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Abstract

This thesis investigates higher-order quantum operations, particularly those exhibiting the
property of indefinite time direction (ITD) and their applications to quantum metrology and
capacity enhancement. We begin by surveying higher-order quantum theory and examining
indefinite causal order (ICO). We focus on the quantum switch, a well-established higher-
order operation that implements a causal superposition of two quantum channels. Then
we introduce quantum operations with indefinite time directions and the quantum time
flip supermap. We go on to introduce classical and quantum metrology and ICO-assisted
metrology, which eventually leads to a brief tour of optimal metrology where we illustrate

known semidefinite programming algorithms for optimizing metrological protocols.

Our work makes two primary contributions: First, we introduce a novel framework for quan-
tum metrology using indefinite time direction operations. We develop a universal protocol
that achieves Heisenberg-limited precision for parameter estimations of unitaries, demon-
strating its effectiveness in phase and axis estimation tasks. Notably, we prove that this
quantum advantage does not require entanglement, establish the optimality of symmetric
pure product states, and show that our approach remains effective even with simplified

measurement strategies and under realistic noise conditions.

Second, we explore the enhancement of classical communication capacity through the com-
bined application of ICO and I'TD operations. In order to accomplish this, we survey existing
literature in quantum capacity and capacity enhancement with various supermaps, including
quantum switch, SDPPs, half-switch and quantum time flip. Finally, by composing quantum
switch and quantum time flip supermaps, we demonstrate capacity enhancements (Holevo
bound) exceeding those achievable with either operation alone. We interpret the obtained
results and discuss potential future research directions, including optimizing indefinite time-
directed metrology and identifying justifications for the additional capacity enhancement, as

well as figuring out optimal protocols when both flip and switch are available.

Our results contribute to the growing understanding of higher-order quantum operations
and their practical applications in quantum technologies, highlighting how these operations

enable novel approaches to fundamental information processing tasks.
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Chapter 1

Introduction

While traditional formulations of quantum theory revolve around quantum states and chan-
nels, in recent times, there has been an ever-growing interest towards higher-order quantum
operations, i.e., operations which input or output a quantum channel or other higher-order
quantum operations. A well known example of such operations is that of a quantum switch
[3], which takes in a pair of channels and outputs a causal superposition of the two. While
being a particularly fascinating example among the various possible higher-order operations
particularly for its indefinite causal ordered (ICO) nature [4, 5], over the years quantum
switch has found plenty of applications and has shown a number of advantages in state and
channel discrimination [6-9], communication [10-17], thermodynamics [18-21] and metrology
2, 22-29] with many experimental realizations of itself [30-33] and the proposed advantages
[27, 28, 34-38]. A detailed description of the experiments and applications of quantum switch
and indefinite causal order was given in [39]. These experiments and applications have shown

the potential of higher-order quantum maps towards quantum technologies.

More recently, a new broader class of such idiosyncratic higher-order operations has been
discovered, which are called quantum operations with indefinite time (ITD) or input-output
direction [40, 41]. These can not be written as convex combinations of any definite time
directed operations. Like Hadamard gates, which allow us to access and ask new questions
to quantum states, these supermaps allow us to posit new questions, protocols and strategies
to know about quantum channels. The paradigmatic example of such operations is quantum
time flip [40, 42], which takes as an input a single instance of a bistochastic channel C and

outputs a channel with a superposition of the original channel with its input-output reversed
counterpart T(C)(p. ® p) = 3=, Ti(pe ® p)T} with T;(C) = [0) (0] ® C; + [1) (1| ® O(C;)

1



where C;, are the Kraus operators of the input channel and 7; are the Kraus operators
of the output channel and © is the time reversal operator. Similar to quantum switch,
quantum time flip has shown promising applications in certain discrimination tasks [40, 43],
Communication [42], non-Markovinity [44], and metrology [45] some of which have been

demonstrated experimentally [43, 45-47]

In this work, we explore these newfound operations in detail and introduce their novel ap-
plications to quantum metrology and quantum communications. In particular, we introduce
a novel framework for the applications of quantum operations with indefinite input-output
direction towards quantum metrology. We exploit the properties of quantum time flip to
access a channel from both directions and devise a universal protocol to achieve Heisen-
berg limit for parameter-dependent bistochastic channels. Here, by universal, we mean that
the same protocol is applicable to achieve the said advantages with arbitrary bistochastic
channels with arbitrary parametrizations. We ascertain the applicability of our method by
employing it for phase estimation and axis estimation tasks. By doing so, we show that
entanglement is not a necessary resource for what we call Indefinite time directed metrology
(ITDM). Among product states, we prove the optimality of symmetric pure product states
and show that a higher scaling of quantum Fisher information is not attainable even with
entanglement. We also present a more practical setting where measurement is done on the
single control qubit in the fixed |£) basis and show that the attained Fisher Information can
still achieve the Heisenberg limit. Finally, we analyze our strategy under the limit of small
parameters, derive its behaviour under depolarizing noise and present various cases where

our strategy is advantageous.

On the communications front, we access the classical capacity enhancement provided by
ITD and ICO strategies in conjunction. Following the work of [42], which demonstrated the
advantages of quantum time flip in classical capacity enhancement and sought investigation
of cases where both ICO and ITD are employed for capacity enhancement. We employ
compositions of quantum switch and quantum time flip supermaps and demonstrate that
the capacity enhancement provided in such cases is higher than what is provided by any
number of switches and flips alone. We explore the reasons behind this advantage and
suggest future research directions. Lastly, other possible applications of I'TD operations in

various tasks, such as channel discrimination and query complexity, are discussed.



Chapter 2

Indefiniteness in Causal Order and

Time Direction

The quantum description of systems A, B, and the transformations between them A — B is
given by quantum states and channels. Mathematically these states are linear operators on
the Hilbert spaces H 4, and Hp known as density matrices py € L(H ), which are hermitian
pa = pL, positive ps > 0, and normalized Tr[p4s] = 1, while the quantum channels C are
completely positive Zg ® C(pga) > 0 and trace preserving Tr[C(pa)] = Tr[pa] (CPTP) maps
between these quantum states. The action of quantum channels on the density matrix can
be evaluated by the Choi matrix [48] or Kraus decomposition [49] of the channel. If we
denote the set of linear maps from L(H4) to L(Hp) (a set which contains all quantum
channels), as £(L(H.4),L(Hp)), then there exists isomorphisms CJ and CJ~' between the
spaces L(L(Ha), L(Hp)) and L(Ha ® Hp), given by

Cl : C—C C=Zy2C(n){(n|) (2.1)
CIJH . CC  Clpa) =Tral(ph ® I)C], (2.2)

where |n)) = ZfA |i) ® |i) is an unnormalized maximally entangled state, Ig is identity on
Hilbert space Hp, and p denotes the transpose operator with respect to the basis |i). These

isomorphisms hold additional properties, such as



I ®C(ppa) 20 Vppa <= C2>0 (2.3)
Cip)t=clph) < c'=cC (2.4)

Tr[C(p)] = Tr[p] Vpe L(Ha) <<= Trp[C]=14 (2.5)
CJ:CoD — CxD (2.6)

where * is the link product [50], with C' x D = Trcup|(Ip_¢ ® C)Teve(D @ Io_p)] and
C U D being systems common in C' and D, and C' — D being systems in C and not in D.
Furthermore, isomorphisms analogous to above, can also be established for pure quantum
theory by CJ: C — C C = Z ® U|n)) with similar identities and link product properties.
From the above results, known as Choi isomorphism, any quantum channel between systems
A — B can be represented by a matrix known as its Choi matrix € L(Ha ® Hp). If
one finds the eigenvectors of this Choi matrix |C), and writes them in the form |C), =
Z4 ® K;|n)) then one obtains the Kraus operators of the channel K;. Writing the Choi
matrix in terms of these Kraus operators, it is clear that C' = T, ® 3. Ki(|n))((n|) K],
and thus the channel can be given in terms of these as, C(pa) = >, KipaK!. The system
evolves by the Kraus K; by the probability Tr [KipAKJ } The experimenter could also
forget or miss some information on which of the Kraus evolution has occurred and get a
probabilistic mixture, i.e., Y . K; ;pa K ZT »» Which would instead signify a completely positive
trace non increasing (CPTNI) evolution known as a quantum operation. Physically, these
Kraus operators tell us what happens to the local open system when a global closed system

(system + environment) evolves. Notably, the combined system evolves as

pa@10) (0] = KopaK§ @10} (0] + Kipak] © [1) (Ll + . + Kppaf @ |r) (|, (2.7)

which is an isometry. Completing this isometry on the dimensions of the environment shows
that the evolution of a closed system must be unitary. A result known as the Stinespring

dilation.

This completes a basic description of quantum theory in finite dimensions from the perspec-
tive of open system evolution. However, this is clearly not all that is possible. We considered

states of quantum systems and transformations between these states, but we could have gone



on and asked about the transformations between these transformations, the transformations
thereof and all other ’sorts of transformation’. We could also wonder about the transfor-
mations from quantum channels to states and vice-versa. Vitally, such transformations do
not limit themselves to mere mathematical curiosity. The task of quantum metrology is
to convert a parameterized channel to an optimal state to be measured in order to extract
information on that parameter. How to best communicate with quantum resources can be
formalized as a resource theory in which the resources are the transformations between quan-
tum channels. In general, whenever a theory is comfortable in talking about certain kinds of
maps, the maps between these maps and so one tend to have important ramifications for the
theory itself. Hence we ask: What are all such transformations? What is their mathematical
structure? Do they have any interesting properties and ramifications for quantum theory?

We answer these in the following section.

2.1 Higher-Order Quantum Operations

A general all-encompassing term for ’sorts of transformation’ in the above discussion is that
of a type. While type theory in itself is an important branch of mathematics, here we shall
only discuss quantum types. We provide an inductive description of quantum types in line
with Ref. [51]. We correspond every finite-dimensional quantum system to an elementary
type A, the tensor product of two of such systems to type AB, and the type of system C!
to 1. With these, we define the set of elementary types as Eletypes and our alphabet (set of
all symbols) as X = Eletypes U {(} U{)} U{—}. Finally, we can define the set of quantum
types as the smallest subset of the set of words (ordered sets with elements picked from the

alphabet) of the alphabet N satisfying
1. Eletypes C N
2. if A, B € Types then (A — B) € Types

With the set of quantum types in hand, we can now formally discuss what sort of transfor-
mation is of concern. For instance, a d dimensional quantum state in the system A, which
can be seen as a quantum channel from C' to C? now has type I — A. While, the transfor-
mation between channels, i.e., a superchannel which takes a channel between systems A, B
and converts it to a channel between systems C, D has a type (A — B) — (C — D). In
general one can also talk about exotic types such as A — (B — (C — (D — E))) and

wonder about their quantum mechanical description. Since the elementary types are linear



operators, by Choi isomorphisms, all of these types are also linear operators. The Choi
characterization and other theorems on these types are available in Ref. [51]. Of course this
is not the only possible type theory for quantum transformations. One can also conceive of
a richer type theory with additional symbols for considering channels that are composed but

must be non-signalling. Such a type theory with its category-theoretic description can be
found in Ref. [52].

Certain kinds of quantum types are interesting. We can inductively define the notion of
quantum combs, where the nth quantum comb takes the n-1th quantum comb as an input

and outputs a channel. Formally, we define them as
2. C,=(Cy_1) —» (A— B)

these quantum transformations, first introduced in [50, 53] contain quantum states, channels,
and superchannels and mathematically formalize the transformations practically possible in
gate-based quantum computing. Operationally, due to the quantum comb - memory channel
realization theorem [53] which states that any quantum comb can be realized as a memory
channel and vice versa, these combs come with a notion of circuit with holes, e.g., one can
think of a n - quantum comb as a quantum circuit with n teeth and n — 1 holes, where
another quantum circuit with n — 1 teeth and n — 2 holes may slot in to output a quantum

channel, see Fig. 2.1.

Figure 2.1: Composition of quantum combs A quantum comb Cg which operationally
corresponds to a quantum circuits with 5 holes takes as an input a quantum comb Cj and

outputs a quantum channel.

Before moving further, we shall first define signalling conditions. Physically, these are quan-

tum information theoretic conditions to argue about cause-effect relations. We say that Alice



can signal to Bob if she can affect Bob. Like many other definitions in quantum information
theory, this is done by defining what non-signalling is. We say that Bob, denoted as B with
input and output systems Bj, B, can not signal to Alice, denoted as A with input and
output systems A, Ay if, for the combined channel between their labs ® : (A1 By) — (A2Bs)
there exists a channel ®' : A} — A, such that Trg, () = &’ ® I5,. Where & and &’ are the
Choi matrices of the respective channels. This depicts that when Alice’s output is isolated,
Bob’s input can not affect her output. We denote Bob can not signal to Alice A < B. This
is also known as one-way signalling, as there is at most one direction in which the signal can
travel. This condition can be generalized; there can be N parties where the output of A,y
party is independent of the inputs of A; 1, A;io,..., Ay. By the above convention, this can
be written as A; < Ay <--- < Ay. Among any two parties, there can be cases where both
parties may signal to each other: two-way signalling, one party is not able to signal to the
other party: one-way signalling and no party is able to signal to each other: non-signalling.
Interestingly, along with product channels ® 4 ® ®p, non-signalling may also contain cases
where Alice and Bob possess shared entanglement. This is another way to say that shared
entanglement does not enable faster than light communication since the involved transfor-
mations are still non-signalling. This signalling business may be seen as a bridge between

general relativity and quantum theory.

Now, we shall return to quantum combs. Apart from their type-theoretic description, quan-
tum combs can also be defined as circuits with certain causal / signalling relations. It can
be shown that quantum combs are those quantum circuits with one-way signalling relations
across their input-output pairs. These quantum combs, which are realizable as circuits with
holes, depict an important physical principle: There exist quantum transformations which
may not perform transformations from channel to channel but from a subset of channels
to channel. A quantum comb Cj strictly takes as input one-way signalling channels, Cy
and outputs a quantum channel. Moreover, this type has more elements than those of su-
perchannels since superchannels may also take as input a one-way signalling channel and
ouptut a channel. One can think of C3 as superchannels Cy with a restricted input space.
Such a possibility raises an immediate question. What is the biggest possible set of realiz-
able supermaps? Can we consider more restrictions? How about quantum transformations
from product channels to channels? From non-signalling channels to channels? From unital

product channels to channels? We shall answer these in the subsequent sections.



2.2 Indefinite Causal Order

One can define second-order causal SOC,, transformations [54] as those which take n product
channels as input and output valid quantum channels. These have type (A; — As)(B; —
By)...(Ny = Ny) — (K; — K,). Since these can also be seen as quantum transforma-
tions from channels to channels but with an even more restricted input set, these sets of
transformations are even bigger than quantum combs and contain all the previously named
transformations. Alongside these, we may want to define transformations that take n non-
signalling channels as input and output valid quantum channels. While these can not be
assigned a proper type structure with the previously defined type theory, which does not
have any symbol to ascertain the non-signalling behaviour, the type theory defined in Ref.
[52] can accommodate and argue about such transformations as well. Fascinatingly [52]
shows that this and the previously defined SOC,, transformations are type equivalent, e.g.,

any map which is an element of one type is also an element of the other.

In particular, since this type contains elements which do not lie in quantum combs, such
quantum transformations can not be executed by standard gate-based quantum computing.
This gives an immediate reason to study SOC,, from the point of view of quantum compu-
tation as they allow for quantum computations which are not possible otherwise. Indeed,
instances of SOC,, have shown advantages in quantum query complexity and more recently
have been shown to be unsimulable with even exponential queries to standard quantum

circuits [55-61].

At the same time, the possibility of such transformation also raises deep questions about the
very foundations of physics. General relativity defines events as points in spacetime where
an event can only influence/signal to the other if the other lies in its causal future or future
light cone. If these events are experiments performed by agents on their respective systems
A, B, etc., this means that events must form a partial order. If point a lies in the future
light cone of point b, then b does not lie in the future light cone of a (anti-symmetric), and
if b lies in the future light cone of a and c lies in the future light cone of b, then ¢ also lies
in the future light cone of a (transitive). Since any partial order can be totalized, that is,
it can be embedded in a total order, causal relations, according to general relativity, must
be embeddable in a total order. At the same time, according to quantum theory, there is a
possibility of operations other than quantum combs. That is, there are types such as SOC,,
which contain operations not embeddable in any total order. Quantum theory, therefore,

predicts the existence of operations with no global definite causal order. Such operations are



called operations with indefinite causal order (ICO).

Originally ICO was defined along with the process matrix framework [4, 5]. In their original
paper, Oreshkov, Costa, and Brukner argues for indefinite causal order in this manner:
Suppose there are two distant agents Alice and Bob who perform experiments in their own
respective labs. To be consistent with physical observations, we assume that in their labs,
that is locally, Alice and Bob observe local definite causal order and quantum operations M4
and Mp. However, globally a definite causal order is not assumed and hence, it is possible
that an operation is performed which takes Alice’s and Bob’s quantum operations as input
and outputs a channel and such an operation would exhibit indefinite causal order. In their
work Ref. [4] is restricted to output channels in C! — C!, that is their global operations
takes a pair of quantum operations and outputs the probability of the overall process to
happen, given those input quantum operations. Here, the rest of the global process W, (see
Fig. 2.2) is denoted by a process matrix which has a Choi W and the output probability
is calculated via the generalised Born Rule, P(M4, Mp) = Tr [W(M A QM B)]. Even under
these constraints they are able to come up with processes which can not be written as a
probabilistic combination of a quantum combs and hence do not possess a definite causal
order (see Fig. 2.2). Formally along the lines of the literature in entanglement theory such

process are called causally inseparable.

Figure 2.2: A process matrix I/ acting on the quantum operations of Alice and
Bob. The process matrix W, takes as input the product of quantum operations of Alice

and Bob and outputs the probability of the overall process.



To show that they indeed possess a process with indefinite causal order in Ref. [4] causal
inequalities were devised. In particular a game, now known as the OCB game was proposed,
where Alice and Bob possess random bits a and b. Bob is in possession of another random
bit ¥ which determines the their goal. If ¥ = 0 then Bob has to communicate his bit b to
Alice, if &’ = 1 then Alice has to communicate her bit to Bob. It can be shown that using
processes with definite causal order, it is not possible to win this game by a probability of
more than 3/4. However, there is a quantum processes with indefinite causal order, the OCB

. . 1. 2+\/§
process employing which, the game can be won by a probability of ==,

Ref. [4, 5], also provide the constrains on process matrices. In particular, for two party

process matrix W, it must satisfy the following constraints.

w >0
TI‘[W] = dA2d32

W = apeW
A1A2W = B2A1A2W
W = BQW + A2W — AQBQW7 (28)

where A1, As, By, By are inputs and outputs of Alice and Bob respectively and the left sub-
script denotes a discard prepare channel ;W = + ® Tr;[W].

The framework can be modified, as is considered in subsequent works, see e.g., [62] to
supermaps which output channels with arbitrary dimensions. A process is then defined as a
bilinear supermap which takes a pair of local quantum channels M 4 and Mg to a quantum

channel M. This has a Choi operator W € L(He, @ Ha, ® Ha, @ Hp, ® Hp, ® He,) such
that Mc = TrAlAQBlBg WTAlA?BlB? (MA ® MB)} .

In Ref. [3], Chiribella et al. gave the description of one such quantum process, known as
the quantum switch. A quantum switch supermap takes as an input a pair of channels
C4 and Cp and outputs a quantum channel S such that S(p ® p.) = 3, Sip @ p.Si, and
S; = CaiCp; @ 10) (0] + CpiCya; @ |1) (1| where, S; are the Kraus operators of the output
channel and Cy;, Cp; are the Kraus operators of the input channels. Operationally quantum
switch outputs a composition of channels C4 and Cp with their causal order controlled by

pe. If p. = 10) (0| then C4 appears after Cp, if p. = |1) (1| then C4 appears before Cp and
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when p,. is in a superposed state, say p. = |+) (4|, then the causal orders are superposed
as well. This is sometimes phrased as ‘causal order of channels being entangled with the

control qubit’.

Apart from a significant theoretical interest, quantum switch has also presented significant
advantages in various quantum information tasks, not possible by definite causally ordered
strategies. In quantum metrology, enabling super-Heisenberg scaling and noise mitigation
[2, 22-29], in state and channel discrimination, enabling perfect channel discrimination which
is not possible via combs [6-9], enhancing communication capacity of depolarsing channel
[10-17, 34-36], thermodynamical tasks including charging, refrigeration, work extraction,
and activation of thermal states [18-21, 37, 38, 63]. Experimental implementations quantum
switch and many of such protocols have also been realized [15, 17, 27, 28, 30-33, 35, 36, 39].
A thorough analysis of such experimental realisations and their implications were provided
in Ref. [39].

2.3 Indefinite Time Direction

More recently, an even broader class of supermaps has been proposed, which are called
quantum operations with indefinite time direction or indefinite input-output direction [40].
These are defined as quantum transformations from a probabilistic (convex) combination
of the product of N bistochastic quantum channels to quantum channels. With even more
constraints on the input channels, the set of these supermaps is even bigger and contains
processes which can not be written as a probabilistic combination of processes with definite

time direction.

To work more formally with time directions, an input-output inversion operator © is defined.
© takes as input a quantum channel A : A; — A, and outputs a time reversed / input-output

reversed channel ©(A) : Ay — A;. In particular, it must satisfy the following properties.

Order reversing: O(AB) = ©(B)O(A)

Identity preserving: ©O(Z) =7

Distinctness preserving: A # B = O(A) # O(B)

Compatibility with random mixtures: ©O(pA + (1 —p)B) = pO(A) + (1 — p)O(B),

11



Finally, after applying the time reversal operator on the channel, the output must also be
a valid channel. Such channels are termed as bidirectional. In Ref. [40], it has been shown
that the set of bidirectional processes coincides with bistochastic or unital channels. Hence,
the input is constrained to probabilistic mixtures of products of unital channels. Moreover,
the input-output inversion map © is shown to be unitarily equivalent to either A : Af(p) =
S K pKa or AT 2 AT(p) = 3. K% pK 4. With input-output inversion in hand, it has been
shown that a supermap which takes such a bistochastic channel and outputs valid channels
may have quantum operations which can not be written as probabilistic combinations of

forward and backward processes

M # pStuwa+ (1= p)Spuwd
— CI)2<A & Iaum)q)l
- @1(@(«4) ® Iauz’)(I)Q- (29)

That is, we have quantum operations with indefinite time directions.

Figure 2.3: A global process M acting on the quantum operation of Alice. The
process M takes as input the the quantum operation of Alice and outputs another channel.

The process M may be indefinite time directed e.g., a quantum time flip.

12



Since, such operations do not have a fixed ordering of temporal direction, the notion of
indefinite time direction may involve a coherent superposition of forward and backward time
direction. A paradigmatic example of such indefinite time directed processes is the quantum
time flip supermap. It takes input as a channel A and outputs channel F4 : F4(p ® p.) =
S, FipFEl where F; = K4, ® |0) (0] + O(K ;) @ |1) (1|. Where, K 4; are the Kraus operators
of channel A. Operationally, depending on the control qubit p., the quantum time flip
outputs the channel in the forward time direction A, backward time direction ©(A) or
a superposition of both. Just like a quantum switch, this is sometimes phrased as time

direction of the channel being entangled with the control qubit’.

Quantum operations with indefinite time directions have also shown advantages in channel
discrimination [40], capacity enhancement [42], and quantum metrology in continuous vari-
able regime [45]. There have also been experiments demonstrating that such operations are
physically viable [43, 46]. However, apart from these, applications of such operations have
been largely undiscovered. It is this gap we fill in this thesis by proposing potential advan-
tages of quantum operations with indefinite time directions in discrete dimensional quantum
metrology, for which we propose a novel encoding scheme which we name time-flip encoding
under a framework of indefinite time directed quantum metrology. The preprint of our work
is available on arXiv [1]. Furthermore we discuss the applications of time flip and switch in

conjunction for capacity enhancement in quantum communication protocols.
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Chapter 3

Quantum Metrology

Here, we briefly introduce quantum metrology [64-70] and elaborate on the use of ICO. We
end the chapter by introducing the notion of optimal metrology, which quantifies the power

of the particular framework under use.

3.1 Metrology

3.1.1 Classical Case

Metrology is the science of measurement. The parameter 6 that we typically wish to mea-
sure, say, magnetic field, charge, number of particles, and position, influence the states and
transformations of physical systems. From these parameter-dependent transformations Ay,
the parameters are to be extracted. Classically, if we have N uses of such a transformation
available, then N probe states (systems) are initialised and evolved under these transforma-
tions. This makes the probe state parameter dependent. These probes are then measured
to obtain data x = {xy,..., 22} with probability p(x|f). Since the observed data contains
information on the parameter, an estimator function 9(}() is constructed, which estimates
the value of # from the given data. The goal of metrology is, therefore, to create the most
precise estimator. There can be multiple ways to determine what a precise estimator is,
especially in Bayesian metrology, which has several loss functions. In frequentist metrology
where 6 is not a random variable itself, a precise estimator is one with the least variance, that
is A20 = Ik dz(0(z) — 0)%py(z) is minimised. Along with being precise, we demand one more

condition on our estimator: accuracy. We want our estimator to return the true value on
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average, that is (0) = [ dm@ pe(x) = 6, where 0 is the true parameter value. Operationally,
this condition leads to better outcomes when experiments are repeated and is known as the

unbiased estimator condition.

However, an estimator may not exist that minimises the variance everywhere. In such cases,
different estimators may perform better at different regions of parameter values. Typically,
we deal with situations where we know the parameter value to be around some 6, and the
task is to estimate it precisely around an interval of #y. As such, it is more beneficial to
introduce a weaker condition of local unbiasedness that is (0)g_g, = =/ dz0(z)pg, () = 0 and
o) f da:@ dpL) = 1, where, the last condition implies the deviation of only

0 0=0, 0=0o
first order around the expected value 6.

Under this condition, the variance of the estimator is lower bounded by a quantity that
solely depends on the probability function. From the second local unbiasedness condition,

we write

[/m(é(x)—e)dp?@@r ~

1 d -
using Cauchy-Schwarz on functions Pao () and +/po(z)(0(x) —

/d ( 1 dpgo(x)>2./d (\/_\/@de 2
(o v (V@) (0() 0)) >
o) s -

1 1 (dpg,(2)\”
20 > — = 9 (3.
= A% > 7 where F /dxpg(x)( 10 (3.1)

The quantity F' is defined as the Fisher information, and its inverse 1/F lower bounds the
variance, also known as the Cramer-Rao bound. Hence, under these constraints the goal
of metrology is to increase the Fisher information. Since standard error grows as 1/ VN, it
can be shown that using the classical strategy of repeated experiments, with N usage of the

probe or N experiments, F' can grow at most linearly with N.
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3.1.2 Quantum Case

In the quantum case, instead of being classical, the probes and transformations are now
quantum states and quantum channels. Quantum metrology is particularly beneficial be-
cause quantum correlations can be utilised to better estimate these parameters. Like the
classical case, a typical quantum metrological protocol consists of the probe preparation step,
the evolution of the probe under the parametrised channel and measurement to obtain the
statistics from which to infer the parameter. However, now quantum mechanical properties
such as entanglement and quantum supermaps can be utilised for better metrology. Right
now, we will discuss the role of entanglement. We will eventually employ supermaps by

applying quantum switch and time flip to attain better precision.

Once the measurement has been performed and a probability function has been received,
the precision on the estimator A2 can be lower bounded by a function that depends on
the probability, just like in the classical case. However, there can be multiple POVMs and,
thus, multiple probability functions for a given encoding. This raises a need to optimise
the available measurements. It can be shown that the optimal measurements correspond to
those done in the eigenbasis of the symmetric logarithmic derivative or SLD operator which
is defined implicitly. If py is the encoded probe then %" = (Ngpo + poNg)/2 defines the SLD
operator \g. After measurement on its eigenbasis, the optimal achievable Fisher information
is given by Q@ = Tr(psA3), which is also known as the quantum Fisher information QFI.
Therefore, when optimised on all measurements, the achievable precision is lower bounded

by A20 > é This is known as the quantum Cramer-Rao (QCR) bound.
QFTI follows several interesting properties. We list a few of them here:

e Additivity: QFT is additive under the tensor product of encoded states, e.g., if the
encoded state is p¢ @ p§ then the QFI is Q, + @, where Q, and Q; are QFIs of the

subsystem states.

e Purification: QFI of encoded state py can be evaluate as a simple expression of the
minimisation over purifications. @ = minjy,,4((¥g| W) — [(Uy|Tp)|?), where |¥p) is

purification of py. This also gives a simple expression of QFI for a pure encoded state.

e Saturability: The lower bound using QFI is obtainable by measurements in the eigen-
basis of the SLD. Although, it is not a unique measurement that maximises the Fisher

information.
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e Convexity: QFI is convex on the set of encoded states Q(ppg + (1 — p)ph) < pQ(ps) +
(1= p)Q(r).

e Metric: QFI defines a natural matrix on the space of encoded states by ds? = %Q(pg)d@?
This relates the fidelity and QFI by Q(pg) = limgg_08(1 — v/ F(pg, porae))/d0>.

e Concavity under CPTP: QFI reduces by the action of the channels Q(C(pg)) < Q(pg).

Now, we provide one example to demonstrate the applicability of quantum metrology. Sup-
pose we wish to estimate the phase of a unitary transformation Uy = 67159 with N usage
of this unitary. A particularly useful strategy to estimate this phase is to prepare an initial
GHZ state w. Evolve this GHZ state under U;’" to obtain eiiN%O)@NH“N%m@N.

2
This state is now measured in the |+) basis which provides statistics p(+[f) = =2 for

which the Fisher information comes out to be N? which is also the QFI. While other se-
quential strategies can provide similar QFI, this is particularly beneficial because it can be
performed over systems with low coherence times. However, such a strategy does not give
optimal results when noise is employed in the circuit. For instance, if there is a bitflip noise
involved in the protocol, then it can be shown that error correction protocols, which involve
an error-correcting channel after each usage of the parametrised channel, outperform any
parallel protocol. The error correction protocols can broadly be seen as utilising quantum

combs for the NV usage of the parametrised channel.

3.1.3 Multiparameter estimation

The above discussion was relevant to single parameter estimation. Like above, multiparame-

ter estimations of parameters 6 = (6;,0s,...,0;) can be done and their precision, quantified

A

by the covariance matrix C;; = [ dapg(x)(6;(z) — 0;)(0;(x) — 6;) can be lower bounded
through the Fisher information matrix C > F~!, where F;; = [ dxm%x) 61’899(1_:”) alégeix). Sim-
ilarly, for the quantum case, the quantum Fisher information matrix can be obtained as

Qi; = Trlpe(AgiNg; + Ao ;Ng;)]. However, unlike single parameter cases, multiparameter
QCR is not saturable in general since SLDs corresponding to optimal measurements of dif-

ferent parameters do not necessarily commute.
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3.2 Indefinite Causal Order in Metrology

While quantum metrology has had an immense amount of literature on optimising mea-
surement and state preparation protocol, a third option is to modify the evolution step by
applying appropriate supermaps over the parametrised channel. In particular, it will be
interesting to evaluate the potential advantages of using the quantum supermaps, which
exhibit the properties of indefinite causal order and indefinite time direction, and ask if they
can provide some novel advantages to quantum metrology. In this section, we will observe
two use cases of ICO in quantum metrology from the works of [2, 28] and [23] with further

use cases discussed in the next section.

While quantum correlations can be utilised to obtain Heisenberg scaling, that is, the growth
of Fisher information proportional to N?, can we go to higher powers of N? In Ref. [2], the
authors utilise the quantum switch operation to get super-Heisenberg scaling N* of Fisher
information. Since it can be shown that such scaling is not obtainable in discrete regimes
[71], they utilise a combination of discrete and continuous variable systems. The metrological
task at hand is to estimate products of the average of position and momentum displacements
(- p) from displacement channels D,, = X and D,, = e’ The quantum circuit in
Fig. 3.1 is constructed, employing a quantum switch with a discrete 2-level control and

continuous target system.

Figure 3.1: ICO metrology protocol from Ref. [2]. The quantum switch takes the
sequence of position displacement operators in one slot and the momentum displacement
operators in the other slot. The control C is fixed in the |+) state, and therefore, a causal
superposition of orders of position and momentum displacements is created, which acts on
the initial state S.
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The switched channel has the form C = 0) (0|®[%, Dy, [Ty Da, +11) (1@, Do, [T Dy,
Using the Weyl relations ei¥X ¢ =@kl = cieple =iz P cipiX the above form simplifies to C = (]0) (0|+
eN* w1 (1)) /2 @ [T, Dy, [1%, Ds,. Measuring in |+) basis in the control now gives a

Fisher information of N4, hence obtaining the super-Heisenberg scaling.

On the other hand, in Ref. [23], the authors show that using the same circuit as above albeit
in the discrete dimensions for the phase estimation task for unitary =" in the presence
of depolarising noise, one can obtain Fisher information value that is independent of the
probe state. This implies that non-zero Fisher information is obtainable for arbitrary noisy
state and even white noise probes. In particular, if we write the qubit state in the form
p = (I +35-05)/2 and the depolarising channel as N'(p) = ap + (1 — «)I/2 which acts on
the unitary as defined above and put the noisy channel, along with its copy in the quantum
switch supermap the achievable Fisher information, when measured in the control qubit is
[a(1—a)sin6]?/(1—[a(l —a) cos 0+ (1+«)?/4]?) which is independent of the state of probe.
The derivation can be done via a general method presented in the next chapter, through

which we reproduce the results to obtain the Fig. 3.2.

........ S

0.20 T
QR §=10.4,0.3,0.0], 4 = [0.0,0.6,0.8]

0.15
0.10 ...........
0.05
0.00] =t

0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.2: Obtainable Fisher information using quantum Switch and conventional
non-switch method on a single probe. The probe and unitary axis are fixed to the
values according to the legend. The Fisher information is independent for the switch case
and dependent for the regular probe. The advantage of switch encoding in a high noise

regime can be seen.
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Apart from these, there have been several other contributions to the field of ICO metrology.
Since ICO with process matrix formalism provides a much bigger set of available super
operations/strategies than regular quantum combs and parallel methods, evaluating if it can
provide higher Fisher information than the optimal FI attainable via combs is instructive.

This question of optimal metrology is the one we consider in the next section.

3.3 Optimal Metrology

Since using the SLD operator more or less solves the optimal measurement problem, we can
club the state preparation and evolution steps into one. In all the quantum metrological pro-
tocols, the parametrized channel is converted to an encoded state. Hence, optimal metrology
can be summarised as finding the most optimal supermap or quantum type (A — B) — C
which converts the parametrized channel to an encoded state. In Ref. [22], sets of such types
are termed as strategy sets. If Q(Cy, P) is a function which calculates the quantum Fisher in-
formation of the encoded state when strategy P acts the channel Cy then the aforementioned
problem can be more formally written as finding maxpegirar Q(Cyp, P). This maximization
can be done via semi-definite programming algorithms, which were provided in Ref. [22]
with further details in Ref. [29].

In particular, their algorithm utilizes the maximization over purification method. As eluci-
dated in the quantum metrology section, for an encoded state pg the QFI can be obtained
as Q = minjy,)4((¥g|Wy) — [(Fy|Tp)|?). This expression can actually be simplified since for
every purification |W¥y), one can also obtain purification €"? |¥,), with v = —i(¥y|¥y) which
has the same QFT but the [(Wy|¥y)|? term is zero. Hence, Q = minyy,,4(W¥y|¥s). The quan-
tum channels involved can be written in terms of quantum states from Choi isomorphism.
Utilising the link product from the first chapter we write Q™ = maxpegsyar Q(Cy * P).
Here, Cy might be a quantum comb of N parametrized channels; for example, there might
be correlated noise between the transformations. Following [29, 42, 72| the problem can be

rewritten as

QM — 4max min (U,
F ’\Ilév>A]1VAéVR

(3.2)

where |U2) is the purification of Choi state Cp x P with global input AY global output A%
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and R as ancilla for purification. this is now equal to

Mmar = 4 max min K}« P|K). x P), 3.3
Q ) {Ké\;} i < 0,i | 0,1 > ( )

which is the expansion of the above equation using Kraus of Cy * P, given by link

product. This becomes

Qmax = 4max min Tr |:Z |Kév,z> <Kév,l‘:|’

P{KN}

)

= 4mgxmhin Tr [(Q(h) ®IAév)(P®IA{v)] (3.4)

where the last inequality [73] is the result of performing local metrology due to which instead
of optimizing over all Kraus operators, optimization on single parameter family of Kraus op-
erators with Ky (h) = Kgi(h)!*° =i ; hyi K where K is some fixed Kraus representation
and Q(h) = >, |KY.(h)) (K% (h)|". Lastly, defining Q(h) = Tr,x[Q2(h)] and P = Tryy [P
and using minmax theorem since the optimization is convex with one parameter and concave

with the other. We get,

Q™ = 4maxminTr[Q(h)P] = 4min max Tr[Q(h)P] (3.5)
2 h h P

The maximization can now be formalized as an SDP problem. Utilising the dual of this SDP

makes a double minimization SDP.

Q"M =4 min A\,
MO | (3.6)
st. AV >0, O'e DF(S), i=1,...,K,

A:( M B,)T> (3.7)
B O

with
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and DF(S)" is the dual affine space of operators S’ which are affine spaces with the convex

hull P.
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Figure 3.3: Optimal Quantum Fisher information for different sets of strategies.

Notably two uses of noisy channel Rzy = e~*7#/2 with amplitude damping noise of strength
p and parameter value § = 7/2 are utilized under strategy sets involving indefinite causal
order (ICO), Parallel (entanglement), and sequential also known as adaptive or quantum

combs strategy. An advantage of the ICO strategy can be seen.

We numerically perform this SDP to reproduce the results of Ref. [29, 42] (see Fig. 3.3). This
algorithm, while being extremely useful, is not very scalable. Typically, it is not possible to
go beyond four uses of channels because the size of matrices and the number of parameters
grow exponentially fast. In this domain therefore, it is also instructive to find upper bounds
on the achievable QFI and figure out how optimal QFI per usage of channel scales. This was
considered in Ref. [71], which derived upper bounds on optimal metrology. This is also done
via SDP methods by optimizing over all Kraus operators. The results show higher upper
bounds of Causal superposition (subset of ICO) over adaptive or quantum combs strategy
and higher upper bounds of adaptive over parallel ones in finite usage N, as is observed in
the figure above. In the asymptotic regime, where the upper bounds are saturable, all three
classes converge, signifying that ICO and adaptive schemes are only as good as parallel ones

in high usage limits.
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Chapter 4

Indefinite Time Directed Metrology

The contents of this chapter follow our recent arXiv preprint [1].

4.1 Introduction

Quantum metrology [64-70] aims to collect information about observable parameters of a
system with high precision. These parameters often include phase shifts of evolving quantum
systems, accumulated in multiple scenarios such as biological sensing [74, 75|, dark matter
search [76, 77], gravitational wave detection [78-80], atomic clock [81-84], magnetometry
[85, 86] and quantum imaging [87-89]. The metrological protocol involves measuring a
quantum state that encodes the parameter of interest, to obtain information about its value.
An unbiased estimator is employed to process the measurement data and extract an estimate
of the parameter with its precision satisfying the Cramér-Rao inequality [90]. This inequality
establishes a lower bound on the precision, quantified in terms of the variance of the estimate,
which is constrained by the inverse of the classical Fisher information (FI). By optimizing
the FI over all possible measurement strategies, one obtains the quantum Fisher information
(QFI), which represents the ultimate precision limit and saturates the Cramér-Rao bound.
Using an uncorrelated probe system in parameter estimation protocols can extract QFI
which scales at most linearly with the number of subsystems of the probe, hence attaining
standard quantum limit (SQL) in terms of precision. However, by leveraging nonclassical
resources such as entangled or spin-squeezed probe state [66, 67, 91-94], the sensitivity can
be enhanced where scaling of QFI can be elevated to quadratic from linear with the number

of subsystems of the probe, thereby achieving the Heisenberg limit (HL) in precision.
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In conventional metrological protocols, as outlined above, the encoding operation is per-
formed within a classical framework that adheres to a well-defined causal order and a fixed
temporal direction. Recently, however, there has been a surge of interest in exploring metro-
logical advantages [2, 22-29] (ranging from HL to super-Heisenberg limit) with the aid of
indefinite causal order (ICO)[4, 5, 30-33, 39]. The operation with ICO can take multiple
casually ordered transformations as input and outputs superposition of them controlled by
a quantum degree of freedom [95], e.g., the quantum switch [3]. Experimental implementa-
tions of such protocols have also been realized [27, 28]. In recent years, along with sensi-
tivity enhancements, ICO has exhibited advantages across various domains including state
and channel discrimination [6-9], communication capacity and complexity [10-17, 34-36],
thermodynamical tasks including charging, refrigeration, work extraction, and activation of
thermal states [18-21, 37, 38, 63].

Notably, indefinite causal ordered processes are a particular kind of higher-order quantum
transformation that inputs or outputs a quantum channel or other quantum operations [51].
Lately, a new broader class of such idiosyncratic higher-order operations has been discovered,
which are called quantum operations with indefinite time direction or indefinite input-output
direction [40] as they do not have a fixed temporal direction. The notion of indefinite time
direction involves a coherent superposition of forward and backward time direction. In
the backward time direction, the roles of input and output port are interchanged, defining
quantum processes which receive the input in the future and output in the past timeline.
Indefinite time direction can be realized in bidirectional quantum devices [40, 42] which
include crystals that rotate the polarization of single photons such as half-wave plates, and
quarter-wave plates. Analogous to the quantum switch in the context of ICO, the quantum
time flip [40, 42|, a paradigmatic example of indefinite time directed processes, has shown
promising advantages in certain operator discrimination tasks [40], communication capacity
[42], emergence of dynamical memory effect in memoryless phase-covariant processes [44].
Furthermore, its feasibility has been established through experimental implementations [43,
46]. Additionally, foundational queries such as the thermodynamic “arrow of time” and
thermodynamic work in the quantum superpositions of forward and backward time evolution
have been investigated in [41, 47]. Despite these advancements, the potential applications
of the quantum time flip in quantum technologies remain largely unexplored, especially in

comparison to the ICO-based processess.

Recently, in the context of quantum metrology, Xia et al. [45] conducted an experimental
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study by demonstrating that the estimation of the optical Kerr effect-induced phase shift,
using coherent states and the rotation of light beams, utilizing Hermite-Laguerre-Gaussian
beams, respectively, can achieve Heisenberg-limited precision, with photon number and or-
bital angular momentum serving as the fundamental resources for precision enhancement.
However, to date, no studies have explored the usage of time-flip in discrete-variable regimes,
where the fundamental resource is the number of subsystems in the probe system for en-

hancing precision.

In this work, we introduce a novel framework that consists of encoding operations with
indefinite input-output direction in quantum metrology. By exploiting the properties of
quantum time flip we devise a protocol that enables Heisenberg-limited precision in the
estimation of an arbitrary single parameter of unitary channels, hence the name indefinite
time directed metrology (ITDM). We prove that initializing the probe as pure product states
where all the subsystems align in the same direction, referred to as symmetric product probe
states attains the maximum value of QFI with time-flipped encoding procedure. Specifically,
without preparing entangled probe states, the optimal symmetric product probe states can
attain Heisenberg-limited precision. Consequently, we establish the fact that entanglement is
not a prerequisite for attaining HL precision and cannot provide a scaling advantage beyond
the HL when the temporal direction of the encoding process is rendered indefinite through
quantum control. We elucidate the no advantage condition (NAC) and quantitatively assess

the advantage conferred by time-flipping in our study.

We explicitly demonstrate these advantages for phase-shift and axis estimation of a unitary.
Furthermore, in the case of phase estimation, we devise a measurement strategy that operates
exclusively on the control qubit yielding an FI that exhibits Heisenberg scaling. Interestingly,
the parameter dependency of the optimal input probe state and FI is removed when the value
of the parameter that is to be estimated is small. In such a parameter regime, FI can saturate
to QFI by employing a particular symmetric product probe state and an optimally chosen
control qubit, irrespective of the direction of the encoding axis. Furthermore, in the case of
a single qubit noisy ITDM (NITDM) where noise affects the encoding strategy and input
probes, our protocol showcases the advantage of the time-flipped strategy over the existing
quantum “switched” strategy [23] and regular strategy within specific parameter values and
noise regimes. Additionally, we provide a brief discussion on the impact of noise in multi-
qubit NITDM and explore a potential strategy for achieving a higher FI compared to the

regular approach, highlighting the need for further investigation in this direction.
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4.2 Framework for Indefinite time directed metrology

(ITDM)

Quantum “time flip (TF)” is defined on the set of bidirectional quantum processes which
can operate either in forward or backward time directions. A quantum channel C is referred
to as bidirectional if ©(C) is a completely positive and trace-preserving (CPTP) map where
© denotes the input-output inversion map. As demanded in Ref. [40], this map © should
have certain properties including “order reversing”, “identity-preserving”, O(A) # O(B)
when channels A, B are unequal, and ©(gA + (1 — ¢)B) = ¢O(A) + (1 — ¢)O(B) with
¢ > 0. Moreover, the Kraus operators {C;} of C(x) = 32, C;(x)C] satisfy bistochasticity
conditions, i.e. Y, CIC; = 3. CiCI = I, where I is the identity matrix on the Hilbert
space of the system. The only two possibilities of © are ©(C)(x) = Cf(¥) = 3, CI(*)C; or
O(C)(x) = C"(x) = 3, ¢l (xCT,
time flip supermap T¢ is described by Te(pe @ p) = 33, Ti(pe @ p)T, where Ty(C) = [0) (0] ®
C; + |1) (1] ® ©(C;) are the Kraus operators and the first register functions as the control

up to unitary equivalence. The operation of quantum

for the time direction. We perform encoding in parameter estimation protocol with the aid

of operations with indefinite time direction, defined as ITDM.
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Figure 4.1: ITDM scheme. Taking N-qubit pure product probe states along with a control
qubit we encode the parameter 6 of Uy on the probe state using bipartite time-flip supermap
Ty, = |0){0| @ Uy + [1)(1] ® U} which is a controlled unitary itself. Therefore, the whole
encoding procedure is done in a single time step with N queries of Ty,, given by Ty, =
[, (T, @ 1% ) = (yoxoy RUSY +1)1] ® U(,T®N) with 15, = @21 I;. This encoded
state is then measured either locally on the control qubit or globally on tljlelbasis of symmetric

logarithmic derivative operator to obtain the information about 6.
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4.2.1 Time-flipped encoding stratgey

In quantum estimation theory, given a unitary gate U which is a function of 0, i.e., U = Uy,
our task is to estimate 6. Instead of conventional unitary encoding schemes, we employ TF-
encoding strategy comprising of N number of bipartite TF gates, Ty, = [0)(0|®@ Uy +|1)(1|®
YN} assisted by control qubit |¢.) = /pc|0) + €y/T = p,|1)
with 0 < p. < 1 and 0 < 6. < 27 (see Fig. 4.1). Mathematically, the state after encoding

UJ on N-qubit input probe,

operation can be written as |®) = Ty, | V), where
N N

Ty, = [[@, i =]1 (!0><0\ QI QU@ IV T+ |11 @ I '@ U ® [®Ni)
i=1 i=1

RN
= [0)}0l @ U + 11| @ Uy (4.1)

with ”17311 = ®%l I; and |¥) = |¢) ® |z/)N>. Specifically, for a product probe state, i.e.,

j
1) = [he) QN [¥h:), the encoded state can be written as

9) = vz 10) @) 1) + ¢ /T e 1) @) ). (42

where Uy |¢;) = |xi), Ug |[ti) = |w;). Subsequently we analyze the performance of the esti-
mation protocol with product probe states and compare its performance with the entangled

one.

4.2.2 Quantum Fisher information in ITDM

The goal here is to estimate the parameter 6 involved in Uy with a high precision which can
be fulfilled by performing measurements on the encoded state. Importantly for any kind
of measurements, the precision in estimating # with an unbiased estimator, quantified by
the variance of 0, is bounded below by the Cramer-Rao bound via Fisher information (FI),
Fo as (A0)* > (AFy)~!, where A denotes the number of measurements available [65, 90]. In
particular when the decoding measurement is performed in the basis of symmetric logarithmic
derivative (SLD), Cramer-Rao bound is saturated and FI is termed as quantum Fisher
information (QFI). The QFTI for a pure state |=) can be written as

2

) o

%=4(€E%—€E>
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: d|=
where |Z) = % For N number of uncorrelated particles (A#)? is known to scale as

1/N, referred to as the standard quantum limit (SQL). While with the help of quantum
entanglement, it is possible to diminish the error, as (Af)? ~ 1/N? [65-68], known as the
Heisenberg Limit (HL). It will be interesting to find that when encoding is performed with
TF operator, how quantum Fisher information scales with N. In our case of product probes
in Eq. (4.2), QFI takes the form as (see appendix 7.1)

N N N N
Qo = 4[pc Zm\ + Z apals | + (1 —pe) Zywk|+ Z B3
k=1

j,k:l, k=1 j,k:l,
J#k J7k
N N 2
TG o) ] (4.4)

where

(XkIXk) = o, (XelXw) = Xkl
(Wrlwe) = Br,  (Wk|wWk) = |Wkl. (4.5)

To analyze the scaling of QFI, let us concentrate on the simplest scenario where all the qubit
probe states are equal, i.e., |1);) = [¢) Vi. Therefore, the N-qubit symmetric product probe
state along with control can be written as [U%) = |¢).) |V with ap, = a0, B =8, |xx| =
x|, and |wg| = |w|. When [¢;) # 1) Vi, we call the N qubit state to be asymmetric one.

In the symmetric scenario, the QFIT reduces to
Q% = AN?|pelaf? + (1 - po) B — [pear + (1 = pe) 1]
+ 4N [ (1] = fal?) + (1 = pe) (1l = 181) |.
= 4N2pc(1 - pc)|a - 5'2
+ AN [ (1] = fal?) + (1 = pe) (1] = 181) | (4.6)
Since in the limit N — oo, QFI Q% ~ N2, it implies that using symmetric product state ’\IIS >

and encoding 6 by the time-flipped operation which comprises multiple two-qubit controlled

gates (see Fig. 4.1), the precision limit of § can go beyond SQL and reach HL.

It is now natural to ask — Is the symmetric product probe state optimal for ITDM? In other
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words, if we can exhibit that one cannot achieve higher scaling with asymmetric product
probes than the one obtained with symmetric states, the query above is resolved. Indeed,
we answer this question positively in the following Theorem, which is one of the main results

of our work.

Theorem 1. Among all pure product states, given an asymmetric state, there exists a sym-
metric state which provides a higher value of QFI in ITDM.

Proof. Given an arbitrary product state |¥) = [¢.) @1, |1i), we denote the set of N sym-
metric product states as Sy = {|U7)}Y,. Here, the state |U}) = |¢).) 40)®™ in this set
have QFI Q7. We denote the QFI for the asymmetric probe state |¥) as Q4.

Without loss of generality, we assume that the optimal probe state among all symmetric

product states in Sy is ’\I/f > Therefore, mathematically, we can write
Q7 > Q7 Vie[N]
— Qf - Qavg 2 07 (47)

where Qg = %le\il Q7. Note that, the equality sign holds when [ = 1. Let us now
consider the quantity, Qu,y — @*. In appendix 7.2 we show that

Qavg - QA
N N 2
= ANp(1—po) Y low = Bl — dpe(1 = pe) | D o — B
k=1 k=1
> 0. (4.8)

Therefore, we get QF > Q4. It is easy to see that the equality sign holds when |¥) — }\Ifls >

Hence, the theorem is proved. O]

From Theorem 1 we can conclude that:

Corollary 2. Maximal QFI in the case of ITDM for product probe states is achieved by
symmetric states of the form ’\IJS> = |v.) |¢)®N where we have to optimize over only the
doubly-parametrized set of states, [¢) = \/ps |0) + €*\/T = p, |1) with 0, € [0,27] and p, €

[0, 1] along with optimal control qubit and encoding axis.

Remark on No advantage condition. ITDM can not surpass the standard quantum limit
when o = 5. This condition, referred to as the “no advantage condition” (NAC), simplifies
to (0pUp) Uy = (0sUF)TUL. 1f Uy satisfies NAC, it implies that there do not exist any
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probe and control state for which the SQL can be beaten. Notably, the NAC is satisfied
when U” = +U. Although, additional solutions for U may also exist. We propose a
measure of our advantage as the maximum achievable coefficient of N? in Eq. (4.6), which
is 4p.(1 — p.) max;y) |<(39U9)TU9 — (89U£)TU5F>|2 = 4p.(1 = pe)| Amaz|? Where A,qp is the
eigenvalue of (9yUy) Uy — (0pUF)TUF with the biggest modulus. There is no advantage
exactly when either p. = 0,1 i.e., the time flip does not work or when NAC is satisfied
where \)\max\Q = 0 and our measure gives zero. Whenever the measure is non-zero we can in
principle set our probe to the eigenvalue corresponding to A\pq, and gain QFI with an N?

coefficient of 4p.(1 — pe)|AMmaz|*-

4.3 Estimating phases with ITDM

After establishing the advantage of TF operation in the context of quantum metrology,

let us concentrate on an explicit phase estimation scheme to achieve Hiesenberg limit. In

—ilz.n

particular, given a unitary Uy = e~ "27" our goal is to estimate the value of the parameter

0, where n = Iny + yns + Zng is referred as the encoding axis. According to Corollary 2, we

initialize the input state as [U5) = [¢,) )Y where [1h.) = /Pe |0) + ei%/T— p,|1) with
0. € [0,2x], and p. € [0, 1]. In this scenario, we find that

a = ing(ps — 1/2) +i/ps(1 — ps)(ny cos O + nysind,),

B = ing(ps —1/2) +i\/ps(1 — ps)(nq cos s — ngsin by),

x| = 1/4, and |w|=1/4. (4.9)

The QFTI is calculated as Qp(A, B) = AN? + BN, where

A =4p.(1 —p.) * 4ps(1 — ps)n3 sin? 0, (4.10)
and
1 2
B = d4p, 1 {ng(ps —1/2) + \/ps(1 — ps)(nq cos s + no sin98)}
1 2
+ 41 —pe) 1 {ng(ps —1/2) + v/ps(1 — ps)(ny cos s — ny sin 93)} . (4.11)

Notice that NAC in this case reduces to (¢.7)7 = .7 which implies 7, = 0. Interestingly,
QFI Qy(A, B) is independent of the parameter € itself which we want to estimate, and also

on f,. However, to find the maximum value of QFI, Q% for a given encoding direction
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n, we have to optimize over the control and the input state. To address the optimization
let us group the parameters 0;,ps,p. in a set p, ie., p = {0s,ps,p.}. Mathematically,
the optimization can be cast into the form Q) = max, Qp(A, B). Since optimization over
multiple (three) parameters is not straightforward to address we maximize the coefficient A
to obtain the Heisenberg scaling N?. Now, one can trivially calculate that the maximal value
of the coefficient, A = n} with ps = {Z, 1, 3} which leads to QFI Qy|,., = N?*n}+N(1—n3).

Let us now prove in the following Theorem that this is indeed the maximum value of QFT.

Theorem 3. The mazimum value of QFI which can be achieved by a N -qubit product state
in the ITDM protocol is given by Qf = N?n3 + N(1 —n3).

Proof. To demonstrate that Qp|,,, represents the optimal value of the QFI, we have to prove
Qolus — Qo(A,B) >0, ie.,
N?n2 + N(1—n2) — (AN? + BN) >0,
—> N(nj—A)>B+nj—1. (4.12)

As n3 is the optimal value of A, n3 — A > 0. Therefore, if Eq. (4.12) is true for N = 1 then
it will be valid for all values of N > 1. For N = 1 it simplifies to A+ B < 1, which we prove
in appendix 7.3. Hence, QF = N?n2 + N(1 —n3). O

Let us now determine the optimal encoding direction n for which the maximum of QFT is

attained. To do so, we define

Qp = max Q) = max Qy(A4, B), (4.13)
n T,

which includes optimization over 7, input and control qubits. As a direct consequence of

Theorem 3, the following corollary can be established:

Corollary 4. By fixzing the optimal encoding axis n =y and ps = {%, %, %}, the maximum

2
QFI turns out to be N2.

9
2
where either ¢ or ¢ of the axis n = Zsin ¢ cosé + ysingsiné + 2 cos ¢ is to be estimated, is

determined to be 4N? following Eq. (4.6), as detailed in appendix 7.4. This demonstrates that

Note that, the maximum QFI for the estimation of the axis parameter of U = exp (—i g - ﬁ),

our protocol is capable of achieving the Heisenberg limit for arbitrary unitary parameters,

as expected from our derivations in Section 4.2.

We now show that the maximum QFI, Qy = N? for optimal encoding is, in fact, achievable
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with a local measurement scheme as a decoding strategy. The scheme consists of the following
steps: (1) Prepare the control state as [¢0.) = |+) = (J0) + [1))/v/2 and probe state as
) = |+i) = (J0) +i[1))/v/2, ie., the input state is [¥*) = |[+) [+i)®. (2) The encoded
state after application of the gate Ty, with Uy = e=%7/2 (i.e., i = §) on |¥,) is given by

1 . .
D) = —e N2 (J0) + N 1)) ® |+i) PN 4.14
®) =75 (10) 1)) @ [+) (4.14)
(3) Perform projective measurement on the control qubit in the basis of o, i.e., {|+),|—)}.

(4) Repeat the above procedure A\ number of times and record the measurement outcome.

The probability statistics for the outcome |+) is given by p(£(0) = 3[1+cos (N0)]. Therefore,
the classical Fisher information (FI) [90] turns out to be
B dlnp(b|0)]”
o= 30 ol |PRREO) (4.15)
be{+,~}
= N?*= Q. (4.16)

Notably in this scenario, the probe and control states (Eq. (4.14)) remain as a pure product
state even after bidriectional encoding along y-axis, which is a global operation, while still
providing HL. This demonstrates that entanglement is not necessary for surpassing SQL
in ITDM protocol, while at the same time the protocol can be done parallelly, which is
important for systems with low coherence times. However, in general, the two qubit unitaries

generated by time flip may generate entanglement for arbitrary input product probe states.

The above-discussed protocol is optimal when 7. = § and the RMSE scales as 1/N. However,
it is interesting to ask — Given the direction of the encoding axis, how do FI, Fy scale when the
decoding measurement basis is fized in {|+),|—)}? We answer this question in the following

subsection.

4.3.1 Classical Fisher Information by projective measurement on

control qubit

By initializing the control and probe state in general product states (Eq. (4.2)) and encoding
axis as 7, let us consider the decoding measurement only on the control qubit in {|+),|—)}

basis. In this scenario, the outcome statistics is given by
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p(l0)  =Tr[(|£) (£, ® L) |®) (@[]

1 pc(l - pc) 0 a —1i6 =
= §i# e CH<Xi|wi>+e CH<Wi|Xz‘> :
i=1 =1

(4.17)

Since, (xi|w;) is a complex number, we parametrize it as (x;|w;) = r;(v)ei) where v =

{6,0,,ps,n}. According to this parametrization, we have

p(:l:’e) = %j: pc(l—pC)COS <Zfz(u)+ec> Hri(l/>'
- (4.18)

Finally, using Eq. (4.15), the FI can be calculated as

Fo = % (1—pc) [Z (Hn(ﬂ) {7"']-(1/) cos (Z fi(v) +96)

j=1 \i#j

_ <7"]](\’7/)) sin (; filv) + 9c> (; fz(u)> }] /1 — 4p.(1—p,)
X (H Ti(l/)> cos? <Z filv) + 90> , (4.19)

=1

(4.20)

which is optimal at p. = 1/2. We consider [¢;) = [¢) for all i, which is determined to be
optimal based on rigorous numerical investigations. This implies r;(v) = r(v), fi(v) = f(v)

Vi and along with p. = 1/2, we have

N2r2N-2(3)) {r(v) cos (Nf(v) +6.) — r(v) f(v)sin (N f(v) + 90)}2

Fo = 4.21
’ 1— 2N (v) cos? (Nf(v) + 6.) (421)

To approach the question of the optimal probe state, similar to QFI, we define
Fy = max Fp, (4.22)

where Fj' is the maximum FI for a given axis 7 by choosing optimal probe and performing

decoding measurement in {|+),|—)} basis on optimal control qubit, i.e., Fy = max, g, Fo.
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Note that, UJUJ being unitary, we have 0 < r(v) < 1. Therefore, from Eq. (4.21)
it is evident that if r(v) < 1, Fy decreases exponentially with increasing value of N.
This means it is desirable to set 7(v) = 1 by taking initial probe state [) = |u(#,0)*)
where |u(n,0)%) = (g7(7,0)[0) + |1))/\/1+ [g¥(n,0)]2 is the eigenstate of UJUJ, i.e.,

USUT [u(f, 0)F) = exp (£if(ng, 8)) [u(f, 0)F). In this scenario, p, = g (7, 0)2/1/1 + |gT (72, 0)]2
and 0, = iIn(1 + |gF (0, 0)|* — gF(n, #)?)/2. Moreover, we have
\/ 4n? sin? 1 — nsin® 9)

2

20 )
2

(4.23)

f(ny, 0) = tan™*

1-— 2n2 sin

and the explicit forms of ¢gT(n,#) are given in appendix 7.5 which shows that eigenvectors
are dependent on the encoding axis and moreover the parameter 6 itself. This implies
#(v) = 0 and f(v) = f(ns, #). Therefore, preparing the probe [1)®" in either |u(n, )Y or
lu(f, 8)7)®Y and |1he) = (|0)+€ [1))/+/2 and measuring the control qubit on the {|+) ,|—)}
basis lead to FI (following Eq. (4.21))

Fil = N*f(ny, 0)*. (4.24)

However, the complexity in attaining such outcome si that thethe input state parameters
Os,ps is 0 dependent means that one requires a decent amount of prior knowledge of 6
beforehand. Notice that, choosing n = 41 gets rid of such complexities and gives f = -0+
which achieves Fy = N? = Qp in consistent with Eq. (4.16). Next, we consider the scenario
in the limit where the parameter 6 has a small value where we show that the above-mentioned

subtlety can be removed.

Optimal input probes for small 0

Let us write our input probe as p = |[¢¥)¢| = (I + 5.6)/2 where § = s, + s, + 2s, and
= 2/ps(1 — ps) cos by, s, = 24/ps(1 — ps)sinbs, s, = (2ps — 1). The overlap (x|w) can be

written as
(x|w) = (W|USUL ) = Tr(UQTpUD = 1—n3(1 —cosf) + inynzs, (1 — cosd)
—in1nys, (1 — cos #) + ings, sin 6. (4.25)
Therefore, the modulus and phase of the complex number in Eq. (4.25) is given by

1/2
r(v) = |{1—n3(1— cos 6’)}2 + {ngs, sinf + (ngnss, — nings.)(1 —cos )} |

(4.26)
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and
_1 N2Sysinfd + (nengs, —nines,)(1 — cos0)
n
1 —n3(1—cosb) ’

fv) =ta
(4.27)

respectively. By considering up to 2nd order correction in 6 (O(6?)), i.e., for small value of
0 = 6 we show that (see details in appendix 7.6)
F; = sin%NQ + (1 - sz)ngN(ngo,
= sin3N(N — dg.0) + 15Ny, 0. (4.28)

where dg, o = 1 if . = 0 and 0 elsewhere. Interestingly, in the limit N — oo, classical Fisher
information J| Nevoo = SamzN? s f-independent and reaches HL irrespective of any probe
state. From Eq. (4.28) it immediately follows that the optimal probe for 0 estimation is
given by s, = £1, i.e., p = pa = {7/2+2mmn,1/2,1/2}¥Vm € Z which implies

FP = n2N? = Q| pme. (4.29)

Hence, we arrive at the following result which shows that the two-fold complexity previously

described vanishes under the given scenario —

Theorem 5. In the limit N — oo, independent of the small value 0 to be estimated, the
classical F1I, .7:"2 = n3N?, saturates the QFI, QZ|N%OO, using the control qubit |1.) = (|0) +
e |1))/v/2 along with the probe state as |4i) = (|0) + |1))/v/2 and decoding measurement

in the o, basis.

4.4 Entanglement can not beat N?-scaling

To this point, our analysis has focused on utilizing product states as the initial probe state.
A natural progression of this inquiry involves examining whether the use of entangled probe
states could facilitate scaling improvements surpassing the Heisenberg limit. To address the

same we write the general N-qubit probe state as

|‘Ij> = ZAz’ ‘)‘z> ) (4-30)

where 21251 INiY(Ai| = Iov and (\|\;) = &;;. Defining |\;) = ®§V:1 ’¢;> we rewrite |U) =
Zle A; ®§V:1 |¢;> , where ‘;/);> is the ith basis state for jth qubit with <z[1;‘1/)f> = d;, and
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Z?Zl }@ZJ;X@DH = [,. Extending beyond the use of product states as probes, our theorem
below indicates that entanglement does not provide an advantage in achieving scaling of the
QFI with the number of qubits beyond the HL.

Theorem 6. In the ITDM protocol, the mazimum QFI extractible from any probe state,
including all entangled states, is upper bounded by YN? + (N, where v and  are constants
independent of N.

Proof. Let us present a brief outline of our comprehensive proof, which is available in ap-
pendix 7.7. Using the general N-qubit probe state as defined above, we derive an upper
bound on QFI as

oN N

Q < Qp=4D|D),=4> ) Nl

n 3 (I

i=1 k=1 m=1 j#m
N
Zakz ik H j ) 1 — e Z ( ki H bkz +Zﬁk2ﬁzk* H bkz)] 4. 31
l#m JjF£Em,l m=1 JjF£Em l#m j#m,l

where

(o) = X, OGIXG) =al,

@hlok) = o, <wm,>:w
(D) = ok (@bl = B (132)

and |x;) = Up [vj) and |wj) = Uy [05).
b are the products of the inner products

In Eq. (4.31) the terms [, a5, and ], b}

of (N — 1) of the qubits. Hence, if the qubits in |)\;) and (\g| differ in more than one
position then, T]. af* =[], bj" = 0. Similarly, if the qubits in |\;) and (\g| differ in
it b;?i = H#ml ¥ = 0. Defining, QX as the
term which involves contribution only from N-qubit basis states where qubits differ in X
number of positions, we can write Qp = S x_, OF = S x_, OF since, OF =0 V¥X > 3. In
appendix 7.7, we show that each of these three terms is bounded by an expression of the

form ;N2 + ¢;N. Hence, Qy < yN2 + (N where v, ¢ are constants independent of N. [

more than two positions then the terms []

Although entangled states do not offer superior scaling compared to product-probe states,
we investigate whether they can yield higher QFI. To this aim, given an encoding axis n,

we perform numerical maximization of QFI over the whole state space (see Eq. (4.30)) for
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Figure 4.2:  QFI obtained by the optimal states using 3-qubit probe states for
difference axis. (a) Q), Optimized over all product states, (b) QZ’A” optimized

over all states, (c) Difference AQ? = QZ’A” — Qg We see that the difference goes to
zero near ny = +1 precisely where both (a) and (b) attain their maximal QFI of N? = 9.
We conclude that product states can give as much QFI as entangled states when optimized
over the axis for a 3-qubit probe system. All the axis are dimensionless.

N = 3 denoted as Q)" (see Fig. 4.2(b)). Interestingly, for ny = 1, 95" is the same as that
with QFI for optimal product probe state, i.e., Qg”A” = Qg =9 = Qy. Notice that, n = ¢ is
indeed the universal optimal encoding axis which means maximal attainable value of QFT by
optimizing over the whole state space and encoding axis is 9. However, as value of ny deviates
from 1, the difference between the maximum value of QFI with optimal product probe and
QZ’A”, ie, AQ} = QZ’A” — Qg increases significantly as demonstrated in Fig. 4.2(c). For
ny = 0 we have QFI Q?’A” =9 and O = 3 where the difference AQ# reaches a maximum
value of 6. This observation ensures the fact that the optimal probe states which give higher
QFI than fully separable pure product probe states must be entangled in at least some
bipartition. However, since we are concerned with scaling of QFI with N, in the rest of the
paper we use symmetric product probe states in our protocol. Notice that AQ) ~ O(1072)
in the region +0.95 < ny < +1 irrespective of n; and nsg which shows the robustness of

optimal product probe states compared to entangled ones for nonoptimal encoding.

4.5 Advantage in noisy Unitary encoding

Considering the pervasiveness of noise in quantum metrology with both theoretical and prac-
tical standpoints, and the numerous advantages of ICO protocols in noisy metrology, it is
instructive to analyze the ITDM protocol under noise. To evaluate the performance of [ITDM
in the noisy scenario, we consider a noisy input probe p = (I 4 §.5)/2 with |s] < 1 and depo-
larizing noise N (p) = qp + (1 — ¢)I/2 [96] is acted after unitary encoding Uy. Consequently
the effective channel Ny(p) = qUspU) + (1 — q)I/2 is termed as noisy unitary channel with

Kraus operators {Ky = /1 —pUp, K1 = /p/30,Up, Ks = /p/30,Up, K5 = \/p/30.Up}
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where ¢ = 1 — 4p/3 € [0,1]. Application of time-flip to such a bistochastic channel [40]
leads to a quantum operation Ty, (p. ® p) = Z?:O Fi(pe ® ,O)FjT with Kraus operators

= [0)0] ® K; 4 [1)}1] ® K] where p. = |1).) (¢c|. Therefore, after the encoding proce-
dure in ITDM scheme with noisy encoding operation (NITDM), the output state is given by
© = T, (pe ®zN:1 pi) = Zjel'[ F5(pe ®z]\il Pi)[F;r' with [F; = |0)0] ®'f\il K+ [1X1 ®1N:1 Kijv
where II is the set of 4" integer strings j, with each string specifying which Kraus oper-

FiF, = I and

ator K acts on the ith qubit. We have normalization conditions ) jen b

> jen (@Z K Z]) <®Z_ ;i1 | = 1. This can further be simplified as

© = p.[0)(0 (Z K;p, j) + v/pe(1 = pe)e]0){ 1|® (Z ijZKTT>
(0] ) (ZKJ-T/%K}> +(1 —pc)|1><1|® (ZKJ-TMKJ-TT) :

=1

+ \/pc<1 _pc

(4.33)

Defining Tr (ZJ KijZ-K}) =r;(v)e™) with v = {0, 5,7, q} as the updated set v, outcome

probabilities of measurement in o, basis on the control qubit can be written as

p(i|0) = % + pc(l _pc) COoS (Z fz(y) + 00) HT,‘(V). (434)

i=1
Following Eq. (4.15), we calculate FI, 7} in NITDM which have exactly same mathematical
form as Eq. (4.21), ie., F] = Fy with updated r;(v) = |Tr <Z] KfpiK;) and f;(v) =
arg [Tr (Z i K]TpiKJT)] With the tools in hand, we are now ready to analyze the effect of

noisy encoding.

4.5.1 Comparison of NITDM with “switched” and regular strat-
egy in single qubit

In the case of N = 1, the value of FI corresponding to NITDM is given by (see appendix
7.8)

naq*sin® 0
1— {12 —n3q(1- COSQ)}W

q __
9 =

(4.35)
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which is independent of the input probe configuration. Being periodic in € we can safely
choose 6 € [0, 27) for our analysis. We compare NITDM with two other metrological schemes
— (1) “switched” strategy where encoding is done using the quantum switch as described in
23], (2) regular strategy [23] where conventional unitary encoding is used. The “switched”

FI, ]_-g,s and QFI, Qg’R in regular strategy is given by

-1

1 2
F¥ = ?(1—q)*sin*0 [1 — {q(l —q)cosd + (1 +Q)2} ] )

and QZ’R = ¢*(7 x 5)? respectively. Let us now compare these three strategies in terms of

metrological power.

Fixing Optimally encoded direction

Notice that, F{ is optimal for encoding axis 7 = ¢ (see appendix 7.8) where optimal QFI
for regular probe QZ’R = ¢? is attained by choosing 5 L 7. Due to the #-dependency of
the FI in the NITDM, there exist specific regions of # where our protocol demonstrates
superior performance compared to the regular protocol, as well as regions where it lags
behind. Specifically, Fj|s—; gives TF advantage compared to QZ’R] s17 = ¢° in the parameter
region 7/3 < 6 < 4tan™' (\/q1 — 4,/g2) and 4tan™' (/g1 +4,/g2) < 0 < 57/3 where
@ = b5+79)/3+q) and ¢ = (1 + 4q + 3¢*)/(3 + ¢)>. Contrastingly, in the regime
cos™! [2_(11—:5)] < 0 < 271 —cos™! [2_(11:5)]; 0 <0 < 7/3and 57/3 < 6 < 27/3, we have
Fllazg < Q4"s15, ie., regular strategy outperforms NITDM.

Note that, these ranges of 6 are reliant on the strength of noise ¢. Interestingly, there exist
smaller intervals of # where NITDM surpasses regular strategy irrespective of the strength
of the noise. Our analysis reveals that, Fg|o—y > Q%%|s1s Vg when {r/3 < 0 < 7/2;31/2 <
0 < 57/3}. On the other hand, Filaey < QF|s1aVq for {27/3 < 6 < 47/3,0 < 0 <
7/3;5m/3 < 0 < 2m/3}.

Moreover, setting n = g as the encoding axis, we always get advantage over “switched”

scheme, i.e., Fglag > ngs (appendix 7.8) for any value of # and arbitrary noise strength g.
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Figure 4.3: Fisher information (vertical axis) with respect to noise parameter
q (horizontla axis). Comparison between time-flipped, “switched” and regular
strategies. Choosing nn = ¢ with 6§ = x/4, FI for NITDM, F/ (blue lines) always outper-
forms switched FI, ]_-g,s (green lines) which are independent of probe state. F; is higher
than Q% (orange lines) with both § = [0.8,0.6,0] and § = § probe state which are not

optimal for regular strategy. All axes are dimensionless.

Arbitrary probe state. Since QZ’R is dependent on probe states choosing nonoptimal probe
states can reduce the performance of regular strategy whereas NITDM bypasses the probe
dependency and illustrates supremacy as shown in Fig. 4.3. We choose 6 = 7/4 and illus-
trate the advantage of time-flip choosing probe state p with s, = 0.8,s, = 0.6 where Fy
outperforms both F° and Q4. Interestingly, even when the probe is in a maximally mixed
state or orthogonal to n, Fj is always positive (except for ¢ = 0 and 0 # 2mn¥r € Z) where
regular QFI is QZ’R = 0. Moreover, the dominance of NITDM over “switched” and regular

strategy exists in the low noise region for nonoptimal encoding as illustrated in appendix 7.8.
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f-averaged performance.

Since both F{ and ngs depends on the @ itself, let us analyze the average performance
of NITDM ((Ff)), “swtiched” ((F{°)) strategy where (Fp) = 02” Fodf /(2m) and regular
strategy (Qg’R, f-independent). Now, after performing integration, for the NITDM and

“switched” strategy, we have

=1 — /BroBra—tm) - /000 g +imd,  (430)

and (F@%) =1 — ‘/?5(1 — v (1 —q)(3+5q) — 5/ (54 6q — 3¢%)(5 — 2¢ + 5¢?) [23] respec-
tively. Given the noise strength ¢, although (F) and <]_-g,s> are both less than the optimal
regular QFI, Q4| = ¢® = (Q4F|4—y), in the range +n™ < ny < +1 “flipped” strategy is
better than the “switched” one on an average, i.e., (F{) > (F&®). Here, n™ = ng[1 — 9]
represents the y*-fitted curve, where g = 1.14147 4 (0.48%) and h = 2.38455 + (0.25%) are
fitting parameters (see appendix 7.9), and ny = 0.945742 denotes the value of n5"™ in the
complete depolarizing scenario. This signifies another distinct advantage of the quantum
time flip strategy over the “switched” strategy. While, in very high noises, flip always out-
performs switch when +0.945742 < n, < 41, as noise starts to decrease this range increases
with the noise parameter, making flip highly favorable in low noise scenarios. Moreover, since
the FI with switch method does not depend on ns, for £n"(q) < ny, < £1 the FI obtained
with flip is strictly higher than the highest possible FI obtainable through the switch at
various levels of noise q. Because ny can be controlled, we can always obtain higher average

FI values with time-flip for any value of q.

4.5.2 Advantage in multiqubit strategy

Going beyond the single qubit scenario, we analyze the superiority in the case of multiqubit
NITDM. While the optimal strategy for multiqubit NI'TDM falls outside the scope of this
study, we provide a brief overview of its key aspects. Note that while F; is independent of the
input probe for N = 1, this dependence emerges when N > 2. By assuming 0§ = 7/4,ny = 1,
we initialize the probe state to be |+4)®" and evaluate F{ (given by Eq. (4.21)) for different
values of noise content ¢. In Fig. 4.4, we compare NITDM (by fixing 6 = 7/4) with the
regular strategy with optimal product-probe states, i.e, all the N-qubit state is initialized
along § = 4, which gives QFI, Q%" = N¢2.
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Figure 4.4: Fisher information (ordinate) with respect to number or qubits N
(abscissa) for different values of noise parameter q. Competition between Flip
and regular strategy. Classical Fisher information for time-flip, 7 (blue lines) shows
oscillatory behavior and after reaching the maximum it decays. Here, we fix the parameter
values 6 = 7/4 and ny = 1. Contrastingly, QFI for regular case, Qé R) (orange dotted lines)
increases linearly. Inset: Fisher information per qubit F;j/N (ordinate, blue lines)

against number or qubits N (abscissa). All axes are dimensionless.

Due to N? term in Eq. (4.21), Fy increases, along with other terms exponential term in it
causes loss of Fisher information with N which is shown in Fig. 4.4 where depending on
the system configuration and noise content, F; reaches maximum at a certain value of N.
However, FI per qubit, /N, is maximized, where the first slope change of the envelope of
F{ occurs. According to this, for a given 6, 5,7, we define the set {FJ, N} where F{ is the
value of FI of N-qubit NITDM protocol corresponding to maximized value of FJ/N at N.
Now given a high value of N > N we perform N-qubit NITDM and repeat the procedure
for | N/N| times to get an advantage over regular additive strategy with N-qubit product
probe states. Note that, if N < N then we have to perform N-qubit NITDM to get higher
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value of FI over the regular stratgey.

To demonstrate, for ¢ = 0.99 and ¢ = 0.95, the maximum values of FI, FJ are 3074.72
and 116.77, respectively, achieved at N = 170 and N = 34 in the NITDM scheme, while
the maximum values of per qubit FI, F¢/N are 27.46 and 5.51, achieved at {FJ, N} =
{1894.5,69} and {49.68,9} respectively. For a fixed number of qubits N = 1000 qubits
and noise level ¢ = 0.95, employing the NI'TDM with N = 9 qubits for 111 repetitions
yields an effective Fisher information of 111@3:0'95 = 111 x 49.68 = 5514.48, surpassing
the QFI achievable with a standard 1000-qubit system under the same noise conditions,
QU=095R) — Ng2 = 1000 x 0.95% = 902.5. Similarly, for ¢ = 0.99, we can perform NITDM
strategy with N = 69 repeatedly for 14 times to get the best possible result 14}"3:0‘99 =
26523 > Qéqzo'gg’R) = 980.1. This demonstrates a notable performance gain compared to
the regular strategy in low-noise regimes. While the superiority of NI'TDM is demonstrated
for a specific parameter 6 in low noise regions, appendix 7.10 provides evidence that this

advantage holds true when averaged over the parameter space of 6 as previously defined.
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Chapter 5

Capacity Enhancement with

Supermaps

5.1 Quantifying Quantum Communication

Quantum information theory has its roots in Shannon’s ideas. The theory’s core is the use
of quantum physics for information storage, transmission, decoding and encoding purposes
[97, 98]. The discipline has shown a wide array of promises in this regard with the availability
of protocols such as quantum teleportation, which allows the sharing of quantum states by
classical bits of information and a pre-shared entanglement, as well as super-dense coding,
which allows sharing significant amount of classical bits (upto two bits) with one qubit
transmission and a pre-shared entanglement. In particular, one of the major principles
in communication theory is that of capacity, which quantifies the amount of information
that can be transmitted using quantum/classical states and channels. Here, we give a brief

overview of the literature on quantum capacity.

Consider a simplistic scenario where Alice wants to send some information to Bob, and she
has access to a single qubit. She can prepare the qubit in state |0) for message a;, or she
can prepare it in state |1) for message as. Bob can then measure the qubits in the basis
{]0),]1)} to which they agreed prior to establishing the communication, from which he can
infer the message. Notice that Bob’s ability to distinguish the states from an ensemble allows
communication. Now, this protocol can be modified in several ways. While this protocol

serves to share classical information and will thus be quantified by the classical capacity, one
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could wish to share qubit states, which is quantified by quantum capacity. Similarly, the
amount of information that can be sent privately is estimated by private capacities. Lastly,
one can wonder about scenarios like dense coding where the parties in question possess pre-
shared entanglement, which is quantified by entanglement-assisted or dense coding capacity.

Ref. [99, 100] provides a brief overview of these scenarios and the involved capacities.

Coming back to our original example. If Alice is encoding message ¢ with probability p;
by preparing density matrix p;, and the states are perfectly transmitted to Bob. Then, the
density matrix of the ensemble with no information of Alice’s choice is p = ). p;p;, while the
density matrix of Bob’s ensemble with information of Alice’s choice ¢ is p;. The information
content of a message encoded in quantum systems is quantified by Von Neumann entropy .5,
with S(p) = —Tr(plog, p). For the example above, when Bob receives states |0) or |1) with
probabilities py; —1/2 and thus the ensemble 1/2 its entropy is — Tr(I/2log, I/2) = 1. That
is, one bit of information was transmitted. The quantifier of the classical communication
between two parties is that of mutual information, which would depend on Bob’s choice of
measurement; when optimised over all possible measurements, this gives accessible informa-
tion. It can be shown that accessible information is upper bounded by the Holevo quantity
x(p) = S(p) — >, piS(p;) for ensemble p = {p;, p;}. Thus, the Holevo quantity gives a
measure or upper bound on the amount of information that can be transmitted through an

ensemble.

Typically, however, these communication channels A/ are not perfect and may impart some
noise to the ensemble. To counter such possibilities, the notion of classical and quantum
capacities of noisy channels was formulated. The classical (quantum) capacity of a noisy
channel NV is defined as the maximum number of bits (qubits) one can reliably transmit
per usage of channel A in the asymptotic limit of many parallel uses. For this, Holevo

information of the channel is defined as

o

X(N) = max | S(N(p)) — sz-S(N(m)) : (5.1)

where p = ). p;p; and optimisation is done over all possible ensembles.

From the HSW theorem [101, 102], the classical capacity of the channel is given by
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C(N) = lim x(N®")/n (5.2)

n—oo

with the Holevo quantity being super-additive, this gives a lower bound C(N) > x(N).

Similarly, for quantum capacity, coherent information of the channel is defined as

IoN) = maxV(WN, p), with VN, p) = S(N(p)) = SV @ Z(|¥,) (¥,])),  (5:3)

where |U,) is the purification of p. From the LSD theorem [103], the quantum capacity of a

channel is given by

QN) = Jim ZuoN") . (5.4

Like Holevo quantity, coherent information is also super-additive in tensor product. Hence,
one has lower bound Q(N) > Z,(N).

One can now begin to quantify the limits of communication of various quantum channels.
In general quantifying the capacities is hard because of the asymptotic limit consideration.
However, numerical methods exist for calculating Holevo bounds and coherent information.
Since capacity is vital for communication tasks, enhancing capacity with the help of su-
permaps is a valuable goal in quantum communication. One can imagine the following
situation: Alice wants to communicate with Bob by sending quantum systems via quantum
channels. A third party, Charlie, manages the communication network and has to resolve
the communication issues. There may arise a network breakdown where the channels from
Alice to Bob become particularly noisy, reducing the communication capacity. Can Char-
lie employ supermaps over those noisy communication channels to improve communication

capacity? This is possible, as we elaborate in the next section.

5.1.1 Capacity Enhancement with Quantum Switch

Let us suppose that in the communication network proposed earlier, the network breakdown

is so severe that a completely depolarising channel (CDPC) [97] is acting between Alice and
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Bob N(p) = I/2. While it can be easily inferred that combining such channels in definite
causal order would still give a zero capacity channel, In Ref. [10] the authors demonstrate
that the quantum switch supermap can be employed over a pair of such CDPCs and the

resulting channel has a finite non-zero capacity.

Charlie

Figure 5.1: Employing quantum switch for capacity enhancement. Charlie uses the
quantum switch supermap on a pair of CDPCs. The resulting channel has a finite capacity
of 0.0488.

Therefore, CDPCs in an indefinite causal order can provide capacity enhancement, a phe-
nomenon termed 'causal activation’. When the control qubit is fixed in |+) (+] state and the
noisy channel is relaxed to a depolarising channel N'(p) = (1 — p)p + pI /2 then the output

state is evaluated as

2 2 2 2

2p(1 —p) p p
out _ 1-p)p+ L ptr Lra 2Py —1e | 21— 25| 5.
p [4+) {(+ @ | ( p)p+2d2p+ sl T g + =) (= ® 5q! ~ 5P (5.5)

Now, we state the labelled random channel theorem from Ref. [42]. “If there exists a fixed
ensemble which achieves the Holevo quantity of all the channels N}, the Holevo quantity for
the channel with output state »_, |k) (k| ® ppNi(p) is equal to >, prx(Nx). Moreover, if
the individual channels A, are Holevo additive, then the obtained Holevo quantity is also

the classical capacity of the channel.”

Note that the above theorem is valid for all qubit d = 2 channels with output state
Sou k) (k] @ pNi(p), where Ni(p) = arp + Bip” + Yl where sgn(ay * i) is same for
all k. When sgn(ay * i) = +1 the common optimal ensemble is {(|0) , |1)), (1/2,1/2)} while
for sgn(ay * Br) = —1 it is {(|+i),|—1)),(1/2,1/2)} where |+i) = (|0) £ i|1)), moreover
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these N}, are unital and qubit unital channels are Holevo additive. Employing this theorem
for the output of the switch above, we see that the Holevo quantity is achieved for ensemble
{(]0),]1)),(1/2,1/2)} which also gives the classical capacity. We plot the capacities in Fig.
5.2.

1.0
— DPC
Switch o DPC
0.8
_0.6
2
©0.4
0.2
0.0 —_—
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.2: Capacity of regular depolarising channel and causally activated depo-
larising channel. While in the low noise regime, switch is doing worse, in the high noise

regime, especially at CDPC quantum switch is providing a higher non-zero capacity.

In some sense, the convexity in the graph of Switch o CDPC also points out competition
between capacity enhancement due to switch, which seems to be increasing with p, and the
decay in capacity due to Depolarising noise. Indeed, in Ref. [12, 16], the non-commutativity
of the associated Kraus operators of the channels is proposed as the reason for the advantage
and the probability of measuring control in |—) (—| state, caused by the non-commutativity
is given as the advantage measure. The non-commutativity and the advantage measure
increases with p while the capacity decreases with p. Another method to infer the same is
to employ the labelled random channel theorem. The total capacity is the sum of capacities
attained from the |+) (4| and |—) (—| branches. While the value associated to |+) (4| decays
with p, the value associated to |—) (—| increases and provides a non zero value at p = 1.
From the theorem, this capacity enhancement is directly proportional to the probability of

getting the |—) (—| state; hence, one can quantify the enhancement with this quantity.

Along with these results, quantum switch has also shown applications in quantum capacity
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enhancement [11, 15]. Moreover, quantum N-switch, which coherently controls over N opera-
tions with a control qubit of dimensions N!, has also shown similar advantages [15, 17]. Par-
ticularly illustrative is the application of the categorical quantum mechanics / diagrammatic
approach to this problem [14], which demonstrated the optimality of cyclic permutations in

the N-switch case.

5.1.2 Capacity Enhancement with SDPPs

While processes with indefinite causal order, such as quantum switch, can provide capacity
enhancement, are these the only supermaps that can do so? In particular, is ICO necessary
or sufficient for such enhancement? In Ref. [62], the authors define a class of supermaps
called superposition of direct pure processes (SDPPs), and demonstrate that such supermaps

can also provide capacity enhancement while being definite casual ordered.

In particular, they define direct pure processes as those pure processes, e.g., where process
matrix W is a rank one projector, which takes input maps M, and Mp and outputs a quan-
tum channel of the form X o M4 0)Y o Mp o Z where all the input and output dimensions
are the same d. If |w;) are the Choi vectors of direct pure processes then SDPPs are defined
as those process matrix with Choi vector \/LE Zf |i) |w;) where |7) is the control qubit. Trans-

formations with coherent control on causal order are SDPPs, for example quantum switch is
an SDPP with expression \%(\O) |1C1ALY )| 142B1)) |1 B2C2))) \%(\1) |1C1B1Y )| 1 B2Ar) ) |142C2))),

Can SDPPs with definite causal order provide capacity enhancement? Yes. Specifically
the SDPP —=(]0) [19741))[24250)) [15262)) ) + —o([1) [ X9 4))[14254))[152C2)) ), which has a
definite causal order, can provide a capacity of 1. When the target qubit is initialized to
|£), the final control becomes |+) due to phase kickback from the target.

5.1.3 Capacity Enhancement by Coherent Control

In Ref. [104], the authors provide another method with coherent control over a channel that
enhances capacity without employing ICO. They propose a photonic setup called ”Half-
Switch”, as in Fig. 5.3, which coherently controls the usage of channels M 4 and Mg using

polarisation beam splitters.

The outcomes do not violate the impossibility of arbitrary coherent control [105] because,
in reality, the transformation is being applied to a subspace, and the calculations do not

consider the vacuum state that passes through one channel while the photon passes through
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the other. It is argued that such passing of vacuum state provides information on the
specifics of channels undergoing coherent control; hence, they are no longer arbitrary. Further

considerations on the issue of coherent control were discussed in [106].

Figure 5.3: Half Switch Circuit. A photon with state p ® |+) (+|p,, enters the circuit
through left. The polarization beam splitters (white diamonds) coherently control the pas-
sage of photons according to the polarization state. Since the polarization is in superposition,

the photon passes through the channels M, and Mg in superposition.

The output of the resulting channel can be found by dilating the channels M4 and Mp
on their respective environments. Surprisingly, the output state depends on the Kraus
implementation and environment states. If the input state is |[+), ® |¢) ® |E4) ® |Ep) with
|Y)) being the system and |E4) and |Ep) being the environment, then the output system
state reads | [0) (0], ® Ma [v) (] + 1) (1, © M) (][ /2 + [10) 1], ® T ) (@] T3 +
1) (0], ® Tz ) (¥ 7;1} /2, where Ty = S (Eali)Ma,; and Tp = 32,(Epli) Mg, are termed

as transformation matrices.

Plugging completely depolarising channel here gives 1./2 ® 1/2 + w ® TpTT with
T = > ,0:/4 with 09 = I/2 and 0753 being Pauli matrices. This clearly depends on the

input state and provides a finite capacity of 0.16, higher than switch capacity enhancement.

5.2 Communication as a Resource Theory

The above results have shown that resources other than the quantum switch could also aid
in the capacity enhancement of a CDPC. However, so far, there has been no uniform and

systematic manner to discuss these resources. This problem was resolved in Ref. [13], which
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defines communication as a resource theory with supermaps as the available resources. The

formalisation is done as follows:

e Two sets of channels are defined, those which can be made available to communicating
parties by the communication provider, termed as unplaced channels C,,,; and those

which are available to the communicating parties, termed as placed channels C,,.

e A resource theory of communication is defined in line of Ref. [107], by the set of free
supermaps Sfree C S, which is closed under the composition of channels and their
tensor products. These contain (i) supermaps from unplaced channels to unplaced
channels S, (ii) supermaps from unplaced channels to placed channels S,,,, and

(ili) supermaps from placed channels to placed channels S,,,.

e Moreover, there is an additional constraint of No-side channel generation, otherwise
one can always swap the noisy channel with one which provide an identity channel
between communicating parties, making the theory trivial. The side channel generating
operation is defined as a supermap S such that there exist two free supermaps S; and
S, such that for all input channels Sy 0S o8 (N, -, Ny) = C where C has some finite

non-zero capacity.

e Now, standard quantum Shannon theory is one such instance of such a resource theory,
where free operations are generated from compositions of basic placement: Spjuee(N) =
UoN oV where Y and V are unitaries from placed (unplaced) to unplaced (placed)
systems, encoding supermap Senee)(C1 ®@ -+ @ Cp) = (C10E) ®Ca®, - - -, RCy, repeater
supermap Syep(r,) (C1@- - @Cr) = C1®, -+, @Cre1 @ (Crng10R0C,) DCrta®, - - -, RCy,
and the decoding supermaps Sgecp)(C1 ® -+ @ Ci,) = C1 @ Co®, -+ , (D o Cy).

e Generalised capacity of the channel N can now be defined as the maximum number
of bits one can reliably transmit per usage of channel N by performing free operations

from Syree.

With such formalisation at hand it was shown that theories with coherent control or quantum
switch included in the set of free supermaps form a valid resource theory of communication
as the no-side channel generation condition is satisfied. While the theory involving SDPPs
is invalid since it allows for side channel generation. Furthermore, resource theory with
coherent control of operations requires vacuum extended channels [13], which are costlier

resources than genuine ICO.
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5.3 Capacity Enhancement with Quantum Time Flip

In Ref. [42], Liu et al. presented the applications of quantum time flip supermap towards
capacity enhancement, consistent with the resource theory of communication. They consider

a protocol involving Alice, Bob and communication provider Charlie as given in Fig. 5.4.

Bob

Alice

Charlie

Figure 5.4: Flip capacity enhancement protocol. Alice encodes her ensemble {p;, p;}
which is passed to Bob through a Depolarising channel DPC p + (1 — p)p + pI/d under
quantum time flip. The communication provider, Charlie, prepares the control in |+) state
and measures it after the action of time flip. The output target state and the classical
result of the control measurement are then sent to Bob, who can reconstruct the outcome of

quantum Time flip for transposition invariant channels.

The output state with Charlie, after the application of quantum time flip, is

+) (+ @ (1—p)p+2%pT+%I} +]-){(~l® {%I—%f] (5.6)

Although Bob measures the control qubit, it is shown that for transposition invariant chan-
nels C, e.g., those for which there exists a Kraus decomposition with CI' = +C;, the state
can be effectively reconstructed so that Bob can have the state of Eq. (5.8). Using the la-
belled random channel theorem which was introduced in the same work [42], the capacity is
obtained by Y, prx(Ni) where x(N}) is obtained for ensemble {(1/2,1/2),(]0),|1))}. The
attained capacity values and their comparison with switched and regular DPC capacity are

plotted in Fig. 5.5. For a completely depolarising channel, the attained capacity is ~ 0.3113
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Figure 5.5: Capacity of regular depolarising channel DPC, DPC under quantum
switch and DPC under quantum time flip. Quantum time flip provides the highest
capacity enhancement in all regions. While switch had an adverse effect in low noise regions,
no such effect is seen for a flip. The quantum switch takes two DPCs, and the quantum time

flip only takes one.

Similar enhancements are also seen in quantum capacity as well. The work also presents

classical capacity enhancement for dephasing channels by distilling them.

5.4 Capacity Enhancement with the Combination of
Flip and Switch

In their closing remarks, Ref. [42] seeks the potential communication advantages in scenarios
where both the input-output / time direction and causal order are subject to indefiniteness
among multiple parties. The first step towards treating the most general scenario would be
to identify the potential capacity enhancement in the presence of both quantum switch and
quantum time flip and carry on from there. In this section, we present our numerical work

on identifying such advantages.

In particular, we numerically calculate Holevo bounds for cases with compositions of quantum
time flips and quantum switches. The optimization is done by generating four Haar uniform

qubit states and 4 random probabilities to create an ensemble and optimize the quantity
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X(N) = max | S(N(p)) — ZpiS(N(pi)) : (5.7)

m

The qubit states are generated by randomly generating two qubit pure states and tracing
them out with respect to one subsystem. Then, the sequential least square programming
(SLSQP) method is used from Python’s scipy optimize package. The validity of the method
is confirmed by retrieving the known curves for Switch and Flip capacity enhancement. For
the composition of Flip and Switch (see Fig. 5.6), the controls of both the supermaps are
fixed to be in |+) (4| with the communication provider akin to the quantum time Flip case,

and the resulting channel from one supermap is fed to the other supermap.

Charlie

Figure 5.6: Switch o Flip and Flip o Switch strategies for capacity enhancement.
The quantum time flip and quantum switch are composed keepeing the controls in a fixed

state. The capacity enhancement for these circuits is evaluated numerically.

In Fig. 5.7, we observe capacity as a convex function of p, which is justifiable because of the
argument given for the Switch composition case. At p = 1, at CDPC input, the enhancement

acquired by the composition of quantum time flip and quantum switch is 0.5 for Flip o Switch
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and ~ 0.569 for Switch o Flip.

1.0
—— DPC
—— Switch o DPC
0.8 — Flip o D.PC
— Flip o Flipo DPC
—— Switch o Switch o DPC
0.6 —— Switch o Flip o DPC
— Flip o Switch o DPC
2
UQ.
0.4
0.2
0.0 e
0.0 0.2 0.4 0.6 0.8 1.0
p

Figure 5.7. Capacities enhancement due to different quantum supermaps. At
p =1, eg., at CDPC, the highest capacity enhancement is achieved by conjuction of Flip
and Switch, e.g., by Flip o Switch and Switch o Flip supermaps.

The obtained advantage is higher than any composition of quantum time flips, and quantum
switches can provide alone. For quantum time Flip, more than one composition simply
results in one more qubit controlling the time direction. For instance, for two time flips, the

output state reads

4 (4 e 1=t Do+ Bi 41 oy -le | B 2|, )
which has the same capacity enhancement as is also visible from the plot above. Hence, the
highest capacity enhancement for CDPC with the composition of N quantum time flips is
0.3113. For the composition of N quantum switch, note that the composition of N number
of switches gives a channel which is a subcase of 2V!— switch, e.g., one which controls the
order of 2V CDPCs. After all, the composition of N switches in the manner above would
only give a particular set of permutations on the order of 2% CDPCs. In Ref. [15], the
authors provide the capacity for N switch at large N. Which is
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CN) = log(g—jl) - (1 - é) log(l - %) - élog<1+%l> —0((1 - %) 1Of;VN).(ag)

The maximum is obtained at N — oo and d = 2, which comes out to be 0.3113. Interestingly,
both flip and switch compositions saturate to the same value. Moreover, that value is
still lower than possible with the compositions of a single quantum time flip and switch.
Retrieving the optimal ensembles for the conjunction case, we obtain that after the kinks
ensemble {(1/2,1/2),(|+i),|—i))} and before the kinks ensemble {(1/2,1/2), (]0),|1))} are

optimal. This is unlike other cases where a single ensemble is optimal for all values of p.

Working out the output states and Holevo bounds for the conjunction of quantum time flip
and quantum switch becomes particularly cumbersome with linear algebraic methods with
the growing number of operations. Instead, diagrammatic methods similar to Ref. [14] can
be employed to calculate these states. With diagrammatics, a thorough analysis can be
done on what compositions are optimal and the analytical reasons for the higher capacity
enhancement when a conjunction of flip and switch is employed. This is a task for a future

work.
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Chapter 6

Conclusion

We have surveyed higher-order quantum operations, specifically those with two idiosyncratic
properties, indefinite causal order and indefinite time directions. In particular, we studied
the properties and interpretations of the quantum switch supermap and the quantum time
flip supermap. We reviewed quantum metrology and [CO-assisted metrology and consid-
ered optimizations of metrological protocols, where we reproduced existing results in the

literature.

In chapter four, we incorporated the concept of an indefinite time directed encoding process
in the framework of quantum metrology to enhance the precision limit of parameter esti-
mation beyond the standard quantum limit (SQL). To accomplish a higher precision than
the SQL, referred to as the Heisenberg limit (HL), the conventional parameter estimation
strategy relies on an entangled input probe, along with unitary encoding and multi-qubit
measurement on the encoded state for decoding. In contrast, we demonstrated that achiev-
ing the HL is possible by employing unentangled input probes with discrete energy levels
provided indefinite time directed encoding (ITDM) is performed. Specifically, we proved
analytically that the symmetric product probe state is sufficient to reach Heisenberg scal-
ing among all possible multiparty input states, although entangled input probe states can
increase the precision of parameter estimation compared to the separable probe ones. Fur-
ther, in some instances involving product probes, the bidirectionally encoded state remains
a product state, indicating that entanglement is not generated throughout the protocol even
after the global time-flip operation and, therefore, is unnecessary. Fixing the measurement
on the control qubit, we illustrated that in the limit of small parameter values, both the

input probe and quantum Fisher information (QFT), which provides a lower bound on the
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precision, are independent of the parameters involved. We also examined the impact of noise
on a single-qubit scenario and assessed its advantages in certain cases over the “switched”
(based on indefinite causal order) and conventional metrology protocols. Additionally, we
discussed strategies for achieving higher Fisher information in noisy multi-qubit scenarios,
in comparison to the regular scheme. A coherent superposition of arbitrary unitary trans-
formations and their time-reversed counterparts can be experimentally simulated using an
optical interferometer, as described in Refs. [43, 46]. Therefore, we believe that our proposed
protocol is experimentally feasible and can be used to validate the Heisenberg limit of root
mean square error utilizing a bidirectional encoding process without entangled probes, which

are fragile to produce in laboratories.

Our results pave the way for the metrological utilization of quantum time flips in the
discrete-variable regime. Going forward, it will be fascinating to explore the behaviour of
QFT in the presence of noise using other estimation procedures such as parallel, adaptive, and
indefinite-causal-order approaches [22, 26, 29] in conjunction with indefinite time direction.
To determine whether time flip or more generic indefinite time directed [40] techniques
outperform typical quantum comb or indefinite-causal-order systems, their hierarchies must
be rigorously classified and evaluated, possibly using semi-definite optimization techniques
[22, 26, 29, 71, 72].

We surveyed the existing literature on capacity enhancement with supermaps. After pro-
viding a brief introduction to quantum capacity, a study of capacity enhancement using a
quantum switch is provided. We also reproduced the major results using recently introduced
labelled random channel theorem and analyzed the qualitative behaviour of the graphs. We
reviewed capacity enhancement with SDPPs, coherent control, quantum time flip, and the
resource theory of quantum communication, putting all the enhancement literature in a

general framework.

Finally, we numerically estimate the possible capacity enhancements with the conjunction of
quantum time flip and quantum switch, showing that the available enhancement is strictly
higher than any number of compositions of switch and flip alone. We comment on the newly
observed behaviour of capacity vs noise parameter graphs. The results we derive provide
the first steps in analyzing possible capacity enhancements using the broadest possible set of
supermaps, namely those involving I'TD and ICO. The possible future steps in this direction
involve utilizing diagrammatic methods in line with [14] to determine the optimal usage

and conjunction of the two supermaps. Moreover, it may also help determine the analytical

58



reasons for the observed higher capacity enhancement. We also suspect that the analytical
expressions for the obtainable capacities can be obtained via generalizations to the labelled

random channel theorem.
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Chapter 7

Appendix

7.1 Calculation of QFI for a general Product state

In the case of the product probe state, from Eq. (4.2) in the main text, we have

6 =7 = vEDe X (W@ )+ vI-nin e Y (16 @l ).

J#i J#i

Therefore, we can write the inner product of \<I>> with itself as

N N N N

(@ID) = pe | D_0hin) + D Gaebxw) 0G1xs) | + (1 —pe) | D (@rlion) + > (rloi) (wjliy)
—1 ]31;21 k=1 j]l;:kl

(7.1)

On the other hand, we have

(D|0) = Z(Xk\Xk (1—pe Z W |wg). (7.2)

k=1
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Defining

(Xelxe) = ar,  (XelXr) = [Xxl,
(Wrlwr) = Br,  (Wrlwr) = [wil, (7.3)

we can rewrite Eqgs. (7.1) and (7.2) as

(D) = Z|Xk|+zak0é + (1 —pc) Z|Wk|+26k/6 7

J,k=1 k=1
J#k J#k
and
N N
(DIB) =pe Y an+(1—p) > B, (7.4)
k=1 k=1

respectively. Finally, we calculate the QFI corresponding to an arbitrary product probe state

as shown in Eq. (4.4) of main text.

7.2 Proof of Theorem 1

N N
Qavg—QA:zx[pc (zmuw—nzakaz) 1 p) (Z\wm —1>zm;>
k=1 k=1 k

i

k=1

[ (Z!mHZZw) (1-pe) (ZI%HZZ&B)

k=1 j#k k=1 j#k

_pczak+(1_pc)2/6k
k=1

peav, + (1 — pc)ﬂkr]

N
= [ ( -1 Zozkak Zz&ka§>+(1—pc< —1Zﬁkﬁk ZZ&B)
k=1 j#k k=1 j#k
N N 2 N 9
Hpe Y o+ (L=p)Y Bl =N pcak+(1—pc)ﬂk‘]
k=1 k=1 k=1
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Il
Mz

N N N
Z ROy + G — o a]ak +2(1 —p. ZZ BeBr + BiB; — BeB; — 53‘5;::)
j=1

k=1 j=1

B
Il

1

=

+
o
Mz

(P2oecss + (1 = pe) BB + pe(1 — pe) Becr) + pe(1 — pe)aw3))
1

i

17
N

—4AN Y (prowa, + (1 — pe)? BB + pe(1 — pe)awBi + pe(1 — pe) Brary) (7.6)
=1

N N N N
= ANp(1=pe) > agay +ANpP(1 = pe) Y BBt — 4pe(1 = pe) D Y o]
k=1

k=1 k=1 j=1
N N
—dpe(1—pc) Y Y Bl
j=1
N N . N N N
+4p.(1 — p.) Z Z o35 + 4pe(1 — pe Z Z Bra; — 4Npe(1 - p) Z axf;,
k=1 j=1 k=1 j=1 k=1
N
_4Npc(1 - pc) Z /Bkaz (77)
N Nk:1 N N
= 4Np(1-p.) (Z o + > BBr— Y B — ﬁkaz;)
k=1 k=1 k=1 k=1
N
me%ZZ%HZZM ZZW—ZZW)
k=1 j=1 k=1 j=1 k=1 j=1 k=1 j=1
N N 2
= ANp(1=pe) Y o = Bel* = dpe(1 = pe) | Y ax — | >0 (7.8)
k=1 k=1

where the last inequality is due to Cauchy—Schwarz inequality.

7.3 Proof of A+ B <1 in Theorem 3

The sum of coefficients A and B is calculated as
A+ B = 1-n3(1—2p,)*+4{n; cosb, + ny(2p. — 1) sinb,}
x [n3(1 — 2ps)\/ps(ps — 1){n1 cos O + na(2p. — 1) sind}|.  (7.9)
To maximize A + B with respect to the parameter p. we calculate
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A+ B
o( 8;‘ ) = 8ngy sin 0, {TLg(l — 2p5)V/ps(1 — ps) — 2ps(1 — ps) {1 cos b, + na(—1 + 2p.) sin b, }(7.10)
A+ B
SOlVing M = O we get
Ope
1 1 —1 + 2p, 0,
Pe=5 = 5§ 2mcotfs + na(—L+ 2p) esefy | _ 2. (7.11)
2 ps(1 —ps)
Now, the 2nd order derivative is given by
0*’(A+ B
(ap—z ) - —32n§ps(1 —Ds) sin” 0 < 0, (7.12)

for —1 < ny < 1,0 < ps < 1 and O # 2mn where m is any integer. Finally, the maximum
value of A + B is given by A + BJ, — = 1.

7.4 Axis Estimation with ITDM

The 2 x 2 unitary matrix is given by
0
U = exp {—z’§(sin¢>cos§ 0y +singsing o, + cos ¢ az)} ,

- [ cos (3) — i cos psin (3) ~icos¢sin¢sin (3) — sin ¢sin ¢ sin @'}‘3)

—i cos € sin ¢ sin (g) + sin ¢ sin € sin (g) cos (g) + 7 cos ¢ sin (g)

where 6 is the phase and ¢,£ are the parameters of the axis of rotation of the unitary
matrix. We aim to estimate ¢. According to corollary 2, we initialize the input state as
|US) = Jibe) [)*Y where [¢) = /b5 |0) + €% /T — p, |1) with 6, € [0,27] and p, € [0,1] and
|the) = /De |0) + €% /T = p.|1). In this scenario, we find that

a=(x|x) = i[(1/2—p8)sin¢sin9 ps(l—ps)cosﬁs<sinf—cosﬁsin§ —l—cosgbcosfsinﬁ)

+/ps(1 —ps)sin08< —cos& + cosfcos + Cos¢sin§sin9>

b

g =(ww) = i[(l/Q—ps)sin¢sin9+ ps(l—ps)c0895<c08981n¢—Sin§+cos¢cos§sin9)
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++/ps(1 — ps) sin95< —cos& + cosfcos& — cos¢sin§sin9)],

5 0

57 |W| = (w|w) = Sin2 a)

K= (i) = sin :

where the dot represents the derivative with respect to ¢. This gives a QFI of Q, = AN? +
BN, where

A=dp(1=p)la—B2 B=4[p(ldl = laf) + @ =p) (el - 182)] (719

By optimizing A with respect to the state and unitary parameters we get pc;rsl%zw A=14at
pe=1/2, ps =1/2, 0, =7, £ = /2, § = 7 which in turn gives B = 0. Thus, we get a
quantum Fisher information of Q4 = 4N?. Tt is easy to see that for any AN? + BN and
CON? 4+ DN with A > C implies AN?2+ BN > CN? + DN for all positive integer value of N
ifft A+ B > C + D. Numerically optimizing A + B indeed gives us a value of 4. Therefore
the particular parameters employed provide us with the maximum value of QFI, Q, = 4N?
with optimal pure product states and optimal unitary parameters. In a similar manner, we

can also calculate that optimal Q¢ scales as N 2,

7.5 Spectrum of UgUQT

UIUT is a unitary matrix, satisfying UJU7 |u(f, 0)%) = exp (£if(ny, 0)) |u(n, 0)F). Here,
f(ng, 8) is given by

4n}sin® ¢ (1 — n3sin® %)
f(ng,0) = tan™" \/ 57 . (7.15)
1— 2n2 sin” 5
The eigenvectors can be expressed as
6)10) + |1
u(i, o)) = £ L0 + |>7 (7.16)
\/ 1+ [g%(n,0)[?

where

2n1ng sin? ¢ T \/471% sin? ¢ (1 n3 sin? Q)
g (1, 0) = 2 ’ . (7.17)

—2n9n5 sin? g — ins sind
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7.6 FI for small values of 6§

For small values of § = 6 we consider up to 2nd order correction, i.e., by ignoring 0(6%).
This approximates Eqgs. (4.26) and (4.27) in the main text as r(v) ~ 1 — n26(1 — s7)/2

and f(v) & nas,f — n26%(nss, — nys.)/2. Consequently, we have 7(v) = n30(1 — s2) and

f(v) =ngs, — TLQé(TLgSw —n18,). Putting these values alongwith 6. # 0 in Eq. (4.21) in the

main text we get

n3(1 — 55)92)21\[_2

5 o~ N?(1-—
7 ( .

— On3(1 — s2) cos <N{ngsy§ +0(0*)} + «96>

_ (1 _ w) (nzsy + @(9)) sin (N{msyé + 002} + 90> 2

Y

/ _1 — (1 - w) - cos” (N{ngsyé +O(0*)} + 66)

n3(1—s;)0°
2

Q

N?| —0n2(1 — sz)(cos 0. — {Nnys,0 + O(6*)} sin ec) - (1 -

sin 6,

X (msy -+ 0(0)) (sin 0. + N{nys,0 + O(6*)} cos 0, — N?*{nys,0 + 0(92)}2>] 2

/ [1 - (1 — Nn3(1 — s§)§2> (C082 0. — N{nys,0 + O(6?)} sin 26,

—N?{nys,0 + O(6*)}? cos 29,3)]

222 i02
N*njs; sin” 0.

1 — cos? 4,

Q

= 23N>, (7.18)

On the other hand, with 6. = 0 we have

21_2§2 2N -2 ~ ~ 1_2~
F; ~ N? (1 _ nQ(—sy)) — On3(1 — s2) cos (Nn25y9 + (9(92)> - (1 - n2(—8y

2
Sy

X oS> <N{n23y§ + 0(92)}>] ;

x (ngsy + o<9)) sin (Nnas, 0+ 0(6%))

. . 2
N2 (—97@%(1 —s2) — Nnjsif — 0(92)>
1—(1— Nnd(1—s2)02)(1 — N2n3s26%)’

~
~
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N2nio? (1—s2)+ N5§)2
Nn262((1 — s2) + Ns2)

= Nnj (1 —s2) + Ns2) = songN? + (1 — s2)nsN7.19)

Comparing Eqs. (7.18) and (7.19) it is evident that 6. = 0 is the optimal scenario. However,

0. # 0 scenario also attains Heisenberg scaling.

7.7 Proof of Theorem 6

A general N-qubit state can be written as
2N
=Y AilA), (7.20)
i=1

where (i — 1) is the decimal equivalent number of the ith basis vector |)\;), represented
in binary number. For example, the decimal equivalent number of the basis state |Ag) =
|0>®N*1 ®|1) is 1, where |0) and |1) is just the representation of qubit basis. Decomposing
|\;) as ®j\[:1 |4%) where |4%) is the ith basis state for jth qubit with (¢¢|¢%) = 6y and
2 }1/1; ><w;| = [, we rewrite

- ZA(X) i) . (7.21)

The encoded state can be written as
N

:ZAi <\/p—c‘o>®lxé>+ewc‘ q—pcy1>®]w§.>), (7.22)

where |X§> = Uy |1/1;> and ‘w;> =UJ W;> To calculate the QFI, we find the derivative of
Eq. (7. 22) above with respect to parameter f which is given by

ZA VpdO) @ (Z!xm ® \x§>)+e”aﬂu>®<nﬁ\wa><§>w§>)].
T

J=lj#m

Therefore, we have
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N  oN

WE

(@10) = S At e 3 {0k TTOGRG + Dotk i TT iy }
i=1 k=1 m=1 jF#Em l#m j#m,l
N
+(1=p) D {ah o) TTwhlwd) + S (@hloi) whloh) TT <w;-f|w;‘->}],
m=1 jF#Em l#m j#Em,l
N 9oN N ‘
— ZZAl zpcz< Hak1+zak1 zk*H fz)
i=1 k=1 m=1 Jj#EmM l#m j#Fm,l
N
(1 - pe) Z (w’ S | | b;?i)]. (7.23)
=1 jF£Em l#m j#Em,l

where

(e = Xk, <xj\><j>—a’“

sk ki k _ pki
XmXim) = ams {wylw)) = 5. (7.24)

Now, [(®|®)|? being a positive number we have

2N 2N
Q, < 4ZZAA* paZ( Hak1+zak1 ik H ?:z)
i=1 k=1 jFEm l#m j#m,l
N
wo N gm j#ml
= Q.

itm b;“ are the products of the

inner products of N —1 of the qubits. Since Uy and U] are both unitaries they preserve inner

products, i.e., af’ = b} = <¢ﬂ@/)§> = d1;. Hence, given a value of m, [],,, akt = [1im bt =

0, if the qubits in |\;) and ()| differ in more than one position. Similarly, if the qubits in
[A;) and (Ag| differ in more than two positions then the terms [],, b5 =[], ., af" = 0

To simplify Qg we observe that the terms [] itm af’, and ]

aj
for a given pair of values m and [.

We define, ng , which involve contribution from N-qubit basis states where qubits differ in
X number of positions only. Therefore, we can write Qg = Z§ 0 ng However, from the
above discussions, we have Q = 0 VX > 3 which implies Qg Z X—0 QX So we have to
calculate only 99, Q) and Q2.

e Upper bound of Q% A pair of N-qubit basis states, |\;) and |)\;) which differ in
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exactly two qubits is given by the condition j = i @ 2F ® 2! with k # [. Now, we can
write

2NN N
~2 o i®2k i “@d* i@dl i i,i@2kx
Q = 4§ :E ,E :AA1@2’€@21 ( +a Tay
l 1

=1 k=1

+<1 —pc)( i®2k i lz,i@dl* +ﬁ;@dl’iﬁgi®2k*> (7.26)

Since for any complex number, z we have z 4+ z* < 2|z| and | >, z;| < >, |2, we can

write
2NN N
32 1028 ii2tx 102l 4,102k«
Q = 4§ :E :§ :|A Az@zk@21|pc< ) Tl oy
=1 k=L =1
2NN N
i®2F i i iP2l iB2h 0 Hi,iP2k *
+ 4ZZZ|A Az@zk@21| )( ! + 15 A (7.27)
=1 k=L =1
. ik ; id2k 4 . . . .
Now, if max|a;” | = A and max|3,°° | = B, where maximization is done over

|Ai) s (Aigor| and parameters of the unitary by which encoding is performed, then

Qz S 8(pc-/42 1 - pc 82 Z Z ZA AZ@Qk@Zl (728)
k=1 I=1 | i=1

Defining A = {A1, A, ..., Ay} as the coefficient vector and {k, [}-permuted coefficient

. . 2N
vector as Ay = {Aigorgar, Aogoraat, - s Aneorgn ) We can write | >0 AjAY e 0

A~ K < \/|& - KJ|A7, - Ary| = 1. This implies
N N

Q2 < 8(peA*+ (1 —p.)B?) 1 = 8(peA? + (1 — po)B*)N(N —1). (7.29)

k=1

=1
1#k

e Upper bound of Qé: A pair of N-qubit basis states, |A;) and |\;) which differ in

exactly one qubit is characterized by the condition j = i @ 2* which simplifies Qé as
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oN N

Qé _ 4ZZAA2@2k pc{ . 12k Z‘{’ZO/@Q K ZZ@Qk +Zaz€B2 K zz@Zk }

i=1 k=1 l#k m#k
+1-pe { PR gt N gretgets }] (7.30)
I#k m#£k
G k. S} k k
= [Z Z [ Ai Ao e | X oo Z Z [ AiAfgon |pe Z B e
i=1 k=1 =1 k=1 I#k
2N N ) N N g
* i@2k K2y .2
22 Aikiaalpe ) st a4 DY A (1= pe) |7
i=1 k=1 m#£k i=1 k=1
DR IR LSS RS
i=1 k=1 14k
2NN .
* i@2k Ji QL
YN AL (1= pe) Y |BR g E ] (7.31)
i=1 k=1 m#£k

Similar to Eqgs. (7.28) and (7.29) we can write
Q" < ANPX + (1 - pIW) + 8(pA® + (1 —p)BN(N — 1), (7.32)

ZEBQ ) 1@2 K

where X and W are upper bounds of |x and |w

respectively.

e Upper bound of Qg: Since the basis states which differ in no position is that basis

state itself, the value of Qg is upper bounded by

2N
9, < (A’N2 + B’N) ST AL = <A’N2 + B’N), (7.33)
=1

where A’N? + B'N is the upper bound of (®|®) for a N-qubit product-probe state as

evident from Sec. 4.2.2 in the main text.

Finally, we have

Qy= Q)+ Qb + Q2 < yN? 4+ (N (7.34)

where both v and ¢ are some function of X', W, A, B, A’, B’ only which are independent of
N. Hence, we prove that no entangled state can beat Heisenberg scaling in I'TDM. Note
that, from the above calculation it trivially follows that this scaling is also true for general
N-qudit states.
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7.8 Demonstration of advantage in N = 1 for nonopti-

mal encoding

In the case of NITDM by choosing p; = pVi as probe state and measuring in the {|+),|—)}
basis on the control qubit, the FI is given by

) (i) cos (V1) + 60 = 1) 0) in (V70) 0]
0= 1 —r2N(v)cos? (N f(v) +6,)

(7.35)

Tr (Zg K]TIOK]T)‘ and f(v) = arg [Tl" (Z] K]-TpKD]. In case of N = 1,
Eq. (7.35) reduces to

[i) cos (F2) +60) — r) f)sin (F0) + 60} L (rw)eos (f) 46 ) )

where r(v) =

2

Fo = = 2
0 1 —r(v)cos?(f(v)+6.) 1— <7”(V) cos (f(v) +6,) )
(7.36)
From
r(v) =|Tr (Z K]TpKJT) ‘ = # —n2q(1 — cosh) + iqm((l — cos0)(nyrs — ring) + rosin 0) :
(7.37)
we have

r(v)cos(f(v)+6.) =Re {Tr (Z Kpr}) } = 1—;(] —n3q(1 — cos?). (7.38)

Putting Eq. (7.38) in Eq. (7.36) we get

4.2 ;02
- n,q” sin” 0

1o 1 n2q(1 —COSQ)}Q.

(7.39)

Proof of optimality of n, = §§ and comparison with “switched” strategy. Note that,
F4 can be written as
n3q* sin® 0

L= (59 + {31 — cos)? — g(1+ q)(1 — cost)}]

F =

From Eq. (7.40) it is clear that the numerator is maximized at ny = £1 where the denomi-

nator is minimized. Hence, ny = 41 is the optimal encoding axis in this scenario.
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Figure 7.1: Value of z +y (ordinate) against noise strength ¢ (abscissa), and para-
mater 0 (abscissa) The figure demonstrates the value of z +y never goes above 1. All axes

are dimensionless.

To compare with “switched” strategy let us evaluate the difference between Fy|n—; and
the “switched” strategy, defined as 6 = F|azy — ]:g’s. Now, & can be explicitly cal-
culated as § = 1 —x —y where © = £ {(1+¢)? —4(=1+q)geosf}’ and y = (1 —
q)*sin®0 {1 — 1 (—1+ ¢ —2qcos 9)2}. Our numerical investigation suggests (see Fig. 7.1)
that = + y < 1 which proves 6 > 0Vq, 6.

Comparing NITDM with “switched” and regular strategy with non-optimal en-
coding. Here, we demonstrate that, beyond the optimal encoding procedure, NITDM can
also be advantageous in certain scenarios even under non-optimal encoding (see Fig. 7.2),
outperforming both the ”switched” and regular strategies. Specifically, when selecting
n = [0.8,0.6,0] instead of ny = 1, NITDM proves to be more effective than the ”switched”

strategy in the region ¢ 2 0.73, corresponding to the low-noise regime.

Conversely, maintaining ny constant while varying nq, nz, and the probe state can reduce the
advantage of the time-flip approach compared to regular strategy, as illustrated in Fig. 7.2.
While for 7 = [0.8,0.6,0] and § = [0.2,0.7,0.5] NITDM always excels regular strategy, in
case of n = [0,0.6,0.8] and § = [0.4,0.3,0.0] only for ¢ > 0.85 F{ is higher. Nevertheless, in

many cases within the low-noise regime, NITDM exhibits superior performance.
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Figure 7.2: Fisher information, ]:g,]-'g’s and QFI, Qg’R (ordinate) with respect to
noise parameter ¢ (abscissa). Comparison between Flip, Switch, and regular
strategies for ny, # 1. We choose § = w/4. The figure demonstrates the advantage of
time flip over “switched” and regular strategies in non-ideal encoding scenarios. All axes are

dimensionless.

7.9 6O-averaged performance of single qubit-NITDM

Since both Fj and ]_—g,s are f-dependent, to compare the performance of protocols with the
aid of switch and flip, we evaluate the difference of the average FI obtained through these
strategies, i.e., (F)—(FL%) = ‘/?g(l—q)\/(l —q)(3+59)+%+/(5+ 6¢ — 3¢*)(5 — 2q + 5g?)—
1VB+9)(B+q—4gn3) — 1/(1 — ¢)(1 — g+ 4gn3). Analyzing this particular equation is

nontrivial because of the associated square roots. Hence, we opt for a numerical approach
instead. One thing we know is that for ny = £1, NITDM always outperforms the “switched”
one at all ¢ and 0 values. Therefore, it always beats the switched method on average for
all ¢ values. For a given value of ¢ we analyze the range of n, values +ni® < n, < +1
where flip strategy is better, i.e., (FJ) > (FP°) and fit n™ with, nf™ = ng[1 — ¢9]" .
Fig. 7.3 represents the y?-fitted [108, 109] curve of ni'™ with g = 1.14147 + (0.48%) and
h = 2.38455 + (0.25%) as fitting parameters and the constant n9 = 0.945742. Although
the magnitude of the advantage decreases significantly as ny and ¢ deviate from unity, in
low-noise regimes, metrology employing time-flip exhibits superior performance compared to

that using switch over a broad range of ns.
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Figure 7.3: Comparison between Flip and switch strategy on average. Variation of
(F&y — (F®) (heatmap) against n, (vertical axis) and noise strength ¢ (horizontal
axis). The white contour is the y*fitted line of n» where the difference (Fg)— (F2%) = 0.
Fitted curve is n® = nd[1 — ¢9]" " with g = 1.14147 = (0.48%) and h = 2.38455 + (0.25%)
as fitting parameters and a constant n = 0.945742. In the regions above the curve flip

outperforms switch. All axes are dimensionless.
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Figure 7.4: Advantage of average performance of multi-qubit NITDM and regular
strategy. Average FI, (FJ) (blue lines) with respect to number or qubits N (abscissa) for
different noise strength ¢q. QFT in regular strategy, QZ’R (orange dashed lines) against N.
Inset: Average Fisher information per qubit, (F4)/N (ordinate) against number or qubits
N (abscissa). Here, we fix the parameter value § = w/4 and the encoding axis as ny = 1.

All axes are dimensionless.
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7.10 6H-averaged performance of multiqubit-NITDM

Similar to the case where @ is fixed, in -averaged scenario we define {(Fg), N} corresponding
to which (F¢/N) is maximized at N = N. Given ¢ = 0.99 and 0.95, in Fig. 7.4 we demon-
strate the behavior of #-averaged FI with respect to the number of qubits and corresponding

quantities are listed in Table 7.1.

q (F&Y/N N maxy (F4) | N corresponding
to maxy (FJ)

0.95 2.17 10 36.4 26

0.99 11.16 50 956.4 133

Table 7.1: Given two values of ¢, the maximum value of both f-averaged FI, maxy (Fg) and
g-averaged FI per qubit, (F7)/N, and the corresponding number of qubits for each maximum
value are listed from Fig. 7.4.

From Table 7.1, it is evident that given N = 1000 and ¢ = 0.99, it is better to use 20
number of 50-qubit NITDM circuits to get 20(F5%) = 11160 where N¢? = 980.1. Similarly,
for ¢ = 0.95 we can use 10-qubit circuits 100 times which leads to 100({F§-%) = 2170, but
N¢? = 902.5.
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