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Abstract

After Lie algebras were introduced by Sophus Lie, Elie Cartan gave the classification
of semi-simple Lie algebras and began studying their representations by the early 20th
century. The aim of this thesis is to survey the advances made in the representation
theory of semi-simple Lie algebras since then, culminating with the study of the theory
of the BGG Category O.

Emmy Noether revolutionized the field of algebra when she developed the modern
theory of modules and ideals. She used this language to describe representations of
groups and algebras as modules over rings [1]. In the same philosophy, representations
of a Lie algebra (g) are treated as modules over an associative ring called the Universal
Enveloping algebra (U(g)) of g. The first two chapter of this thesis are dedicated to
the theory of Enveloping algebras, where this correspondence between representations
of g and left modules over U(g) is made concrete.

We use this language of Universal Enveloping algebras to study representations
of finite-dimensional complex semi-simple Lie algebras. We do so by first studying
finite-dimensional representations. We then gradually broaden the collection of rep-
resentations that we study. While studying finite-dimensional representations, we
realize that these representations come equipped with a particular structure, called
the highest weight structure. So, we shift our focus on studying the properties of left
U(g)-modules that have this highest weight structure. In doing so we study the work
of D. N. Verma, who introduced the theory of Verma modules. Informally, these could
be described as universal highest weight modules. Chapter 3 is a detailed account of
this theory.

We now realize the importance of highest weight modules to representation theory
of semi-simple Lie algebras. So, chapter 4 is dedicated to important techniques in
the study of highest weight modules. We introduce two algebraic invariants: central
characters (infinitesimal characters) and formal characters. Central characters arise
due to the action of the center of U(g) on highest weight modules whereas formal
characters capture the dimension of weight spaces in representations. The work of
Harish-Chandra characterizes central characters and provides us with a powerful tool
which we use consistently in the rest of the thesis. We know by now Verma modules
control the representation theory of highest weight modules. So chapter 5 is dedicated
to the structure theory of Verma modules. This chapter makes use of techniques

described in the previous chapter.
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xii

Finally, we will try to understand the Bernstein-Gelfand-Gelfand Category O,
which is a certain sub-category of U(g) modules for a semi-simple Lie algebra g.
Highest weight modules serve as the building blocks of this category. This category
allows us to study in detail the structure and relationships between highest weight
modules. We also detail some homological techniques used to study Category O.

This comprises of the last two chapters of the thesis.
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Chapter 1
Universal Enveloping Algebras

After Lie algebras were introduced by Sophus Lie, Elie Cartan gave the classification
of semi-simple Lie algebras and began studying their representations by the early
20th century. Henri Poincaré (1900), Garrett Birkhoff (1937), and Ernst Witt (1937)
independently proved what we now call the PBW theorem. However, the universal
enveloping algebra was not explicitly defined until the early 1940s, by Nathan Jacob-
son and Claude Chevalley (independently). Following the introduction of Category
theory the universal property as well as the categorical construction and uniqueness

of enveloping algebras were formalized.

1.1 Motivation

Definition: A Lie Algebra is a vector space L over a field F' , with a bilinear

transformation L x L — L defined for all elements in L that follows:
1. Jacobi identity: [z, |y, z]] + [y, [z, z]] + [z, [z, y]] =0 Vr,y,z € L
2. [z,2] =0 Ve e L

Given an associative algebra (A, -), we can give it a Lie algebra structure by defining

the Lie bracket as the commutator.

AxA—A

[yl = z-y—y- -2

We want to ask the following question:
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e [t is possible to realize every Lie algebra as a commutator of some associative

algebra?

One way to tackle this is to look at representations.

Definition: A Lie algebra representation is a linear map of the Lie algebra into an
endomorphism ring End(V') for some vector space V' that preserves the Lie bracket.
p: g — End(V) is alinear map such that p([z, y]) = [p(2), p(y)] = p(z) o p(y) — p(y) o
p(x) where o is the composition in End(V).

In this way one can relate a Lie bracket with the commutator in the endomorphism
ring. But this raises further questions. A representation need not always be nice, for
example it need not be injective. For finite-dimensional Lie algebras Ado’s theorem
says that every finite-dimensional Lie algebra has a faithful finite-dimensional repre-
sentation p : g — End(V) this solves our problem. But we raised these questions for
any Lie algebra, even of an infinite dimension. Also, when using representations, we

are faced with another question:

e Given a representation of a Lie algebra p : g — End(V'), Im(p) need not be

closed under composition. How can we close the image under composition?

Surprisingly both these questions are tackled in the representation theory of Lie alge-
bras by defining an object associated to a Lie algebra g called the Universal enveloping
algebra of g. Refer to appendix A for the basics of the theory of algebras, Lie algebras

and their representations.

1.2 Definition

Consider a Lie algebra g and its representation p : g — End(V). We define an
action of gon V as z-v := p(x)-v Vo € g and Vv € V. Now, x - v is a vector in V.
Similarly, (x10x9)-v = (p(x1) 0o p(x2)) - v is also a vector in V' (Here, o is composition
in End(V)). In this way, any other polynomial in elements of g acts on v to give
a vector in V. But many such polynomials act in the same way. For example the
polynomial x oy — y o x acts the same as [z, y]. We also know that multiplication in
End(V) is associative i.e. x1 -« (29 -v) = (21 0 23) - v.

So what we want to do now, is to club together those polynomials in elements

of g that will necessarily act the same on any g-module. We have an intuitive idea
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that we can start with a collection of associative but non-commutative polynomials
on elements of g and then impose on them the commutator relation.

We now consider the free associative algebra of g containing 1. This is analogous to
the associative but noncommutative polynomials we described above. We know that
a free associative algebra over a vector space exists, is unique, and can be described as
the tensor algebra over it. So, we consider T'(g), the tensor algebra over g. To impose
an additional structure, we always quotient. So, we quotient T'(g) by the subalgebra
generated by elements of the form {x oy —yox — [x,y] | z,y € g}. The resulting
vector space is what we call the Universal Enveloping Algebra of g.

As the name suggests, U(g) comes with a universal property. That means we can
give a different description of U(g), one that is not constructive (like the one we gave

above) but rather involves a universal object.

Definition: For a lie algebra g the universal enveloping algebra of g is a pair
(U(g),t) where ¢ is a Lie algebra homomorphism from g — U(g). The pair satis-
fies the following universal property: U(g) is associative algebra such that for any
associative algebra A and a Lie algebra homomorphism o : g — A, Ay : U(g) > A a

homomorphism of associative algebras such that the following diagram commutes.

g — U,

N

A

We call ¢ the canonical inclusion of g in U(g). We write the product of two elements
x,y € U(g) as zy while we use the same notation for the action of U(g) and g on V'
e.g. x-v for any z € U(g) or g.

The broad idea of this definition is that we have an object (U(g)) such that every
Lie algebra homomorphism « : g — A (where A is an associative algebra) factors
through it.

Before proving the existence and uniqueness of this object let us look at how it

helps us answer the questions we first posed:

e Using the Lie algebra homomorphism ¢ we can give a natural left action of g
on U(g). This gives us a representation of g into End(U(g)). It turns out that

this is an injective representation. So, we now have an injective representation
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of any Lie algebra into an associative algebra. This means we can recognize the

Lie bracket as a commutator of that associative algebra.

e The image of an algebra homomorphism into End(V) is closed under compo-
sition (for some vector space V). So, for A = End(V), and a a representation

and the image of ~ closes the image of @ under composition.

Henceforward we will try to study this object (U(g), ¢)

1.3 Existence and Uniqueness

Lemma: The Universal Enveloping Algebra (U(g)) of a Lie algebra g exists and is

unique upto isomorphism.

Proof: We will first show that if an object with such universal property exists, it
is unique upto isomorphism. For the existence part, we will follow the strategy de-
scribed in the previous section and give a constructive proof. Notice that there is no
condition on the underlying field or the dimension of the Lie algebra. Let k be the

underlying field and all associative algebras we take have 1.

Uniqueness: Suppose there exist (Uy, t1) and (U, t2) that satisfy the universal

property. Then,

g —— U
NQTlm = m omy: Uy — Usis a homomorphism of algebras.
Us

Similarly, o o my : Uy — Uy is also a homomorphism of associative algebras.

g —— Us
X‘ lld By universal property, Id is the unique homomorphism such that Idoi, = ¢s.

Us

M1 Ol = lg, T2O0ly =11 = T O0TM90lLly =1Lly = 7T107T2:IdU2
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Similarly, m9 o m; = Idy,. This shows that m and 7, are inverses of each other. This
means that they are an algebra isomorphism. Therefore, if a universal enveloping

algebra exists, then it is unique up to isomorphism.
Existence: We will do this in the following steps:

Step 1: Let {x;}icn be a basis of our Lie algebra g. Let the structure constants
be defined by:

[T, xg] = Z cﬁﬁxk

keA

Let F be a free associative algebra of g. Let {a;}iea be the image of {z;}icn in

the inclusion map g — F. The Lie bracket in an associative algebra is defined by:
[u,v] = uv — vu

Define a two-sided ideal in U(g) generated by:

k
J = <aaa5 — gy — Z Co Ok

keA

a,ﬁ€A>

This ensures the Lie bracket in the free algebra (i.e, the commutator) coincides
with the Lie bracket from the Lie algebra g and hence, ensure ¢« becomes a Lie algebra

homomorphism.

Define:
Ulg) :=F/T

We now want to show that the universal enveloping algebra we defined indeed

satisfies the definition.

Step 2: +:g— U(g) is a Lie algebra homomorphism

t:g— Ulg)

Consider the composition:

g—>F—=>Ug)=F/T
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x — ar — @ (linear map of vector spaces)
Now compute:
[za, z5]) =1 (Z Cfiﬂk) =) Chpln = Galiy — Agla = |da, Gg) = [L(za), ()]
keA keA

Therefore, ¢ is a Lie algebra homomorphism.

Step 3: To show the given construction satisfies the universal property.

Let A be another associative algebra, and suppose:
p:g— A

is a Lie algebra homomorphism.
We aim to show that there exists a unique algebra homomorphism 7 : U(g) — A

such that the following diagram commutes:

From the universal property of free algebras:

Let V = g, and let F be the free associative algebra on V. Then, for the linear
map ¢ : V — A, there exists a unique algebra homomorphism 7 : 7 — A such that:
p=ToL

V= F

R

A

Since ¢ is a Lie algebra homomorphism, we have:

7 (aaas — agaa — Y chgar) = T(aa)i(ag) — T (ag)i(aa) = ) chatt(ar)

= p(za)p(5) — p(28)p(wa) = ) chgpl(ar) = [p(a)s p(25)] — @([2as x5]) = 0

Thus, all the generators of J are in the kernel of 7, so J C ker 7. Hence, 7 descends
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to a unique algebra homomorphism:

m:F/T=U(g) = A

Both triangles commute = ¢ = 7 o . This proves the universal property of the
universal enveloping algebra U(g). B

The universal enveloping algebra of the trivial Lie algebra is just the underlying
field. For an abelian Lie algebra, the universal enveloping algebra is its symmetric
algebra and for a free Lie algebra generated by a set X, it is the free associative

algebra generated by X.

1.4 Poincaré—BirkhofI-Witt theorem

The universal enveloping algebra is an infinite dimensional vector space. This is a
trade-off we make while going from a Lie algebra (g) to an associative algebra (U(g)).
So to understand U(g) better, we will try to find a basis of U(g). It turns out that
we can get a basis of U(g) in terms of the basis of g. This result is known as the
Poincaré-Birkhoff-Witt theorem. Throughout this section, the underlying field is &
and the product of two elements z,y € U(g) by xy.

Let z,y € g. Let  := «(x) and ¥ := ¢(y) where ¢ is the canonical inclusion in
U(g). We know that in U(g), 2y = yx + [z,y]. Vaguely speaking, we can see that
when we want to exchange alphabets of a word in U(g), we have to add an extra term
of length one smaller than the original e.g. when trying to zy as yx we have to add
the [Z,y] word. This observation will be the key when we try to prove the following

theorem.

Theorem 1.4.1. Let {x;};cpn be a well-ordered basis of g. Let y; := t(z;) be the
canonical image of x; in U(g). A monomial y;,y;, - - - v;, is called standard, if i; <

ig < -+ <. The theorem says that standard monomials form a basis of U(g)

The proof of the theorem is included in Appendix. The idea is to convert any
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word as a sum of standard monomials by flipping the terms. To do so, we might have

to make use of the commutator relation like we discussed above.
Corollary 1.4.1.1. The map ¢ : g — U(g) is an embedding.

This is an immediate consequence of the PBW theorem. To see this notice that,
for any = € g its canonical image in U(g) is a standard monomial. Recall that in
section 1.2 we said that the representation of g in U(g) that is given by the left action
is faithful. By the left action, any = € g maps 1 € U(g) to ¢(x). It is obvious from
the PBW theorem that each = € g maps to a distinct element in End(U(g)). So, the

representation is faithful.



Chapter 2

Some Consequences of the PBW

theorem

In this chapter we will explore some properties of the universal enveloping algebra of
a Lie algebra g that arise as a consequence of the PBW theorem. From now on, we

may sometimes denote U(g) as Uj.

2.1 U(g)-Mod = g-Mod

Denote by U(g)-Mod and g-Mod the categories of left U(g) modules and g modules
respectively. We know the Lie bracket is non-associative, so a Lie algebra cannot
be a viewed as a ring. But, its universal enveloping algebra is a ring and hence
representations of Lie algebra can be considered to be modules over its enveloping
algebra. So, U(g) helps us brings module theoretic ideas to representation theory of
Lie algebras. This is a motivation for us to study the exact relationship between the
two categories, U(g)-Mod and g-Mod.

It is easy to see from the corollary in 1.4 that every left U(g) module is a g module
because g < U(g). From the universal property of U(g) we can say that every g
module is also a left U(g) module. This hints at an isomorphism of categories. We

will now give the functor that will make this equivalence concrete.

Corollary 2: If p is a representation of g, then there exists a unique p’ a represen-
tation of U(g) such that p' is an extension of p. In the space of representations of g

and U(g), the map p — p' is a bijection.
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g —— Ulg)

/
XEI!

gl(V)

What we mean to say is that every g-module is a left U(g)-module and vice-versa.
Proof:

Injectivity: By the universal property of U(g), every g-module (7,V) is a left
U(g)-module; i.e., it can be extended to a unique 7.. If there are two representations

(m1,V) and (w2, V') such that they have the same extension 7, then we have:
m(z) = 7(L(x)) = m(x) Vr €g

= ] = 7o

This shows injectivity.

Surjectivity: Now, if A is a U(g)-module, then we can make it a g-module by
defining
79— A x—7moux)

g — Ulg)

N

A

[z,y])) = m(e(x)e(y) — t(y)e(x)) since ¢ is a Lie alg homomorphism

2))m(uy) = w(e(y))m(e(x)) = [7(u(2)), 7(e(y))]a = [7(2), 7(y)]a

—> 7 is a Lie alg homomorphism

w([z,y]) = 7(e
(L

(
(

.. Ais a g-module.

]

Note: If (Vi,m) and (V5, m5) are equivalent representations if and only if 7; and

Ty are equivalent.
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Corollary 3: The U-functor: Let g,g’ be Lie algebras, and let ¢ : g — g be
a homomorphism of Lie algebras. Then there exists a unique ¥ : U; — Uy, a
homomorphism of associative algebras that extends ¢, such that U(i4(x)) = 1y (¢(2))
for all x € g and ¥(1) = 1.

Proof: This follows directly from corollary 1 in 1.4.1.1 by realizing g’ as embedded
in U(g'). Then, by universal property we have the following diagram that commutes.

This completes the proof. Note that ¢y and ¢y both are Lie algebra homomorphisms.

QLUQ

LQIOXA lﬂ! v

Uy

Definition: We define a map U as

U:Hom(g,g') — Hom(U,, Uy)
pe—v

where W is defined as in the proof above. We call this the U-functor as it takes the
homomorphisms of the category g-Mod to homomorphisms of the category U(g)-Mod

Corollary 4: Ifgo:g—g, ¢ :¢g —¢g" then U(¢ o) =U(L")oU(p)

Proof :
¢ op:g—g" isa Lie algebra homomorphism

Lg
g » Uy
100 o lalu(ﬂoloﬁa)
g
Ug//

S UG o) Uy — Upr extends ¢ o ¢

Now, we consider the diagram given below. We know that the diagram commutes.

We now see from this diagram that there is another map from U, to Uy that lifts
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Lty o @' o and is given by U(¢') o U(y). By universal property, U (¢’ o ) is unique
such lift. Hence proved, that U(¢’ o p) =U(¢p") o U(p)

QL)UQ

sol lu (%)

Lat

g/ ;) Ug’

This completes the proof. l
As a result of these corollaries we can see that the category g-Mod is isomorphic
to U(g)-Mod

2.2 Universal enveloping algebras of Lie subalge-

bras

Take a Lie algebra a and let b be its Lie subalgebra. We ask the question : How are
Universal enveloping algebras of a and b related? We first break down this question

into two Lemmas.

Lemma (a): Let b be a Lie subalgebra of g. Then the subalgebra of U(g) generated
by b is isomorphic to U(h).

Proof:

Note that U(m) is the functor we discussed in the previous section 2.1. 7 is the
inclusion of h in U,. U(m) closes the image of 7 under composition. Therefore,
Im(U(m)) is the subalgebra in U, generated by b.

Now, let (z1,...,x,) be a basis of h. PBW theorem says that the set
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{((zq)™ - e(xp)™?) | 11 < ... <1,V 1 € N} is a basis of U(h).
Ur) ((z)™ - e(ap)™) = U(T) 0 ()™ - U(T) 0 ()", Vri €N

=m(x)" - -7m(z,)" sinceU(m)oi=m

By the PBW theorem we can say that the image of the basis of Uy in Uy is linearly
independent.

. U() is an injective map and Uy is isomorphic to the subalgebra of U, generated
by h. We have shown that the map U(7) is injective and its image is generated by
b. m

Lemma (b): Letg=bh+landt=HhNL
Then
fU(b) ®u U() — Ulg)

is a bijective linear map.

Proof: From Lemma a, U(h),U(I), U(t) are embedded inside U(g).
This means that we can construct a map:
Let
¢:U(h) x U(l) — Ul(g)

defined by (z,y) — xy, a bilinear map.
Now take z € U(t). Then

P(rz,y) = 2y = P(x, 2y)

= 3Jf:Uh) ®up U(l) — U(g) a linear map

such that for=¢
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Bijectivity:
Take {a;} a basis of b, {¢;} a basis of t, and {b;} a basis of [/t.

Then the standard monomial

ul--- Um vl.-. Upwl--- wn
a;; a;" @ cj) ¢ bk1 bkn

forms a basis of
U(h) @u U(I)

Image of these words in U(g) is

ul

LoqimEtt Lt pL L e
a;'--agmc Cirbyy by

im J1

which is a basis of U(g). = The given map is a bijective linear map. [

Using these two lemmas, we can finally answer our question.

Corollary 5: 1If g1, 99,..., 9, are Lie subalgebras of g such that
g=01D---Don
then there exists a unique
fU(@)®---®@U(gn) — Ulg)

such that
(U @ -+ @ Up) > U -+ Uy,

1—1

where f is a bijective linear map.

Proof: Follows directly from Lemma b as g;Ng; =0. O

Note: In the above corollary, if g4, ..., g, commute pairwise, then the map f becomes

an algebra isomorphism. This motivates the following result.
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Corollary 6: Let gq,go,...,8, be Lie algebras and g be their product. Then

f:U(g1) X -+ xU(gn) — Ulg)

defined by

(Upy ooy Up) > Uy - Uy,

is an algebra isomorphism.

Proof: Follows from corollary 5. [

2.3 Universal enveloping algebras of ideals and quo-

tients

In this section, we ask the question: How are universal enveloping algebras of a Lie
algebra and its ideals and quotients related? To answer this question, we will make

use of the following Lemma.

Lemma (c): Let b be a Lie subalgebra of g and {z)},ca be a basis of a complement
of hin g. Then {a]*-- -2l | vy < ... <w,, YV v; € N} forms a basis of U(g) as a left
and right U(h)-module.

Proof: Extend the given basis to a basis of U(g). Then any u € U(g) can be written

uniquely as:
u:z’z‘flljl.x;]l"ylym
U= lel)l ST Yy, WHeETe Yy o, € U(D)
because of corollary 5 U(h) < U(g)is an embedding

oyt xr is a basis for U(g) as a right U(h)-module.

n

Similarly, they are a basis for U(g) as a left U(h)-module. ]
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Corollary 7: Let b be an ideal of g.
(i) The left and right ideal of U(g) generated by b coincide. Denote the ideal by R

(ii) Let j: g — g/b be the natural projection. Then

Uj): U(g) — U(a/h)

is a surjective homomorphism (of unital associative algebras) with kernel R.

Here U is the U-functor from section 2.1

Proof: For z € g let & :=«(x) € U(g). For any u € U(g), Lemma ¢ says that:

u= Zﬁ” < Zpnh, for some h, € U(h)

u= Zhygqfl ---gym for some hy, € U(bh)
where {z;};co and {y;};es are two basis of a complement of ) in g. Now,

g —— Ul(g)

N o

U(g/h)

Let ., €, be the constant terms of h, and h,,.

= UG () =D j@) - j@)ire. = e i) iy)ir

coker(U(y)) = { Ty a2 Uy (b)

N,V1,...,0, € N} = left ideal generated by b

where U(h), denotes non-scalar elements in U(h). This shows part (i) and we only

need to prove surjectivity of U(i) to complete the proof of part (ii). Let {z;}ica be
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the basis of a complement of b in g and let {Z;};co be the canonical image of this
basis in U(g). These z;’s also act as a basis of g/h. So, let {Z;};co be the canonical

image of this basis in U(g/h). Then, by the above commutative diagram we get

UG) ({F -2 [ n,vs,- v, €NY) = (T3 7™ | myon,.. v, € N}

which forms a basis of U(g/h).

- U(j) is a surjection g

2.4 Filtration of U(g)

When we construct Uy from tensor algebra of g. We know that 7T'(g) comes with a
filtration on it. This filtration structure carries over to U, which we will explore in

this section.

Definition: U, (g) := the vector subspace of U(g) generated by all words of the

form v129---xp,, p<n, z;€g.

For example: Uy(g) = k-1, U1(g) = k-1@g. Where k is the underlying field. One
has to be careful here U,(g) # k-1 ® g@ --- ® g" because the map 7 : T'(g) — U(g)

is not an isomorphism.

Alternatively, a “coordinate-free” definition of the filtration of U(g) can be given
as:
Un(g) = (k@ g@ g @ @g"") = 7(Tu(09)),

where 7 : T'(g) — U(g) is the quotient map we defined in 1.3
The sequence {U,(g) }nen, is called the canonical filtration of U(g).

Moreover,

Ulg) = | Unlo)

neNp
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2.4.1 Properties

1. Up(9) - Un(g) C Upsn(g)

2. Un(9) C Unyr(g)

Ur

3. If (e1,...,e,) is a basis of g, then a basis of U,(g) consists of words e}* ---e?

where vy + - -+ + v, < n, by the PBW theorem.

Thus, if g’ C g is a Lie subalgebra, then

2.4.2 Graded structure

Given a filtered algebra U(g), we can associate a graded algebra G". The idea is to

convert the union into a direct sum, i.e., Gr(Uy) = @ G;, where each G; consists of
i€Ng
homogeneous elements of degree i.

Definition: A grading on an algebra structure X is a direct sum decomposition:

X =Px

1€Np

such that X;X; C X;,; Vi,j € N where elements of X; are called homogeneous of

degree 1.

For example, a graded algebra A over a ring R is an associative algebra A that can

be written as a direct sum of subalgebras:
A=A DA D - 0AD- -
with the property that multiplication respects the grading:

Ai-A; C Ay
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Graded algebra associated to U(g)

Every filtered ring has an associated graded ring while every graded ring has a canon-
ical filtration. We will show this for U(g), but the same method can be generalized

very easily.

{Un(9) }nen, be the filtration of U(g). Define inductively G,, := U, (g)/U,-1(g) while
setting U_;(g) = {0}. Then G := €, G; is our associated graded algebra. Similarly,
a graded algebra G := @, G; has a filtered structure where the n'* filtration is the
direct sum of first n terms of @), G;. Denote by Gr(U;) the graded algebra associated
to Uy

Note: An algebra is also a ring. So the terms filtered ring, filtered algebra, graded

ring, graded algebra are used interchangeably in the context of U(g).

Properties of Gr(U,)

Here we use G to denote Gr(Uy)

e The multiplication map for graded components is k-bilinear G,, X G,;, = G-

This can be seen by the simple computation:
Un/Un—l X Um/Um—l — Un+m/Un+m—1
(x4+Up1) W+ Un-1) =2y + Upiym-

Similarly by passage to quotient we can see that if U is unital and associative,

then G is also unital and associative

e The graded algebra G is commutative:

IfxeG,, ye G, then:
(33' + Unfl)(y + Umfl) =y + Un+m71

(Y + Up1)(@+Upq) = yx + Upym

= Ty — Yy + Un+m—1 € Un+m—1
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Since,

xy—yr=0in Gpoim

This means, zy = yx in G,4,,. Hence proved that G is commutative.

2.4.3 Symmetrization

The associated graded algebra of U(g) being commutative suggests that there is a
relation between Gr(Uy) and S(g) the symmetric algebra over g.

The universal property of symmetric algebra S(g) says that for any commutative
algebra A and a linear map f: g — A, there exists a unique algebra homomorphism

m: S(g) — A making the following diagram commute:

L

g—— S

(9)
S

A

For A = Gr(U,) we get a canonical homomorphism 7 : S(g) — Gr(U,). By mak-
ing use of the PBW theorem, we can show that this homomorphism is indeed an

isomorphism of symmetric algebras i.e, S(g) = Gr(Uy)

Theorem 2.4.1. Gr(U,) = S(g) as commutative algebras.

Proof: Basisof S, (g) are elements of the form x;, z;, - - - z;, where iy < iy < -+ <y,
{x;} are basis of g. Here S(g) is a graded ring with n'" gradation S, (g). We denote
with 7 the canonical algebra homomorphism 7 : S(g) — U(g) that we get from the
universal property of S(g)

Sy wy,) = () em(xg,) =y ay,,  since g < U(g)

= 7(x;, -+ - x;,) is a basis element of U, (g) \ Un—1(9)

~ Un(g)

= Sulg) Un-1(9)

=G, VneNy= S(g) = Gr(U,)

S(g)

/ lﬂ!w
f=

g — Ulg)
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We can now say that the graded algebra associated with U(g) is S(g).

Definition: A ring is said to be Noetherian if it satisfies the ascending chain con-

dition on right and left ideals.

Let g be a finite-dimensional lie algebra with basis {ej,...e,}. Then, S(g) =
k[x1,..,2z,). The Hilbert basis theorem, a standard result from algebraic geometry,
says that k[zy,...,x,] is Noetherian. We also know that a filtered ring is Noetherian

if its associated graded ring is Noetherian. Hence, we have the following result.

Theorem 2.4.2. For finite-dimensional Lie algebra g. U(g) is a Noetherian ring.

This result is very useful because finitely-generated modules of Noetherian rings
are Noetherian. This will be used in the upcoming chapters. For example, simple
modules of Lie algebras are singly-generated. Results like these show the importance

of U(g) as we can use module-theoretic ideas to study g-modules.



22 CHAPTER 2. SOME CONSEQUENCES OF THE PBW THEOREM



Chapter 3
Highest weight theory

We now shift our focus to the study of finite-dimensional representations of semi-
simple Lie algebras. The highest weight theory was introduced by Elie Cartan and
Hermann Weyl. The theorem of highest weight is also known as the Cartan—Weyl
theorem and introduced by Weyl in his paper in 1925 and his 1939 book “The Classical
Groups”[17]. Although their work was rooted in analytic and topological methods.
The thesis is confined to the algebraic treatment of this theory introduced by Claude
Chevalley and Harish-Chandra in the 1940s-1950s. In his 1966 thesis and subsequent
papers [13], Daya-Nand Verma introduced Verma modules. This laid foundation for
the work of Bernstein—Gelfand-Gelfand (1970s). This thesis follows the books of
Jacques Dixmier[8] and Humphreys[9, 12| which is a unified treatment the works of

Verma and BGG.

We will show that finite-dimensional representations of semi-simple Lie algebras
come with a highest weight structure. So, the study of highest weight modules plays
a crucial role in representation theory of semi-simple Lie algebras. Verma modules
play the role of universal highest weight modules. In this chapter, we first provide
the classification of finite-dimensional representations of sly(C). This will be useful
as Verma modules of sly(C) will serve as our prime example. Then we introduce the
language of highest weight theory and then go on to define Verma modules. At the
end we will be able to classify the finite-dimensional representations of a semi-simple
Lie algebra.

From this section onward, the role of Cartan decomposition of semi-simple Lie
algebras takes center stage. The decomposition is true over algebraically closed fields

with characteristic 0. In the previous chapters, we worked with arbitrary fields, but

23
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henceforward, we will be working with the complex field.
To study representations of semi-simple Lie algebras, we have the following two

results at our disposal. Refer to appendix 7?7 to recall them.

e Weyl’s complete reducibility theorem says that any finite-dimensional represen-
tation of g is semi-simple i.e. completely reducible; where g is a semi-simple Lie

algebra over a characteristic field 0.

e Shur’s lemma says that any nonzero homomorphism between irreducible repre-

sentations of Lie algebras is an isomorphism.

3.1 Modules of sly(C)

sly(C) is the smallest simple lie algebra. Cartan decomposition tells us that every
semi-simple lie algebra consists of copies of sl(2,C). Therefore, it is expected that
representation theory of sly(C) will play a crucial role in the representation theory of
semi-simple Lie algebras. In this section, we will focus on finite-dimensional repre-
sentations of sly(C) .

Let us start with some known representations of sly(C). Because sly(C) is simple,
the only one-dimensional representation it has is the trivial representation.

sly(C) := vector subspace of M,(C) generated by the vectors {e, f, h} where

01 00 10
62(0 0)’f:<1 0) andh:[eﬂ:(o —1)

We call this the natural matrix representation. It is a 2-dimensional representation.
sly(C) is a 3-dimensional vector space so the adjoint representation will give a 3-
dimensional representation of sly(C).

Notice that the above given examples of sl(C) representations are all irreducible.
In fact, they are the only irreducible representations of their respective dimensions.

So naturally we would ask the questions:

e Is there an irreducible representation of sly(C) of dimension n, where n € N?

e [s the irreducible representation of dimension n unique?

It turns out to much delight that the answer to these questions is yes. To show this, we

will construct a collection of irreducible representations {V ™} of sl5(C) where V(™
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is of dimension n and show that any irreducible representation is isomorphic to one

of these. By Schur’s Lemma, we can say that each V(™ is unique upto isomorphism.

Theorem 3.1.1. For any n € NU{0}, there exists an irreducible representation V™
of sly(C) of dimension n + 1. Any finite-dimensional irreducible representation V is

isomorphic to V@ where d + 1 is the dimension of V.

To prove the theorem, we will rely on the following lemma.

Lemma: V be an sly(C) module. Let v € V' be an eigenvector of h € sly(C) with
eigenvalue A. Then, e -v and f - v are eigenvectors of h with eigenvalue A\ + 2 and

A — 2 respectively.

Proof of Lemma: We know that [h,e] = hoe—eoh =2e. So,

he(e-v) = (hoe) v =([he])-v+(eoh) v
=(2¢)-v+e-(h-v)=2(e-v)+e- (M)
=(A+2)e-v

Therefore, e - v is an eigenvector of h with eigenvalue A + 2. Similarly, using [h, f] =

—2f we can show that f - v is an eigenvector of h with eigenvalue A —2. [
Proof of Theorem:

Step 1: Let V(© be the 1-dimensional representation. We will now give a con-

struction of V(.

Definition: V(™ be the complex vector space generated by the symbols {V_n, Vopyay U2, U }
We define the action of e, f, h € sly(C) on V™ as follows:

o frv,=v, 9 Vi#£-—nand f-v_,=0
[ h'Ui:iUi \4)

_ (n+i+2)(n—1i)
4

e ¢V, = Vige Vi#nand e-v, =0
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The way we have defined the action is such that V™ becomes an sly(C) module of
dimension n+1. All we have to show is that it is an irreducible representation. Assume
that W C V(™ is a non-trivial proper subspace of V(™ closed under the action of
sly(C). Then it must contain an eigenvector of the map @, : V) 5 VO wes hew.
That means it must contain v; for some i € {—n,—n + 2,...,n — 2,n}. Using the
action of e and f on v; we can get {v_,,V_n42,...Vn_2,0,}. Hence, W = V™ But
this is in contradiction to our assumption that W was a proper subspace. Hence, it

can be concluded that V™ is an irreducible sl5(C) module of dimension n + 1.

Step 2: Assume V is a finite-dimensional irreducible representation. Consider
the action of h, @, : V — V,w — h-w. If &, = 0 then V is the trivial representation.
This is due to that fact that for any semi-simple Lie algebra, [g,g] = g. In this case,
V is isomorphic to V.

Assume, ¢, # 0. Since, we have assumed the underlying field to be algebraically
closed, @, has a non-trivial eigenvector. Denote by V) is the eigenspace of ®; with
eigenvalue A. Since, V' is finite dimensional, there are only finitely many eigenvalues
of ®;, whose corresponding eigenvectors are non-zero. Let A be such an eigenvalue
with maximal real part. Then using the lemma we can conclude that e-V,, = 0. Take
v € V. Consider the vector subspace M generated by {v, f - v, f2-v,...}. All these
vectors are eigenvectors of ®;, with different eigenvalues. Any two non-zero vectors
in this collection are linearly independent.

It is thus clear that M is closed under the action of f and h. Using e, f] =
eof— foe=h we can see that e (f -v) € M. Using induction we can say that
e-(f*-v) € M. Hence, M is closed under the action of slo(C). Simplicity of V means
that M = V. Let n € N be the smallest natural number such that f**!'.v =0. As a
result V=V® W

This result now gives us a complete classification of irreducible modules of sl3(C).
Along with Weyl’s complete reducibility theorem, this gives us the classification of

all finite dimensional representations of sly(C).
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3.2 Highest weight modules

Consider W a finite-dimensional irreducible representation of sly(C). We know that
the linear map ®, : W — W, w +— h - w has non-trivial eigenvectors (as the complex
field is algebraically closed). M := @W) the direct sum of all non-trivial eigenspaces.
Using the lemma in 3.1 we can say that M is closed under the action of sly(C). Using
simplicity of W we can see that M = W = @W,.

In the above result we will now try to replace sly(C) with a complex semi-simple
Lie algebra g. Let V' be a finite-dimensional irreducible representation of g. We will
see that just as in the sly(C) case, we can give a direct sum decomposition of V' that
consists of eigenvectors of the action of the Cartan subalgebra b of g. We first fix the

following conventions for the rest of this chapter:

Conventions:

g is a finite-dimensional complex semi-simple Lie algebra. We fix h a Cartan subal-
gebra. Let g = b 69@ go be the Cartan decomposition and ¢ be the corresponding
set of roots. Fix z: ebausis A and let ®* and ®~ be the set of positive and negative
roots respectively. ny :=={v € g, |a € dT}andn_ :={v € g, | @ € PT}. Let
b :=h & n, be the Borel subalgebra.

Definitions: For a g-module V
e A vector A € h* is called a weight

e The vector subspace V) :={v € V | h-v = A(h)v ,Vh € b} is called the weight

space corresponding to the weight A
e The set {\ € h* | V), # 0} is called the support of V

e V is said to be a weight module if V.= & V),
Aeh*

Now, take p : g — End(V) a finite-dimensional irreducible representation of g.
Since b is an abelian subalgebra, its elements commute and so do the representations
of these elements. We know that over complex numbers, any collection of commut-
ing endomorphisms of a finite-dimensional vector space has a common eigenvector.

Therefore, there exists a non-trivial weight space V.



28 CHAPTER 3. HIGHEST WEIGHT THEORY

Lemma: If o € ® then , g.(V)) C Viiq

Proof: Let x € g,, h € h and v € V), then,

h-(z-v)=x-(h-v)+[hx] v

Hence proved that z-v € V), R

From the lemma, it is easy to see that & V) is a g-submodule of V. We have
Aeb*

also shown it is non-trivial. Since, V' is irreducible this implies V = & V). Hence,
Aeh*

we have shown that a finite-dimensional irreducible g-module is a weight module.

Remark: A general representation need not have a weight space decomposition.
But finite-dimensional representations always decompose into weight spaces. We
have seen that irreducible finite-dimensional representations have a weight decom-
position. This together with Weyl’s complete reducibility theorem ensure that all
finite-dimensional representations of have a weight space decomposition.

In the case of irreducible sl(C) modules, we used the fact that there was a weight
A with a maximal real part. We then showed that we can generate the entire module

using a vector from the weight space V. We can do something similar here.

Definition: For a finite-dimensional g-module V,
e )\ € bh*is a highest weight if V\i, =0 YVaed,
e v € V), is called a highest weight vector or a maximal vector
e If V generated by a highest weight vector, it is called a highest weight module

A finite-dimensional g-module V' has a highest weight because otherwise its sup-
port will be infinite-dimensional. Let X be a highest weight and let v € V. If V is
also irreducible, then it is equal to the g-module generated by v. This is similar to
what we did in the proof of the theorem in 3.1. We can now conclude the following

theorem:
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Theorem 3.2.1. All simple finite-dimensional modules of g are highest weight mod-
ules.

We will now try to further explore this highest weight structure. To do so, we
will now consider highest weight modules of g of arbitrary dimension. The following

theorem details some properties of such representations.

Proposition 3.2.2. M be a highest weight g-module generated by maximal vector
v with highest weight A € h*. Then,

1. M=U(g)-v=U(n_)- v

2. M= @ M, (ie., M is a weight module)

HeDh*

3. Every weight of M is of the form A — )" n;a; where a; € A" and n; € Z>
4. Each weight space M, is finite dimensional and dim M) =1

5. Every endomorphism of M is scalar

Proof:

(1) By definition M is a g-module generated by a maximal vector v of weight \.

g — Ulg)

N

gl(M)

From the universal property of U(g) it is obvious that = - v = «(z) - v. Hence,
M =g-v=U(g) v. We know that, n_ annihilates the maximal vector v and
h scales it. Using Corollary 5 in 2.2 we can say, U(g) = U(n_) @ U(h) @ U(n,)
and hence, U(g) -v=U(n_) -v O

(2) The maximal vector v € M, and from the lemma in 3.2 we can say that

P . cm

Heh*

But v € € M, and it generates M. So, the inclusion is an equality. Therefore,
web*
we can say that M = @ M, i.e. M is a weight module. [
nebh*
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From Corollary 5 in 2.2 we get
g=n_ @hon, = Ulg) = UM ) Uh) @ Um,)

We know that M = U(g) - v where v is a maximal vector with weight \. This
means that U(n, ) annihilates v whereas U(h) just scales v. So, M = U(n_) - v.
Let,
n = @ 0., {71,...,7} such that z; € g_,., oy € T
aedt
= Basisof U(n") is {21 ---2;*|n; e NU{0}}
k
= (2" - a¥)-v e M, where p = X\ — Zniai
i=1

Combining this with the result from (2), M = @ M, = U(n_) - v we can say
neh*
that any weight is of the form A — ). n;a; where a; € AT and n; € Zsy O

From (3) we have M = U(n_) - v and for any weight p of M, A — p is a Zx
sum of positive roots. We can rewrite this sum using different positive roots

only finitely many times. This means that for only finitely many different words

lﬂluxgu . mZk
k
(x]'x? - a%) v € M, such that A — = Zniai
i=1
where {x1, 23, -+, 21} is basis of n_. So, we can say that the weight space M,

is finite-dimensional. Similarly, M) is 1-dimensional because there is only one

way to write

xpl - (v) € My = v € My, O
Let T' € Homg (M, M), then
Tx-w)=z-T(w), VeregweM

For h € h and maximal vector v

T(h-v)=h-T(v) = \h)T(v)
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= T'(v) € M), and hence T'(v) = z - v for some z € C. Using (3) we can say
that for any w € M

T(w)=T(--ay-v)=af" a7 -Tw) =2z w

Hence, proved that T is just zIld; for some z € C. N

Definition: Let u, A € h*. We say that p < X\ if A — 1 can be expressed as a

Z>o-linear combination of positive roots.

In this way we are able to define a partial order on h*. We can now reinterpret

the property (3) from the proposition above as: p € Supp(M) then p < .

3.3 Verma modules

We now have a good idea about the structure of highest weight modules of a semi-
simple Lie algebra. It is now natural to try to tackle the problem of classifying the
finite-dimensional irreducible representations of semi-simple Lie algebras.

For each weight A € h* there could be any number of highest weight modules with
highest weight A\. The idea we have is to define a universal object with the highest
weight structure. What we want to do is create a family of highest weight modules
corresponding to a particular weight.

We will use a method used often in representation theory, the method of induction.
We start with a family of modules of the Borel subalgbera b and then induce to g.

We notice that the action on h on any highest weight module is semi-simple while
the action of n, is locally finite. So we consider the b-module C,; a trivial n,-module
and a one-dimensional h module with action of h € b given as h -z = A(h)z. By 2.1
we can also say C, is a U(b)-module. From Corollary 5 in 2.2 we know that U(b) is

a subalgebra of U(g). Using extension of scalars we get U(g) @ C, a U(g)-module.
U(b)

Definition: A Verma module of weight \ (denoted as M ()\)) is defined as

M(A) = U(9)®CA
U(b)
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The vector 1 ® 1 is non-zero in M (A). U(n,) annihilates 1 ® 1 whereas any h €
scales it by A(h). Hence, 1 ® 1 is a maximal vector in M (). Also, M()) is generated
by 1 ® 1 as a U(g)-module. Hence, M()) is a highest weight module with highest
weight X\. 1 ® 1 is called the canonical generator of M(\). Since M()) is a highest

weight module, it follows all the results from the previous theorem.

Remark: The Borel subalgebra b = b & n, is a maximal solvable subalgebra of g.
We know that finite-dimensional irreducible modules of solvable Lie algebras are one-
dimensional (when working with algebraically closed fields). So, C, is an irreducible
U(b)-module. And if instead of C, we had used an arbitrary finite-dimensional b-

module N, then the induced module U(g) @ N need not have been a highest weight
U (b)
module.

We wanted Verma modules to be universal objects. We want to relate an arbitrary
highest weight module of highest weight A to the Verma module M (X). The following

observation will help us state the desired result.

Theorem 3.3.1. The map U(n_) — M(\) where v — u(1l ® 1) is an n_ module
isomorphism when U(n_) is provided with left regular representation. i.e. M(A) is a
free left U(n_) module of rank 1.

Proof: We know that g =n_ & b. From Corollary 5 in 2.2

is an isomorphism of left U(n_) modules. Now,

MO) = U(g) 0 €= ((U(m) @ U(b)) 2 G

By property of tensor products,

M(N) = U(n-) @ ((U(b) ® @A) ~U(n.)®C

The theorem hints at a description of Verma modules in terms of U(g). In fact,

we can give an alternative description of M (\) using generators and relations. This
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result is given as the following corollary.

Corollary: M(\) = U(g)/I as left U(g)-modules. Here, I is a left ideal generated
by n; and elements of the form {h — A(h)-1| h € bh, XA € bh*}

Proof: Give U(g) left regular representation and consider the map,

p:U(g) = M(})
ur—u-(1®1)

It is easy to see that ¢ is a surjective homomorphism of left U(g)-modules. From
Corollary 5 in 2.2 we have U(g) = U(n_) @ U(h) @ U(n,)
From the theorem we know that U(n_) acts freely on 1 ® 1. The non-empty words in
U(ny) lie in the kernel of ¢ as they annihilate 1®1. Similarly, the set {h—A(h)| h € b}
also annihilates the maximal vector of M. Hence, ker(yp) = I the left ideal generated
by U(ny) and {h — A(R)| he b} . M(\)=U(g)/l O

Now, observe that the action of U(n_) on all highest weight modules is not free e.g,
finite-dimensional modules. But, highest weight modules are generated by a single
element as a U(n_)-module as shown in the proposition in 3.2. This hints us at the

following universal property of Verma modules.

Theorem 3.3.2. (Universal property of Verma modules) Let V' be any highest
weight g-module generated by a vector v of highest weight A. Then,

(a) there exists a left U(g)-module homomorphism, unique upto scalars
o: M) >V
and this homomorphism is surjective.

(b) Furthermore, ¢ is bijective if and only if u - v # 0 for all nonzero u € U(n_).

Proof:

(a) Since 1®1 generates M (\), where it is mapped determines the homomorphisms
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from M (). Let v be the maximal vector of V. Consider the map,

v MN) =V
u-(l®l)—u-v

It is easy to see that this is a homomorphism of left U(g)-modules. This shows

the existence of non-trivial elements in Homy ) (M (M), V) # 0.

Claim: ¢ € Homy(V, W) where V, W are g-modules. Let = € V, then ¢(z) €
W,.

Proof: Take any h € h. Then, h - ¢(x) = ¢(h-x) = ¢(A(h)x) = A(h)o(z)

We know that, 1 ® 1 € M()\),. Then using the claim above, we can say that
if we take any non-trivial ® € Homyg)(M(X),V) = ®(1® 1) € Vi. Since,
V is a highest weight module with highest weight A\, the weight space V) is

1-dimensional as was proved in the proposition in 3.2.

If v € V) is the generator of V then ®(1 ® 1) = cv for some ¢ € C. This is
also consistent with the fact that endomorphisms of highest weight modules are

unique upto scalars. Since v generates V', ® is a surjection. O]

From the previous theorem we know that M (\) is a free U(n_) module of rank
1. This means that if we take u # 0 € U(n_), then v - (1 ® 1) # 0.

From the proposition in 3.2 we know that V' = U(n_) - v. Using this we can
see easily that if ® € Homyg)(M(X), V) is non-trivial then & is injective if and
onlyif Vu#0eUm.), Pu-(1®1)=u-v#0 N

We can also interpret (b) as follows: A highest weight module M with highest weight

A is a Verma module if and only if the action of U(n_) on M is free.

Example: As an example, let us look at sla(C). The Cartan-subalgebra of sly(C)

1
is one-dimensional and spanned by h = (0

0 ) Hence, h* = {A : h — C} ie.

h* = C. For a fixed A € C,

M(\) := (v; | i € Ng), such that
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° frvi=uvip
ec-v;,=avq1 ViZ0ande-vy =0

where a; := (A — (i — 1)). The way action of sly(C) is defined is deliberate to make
M(X) an sly(C)-module. M (A) is an infinite-dimensional module generated by vy
which is a maximal vector of weight \. M () is a highest weight module of highest
weight \. We can easily see that action of f on M()) is free. Therefore, using the

corollary we can say M () the Verma module of sly(C) corresponding to weight .

3.4 Simple highest weight modules

Consider the Verma modules of sl3(C) given in 3.3. They look similar to the irre-
ducible finite-dimensional sl(C)-modules V(™ defined in 3.1. Could it be possible
that the Verma modules of sly(C) are also irreducible? We explore this in the following

result.

Proposition 3.4.1. M()\) be the Verma module of sly(C) as defined previously.
Then,

(a) M()) is simple < X ¢ NU {0}

(b) If A € NU{0}, M()) is indecomposable and it has a unique simple submodule
M (=X — 2) which is itself simple, and:

M) /M(=\—2)=V®™

Proof: Let A # NU {0} and V' be a proper g-submodule of M (). Any non-zero
v € V can be written as a finite sum v = Zf:o o;v;. We know that the action of e
raises the weight of a weight vector by 2. Since, A is not an integer, we can act e
enough times on v so that we are left with only a multiple of vy. Thus, vy € V. But
vo generates M (\) and this contradicts V' being proper. Hence, M ()\) is simple.
Now, if we show that when A € NU {0}, M()) is indecomposable and it has a
unique simple submodule M (—X\ —2), we are essentially done. Since, —n—2 ¢ N and

M(—n — 2) will be simple by our earlier analysis.
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Let A = n € NU{0}. This means that a,; = 0 which makes v, a maximal
vector of weight —n — 2. Since the action of f on M(n) is free, this means that
M(—n —2) <= M(n).

Let V' be any submodule of M(n). We know that action of f is free on M(n)
so for any vector v € V the vector, f*' . v definitely lies in M(—n — 2). That
means every submodule of M(n) coincides with M (—n — 2). Hence, M(—n — 2) is
the unique simple submodule of M (n) and M(n) is indecomposable. The quotient
M (n)/M(—n — 2) has basis {vy, ..., v,} and hence the quotient is isomorphic to V()
|

Remark: Take a submodule V' of M(n). We know that V intersects M(—n — 2).
If M(—n —2) € V. C M(n), then there exists v € V such that v is spanned by
{vo, ..., v, }. But that means that by acting e enough number of times on v, we can

get a scalar multiple of vy. And vy will generate M (n). So, the only proper non-trivial
submodule of M(n) is M(—n — 2).

Now if we are able to determine how many simple highest weight modules exists
for a given highest weight, we will essentially be able to classify all simple highest
weight modules of sly(C). We can expect Schur’s lemma to plays a key role in such

a result.

Theorem 3.4.2. (Classiﬁcation of simple highest weight modules of sl2((C))
Let L(\) denote the simple highest weight module of sl3(C) of highest weight A € C.
Then, L(A) is unique and it is of the following form

M), X¢{NUO0},
L) =
VetrD o N =n e {NUO0}.

Proof: We have shown in the proof of theorem 3.1.1 that V" is simple highest
weight module with highest weight n € {NUO0}. And proposition 3.4.1 shows M (\)
is simple when A ¢ {NUO0}. All we have to show is that for a given weight, a simple
highest weight module of that weight is unique.

Let V' be a simple highest weight module of sly(C) of highest weight A\. From uni-
versal property of Verma modules 3.3.2 we have a surjective map ¢ € Homg,c)(M(X),V)
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and ¢ # 0. If M()) is simple, then by Schur’s lemma M(\) = V. If it is not sim-
ple, then using 3.4.1 we know that it has a unique simple submodule say K. So,

@ : M(\)/K — V be the quotient map. Again, by Schur’s lemma, this is an isomor-
phism since ¢ #0 W

We can see that for the case of sl3(C), Verma modules are either simple, or they
have a unique simple submodule. A similar result is true for Verma modules of semi-
simple Lie algebras. Verma modules are either simple or they have a unique maximal
submodule. It also will be shown in the next chapters that there exists a smallest
simple submodule of M(\).

Proposition 3.4.3. Let A € h*. M () := > M()),. Every proper g-submodule of
HFEN
M () is contained in M ()4

Proof: F be a proper g-submodule of M (). Since, M (\) is a weight module, we can

write F' = Y FNM(\),. According to proposition 3.2.2, a vector in M (), generates
nebh*
M(X) and since F' is proper, F'N M(X)y = 0. Therefore, ' = Y F N M(\), C
HFEN
M\, N

Remark: Let K be the sum of all proper g-submodules of M(\). The proposition
implies K C M (M), ie. if K is itself a proper g-submodule. Hence, K will be the
unique maximal submodule of M()\). By L(\) we denote quotient M ()\)/K. Hence,
L(\) is a simple highest weight module with highest weight A.

Theorem 3.4.2 gives the classification of simple highest weight modules of sl5(C).
It said that corresponding to every weight, there is a unique simple highest weight

module. We now want to show this is also true for g.

Proposition 3.4.4. V be a simple highest weight g-module of highest weight .
Then, V is isomorphic to L(A).

Proof: Using the universal property of Verma modules 3.3.2 we have a surjective
map ¢ € Homg(M(N),V) and ¢ # 0. K be the unique maximal submodule of M ().
Since V is simple, K C ker(y). Now, ¢ : M(\)/K — V be the quotient map. Since
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L(\) =2 M(X)/K and V both are simple g-modules, and ¢ # 0, using Schur’s Lemma
we can conclude that L(A\) =V B

3.5 Highest Weight theorem

In the previous sections, we have shown the following results for semi-simple Lie

algebras,

e Every simple finite-dimensional module is a highest weight module (theorem
3.2.1).

e For each weight, the corresponding simple highest weight module is unique

(proposition 3.4.4).

From these two results we can conclude that for some weights, L(\) is finite-
dimensional. The natural question to ask now is for what weights p € b*, is L(u)
finite-dimensional? In the case of sly(C) we saw that the highest weights of simple
finite-dimensional modules were {N U 0} (theorem 3.1.1). In this section, we arrive
at a similar result for g.

Cartan decomposition tells that a semi-simple Lie algebra is a sum of subalgebras
which are isomorphic to sl (C). So it makes sense to expect that representation theory

of sl5(C) ought to help us understand the representations of g.
Definition: Let A € h* be a weight
e )\ is called integral if A(a) € Z Vae®

e ) is called dominant if A(y) >0 Vv e d,

For aw € A, let sl, := {x4, ha, Yo} be the the subalgebra of g isomorphic to
slbC. Here, 2, € go, ha € b, Yo € g_o. Since, V is a g-module, restricting p to
the sl, submodule of g, V' can be viewed as a finite-dimensional sl,-module. Since

sl, = sl C, we will use representation theory of sla(C) to prove the following theorem

Theorem 3.5.1. V is a finite-dimensional g-module. For w € W,

(a) If u € support of V implies w - pu € support of V with the same multiplicity.

(b) If V is simple then the highest weight of V' is dominant integral.
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Proof: Let a € A, if u € support of V then, u(a) = n € Z. This is because all
weights of h, in an sly(C)-module are integers and occur along with their negatives.
This also means that V contains a simple sly(C)-module of the form V*) where
k> |n|.

e Case (1) n > 0: Then, 2 maps V,, injectively into V,,_,,

e Case (2) n <0 : Then, z_, maps V,, injectively into V,_,q

In any case, multiplicity of s,(u) = p — na is at least n. Since, s, - 5,(1) = K,
This means that s,(u) is a weight with the same multiplicity as p. We know that
{Sa | @ € A} generates the Weyl group W. This proves the first part of the theorem.

If V is simple, we know that it will be a highest weight module. Let \ be the
highest weight of V. Let u be any other weight in the support of V then, p < \. Again
using the fact that all weights of h, are integers, we can say that A\(h,) = m € Z.
From the first part of the theorem we can say that s,()) is also a weight in support
of V. Note if A(hy) = m then, s,(A\)(ha) = —m . But s,(\) < A. This means that
(A — 54(N))(ha) > 0. So, AM(ha) € Z2° and since this analysis is true for all simple
roots, we have showed that A is dominant integral. W

We now know that a simple finite-dimensional g-module V' is isomorphic to L(\)
for a dominant integral weight \. It is natural to question: for any dominant integral
weight p, is L(u) finite-dimensional? The answer is yes and the result is known as
the theorem of highest weight. This theorem gives a characterization of simple-finite

dimensional g-modules in terms of dominant integral weights.

Theorem 3.5.2. g is a finite-dimensional semi-simple Lie algebra over C. Then, the

following are equivalent
(a) L(A) is finite-dimensional
(b) A € b* is a dominant integral weight

(c) if p is a weight of L(A) then for any w € W, w(u) is also a weight with the

same multiplicity as p

In the analysis so far, we have proved that (a«) = (b) and (a) = (c).
The remaining part, is not straight-forward. There are multiple ways to prove this
theorem, but we will use the theory of Verma modules that we have developed. The

property (c) is motivated from theorem 3.5.1. We can find the example in modules
of sl3(C) in 3.1.
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Proof: Let II be the set of weights of L(\). Assuming (c¢) as the hypothesis, we can
say that II is closed under the action of the Weyl group W.

Say p € 11, then we know that u < A\. We know that in there is a dominant integral
weight in the Weyl orbit of every weight. So assume the w(u) is a dominant integral
weight of L(\) for some w € W. This means that A\ 4+ w(p) is also dominant integral
and A — w(u) can be written as an N sum of simple roots. Therefore, (A + w(u), A —
W) =0 = (AN — (), wi) > 0 but we know that {w(u), w(p)) = (1, 1)
We conclude therefore, if 4 € I then (i, p) < (A, \) .

Observe that the number of dominant integral weights o € h* such that, (o, a) <
(A, A\) is finite. Let that set be denoted as k Therefore, |II| is bounded above by
|W| x |k| and since the upper bound is finite, this means that the number of weights
of L()\) are finite. Hence, we have proved that (¢) = (a).

We will now show (b)) = (c¢). We have L(\) with A dominant integral. This
means that there is a natural number n, = A(«) for a simple root a and if v is the
canonical generator of L(\) then z7*! .y = (0 . This means that for every simple
root «, L(\) contains a finite-dimensional sl, submodule.

Now we fix a simple root o and by T" we denote the sum of all finite-dimensional
sl, submodules of L()A). We have shown above that this sum is non-empty. Take
a finite dimensional sl, submodule S, g - .S is also an sl, submodule. This can be
easily seen from the commutator relations in g. So, g- .S is also a part of the sum 7.
This means that T is a g-submodule of L(\). But L()) is a simple g-module. This
means that L(\) = 7. From the representation theory of sly(C), we know that if an
slo(C) module is a sum of sl3(C) modules then it is a (possibly infinite) direct sum of
irreducible finite-dimensional sl3(C) modules. So, L(A) is a direct sum of irreducible
finite-dimensional sl, submodules.

Take a weight p in the support of L(A) and let w € L(X),. We can write it as
w = Y _w; where w; lies in an irreducible sl,, submodule. If we assume w # 0 then there
is at ﬁ;st one w; # 0. Now, hy-w = > hy-w; = hg-w; = p(hy)w; i.e. this means
that each w;e L(A),. We know that evég/ finite-dimensional sl3(C) module has integral
eigenvalues and every eigenvalue occurs along with its negative. Therefore, as w; was
in a finite dimensional sl, submodule, let us assume that m = u(h,) = 2% € N.
Also, if (u, @) > 0 then 2™ w; # 0 and consequently ™ w # 0. Similarly if (u, o) < 0
then xZ-))w; # 0 and consequently x_w # 0. This implies the weight space © — ma

is non-empty and its multiplicity is > than the multiplicity of pu.
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Observe that 1 —ma = s,(p) and s, (s.(11)) = . Repeating the above arguments
for all simple roots we get that the support of L(\) is closed under the action of the
Weyl group W and the multiplicity of g = the multiplicity of r(u) for r € W. This
completes the proof of the theorem. W
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Chapter 4
Action of the center

We now aim to study in detail the structure of Verma modules. To study U(g)-
modules we have so far made use of the triangular decomposition and the PBW the-
orem. The study of the center of U(g) can provide further information. For example,
for finite-dimensional representations of g the Casimir element, a particular element
in the center of U(g) plays a big part in the proof of Weyl’s complete reducibility
theorem. By studying the center, we develop a powerful new tool, Harish-Chandra’s
theorem. Using it we gain new insights into the structure of Verma modules. We
denote the center of U(g) by Z(g).

4.1 Maximal vectors in Verma modules

We would now like to explore the submodule structure of Verma modules. It is natural
to ask the question: Is it possible that a Verma module M (\) has a submodule that
is also a Verma module, i.e. is there a submodule of the form M (u)? In this section
we will give a sufficient condition for such a submodule to exist.

We know from (3) of proposition 3.2.2 that if u € Supp(M (X)), then p < X . So

we will look for maximal vectors of weight p < A.

Theorem 4.1.1 For a A € h* and a simple root «, if (A\,aV) = n € Z=° then
M(pu) = M(X) for p =X — (n+1)a.

Notice that the role of simple root in the theorem. The multiplicity (the dimension
of its weight space) of an arbitrary weight < A can be more than 1. But the multi-

plicity of a weight A — ka where k£ € Z and « simple, is always 1. So we don’t have

43
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to worry about (for now) there being multiple maximal vector of the same weight.

Proof: Let v a maximal vector of M(\). Our candidate for the maximal vector is
a vector in the weight space M()), , i.e. the vector y*!-v and we have to show that

it is a maximal vector.

Case(1) For a simple root 8 # «, zz- -y v € M(A) _(n11)atp Dut A= (n+1)a+5 £ A
i.e. it is not a weight of M()) and so the the vector xg -y - v = 0.

Case(2) For = a, using the commutator relation we can easily show that:
Ta Yo V= (0)ys (i~ ha) v

and for i =n we get (n — A(hy)) - v=(n—n)-v=0. So, 2, -y v =0.

Let W be the submodule generated by 3"t - v. We showed that for any simple root
ﬁ D xg - yg+1
A — (n+ 1)a. We know that U(n_) acts injectively on a Verma module. Consider
the U(g)-module generated by y* - v, call it W. Now because W C M()), U(n_) will
also act injectively on W. Hence, W = M (u) where p = A — (n + 1)a.. So we have

showed that M(u) — M(A). B

-v = 0. This makes W a highest weight module with highest weight

Dot action of the Weyl group

Let us look at the previous theorem again. For « simple and n = (A, a") € Zsg
implies M () C M(A). Here, p =X —(n+1)a = A —na—a = s4(\) —a where s, is
the reflection with respect to a € h*. We can again rewrite this using p the half sum
of positive roots. We know that for any simple root v, s,(p) = p — . So using this
formula for v = « we can rewrite p as p = s4(A)—a = so(A)+84(p)—p = sa(A+p)—p.

This motivates us do define a new action of the Weyl group on h*. Let us denote

the action by () we want this action to be so that s, - (A) = so(A+ p) — p.

Definition: We define the dot action of W on h* as w - A = w(A+ p) — p.

With this definition at our disposal, we will try to rewrite the previous theorem.
Note that if (A4 p,a”) = 0 for a simple root a, then s, - A = X and then, M (s,-\) =
M(N).
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Theorem 4.1.1. Let A € b* and « be a simple root. Then, (A + p,a") € Z>g =
M (54 - N) € M(N).

The following is an important property of the dot-action.

Proposition 4.1.2. Let wy,ws € W and « € h*. Then, (w; o wy) - o = wy - (wy - @).
Proof: Using the definition of the dot-action, we get:

wy - (w2 - @) = wy - (wa(a =+ p) = p)
= wi(wz(a+p) —p+p)—p
= (wyows)(ax+p)—p=(wrowy) - M

4.2 Harish-Chandra’s Theorem

Let v be the canonical generator of M(\). Take z € Z(g) and h € b,
h-z-v=z-h-v=z-(Ah)v)=Ah)z-v

i.e., z - v lies in M (M), but since it is 1-dimensional, we conclude that z - v = kv
where k is some complex number. Since any vector w € M (A) can be written as x - v
where z € U(n_), wesee that z-w=z-x-v=x-z-v=Fk (z-v) =k w . Therefore,
we now know that Z(g) acts by scalar multiplication on M (). To capture this, we

define central characters.

Definition: A central character is an algebra homomorphism x : Z(g) — C.

Proposition 4.2.1. Highest weight modules have central characters.

Proof: We have already seen that Z(g) acts on Verma mpdules as scalar multipli-
cation. So, it will act as scalar multiplication on its quotients. We can easily see that
this action is associative. This action defines a central character.ll

Consider the central characters of highest weight module, we can ask the following

two questions:

(a) Is every algebra homomorphism Z(g) — C a central character for some highest

weight module?
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(b) When are central characters of two highest weight modules same?
These questions are answered by Harish-Chandra’s theorem.
Theorem 4.2.2. Let x, denote the central character of M (\). Then,

(a) Z(g) is isomorphic to S(h)", the subalgebra of W invariant polynomials in
S(h).

(b) xx=Xxu <= p=w- A\ wherew e W.
(c) Every central character is of the form y,.

A proof of Harish-Chandra’s theorem can be found in [12]. The idea is to proove
the result for the simpler case of integral weights. Then, using the fact that integral

weights are dense in h*, extend the result to all weights.

4.3 Formal characters

With the theory we developed in the previous chapter 3.5.2, we are able to determine
when L()) is finite-dimensional. We have no further insights, for example, we don’t
the dimensions of L(A) and its weight spaces. In this section, we try to find formulas
that will help us compute these dimensions. We will develop the notion of a formal

character. With it we want to capture the multiplicity of a weight.

Definitions: V be a weight module with finite dimensional weight spaces,

e VV be a g-module and A € Supp(V'). Multiplicity of X is defined as the dimension
of the weight space V).

e We define a formal character of V' to be the map ch(V) : h* — Z that takes

Using Harish-Chandra’s theorem we will build the Weyl character formula. It will
help us describe the character of finite-dimensional L(\) using only the Weyl group of
g. Once we know the formal character, it will become easy to calculate the dimensions
of L(\) and their weight spaces.

To study formal characters, we will now study the maps from h* — 7Z .
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Definitions:

e By Z" we denote the additive group of all functions from h* — Z . The

addition is defined point-wise.
e For f € Z" the support of f is defined to be {\ € b* | f(A\) # 0}.
e By e we mean an element of Z" such that its value on \ is 1 and 0 elsewhere.

e By Z[h*] we denote the the subgroup of Z"" that consists of functions with finite

support. So, any f € Z[h*] can be written as f = > f(A)e* . We will extend
A€b*

this notation to f € Z" for our convenience.

e By Z(h*) we denote the subgroup of Z" consisting of functions with support
that is contained in a finite union of sets of the form v — ), for some v € h*.
It is easy to see that Z[h*] C Z{h*) C Z"".

Example : ch(M (X)) € Z{b*) and ch(M(\)) = > B(A — p)et.

pneh*

Ring structure on formal characters

To Z{h*) we can give a ring structure. This will allow us to define multiplication of

formal characters. We define the multiplication as convolution product :

( Z exe)( Z cel') = Z ( Z cxc,)e”

Aeb* neh* veh*  Au=v

For this multiplication to be well-defined, the sum > C)\C‘L should be finite. This
AMu=v
is possible because we are working with functions in Z({h*). Let A = A\g — ¢; and

1= lo — g2 where q1,q2 € Q4+ and we know that there are only finitely many options
for A\g and pg for us to choose from. So, v = Ag+po—(q14+q2) = ¢1+q2 = v—XAo— o-
We know that 5(q; + ¢2) < co. As a result we conclude that there are only finitely
many ways to express v as A + p and hence the sum in finite.

Defining multiplication this way, makes Z(h*) a commutative ring with identity
e’. We also have multiplication in Z[h*] defined by the rule : e - e# = e*# . This

coincides with the multiplication in Z(h*). So Z[h*] is a subring of Z({h*).
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Some properties of the formal character

(a)

V be a g-module that has a formal character. V' be a g-submodule of V' and let
® be the canonical projection. Then, ch(V) = ch(V') + ch(V/V'). The result
can be easily by looking at individual weight spaces. Extending the basis for
the p weight space for V' we get : dim(V,) = dim(V}) + dim(V/V"),, . Thus,
the formal character of V' is determined completely by the formal characters of

its composition series.

We can generalize the first property as follows : Let

00—V 21, 2 2y,

be an exact sequence of -modules with formal character, then

n

D (-1Y ch(V;) =0

J=1

To prove this result, we observe the following : For 2 < j < n — 1 we have
for the j' g-module V; : —ch(image(¢;_1)) + ch(V;) — ch(image(¢;)) = 0 and
summing up such expressions for all j with the term (—1)7 multiplied, we get

our result.

Let V; and V5 be two g-modules with character in Z(h*). Then the character of
Vi ® Vy is ch(Vy) - ch(V3). We know that V; ® V4 is a -module with the action
v ®w = (z-v) @w — v @ (x-w) We notice that the tensor-product of
weight vectors of V} and V5 is a weight vector of V; ® V5 and such tensor-product
vectors form a basis of V; ® V5. The desired result is an immediate consequence
of this.

We can define an action of the Weyl group on Z" as : w(e*) = e*™ for all
A € b*. In the Theorem of highest weight 3.5.2 we showed that if A is dominant
integral then, dim L(\), = dim L(\),, Yw € W , we can restate it now in
terms of formal characters as w(ch L()\)) = ch L(\) Yw € W and A dominant
integral. A consequence of defining the action this way, is that each w € W

leaves Z[h*] invariant but does not leave Z(h*) invariant.
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Weyl-character formula

Due to highest weight theorem and Weyl’s complete reducibility theorem, we can say
that: to know the formal characters of finite-dimensional modules, it is enough to
determine formal characters of L(\) where A is dominant integral. To do so, we are

going to make use of Harish-Chandra’s theorem.

Definitions:

(a) The Weyl denominator : d := e” [] (1 —e™*) where p is the half sum of
acAt
positive roots.

(b) e(w) := det(w) for w € W the Weyl group of g.

() K:= > B(y) e

veEQT

Theorem 4.3.1. Let V' be simple finite-dimensional g-module i.e. V' = L(\), for A

dominant integral. Then the character of V' is given by the formula:

ch(V)=d* Z e(w)e? @+

weW
Remarks:
e The theorem describes the character in terms of the Weyl group of g.

e From property (c) of formal characters, we know that the characters of L(\) are
W-invariant for A dominant integral and this will reflect in the Weyl-character
formula. This property is not true in general. The study of formal characters

of L()\) in general proves to be difficult.

Corollaries of Weyl-character formula

Because of 4.3.1 we now have a way to describe character of finite-dimensional L(\).
Using that, we now calculate dimension of weight spaces of L(\). This result is known

as Kostant’s multiplicity formula. The proof can be found in [11] and [12].
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Theorem 4.3.2. A\ € h* be dominant integral. Then the multiplicity of u € h* as a
weight in L(\) is given by the formula:

dim(L(N),) = 3 e(w)B(u—w- A)

weW

Once we know all the multiplicities, we can calculate the dimension of L(\). This
formula will tell us what are all the possible sizes of irreducible finite-dimensional
g-modules. Using it we can test wether a finite-dimensional module is irreducible or
not. The result is called Weyl’s Dimension Formula. The proof of this result can be
found in [11] and [12].

Theorem 4.3.3. The dimension of L(\) for A\ € h* dominant integral is given as:

II (A +p,a)

dim(L(\)) = “>°H o)

a>0




Chapter 5

Submodules of Verma modules

5.1 Composition Series

The complete reducibility theorem due to Weyl says that finite-dimensional modules
are decomposable. But, highest weight module need not be. For example, Verma
modules are indecomposable. In such a situation, the next best structure we could
try to search for is a notion of length of modules. We again rely on Harish-Chandra’s

theorem to prove such a finite-length type result.

Definition: A finite filtration for a module M is a finite chain of submodules 0 C

M, C --- M, = M such that each successive quotient M;/M; ; has a known structure.

Definition: A finite composition series for a module M, is a finite filtration 0 C
M, C --- C M, = M such that each successive quotient is a simple module. The
simple quotients are called composition factors. It is also called Jordan—Holder series
or a Jordan flag.

The Jordan—Holder theorem states that if a module admits a composition series,
then any two composition series have the same length and same composition factors
upto permutation and isomorphism. It is well known that a module is both Noetherian
and Artinian if and only if it has a finite composition series. We denote by [M : N]|
the multiplicity of the composition factor N of M.

51
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Theorem 5.1.1. For any \ € b*,

(a) The simple subquotients of M (A) are isomorphic to L(u) for p < A,ju € W - A

(b) M(\) has a finite Jordan flag ie., composition series.

Proof: Take two submodules of M () say N; and N such that Ny C N; and the
quotient Ny /Ny is simple. We know that weights of N; /N, are weights of M (X). This
means N7/N; must have a highest weight. Say the highest weight is . Take any
vector in v € (N7/N3),, weight space. v is a maximal vector. Since Ny /N5 is simple, it
must be generated by v. Hence, N; /N, is a simple highest weight module. Therefore,
N1/Ns is isomorphic to L(p) where p < A. Since, the central character of Ny/Ns is
the same as that of M (), by 4.2.2) we can say that p € W - X. This proves (a).
From 2.4.2 we know that U(g) is a Noetherian ring and since M () is singly
generated by U(g) it is a Noetherian module. Therefore, every submodule N of a
Verma moudule has a submodule N’ such N/N’ is simple. Take a Verma module
M(X) and let M(A) = Nyp D Ny D Ny D --- be a chain of submodules such that
each successive quotient N;/N;y; is simple. Then by part (a), each such quotient is
isomorphic to L(p) where p < X and p € W - A, If there are infinitely many such
quotients then one of the weights of M (\) will become infinite dimensional. We know
this is not possible because weight spaces of Verma modules are finite-dimensional

(see 3.2.2). Hence, a Verma module must admit a Jordan flag. W

Corollary 5.1.1.1. Verma modules are Artinian.

5.2 Socle of M()\)

Definition: Socle of a module M over a ring R is the sum of the minimal non-zero
submodules of M.

When a module is semi-simple, it is equal to its socle. In the case of indecom-
posable modules, the socle can be thought of as the maximal semi-simple part. The

following result determines the socle of M ().
Theorem 5.2.1. Consider the Verma module M (). Then,

(a) There exists a unique smallest non-zero submodule V' in M (A).

(b) V is a simple Verma module.
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Proof: U(n_) = M(A) as U(n_) modules. Therefore, submodules of M(\) corre-
spond to left ideals in U(n_). Two simple submodules of M(\). Take the corre-
sponding left ideals in U(n_). Two non-trivial left ideals in U(n_) have a non-trivial
intersection (see chapter 3 of [9]). Their intersection is a left ideal. But this is a
contradiction because simple submodules must have non-trivial intersection.

Because M (\) has a composition series where each subquotient is a highest weight
module, we get that V' = L(u) for some p. We know that U(n_) acts injectively on
M () hence also on L(u). Therefore, the projection map @ : M(u) — L(p) is
isomorphism. W

Since there is only one simple submodule of M ()), by definition it is the unique
socle. Recall that the action of U(n_) on M(X) is free. As a result the action of
U(n_) on the socle is also free. Hence, the socle of a Verma module is a simple Verma
module. The above result puts a significant restriction on what homomorphisms can

exist between Verma modules. We get the following result as a consequence.
Theorem 5.2.2. Let A\, u € h*. Then,
(a) The vector space Homg(M (1), M (X)) is null or one-dimensional.

(b) Every non-zero element of Homg(M (1), M (X)) is injective.

Proof: Let v, & vy be maximal vectors in M (p) and M () respectively.

Injectivity: Let f # 0 € Homyg)(M (1), M(X)). Then f(v,) # 0 because other-
wise f would be trivial as v, generates M (u). Let f(v,) = u- vy for some u € U(n_).
Thus, we can think of f as a map from U(n_) — U(n_) that maps v — u - u.
Because U(n_) is an integral domain f has to be injective. This proves part (a).

Let M (c) be the simple submodule of M(p). Take f, g € Homy g (M (), M (X))
both non-zero. So by the above part we can say that they are injective. Let
f(M(a)) = Ly and g(M(«)) = Lo. Since f and g are injective, both Ly & Lo
are isomorphic to M(«). Since M(A) has a unique simple submodule, L, = L.
So flm) and g|m() are endomorphism of M(«). Then they must be scalars.
So there exists a complex number z such that fly@) = 2 - g|lm(). This means
f—2-g € Homyg)(M(p), M(X)) has a non trivial kernel. So by part (a) f—z-g = 0.
Therefore, f and g are linearly dependent. Hence, dim(Homy gy (M (1), M(N))) < 1.
|
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5.3 Existence of Embeddings

From the previous section we know that if a homomorphism exists between Verma
modules then it has to be an embedding. We would like to now enquire when such
embeddings exist? Let us recall theorem 4.1.1. It says that if (A + p,a") € Zso, then
M(sq - A) = M(A) for a simple root . When such an embeddings exist, we know
that L(s, - A) will be a composition factor of M (A). So we will now try to generalize
theorem 4.1.1 to obtain a sufficient condition for exsistence of embeddings of Verma
modules. The below theorem is such a result for the special case of dominant integral
weight. The result is a direct consequnce of theorem 4.1.1, although it requires some

carefull book-keeping.

Theorem 5.3.1. If \A+p € AT i.e., dominant intergal, then M (w-\) C M(A\)Vw € W.

Proof: Let A be a dominant integral weight. First we start with a reduced form
expression of the weyl group element w. It can be written as w = s,, 0+ --05,,, Where
each «; is a simple root (refer [9]). Now set A\g := A and define \; := s,, - A;—1. We
claim that \g > Ay > ... > A\, and A;(ha,,,) € Z>o. If this is true, then using 4.1.1,
we can say that M(Ag) D M (A1) D ... D M(A,). It is easy to see that the dot-action
has the property (w; o wy) - pp = wy - (wq - ) for any weight p € h* and wy, wy € W.
Therefore, if our claim is true then M (w - A\) C M () is also true.

Now we will prove our claim. We know that:

Ai = Sa; * Aie1 = Sa;(Nic1 +p) = p = Sa;(Nic1) + Sa,(p) — p
= Aie1 = (Aim1(ha,)) i + p = (p(ha,) )i — p
= Xic1 — (Nic1 + p) (ha )

Now if (/\i—l + p)(ho%) c ZZO then, )\z S )\i—l and M(/\l) C M()\z—l) Let t € W be
l=5q,_, 0054, an element of the Weyl group. It is easy to see that its inverse is

-1 _
17" =84, 0---05,, ,. Now,

N1+ p)(ha,) = Nia £ p ) = (£ do) + )
= (tao+p) = p+p0i) = (to +p), )
= (Ao, t M ()Y)

We know that if & > 0 and w € W such that I(w o s,) > [(w) then, w(a) > 0 (see
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chapter 0.3 from [12]). This means that ¢~!(c;) is a positive root. Because \q is
dominant integral, we can conclude that (A\;_1 + p)(ha,) € Z>o. This completes the
proof. W

We get the following corollary by applying theorem 5.2.1 to the above result.

Corollary 5.3.1.1. Let A € h* be a dominant integral weight. Then the unique
smallest submodule of M (\) is M (wq - A) where wy is the longest element of the Weyl

group.

When we try to generalize the above theorem for arbitrary A € h*, we run into
a problem that s, - A is not always < A. So, instead we choose a positive root «
such that s, - A < X\. We now try to see if we can get an embedding theorem in this

hypothesis. But first we state a lemma that will be useful to prove that result.

Proposition 5.3.2. Let A\, € h* and (A+p, a") € Z for some simple root a. Assume
that M (s, - ) C M(u) C M(N). Then, M (s, - p) C M(sq - A).

Proof: From the hypothesis we can say that M(s, - A) C M(X). Let vy and v, be
the generators of M () and M (u) respectively. Let n = (A + p, a¥).

Now, if n < 0 then, —n = (A + p,—a”) = (A + p, sa(@)¥) = (sa(XA + p),a").
Therefore, —n = (s - A+ p,a). And using 4.1.1 this means M(\) C M (s, - \). So
the claim of the proposition is true.

Now assume that n > 0. Then we know from 4.1.1 that M (s, - A) C M(X). We
denote by vy a maximal vector in M(X). The, y” - vy will be a maximal vector of
M (sq - A). Because of the hypothesis M (p) C M(A), we can say that Ju € U(n_) be
such that u - vy = v, where v, is a maximal vector of M (u).

Notice that n_ is a nilpotent Lie algebra. So, using the commutator relation, we
can say that for u € U(n_) and some positive integer n, there exists another positive
integer t such that ¢, - u € U(n_)y” (the integer t depends on u and y,). This gives
us Yy ocu-vy =UMmo)y? - vy € M(s4 - N).

Let s = (u+p,a¥). So without loss of generality we can assume that ¢t > s. Now,
yhou-uy =yl v, € M(Sq- ). S0, Za Yl vy = [Xa, yh] v, = cylit v, for some scalar
c. But we can keep on substracting from t such that we get s and y5 - v, € M(sq - A).
We know that y3 - v, generates M (s, - p) ... M(sq-p) C M(sq-A). B
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Theorem 5.3.3. (Verma) Let A € h*. Given a > 0 suppose pt := 54 - A < A then
M(p) C M(N).

Proof: We give a detailed version of the proof given in [8] and [12]. The proof is
given in two steps. First we will try to prove this for the case when A is an integral

weight and then we extend it to arbitrary weights.

Integral Case: Assume \ € Ai.e., an integral weight and p = s, for some positive
root a such that pu < A. Therefore, p is also an integral weight. We know that for
any weight ~ there exists one and only one dominant weight in its Weyl group orbit
(see 13.2 from [9]). So for integral weights, there exists a unique dominant integral
element in their Weyl group orbit. Assume that A + p and @’ + p are the unique
dominant integral weights in the Weyl group orbits of A + p and p + p respectively.

Now,

w(p+p)=p +p
= p+p=w(y +p)
= p=w (W +p)—p=wt
Let w™! = s,, 0+ 084, be the reduced form expression of w. Now define pi; := Sa, - jts—1
and \; := s,, - i—1 where po = p/ and Ay = X, and p,, = g and A, = A. We now do

the following calculation:

Hn = Sa - )\n = San " HUn—1 = Sa " Sa, * /\nfl

-1
= Hn—1 = S, " Sa " San * )\n—l

Similarly, we can write
_ -1 _
p = (W)~ 0 84 0 W) - A, Where wy, = 54, 0+ 084,

But, w,;l 0 S, 0 wy, is the reflection Sw (a)" So, let sg, = w,zl 0 8, © W, where
By = w; (). Hence, we can say that j, = sg, - A, for some root ;. Particularly,
Wi — A\ is an integral multiple of the root ;. This means that u, and A, are in the

same dot-action orbit of the Weyl group. Now orbserve that i/ > )\ because p’ is
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dominant integral and p = p,, < A, = A from the hypothesis. This means there exists

an integer k such that pp > Ay and pg41 < Agy1. This means that:

/4[/’{,‘-}—1 - )\k-‘rl == Sak+1 ° Mk‘ - Sak+1 : Ak‘

::Sak+1(ﬂk'_'Ak)

Notice that pip11 — Agy1 is a multiple of root Sgyq1 while px — A is a multiple of root
Br. Also, pp1 — Ag41 < 0 while g, — Ay > 0. But the only positive root that s, ,
maps to negative is ag 1. S0, fr = a1 = Pri1. S0 we now have i1 < A1 and
Mk+1 = Sap,, - Ae+1- Lherefore, by 4.1.1, we have M (py11) C M (Agy1). We now use
- k1, this implies:

the previous proposition. Since figy2 = Sa,,.,

M (p42) C M(Say s - A1) = M(Ap2)

Using this iteratively we get M () C M(\). This completes the proof for the integral

case.

General Case: When proving y) = Xw.x We first proved it for A € A the integral
case, then we used tools from algebraic geometry to say A is dense in h* and conclude
the result for arbitrary .

We will follow the same method here. Consider A € A and « a positive root.
Then, if (A4 p,a) € Z>p i.e., s+ A < A then 4.1.1 says that M(s,-\) — M(\). We

fix a positive root o and n € Z* and define the following:
Hyn:={veh | (v+pa'y=neZ"}

Xop ={pneb" [ M(u—na)C M(p)}

If n € X,,, then that means that 1 and 1 — na are linked. Then it implies that
Xon C Hypn. H is an affine hyperplane in b*. If h* = C' then H = C'~1. Tt is easy
to see that the intersection H,, N A is isomorphic to Z'='. Hence we can say that

H,,NAis dense in H,,. If X,, was closed, then that would mean:

Ha,n ﬂ A C Xa’n :> Ha,n C Xa,n

completing the proof.
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We know that U(n_) is a weight module under the adjoint action of . So we
define S :=U(n_)r_,. If u € S then it is easy to see that u-v € M(\),_, for some
v € M(A). This generates a bijection between S and M (X)y_, given by v — u - v.
Hence, S is finite-dimensional because weight spaces of Verma modules are finite

dimensional.

We now look at the following;:

M(X—p) C M(X) <= there exists a maximal vector inM (\),_,
<= Ju € S, u# 0 such that u - v is a maximal vector

<= Ju € S, u # 0 such that [z,,u] - v =0, « simple

By PBW theorem, we now have [z,,u] € Un_) @ U(n_)h,. Let (x4, u] = uq +u, hq.
Then [z4,u] - v = (o + uLA(hy)) - v. So, we define the map

f2:UMm.) = Un)
u = (ug + UL A (he))

This is a linear map because ad,,_ is linear. Now,
[Za,u] v =0 = (uq +u\hs)) -v=0= f2(u)=0
Let {aq,..., o} be simple roots. Then define:

g UMm) = Um)

wer (fa, (), o, (w)

This is a linear map since each fé‘i is linear. Therefore, we can write

M(XA—p) C M(X) <= Jue S\ {0} such that f (u) =0 Vi

This implies that rank g*|s < dim S, which means there are minors of the matrix
of ¢* with determinant 0. A determinant is a polynomial. So we get polynomials in
terms of A. Therefore, for all A € X, , we have a family of polynomials that vanish

on A. Hence, X, , is Zariski closed. B
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5.4 The BGG theorem

Verma’s theorem proved in the previous section gives us sufficient conditions for when
L(p) ocuurs as a composition factor of M () i.e., when [M(XA) : L(p)] # 0. In their
paper [2], I. N. Bernstein, I. M. Gelfand, and S. I. Gelfand, gave the necessary and
sufficient conditions for [M(\) : L(u)] # 0. Before we dicuss their theorem, we look
at a useful result.

We get an intresting class of modules when we tensor Verma modules with finite
dimensional modules. The following result will be useful in the last section. Based
on this property of M () ® F we define a new type of flag of submodules called the

Verma flag or a standard filtration.

Lemma 5.4.1. Let F be a finite-dimensional g-module and let (fi, ..., fx) be a basis
of I consisting of weight vectors such that, for all ¢, we have f; € F,,. We assume
that the indexing is such that p; > p; when j < @ (it is easy to see that such a
numbering exists). Then, the U(g)-module M (\) ® F" has a flag:

M()\)@F:MkDMkle"'DMQZO
such that, for all i € {1,2,...,k},

Proof: We present the proof given in [8] with added detail. Let v be a maximal
vector in M () and define a; := v ® f;. So a;’s are weight vectors in M () ® F with
weight A + p1;. Define

M,;=U(g)a; +---+ U(g)a;.

Then v ® F' C M. It is easy to see for all i € {1,...,k} that M; C M(\) ® F.

Now observe that M}, is closed under the action of U(g). Therefore M(A\)®F C M
because v generates M (A). Hence, M) = M (A ® F). Take a positive root a and let
e € g, Observe the following:

ea=e- (VR fi)=ev@fitv®e-fi=v®(e-fi) €v® Fy1a-

Since p;4r < o, using the hypothesis we can say that F), ;. lies in the C span of

{f1,..., fiz1}. Therefore we can say that e - a; lies in the span of {ay,...,a;_1} and
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hence we can rewrite
Mi = U(n,)al + 4 U(n,)ai.

So a; is a maximal vector of weight A + p; in M;/M;_;. If we now show that each M,
is a free U(n_) module with {ay,...,a;} as basis, then it will mean that M;/M;_; is
also a free U(n_) module generated by a maximal vector a;,. Hence, by the universal

property of Verma modules (3.3.2), we get:

which will complete the proof. We will now show that M; is a free U(n_) module
with basis {a;}. Take uq, ..., u; not all zero. Then we will have to show that the sum
uray + - - +u;a; # 0. Let p be the largest filtration among the non-zero u;’s. Then

we have:

u1a1+--~+uiai:Zuav®fa+21}®ubfb.
a=1 b=1

Now U(n_) fp lies in the C span of {f1,..., fx}, so the second sum is of the form

k
Z 20 @ [
b=1

for some complex numbers z;,. Split the u;’s in the first term in two parts as follows:

i

i k
u1a1+---—|—uiai:Z(wa-U)®fa+zwb®fb+z,zc(v®fc).
b=1 c=1

a=1
Here, w,’s have filtration p and @, have filtration less than p. Let j € {1,...,i} be
such that w; # 0. So the term:
(w]'—F’LDj—FZj)'U@fj 7é0
So the sum
u1a1+---+uiai 7é0

Hence proved that M; is a free U(n_) basis over {ay,...,a;}. This completes the
proof. M We know that Verma modules admit a finite composition series (5.1.1).

This gives us the following corollary:



5.4. THE BGG THEOREM 61

Corollary 5.4.1.1. M()\) ® F' admits a finite composition series.

Definition: A U(g)-module M is said to have a Verma flag/standard filtration if

there is a finite chain of submodules
M:MoDMlD"'Mn:O

such that each subquotient is isomorphic to a Verma modules M (\). We denote the
multiplicity of M () in the Verma flag of M by (M : M(X)).

Theorem 5.4.2. (BGG Theorem) The following are equivalent:
(a) M(X) C M(XN).
(b) [M(X): L] #0.

(¢) Jwy,...,w, € W the Weyl group of g such that

)\/Zwl)\/Eanwl)\/:)\

Using any submodule of a finite length module we can make a composition series
and it is easy to see that composition factors of the submodule are also composition
factors of the parent module. This means that (a) = (b). Verma’s theorem proved
in the previous section shows that (¢) = (a). The proof of (b) = (c) is highly
technical. It makes use of the previous lemma (5.4.1) and the concept of admissible
triplets. It is detailed in [8].

BGG theorem does not discuss what exactly the multiplicities of simple modules
L(\) in the composition series of Verma modules are. It only tells us when the
multiplicity is non-zero. The problem is of great importance because it allows us to
calculate the formal characters of L(\) resursively. Refer to [12] for the problem of

calculating exact multiplicities which is not in the scope of this thesis.
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Chapter 6

The BGG Category O

We aim to study in detail the structure and relationships between highest weight
modules. To do so we would like to work with an appropriate module category.
The category U(g)-Mod is too large a category to do this. We would like to work
with a smaller category of U(g) modules where we are to be able to use tools like
homological algebra. In their paper [2], Bernstein, I. Gelfand, and S. Gelfand studied
a restricted class of modules that encompassed the representation theory of highest
weight modules. This was subsequently named as Category O.

Throughout this chapter, g is a finite-dimensional complex semi-simple Lie alge-

bra.

6.1 Axioms

In the first section we define the axioms of the BGG Category O. We will show that
highest weight modules are building blocks of this category and determine all the

simples modules in this category.

Definition: The BGG Category O is the full subcategory of g-modules consisting

of modules which satisfy the following conditions:
(a) M is finitely generated.
(b) M is h-semisimple.
(¢) M islocally U(ny) finite.

63
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Condition (b) says that any module M = & M), where M, is the A weight space
Aeh*

of M. The condition (c¢) means that for any v € M the subspace U(ny) - v is finite-

dimensional.

Remarks:
e Finitely generated condition in the algebraic equivalent of compactness.

e The second axiom ensures the category contains weight modules. This means

we have a well-defined notion of formal characters for these modules.

e The third conditions ensures that all modules have highest weight vectors. If we
replace U(ny) by U(n_), then we would be working with lowest weight vectors

instead.

e Some examples of modules in this category are finite-dimensional g-modules,
highest weight modules and Verma modules. All of which are of importance to

us.
We will now look at some immediate consequences of the axioms.
Theorem 6.1.1. Let M € O. Then:

(a) Category O is Noetherian.

(b) Any module has a finite generating set consisting of weight vectors.

(c) M is finitely generated as U(n_) module.

(d) The weights of M are contained in a finite union of sets of the form A —I', where

I' is defined as the Z™-linear span of simple roots.
(e) All weight spaces of M are finite-dimensional.
(f) M is Z(g)-finite.
(g) O is an abelian category.

(h) For a finite dimensional U(g)-module L, M +— M ® L defines an exact endo-

functor of O.
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Proof: We know that U(g) is a noetherian ring (see 2.4.2), and that finitely gener-
ated modules over U(g) are noetherian. Due to the second axiom, we can write any
generator as a finite sum of weight vectors. This proves (a) and (b).

Using property (b) select a finite generating set of M consisting of weight vectors.
Let V' be the U(n,) submodule generated by those generators. We know it is finite-
dimensional due to the third axiom. From [4] we know that modules generated by
weight vectors are h-semisimple. Hence, V' is a U(b)-module. Using the PBW theorem
1.4, it is easy to see that M is generated by a finite basis of V' as a U(n_)-module (c).

We know that V' is finite-dimensional and h-semisimple. So, it has a finite basis
consisting of weight vectors. Let \; be the those weights. We know from (c) that M
is generated by these weight vectors as a U(n_)-module. So, all the weights of M will
be of the form X\ — I". This proves (d).

Using the PBW theorem (1.4), we can show that U(n_) is a weight module under
the adjoint action of hh and each of its weight spaces are finite-dimensional. We also
showed that as a U(n_)-module, M has a finite generating set consisting of weight
vectors. Using these two facts we can see that all weight spaces of M are finite-
dimensional (e).

z € Z(g) commutes with the action of U(h). So, it maps a vector from M) to
itself. We know that weight spaces of M are finite-dimensional. This proves (f).

Since M is noetherian, every submodule of M is finitely generated. It is easy
to that any submodule of M is and locally U(n,) finite. From [6], we know that
submodules of h-semisimple modules are h-semisimple modules. Thus, category O
is closed under taking submodules. It is easy to see that it is closed under taking
quotients and finite direct sums. We also know that U(g)-Mod is an abelian category.
This proves that O is an abelian category (g).

Let {v1,...,v,} be the generators of M and let {wy,...,w,,} be basis of L. Then
the set {v; @ w;|1 < i <n,1 <j < m} generates M ® L. Hence, M ® L is finitely
generated. It is also h-semisimple and locally U(n, ) finite. This proves (h). B

Corollary 6.1.1.1. For M, N € O, dim(Homo(M,N)) < 0.

Proof: Start by taking a finite generating set of M consisting of weight vectors. We
know that g-module homomorphisms map weight vectors to weight vectors of same
weight. So a generator of weight A will be mapped to a vector in N,. Since weight

spaces of modules in O are finite dimensional. Hence, dim(Homo(M,N)) < oco.l
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We know that the BGG Category O is not a semi-simple module category. For
example, all Verma modules are indecomposable and most of them are not simple.
Hence, we need to search for a finite length type result. The following theorem is
such a result. It shows why we can understand highest weight modules as building
blocks of Category O.

Theorem 6.1.2. A module M € O has a finite filtration where each successive

quotient is a highest weight module.

Proof: Start with a finite generating set of M consisting of weight vectors. This is
possible due to 6.1.1. Let V' be the finite dimensional U(b)-submodule generated by
those generators. We will prove the theorem using induction on dimension of V. If
it is one dimensional, then M is a highest weight module. Now assume it is true for
dim(V') =k — 1. If dim(V') = k then select a highest weight vector v € V. N be the
submodule generated by v. Consider the image of V in M/N. It’s dimension will be
less than k. So by induction hypothesis, M /N has a finite filtration. Consequently,
M has a finite filtration. This completes the induction. B

Corollary 6.1.2.1. Every simple module in O is isomorphic to L(\) for some \ € h*.

Proof: By the provious theorem we know that every module in O has a filtration
where the quotients are highest weight modules. A simple module will have such a
filtration of length 1. So it has to be a simple highest weight module L(\) for some
rebh*.

The filtration we obtained here could be refined further. From 5.1.1 we can see
that Verma modules have a composition series. We now prove that modules in O also

admit composition series.

Theorem 6.1.3. Category O is Artinian.

Proof: From 5.1.1.1 we know that Verma moduels are artinian. Because highest
weight modules are quotients of Verma modules (see 3.3.2), they will also satisfy the
descending chain condition. Now, 6.1.2 says that each M € O has a finite filtration
where each subquotient is a highest weight module. Therefore, each M € O satisfies
descending chain condition. Hence, Category O is Artinian B

We now know that Category O is both Noetherian as well as Artinian. Recall

that a module is of finite length i.e., it admits a composition series if and only if it is
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both Noetherian and Artinian. A standard result called the Krull-Remak-Schmidt-
Azumaya theorem states that if a module has finite length, then it can be decomposed
into a finite direct sum of indecomposable modules with the direct summands being

unique up to isomorphism and rearrangement. All these results are explored in great
detail in [19].

Corollary 6.1.3.1. Modules in O admit a finite composition series.

Corollary 6.1.3.2. Category O is Krull-Schmidt.

6.2 Blocks of O

In section 4.2 we saw how Z(g) acted on highest weight modules. We know that any
M € O is build up by a finite number of highest weight modules (see 6.1.2), so we can
expect that the action of Z(g) on M will be governed by a finite number of central

characters. In this section we will make this relation precise.

Definition: For z € Z(g) and central character y we define:
MY :={v e M|(z—x(2))"-v=0 for some n > 0 depending on v, z}

MX is therefore the generalized eigenspace for the action of the commutative
algebra Z(g) with eigenvalue given by the central character y. Rewrite z € Z(g) as
X(z) + z — x(z) then we can say that z acts as scalar plus a nilpotent operator on
MX.

Because elements of Z(g) commute with elements of U(g), we can see that MX
will be a submodule of M. It is also clear that for different cental characters the
subspaces MX are linearly independant.

We know that Z(g) commutes with the action of U(h). So, it maps a vector from
M, to itself. That means Z(g) is a family of commuting endomorphisms of weight
spaces of M. Since we are working over complex numbers, we can write M (i) as a

direct sum of generalized eigenspaces, i.e. M, = &(M,NMX). Therefore, M = @MX.
X X
From 6.1.1, we know that M has a finite generating set consisting of weight vectors.

This will ensure that this direct sum decomposition is finite. Because of 4.2.2 we know

that every central character is of the form y, for some A € h*. Hence, M = @ M**
XA
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Definition: Denote by O, the full subcategory of O consisting of modules M such
that M = MX.
For example, a highest weight module with highest weight X lies in O,,. From

the above analysis, we can write the following theorem.
Theorem 6.2.1. Category O is the direct sum of full subcategories O,, .

This direct sum decomposition of Category O is due to the action of the center
Z(g) and catupres the spectral data of central characters. So the study of Category
O now boils down to study of the subcategories O,, which are more managable. Let

us explore some of the advantages of this decomposition.
Proposition 6.2.2. The following are true for subcategories O,:
(a) Each simple module in O lies in exactly one subcategory O, .

(b) The simple modules in O,, are {L(w - A\)| w € W}. Hence, there are finitely

many simples in O,, up to isomorphism.

(c) O,’s are Serre subcategories i.e., they are closed under taking subobjects, quo-

tients and extensions.

(d) The subcategories O,’s are orthogonal i.e., ift M € O, and N € O,, such that
X # x!- Then Homo(M, N) = 0 and Ezt},(M,N) = 0.

Proof: From 6.1.2.1 we know that {L(\)|A € h*} are the simple modules in Cat-
egory O up to isomorphism. Since these are highest weight modules they have a
central character (see 4.2.1) i.e., Z(g) acts on them as scalar multiplication. Hence,
each simple module will lie in exactly one subcategory O,,. This proves (a).

The central character of L(A) will be x,. Harish-Chandra’s theorem (4.2.2) says
that x) = x, <= p=w-\ where w € W. Now, {L(w-\)| w € W} are the only
simples with central character y,. This proves (b).

If M = MX then by definition N = NX for any submodule NV of M. Hence, O,
is closed under taking subobjects. Since U(g)-module homomorphisms preserve the
action of Z(g) it can be said that O, is also closed under taking quotients. Assume
that

0>A—->B—-C—0
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is a short exact sequence in O such that A,C € O,. We can see that the set of
composition factors of B is equal to the union set of composition factors of A and C.
Hence, C' € O,. Thus, we have proved (b).

Assume M € O, and N € O,, such that x # x/. We know that both modules
have finite composition length (see 6.1.3.1) so we will use induction on their lengths.
If M, N are simple then by Schur’s lemma we know that if f € Hom(M, N), then f is
either 0 or an isomorphism. This means that M and N lie in both O, and O,,. This
contradicts (a) which says a simple module in O lies in exactly one O,,. We now
consider this to be true for N of length k. Now Assume N has composition length

k+1. We can write a short exact sequence
0—- N, —-N—=N/N =0
such that N/Nj is simple and apply Hom(M, ) to this. We get:
0 — Hom(M,N,) - Hom(M,N) — Hom(M, N/Ny)

Here, Hom(M, Ny) is 0 by induction step since N; has length k and (M, N/Ny) is
also 0 since both M and N/N; are simple. Therefore Hom(M, N) = 0. Applying
similar induction to the length of M, we can conclude that Hom(M, N) = 0 for all
MeO,,Nec0O,, and x # x/.

Take the short exact sequenece 0 — M — E — N — 0 where M € O, and

N € O,, such that £ € O. From the previous theorem, we can give a direct sum

decomposition £ = ®EY. So, M C EX. We also know that E/M = N = NX this
¥
means that M = EX and N = EX'. Therefore, £ = M @ N and hence the short exact

sequence splits. Since we started off with an arbitrary short exact sequence, we can
say that Ext,(M,N) =0 for all M € O, and N € O,, where x # x/. This proves
(c). B

Recall from 6.1.3.2 that O is a Krull-Schmidt category. This means that every
module can be decomposed into a finite direct sum of indecomposable submodules.
The idea now is to extend this notion to the level of category. We want a certain
collection of subcategories called blocks, to separate indecomposable modules that are
homologically unrelated i.e., they have no extensions of any degree between them. If
we want these blocks to do so as effectively as possible, then these blocks must be

indecomposable themselves. Each indecomposable module will belong to a unique
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block. This notion is especially useful in categories like O which fail to be semisimple.

Definition: Consider two simple modules M and N. We say M ~ N if there exists
a non-trivial extension of them i.e., Ext'(M, N) # 0 or Ext*(N, M) # 0. Let R the
smallest equivalence relation generated by this binary relation. A block of O is a
full subcategory of O containing modules whose composition factors lie in the same
equivalence class generated by R.

We can think of a block as a collection of modules generated by virtices in the

connected components of the Ext},-graph of simple modules in O.
Theorem 6.2.3. Let B; be blocks of Category O as defined above. Then:
(a) Each simple object of O lies in a single block.

(b) Each block B; of O is a Serre subcategory. Furthermore, these blocks are or-

thogonal to each other.

(c) Category O decomposes as a direct sum of blocks up to permutation. Each

block is indecomposable as an abelain category.

Proof: The relation R defined above makes equivalence classes of simple modules
in O. Hence, it lies in only one block. This proves (a).

Assume that 0 - M — F — N — 0 is a short exact sequence in O. We know
that the set of composition factors of £ will be a union of composition factors of M
and N. This immediately implies that blocks are closed under taking submodules
and quotients and extensions. Hence, blocks are Serre subcategories.

Take two simples in different blocks. From Schur’s lemma we know that the
homomorphisms spacce between these two simple modules in either 0 or consists of
isomorphisms. We know that blocks form an equivalent class of simple modules, so
two isomorphic simples cannot lie in two different blocks. By using induction on the
length of modules in two blocks just like we did in the proof of 6.2.2, we can show
that Hom(M, N) = 0 when M and N lie in two different blocks. Similary if A, B are
two simples in two different blocks, then Ezt},(A, B) = 0, otherwise they will be in
the same block. We then use induction on the length of both modules A and B to
show that Ext}, (A, B) = 0 when A and B are any modules in two different blocks.
This completes the proof of part (b).
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Take M € O. Let M; be the submodule of M whose composition factors lie in
the block B;. We can say that M = ), M; since each composition factor of M lies in
some block. Now we know that M; N M; = 0 because otherwise we have a submodule
whose composition factors lie in two different blocks which is not possible. Hence the
sum is a direct sum. Therefore, Category O is a direct sum of its blocks.

We know that Category O is abelian (see 6.1.1) and a block is a Serre subcategory
of O@. Then, a block is also an abelian subcategory. Now assume that a block is
decomposable i.e., there exists full subcategories A; and A, of a block B such that
B = Ay & Ay. Then, each simple module in B will lie in either A; or A;. We know
that any two simples in a block have a non-trivial extension. So let F be a non-trivial
extension of two simple modules, one in A; and the other in A;. Now E decomposes
into a direct sum F; & Ey where F; € A;. But this means that E is a trivial extension
which is a contradiction. Therefore, a block is indecomposable. This completes the
proof of (c) W

Our previous direct sum decomposition of Category O seems like a step in the
direction of a block decomposition. We have shown that the subcategories O,’s are
Serre subcategories and are orthogonal to each other. This hints that they could
potentially act as blocks of O. The following result discusses the case when this is

true.

Theorem 6.2.4. Let A € A be integral. Then, O,, is a block of Category O.

Proof: The simple objects in O,, (up to isomorphism) are {L(w - X)| w € W}. In
6.2.2(c) we have shown that these are not Ext},-connected to other simple modules.
If we are able to show that there is a non-trivial extension of L(\) and L(w - \) for
any element w of the Weyl group, then we are done.

Take w = s, for some positive root a. Without loss of generality we can assume
[t := Sq - A such that g < A. From 3.4.3 we know that a Verma module has a unique
maximal submodule. Let N,, N()\) be the maximal submodules of M (y), M(X) re-
spectively. From 5.3.3 we know of the existence of the embedding M () < M(N).
Combining these two facts we have M () < N(X) < M(A). Let K be the image
of N(u) in N(A). Therefore, the quotient M(\)/N has a submodule isomorphic to
M (u)/N(u) = L(p). Since M(X)/N is a highest weight module with highest weight
A, it will have L(\) as its composition factor. We know that highest weight modules
are not decomposable, therefore M(A)/N is a non-trivial extension of L(x) and L(\).
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Write a reduced form of w € W. Then, we can iterate this process to show that there

is a non-trivial extension of L(w - A\) and L(A). This completes the proof. B

Remark: Not all O,, are blocks because when A is not integral, O,, might fail to
be indecomposable. We can see this with an example. Take g = sl5(C). We know
from 3.4.1 that when A is not integral, M ()) is simple. So is M(—\ —2). We know
that the weight —\ — 2 is linked to A by the non-trivial element of the Weyl group of
slo(C). Notice that the support of M () is disjoint from the support of M(—\ — 2)
in h*. This means that any non-trivial extension of the two simple modules M (\)
and M(—A — 2) in Category O will always split. So, O,, cannot be a block. This
happens because the A and —\ — 2 lie in two different cosets of h*/A, (where A, is
the root lattice).

In the next section we discuss the further decomposition of O, into blocks when-
ever possible. This will give a description of blocks of Category . Note that since
each O, has a finite number of simples, this means that each block will also have

finite number of simple objects up to isomorphism.

6.3 Dominant and Antidominant weights

As the remark above suggests, to get a better desccription of blocks, we need to look
at linked weights that lie in the same cosets of h*/A, where A, is the Z-span of roots

®. The following definitions introduced by Jantzen are a step in this direction.

Definition: For A € h* we define,

Wi ={weW|w) =X (modA,)}
(I)P\] = {Ot ced ‘ <)\, Oév> c Z}

Hence, w € Wpy if and only if w(X) — A € A,.

Remarks:

(a) It is easy to see that for an integral weight o, @ = ® and Wi, = W.
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(b) Using the above fact, simple calculations show that if A = g (mod A), then:

Oy = Py and Wiy = Wi,

(c) Recall that p € A i.e., p is an integral weight. So we get:
W[,\}:{wEW|w-)\—/\EAT}
Py ={aec®| (A+pa’)ecZ}
(d) Let A and p be in different h*/A, cosets such that p = w - A for some w € W.
Then,
Cp = w(®py)

Wiy = wWiyw™

(e) If [M(N) : L(p)] > 0, then we know that g = w - A for w € W. Because p < A,
we get A = p (mod A,). Therefore, w € Wiy

Proposition 6.3.1. @y is a root system in its R-span denoted by E(\) C R ®z A.

Proof: If a € @[ then by definition we have —a € ®. If a,3 € @ then
(a, BY) € Z because o and § are from the root system ®. It only remains to show
that ®py is closed under reflections {s, | & € ®py}. Let 8 € ®;. We have to show
that s,(3) € @y i.e., in other words, (X, s.(8)") € Z.

(A 5a(B)") = (A, (B = (B,a")a)”)

_ <)‘7ﬁ_ <5,0zv>04> _ </\7/6> . Olv <)‘7Oé>
B O N L A )
——
=(\,BV)€EZ
Now,
2(67()[\/) <>\,Oé> :4<ﬁ,05> <)\705> :4<ﬁ,06> <)\,Oé> — <a’5v><)\7av> c Z

(8,6)  (a,a)(B,8)  (B.B) ()

Therefore, s,(8) € ®[5. Hence proved that ®py is a root system. W
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A natural question arises about the nature of the Weyl group of the root system
(5. It is easy to see that Wy is a subgroup of the Weyl group W of ®. Infact, it is the
Weyl group of the root system ®py and it is generated by reflections {s, | @ € @[y}
The proof of this fact is subtle and involves knowledge of the Weyl group and reflection
groups. An outline of the proof is given in [7] as an exercise. A simplified version of
Jantzen’s proof for field C can be found in [12].

We know that if a is a root in a root system ® then the only multiple of a in ® is
—a. So, the set &,y N ®* can be considered to be a set of positive roots in ®py. We
denote by Apy the simple roots of ®py corresponding to the positive roots ®py N O+,

We know that the socle of a Verma module M () is another Verma module M ()
where p < A and p = w - A for some w € Wy It is easy to see that if A is the lowest
in its Wy orbit, then M(X) has to be simple. Our intuition is that this sufficient
condition for simplicity of Verma modules could also be necessary. Therefore, to

capture this idea, we define antidominant weights.

Definition: A weight A € h* is called an antidominant weight if (A + p, ") ¢ Z~
for all @« € ®F. It will be called dominant if (A + p, ") ¢ Z, for all a« € O

Notice: In the case of integral weights, the above definition of dominant weights
is slightly different from the notion of dominant integral weights (A™) that we have
been using. In the above notion, the set A™ — p will be the dominant weights in A
while —p will be both dominant as well as antidominant.

The following proposition establishes the idea that an anti-dominant weight \ is

the lowest weights in its W[y orbit.

Proposition 6.3.2. Let A € h*. Let &[5, W}y and A}y be as defined above. Then, A

is antidominant if and only if one of the following three equivalent conditions is true:
(a) (A+p,a¥) <0forall a € Apy.
(b) A< sq-Aforall o€ Apy.

(c) A< w-Aforall we Wpy.

Proof: By the definition of dot-action, it is easy to see that (a) and (b) are equiva-

lent. In their reduced form, length 1 elements of Weyl group are just reflections with
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respect to simple roots. So, (¢) implies (b). Inducing on length of the reduced form
it is easy to show that (b) implies (c). So, the three statements are equivalent.
Recall that &) = {a € ® | (A +p,a”) € Z}. If X is antidominant, then (X +
p, V) & Z~g. Therefore, X is antidominant if and only if (A + p, @) < 0 for all for
all « € ®*. Hence proved that A is antidominant if and only if one of the following

three equivalent conditions is true. l
Corollary 6.3.2.1. There exists a unique antidominant weight in the orbit Wy - A.

We can now characterize Wy orbits by the unique antidominant weight lying in
them. Similarly, we can also show that they will have a unique maximal (dominant)
element. The next theorem shows that antidominant weights are in bijection with

simple Verma modules.

Theorem 6.3.3. The Verma module M () is simple if and only if A is antidominant.

Proof: First assume A is anti-dominant. If M(\) is not simple, then there exists
p € b* such that M(p) C M(A) We know that p < A and g€ Wiy - A But w-A > X
for all w € Wy since A is anti-dominant. Therefore M (\) is simple.

Now assume M () is simple. If A is not anti-dominant, then there exists o € &
such that (A + p,a") € Z-o. So, let p:= A — (A + p,a")a. Therefore p < A and
w € W - A This satisfies the hypothesis of Verma’s theorem (5.3.3) and hence there
exists the embedding M (p) C M(A). This contradicts our assumption that M(\) is
simple. Therefore, A is anti-dominant. W

Finally using the language we built in this section, we can now refine the subcate-
gories O,, when they fail to be indecomposable. In this way we obtain a description of

blocks of Category O in terms of antidominant (or alternatively, dominant) weights.

Proposition 6.3.4. Blocks of O are full subcategories where the objects are modules
whose composition factors all have highest weights linked by W[ for some antidom-
inant weight A\. Hence, blocks are in bijection with antidominant (or alternatively,

dominant) weights.

Proof: Let B be a block of Category O. If L(u) is a simple in this block than take
the Verma module M (u) € B. We know from 5.2.1, that M (u) has a socle that is

a simple Verma module say M()\). By the previous theorem, we can say that A is
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anti-dominant. We also know that all composition factors of M (u) are linked to p by

W,. Now, because
A<pu = A=pu (mod A) = Wi = Wy

This means that all composition factors of M (u) including L(p) are linked to A by
Wiy. So we have shown that highest weights of simples in a block are linked to an
antidominant weight.

Now assume that A is anti-dominant. Then we know from the previous proposition
that A < w - A for all w € W}y. Now consider the Verma modules M (w - A) where
w € Wpy. Because w € Wy, we can see w - A and A lie in the same coset of b*/A,.
So, Whway = Wiy. So, all composition factors of M(w - A) are linked to A by Wpy.
Therefore, the unique simple submodule of M (w - A) is M(A).

Let K, be the maximal submodule of M (w - A). Then, we have seen in the proof
of 6.2.4, that M(w - \)/K,, is a non-trivial extension of L(w - A\) and L(\). Hence,
the simple modules L(w - A) and L(\) lie in the same block. This shows that simples
with highest weight linked to an antidominant weight lie in a block. W

6.4 Grothendieck Group of O

Definition: The Grothendieck group of O (denoted as K(Q)) is the free abelian
group F on symbols [M], where M € O, quotient by the submodule R generated by
the relation [B] = [A] 4 [C] where 0 - A — B — C — 0 is a short exact sequence.

Theorem 6.4.1. The elements {[L(\)] | A € h*} form a Z-basis of K(O).

Proof: Let0=MyC M, C---C M, C M,,1 = M be a composition series of M.
Then,
0— M, —M— M/M, =0

is exact. This gives:
[M] = [M/M,] + [M,).

Doing this iteratively over the composition flag, we get:

n+1

[M] = ;[Mj/Mjl] = Aezh ([M ZEZ(A)])[L(A)}-
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This shows that the every element in K (O) can be written as a Z-linear combination
of {[L(N)] | A € b*}. Now we show their linear independance.
Define the map ®, that takes M € O to [M : L()\)] € Z. Recall that [M : L(\)]

is the multiplicity of L(\) in composition series of M. This gives a homomorphism

from F — Z. Because formal characters are additive under short exact sequences:

0—-A—-B—>C—=0
= [B:L\)]=[A: L]+ [C: L(\)]

Hence, B — A — C' lies in the kernel of ®,. But such elements of F are generators of
the relation that defines K (O) i.e., R C ker(®,). This means that we can extend ®,

to a group homomorphism:

‘If)\ : K(O) — 7
[M] = [M : L(A)]

Now consider the following finite sum:
Z n,[L(p)] =0
o
where ny € Z not all zero. Then applying ¥, we get:

U mL) = Y m (L) = 3 nfn = 0

Hence, n) = 0 and similary we can show all coefficients are zero. Therefore, we have
proved that {[L(\)] | A € b*} is a Z basis of K(O). B

The theorem is also true for finite length abelian categories (see Theorem 7.87 in[18]).

Corollary 6.4.1.1. For M, N € O, [M] = [N] if and only if [M : L(\)] = [N : L(\)]
for all simples L(\).

Because exact functors take exact sequences to exact sequences, we can say:

Proposition 6.4.2. Any exact functor induces an endomorphism of K(O).
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Since modules in Category O are U(g)-modules with finite-dimensional weight
spaces, we can also define the notion of formal characters on modules in O. Recall
from 4.3 that formal characters are also additive on short exact sequences. So we can

use the same technique as in the proof of 6.4.1 to give a homomorphism:

~—

U, K(O) = Z{y*
[M] > ch(M)

Theorem 6.4.3. The following are equivalent for M, N € O:

(b) formal characters of M and N are same i.e., ch(M) = ch(N).

(¢) [M:L(\)] =[N :L(\)] for all simples L(\).

Proof: The corollary of 6.4.1 says that (a) and (c) are equivalent statements. From
4.3, we know that formal characters are additive over short exact sequences. So, a

formal character of M € O can be written as:

ch(M) = "[M : L(\)] ch(L()))
y
Non-isomorphic simple modules in O will have distinct highest weights, so their formal
characters are linearly independant in Z(h*). These results show that (b) and (c) are

equivalent. H



Chapter 7

Methods in Category O

The BGG Category O is a module ctegory with 3 axioms. This means that the
standard tools used for categories like R — Mod need not work for O. In this chapter,
we build tools like duality functor for Category O. We see if O is closed under
extensions of modules. We will see that O has enough projective and injective modules
and prove the BGG reciprocity theorem given by Bernstein-Gelfand-Gelfand in their
original paper [3].

7.1 Hom and Ext

We will see how the Hom and Ext functors will act in Category O. First and foremost
we ask the question, if an extension of two modules in Category O lies in O7 The
answer is no, and the following is an example. Hence, from here onwards when we

use Frto(A, B) we will mean extensions of A by B in Category O.

Example: Take g = sl5(C) and start with a 2 dimensional U(b)-module N where

S

Let M := U(g) ®u) N. Then, we get the following short exact sequence:

the action is given as:

0—MAN —>M—MAN—0

79
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So, M is an extension of the Verma module M (\) by itself but because the action of

h is not semi-simple, it is not a module in Category O.

Proposition 7.1.1. Let \, u € bh*.

a) Let M be a highest weight module of weight p. If A £ ie. A > por \is
(a) 8 8 ght 4 7 p

incomparable with p), then

Exty(M(N), M) = 0.

(b) If A > p and N(\) is the maximal submodule of M (), then

Hom(N(X), L(p)) = Ext(L(A), L(w))-
(c) Exth(L(\), L(\)) = 0.

Proof: For part (a) assume a non-split short exact sequence 0 — M ENEYOREN
M(X\) — 0. Let v be the canonical highest weight generator of M(\). Since g is
surjective, choose © € F such that g(0) = v. We know that v has weight A, therefore
0 is a weight vector of weight A. This is because ¢ is a U(g)-module homomorphism.
Since U(n;)-v = 0 this means U(n, ) -0 € M. The weight of such a vector contradicts
A £ p. Hence, U(ny) - = 0 i.e., 0 is a maximal vector of highest weight A\. Hence
¥ generates a submodule of E isomorphic to M (A). This provides a splitting of the
short exact sequence. Therefore, Ext,(M()\), M) = 0. This proves part (a).

Take A > p and N(A) be the maximal submodule of M (). Start with the short
exact sequence 0 — N(A) — M(A\) — L(\) — 0. Since Hom is contravariant in the

first argument, we get:

-+ = Hom(M(\), L(pn)) — Hom(N(X), L(p))
s Bath(L(N), L) — Bath(M(N), L(1)) = -

Now, Hom(M (\), L(u )) = 0 since L(p) is the unique simple subquotient of M and
Exth(M(N), L(p)) = 0 from (a). Therefore, Hom(N(X), L(p)) & Exth(L(N), L(w)).
This proves (b).

To prove (c), we will use the same technique as above. Consider the short exact

sequence 0 — N(\) — M(A) — L(A) — 0. And since Hom is contravariant in the
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first argument, we get:

<o = Hom(M(XN), L(X)) — Hom(N (M), L(X))
— Bty (LX), L(\)) — Exty(M(X), LX) — -+

From 3.4.3, recall that N(\) does not have a A weight space, so Hom(N(\), L(\)) = 0.
Using A = p in part (a), we can say that Ext,(M (M), L(A)) = 0. This proves (c). B

Remark: As an immediate corollary of part (a) of the above theorem, we get:
() Bath(M(A), M(V) = 0.
(b) Eath(M(\), L(\)) = 0.

(c) If u < A, then Extl(M(N), L(p)) = 0.

7.2 Duality in Category O

In module categories the notion of duality plays an important role. A duality functor
is exact and contravariant. So it allows one to study injective and projective modules
in tandom. It also helps simplify the study of homomorphisms into study of tensor
products. In this section we will try to build a duality functor for Cateogry O. Here

are some problems that we need to address when we try to define dual modules in O.

(a) If a vector space V has dim(V') = oo then the dimension of its dual vector space
blows up. This is a problem because most modules in Category O do not have

finite dimension.

(b) If M is a module over a non-commutative ring R, then its dual module M* is

naturally a right R-module. Objects in Category O are left U(g)-modules.
(c) We want the dual of a module in O to satisfy the axioms of Category O.

Take a module M € O. First we will try to make M* into a left Ug-module. To

do so we can use anti-automorphisms of of Uj.
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Definition: An anti-automorphism ¢ of an algebra (A, -) is an automorphism

¢ A — Asuch that ¢(x - y) = o(y) - ¢(x).
Take a vector f € M* and v € M and define an action of x € Uy on M* as:

Take z,y € Uy, f € M* and v € M. Then,

(-y)- flo)=z-(y- f)lv) =y flo(z)-v)
(o(y) - ¢(x) - v) = f(d(z - y) - v)

Il
<

The above calculation shows how M* can now be viewed as a left Ug;-module. We
can now define weight spaces on dual modules. However, working with any anti-
automorphism is not ideal. We want an anti-automorphism that will help us keep
dual modules locally U(n,) finite. To illustrate this, consider the map ¢ : M — M
that takes x — —x. Consider v € M) and v* be its dual vector in M*. Let w € M,

and e € g, for a simple root a.. Then,

e-vi(w) = v (P(e) - w) = v*(—e - w)

— (e w) = ~Brura

So, v* € M;__. So under the 9 action, e acts by raising weights of module M but
lowers the weights of its dual module . Since, there is no lower bound on weights
of M, we can say that under the left action induced by 1, M* is not locally U(n, )
finite. To tackle this problem, we can use a special anti-automorphism generated by

twisting the action of g.

Definition: Let 7 : g — g be an anti-involution map that fixes pointwise h and
sends e, —> f, for all simple roots a. This extends canonically to an anti-automorphism
of Uy (see [9] for details).

Now, in the same calculation as above, when we use 7 instead of ¥, we get:

e-v'(w) = v (7(e) - w) = v*(f - w)

= 5A”LL7CM
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So, v* € My, ,. This means that raising and lowering operators behave the same on

modules and their duals. This solves the problem we highlighted with the ¢ action.

We now inspect the weight spaces of dual modules. We know that modules in O
need not be finite-dimensional, but their weight spaces are. Take M € O. We know
that:

(M) =A{feM" | f(M,) =0V p#A}

Take f € My,v € M, and h € h. Then we observe that:

h-f(w) = f(r(h)-v) = f(h-v) = f(u(h)v)
= A(h)f(v) (because f € Mjy)
— (A(h) = pu(R)) f(v) =0

Which means that f vanishes on M, when p # X. Hence, M} C (M))*. Similarly, an
element g € (M,)* is identified by its action on My, which implies that, (M,)* C Mj3.
Hence, under the 7 action of Uy, My = (M))*. Because M is locally U(n,) finite,
under this 7 action, M* also becomes locally U(n,) finite. We know that M) is
finite dimensional, so M} is also finite-dimensional. This motivates us to consider the

following:

Definition: Let C be the full subcategory of Us;-Mod where the objects are b-
semisimple modules with finite-dimensional weight spaces. We define the dual of
M e C as:

MY = & M.
Aeb

Notice that by definition, M" is h-semisimple and under the 7 action of Uy, MV is a
left Ug-module. We have also shown that under the 7 action of Uy, M} = (M))*. So,

weight spaces of MV are finite-dimensional. Therefore, M"Y € C.

Theorem 7.2.1. For the module category C defined above,

d:C—-2C
M — MY

is an exact and contravariant functor.
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Proof: We have seen that MV is h-semisimple and has finite dimensional weight
spaces. Let f : M — N be a homomorphism of Uj-modules in C. Then, we define

the dual morphism as:
Y NY = MY
g—gof

For @ to be a functor, we have to show that f" is a U;-module homomorphism and

it satisfies the functor axioms. Take x € Uy, g € N¥ and v € M. Then,

z- fY(g)(v) =z (g

g(f(v) = 'z g)(v)

This shows that f¥ is a Uj-module homomorphism. It is easy to see that (Idy)Y =
Idyv. Consider : N — S and s € SV. Then,

(ho f)(s) =so(ho f)=(soh)o f
= [(soh) = o (h'(s))
= J¥ o h¥(s)

So we have shown that the dual morphism also respects composition. Hence, ® is a

well-defined functor on C.

Now we will show that this functor ® is exact and contravariant. Recall that
Ug-module homomorphisms preserve weight spaces and in C, modules have finite-
dimensional weight spaces. So, a morphism f : M — N in C can be described
by a collection of maps fy : My — N,. Similarly its dual can be described by

X+ Ny — M. Now consider a short exact sequence in C :
0=LL ML N0
whic gives rise to the sequences:

0—>L>\f—>\>M)\g—A>N)\—)0
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Using the standard duality functor we get:
0= (N 25 (M) 5 (L) = 0

Now taking direct sum over all weights we get:

0_)@(]\&)* ®(ga)* @(M/\)* S(fr)* @(Lx)*—ﬂ)
A A A

Which gives us:
0= NY MY I 50
This shows that ® is exact and contravariant. ll
We get the following corollary as a direct consequence of the theorem:
Corollary 7.2.1.1. Let M, N € C. Then,
(a) M is simple if and only if M" is simple.
(b) (M@ N)¥=M"& NV.

(c) M — MYV defines a natural isomorphism ®* = Ide. Since ® is contravariant,

it is an anti-equivalence on C.
Theorem 7.2.2. For M € O, the module M € O. Hence,

D:0O—=0
M — MY

is an exact and contravariant functor on Category O.

Proof: We know that MV is h-semisimple. We have shown that under the 7 action
of Uy, MY is locally U(n,) finite. It remains to show that M"Y is finitely generated.
We will prove this by induction on length of M. Since modules in O are also objects
in C, we can make use of the above two results.

If M has length one, i.e., it is a simple Uy-module, then so is M"Y (due to the above
cororllary). So, M" has finite length. Let us say this is true for modules of length k.
We will prove this for modules of length &+ 1. Let N € O have length k£ + 1. If N’
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is the simple submodule of N then we can write the following short exact sequence:
0N —-N-—=N/N =0
and since taking the dual in C is exact and contravariant, we get:

0— (N/N) = N = NV =0

From the induction hypothesis, (N/N’)¥ has length k& and from the previous corollary
N"Y is simple and has length 1. So, NV has length k + 1. So, dual object sof modules
in O has finite length. Thus, they have to be finitely generated. From the theorem,
we can say that D is an exact and contravariant functor on O. B

It is easy to see that properties listed in 7.2.1.1 carry over to Category O as well. So

we get the following corollary:

Corollary 7.2.2.1. The canonical map M — M"Y induces a natural isomorphism

D? = [dp. In particular, D is an anti-equivalence of Category O.
We look at two more properties of this duality functor.

Proposition 7.2.3. D be the duality functor on O as defined above. Then, for
M € O, the following are true:

(a) M and MV have the same formal character, so they have the same composition
factor multiplicities. In particular, L(\) = L(\)Y.

(b) For any central character y, (M"Y)X = (MX)". Hence, if M € O, the MY € O,.

Proof: We know that My = (M,)*. Since both M and M" are h-semisimple mod-
ules, this mean that they have the same formal characters. We know from 7.2.1.1 that
L()) is simple if and only if L(X\)Y is simple. If L(\) and L(\)Y have the same for-
mal character then that means they have the same highest weight. By the universal
property of simple highest weight modules (3.4.4), we can say that L(\) = L(\)Y.

Start with a composition series for M. Say:

O=MyCcMyC---CM,=M
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Then we get a short exact sequence:

0— M —-M—M/M; -0
and applying the duality functor gives:

— (M/M,)” = MY — M) =0

So, ch(MY) = ch(My) + ch((M/M;)") since M; is simple and has the same formal
character as M,’. Because these modules have finite length, we can do this iteratively

and see that composition factors of M and M are the same. This proves part (a).
Recall that:
MX={ve M| (z—x(2))"-v=0 for some n depending on z & v}
(MY ={feM'|(z—x(2)"-f=0 for somen depending on z & f}

Say f € (MY)X and take v € MX'. From the definition we have:

((z=xC)"- Hlv)=fl(z— X(z))” U) *. T preserves Z(g) pointwise
f({(

This means that f = 0 for all v € MX where ¥’ # x. Therefore, f is determined
completely by its action on MX. So, f € (MX)" and hence, (MY)X C (MX)".

Now let g € (MX)Y. We know that MY decomposes into a direct sum of weight
spaces. So, any f € MY is non zero on finitely many weight spaces. And since each
weight space is finite-dimensional, we can say that support of f is finite-dimensional.
Therefore, support of g € (MX)Y is also finite-dimensional and lies in MX. That

means we can choose a natural number N big enough such that for

2 € Z(g) , (=—x(2))" - supp(g) = 0.

Because T preserves Z(g) pointwise, we can say that for

2€Z(g), (x—x(2))" -g=0.
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We know that g € MY, so we get g € (MY)X. This means (MX)" C (M")X, which
completes the proof of (b). B

Theorem 7.2.4. Let u, A € h*. Then,
(a) dimHome (M (p), M(X)Y) = d,a.

(b) Exto(M (), M(X)¥) =0

Proof: For M()\) we have the short exact sequence:
0—= N\ = M) — LA\ —0

where N()\) is its unique maximal submodule (see (3.4.3)). Applying the dualtiy

functor D we get:

0— LAY = M) = N(\)Y = 0.

The above proposition says that L(\) = L(\)Y, so we get that M ()Y has a simple
submodule isomorphic to L(A). Notice that it is the unique simple submodule of
M(XN)Y. Because if V' is another such simple submodule then its dual is a simple
quotient of M(\) and we know that Verma modules have unique simple quotient
because they have a unique maximal submodule.

Now assume that f € Home (M (u), M (X)) is non-zero, then M (A)Y has a highest
weight submodule with highest weight p. Since, M (\)Y has a unique simple submod-
ule L(A), this means that > A. The above proposition says that M(\) and M(\)Y
have the same composition factors. So if, L(7) is a composition factor of M (\)" then,
v < A. If we quotient of f(M(u)) with f(N(u)), we get that L(u) is a composition
factor multiplicity of M (\)Y. Hence, u < A. Therefore, dim Home (M (), M(A)Y) =1
if and only if 4 = A. This proves (a).

Take the short exact sequence:

™

00— MN)Y - M= M(u)—0

Let v be a maximal vector of M (u) and w be its preimage in M. Now, w is a vector
of weight . If w is also maximal vector then by universal property of Verma modules

we get a homomorphism from v to w which gives us the splitting. If not, then take
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x € g, for some positive root a. Then,
m(x-w)=x -m(w) =z -v=0.

So, x - w € ker(m) which we know is isomorphic M(A)Y. From the previous result
we know that , formal character of M(\) and M ()Y are the same. So all weights of
M(N)Y are < A. The vector z - w has weight p + a so p + o < A. This means that

1 < A. Now, applying duality functor on the above short exact sequence we get:
0— M(u)” — MY — M(\) — 0.

So, A has to be a highest weight of M. Using the universal property of Verma
modules again, we can show that this short exact sequence splits. If A is not the
highest weight of MY, then using the same calculation as above, we get that A < u
which contradicts the fact that ;1 < A. Thus, the short exact sequence splits. Similarly

its dual short exact sequence:
00— MN)Y - M— M(u)—0

also splits. This completes the proof of (b). B

7.3 Projectives in O

To make effective use of homological techniques in Category O we need to study
projective modules. For example, to show that projective resolutions of modules in
O exists, we need to show that it contains enough projectives. Once we do that, then
we can talk about indecomposable projective modules. We will end the section with
a characterization of indecomposable modules in O.

We have shown the existence of a duality functor D on O. It will send projective
modules to injective modules. Hence, having enough projectives in O will automat-
ically imply the existence of enough injectives. First we will show the existence of
projective modules in Category O with explicit examples and then we will show that

we can make more projective modules using those.
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Theorem 7.3.1. There are some projective objects in Category O.

(a) Let A\ € b* be dominant weight. Then, M ()) is projective.

(b) If L is finite dimensional and P is projective, then P ® L is also projective.

Proof: Assume M, N € O such that
0= M3NSMA) =0

is a short exact sequence. Now take v to be the canonical generator of M (\) and v be
its pre-image in N. Because Uy-module homomorphisms take weight vectors to weight
vectors, we can say that v is a weight vector of weight A. Note that v ¢ M. We know
that M () € OX which implies that v € NX. Now, U(n,) - v is finite dimensional and
it must contains a maximal vector. The weight of this maximal vector will then be
linked to A. But our assumption was that A is dominant. So, there can be no weight
> X that is linked to A. This forces U(n;) - v = 0. Therefore, v is a highest weight
vector. By universal property of Verma modules (3.3.2), there exists v : M(\) = N
a U(g) homomorphism that maps v — o which implies that § oy = Idys(y). So, the
short exact sequence splits and M () is proved to be projective. This completes the
proof of part (a).

Take M,L and P € O, such that L is finite-dimensional and P is projective.

Then, using the adjoint associativity of the Hom functor we get:

HOIH@(P X L, M) = Homo(P, HOl’Il(Q(L, M))
= Homp(P, L* @ M)

We know that Home (P, L* ® —), L* ® — and Home (P, —) are exact functors. There-
fore, we can say that Hom(P ® L, —) is exact and P ® L is projective. This proves
part (b). W

Remarks: Note the following about the theorem:
(a) We have showed that A € h* being dominant is sufficient for M (X) to be pro-

jective. We will later show that this is also necessary.

(b) Using part (b) and the duality functor, we can show that @ ® L is injective

when @) is injective and L is finite-dimensional.
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Definition: A module category is said to have enough projectives when every mod-

ule in the category is a quotient of a projective module.

Theorem 7.3.2. Category O has enough projectives.

Proof: We will prove this by induction on the length of modules. For the first step
we have to show that the simple modules {L(A) | A € h*} are quotients of projective
modules. For A € h* we know that the weight p := A + np will be dominant for large
enough n. Therefore from the previous theorem M (u) is projective. Since np is a
dominant integral weight, by highest weight theorem (3.5.2), we know that L(np) is
finite-dimensional. So, by the previous theorem, M (u) ® L(np) is also projective.

Notice that the lowest weight of L(np) is —np. Because —np = wy(np) where
wy is the longest element of W which flips all positive roots to negative. From 5.4.1
we know that M () ® L(np) has subquotients isomorphic to M (u + v) where v is a
weight of L(np). Since —np is the lowest weight of L(np), the module M () ® L(np)
has M(u — np) = M(A) as a quotient. Which means L()) is also a quotient of
M(p) @ L(np).

Now assume this is true for modules of length k. Consider a module M of length
k + 1. Now since M has as socle that is a simple Verma module (see 5.2.1), we get

the following short exact sequence:
0— LA\ —>M-—-N=0

Because of the induction hypothesis, there exists projective modules P and P’ such
that L(\) is a quotient of P and N is a quotient of P’ respectively. Because P’ is

projective, we get a Ug-homomorphism 7 such that the following diagram commutes:
P/
E'Ti//// lﬁ
l</
M T) N
Since the diagram commutes, we can say that:

aorm = = a(lmg(r)) =N
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case 1) ker(a) NImg(m) =0 = Img(n) =N = M =L(\)&N
case 2) ker(a) NImg(m) # 0 = L(A\) C Img(m) since ker(a) = L(A) which is simple
= Img(m) =M

In the first case we can see that M will be a quotient of P @ P’ whereas in the
second case it is the quotient of P’. Hence, we have shown that M is a quptient of a
projective module. This completes the proof. B

We have shown that every module in Category O is a quotient of a projective
module. The projective module however is not unique. If P is a projective module
with a module M as a quotient, then M is also a quotient of P @& P’ for any other
projective module P’. 1In such a situation it makes sense to talk about minimal
projective covers of modules. Note that in the literature minimal projective covers

are also called projective covers.

Definition: A minimal projective cover of a module M is a projective module P
such that M is a quotient of P but not a quotient of any proper submodule of P. We
say the epimorphism P — M is essential.

Theorem 7.3.3. In a Krull-Schmdit abelian category with enough projectives, every

object has a minimal projective cover.

The proof of this theorem can be found in the expository article [15]. Since
Category O is abelain and Krull-Schmdit and has enough projective objects, we can

say that every object in O has a minimal projective cover.

Proposition 7.3.4. If M is left module over a ring R and it has a projective cover,

then the projective cover is unique upto isomorphism.

Proof: We follow the proof given in [16]. Suppose M is a module that has two
minimal projective covers, P, and P%». Using the fact that P, is projective, we get the

map 7 : P, — P, such that the following diagram commutes:

/ T/ﬁ

=M
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Then, fom = a and Img(7m) C P,. We claim that 7 is surjective:
A(lmg(m)) = fom(P) = a(Pr) =M

Since P, is a minimal projective cover, Im(7) = P,.

Now, we have the following short exact sequence:
0 — ker(m) - P, — P/ ker(m) — 0
But P/ ker(m) = Im(w) = P,. Therefore:
0 — ker(r) > P, — P, —0

The short exact sequence splits because P, is projective. We get P; = P, @ ker(m).
But that means M is a quotient of a proper submodule of P;, which is a contradiction

since P, is a minimal projective cover. Hence, P, = P,. B

Definition: We denote by P()\) the minimal projective cover of L(\).

From 6.1.3.2 we know that Category O is Krull Schmidt. That means we can
decompose a projective module as a direct sum of indecomposable modules in O.
But, we also know that direct summands of projective modules are projective. So we
know that there are indecomposable projective modules in Category O. The following

theorem gives a characterization of indecomposable projective modules in O.

Theorem 7.3.5. Every indecomposable projective module in Category O is isomor-
phic to some minimal projective cover P()). This gives a one-to-one mapping between

the collection of indecomposable modules and simple modules in Category O.

Proof: First we will show that P(\) is indecomposable. Let 7y : P(A) — L(\) be
the surjection of the projective cover onto the simple module. Then, ker(my) will be
a maximal submodule in P()). If N is another maximal submodule different from
ker(my), then 7w, maps N onto L(\). Since, L(A) is simple, the image of N under 7
is either zero or L(A). In the first case, N coincides with ker(my) which is contrary to
our assumption. The second case contradicts the fact that P()) is minimal projective
cover. Hence, N = ker(m)).

So, P()\) has a unique maximal submodule i.e., P()\) is a local module. We will
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now show that it is indecomposable. Let P(A\) = A @& B where A and B are non-
trivial submodules. Because A, B € O they have finite length (see 6.1.3.1). This

means either they are simple or they have a maximal submodule.

Case 1) If A and B are simple then, P(\) has two distinct maximal submodules A and
B which is not possible.

Case 2) If A and B both have maximal submodules m,4 and mpg then my & B and

A @ mpg are two distinct maximal submodules of P(\).

Case 3) If only A has a maximal submodule m4 and B is simple. Then, A and m4 ® B

are distinct maximal submodules of P(\) which is a contradiction.

This proves that P(\) is indecomposable.

Now consider an indecomposable projective module P € O. We know that it
will have a composition series (see 6.1.3.1), so it will have a quotient isomorphic to a
simple module in O, say L(u). Let g : P — L(u) be the quotient map. Then consider
P(p) the minimal projective cover of L(u). Because P is projective, this will give
us a map f : P — P(u) such that 7, o f = g. Then, image of P under m, maps

surjectively onto L(u). So, f has to be surjective because P(u) is minimal projective

P
N
P(p) o > L(p

This gives us the short exact sequence:

cover of L(u).

)

0— ker(f) = P— P(u) —0

and since P(u) is projective, it splits. But this contradicts the hypothesis that P is
indecomposable. Hence, ker(f) has to be 0. Therefore, P = P(u) and this completes
the proof. B

We will now look at the some properties of the modules P(\) which will be useful

in the next section.
Proposition 7.3.6. The following are true for modules P(\), A € h*:

(a) dim Home (P, L(A)) = number of times P(\) appears as direct summand of P.

(b) dim Home(P()\), M) = [M : L(\)].
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Note: The proposition requires the assumption that we are working with alge-

braically closed field. This is true because we are working with C.

Proof: We know that Category O is Krull-Schmidt (see 6.1.3.2), so we can write
any projective module as a finite direct sum of indecomposable projective module.

So, using the previous theorem we get:

Because of additivity of Hom we have:
k
Homo (P, L(X)) = @ Homo (P(A;), L(A)®™.
i=1

We know that
1 it A= yp,

0 if A # pu.

This is because ker(my) is the unique maximal submodule of P(\) and L(\) is the

dim Home (P(N), L(p)) =

unique simple quotient of P(\). Therefore, we can say that dim Homep (P, L(\)) equals
the number of times P(\) occurs as a direct summand of P. This proves part (a).

For M € O consider the following short exact sequence:
00— M —M— M, —0
Since P(A) is projective, Homp(P(A), —) is exact and covariant, we get:
0 — Homp(P(\), M;) — Homp(P(\), M) — Homp(P(X), My) — 0.
Therefore, as vector spaces:
dim Home (P (A), M) = dim Homep (P(X), M;) + dim Home (P(\), M,).

Now applying this iteratively on length of M, we obtain:

dim Home (P(X), M) = dim Homo(P(X), L(p)).

i=1
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But we know that:

dim Homo (P(V), L)) = 4 0 A7

1 if A= pu.

Hence, dim Homgp(P(\), M) = [M : L()\)]. This proves (b). B

7.4 Standard Filtration

In this section we want to illustrate some properties of modules in O that admit a
standard filtration (Verma flag). The results produces in this section will be used
in the next section. We have already showed that for finite dimensional module F,
M (M) ® F admits a standard filtration. We also know from 6.1.1 that Category O is
closed under taking tensor product with finite dimensional U(g)-modules. So, there
are modules in O that have a standard filtration.

If a module M € O admits a standard filtration i.e., Verma flag (see 5.4), then

using additivity of formal characters over short exact sequences (see 4.3), we get:

OZMOCMlC~-CMn:MandMi/Mi_1’£’ ()\z>
= ch(M) = ch(M/M,_1) + ch(M,_;)
= Ch(M/Mn_l) + Ch(Mn_l/Mn_Q) —+ -4 Ch(Ml)

n

= Z Ch(Mz/Mz_l)

=1

and we can say that ch(M) = > (M : M(\;)) ch(M()\;)) where (M : M()\)) is the

Verma flag multiplicity of M (A) in M. Since non-isomorphic Verma modules have

distinct highest weights, their formal characters are linearly independant in Z{h*).

Hence, the following lemma follows:

Lemma 7.4.1. Assume that M, N € O admit a standard filtration. The the following

are equivalent:
(a) M and N have the same formal character.

(b) (M :M(X)=(N:M(\)) for all A € h*.
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Corollary 7.4.1.1. Let M € O be a module with standard filtration. The length of
Verma flag and multiplicity of Verma modules in its Verma flag are independant of

the choice of the standard filtration of M.

So for example, a standard filtration length of a module is 1 if and only if it is a
Verma module. The corollary follows directly from the above theorem. A different

style of proof of this corollary can be found in BGG’s original paper [3].
Theorem 7.4.2. Let M € O have standard filtration.

(a) If A € b* is a maximal weight in the support of M, then M has a submodule
isomorphic to M(A) and M/M () has a standard filtration.

(b) M is a free U(n_) module.

(¢) M has standard filtration if and only if its direct summands have standard
filtration.

Proof: Let 0= My C M; C --- C M, = M be a Verma flag of M. Because of the
hypothesis, we have a maximal vector v of weight A. Let ¢ be the smallest index such
that v € M;. Therefore v ¢ M, ;. By universal property of Verma modules (3.3.2)
there exists f : M(\) — M, a non-zero homomorphism mapping 1 ® 1 — v. Define

gi=mof: MO\ L M 5 M;/M,_,.

7 is non-zero since 7(v) # 0. Hence ¢ is also non-zero. The hypothesis says that
M;/M;_4 is isomorphic to a Verma module say M (u). Because g is a map between
Verma modules, using theorem 5.2.2 we can say that ¢ is injective. Then, f has
to be an injective map because ker(f) C ker(g) = 0. So we have an embedding
f:M(A) — M.

Now, we have to show that M/M(A) has a standard filtration. Since ¢ is an
injective map between Verma modules, we have A < p. Notice that A and p are
both weights in the support of M. The hypothesis says that A was a highest weight
in support of M, so A = pu i.e., g is an isomorphism. Notice that the short exact

sequence:
0— M;_y — M; = M(\) =0
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splits. This is because we have shown that f : M(\) — M, is injective and 7o f = ¢
is an endomorphism of Verma module M (\) so it is a scalar multiple of identity map

on M(A). Thus, we get a splitting: M; = M(\) & M;_;.
We have M(\) € M; € M and M;/M(X\) = M,;_,. Using the third isomorphism

theorem for modules we get a short exact sequence:
0— M;—y — M/M(\) — M/M; — 0

Both M; and M /M; have standard flag. Therefore, M /M (\) has standard filtration.
This proves (a).

We will prove (b) using induction on composition length of M. Assume it has
length 1, i.e. M = M(X). So, U(n_) acts freely on M. Now assume this is true for
length k. We will show for M with length k£ + 1. Take a composition series for M

OZM()CMlC"'CMk_H:M

Here, M; = M(u) for some p. Hence, U(n_) acts freely on M;. Now M/M; has
standard filtration of length £ and using induction hypothesis, U(n_) acts freely on
M/M;. Therefore, U(n_) acts freely on M. This proves (b).

Given M' D M{ D --- D M; =0and M" D> M{ D --- D M; =0 be Verma flags
of M" and M"” respectively. Then, the direct sum M := M’ & M" also has a standard
filtration M@ M" DM@ M">--- D086 M" D00 M, D---D0.

Now, say M has a standard filtration, we want to show M’ and M" have standard
filtration. We will do this by induction on the standard filtration length of M. When
M has length 1 ie. M = M(\), either M" or M" has to be 0 as Verma modules
are indecomposable. Assume this is true for length k, we will show it is true for
modules with standard filtration length £+ 1. Let M € O be a module with standard
filtration: 0 = My C My C -+ C Mg,y = M M = M' & M” in O. Let pu be a
maximal weight in the support of M. Without loss of generality, assume that M), is
non-zero. Then, there exists a maximal vector w of weight p in M’. Using part (a)
we can say that there exists M (u) C M and since w € M’ generates M (u), we get
M () € M'. Therefore, M/M(X) = M'/M(X)@® M" has a standard filtration because
of part (a).And by induction hypothesis M’/M(\) and M" have standard filtration.
This completes the proof of (c). B
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Remarks: The hypothesis that A is maximal weight of M in part (a) is necessary.
If M is a module with standard filtration such that M(\) C M for some arbitrary
A € b*, then M/M(A) need not have standard filtration. The simplest example is for
g = sly(C), M(—n—2) < M(n) for a natural number n. Their quotient is the simple
highest weight module L(n) which does not admit a Verma flag.

Proposition 7.4.3. If M € O admits a standard filtration. Assume ¢ : M — M ()),

a U(g)-module homomorphism. Then ker ¢ admits a standard filtration.

Proof: If ¢ is trivial then its kernel is entire module M which has standard filtration.
We will assume that the map is non-zero. We will prove this by induction on length of
standard filtration of M. If standard filtration length is 1 then M is a Verma module
and we know homomorphims between Verma modules are either null or injective
(5.2.2). Since we assumed that ¢ is non-zero, we can say that it is injective and its
kernel is trivial i.e., has standard filtration length 0. We now assume the fact to
be true for modules with standard filtration length k. Let M now have standard
filtration length k + 1 and ¢ : M — M ()) be a U(g)-module homomorphism.

Take a Verma flag 0 = My C My C --- C Myy1 = M of M. Let j be the largest
index such that M; C ker(¢) = 0. Using the third isomorphism theorem for modules

over rings, we get that:
M/ker¢ = (M/M;)/ (ker(¢)/M;).

Now, M /ker(¢) is a Verma module by hypothesis. This gives a surjective map from
M/M; to M/ker(¢). Here, M /M, has standard filtration of length less that k+1. So,
by induction hypothesis, ker(¢)/M; has a standard filtration. So we have the short

exact sequence:

0 — M; — ker(¢) — (ker(¢)/M;) — 0

where M; and ker(¢)/M; have a Verma flag. So, ker(¢) also has a Verma flag using

the lattice isomorphism theorem for modules. This completes the proof. B

Theorem 7.4.4. Let M € O has standard filtration, then for all A € h* we have:

(M : M()\)) = dim Home (M, M(\)Y)
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Proof: We follow the proof given in [12]. We use induction on standard filtration
length of M. When length = 1, we know that M is a Verma module say M (u), then
(M = M(X)) = 6, From (7.2.4) we know that dim Home (M (p), M(N)Y) = 0,
This proves the base case. Assume the result is true for modules with standard
filtration length k. Take M to have standard filtration length k& + 1.

M has a submodule N such that we get the following short exact sequence:
0—=N—>M-— M(u) —0.
Applying Homp(—, M(\)Y) we get:

0 — Home (M (), M(N\)Y) — Home (M, M(A\)Y)
— Homp(N, M(\)Y) — Exty(M (), M(N)Y) — - -

Using (7.2.4) we can say that the Ext term vanishes, dim Home (M (1), M(X)Y) = 0,

Using induction hypothesis we have dim Homep(N, M (A)Y) = (N : M())). So,
dim Home (M, M(A)Y) = (N : M(X))+9,,. Since formal characters are additive over
short exact sequences, we can say that ch(M) = ch(V) 4+ ch(M (u)). This says that:

(M= M(X)) = (N = M(A)) + (M(p) - M(A)) = (N = M(A)) + 0y

This completes the proof. l

7.5 BGG Reciprocity

We want to show that projective modules in Category O have a standard filtration.
We then use the properties of standard filtration to prove the BGG reciprocity the-
orem given in [3]. Trving’s paper [14] provides generalizations of many results in this

section.

Lemma 7.5.1. P(\) is the minimal projective cover of M(\).

Proof: Recall from theorem (7.3.4) that minimal projective covers are unique upto
isomorphism. We know that P()) is the minimal projective cover of L(A) and M ()

maps surjectively onto L(A) under the quotient map «. Because P()) is projective
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we get the map 7 : P(A) — M () such that the following diagram commutes:

PQ)

Im ™

f
M) —— L))

3

Assume im(7) € M(X). M(A) has a unique maximal submodule ker(a) (see
(3.4.3)). Therefore, im(7) C ker(cr). This implies that

Hence, im(w) = M(X). If P is a minimal projective cover of M () then it also has

L(\) as a projective cover. Then we have two cases:
case 1) If P is indecomposable then P = P()\) using (7.3.5)

case 2) If P is not indecomposable then (7.3.6) says that it has P(\) as a direct sum-
mand. We just showed that it maps surjectively on M (\) which contradicts the

minimality of P.
Hence proved that P()\) is also the minimal projective cover of M(A). B

Theorem 7.5.2. Each projective module in O has a standard filtration (Verma flag).
In particular, (P(A) : M(p)) # 0 only if p > X and (P(\) : M(X\)) = 1.

Proof: We know that Category O is Krull-Schmidt (see 6.1.3.2), and each pro-
jective module will decompose as a finite direct sum of indecomposable projective
modules. From 7.4.2, we know that a module has standard filtration if and only if its
direct summands have standard filtration. Thereom 7.3.5 says that indecomposable
projectives in O are of minimal projective covers of simple modules. So if we prove
the theorem for projective modules P()\) for all A € h*, we are done.

Let p := XA + np be dominant. Then using the highest weight theorem (3.5.2) we
know that, dim L(np) < oo because np is dominant integral. The theorem (7.3.1) says
that P := M(u) ® L(np) is projective. From (5.4.1) we know that P has standard
filtration.

We know that M (A) and L(\) are quotients of P. So, dim Home (P, L()\)) # 0.
Using (7.3.6) we know that P()\) occurs as a direct summand of P. We know that
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P has a standard filtration and theorem 7.4.2, implies that its direct summands have
standard filtration. So, P(\) has a standard filtration. H.

Theorem 7.5.3. (BGG Reciprocity) For A, i € h*, we have:

Remarks: From 7.2.3 we know that M (u) and M (u)Y have the same composition
factor multiplicities. So we can substitue [M(u) : L(A)] with [M(x)Y : L(A\)] in this
theorem.

Notice that the theorem allows us to compute Verma flag multiplicities of inde-
composable projective modules using composition factor multiplicities of a Verma

modules.
Proof: Substituting M = P()\) in 7.4.4 (b) we get:

(P(A) : M(2)) = dim Homo(P(A), M (1)")
From 7.3.6 we get:

dim Homo (P(A), M (p1)*) = [M ()" = L(A)]

which completes the proof. B



Appendix A

A.1 Some Theory of Algebras

1. An algebra over a field k is a vector space over k with a bilinear map (V] -):
VXV =SV

e [f - is associative, then it is an associative algebra.
e If - is commutative, then it is a commutative/symmetric algebra.

e [f - is anti-commutative and satisfies the Jacobi identity, it is a Lie algebra.

2. Amap f: A— Bis called a k-algebra homomorphism between algebras A and
B over a field k if:

e f is k-linear.

e f preserves the product: f(a-b) = f(a)- f(b) for all a,b € A.

3. A vector subspace W C A of a k-algebra A is called a subalgebra if it is closed
under the product:
wy -wyg €W Ywy,wy € WL

4. A vector subspace I C A of a k-algebra A is called a left ideal if:

a-x €l VYac Axel.

103
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A.2 Basics of Semi-Simple Lie algebras

Semi-Simple Lie Algebras

For a Lie algebra L, the derived series of L is the series of ideals:

Lo>LW>L® > e |

such that LY = L/ and L®) = [L*=1 L¢+=D] If for some n € N if L™ = 0 then we
say L is solvable. The largest solvable ideal of L is called the radical of L, denoted
Rad(L).

A Lie algebra g over C (or R) is called semi-simple if it has a trivial radical.

Cartan Subalgebras

A Cartan subalgebra (h) is a maximal abelian subalgebra consisting of semisimple
(diagonalizable) elements. b is nilpotent and self-normalizing. The dimension of b is

called the rank of g.

Dual of the Cartan Subalgebra

The dual space h* of the Cartan subalgebra h can be naturally identified with a

Euclidean space:

e The Killing form of a Lie algebra g is the symmetric bilinear form:
B(X,Y)=Tr(ad(X)ad(Y)), X,Y €g,
where ad(X) denotes the adjoint endomorphism ad(X)(Z) = [X, Z] for Z € g.
The Killing form is invariant under the adjoint action.

e Cartan’s criterion says that Rad(g) = 0 is equivalent to the Killing form of g
being non-degenerate. Hence, semi-simple Lie algebras decompose into a direct

sum of simple ideals orthogonal with respect to the Killing form.

e The restriction of the Killing form to b is non-degenerate, which induces an

inner product on h*.

e With this inner product, h* is isomorphic to a Euclidean space.
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Cartan Decomposition

For a semi-simple Lie algebra g, the Cartan decomposition refers to the root space

decomposition relative to a Cartan subalgebra b:

g:h@@gaa

acd
where:
e & C bh* is the set of roots.

e Bach root space g, ={X € g| [H,X]| = «a(H)X for all H € h}.

e The decomposition is orthogonal with respect to the Killing form.

Simple Roots

Within the root system ®, one can choose a basis of simple roots A C ® with the

following properties:

e Every root a € ® can be expressed as an integer linear combination of elements

of A, with all coefficients either non-negative or non-positive.

e The set A is minimal with this property, and its cardinality equals the rank of

g.

e The choice of A determines a partition of ® into positive and negative roots.
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