery algorithm which computes an

allocation that is ex-ante EF and ex-post EF1 for additive agents.

Chapter 3 presents some original progress towards BoBW guarantees for lexicographic

agents. Our main result is the Uniform tailed Simultaneous Eating algorithm, which com-

putes a ex-ante 6/7 -EF and ex-post (EFX+PO) allocation for lexicographic goods. We then

go on to formally prove our result and also describe a weaker algorithm that guarantees 1/2

ex-ante EF and ex-post (EFX+PO). For the chores setting, we provide an algorithm that

gives ex-ante EF and ex-post EFX, but fails ex-post PO. We briefly discuss some of our

alternative approaches and their limitations. In the final section, we show that by relaxing

ex-ante EF to ex-ante PROP, it is possible to obtain ex-post (EFX + PO) for both goods

and chores.

The Sections 3.1, 3.2, 3.3, 3.4 comprise entirely of original work. In all of the remaining

sections, we present known results whose proofs have be rewritten or modified.
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Chapter 1

Preliminaries

1.1 Basics of Computational Complexity

All the definitions and notations used here are taken from the textbook by Eva Tardos and

Jon Kleinberg [22].

Running Times

Let T (n) be the worst case running time of an algorithm of input size n. Given another

non-negative function f(n):

1. Asymptotic Upper bound: T (n) is O(f(n)) if there is some positive constant c such

that T (n)  c · f(n) for all su�ciently large n.

2. Asymptotic Lower bound: T (n) is ⌦(f(n)) if there is some positive constant c such

that T (n) � c · f(n) for all su�ciently large n.

3. Asymptotic Tight bound: T (n) is ⇥(f(n)) if it is both ⌦(f(n)) and O(f(n)).

An algorithm is said to run in polynomial time if T (n) is O(f(n)) for some polynomial

f(n).
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Definition 1.1.1 (Reducibility). Consider two decision problems X and Y . If X is polyno-

mial time reducible to Y (X p Y ) then Y is atleast as hard as X.

In other words, every instance of X can be converted to an equivalent instance of Y using

a reduction: an algorithm that runs in polynomial time. If X can’t be solved e�ciently (that

is, solved in polynomial time), so can’t Y .

Definition 1.1.2 (P). The class of decision problems that can be solved in polynomial time.

Definition 1.1.3 (NP). The class of decision problems whose solutions can be verified in

polynomial time. In other words, it is the set of all such decision problems for which there

exists a polynomial-time algorithm (known as an e�cient certifier) that takes as input an

instance of the problem, and a certificate for the problem instance (whose length is polynomial

in the size of the problem instance), and verifies the certificate.

Definition 1.1.4 (NP-Complete and NP-hard). A decision problem P is said to be NP-

complete if (1) P 2 NP and, (2) for any decision problem P1 2 NP, P1 p P. When the

first condition is relaxed, P is said to be NP-hard.

1.2 Fair Division

We concern ourselves with the basic definitions and notations in the literature of fair division

of indivisible items, which would be used throughout this thesis.

Definition 1.2.1. A fair division instance is a tuple hN,M,Vi, where N = {1, ..., n} of n

agents, a set M = {1, ...,m} of m indivisible items, and a valuation profile V = (v1, .., vn).

Each valuation function vi : 2M �! R maps every S ✓M to a real valued vi(S), interpreted

as the utility i derives from S.

We shall refer to any X ✓M as a ‘bundle’. By convention, vi({;}) = 0 for all agents i.

Definition 1.2.2 (Allocation). A integral allocation A = (A1 , A2 , ... , An) is an n�partition
of M , where Ai is the bundle assigned to agent i. Allocation A is a complete allocation if
S

i2N Ai = M , and is termed partial if
S

i2N Ai ⇢M .

When the items are divisible, we define a fractional allocation as follows:
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Definition 1.2.3. A fractional allocation A is specified by a N⇥M matrix where Ai,g is the

fraction of item g assigned to agent i. Allocation A is a complete allocation if
P

i2N Ai,g = 1

for every g 2M , and is termed partial otherwise.

In this thesis, an allocation automatically refers to a complete allocation unless explicitly

mentioned otherwise.

In a goods instance, every item (called a good) in M is assigned a non-negative value by

all agents. Informally, this means that every agent prefers receiving some good over nothing.

Conversely, in a chores instance, each item is assigned a non-positive value. Here, the

items can be thought of as tasks or chores, where vi(c) is the negative utility (disutility)

agent i incurs from c. Consequently, one can define mixed instances as well.

Valuation Functions

Several kinds of valuation functions are studied in the literature, to describe agents’ prefer-

ences over bundles. For a goods instance, the valuation function v(·) is :

1. Monotone: Given bundles X, Y ✓M such that X ✓ Y , then v(X)  v(Y ).

2. Additive: For any X ✓ M , v(X) =
P

x2X v(x) i.e. the utility of a bundle is exactly

the sum of the utilities of its elements.

3. Submodular: For any X ✓ Y ✓ M and a good g 2 M \ Y , v(X [ {g}) � v(X) �
v(Y [ {g})� v(Y ).

4. Sub-Additive: For any X, Y ✓M , it holds that v(X [ Y )  v(X) + v(Y )

5. (XOS) Fractionally Subadditive: for any X ✓ M there exist valuations v1, v2, . . . , vk

such that:

v(X) = max
j2[k]

vj(X),

where each vj(X) =
P

x2X vj(x) is an additive function.

7



SubadditiveXOSSubmodularAdditiveMonotone

Figure 1.1: Relations between di↵erent valuation classes. Although only additivity implies
monotonicity, most works dealing with beyond-additive valuations implicitly assume mono-
tonicity as well.

Economic E�ciency of an Allocation

Definition 1.2.4 (Pareto Optimality). An allocation A Pareto dominates an allocation B

if for all agents i, vi(Ai) � vi(Bi) and for some agent k, vk(Ak) > vk(Bk). An allocation A

is Pareto Optimal (PO) if no other allocation Pareto dominates it.

Definition 1.2.5 (fPO). An allocation X is fractionally Pareto Optimal (fPO) if there

exists no fractional allocation that Pareto dominates X.

Observe that fPO ) PO but PO ; fPO. Consider an instance with just 2 agents and 2

goods.

Goods Alice’s Value Bob’s Value

A 3 4
B 2 1

Table 1.1: PO ; fPO

In example 1.1, the allocation X where Alice gets A and Bob gets B is PO. However,

the fractional allocation where Alice gets half of A and whole of B, and Bob gets half of A,

dominates X. Thus, X is PO but not fPO.
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Fairness Notions

There are multiple well studied notions to describe how fair an allocation is. We define some

of these notions for the goods-only instance.

Definition 1.2.6 (PROP). An allocation X is proportional (PROP) if for all i 2 N ,

vi(Xi) �
vi(M)

n
.

Definition 1.2.7 (EF for goods). An allocation X is said to be envy-free (EF) if for every

pair of agents i, j 2 N , it holds that vi(Xi) � vi(Xj)

Definition 1.2.8 (EF1 for goods). An allocation X is envy-free upto 1 good (EF1) if

for every pair of agents i, j 2 N, 9 g 2 Xj such that vi(Xi) � vi(Xj \ {g})

Definition 1.2.9 (EFX for goods). An allocation X is envy-free upto any good (EFX)

if for every pair of agents i, j 2 N, for all g 2 Xj, it holds that vi(Xi) � vi(Xj \ {g})

We can also define an approximate notion of EF, where each agent compares their bundle

with other agents after some scaling.

Definition 1.2.10 (↵-EF for goods). An allocation X is said to be ↵-EF (↵ 2 [0, 1]) if for

every pair of agents i, j 2 N , it holds that vi(Xi) � ↵ · vi(Xj)

An allocation is simply referred to as EF when it is 1-EF. Similarly, we can define

corresponding notions of ↵-EF1 and ↵-EFX.

In the chores setting, the fairness notions are defined a bit di↵erently.

Definition 1.2.11 (EF1 for chores). An allocation X is envy-free upto 1 chore (EF1)

if for every pair of agents i, j 2 N, 9 c 2 Xi such that vi(Xi \ {c}) � vi(Xj)

Definition 1.2.12 (EFX for chores). An allocation X is envy-free upto any chore (EFX)

if for every pair of agents i, j 2 N, for all c 2 Xi, it holds that vi(Xi \ {c}) � vi(Xj)

When defining approximate fairness (such as ↵ -EF) for chores, note that ↵ � 1. Also,

note that EF ) EFX ) EF1 ) . . . ) EFk (similar to EF1, we can define EFk for

k 2 N, k > 1)
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Randomness in Allocations

Definition 1.2.13 (Randomized allocations). A randomized allocation Z = (Z1, Z2, ..., Zn)

is a random variable Z whose outcomes are deterministic allocations. Zi is the random

variable denoting the random bundle assigned to agent i.

Definition 1.2.14 (Ex-Ante EF). A randomized allocation Z is ex-ante EF if no agent

envies any other agent in expectation. Formally, E[vi(Zi)] � E[vi(Zj)]. For ↵ 2 [0, 1],

allocation Z is ex-ante ↵-EF if E[vi(Zi)] � ↵ · E[vi(Zj)].

Definition 1.2.15 (Ex-Post Fairness). Given a property hQi, a randomized allocation Z is

said to be ex-post hQi if every deterministic allocation in the support of Z satisfies hQi.

Definition 1.2.16 (Stochastic Dominance). For non-negative random variables X and Y ,

we say X stochastically dominates Y (written as X ⌫sd Y ) if Pr[X � t] � Pr[Y � t] for all

t � 0.

1.2.1 Notation

1. We shall write X ⌫i Y (X �i Y ) to denote that agent i weakly (strongly) prefers

bundle X over bundle Y .

2. We shall denote X \ {g} for bundle X and some good g as X \ g or X � g for

convenience.

3. Similarly, X [ {g} is denoted as X [ g or X + g.
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Chapter 2

Review: Background and Motivation

2.1 Fair Division of Indivisible Resources

Consider the discrete fair division setting hN, M,Vi, where the goal is to allocate the items of

M to agents in N in a fair and e�cient manner. There are two predominant fairness notions:

envy-freeness (EF) and proportionality (PROP), both of which have been well studied in

the divisible setting as well. An allocation is said to be PROP if every agent receives their

proportional share (1/n of the total) -making it a threshold based fairness criteria. EF is a

stronger, comparison based notion: every agent i values their own bundle (weakly) more

than any other agent’s bundle.

Proposition 2.1.1. Let A be an allocation of an additive instance hN,M,Vi. If A is EF,

then A satisfies PROP. However, the converse is not true.

Proof. =) Pick any agent i. If A is EF, then vi(Ai) � vi(Aj) for all j 2 N .

) n · vi(Ai) �
X

j2N

vi(Aj) = vi(M)

Thus, A satisfies PROP. We provide a counterexample to show why the converse does not

hold.
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g1 g2 g3

a 4 7 1

b 5 5 5

c 1 10 1

Table 2.1: The allocation Aa = {g1}, Ab = {g3}, Ac = {g2} is PROP but not EF

Consider the allocation where g1 is given to a g2 is given to c and g3 to b. Clearly, it is

PROP. However, a envies agent c.

However, see that PROP and EF are equivalent notions when there are two agents. It is

easy to see that EF and PROP need not always exist: When there is a single good but two

agents, the agent who doesn’t receive the good will envy the other. Furthermore, deciding

whether an instance admits an EF allocation is NP-Complete, even for additive agents. We

can show this via a reduction from the partition problem. This naturally motivates the study

of relaxations of envy-freeness, such as EF1, EFX etc. While there are similar relaxations of

PROP, we shall not cover them in this work.

2.1.1 Algorithms for EF1

The first relaxation we consider is envy-freeness upto 1 good (EF1) [5]. In simple terms, EF1

means that if an agent envies another, then the envy could be eliminated by removing exactly

one good from the envied bundle. Unlike EF, EF1 always exists and can be computed in

poly. time. There are several algorithms to compute EF1 allocations, the simplest of which

is Round Robin: that gives EF1 when the agent valuations are additive.

Every agent, acc. to some ordering, picks their favourite good from the set of the re-

maining goods during their turns, until all goods are allocated. We can sort M in decreasing

order of preferences in O(m logm) for every agent. Then, the algorithm runs in m steps each

taking O(1) time.

12



Algorithm 1: Round Robin

Input: An additive goods instance hN, M, Vi
Output: A complete allocation A

1 A (;, ...., ;)
2 Label the agents as 1, 2, ..., n

3 M
0  M

4 for j from 1 to m do

5 i j mod n

6 g  argmaxh2M 0 vi(h)

7 Ai  Ai + g

8 M
0  M

0 \ g

9 return A

Theorem 2.1.1. For additive instances, Round Robin returns an allocation A that is EF1.

Proof. See that the algorithm has T = dm/ne rounds, and the bundle of any 2 agents di↵er

atmost by 1 good. Let gkt denote the good picked by agent k in round t.

Pick any i, j 2 N . We shall look at i’s envy towards j. If i < j in the ordering, then: for

each round t that i picks, vi(git) � vi(gjt). Since i goes before j, i picks atleast as many

times as j and hence, i doesn’t envy j.

If i > j in the ordering, then: for each round t 2 [T � 1], vi(git) � vi(gjt+1). Thus, summing

this over all t 2 [T � 1], vi(Ai) � vi(Ai \ gi1) This is exactly the condition for EF1. Hence,

A is EF1.

We shall see that EF1 can always be computed e�ciently even when there is very little

structure on agent valuations: monotonicity. Amusingly, the concept of EF1 was implicitly

introduced by [8], but formally defined much later by Budish [5].

Description: At every step, we allocate a good to an unenvied agent. At some point

in the process, if there is no unenvied agent, then we resolve a cycle in the envy graph

of the partial allocation at that step. The envy graph GA = (N, E) is a directed graph

where (i, j) 2 E () vi(Ai) < vi(Aj). Thus, an unenvied agent is a source vertex in GA.

Resolving a cycle C means that every agent receives the bundle they point to in C i.e the

bundle that they envy in C.
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Algorithm 2: Envy Cycle Elimination Algorithm

Input: A monotone goods instance hN, M, Vi
Output: A complete allocation A

1 A (;, ...., ;)
2 M

0  M

3 while there exists an unallocated good g do

4 GA  envy graph of the partial allocation A

5 while no agent is unenvied do

6 C = (j1, j2 ...jc, j1) arbitrary cycle in GA

7 p(jk) the predecessor of agent jk in C

8 for k in 1 to c do

9 Ap(jk)  Ajk

10 i arbitrary unenvied agent

11 Ai  Ai + g

12 M
0  M

0 \ g

13 return A

Theorem 2.1.2. The Envy Cycle Elimination algorithm computes an allocation A that is

EF1, in polynomial time.

Proof. To see why A is EF1 : the first n goods are given to di↵erent agents. Thus, the

partial allocation is trivially EF1. During any step of the algorithm, we can do one of two

things to agent i: assign a good g or resolve some envy cycle it is part of.

When agent i is assigned a good g, it is because it is an unenvied agent. Thus, if any

other agent envies i after this step, then simply removing g eliminates this envy. Thus, A

continues to remain EF1 after this step. When an envy cycle is resolved, every agent in the

cycle becomes strictly better o↵. The agents outside C are una↵ected. Since no bundles are

tampered with, but simply transferred completely to another agent, the envy any agent has

towards any other agent is still EF1. Hence, the final allocation A is EF1.

Lastly, it needs to be shown that the algorithm terminates in polynomial time. Infact,

it is not immediately obvious why the algorithm should even terminate - there could be

an instance where we are stuck in step 5: resolving a cycle could create another cycle,
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and resolving that creates another, and this might loop around. However, we show that

the number of edges in GA strictly reduces with every cycle resolution. See that when

a cycle C is resolved, every agent in the cycle becomes strictly better o↵ and thus the

edges in C are removed. Consider edges in E(GA) \ E(C): edges with endpoints that are

agents not in C remain una↵ected. Any outgoing edge from an agent in C either stays

the same, or disappears. The cardinality of edges from outside into C remain the same

(but the edges might themselves change) as the bundles are simply passed around and not

modified. Therefore, |E(GA)| decreases by atleast 2 ( as |C| � 2). After atmost
n(n� 1)

2
cycle resolutions, we find a source. Hence, we would need to resolve O(mn

2) cycles. Detecting

a cycle can be done in O(n2) time and thus, the algorithm terminates in poly. time.

Note that this proof relies only on monotonicity—that an agent’s utility weakly increases

when they receive a good—rather than additivity.

If one wants to achieve Pareto Optimality along with EF1 the question becomes way

harder. One might expect the Round Robin algorithm1 might achieve PO, but for m > n it

fails (Refer 2.3 for a counterexample). Barman et al. [40] show a method to compute such

allocations in pseudo-polynomial time, but poly. time computation of EF1+PO allocations

remains one of the largest open questions in fair division.

EF1 for Chores

When the items are all chores, we can think of them as items with disutilities (or negative

valuations). For the chores scenario, an allocation A is EF1 means that if agent i envies

another agent, then there exists some chore in i’s own bundle whose removal eliminates the

envy. See that for additive agents, Round Robin itself achieves EF1 for the chores case as

well.

Theorem 2.1.3. For any additive chores instance, Round Robin returns an EF1 allocation.

Proof. Let ckt denote the good picked by agent k in round t.

Pick any i, j 2 N . We shall look at i’s envy towards j. If i < j in the ordering, then: for

each round t that i picks, vi(cit) � vi(cjt). However, i could receive one more chore than j,

in which case, removal of that extra chore eliminates i0s potential envy.
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If i > j in the ordering, then: for each round t 2 [T � 1], vi(git) � vi(gjt+1). See that the

last round in which j picks is atleast the last round when i picks. Thus, summing this over

all t 2 [T � 1], vi(Ai \ cit) � vi(Ai \ ci1) � vi(Ai).

Hence, A is EF1.

Algorithm 3: TT Cycle Elimination

Input: A monotone chores instance hN, M, Vi
Output: A complete allocation A

1 A (;, ...., ;)
2 M

0  M

3 while there exists an unallocated chore g do

4 GA  envy graph of the partial allocation A

5 while no agent is unenvious do

6 C = (j1, j2 ...jc, j1) a top trading envy cycle in GA

7 p(jk) the predecessor of agent jk in C

8 for k in 1 to c do

9 Ap(jk)  Ajk

10 i arbitrary unenvious agent

11 Ai  Ai + c

12 M
0  M

0 \ c

13 return A

The Envy cycle Algorithm however, does not extend to monotone chores. This is because,

when the items are chores, a greedy strategy would involve giving additional goods only to

unenvious agents i.e a sink vertex in the envy graph. Sricharan et al. [24] gave the Top

Trading Cycle Elimination where at every step, either a chore is assigned to a sink vertex,

but now instead of arbitrarily resolving envy cycles, we resolve a Top Trading Envy Cycle -

where each agent points to the bundle they envy the most. In the original algorithm, while

an agent does become better o↵ after cycle resolution, the receiver doesn’t have any control

over which chores he receives. An agent might exchange a bundle with a single heavy chore

(where the rest are insignificant, preserving EF1 in the last step) for a better bundle but

contains multiple chores with significant dis-utility, because of which the allocation would

no longer remain EF1.
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See that the absence of a source vertex, means that every vertex has an incoming edge

=) there exists a cycle. Similarly, the absence of a sink vertex, means every vertex has an

outward edge =) following the most envied outward edge gives us the top trading cycle

required. The formal proof of correctness is omitted here.

2.1.2 Known Results and Challenges for EFX

An allocation is envy-free upto any good (EFX), meaning that if agent i envies some other

agent, removing any good from the envied bundle eliminates the envy. One can also think

of it as removing the ”worst” good from the envied bundle. It is stronger than EF1, where

some particular good is removed from the other bundle to eliminate envy.

However, unlike EF1, both the existence and e�cient computation of EFX is still an

unresolved open problem (barring a few special cases). For identical agents, [7] show that

EFX always exists even for monotone valuations. We first see a straightforward method

when the agents are identical and the valuations are additive. We initially sort all the goods

in decreasing order of agent preferences. We then assign goods according to this order- at

every step of the Algorithm, we assign the current good to the poorest agent. See that this

is simply the Envy Cycle Algorithm, but instantiated with special order of goods.

Algorithm 4: EFX for additive identical agents

Input: A additive goods instance hN, M, Vi with all agents identical

Output: A complete allocation A

1 A (;, ...., ;)
2 g1 � g2 � · · · � gm : label the goods such that gk is the k

th favourite for every agent

3 for k from 1 to m: do

4 i argminj vj(Aj) /* Ties can be broken arbitrarily */

5 Ai  Ai + gk

6 return A

Theorem 2.1.4. Algorithm 4 returns an EFX allocation.

Proof. Fix any agent i. See that the first n goods must go to distinct agents. The partial

allocation A is trivially EFX, since every agent is given a singleton bundle. We show that A
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remains EFX throughout the algorithm. Let g be assigned to agent j. i is the poorest agent

and thus is unenvied by anyone. Any envy after this step is due to g, and thus removing it

eliminates envy. Therefore, vi(Ai) � vi(Aj \ g).
Moreover, g is the worst good in Ai. Thus, vi(Ai) � vi(Aj \ g) � vi(Aj \ h) for any h 2 Ai.

Hence, A continues to remain EFX.

The same arguments show why this algorithm works when it is an ordered instance:

Every agent has the same ordinal preference over bundles, but might have di↵erent numerical

valuations.

Another variation of the Envy Cycle Algorithm is where rather than assigning an arbitrary

good, we assign the unenvied agent’s top available good. It is easy to see that this returns

an EFX allocation for n = 2, even for non-identical additive agents.

Proposition 2.1.2. The above mentioned variant of Envy Cycle Algorithm returns a 1/2

-EFX allocation for an additive instance with n > 2 (non-identical) agents.

Proof. Fix some agent i. Once again, the first n goods go to distinct agents. The partial

allocation A is EFX at this stage. If at some step, an agent j is assigned its favourite

available good g, then it is because j was unenvied.

vi(Ai) � vi(Aj \ g)
Also, vi(Ai) � vi(g)

Therefore, vi(Ai) �
vi(Aj)

2

Hence, A is 1/2 -EFX.

In recent years, EFX has garnered significant attention. Bu et al. [10] showed e�cient

computation of EFX allocations when the marginals of goods are either 0 or 1. Mahara [42]

demonstrated the existence of EFX allocations when agents belong to at most two types.

The breakthrough result of Chaudhury et al. [16] proved that EFX exists for 3 agents, and
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this year, [17] extended this result to 3 types of agents. However, for the general case of

n � 4 additive agents, the problem still remains elusive.

In the next section, we explore a subclass of additive functions - lexicographic valuations.

These valuations are particularly compelling, because in this restricted domain, EFX are

guaranteed to exist and can be computed in poly time.

2.2 Lexicographic Preferences

In the previous section, we introduced the notion of envy-freeness up to any good (EFX) as

the strongest known relaxation of EF for indivisible resources. However, its existence and

e�cient computation remain open problems in general, with only a few special cases where

EFX allocations are known to exist. [16, 17, 10, 25, 26]

In this section, we analyze the setting where agents have lexicographic valuations, a

structured subclass of additive valuations. The material covered in this chapter is primarily

based on the work of Hosseini et al. [9, 11]. We show that in this domain, EFX allocations

always exist and are compatible with Pareto optimality (PO). Moreover, for any given in-

stance, the set of all EFX+PO allocations can be characterized. We begin by examining the

case of goods-only instances and later discuss the challenges that arise in chores and mixed

instances, even within this restricted domain.

To understand this restricted setting, first we deviate from the usual framework of nu-

merical preferences, and look at it from an ordinal point of view. Consider an underlying

preference profile �= (�1, �2 · · · �n) denoting the ordinal preferences of each agent i 2 N

over the set of goods M . We shall assume that there are no ties between goods according to

any agent, i.e the preference profile is strict. The agents’ preferences over di↵erent bundles

are given by the lexicographic extension of their preferences over individual goods.

For example, if agent j ranks the goods as �j: g1 � g2 � · · · � gm, then it prefers any

bundle with g1 over any bundle that doesn’t, subject to which it prefers a bundle that has

g2 over any bundle that without g2, and so on.

Definition 2.2.1 (Lexicographic Preferences). Given any pair of bundles A,B ✓ M , we

have A �i B if and only if 9 g 2 A \B such that {h 2 B : h �i g} ✓ A.
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Consider an instance with 3 goods such that �i : ga � gb � gc. Then, the agent i prefers

the bundles as : {ga, gb, gc} � {ga, gb} � {ga, gc} � {ga} � {gb, gc} � {gb} � {gc} � {;}

Many real-world scenarios involve lexicographic preferences. Say 3 people are dividing

an inheritance consisting of a house, a bike, and a chair. Agents will usually prioritize

any allocation in which they receive the house over one where they do not. Given this,

they would then prefer an allocation where they receive the bike over one where they do

not. Lexicographic preferences o↵er a succinct representation of preferences in combinatorial

domains. The numerical valuations we consider are additive functions that remain consistent

with lexicographic ordinal preferences. The utility derived by an agent from a good g is

strictly more than the combined utility of all the goods that it prefers less than g. One

natural instantiation of such valuations arises when the items’ values follow a geometric

progression, such as the powers of 2.

Theorem 2.2.1. A lexicographic goods instance hN, M,V i, admits an EF allocation if and

only if every agent’s top-ranked good is distinct.

Proof. =) Let A be an allocation that is EF. Thus, for all agents i, j, Ai �i Aj. This

implies that each agent strictly prefers the highest-ranked good in their own bundle over the

highest-ranked good in any other agent’s bundle. This condition is satisfied only if every

agent receives their top-ranked good. Thus, every agent’s top-ranked good is distinct.

(= Conversely, if every agent’s top ranked good is di↵erent, then assign each agent its top

ranked good. Any completion of this partial allocation remains EF.

While the problem of determining envy-freeness (EF) is NP-complete in the additive

setting, it can be solved in polynomial time for this subclass. However, as we will see later,

it remains NP-complete in the case of chores and mixed instances.

Remark 1. Lexicographic preferences =) every agent derives strictly positive utility from

every good, meaning no good is valued at zero by any agent, as every agent prefers any good to

the empty bundle. See that, on relaxing this assumption, it is possible to construct instances

where no allocation simultaneously satisfies both EFX and PO.

We present an example where no allocation is EFX + PO:
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g1 g2 g3

a 2 1 0
b 2 0 1

Table 2.2: Agents a and b both have the same top good g1, but have di↵erent approval sets
on the remainder of goods.

In this Example 2.2, any PO allocation should assign g2 to a and g3 to b. Now, if g1 is

assigned to either of the 2 agents, EFX is violated, as the agent receiving g1 will be envied

and will have a bundle containing more than one good. Thus, no PO allocation is also

simultaneously EFX.

Proposition 2.2.1. In an instance where goods are valued at 0 by some agent, an allocation

A is PO only if every good is assigned to some agent for which it has strictly positive utility.

2.2.1 EFX and Pareto Optimality for Goods

Lemma 2.2.1. For a lexicographic goods instance, an allocation A is EFX () every

envied agent in A gets exactly one good.

Proof. =) Say A is EFX and i is an agent envied by some j. Thus, Ai �j Ai, meaning, i

has some good g that j strictly prefers over its favorite good in Aj. If |Ai| > 1, then there

exists some g
0 6= g 2 Ai. See that j would continue to envy i even after removing g

0 from

Ai, thus violating EFX.

(= If every envied agent has exactly 1 good, then trivially A is EFX.

Algorithm 5:

Input: A lexicographic goods instance hN,M,V i
Output: A complete allocation A

1 A (;, ...., ;)
2 Initialize M

0  M for i in 1 to n do

3 gi  argmaxh2M 0 vi(h)
4 Ai  Ai + gi M

0  M \ gi
5 An  An [M

0

6 return A
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Theorem 2.2.2. Algorithm 5 returns an allocation A that is EFX + PO in poly. time.

Proof. Let us denote the last agent as i. Observe that i will not be envied by anyone else,

since everyone else picks their good before i. Since every subsequent goods assigned to i

are also less preferred by other agents to what they have. Thus, because the valuations are

lexicographic, every agent prefers their singleton over the i’s bundle. Thus, every envied

agent (if any at all) is assigned a singleton. Thus, A is EFX.

To show PO, we directly invoke Proposition 2.2.2.

Definition 2.2.2 (Sequencibility). A picking sequence is an ordered tuple ha1, a2, ..., aki
where each position denotes an agent. The sequence specifies an order in which agents take

turns to pick their most preferred available item. An allocation A is sequencible () A can

be simulated via a picking sequence.

Proposition 2.2.2. For a lexicographic goods instance, an allocation A is PO () A is a

sequencible allocation.

Proof. =) Let A be a PO. Consider a directed graph where the vertex set is N (i, j) is an

edge () j receives i0s top good. If no agent receives their top good, then every vertex must

have at least one outgoing edge, implying the existence of a cycle. Resolving this cycle by

cyclicly exchanging the goods in the opposite direction, improves the utility of every agent

in the cycle, while all other agents remain una↵ected. This new allocation Pareto dominates

A, contradicting the assumption that A was PO. Thus, at least one agent must receive their

top good. We append this agent to the tail of the picking sequence, and recursively do this

procedure for the remaining goods. Note that this is a valid procedure, at every step of this

procedure, the sub-allocation remains PO.

(= Let A be sequencible, but not PO. Let B be another allocation that Pareto domi-

nates A. Then, there must exist some agent i such that Ai \ Bi 6= ;. WLOG, let i be the

first such agent in our picking sequence. Let g 2 Ai \ Bi be the good picked by i in the

allocation A.

Since Bi �i Ai, there exists g0 2 Bi \Ai such that g0 �i g (by lexicographic property). By

our choice of i, all agents before i in the picking sequence have the same bundle in both B

and A. Thus, during i
0s turn to pick, both g and g

0 are available. But this is a contradiction,

as i picked g in A. Thus, A is Pareto Optimal.
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Note that in Algorithm 5, the allocation A is PO as it can be simulated via the picking

sequence 1, 2, 3 , ..., n, n ..., n| {z }
m�n+1 times

.

However, when the valuations are relaxed to the additive domain, the equivalence doesn’t

hold both ways anymore. While PO allocations are still sequencible (for this direction, in the

previous proof, we didn’t invoke lexicographic property anywhere), all sequencible allocations

need not satisfy PO.

g1 g2 g3 g4 g5

A 10 6 3 2 1

B 5 4 3 2 1

Table 2.3: Round Robin fails PO

We illustrate with Example 2.3. This is an additive instance, where the round robin algo-

rithm fails PO. Let X be the allocation returned by round robin where XA = {g1, g3, g5} and
Xb = {g2, g4}. Consider another allocation Y where YA = {g1, g2} and YB = {g3, g4, g5}.
Agent A is strictly better o↵ in Y (it’s utility increases from 14 to 16), while agent B remains

the same (utility is 6 under both allocations). Hence, X is Pareto dominated by Y .

We now exploit Proposition 2.2.2 and Lemma 2.2.1 to give an algorithm that e�ciently

characterizes all EFX + PO allocations.

Each algorithm in the family (Algorithm 6) is parameterized by an apriori permutation

� and a picking sequence ⇡ which is determined after Phase 1. Phase 1 involves assigning

exactly 1 good to each agent. Any agent who receives a good in Phase 2 is unenvied. There

must be atleast 1 unenvied agent (U 6= ;): in particular, the last agent according to � is

an unenvied agent, since every other agent prefers the good they picked in Phase 1 over the

good that the last agent received. Furthermore, note that Algorithm 5 is a special case of

Algorithm 6, where the last agent simply gets all the remaining goods. Infact, we now show

that not only every algorithm in this family returns an EFX + PO allocation, but given some

instance, every EFX + PO allocation can be computed by some algorithm in this family.
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Additive Agents

PO =) Sequencibility

Lexicographic

PO () Sequencibility

Figure 2.1: Figure 2.1 shows the relation between PO and Sequencibility for Additive and
Lexicographic valuations.

:

Algorithm 6: EFX+PO Algorithm

Input: A lexicographic goods instance hN,M,V i
Parameter: A permutation � : N ! N

Output: A complete allocation A

/* Phase 1: construct a matching */

1 M  M
0
for each agent i in the order of � do

2 gi  argmaxh2M 0 vi(h)

3 Ai  Ai + gi

4 M
0  M

0 \ gi

/* Phase 2: Allocate remaining goods to unenvied agents */

5 U  {k 2 N : k is not envied by any agent after Phase 1}
6 ⇡  arbitrary picking sequence of length m� n comprising agents in U

7 for each agent j in the order of ⇡ do

8 gj  argmaxh2M 0 vi(h)

9 Aj  Aj + gj

10 M
0  M

0 \ gj

11 return A
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Theorem 2.2.3. For any permutation � : N ! N , the allocation computed by Algorithm 6

satisfies EFX and PO. Conversely, any EFX + PO allocation can be computed by Algorithm

6 for some instantiation of �.

Proof. =) We will first show that Algorithm 6 returns an EFX + PO allocation.

To show PO, see that A is sequencible - the picking sequence is simply h�, ⇡i. (using 2.2.2)

At the end of Phase 1, the partial allocation is trivially EFX. In Phase 2, only an unen-

vied agent receives additional goods. No new envy is created in Phase 2, as every agent

has picked their most preferred available good in Phase 1. If an agent i remains unenvied

at the end of Phase 1, then every other agent strictly prefers their allocated good over i’s

selection. Anymore goods that i receives in Phase 2 are strictly less preferred, and because

of lexicographic preferences, i remains unenvied. Thus, A is EFX.

(= Let B be a given EFX + PO allocation. Any PO allocation can be induced by a picking

sequence, and therefore any EFX + PO allocation is also sequencible. We claim that the

first n positions of P (some sequence that simulates B) belongs to di↵erent agents, and the

following m� n positions are of agents that are unenvied. If we can show this, we have our

parameters to instantiate Algorithm 6 with, such that B = A.

We partition N based on agents’ allocations in B: let S be the set of agents receiving a

singleton bundle under B, and N \ S be the remaining agents. We claim that some agent

in S must receive their most preferred good in M . To see this, we use a similar argument

as in Proposition 2.2.2. If no agent in S receives their top good, then a cycle must exist

within S. This is because the top good of any agent in S if assigned to some agent j in

N \S, would create envy towards j. However, since B is an EFX allocation, an envied agent

can only receive a singleton bundle. Resolving this cycle (within S) would lead to a Pareto

improvement over B, contradicting its Pareto optimality. Thus, some agent in S receives

their most preferred good in M , and we push this agent to the first position in P .

We recursively apply this argument, establishing that the first |S|  n positions of P are

distinct. It remains to show that the next n � |S| positions are also distinct. Since all

remaining agents belong to N \ S, they are unenvied by all agents, and in particular, by

other agents in N \ S as well. Therefore, each agent in N \ S receives their most preferred

good from the remaining set of goods, meaning any permutation of these agents simulates

B, forming the next n� |S| positions of P .

Hence, the first n-prefix of P defines our required �, while the m � n su�x of P is our
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⇡, which we use to instantiate Algorithm 6 to obtain A.

While there are strong existence and computational results for EFX and PO, extending

these results to fPO while preserving EFX is not always possible.

Proposition 2.2.3. There exists a lexicographic goods instance that admits no allocation

that is EFX+ fPO.

Proof. Consider an instance with 3 goods and 2 agents and valuations as follows:

a b c

v1 1 (1 + ✏)10 1 + ✏

v2 1 + ✏ (1 + ✏)10 1

Table 2.4: Both agents v1 and v2 have the same top good b. However, v1 prefers a over c

(vice versa for v2)

For 1/9 < ✏ < 1, the instance is lexicographic. There are only 2 EFX allocations:

either only v1 or v2 gets item b and the remaining two go to the other agents. WLOG,

consider the EFX allocation A where Av1 = {b}, Av2 = {a, c}. Here, v1(Av1) = (1+ ✏)10 and

v2(Av2) = 2 + ✏. Now, consider the fractional allocation:

a b c

v1 0 1� (1 + ✏)�9 1
v2 1 (1 + ✏)�9 0

Table 2.5: Both agents are allocated none of their least favourite goods. One agent is given
a very tiny portion of b while the other gets the rest of b. Good a is completely given to v2,
and c to v1.

Now, in this new fractional allocation B, v1(Bv1) = (1 + ✏)10 and v2(Av2) = 2 + 2✏.

Thus, B strictly improves v2 while v1 remains the same in utility, =) A is not fPO.

Similarly, we can construct a fractional allocation that dominates the other EFX allocation

(by symmetry). Thus, the instance admits no EFX + fPO allocations.
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2.2.2 The Chores Problem

We now shift our focus to the setting where the valuations are still lexicographic, but every

item is a bad (or) chore. Every agent has a strict preference profile (similar to the goods case)

over the set of chores. Informally, if agent i has a preference �i: a � b � · · · � l � m, then

it prefers any bundle without m over any bundle containing m, subject to which it prefers

a bundle without l over any bundle that contains l, and so on. We call the highest ranked

chore (here it is a) as its ’least hated ’ chore. We define it formally as:

Definition 2.2.3. Given any pair of bundles A,B ✓M , bundle A �i B () there exists c⇤ 2
B \ A such that {c 2 A : c⇤ �i c} ✓ B

So, if there are 3 chores such that �i: ca � cb � cc, then the ranking over bundles

is given by {;} � {ca} � {cb} � {ca, cb} � {cc} � {ca, cc} � {cb, cc} � {ca, cb, cc}.
The cardinal valuations we consider are additive functions consistent with these lexiographic

ordinal preferences. They are very similar to the goods setting, but take negative values.

We again assume that no chore is valued at 0 by any agent, for the same reasons as in the

previous case.

Theorem 2.2.4. Determining whether a chores instance with lexicographic preferences ad-

mits an envy-free (EF) allocation is NP-complete.

Let us compare the chores and the goods settings. Recall that deciding EF in goods is

poly. time computable. An allocation is EF if and only if every agent receives their top

ranked good. Furthermore, any completion of a partial allocation with this property remains

EF.

However, in the chores setting, an allocation A is EF only if, for every agent, their worst

(least preferred) chore in their own bundle is strictly preferred over their worst chore in

every other agent’s bundles. Since envy relations in this setting are dictated by the worst

chore assigned to each agent, a partial allocation that is EF does not necessarily remain EF

upon completion. An agent i who is initially unenvious in a partial allocation may receive

additional, more undesirable chores, thereby introducing envy at a later stage. While we

omit the proof of Theorem 2.2.4, we note that it follows from a reduction from SAT [11].

Moving on to EFX, similar to the goods setting, we make a very simple observation about

EFX allocation in chores.
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Lemma 2.2.2. An allocation A is EFX if and only if each envious agent in A gets exactly

one chore.

Proof. =) Say A is EFX and i is an envious agent. Let j be an agent that i envies. Thus,

i has a chore c that it strictly hates over any chore in Aj. If |Ai| > 1, i would continue to

envy j even after removal of some chore c
⇤ 6= c 2 Ai, thereby violating EFX.

(= If every envious agent receives a single chore, then EFX is trivially satisfied, as removing

that chore would eliminate envy.

In the previous section, we saw a family of algorithms to characterize all EFX + PO

allocations in goods-only instances. Although EFX + PO allocations always exist in chores-

only instances (Algorithm 7), an e�cient characterization of all such allocations is still not

known.

Algorithm 7:

Input: A lexicographic chores instance hN,M,V i
Output: A complete allocation A

1 A (;, ...., ;)
2 Let us denote the agents as 1, 2, 3, .., n

3 C = {c1, c2, ..., cm�n+1} agent i’s least hated m� n+ 1 chores

4 Ai  Ai [ C for each agent j from 2 to n do

5 cj  j’s least hated available chore

6 Aj  Aj + cj

7 return A

Theorem 2.2.5. Algorithm 7 returns an allocation A that is EFX + PO.

Proof. Fix any 2 agents i, j. Let’s analyze i’s envy towards j. If i is an agent that received

a singleton (i.e i 6= agent 1), then i’s envy towards j is trivially EFX. If i is agent 1, because

every other agent picks after i, i strictly dislikes the chore any other agent has over any chore

in its own bundle, and therefore by lexicographic property, i is unenvious. Thus, A is EFX.

To show PO, see that A is a sequencible allocation. Even in the chores setting, we shall

show that sequencible allocations fully characterize the set of PO allocations. (Proposition

2.2.4)

28



Proposition 2.2.4. For a lexicographic chores instance, an allocation A is PO () A is

a sequencible allocation.

Proof. =) The proof follows directly from the proof in the goods case (Proposition 2.2.2).

(= Let A be a sequencible allocation but not PO. Let B be some allocation that

Pareto dominates A. Let N 0 = {i 2 N : Bi � Ai 6= ;} N
0 6= ; as atleast one agent becomes

strictly better o↵ in B. For some i 2 N
0
, since Bi �i Ai, there exists atleast one chore

ci 2 Ai \Bi such that c is strictly disliked over any chore in Bi \Ai. WLOG, let us define ci

be the worst (least-preferred) such chore in Ai \Bi for every agent in N
0.

Let ci be assigned to some agent j 6= i in allocation B () ci 2 Bj \Aj). Thus j 2 N
0 as well,

and j must also be strictly improved in B. Let us define cj 2 Aj \ Bj, note that j strictly

prefers ci over cj.

Consider a graph with vertex set N
0 and (i, j) is a directed edge () ci 2 Bj. Since

for every vertex has an outgoing edge, there must exist a cycle. Let C be one such cycle

involving k agents. We shall denote these k agents as 1, 2, ..., k such that for each i 2 [k],

there is a directed edge (i, i+ 1 (mod k)).

Recall that A is sequencible, and define pi to be the position that i picked the chore ci while

simulating A. Note that agent i+ 1 (mod k) prefers ci to ci+1 (modk), but didn’t receive ci in

A, =) pi < pi+1 (modk). But because they lie on a cycle, this means that p1 < p2 < p3 ... <

pk < p1 which is a contradiction.

Thus, while there is a sharp contrast between computational results for fairness guaran-

tees between the chores and the goods setting, Pareto Optimality is preserved across both.

2.2.3 A short note on Mixed Instances

A mixed instance is a generalization of the chores-only and goods-only settings, where every

item could be either a good or a chore. One can also define an objective mixed instance,

where each item is treated a good or as a chore by all agents. To understand lexicographic

preferences over bundles, let us use an example. Let according to agent i, /i : g1 / c2 / g3.

Informally, this means that i prefers a bundle that contains g1 over any bundle without it,
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subject to which, it prefers any bundle without c2 over one that does, subject to which it

prefers a bundle containing g3 over one that doesn’t.

Definition 2.2.4 (Lexicographic Mixed Instances). Given a pair of bundles X, Y ✓M , we

have X �i Y () either (i) there exists good g 2 X \ Y such that {all goods g0 2 Y :

g
0
/i g} ✓ X or (ii) there exists a chore c 2 Y \X such that {all chores c0 2 X : c / c0} ✓ Y

Recall that determining whether a lexicographic instance admits an EF allocation is

NP-complete in the case of chores. By extension, the problem remains NP-complete in

the mixed setting as well. However, a more striking observation is that positive fairness

results in goods-only and chores-only models do not carry over to the mixed setting. In

fact, EFX allocations may fail to exist even for objective mixed instances. Furthermore,

deciding whether an objective mixed instance admits an EFX allocation is NP-complete

[43]. However, if you enforce every agent’s top item to be a good, an EFX+PO allocation

always exists and can be computed e�ciently.

Furthermore, we find that sequencibility, which characterizes PO allocations in the goods-

only and chores-only domains, fails to do so in the mixed setting.

Proposition 2.2.5. For a lexicographic mixed instance, PO implies sequencibility, but the

converse does not hold true.

Proof. The proof of PO =) sequencibility follows similar to the arguments used in Propo-

sition 2.2.2 and 2.2.4. We now show a counter-example for the converse.

1 : g1 / g2 / c3

2 : c3 / g1 / g2

g1 g2 c3

Agent 1 100 10 �1
Agent 2 10 1 �100

Table 2.6:

Let A be the allocation simulated by the picking sequence h1, 2, 2i. A1 = {g1} and

A2 = {g2, c3}. But, the allocation B1 = {g1, g2, c3} and B2 = ; dominates A.
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2.3 The Best of Both Worlds framework

Consider a scenario where a set of M indivisble goods has to be repeatedly assigned to a

set of N agents in a periodic fashion. One might employ the Round Robin Algorithm, to

give a su�ciently desirable fair allocation. Say, the algorithm, the agent ordering used is

�. While every allocation is in-fact fair (EF1), the first agent in � could gain an unfair

advantage (over repeated allocation) over agents after it, and in particular over the last

agent. Deterministic allocations can be used to disadvantage certain agents, thus motivating

the need for randomization instead.

The randomized allocation Z can be thought of as a probability distribution over integral

deterministic allocations. Formally, Z is specified by a set of q ordered pairs {(pk, Ak)}k2[q],
where, for every k 2 [q], Ak is an integral allocation implemented with probability pk 2 [0, 1],

and
Pq

k=1 pk = 1. Z is naturally associated with a fractional allocation Z
f =

P
k pk · Ak

where Z
f
i,g is the marginal probability that agent i receives good g.

Two perspectives arise when considering fairness in randomized allocations: ex-ante and

ex-post fairness. A randomized allocation Z is ex-ante envy-free (EF) if no agent envies any

other agent in expectation. For some property hQi, Z is ex-post hQi if every integral alloca-

tion in the support of Z satisfies property hQi. Achieving ex-ante fairness is straightforward

- one could simply assign all the goods to an agent chosen uniformly at random. However,

this trivial strategy induces a lot of ex-post envy, as a single agent receieves all the goods

and the others receive none. Since EF does not always exist in the indivisible setting, one

can construct instances where no randomized allocation satisfies ex-post EF.

However, recall that, unlike EF, EF1 always exists for monotone valuations. This moti-

vates a very natural question: can we retain a randomized allocation that is ex-post EF1 and

simultaneously obtain exact EF ex-ante? If yes, then what it means is, given any instance,

we can always randomize over a set of EF1 allocations such that the resulting allocation

is ex-ante EF. Aziz et al. [13] answer this question positively, proving that when agents

have additive valuations, one can e�ciently compute a randomized allocation that is simul-

taneously ex-ante EF and ex-post EF1. This result has since sparked significant interest in

studying simultaneous fairness guarantees [21, 20, 29, 30], an approach now widely known

as the “Best of Both Worlds” framework.

31



In this section, we first examine a natural approach that fails achieve ex-ante EF and

ex-post EF1. We then introduce two powerful tools used to study fractional allocations, that

become of immediate relevance to our question. Finally, we present the algorithm from [13]

and conclude with a discussion that sets the stage for the next chapter.

2.3.1 The Simultaneous Eating Mechanism

A natural approach to achieve ex-ante EF and ex-post EF1 is to identify a set of EF1

allocations and then randomize over them. Round Robin algorithm returns an allocation

that is EF1, and one might hope that uniformly randomizing the agent ordering (among n!

permutations) might achieve ex-ante EF. Let’s term this algorithm as Randomized Round

Robin.

However, the intuition behind why this might fail is as follows: for two agents, i and j,

while the probability of i going before or after j is the same, the deficit in utility accumulated

by i in the latter case could still outweigh the advantage gained in the former.

Proposition 2.3.1. There exists an additive instance where Randomized Round Robin fails

ex-ante EF.

Proof. Consider an instance with 3 agents and 3 goods as follows:

g1 g2 g3

a 1 + ✏ 1 1� 4✏
b 1� 4✏ 1 + ✏ 1
c 1 + ✏ 1� 4✏ 1

Table 2.7: Randomized Robin is not ex-ante EF

There are 3! = 6 permutations. Let A =
1

6
(A1 + A

2 + A
3 + A

4 + A
5 + A

6) denote

the fractional allocation implemented by Randomized Round Robin, where A
k is the EF1

allocation from instantiating round robin with the k
th permutation.

E[va(Aa)] =
3va(g1) + va(g2) + 2va(g3)

6
=

6� 5✏

6
while E[va(Ab)] =

5va(g2) + va(g3)

6
=

6� 4✏

6
. Thus, agent a envies agent b in expectation.
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However, Randomized Round Robin satisfies the weaker notion of ex-ante proportionality

(PROP) .

Theorem 2.3.1. For an additive instance, Randomized Round Robin returns a randomized

allocation that is ex-ante PROP+ ex-post EF1.

Proof. We only need to show the ex-ante guarantees, since every realization of this algorithm

is trivially EF1. Let us label the goods as g1, g2..., gm as per agent i’s preferences, where

g1 is the most preferred good. Say i’s position in some permutation is k for 1  k  n. If

m = n, then i receives a good weakly better than gk. For m > n,

vi(Ai) �
m/nX

�=0

vi(g�n+k)

Thus, for the randomized allocation:

E[vi(Ai)]] �
nX

k=0

1

n

0

@
m/nX

�=0

vi(g�n+k)

1

A =
vi(M)

n
(2.1)

For the case where m = bm/nc+ r where r > 0, the exact same argument will work, where

we sum over two cases separately : one where k > r and k < r. This gives us the required

result.

Instead of starting with a method that guarantees ex-post EF1 and modifying it to

achieve ex-ante EF, let us do the opposite way : We shall (e�ciently) compute a fractional

allocation that is EF, and then implement it over a set of EF1 integral allocations. To this

end, we introduce the Simultaneous Eating mechanism [14], which o↵ers strong guarantees

of both fairness and e�ciency.

Description of Simultaneous Eating (SE) : In this mechanism, let us treat each item as 1

unit of a divisible resource. Every agent is assigned an eating speed, which quantifies the rate

of instant consumption of goods at any time t. In the standard version, all agents eat at the

constant rate of 1 good per unit time. The algorithm works as follows: All agents start at

time t = 0 and eat from their favourite available goods. Ties between goods can be settled

arbitrarily. When a good is exhausted by a subset of agents, each of those agents proceed

to eat their next favorite good that is available. The algorithm terminates when all goods
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have been eaten, and each agent is allocated the fraction of goods they have consumed. For

example, if agent i is allocated 0.2 fraction of good g, then we interpret it as good g being

allocated to agent i with a marginal probability of 0.2.

See that the standard protocol will take m/n time units to terminate. Although the

mechanism involves agents eating in a continuous fashion, the protocol can be implemented

in time O(mn), by discretizing the time interval [0, m/n ], considering only the time points

where an agent stops consuming a certain good and moves onto another [31].

A useful property of this protocol is that it computes a fractional allocation that is EF

i.e the corresponding randomized allocation is ex-ante EF for additive agents. Furthermore,

observe that the SE protocol only uses the ordinal preferences of agents, and thus, satisfies

a stronger property called Stochastic Dominance-envy-free (SD-EF).

Definition 2.3.1 (SD-preference). Given fractional allocations X, Y for an additive in-

stance, we say agent i SD-prefers Xi to Yi, written as Xi ⌫SD
i Yi, if for every good g 2 M ,

P
h :h⌫i g

Xi,h �
P

h :h⌫i g
Yi,h

See that the above definition (in the additive setting) is equivalent to saying that the

utility i receives under allocation X stochastically dominates the utility it receives under Y

i.e vi(Xi) ⌫SD vi(Yi).

Definition 2.3.2 (SD-EF). A fractional allocation X is SD-envy free (SD-EF) if for every

pair of agents i, j 2 N , vi(Xi) ⌫SD vi(Xj).

In other words, if a fractional allocation X is SD-EF, then for any agent i, on fixing any

prefix of goods (top k goods acc. to i, for some k), i weakly prefers its own bundle (restricted

to this prefix) to any other agent’s bundle (restricted to the prefix). The corresponding

randomized allocation is said to be ex-ante SD-EF. We shall formally prove this.

Theorem 2.3.2. Let X be the fractional allocation returned by the Simultaneous Eating

(SE) mechanism. Then X is SD-EF and consequently, it is also EF.

Proof. Intuitively, this claim holds because, at any given time in the mechanism, each agent

consumes from its most preferred available good, and all agents consume at an identical

rate. Consequently, over any infinitesimal time interval, no agent ”falls behind” compared

to another.
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Consider the randomized allocation that the fractional allocation X underlies. Fix some

agent i. It su�ces to show that the random variable vi(Xi) stochastically dominates vi(Xj)

for every j 6= i 2 N . That is,

8 j 6= i, Pr[vi(Xi) � t] � Pr[vi(Xj) � t] for any t � 0

For all t > 0, define Gt = {g 2M : vi(g) � t}. Observe that Pr[vi(Xi) � t] =
P

g2Gt
Xi,g

and Pr[vi(Xj) � t] =
P

g2Gt
Xj,g. Suppose, there exists some t such that ti =

P
g2Gt

Xi,g <P
g2Gt

Xj,g = tj. This means that after t1 time units, agent i started consuming a good it

values less than t. However, since agent j was still consuming some item from Gt between

times ti and tj, there is atleast one good in Gt that was not fully consumed after time ti.

This is a contradiction, as agent i switched to its next most preferred available good at ti,

which is valued at less than t. Thus, Pr[vi(Xi) � t] � Pr[vi(Xj) � t] 8 t � 0.

Consequently,

E[vi(Xi)] =

Z 1

0

Pr[vi(Xi) � t] dt �
Z 1

0

Pr[vi(Xj) � t] = E[vi(Xj)]

Thus, the fractional allocation X is SD-EF and therefore, EF.

The SE mechanism is frequently used a subroutine to construct partial allocations with

desirable guarantees [20]. If the SE mechanism is let to run for t  m/n time units, then we

get a fractional partial allocation such that
P

g2M Xi,g = t for every i 2 N . Consider the

special case where t = 1.

Definition 2.3.3. [20] A partial allocation X = (X1, X2..., Xn) is weakly separated if for

every agent i, vi(Xi) � vi(w) for any unallocated good w 2M \
S

i2N Xi.

Definition 2.3.4. [20] Given a randomized partial allocation X = (X1, X2, ..., Xn) we define

the r.v U = M \
S

i2N Xi. X is strongly separated if, for any integral allocation Y in the

support of X, vi(Yi) � vi(w) for all i 2 N and every good w such that Pr[w 2 U ] > 0.

Observe that Strong Separation =) Weak Separation.

Theorem 2.3.3. Let X be the fractional partial allocation computed by running the SE

mechanism for t = 1 time unit. Then X is strongly separated.
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Proof. Let’s fix any agent i. For all goods g, Pr[g 2 U ] = 1� Pr[g 2 Xk for some k 2 N ] =

1�
P

k2N Xk,g

Thus, Pr[g 2 U ] > 0 ()
P

k2N Xk,g < 1. In other words, for g to be unallocated in some

realization of X, g must be a good not completely consumed during SE. Now, any good h

that agent i receives under X, is a good i ate a positive fraction of. Clearly vi(h) � vi(g),

or otherwise i would have begun eating g before h and since g is not completely consumed,

g would have been the final good i ate from.

Theorem 2.3.4. Let X be the fractional allocation returned by the SE mechanism. When

n = m, X is ex-post PO. That is, every integral allocation in the support of the randomized

allocation (induced by X) is PO.

Proof. Observe that every agent gets exactly 1 good in every realization of X.

For the sake of contradiction, let us assume there exists some allocation A in the support

of X such that A is not Pareto Optimal. Let B be an allocation that dominates A. Let

N
0 = {i 2 N : Bi 6= Ai}. Note that all agents in N

0 are strictly improved in B. Construct

a directed graph G(V, E) where V = N
0 and (i, j) 2 E(G) () Bi = Aj. That is, agent i

points to the agent j, if j’s good under A is the bundle that i receives under B. This implies

i strictly prefers the good Aj over Ai and thus would have started eating Aj before Ai. Let’s

denote f(g) as the finish time of good g: the time at which g was completely exhausted

during SE. See that f(Aj) < f(Ai). Moreover, note that G is a cycle (as every vertex has

in-degree and out-degree = 1). Labelling the vertices along the cycle as 1, 2, ..n0, this would

imply that f(A2) < f(A1) < f(An0) < · · · < f(A2), which is a contradiction.

For a deeper comparison of the Simultaneous Eating and Random Permutation mecha-

nisms, the reader may refer to the work of Bogomolnaia and Moulin [14].

2.3.2 Birkho↵ - von Neumann Decomposition

We have now examined a mechanism that computes fractional allocations satisfying EF. The

next challenge is to implement this fractional allocation over a set of EF1 integral allocations.

To achieve this, we leverage a classic theorem of Birkho↵ and von-Neumann [15, 32] about

doubly stochastic matrices.
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Definition 2.3.5. A doubly stochastic matrix is a non-negative matrix X = [xij] such that
P

j xi,j = 1 for all i and
P

i xi,j = 1 for all j, that is, each row and each column of X sums

to 1.

Any doubly stochastic matrix is a square matrix, as the total sum of its entries, computed

row-wise or column-wise, must be equal. A permutation matrix is a doubly stochastic matrix

where every entry is either a 0 or a 1. Thus, a permutation matrix contains exactly one 1 in

every row and every column.

Theorem 2.3.5 (B-vN Decomposition). Given an n⇥ n doubly stochastic matrix X, there

exists an algorithm that decomposes X into a convex combination of permutation matrices

in poly. time. Formally,

X =
X̀

k=1

pk · Ak

such that for each k 2 [`] : Ak is a permutation matrix, pk 2 [0, 1] and
P`

k=1 pk = 1

Proof. The proof of the theorem serves roughly as a guide for the description of Algorithm

8. We shall prove by induction on � = the number of non zero entries in X. Observe that

� � n for any doubly stochastic matrix.

(Base Case) When � = n, clearly, X is a permutation matrix itself. We now assume the

induction hypothesis holds for all cases where the number of nonzero entries in X is less

than a given � > n and show that it also holds for � as well.

Let us construct a bipartite graph GX = (R [ C, EX) where R = C = [n] and an edge

(i, j) 2 EX () Xi,j > 0.

Lemma 2.3.1. Given a doubly stochastic matrix X, its positivity graph GX contains a perfect

matching.

Proof. We shall show the existence of perfect matching in GX using Hall’s theorem. Let

S be any subset of rows of X (corresponding to a set of vertices in R). Define N(S) as

neighbourhood of S in GX . Then, N(S) = {j 2 [n] : Xi,j > 0 for some i 2 S}. Permute

the rows S and columns N(S) so that they form a contiguous submatrix X
0 of X. Looking
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at entries restricted to rows in S, any column j /2 N(S) will only have zero entries. This

implies, each row of X 0 sums to 1 and thus all entries of X 0 sum to a total of |S|. However,
since each column sum of X 0  1 and therefore, |S|  |N(S)|.

This is exactly the condition specified by Hall’s theorem, and thus GX has a perfect

matching.

GX has a perfect matching, and this matching corresponds to a transversal in the matrix

X. Let ↵0 be the smallest entry of this transversal. Note that, ↵0 > 0. Let A0 be a matrix

where exactly the elements corresponding to the transversal are 1 and the rest are 0.

Then, X�↵0 A0 is a non-negative matrix, with every row and column sum = 1 = ↵0. Hence,

X1 =
(X � ↵0 A0)

1� ↵0
is also a doubly stochastic matrix, but has  ��1 non-zero entries. Using

our induction hypothesis, one can compute a convex decomposition of X1:

X1 = ↵1A1 + ↵2A2 + · · ·+ ↵`A` where
X̀

i=1

↵i = 1

=) X = ↵0A0 + (1� ↵0)(↵1A1 + ↵2A2 + · · ·+ ↵`A`)

It is easy to see that the coe�cients in the decomposition of X are all non-negative and sum

to 1.

Running time of Algorithm 8 : For a doubly stochastic matrix X of dimension n, we can

construct the positivity graph GX in O(n2). To compute a perfect matching, one can use

the Hopcroft-Karp algorithm [33] which takes O(EX
p
n) which in the worst case is O(n2.5).

This is the slowest step. Thus, each iteration takes O(n2.5) time. The number of iterations

is O(n2) as well, and thus Algorithm 8 will terminate in O(n4.5).

Any doubly stochastic matrix of dimension n belongs to the convex hull of some permuta-

tion matrices in Rn⇥n. By virtue of Caratheodory’s theorem, we know that any such matrix

can be decomposed into a convex combination of at most n2 + 1 permutation matrices. A

more direct way to understand this is, since at every iteration of the algorithm, atleast one

term becomes 0, the algorithm must terminate in atmost n2 iterations. Infact, since the last

iteration must make n terms simultaneously 0, it follows that `  n
2 � n + 1 iterations.
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Algorithm 8: B - vN Decomposition
Input: A doubly stochastic n⇥ n matrix X

Output: A set of tuples A = (Ak
, pk)k2[`] where for every k, Ak is an n⇥ n

permutation matrix and 0  pk  1

1 Initialize i 0 and X
0  X

2 while X
0 has a non-zero entry do

3 i i+ 1
4 GX0  construct the positivity graph of X 0

5 Mi  compute a perfect matching in GX0 ; // Compute the maximum matching

in GX0 using Hopcroft-Karp

6 pi  smallest entry in the transversal corresponding to Mi

7 Ai  n⇥ n permutation matrix consistent with the transversal ; // (j, k)-th
entry of Ai is 1 if (j, k) 2 E(GX0), and 0 otherwise

8 X
0  X

0 � pi · Ai

9 return (A1, . . . , Ai) and (p1, . . . , pi)

However, it should be noted that the B-vN decomposition is not a unique decomposition.

Theorem 2.3.6 (Caratheodory’s Theorem). The convex hull of a set A (Conv(A))is the

smallest convex set that contais A. If x 2 Conv(A) for some A ⇢ Rd, then x lies in some

d-dimensional simplex with vertices 2 A.

This is a fundamental result whose proof we omit here. It follows that we can express x

as a convex combination of at most d + 1 points of A (the extremal points of the simplex).

The Birkho↵–von Neumann Algorithm can also be extended to the case where the matrix

is singly stochastic, meaning that either the row sums or the column sums (but not both)

is equal to 1. Additionally, numerous extensions and variants of the algorithm have been

widely studied in the literature [34, 35, 36, 37].

2.3.3 The PS-Lottery Algorithm

We shall now motivate the main result of Aziz, Freeman, Vaish and Shah [13] - the Probabilis-

tic Serial-Lottery algorithm, which computes an allocation simultaneously ex-ante EF and

ex-post EF1 for additive agents. The Simultaneous Eating mechanism and the Birkho↵-von

Neumann Decomposition serve as key subroutines in the PS-Lottery algorithm introduced

here.
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Description of PS-Lottery : We first add some dummy goods to ensure that the total

number of goods is a multiple of n. Let M
0 denote this new set of goods. We then run

the Simutaneous Eating mechanism on M
0, which proceeds for c time units (where cn = m)

producing a fractional allocation of size n⇥cn. We expand this into a cn⇥cn square matrix,

but taking c copies of every agent - where each copy represents the agent’s consumption in

each minute 1 through c. Observe that the each row in this square matrix sums to 1. We

then use B-vN Decomposition to decompose it into a set of permutation matrices (in which,

each agent copy receives exactly 1 good).

Finally, we remove the dummy goods and consolidate the allocations of each agent’s copies

into a single allocation for the original agent they represent. Taking a convex combination

over these modified permutation matrices yields the desired randomized allocation.

Algorithm 9: PS-Lottery

Input: An additive goods instance hN,M,V i
Output: A randomized allocation X =

P`
k=1 pk A

k

1 c dm/ne
2 if n divides m then

3 D = ;

4 else

5 D = {d1, d2, ..., dcn�m}

6 M
0  M [D

7 for for every d 2 D and g 2 G do

8 g �i d for all i 2 N// agent preferences over goods within D can be

arbitrary

9 X
0  fractional allocation obtained by running Simultaneous Eating (SE) on M

0

10 N
0  {i1, i2, ..., ic : i 2 N}

11 Construct a fractional allocation Y , where, for t 2 [c], the mass eaten by every agent

i 2 N during the t
th time unit is allocated to it.

12 (Bk
, pk)k2[`]  B-vN Decomposition(Y )

13 Convert Y =
P`

k=1 pk B
k back to X =

P`
k=1 pk A

k ; // remove the dummy goods

and each agent i 2 N gets the bundles of all its copies

14 return X and the decomposition
P`

k=1 pk A
k
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Theorem 2.3.7. The PS-Lottery algorithm produces a randomized allocation X that is ex-

ante EF and ex-post EF1.

Proof. The ex-ante guarantees simply follow from the fact that X is equivalent to the frac-

tional allocation returned by SE in step 8 (one can simply assume the valuations of the

dummy goods to be 0). To show ex-post EF1:

Fix any integral allocation A
k. Let us transform it back into B

k, as in Line 12. Let git be

the good assigned to the agent it in B
k.

Lemma 2.3.2. For all t 2 [c� 1], it holds that git �i gjt+1 for any j 6= i.

Proof. Let’s assume this is not true. So, for some j 2 N \ i and t, i prefers gjt+1 over

git . However, see that i consumed a positive fraction of git in [t � 1, t] and j consumed a

positive fraction of gjt+1 in [t, t + 1]. Thus, gjt+1 was still available during [t, t + 1]. This

is a contradiction because i could have started eating git only after gjt+1 was completely

exhausted.

By this lemma, we immediately obtain

X

t2[c�1]

vi(git) �
X

t2[c�1]

vi(gjt+1) 8 i, j 2 N

Thus, Ak is EF1 (this is a very similar argument to show why the Round Robin algorithm

is EF1). Hence, X is ex-post EF1.

The runnning time of the algorithm is dominated by the step where we invoke Birkho↵-

von Neumann decomposition on a cn ⇥ cn matrix. Note that cn  m + n and thus, takes

O((m+ n)4.5). Other steps like computing X using SE and the transformations between X

and Y take atmost O(mn) time. Thus, the running time of PS-Lottery is O((m+ n)4.5).

Another notable remark is that the algorithm only requires ordinal agent preferences.

Hence, X is also SD-EF allocation.

Proposition 2.3.2. The randomized allocation X returned by PS-Lottery is SD-Envy Free.

While the above algorithm and the discussions pertain to goods-only instances, the results

and guarantees of PS-Lottery also extend when all the items are chores. The SE mechanism
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still produces a fractional allocation that is EF in the chores case, and the ex-post guarantee

follows from a very similar proof style. Thus, Aziz et al. [13] positively resolve the question

of ex-ante EF and ex-post EF1 in the additive setting. However, whether there always exists

a randomized allocation that is ex-ante EF and ex-post (EF1+PO) is still an open question

to date.

In contrast, if PO is replaced with fPO in the ex-post requirement, such an allocation is

impossible to guarantee.

Theorem 2.3.8 (Impossibility). There exists an additive instance for which no randomized

allocation is ex-ante EF and ex-post EF1 + fPO

g1 g2

a 1 2

b 1 3

Table 2.8: Counter example for ex-ante EF and ex-post EF1+fPO

Proof. There are only 2 EF1 allocations: one where g1 goes to agent a, g2 goes to agent

b (and vice versa). However, the latter allocation (call it A) is not fPO. The fractional

allocation where g1 is completely given to a, and g2 is equally split between both agents, will

dominate A. Thus, any randomized allocation that is ex-post (fPO + EF1) has exactly one

allocation in its support. Clearly, agent a envies agent b in this allocation =) not ex-ante

EF.

The BoBW framework presents several promising directions for further exploration. For

instance, one could investigate stronger ex-post fairness guarantees such as EFX. Addition-

ally, there has been work in extending simultaneous fairness guarantees beyond the additive

setting. Feldman et al. [20] showed an algorithm to compute randomized allocations for

sub-additive agents that satisfies ex-ante 1/2 EF, ex-post 1/2 EFX and ex-post EF1.

The next chapter focuses on our e↵orts to strengthen ex-post EF1 to ex-post EFX while

preserving ex-ante EF, albeit within a restricted subclass of additive valuations—lexicographic

valuations.
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Chapter 3

Results: BoBW Algorithms For

Lexicographic Valuations

In the previous chapters, we saw that while EFX for additive valuations is still an open

problem (for n � 4), not only does EFX always exists for lexicographic agents, but can

be e�ciently computed. Furthermore, when the items are all goods, the set of EFX + PO

allocations can be e�ciently characterized by Algorithm 6.

Building on the Best of Both Worlds framework we saw earlier, this chapter addresses the

question: Given any lexicographic goods instance, can we e�ciently compute a randomized

allocation that is ex-ante EF and ex-post EFX? Moreover, can we achieve ex-post PO as

well? This chapter comprises entirely of original work.

We begin by studying a natural approach to this problem and highlight its limitations.

We then present our main result - the Uniform Tailed Simultaneous Eating algorithm, that

computes a randomized allocation that is ex-ante 6/7EF and ex-post (EFX+PO), and then

formally prove it. Additionally, we discuss why the goods setting presents unexpected chal-

lenges, making the problem more intricate than it initially appears.

Extending this question to the case of chores, we present an algorithm that achieves

ex-ante EF + ex-post EFX, but fails ex-post PO. We then detail the limitations of a very

natural approach to strengthen the ex-post guarantee to EFX + PO. In the final section, we

show that by relaxing ex-ante EF to ex-ante PROP, it is possible to obtain ex-ante fairness
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in conjunction with ex-post (EFX + PO) for both goods and chores settings.

3.1 Uniform Random Permutation

In this section and the next, we deal with the goods-only instances. Just like in the additive

setting, one natural approach is to identify a set of EFX allocations and uniformly randomize

over them. Algorithm 5 is a good candidate to start with. We uniformly pick a permutation

of the agents and assign goods via one iteration of Round Robin. The remaining m � n

goods are given to the last agent of the picked permutation. (Refer to Algorithm 10)

However, we show that this approach works only for n = 2 and fails ex-ante EF for n > 2.

Algorithm 10: Uniform Random Permutation

Input: A lexicographic goods instance hN, M, Vi
Output: A randomized allocation A

1 A (;, ...., ;)
2 P  set of all permutations of agents in N = {1 , 2 , ..., n}
3 �  a permutation chosen uniformly at random from P
4 for each agent i in the order given by � do

5 g  agent i’s favourite available good

6 Ai  Ai [ g

7 The remaining m� n goods are allocated to the last agent in �. Update A

accordingly.

8 return A

Proposition 3.1.1. For any lexicographic goods instance with n = 2 agents, Uniform Ran-

dom Permutation returns a randomized allocation that is ex-ante EF + ex-post (EFX +

PO).

Proof. The proof of the ex-post guarantees follow from the proof of Algorithm 5. We now

show ex-ante EF. There are only 2 orderings to choose from: each agent has 0.5 chance of

receiving their top good in M and 0.5 chance of receiving the rest of the goods. Thus, from
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agent i’s perspective, both agents receive an expected utility of
vi(M)

2
for both i = 1, 2.

Hence, it is ex-ante EF.

We now show a very simple counterexample for why this does not extend to n = 3 agents.

Proposition 3.1.2. For the given instance with n = 3 agents, Uniform Random Permuta-

tion fails to achieve ex-ante EF.

Proof. This is the same counter example used to show why Randomized Round Robin fails

ex-ante EF. It is easy to see why so, as when m = n, both algorithms return the same

allocations.

g1 g2 g3

a 1 + ✏ 1 1� 4✏
b 1� 4✏ 1 + ✏ 1
c 1 + ✏ 1� 4✏ 1

Table 3.1: Uniform Random Permutation is not ex-ante EF

See that when 0.2 < ✏ < 0.25, the valuations are lexicographic. It is easy to verify that

E[va(Aa)] =
6� 5✏

6
while E[va(Ab)] =

6� 4✏

6
. Hence, agent a envies agent b

The intuition of why the algorithm doesn’t work is again very similar to why Randomized

Round Robin doesn’t. For two agents, i and j, the probability of i going before or after j

is the same, but the deficit accumulated by i in the latter case could still outweigh any

advantage gained in the former. Furthermore, multiple agent orderings could lead to the

same allocation that further amplifies the envy. However, in counterexample 3.1, agent a’s

envy towards b is minute (✏/6). Infact, the allocation is ex-ante 19/20 -EF.

This brings us to our first result:

Theorem 3.1.1. Uniform Random Permutation is ex-ante 1/2 -EF and ex-post EFX + PO

Proof. Fix 2 agents i, j. Pick an arbitrary permutation P from the set of all permutations

of agents P . WLOG say i goes before j in P . Let k1 and k2 be the positions of agents i, j

respectively, in P . Define the partner of P , denoted by P ⇤, as the permutation obtained by

swapping the positions of agents i and j while keeping all other agents in the same positions
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as in P . Observe that the set P can be partitioned into such pairs, each consisting of a

permutation and its partner.

In P , let agent i pick good g and agent j’s bundle be Qj. Likewise in P ⇤, j picks good g
0

and i’s bundle is Qi. Note that if k2 = n, then Qi and Qj could be a set of multiple goods,

and not just a singleton.

Now, let us analyze i’s envy towards j restricted to just the permutations P and P ⇤.

Sequence P

Sequence P ⇤

· · · · · ·

· · · · · ·

i

g

k
th
1 turn

j

g
0

· · · · · ·

· · · · · ·

j

Qj

i

k
th
2 turn

Qi

· · · · · ·

· · · · · ·

Figure 3.1: We consider permutations P and its partner P ⇤ where the positions of agents i

and j are swapped, while all other agents remain unchanged. Let k1 and k2 denote agents

i and j’s positions in P respectively. If k2 = n, then Qj and Qi could represent a set of

goods rather than a singleton.

Case 1: g = g
0

Observe that all agents between i and j will pick the same items in both P ⇤ and

P . Hence, the set of available goods is the same during agent i’s turn in P ⇤ and j’s

turn in P . Therefore, vi(Qi) � vi(Qj). Thus, agent i isn’t envious of j.

Case 2: g 6= g
0

Both sequences are drawn uniformly at random with some probability p. Let us define
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the expected utility of the agents (from agent i’s perspective) restricted to P and P ⇤

as follows:

E⇤[vi(Xi)] = p · [vi(g) + vi(Qi)]

E⇤[vi(Xj)] = p · [vi(g0) + vi(Qj)]

In both P and P ⇤, the agents before position k1 are ordered identically. Therefore, in

both sequences, the exact same goods are picked until position k1. Hence, good g
0 is

available during agent i’s turn in P , but since it picks g instead, vi(g) > vi(g0). Since

the valuations are lexicographic, even if |Qj| � 2, vi(g) > vi(Qj). If g0 /2 Qj, then

vi(g) > vi(Qj [ g
0) = vi(Qj) + vi(g0). It follows that:

E⇤[vi(Xi)] � E⇤[vi(Xj)]

Thus, given g
0
/2 Qj, agent i is ex-ante EF towards j.

We now have to consider the case where g
0 2 Qj. See that,

E⇤[vi(Xj)] = p · [2vi(g0) + vi(Qj \ g0)]

Moreover, g0 2 Qj means that all agents in between positions k1 and k2 prefer the good

they picked in P over g0. Hence, in P ⇤, these agents either pick the same good they

picked in P or will pick good g. Hence, the set Qj \ g
0 is available during agent i’s

turn, implying that vi(Qi) � vi(Qj).

)
E⇤[vi(Xj)]

2
= p ·

"
vi(g

0) +
vi(Qj \ g0)

2

#
< p · [vi(g) + vi(Qi)] = E⇤[vi(Xi)]

For every such pair of permutations in P , agent i’s expected utility for its own bundle

is atleast half of i’s expected utility for agent j’s bundle. Thus, summing over all such

permutation pairs, we have

2 · E[vi(Xi)] � E[vi(Xj)].
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Hence, agent i is ex-ante
1

2
-EF towards agent j.

Proof of ex-post EFX + PO. Let A be the allocation in some realization of the randomized

algorithm. Pick any i, j 2 N . Let us look at agent i’s envy towards agent j under determin-

istic allocation A. If |Aj| = 1, then trivially i envy towards j is EFX. If |Aj| > 1, then it

means that j was the last agent to pick according to the agent ordering. Since the valuations

are lexicographic, no other agent envies agent j. Thus A is EFX.

It is trivial to see that A is sequencible. For lexicographic valuations, an allocation A is

sequencible () A is PO.

Thus, X is ex-post EFX+PO.

Remark 2. If there exists a good h such that g �i h �i g
0, then vi(g) > 2vi(g0) due to

the lexicographic property. Thus, for every permutation pair P ,P ⇤, if the correspondingly

defined goods g and g
0 satisfy the above condition, then X is ex-ante EF.

Theorem 3.1.2. Uniform Random Permutation is not ex-ante ↵ -EF for any ↵ > 0.75

Proof. To show this, we construct an instance on which the algorithm returns an ex-ante
3/4 + ✏ -EF allocation, where ✏ is su�ciently small

g1 g2 g3 g4 g5 g6

1 1 + 16✏ 1 8✏ 4✏ 2✏ ✏

2 1 1 + 16✏ 8✏ 4✏ 2✏ ✏

3 1 ✏ 8✏ 4✏ 2✏ 1 + 16✏
4 1 ✏ 8✏ 4✏ 2✏ 1 + 16✏
5 1 ✏ 8✏ 4✏ 2✏ 1 + 16✏
6 1 ✏ 8✏ 4✏ 2✏ 1 + 16✏

Table 3.2:

Let us denote the randomized allocation as X. There are 6! = 720 permutations and 168

distinct EFX+PO allocations. Let us look at agent 1’s envy towards 2:
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E[v1(X1)]

E[v1(X2)]
=

288v1(g1) + 144v1(g2) + 72v1(g3) + 96v1(g4) + 12v1(g5)

576v1(g2) + 24v1(g3) + 48v1(g4) + 72v1(g5)

=
432 + 5805✏

576 + 528✏

This is a monotonic function with a minima of 0.75. Hence, for su�ciently small ✏ > 0,

X can not do better than ex-ante 3/4 -EF.

3.2 Uniform Tailed Simultaneous Eating

We now present our main result, the Uniform Tailed Simultaneous Eating algorithm. For

any lexicographic goods instance, the allocation computed by our algorithm is ex-ante 6/7-

EF and ex-post (EFX + PO). We also identify the criteria for when the algorithm achieves

exact ex-ante EF.

Description of the algorithm: The algorithm comprises of 2 Phases. In Phase 1, we run

the SE mechanism for exactly 1 unit time as a subroutine in our algorithm. The fractional

partial allocation obtained from this procedure is then decomposed into a convex combination

of binary matrices (not permutation matrices!) using B-vN Decomposition. It is easy to see

that in every binary matrix, exactly one entry per row is a one, while the rest are zeroes, thus

corresponding to a matching. We sample one of these matchings as per the decomposition.

Phase 2: We identify a set of agents who received a good that was not fully consumed in

Phase 1. We term such a good as fractionally consumed. Observe that such agents would be

unenvied in our matching. The tail (all the remaining unallocated goods) is then completely

assigned to one of these agents chosen uniformly at random. (Refer Algorithm 11 for the

pseudo-code)

Running time: The simultaneous eating protocol, though seemingly continuous, can be

discretized by partitioning the interval [0, 1] into breakpoints—specific time points where

agents stop consuming a good and switch to another. The number of such breakpoints

required is O(f(n,m)) for some polynomial f , ensuring a polynomial-time implementation
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Algorithm 11: Uniformly Tailed Simultaneous Eating

Input: An instance hN,M,V i with lexicographic valuations

Output: A randomized allocation Z

/* Phase 1: Simultaneous Eating and Sampling */

1 X  the fractional allocation obtained by running the Simultaneous Eating

algorithm (SE ) for 1 unit of time

2 F  {g 2M : 0 <
Pn

i=1 Xi,g < 1} ; // Set of goods that are fractionally

consumed but not completely exhausted after SE

3 U  {g 2M :
Pn

i=1 Xi,g = 0} ; // set of items untouched during SE

4 (pk, Ak)k2[q]  B-vN Decomposition (X)

5 Z  an integral allocation sampled from (pk, Ak)k2[q]

/* Phase 2: Allocate the tail */

6 R set of goods that are unallocated after Phase 1

7 NF  {i 2 N : Zi \ F 6= ;} ; // set of agents who receive some g 2 F in Zk

8 Pick an agent i uniformly at random from NF

9 Zi  Zi [ R ; // assign i all remaining unallocated goods

10 return Z

[31]. We then invoke B-vN Decomposition(X), that runs in O(m4.5). Consequently, Phase 1

runs in polynomial time. Similarly, sampling a matching, computing NF , and assigning all

remaining goods to a single agent can each be performed e�ciently, ensuring that Phase 2

also runs in polynomial time.

Theorem 3.2.1. For every goods instance with lexicographic valuations, Uniformly Tailed

Simultaneous Eating outputs a randomized allocation that is ex-ante 6/7-EF and ex-post

EFX+PO in polynomial time.

Proof of ex-post EFX+PO. At the end of Phase 1 of Uniformly Tailed SE, each agent pos-

sesses exactly one item, making the partial allocation trivially EFX. In Phase 2, the remain-

der of the items go to some agent i who received a fractional good (g 2 F ) in Phase 1.

Consequently, only an unenvied agent receives additional goods in Phase 2. Hence, the final

allocation remains EFX, since the agents are lexicographic.

Firstly, observe that every binary matrix sampled is a matching i.e exactly 1 good is
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assigned to each agent. The goods that are completely consumed in Phase 1 are always

allocated to some agent, while goods that are fractionally consumed are unallocated in some

of the matchings that X is decomposed into. See that any integral allocation A in the

support of X (obtained via SE for 1 time unit) is sequencible. An argument similar to the

one we used to show SE is ex-post PO (when m = n) works here. Since all remaining goods

are assigned to a single agent in Phase 2, the overall allocation remains sequencible. Since

the instance is lexicographic, =) the final allocation is PO.

Proof of ex-ante 6/7 -EF. For any good gh 2M and agent h 2 N, let x(h, gh) denote the

fraction of gh consumed by agent h in Step 1. Let X
f
h [t1 : t2] represent the total mass of

goods consumed by agent h between time points 0  t1  t2  1 during Step 1. Let Xh be

the r.v that denotes the (singleton) bundle of agent h in the matching sampled in Step 5.

Let Yh denote the random bundle assigned to agent h in Phase 2. Thus, h’s bundle in the

final allocation is Zh = Xh [ Yh. Note that, if h /2 NF , then Yh = ;.

Fix agents i, j. During Step 1 of the algorithm, say agent i has eaten some fractions of

goods g1, g2, g3 · · · g`. The indices of these goods denote the order in which i ate from them.

Similarly, let agent j eat from goods g01, g
0
2, g

0
3, · · · g0u in Step 1. Out of these goods, only g`

and g
0
u could potentially belong to F .

Let us define G
0 = F [ U . Note that G0 is a superset of the ‘tail’ - the remaining unal-

located goods after Phase 1. Let k be the number of agents in NF , that is, the number of

agents who received a fractional good in the matching sampled in Step 5. This is equivalent

to saying that n� k goods were completely consumed during Step 1 of the Algorithm.

With this notation in place, we now analyze agent i’s envy towards agent j.

Case 1: g
0
u /2 F

Running the Simultaneous Eating Algorithm for any amount of time yields a fractional

allocation that is EF. Therefore, at the end of 1 unit time of SE, all agents are ex-ante EF.

Note that g0u /2 F =) j /2 NF , and therefore, agent j will never get the ‘tail’. Thus, agent
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i continues to remain ex-ante EF towards j regardless of whether agent j receives additional

goods in Phase 2.

Case 2: g
0
u 2 F but g` /2 F

t = 0

time

agent i

g1

g2

g3

...

g`

X
f
i [0 : x]

agent j

g
0
1

g
0
2

g
0
3

...

g
0
u x(j, g0u)

x = 1� x(j, g0u)

Figure 3.2: Case 2: The goods of agents i, j displayed in order of their consumption in Phase
1. All goods displayed in white are fully exhausted by the end of Phase 1, while the good g

0
u

2 F (dark grey) is fractionally consumed. The quantity x(j, g0u) represents the fraction of
g
0
u consumed by j during Phase 1. The translucent ellipse X

f
i [0 : x] denotes the equivalent

mass eaten by agent i till time x = 1� x(j, g0u) during Phase 1.

In this case, Yi = ; =) Zi = Xi. Let us define x = 1� x(j, g0u). Hence,

vi(X
f
i [0 : x]) � vi(X

f
j [0 : x]) (3.1)

Observe that Xf
j [x : 1] = x(j, g0u) and therefore,

vi(X
f
i [x : 1]) � x(j, g0u) · vi(g0u)

Agent i prefers any good that it ate during the time interval [x : 1], over any good in G
0.

Thus, by the lexicographic property:

vi(X
f
i [x : 1]) � x(j, g0u) · [vi(g0u) + vi(G

0 \ g0u)] (3.2)

Summing the inequalities (3.1) and (3.2) gives:
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E[vi(Zi)] = vi(X
f
i [0 : x]) + vi(X

f
i [x : 1]) � vi(X

f
j [0 : x]) + x(j, g0u)[vi(g

0
u) + vi(G

0 \ g0u)]
� E[vi(Xj) + vi(Yj)]

= E[vi(Zj)]

Hence, agent i is ex-ante EF towards agent j.

Case 3: g
0
u = g` = g 2 F

In this case, both agents i and j’s eat from the same good g 2 F during Step 1.

t = 0

agent i

g1

g2

g3

...

g x(i, g)

X
f
i [0 : x]

�

agent j

g
0
1

g
0
2

g
0
3

...

g x(j, g)

x = 1� x(j, g)

Figure 3.3: Case 3.a:

The goods of i, j displayed in order of their consumption in Phase 1. All goods displayed in

white are fully exhausted by the end of Phase 1, while the good g 2 F (shaded in grey).

The variable defined as � = x(j, g)� x(i, g). During the time interval [x : x+�] , j is

already eating g while i joins in on g at time x+�.

We analyze the expectation:

Subcase 3(a): x(i, g) < x(j, g)

Define x = 1 � x(j, g) and � = x(j, g) � x(i, g). In the matching sampled in Step 5, if

agent i receives the partially eaten item g , it has a 1/k chance of receiving the tail. However,
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this does not necessarily mean that i will receive all of G0 \ g, since fractional goods other

than g may be allocated to other agents in the matching.

E[vi(Xj) + vi(Yj)]  vi(X
f
j [0 : x]) + x(j, g)vi(g) +

1

k
x(j, g)vi(G

0 \ g) (3.3)

= vi(X
f
j [0 : x]) + (x(i, g) +�) vi(g) +

1

k
(x(i, g) +�) vi(G

0 \ g) (3.4)

= vi(X
f
j [0 : x]) +�

"
vi(g) +

1

k
vi(G

0 \ g)
#
+ x(i, g)

"
(vi(g) +

1

k
vi(G

0 \ g)
#

(3.5)

 vi(X
f
i [0 : x]) + vi(X

f
i [x : x+�]) + x(i, g) vi(g) +

x(i, g)

k
vi(G

0 \ g)) (3.6)

= E[vi(Xi)] +
x(i, g)

k
vi(G

0 \ g) (3.7)

We bound this additional term containing vi(G0 \ g):

1

k
x(i, g) vi(G

0 \ g) =
1

k

x(i, g)vi(G0 \ g)
·E[vi(Xi)]

· E[vi(Xi)] (3.8)



1

k
x(i, g)vi(G0 \ g)

x(i, g)vi(g) + [1� x(i, g)]vi(g`�1)
· E[vi(Xi)] (3.9)



1

k
x(i, g)vi(G0 \ g)

x(i, g)vi(G0 \ g) + 2[1� x(i, g)]vi(G0 \ g) · E[vi(Xi)] (3.10)

=
1

k

x(i, g)

2� x(i, g)
· E[vi(Xi)] (3.11)

Since this function is monotone in x(i, g) and x(i, g)  0.5, and k � 2, we obtain:

x(i, g)

k
vi(G

0 \ g) 
1

6
E[vi(Xi)] (3.12)

) E[vi(Xj) + vi(Yj)] 
7

6
E[vi(Xi)] 

7

6
E[vi(Xi) + vi(Yi)].

Thus, i is
6

7
ex-ante EF towards j.
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Subcase 3(b): x(i, g) � x(j, g)

Define x = 1� x(i, g) and � = x(i, g)� x(j, g).

t = 0

agent i

g1

g2

g3

...

g x(i, g)

X
f
j [0 : x]

�

agent j

g
0
1

g
0
2

g
0
3

...

g x(j, g)

x = 1� x(i, g)

Figure 3.4: Case 3(b): The goods of agents i, j displayed in order of their consumption

in Step 1. Here, � = x(i, g) � x(j, g) and x = 1 � x(i, g). During the time interval

[x : x+�] , agent i is already eating g while j joins in at time x+�.

E[vi(Xj) + vi(Yj)]  vi(X
f
j [0 : x]) + vi(X

f
j [x : x+�]) + x(j, g) vi(g) +

1

k
x(j, g) vi(G

0 \ g)

(3.13)

 vi(X
f
i [0 : x]) +� · vi(g)| {z }+x(j, g) vi(g) +

x(j, g)

k
vi(G

0 \ g) (3.14)

 vi(X
f
i [0 : x]) + x(i, g) vi(g)| {z }+

x(j, g)

k
vi(G

0 \ g) (3.15)

= E[vi(Xi)] +
x(j, g)

k
vi(G

0 \ g) (3.16)

= E[vi(Xi)] +
x(j, g)

k

E[vi(Xi)]

2� x(i, g)
(using eqn. (3.11)) (3.17)

Now, we show that the additional term here is bounded as follows:
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x(j, g)

k
·
E[vi(Xi)]

2� x(i, g)


x(j, g)

k
·
E[vi(Xi)]

1 + x(j, g)
where 0 < x(j, g)  0.5 (3.18)

Taking k = 2, this function is monotone in x(j, g) and attains a maximum of 1/6 at x(i, g) =

x(j, g) = 0.5

) E[vi(Xj) + vi(Yj)] 
7

6
E[vi(Xi)] 

7

6
E[vi(Xi) + vi(Yi)]. (3.19)

Thus, i is
6

7
ex-ante EF towards j.

t = 0

agent i

g1

g2

g3

...

gl�1

g` x(i, g`)

X
f
i [0 : x]

�

agent j

g
0
1

g
0
2

g
0
3

...

g
0
u�1

g
0
u x(j, g0u)

x = 1� x(j, g0u)

Figure 3.5: Case 4(a):

The goods of agents i, j displayed in order of their consumption in Step 1. The variable

defined as � = x(j, g0u)� x(i, g`) and x = 1� x(j, g0u). All goods displayed in white are

fully exhausted at the end of Step 1, while the goods g0u and g` are fractionally consumed.

During the time interval [x : x+�] , agent j is already eating g
0
u while agent i starts eating

g` only at time x+�.

Case 4: g
0
u , g` 2 F , but g

0
u 6= g`

Similar to our previous case, define x(i, g`) and x(j, g0u) denote the fraction of their final

goods eaten by agents i and j, respectively. Let Xi denote the goods allocated to i after
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decomposing the fractional matrix X, and let Yi denote the random bundle received by i in

Phase 2. Observe that with probability 1� x(i, g`), Yi = ;.

Subcase 4(a): x(i, g`) < x(j, g0u)

Let x = 1� x(j, g0u) and � = x(j, g0u)� x(i, g`).

E[vi(Xj) + vi(Yj)]  vi(X
f
j [0 : x]) + x(j, g0u)

 
vi(g

0
u) +

1

k
vi(G

0 \ g0u)
!

(3.20)

Given j receives g0u in Phase 1, it could receive g` in Phase 2, or g` could be allocated to

some other agent in either of the Phases. We upper bound E[vi(Yj)] in the following way:

E[vi(Yj)]  x(j, g0u)

✓
vi(G0 \ {g0u [ g`})

k

◆

+
vi(g`)

k
Pr[{g` remains unallocated} \ {g0u assigned to j in Phase 1}] (3.21)

 x(j, g0u)

 
vi(G0 \ {g0u [ g`})

k

!
+

vi(g`)

k
min{x(j, g0u), 1� x(i, g`)} (3.22)

) E[vi(Xj) + vi(Yj)]  vi(X
f
j [0 : x]) + x(j, g0u)

 
vi(g

0
u) +

vi(G0 \ {g0u [ g`})
k

!
(3.23)

+
vi(g`)

k
min{x(j, g0u), 1� x(i, g`)} (3.24)

 vi(X
f
i [0 : x])| {z }

rewriting this

+ x(j, g0u)

0

BB@vi(g
0
u) +

vi(G0 \ {g0u [ g`})
k|{z}

ignoring k

1

CCA+
vi(g`)

k
min{x(j, g0u), 1� x(i, g`)}

(3.25)

 [E[vi(Xi)]� x(i, g`)vi(g`)�� · vi(g`�1)] + x(j, g0u)vi(G
0 \ g`) +

vi(g`)

k
min{x(j, g0u), 1� x(i, g`)}

(3.26)

Due to lexicographic preferences of i : vi(g`�1) > vi(g`) + vi(G0 \ g`)
Thus, we replace vi(g`�1) with the smaller term to upper bound eqn. (3.26) as follows:

57



 E[vi(Xi)]� x(i, g`) vi(g`)�� · vi(g`)| {z }�� · vi(G0 \ g`) + x(j, g0u) vi(G
0 \ g`)| {z }

+
vi(g`)

k
min{x(j, g0u), 1� x(i, g`)} (3.27)

= E[vi(Xi)]� x(j, g0u) vi(g`) + x(i, g`) vi(G
0 \ g`) +

vi(g`)

k
min{x(j, g0u), 1� x(i, g`)} (3.28)

= E[vi(Xi)]� vi(g`)| {z }
replace with vi(G0\g`)

0

BB@x(j, g0u)�
min{x(j, g0u), 1� x(i, g`)}

k| {z }
�0

1

CCA+ x(i, g`) vi(G
0 \ g`)

(3.29)

 E[vi(Xi)] + vi(G
0 \ g`)

 
x(i, g`)� x(j, g0u) +

min{x(j, g0u), 1� x(i, g`)}
k

!
(3.30)

 E[vi(Xi)] +
E[vi(Xi)]

2� x(i, g`)

 
x(i, g`)� x(j, g0u) +

min{x(j, g0u), 1� x(i, g`)}
k

!
(using (3.11))

(3.31)


7

6
· E[vi(Xi)] (refer appendix 4 ) (3.32)

t = 0

agent i

g1

g2

g3

...

g` x(i, g`)

X
f
j [0 : x]

�

agent j

g
0
1

g
0
2

g
0
3

...

g
0
u x(j, g0u)

x = 1� x(i, g`)

Figure 3.6: Case 4(b): The goods of agents i, j displayed in order of their consumption in

Step 1. The variables � = x(i, g`) � x(j, g0u) and x = 1 � x(i, g`). During the time interval

[x : x+�] , i is already eating g` while j starts eating g
0
u only at time x+�.
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Subcase 4(b): x(i, g`) � x(j, g0u)

Let x = 1� x(i, g`) and � = x(i, g`)� x(j, g0u).

E[vi(Xj) + vi(Yj)]  vi(X
f
j [0 : x]) + vi(X

f
j [x : x+�])

+ x(j, g0u)

2

664vi(g
0
u) +

vi(G0 \ {g0u [ g`})
k|{z}

ignore the k

3

775+ vi(g`)

 
min{x(j, g0u), 1� x(i, g`)}

k

!
(3.33)

 vi(X
f
i [0 : x])| {z }

write as a subtraction

+� · vi(g`) + x(j, g0u) vi(G
0 \ g`) + vi(g`)

 
min{x(j, g0u), 1� x(i, g`)}

k

!

(3.34)

 E[vi(Xi)]� x(i, g`)vi(g`) +� · vi(g`) + x(j, g0u) vi(G
0 \ g`) + vi(g`)

 
min{x(j, g0u), 1� x(i, g`)}

k

!

(3.35)

= E[vi(Xi)]� x(j, g0u) vi(g`) + x(j, g0u) vi(G
0 \ g) + vi(g`)

 
min{x(j, g0u), 1� x(i, g`)}

k

!

(3.36)

= E[vi(Xi)]� vi(g`)| {z }
replace with vi(G0\g`)

2

664x(j, g
0
u)�

min{x(j, g0u), 1� x(i, g`)}
k| {z }

�0

3

775+ vi(G
0 \ g`) x(j, g0u)

(3.37)

 E[vi(Xi)] + vi(G
0 \ g`) ·

min{x(j, g0u), 1� x(i, g`)}
k

(3.38)

 E[vi(Xi)] +
E[vi(Xi)]

2� x(i, g`)
·
min{x(j, g0u), 1� x(i, g`)}

k
(using (3.11)) (3.39)


7

6
E[vi(Xi)] (refer Appendix 4) (3.40)

Yet again, i is
6

7
ex-ante EF towards j.
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Hence, Uniformly Tailed SE is ex-ante
6

7
EF and ex-post (EFX+PO).

Proposition 3.2.1. If exactly n � 1 goods are completely consumed during Step 1, i.e,

M \ {U [ F} = n� 1), the randomized allocation is ex-ante EF and ex-post EFX+PO.

Proof. The main di↵erence from the general case (handled by the previous proof) is that,

now, exactly n � 1 goods are completely exhausted in Step 1 of the Algorithm. Thus, in

the matching sampled in Step 5, we have |NF | = k = 1. Let h be the singular agent in NF ,

and say it is allocated the fractional good gh in this matching. Agent h would simply re-

ceive the entirety of the set G0\gh, since all goods in F \gh remain unallocated after Phase 1.

Let’s proceed by case analysis, similar to the previous proof. The reader may refer to the

corresponding diagrams and notations from the previous proof.

Case 1: Case 1: g0u /2 F

Case 2: Case 2: g0u 2 F but g` /2 F

The arguments for Case 1 and Case 2 proceed identically to the previous proof.

Case 3: g
0
u = g` = g 2 F

Subcase 3(a): x(i, g) < x(j, g)

Let us define x = 1� x(j, g) and � = x(j, g)� x(i, g).

E[vi(Xj) + vi(Yj)] = vi(X
f
j [0 : x]) + x(j, g) [vi(g) + vi(G

0 \ g)] (* k = 1) (3.41)

= vi(X
f
j [0 : x]) + (x(i, g) +�) [vi(g) + vi(G

0 \ g)] (3.42)

= vi(X
f
j [0 : x]) +� [vi(g) + vi(G

0 \ g)]
| {z }

+x(i, g) [vi(g) + vi(G
0 \ g)] (3.43)

 vi(X
f
i [0 : x+�]) + x(i, g) [vi(g) + vi(G

0 \ g)] (by lexicographic property)

(3.44)

= E[vi(Xi) + vi(Yi)] (3.45)
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Subcase 3(b): x(i, g) � x(j, g)

Define x = 1� x(i, g) and � = x(i, g)� x(j, g).

E[vi(Xj) + vi(Yj)] = vi(X
f
j [0 : x]) + vi(X

f
j [x : x+�])

| {z }
�·vi(g)

+x(j, g) [vi(g) + vi(G
0 \ g)] (3.46)

 vi(X
f
i [0 : x]) +� · vi(g) + x(j, g)[vi(g)| {z }+vi(G

0 \ g)] (3.47)

= vi(X
f
i [0 : x]) + x(i, g) vi(g) + x(j, g) vi(G

0 \ g) (3.48)

 vi(X
f
i [0 : x]) + x(i, g) vi(g) + x(i, g) vi(G

0 \ g) [* x(i, g) � x(j, g)]

(3.49)

= E[vi(Xi) + vi(Yi)] (3.50)

Thus, agent i is ex-ante EF towards agent j.

Case 4: g
0
u , g` 2 F , but g

0
u 6= g`

Subcase 4(a): x(i, g`) < x(j, g0u)

Let x = 1� x(j, g0u) and � = x(j, g0u)� x(i, g`).

E[vi(Xj) + vi(Yj)] = vi(X
f
j [0 : x]) + x(j, g0u) [vi(g

0
u) + vi(G

0 \ g0u)] (* k = 1) (3.51)

= vi(X
f
j [0 : x]) + x(j, g0u) vi(G

0) = vi(X
f
j [0 : x]) + (x(i, g`) +�) vi(G

0)

(3.52)

= vi(X
f
j [0 : x]) +� · vi(G0)

| {z }
vi(X

f
i [x:x+�])

+x(i, g`) vi(G
0) (3.53)

 vi(X
f
i [0 : x+�]) + x(i, g`)vi(G

0) (by lexicographic property)

(3.54)

 vi(X
f
i [0 : x+�]) + x(i, g`)[vi(g`) + vi(G

0 \ g`)] (3.55)

= E[vi(Xi) + vi(Yi)] (3.56)

Subcase 4(b): x(i, g`) � x(j, g0u)
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Let x = 1� x(i, g`) and � = x(i, g`)� x(j, g0u).

E[vi(Xj) + vi(Yj)] = vi(X
f
j [0 : x]) + vi(X

f
j [x : x+�]) + x(j, g0u) [vi(g

0
u) + vi(G

0 \ g0u)]

(3.57)

= vi(X
f
j [0 : x]) + vi(X

f
j [x : x+�])

| {z }
�·vi(g`)

+x(j, g0u) [vi(g`) + vi(G
0 \ g`)] (3.58)

 vi(X
f
j [0 : x]) +� · vi(g`) + x(j, g0u) vi(g`)| {z }+x(j, g0u) vi(G

0 \ g`) (3.59)

 vi(X
f
i [0 : x]) + x(i, g`) vi(g`) + x(j, g0u)| {z }

x(i,g`)

vi(G
0 \ g`) (3.60)

 vi(X
f
i [0 : x]) + x(i, g`) vi(g`) + x(i, g`) vi(G

0 \ g`) (3.61)

= E[vi(Xi) + vi(Yi)] (3.62)

Thus, agent i is ex-ante EF towards agent j.

While k = 2 gives us a ratio of 6/7, the above analysis shows that as k increases, this

ratio becomes closer to 1. This comparison between the case where k = 1 and k > 1 also

gives us an insight into why the Uniform Tailed Simultaneous Eating fails to give exact EF.

When multiple agents could receive fractional goods in Phase 2, they could receive di↵er-

ent subsets of F =) the tails one could receive might be di↵erent for di↵erent samplings.

For instance, when k = 2, suppose that in matching M , agents i and j have a chance at re-

ceiving the tail, while in matching L, j and k do. It could be that i prefers the tail the other

2 agents might receive in L than the tail it receives in M . Furthermore, if the probabilities

of sampling M is lesser than L, this worsens the envy.

The most obvious way to circumvent this issue, would be to uniformly assign the tail

among every agent who has consumed a fractional good apriori to the matching. Indeed,

this does achieve ex-ante EF, but, assigning the tail apriori could assign the tail to an agent

envied in the sampled matching, thus losing ex-post EFX. One possible way to get around

this, is to somehow force agents that ate comparable fractions of goods in F to receive

similarly valued tails. For example, one could try weighting the probabilities of assigning
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the tail (rather than uniformly choose an agent) depending on how much the agent has

consumed a fractional good.

Experimental Verification using Linear Programming

As a basic sanity check, for very small structured instances, we have verified the existence of

ex-ante EF and ex-post (EFX+PO) allocations using LP simulations. The cardinal utilities

of individual items are taken as consecutive powers of some small integer k � 2.

Theorem 3.2.2. Any lexicographic goods instance with n  4 and m = n + 1, where the

utilities of individual items are consecutive powers of 2  k  10, k 2 N,admits a randomized

allocation that is ex-ante EF and ex-post EFX+PO.

For every instance, we compute all EFX+PO allocations using Algorithm 6. We define

our variables to be probability weights assigned to each EFX+PO allocation. We impose

constraints on these weights so that for every pair of agents i, j, the expected valuation of

i’s bundle, according to agent i, is atleast the expected valuation of j’s bundle according i.

Code for the simulations are available at: https://github.com/SuryaPanchapakesan/Fair-

Division

3.3 Ex-ante EF and Ex-Post EFX for Chores

Moving to the chores setting, we present an algorithm that achieves ex-ante EF + ex-post

EFX. However, as we shall see later, this approach does not guarantee ex-post e�ciency

(ex-post PO or fPO).

Theorem 3.3.1. For every lexicographic chores instance, Algorithm 12 returns an allocation

A that is ex-ante EF and ex-post EFX.

Proof. Firstly, note that the algorithm takes time O(n4.5). Once again, the slowest step is

the B-vN Decomposition of the n � 1 sized square matrix. Every realization of Algorithm

12 is an allocation where a single agent is given m � n + 1 tasks while the remainder have
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Algorithm 12:

Input: A lexicographic chores instance hN, M, Vi
Output: A randomized allocation A

1 A (;, ;, ..., ;)
2 i choose an agent uniformly at random from N

3 Xi = {c1, c2..., cm�n+1} agent i’s least disliked m� n+ 1 chores in M

4 Ai  Ai [Xi

5 U  an n� 1 dimension square matrix with every entry as 1/n
6 Arbitrarily label agents in N \ i with rows of U and chores in M \Xi to the columns

of U
7 (Y k

, pk)k2[n�1]  B-vN Decomposition(U)
8 Y  a permutation matrix sampled from (Y k

, p
k)k2[n�1]

9 for each agent j 2 N \ i and chore c 2M \Xi do

10 if Yj,c = 1 then

11 Aj  Aj + c

12 return A

exactly 1 chore each. On decomposing the uniform fractional matrix U , we get n�1 distinct

matchings, each sampled with a probability 1/n�1. To show ex-post EFX: every realization

is exactly the same as Algorithm 7. Hence, the proof follows.

To show ex-ante EF: Pick any agents i, j 2 N . Let’s look at i0s envy towards j.

i’s bundle j’s bundle

i is picked Xi g 2M \Xi

j is picked h 2M \Xj Xj

neither are picked some task ci some task cj

Let M \ Xi = {g1, g2, ...gn�1} and M \ Xj = {h1, h2, ...hn�1}. See that when neither i

nor j are picked, both agents will get the same expected bundle. It su�ces to show that,

according to i, the expected valuation of the bundle of i is more than expected valuation of
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the bundle of j with respect just the firs two cases.

E⇤[vi(Ai)] =
1

n
vi(Xi) +

1

n

Pn�1
i=1 vi(hi)

n� 1

E
⇤[vi(Aj)] =

1

n
vi(Xj) +

1

n

Pn�1
i=1 vi(gi)

n� 1

It su�ces to show:
1

n
vi(Xi)�

1

n
vi(Xj) �

1

n

Pn�1
i=1 vi(gi)

n� 1
�

1

n

Pn�1
i=1 vi(hi)

n� 1

Xi is the top m � n + 1 least hated chores of i and therefore, weakly prefers Xi to any

set of m � n + 1 chores. Also, the set G = {gi}i2[n�1] are the most hated chores of i, and

thus weakly prefers any set of n � 1 chores to G. It follows that the LHS is non-negative

and RHS is non-positive. Hence, i is ex-ante EF towards j.

Proposition 3.3.1. Algorithm 12 fails ex-post PO.

Proof. After the chosen agent has been assigned its least hated chores, any of the remaining

chores could go to any agent with equal probability irrespective of the agents’ preferences.

Hence, the support could have allocations that are not sequencible.

Consider an example with 3 agents such that

v1 : a � b � c

v2 : a � b � c

v3 : a � c � b

When v1 is chosen, chore a is given. Then the uniform matrix is decomposed as:

U =

"
0.5 0.5

0.5 0.5

#
= 0.5

"
1 0

0 1

#
+ 0.5

"
0 1

1 0

#

In the second matching, both agents do not get their least hated chore, and thus is not

sequencible.
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One natural approach to tweak this algorithm to achieve ex-post PO, would be to replace

the uniform distribution of n� 1 chores among n� 1 agents, to some other strategy that re-

spects the agent preferences, such as the SE mechanism. It is easy to see that the allocation

returned is ex-post EFX+PO. However, it loses ex-ante EF. Infact, we cannot guarantee any

approximate ex-ante EF as well. See that for chores, ↵-EF is defined for ↵ � 1 (The other

agent’s disutility is scaled up before comparing the bundles).

Proposition 3.3.2. Modifying Algorithm 12 by replacing the Uniform Matrix with the frac-

tional allocation returned by SE gives a randomized allocation that is ex-post EFX + PO,

but fails ex-ante EF. Moreover, given any ↵ � 1, there exists an instance on which the

randomized allocation cannot do better than ex-ante ↵-EF.

Proof. Consider an instance with 3 agents and preference profiles:

i : a1 � a2 � b1 � c � b2

j : a1 � a2 � c � b1 � b2

k : b1 � b2 � c � a1 � a2

a1 a2 c b1 b2

i �
✏

4
�
✏

2
�2✏ �✏ �K

Table 3.3: Here, K � 1 is su�ciently large and 0 < ✏ << 1

Let us look at i0s envy towards j.

When i is chosen, it receives {a1, a2, b1} and j eats the whole of c. When j is chosen, it

receives {a1, a2, c} while i eats b1/2 and b2/2. When k is chosen, i and j both eat a1/2 and

a2/2.
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Thus,

E[vi(Ai)]

E[vi(Aj)]
=

vi(a1 + a2 + b1) +
vi(b1 + b2)

2
+

vi(a1 + a2)

2

vi(a1 + a2 + c) + vi(c) +
vi(a1 + a2)

2

=

3✏

8
+

3✏

4
+

3✏

2
+

K

2
3✏

8
+

3✏

4
+ 4✏


4✏+K/2

4✏

Taking K to be very large =) the ratio is unbounded.

3.4 Ex-ante PROP and Ex-post EFX+PO

In this final section, we show that on relaxing our ex-ante fairness guarantees, one can

compute an allocation that is ex-ante PROP along with ex-post (EFX+PO) for both goods

and chores.

Similar to Randomized Round Robin and Uniform Random Permutation, we choose a

set of EFX+PO allocations and randomize over them. For the goods scenario, we choose

an ordering to instantiate Algorithm 5, but rather than randomizing over all permutations,

we restrict the pick to just the cyclic permutations of the agents. For the chores setting, we

instantiate Algorithm 7 with a permutation chosen the same way.
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Algorithm 13:

Input: A lexicographic goods-only or chores-only instance hN, M, Vi
Output: A randomized allocation A

1 A (;, ;, ..., ;)
2 Pcycle  set of cyclic permutation of agents in N

3 �  a cyclic permutation chosen uniformly at random from Pcycle

4 Relabel the agents from 1, 2, ..., n based on their positions in �

5 if M is a set of chores then

6 C  agent n’s least hated m� n+ 1 chores in M

7 An  An [ C

8 for i from n� 1 to 1 do

9 ci  agent i0s least hated available chore

10 Ai  Ai + ci

11 if M is a set of goods then

12 for i from 1 to n do

13 gi  agent i0s top available good

14 Ai  Ai + gi

15 R unallocated goods in M

16 An  An [R

17 return A

Theorem 3.4.1. For any lexicographic goods or chores instance, Algorithm 13 returns an

allocation A that is ex-ante PROP and ex-post (EFX+PO)

Proof. We show for the goods setting first. Since every realization is an instantiation of

Algorithm 5, it immediately follows that A is ex-post EFX+PO. To show ex-ante PROP:

Given an agent i, it occupies any position of � with 1/n probability. Let gk denote its kth

favourite good. When i is the kth agent, i receives a good that it weakly prefers to gk. Thus,

E[vi(Ai)] �
1

n

Pm
k=1 vi(gk) �

vi(M)

n

The same arguments give the required result in the chores case as well. Moreover, it

is easy to see that the above result is strengenthed to ex-ante EF and ex-post (EFX+PO)

when the input is an ordered instance.
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Chapter 4

Conclusion, Open Problems and

Future Directions

The fair division of indivisible items has been an exciting problem of interest, and has gar-

nered significant attention especially in the past 10 years. In this thesis, we took a look

at some of the fundamental algorithmic techniques such as the envy cycle procedure and

the SE mechanism among others, and studied their guarantees and limitations. We studied

the setting where agents have lexicographic preferences - one of the few domains where EFX

allocations can be guaranteed. We then revisited key ideas from Aziz et al. [13], which estab-

lished the first BoBW results for additive valuations. In Chapter 3, we presented our original

attempts to strengthen these guarantees to ex-post EFX (and PO) in the lexicographic set-

ting. Our main algorithm Uniform Tailed Simultaneous Eating computes an ex-ante 6/7 -EF

and ex-post EFX+PO for lexicographic goods.

We believe that the approximation ratio of 6/7 can be significantly improved with a

refined approach. As discussed in Section 3.2, a key challenge is ensuring that agents con-

suming comparable portions of the same fractionally assigned goods receive tails that are as

similar as possible. Rather than assigning the tail in one go, one could also allow a subset

of unenvied agents to consume the remaining goods after Phase 1, such as allocating goods

via two rounds of SE.

One promising avenue for improvement is replacing the B-vN Decomposition step with
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a dependent rounding technique, such as the approach by Gandhi et al. [38]. Here, the

probabilities of agents receiving additional goods are negatively correlated, which is not the

case when sampled via B-vN decomposition. We believe that adopting this strategy may

help push beyond the 6/7 barrier.

Recall that the PS-Lottery Algorithm [13] computes an allocation that is ex-ante SD-EF

and ex-post EF1. In a similar vein, we define a restricted notion of SD-EF, termed Lexico-

graphic SD-envyfreeness (Lex-SD-EF), which, unlike SD-EF requires the SD-EF property to

hold for not all additive instances consistent with the rankings of the individual items, but

only for those additive instances that are consistent with the lexicographic ordinal prefer-

ences over the entire set of bundles. While it is known that ex-ante SD-EF and ex-post EFX

need not always exist, it remains to be seen if ex-ante Lex-SD-EF can always be attained

alongside ex-post EFX.

Open Problems

We now present some closely related open problems that stem from the central questions

studied in this thesis.

1. Deterministic allocations:

(a) Given a lexicographic goods instance, all EFX + PO allocations can be charac-

terized by the family of algorithms in Theorem 2.2.3. It is still not known if such

a characterization is possible for the chores setting.

2. Randomized allocations:

(a) Given a lexicographic goods instance, can we e�ciently compute a randomized

allocation that is (exact) ex-ante EF and ex-post EFX? Additionally, can we

achieve ex-post PO as well?

(b) Does every lexicographic instance admit a randomized allocation that is ex-ante

Lex-SD-EF and ex-post EFX?

(c) Does every additive instance admit a randomized allocation that is ex-ante EF

and ex-post (EF1 + PO)?
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Appendix

We now revisit some parts of the proof of Uniform Tailed Simultaneous Eating that were

omitted.

Theorem 4.0.1. Subcase 4.a (eqn. (3.31) in the proof):

E[vi(Xi)] +
E[vi(Xi)]

2� x(i, g`)

 
x(i, g`)� x(j, g0u) +

min{x(j, g0u), 1� x(i, g`)}
k

!


7

6
E[vi(Xi)]

Proof. As k � 2, it su�ces to show

 
x(i, g`)� x(j, g0u) +

min{x(j, g0u), 1� x(i, g`)}
2

!

2� x(i, g`)
 1/6

• Case A: x(j, g0u)  1� x(i, g`)

 
x(i, g`)� x(j, g0u) +

min{x(j, g0u), 1� x(i, g`)}
2

!

2� x(i, g`)
(4.1)

=

 
x(i, g`)� x(j, g0u) +

x(j, g0u)

2

!

2� x(i, g`)
(4.2)

=
x(i, g`)�

x(j, g0u)

2
2� x(i, g`)

(4.3)


x(i, g`)�

x(i, g`)

2
2� x(i, g`)

[* x(i, g`)  x(j, g0u)] (4.4)

=
x(i, g`)

4� 2x(i, g`)
(4.5)
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Note that x(i, g`)  1� x(j, g0u) & x(i, g`)  x(j, g0u) =) 0 < x(i, g`)  0.5

Thus, the expression in eqn. (4.5) attains a maxima of
1

6
at x(i, g`) = 0.5

• Case B: x(j, g0u) � 1� x(i, g`)

Observe that in this case, we have x(j, g0u) � 0.5 and x(j, g0u) + x(i, g`) = c for some

1  c  2. To analyze the function, we examine its behavior along the line x(j, g0u) +

x(i, g`) = c for some fixed c.

 
x(i, g`)� x(j, g0u) +

min{x(j, g0u), 1� x(i, g`)}
2

!

2� x(i, g`)
(4.6)

=

 
x(i, g`)� x(j, g0u) +

1� x(i, g`)

2

!

2� x(i, g`)
(4.7)

=

 
x(i, g`)� c+ x(i, g`) +

1� x(i, g`)

2

!

2� x(i, g`)
(4.8)

=
1� 2c+ 3x(i, g`)

4� 2x(i, g`)
(4.9)

=
7� 2c

4� 2x(i, g`)
�

3

2
(4.10)

Since this function is increasing in x(i, g`), and we are constrained by the line x(i, g`)+

x(j, g0u) = c, the function is maximized when x(i, g`) = x(j, g0u) given that we are in

the regime where x(i, g`)  x(j, g0u))

)

 
x(i, g`)� x(j, g0u) +

1� x(i, g`)

2

!

2� x(i, g`)
=

1� x(i, g`)

4� 2x(i, g`)
=

1

2
�

1

4� 2x(i, g`)
(4.11)

This grows as x(i, g`) decreases, and since x(i, g`) = x(j, g0u) � 0.5, the function is

maximized to
1

6
at x(i, g`) = x(j, g0u) = 0.5
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x

y
x = yx+ y = 1

x+ y = c

(0, 0)

(1, 1)

A

B

Figure 4.1: The variables are defined as y = x(j, g0u) and x = x(i, g`)
The region labeled A corresponds to Case A, and similarly, B represents Case B.

Thus,

 
x(i, g`)� x(j, g0u) +

min{x(j, g0u), 1� x(i, g`)}
k

!

2� x(i, g`)


1

6
(* k � 2)

.

Theorem 4.0.2. Subcase 4.(a) (eqn. (3.39) in the proof):

E[vi(Xi)] +
E[vi(Xi)]

2� x(i, g`)
·
min{x(j, g0u), 1� x(i, g`)}

k


7

6
E[vi(Xi)]

Proof. Note that we are in the regime where x(i, g`) � x(j, g0u). It su�ces to show that:

min{x(j, g0u), 1� x(i, g`)}
2(2� x(i, g`))


min{x(i, g`), 1� x(i, g`)}

2(2� x(i, g`))


1

6
(* k � 2)

• Case A: x(i, g`)  0.5

)
min{x(i, g`), 1� x(i, g`)}

2(2� x(i, g`))
=

x(i, g`)

4� 2x(i, g`)
(4.12)

77



This is increasing in x(i, g`) and is maximized to
1

6
at x(i, g`) = 0.5

• Case B: x(i, g`) � 0.5

min{x(i, g`), 1� x(i, g`)}
2(2� x(i, g`))

(4.13)

=
1� x(i, g`)

4� 2x(i, g`)
(4.14)

=
y

2(y + 1)
(where y = 1� x(i, g`)  0.5) (4.15)

This is increasing in y and is maximized to
1

6
at y = 0.5

Thus,
min{x(j, g0u), 1� x(i, g`)}

2(2� x(i, g`))


1

6
and the rest of the proof follows.

78


	Abstract
	Preliminaries
	Basics of Computational Complexity
	Fair Division

	Review: Background and Motivation
	Fair Division of Indivisible Resources
	Lexicographic Preferences
	The Best of Both Worlds framework

	Results: BoBW Algorithms For Lexicographic Valuations
	Uniform Random Permutation
	Uniform Tailed Simultaneous Eating
	Ex-ante EF and Ex-Post EFX for Chores
	Ex-ante PROP and Ex-post EFX+PO

	Conclusion, Open Problems and Future Directions

