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Abstract

This thesis aims to provide an overview of the Integro-differential equations of fractional
type and the associated regularity results for the viscosity solution. In the second part of the
thesis, we consider a nonlocal Hamilton-Jacobi equation appearing in the study of ergodic
control problems governed by 2s-stable processes. We show the existence and uniqueness of

solution eigen-pair to this equation.
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Introduction

A standard example of a time-independent partial differential operator is the Laplacian
operator, often denoted as A. This operator also appears as a generator of the Brownian
motion (up to a time change). If we replace the Brownian motion by a 2s-stable process
(s € (0,1)), then the corresponding generator gives rise to an integro-differential operator,
also known as the s-fractional Laplacian and denoted by —(—A)®. The analysis of this
operator is quite different from its local counterpart because of its nonlocal nature. In a
series of work [6—8] Caffarelli & Silvestre developed the theory of nonlinear nonlocal operator
(these include Harnack inequality, ABP estimates, Holder regularity, etc). This theory was
developed in the framework of viscosity solution (see Chapter 1, for a definition) and then
shown that under sufficient regularity assumptions on the nonlocal kernels, the viscosity
solutions have C?*" regularity, making the viscosity solution a classical solution. Very
recently, the C?*™ regularity is established for general Pucci type operators by Serra [17]
and C' regularity can be found in Biswas & Khan [3]. We review these results in Chapter
1.

Our original contribution to this thesis is given in Chapter 2. We will focus on studying

the following nonlocal Hamilton-Jacobi (HJ) equation which is considered in Chapter 2,
—(—=A)’w+ mi[[rjl{b(x, u) - Vw + c(z,u)} = \* in R%
ue

The above HJ equation appears in the study of the ergodic optimal control problem. In the
above, U represents the action (or control) set, that is, an action can only be chosen from U.
b:R?x U — R?is the controlled drift that manipulates the stochastic dynamics by applying
the input variable u. ¢ : R% x U — [0, 00) is known as the running cost per unit time. The
value A\* also referred to as the principal eigenvalue, is called the minimal ergodic value. In an

ideal situation, that is, when w € C'(R?), we can extract an optimal control as a minimizing



selector of the above HJ equation. This makes the above HJ equation an important tool in
the study of optimal control problems. For more details (albeit in the local setting), we refer
to the book [2]. Solving the above HJ equation (that is, to find (w, \*)) under a general
setting seems difficult. Therefore, in practice, we rely on two settings (i) the stable case and
(ii) the near-monotone case. Under the stable case, the drift vector is assumed to be stable
under every stationary Markov control. This can be assured by imposing the existence of
an inf-compact Lyapunov function. In this setting, a complete study of the nonlocal HJ
equation can be found in the very recent work of Biswas & Khan [3]. So we focus on the
second case, that is, the near-monotone case in this thesis. We say the controlled system is
near-monotone if

lim inf inf ¢(z,u) > A"
|z| =00 uel

In the first instance, the above definition might appear misleading because A\* is unknown.
In practice, we replace \* with the optimal ergodic value. Note that the above inequality
always holds if we allow ¢ to blow up at infinity (see Assumption 3(ii) below). Under a
reasonable set of hypotheses (Assumption 3), we prove the existence and uniqueness result

for the above nonlocal HJ equation. For more details, see Chapter 2 below.

Structure of the thesis

The thesis is split into two parts. Chapter 1 deals with preliminary results of fractional
Sobolev space and fractional Laplacian, an overview of fully nonlinear nonlocal equations
and the regularity of their solutions. In chapter two, we study a control problem, which is
a nonlocal equation. We proved the existence of the solution. The regularity result follows

from [3] and [16] and the proof of uniqueness is inspired from [1].

Notation
1. R? the d-dimensional real Euclidean space and R! = R.
2. N denotes the set of natural numbers.

3. For vectors a and b, a - b is the scalar product.



10.

The open ball centered at z € R? with radius r > 0 is denoted by B,(z). If x = 0, we
denote the ball by B,

The ball of radius r centered at origin is denoted by B,.

For an integer k > 0, the space C*(A)(C*(A)) refers to the class of all functions whose

partial derivatives up to order k (of any order) exist and are continuous.
The set of all compactly supported functions is denoted by C°(A),

The space C*" for r € (0,1) is the collection of functions whose partial derivatives up

to order k are Holder continuous of order 7.

. For any v > 0, C7(A) denotes the space CL17=bl(A).

Let u € C*(A) here A is open and bounded domain and k € N, we define

‘UHok(A Z ”DkuHCO ’

0<~<k
[Dku]r,A = sup ]u(x) B u(y)|
T#YEA |ZL’ - y|r’

||U||ck’r(,4) = Uckra) = ||U||ck(A) + Z [D*ul, 4
lvI=Fk






Chapter 1

A short survey on the fractional

Laplacian

1.1 Fractional Sobolev Space

The fractional Laplacian, denoted by (—A)?®, is a fundamental elliptic-linear integro-differential
operator of order 2s. There are many ways to define this operator equivalently, and interested
readers can refer to [12] for additional definitions: To understand the properties of the linear
space that this operator belongs to, we will refer to [9]. This thesis focuses on the case where

s is between 0 and 1, and we will define the fractional Laplacian operator as follows:

+ u(r —y) — 2u(x)
|y[d+2s

—(=A)’u(x) = C(d, s) /Rd uz +y) dy. (1.1.1)

This operator belongs to the Sobolev space of order 2s. Let €2 be a open, need not be smooth,

set in RY. Fix an s > 0 and for p € [1,00), we define the fractional-Sobolev space W*? as:

WeP(Q) = {u e LP(Q) : % e LP(Q x Q)}.
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The space W*P(Q2) is a Banach space sandwiched between LP(Q) and W'P(Q2). This follows

from the Proposition 1 below. The norm on this space is given by:

[ — (// (‘x—y‘(d/PJrZ‘) da:dy—i—/9|u|Pd$);,
e = ( e dy));’

is called the Gagliardo-seminorm of u. Below are some important propositions and theorems

and

from [9].

Proposition 1. [Proposition 1.1 in [9]] Let Q be an open set and u :  — R be a measurable
function. Consider p € [1,00) and 0 < s < s’ < 1. Then

[lullwsre) < Cllullwnq)

for some positive constant C' = C(d,s,p) > 1. This implies that the space W*?(Q) is
embedded in W*P(Q).

Theorem 1.1.1. For any s > 0, the space C®(R?) of smooth functions with compact
support is dense in W*P(R%).

1.1.1 Extending W*” functions to R?

When s is an integer, under certain regularity assumptions on 2, W*P(2) can be extended
to W*P(R?). There is a similar extension theorem for fractional case. These results are

important for proving embedding theorems.

Definition 1. Let 0 < s < 1 and 1 < p < oco. The extension domain for the space W »)
is an open set Q@ C RY, if 3 a constant C' > 0 and for any u € W*P(Q) then there exists a
function @ € W*P(R?) such that

and

|l epy < C llttllypenoy

6



where C' depends on d, s, p and (2,

Lemma 1.1.2. Let u € W*P(Q) be such that u = 0 in Q \ K, where Q is an open set in R?

and K a compact subset K C 2. Then the extension function @ is given by

u(z),z € Q,
u(x) =
0,7 € R4\ Q,

is in W*P(R?) and

’aHWS’P(Rd) <C HuHW&P(Q) )

where C' is a positive constant.

Theorem 1.1.3. Let Q C R? be an open, bounded set of class C%'. Then W*P(Q) is
continuously embedded in W*P(R%). That is, for any u € W#P(QQ), there exists a @ €
WeP(R?) such that €, i|q = u and for a constant C' (dependent on d, s, p) we have

litlhyengeny < C lullyene

1.1.2 Fractional Sobolev Inequality

The Gagliardo-Nirenberg Inequality is a significant result in the theory of Sobolev spaces.

We have an analogue of this inequality for the fractional case. The proof is taken from [5].

Theorem 1.1.4. Let s € (0,1) and p € (1, %) and u € C°(R?), then

1
W” v
dxd
||U||Ld 5 (R4) (/Rd /Rd <|m—y| (d/p+s) ray |

where C” is positive constant dependent on d and s.

Proof. Let r,p* and p be positive constants and € RY. By triangle inequality we have
[u(z)| < Ju(z) — u(y)] + [u(y)]. for y € R,
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Now integrate both sides over a ball of radius r, centered at x.

B, ||u(x)] < / () — u(y)|dy + / u(y)|dy

By (z) B (x)

u\r) —u *
R R T
By () By (z)

|z —y
* u\r) —u
<o [ D=y
By () |z -y By ()

Now, we choose p* := @. Applying the Holder inequality on RHS of the above inequality.

dp dp
d—sp’ d(p—1)+sp

for the first term and the second term

The Holder exponents are p, ﬁ and

respectively. Then,

Bt < [ Ny (r = gy ) ay

lv —y| 7
.

1 p=1
< H(/ (—“‘(m) ‘”(y”)pdy)p(/ dy) '
N By(x) \ |7 — y[ld/P+s) B (z)

sp (i(p—dlp)-‘rSp

d—
_dp dap
i ( / |u<y>|dspdy) ( / dy)
B (x) B (x)
d—sp

1
— PP (p=1)+s a
< C’rd“s(/ (—Mm) (dlj(_?ﬂ) dy)p +O’r”3+p</ Iu(y)lddipdy) )
Bo(x) \ |2 —y[l@/P Br(z)

for some positive constant C’. Now by dividing both sides by 7¢ we obtain

_ p N J dp dsp
w(z SC/TSK/ Md ) +7’_p(/ u d-spdy> ]
|u()] b 17— gl Y Br(x)| (W)l

This implies,

dp

lu(z)| 75 < C'ris <a; +7~iﬁdd§”)

where

ulz) —u p
Ny L ESTO
By (x) |ZL’—y| P

_dp
8= |u(y)| = dy.

Br(x)



€

Now take r := ﬂ . Then

«

w—‘

d

lu(z)|T < C'af.

Integrating over x, we get

Rd\U(x)!fzpdx</ C’(/ . %@)(/
<c<// )'“,x_yw dydx)(/ ()
[/Rd/m \U|x_ |d+s,, d dx} (/ lu(y)| & 5pdy>

Further simplification will finish the proof.

1.1.3 The space H*(RY)

The material in this sub-section is from [J]. For the case p = 2, the spaces W*?(R¢) and
Ws?(R%) are inner product spaces(Hilbert Space). They are usually denoted by H*(R") and

H§(R™), respectively. We now define fractional Laplacian:

(=A)u(z) =C(d, s) P.V. / d %dy
* (1.1.2)

=C(d,s) lim Mdy

0t Jop(z) |7 — yl?T2

where P.V. denotes ‘in the principle value sense’ and the constant C(d, s) is precisely given

by
-1
1 — cos(¢y) 22551 (2 + 5)
Cd,s) = / ———=d( =2 1.1.3
(@ 3) ( re |G Tl (1 — s) ( )
The readers can refer to [5, Lemma 3.1.3] to find a proof that proves the equivalence of

both constants in (1.1.3). To avoid dealing with singularity in (1.1.2), we use (1.1.1) as the

definition of fractional Laplacian. The following proposition describes the relation between

9



the space H*(R?) and the fractional Laplacian operator.

Proposition 2. Let s € (0,1) and let u € H*(R?), then

1

[Wleme) = Grasy ([CONET

Proposition 3. Let u € C>°(RY), then u satisfies the following:

(i) lmg o+ (—A)°u = w.

(ii) limg - (—A)u = —Aw.

Proof. Let x be a point in R%. Let Ry > 0 be such that support of u is in Bg, and
R = Ry + |z| + 1. Then by the definition of the fractional Laplacian we have,

u(z +vy) +ulx —y) — 2u(x y|?
e ey et
Br Br 1Y

’y‘d+23 .

R
< Wd-1 HU||C2(Rd)/ %dﬂ
I
wa-1 [|ull oo ey R*7*
B 2(1 — s)

In the second inequality we applied variable change and wy_; is d — 1 dimensional measure
of S471. To the above inequality we will apply Corollary 4.2 in [9], it states: Let C(d,s) be

as in the definition of fractional Laplacian, then following hold,

(1) lim C(d, s) _ ;
s—1— 8(1 — 8) Wd—1
2) tim (49 _ 2

s—»0t s(1—8)  wg 1

We obtain

lim —C(d,s)/ u(a:—l—y)—i—u(:v—y)—Zu(x)dy:O‘

S0+ |2

10



Also, for |y| > R, we have |z +y| > |y| — |z| > R — |z| > Ry, this gives u(zx + y) = 0. Now,

u(x +y) +ulx —y) — 2u(x) oo 1
— dy = 2u(x) Wa—1 dp
/Rd\BR ’y‘d+25 p23+1

Wy 1R—25

= ——u(x).

S

Applying the corollary again proves (i). Now for (ii), when s — 1 and y is outside By,

w(x +y) +ulx —y) — 2u(x) ‘ 1
dy| < 4||ul o Y
/RUZ\B1 |2 L) oo, ]2

< 1
R P A T

2wa1 [[ull oo (ray

S

Then applying the corollary, we get

lim —C/(d, s) / wzty) + “<f _ y) = 2u@)
s—1~ RN\ Bp |y|d+2s

Now, for y in By,

w4+ y) +ulr —y) — 2u(x) — D?u(x)y -y y?
[ M=) ) DA |y [
Bl |y| Bl y

* 1
< Wg—1 HUHCS(Rd)/l pzs—zdp

- 2W4-1 HUHCB(Rd)
N 3—2s '

This gives us,

u(z +y) +ulx —y) — 2u(x) D*u(z)y -y
Jim —C(d, 3)/B T dy = lim — C(d, s) ; Wdy
1 1
(1.1.4)

Observe that,

D2
’y|d+23 Z/ ’y‘d+28

By

11



Since, for i # j, fB (2)y; - y;dy = 0, implies

2 2 2
/ Oiu(r)y; dy — M (1.1.5)
By

|y| 2 2d(1 - s)

By the definition of fractional Laplacian, and using equations above, we obtain:

lim (—A)’u = lim —C(d, s)/ wrty) tulz—y) = 2u($)dy

s—1— s—1— |y|d+25

wd1
— lim —C(d,
S TG Z/Bl 2d(1—s) "

~ im —Cdswdlz

s—1— 2d 1 —s

12



1.2 Nonlinear Integro-Differential Equations

1.2.1 Introduction

In this section we will look into integro-differential operators with kernels comparable to the
fractional Laplacian. The are nonlocal equations because the equation involves the integral
operator. The nonlocal equations have diverse applications. Some popular examples are:
Optimal control problems with Lévy processes, in financial mathematics-Obstacle problems,

Nonlocal electrostatics, Oceanography, Image processing.

We now present results from the paper [6], in which theorems and estimates like, Harnack
Inequality, Holder Regularity, ABP estimates have been extended to the nonlinear elliptic

equations.

Lévy processes are generated by linear integro-differential operators, their general form
is:
Lu(z) = ) a;ju+ Y bidu + /d(U(ﬂc +y) —u(z) = Vu(z) - yxs, (y))dp.
— - R
i i
The first term is a second order differential it corresponds to the diffusion, the second term
is drift and last term to jump part. In [0], pure jump processes have been studied. Now

consider the operators :
I'u(z) = sup Lou(x), (1.2.1)

«

Tu(z) = irﬁ1f sup Logu(x). (1.2.2)

These are extremal operators which come from stochastic control problems. The operators
in (1.2.1) and (1.2.2) are nonlinear operators we want to study. In further sections, regularity
properties for a general class of operators will be presented.

Let us consider the operators for which the kernel K(y) is symmetric, that is it satisfies
K(y) = K(—y). It is given by:

Lu(w) = [ (u(a+9) +ule ~ )~ 2u(0) K ()d. (1.23)
R
In what follows, we are going to use the following notation for the symmetric difference,

S(u,z,y) = u(x +y) +ulx —y) — 2u(x).

13



Then
Lu(z) = /Rd d(u, x,y) K (y)dy.

The kernel K is a positive function satisfying

lyl*
K(y)dy < oo. 1.2.4
| Ky < o (1.2.4)

Here (1.2.4) is the standard Lévy-Khintchine condition.

The nonlocal equations that are used to model stochastic games are of the form:
Tu(z) = iIﬂlf sup Logu(x),
«

where is L,g is in the class of more general operators as defined in the introduction. Iu is

said to be well defined if every kernel satisfies (1.2.4) in uniform sense.

Definition 2. Let ¢ be a function that satisfies the following for some vector v and a positive

constant M
6(z +y) — d(x) —v-y| < Mly|?,

for some point x. Then ¢ is said to be C1! at the point .

By a solution we mean a viscosity solution which is defined as follows.

Definition 3. An upper(lower) semicontinuous function u : R? — R, in 2, is said to be a

subsolution (supersolution) to Iu = f, which is given by
luzf (lu<f),

if the conditions given below hold:

o 1 € ()

e N is a neighbourhood in €2,
e pcC?in N,

o () = u(x),

14



e 9(y) > u(y)(e(y) < uly))Vy € N\ {z}.

Let u be a solution. Here x is the point of contact of the a test function ¢, that touches u
from either from above or from below, in a neighbourhood N of z. Take ¢ = u for x outside

of N. A solution is such that it is both subsolution and supersolution.

The extremal operators for the class of linear operators £ are defined as follows:

Mfo(z) = sup Lu(x), (1.2.5)
M v(z) = irelgz Lu(x). (1.2.6)

Define £ to be the class operators L satisfying (1.2.3) and

A k)< (229D (1.2.7)

(2 B 25) ’y|d+2s = ‘y|d+25'

We observe that the fractional Laplacian operator is contained in £y. The maximal and

minimal operators on Ly are given by:

Ao(v, z,y)t — No(v, z,y)~
R
_ ANo(v,z,y)T — Ad(v, z,y)~ o
Mgz v(z) = (2 —2s) /Rd ( y)|y|d+28 ( Y) dy.

Using the extremal operators we define elliptic operators.

Definition 4. Consider a class £ of linear integro-differential operators. Assume the kernel

satisfies (1.2.4). An elliptic operator I with respect to £ has the following properties:

e If u € C™' () and bounded, then Tu is well defined.
o If u € C?*(Q), then Iu is continuous ({2 is an open set).

e If u,v bounded C*! functions at x, then

M (u—v)(z) < Tu(z) — Tv(z) < M (u—v)(z).

The operators satisfying (1.2.7) have an important property. In the definition of viscosity

15



solutions, the operator I need not be evaluated at u. For every x, where u touches the smooth
function ¢, we can find a test function in C*!(x) to evaluate I at z, say v. Let I be an
extremal nonlinear operator as in (1.2.1) or (1.2.2). Then these operators at the points where

u = ¢, can be evaluated classically at x.

1.2.2 Comparison Principle

The comparison principle is an important property which will be used in proving several
results in further chapters. It can be understood as that the difference between supersolution
and subsolution satisfies the maximum principle. The solutions we obtain are not classical
solutions in C?. So we cannot compare the solutions point wise. We will impose an ellipticity

assumption on the class of operators to define the comparison principle.

Assumption 1. For each L € L, such that L¢ > ¢ in Bg, ( R > Ry) and there exists a
constant Ry > 1 so that R > Ry and

o(z) = min(l,ﬁ).

Remark 1.2.1. It can be verified that above assumption holds for the fractional- Laplacian
kernel. Clearly L¢(z) > 0 when ¢ = 1. Then for |z| < R we have,

y |z[” K (2)d 1 / 2 1 (2 d
— LR T x>_ T x)dx
Rd (1/\ R3 (z) ~ R ‘ 5| K ()

z|<R2
1
~ p3
R? J.1<1

e
> / oAy d
B

— / )\|Z|2_d_25R_3SdZ
|z]<1

1
= —)\/ |2)20=97d2 = \e(d, s, R),
|z|<1

R}22PK(R22)R*% dz

R3S

where in the third step we applied the (1.2.7)- condition for elliptic operator class which
contains fractional Laplacian kernel. Taking 6 = Ac(d, s, R), we obtain the desired inequality

in BR~

16



Assumption 1 plays a key role in establishing the comparison principle.

Theorem 1.2.1 (Comparison Principle). Let £ be a class of linear operators satisfying
Assumption 1. Let I be an elliptic operator as defined in Definition 4. Let €2 be a bounded
open set and u, v be functions such that

(i) u,v are bounded in RY,

(ii) u is upper-semicontinuous V = € €,

(iii) v is lower-semicontinuous V z € €,

(iv) Tu > fand Tv < f in Q for some continuous function f and

(v) u<wvin R\ Q.
Then u < v in R%.

The above theorem is proved with the help of the following two results.
Theorem 1.2.2. Let I be an elliptic operator. Let u and v be two bounded functions
satisfying the following conditions:

1. u be upper-semicontinuous in Q and v be lower-semicontinuous in €.

2. Iu > f and Iv < g in the viscosity sense in (), for some continuous f and g. Then

M} (u—wv) > f—ginQ, in the viscosity sense.

Lemma 1.2.3. Grant the setting of Theorem 1.2.1. Let u be an upper-semicontinuous V
z € Q and bounded in R? Assume that M (u) > 0, that is u is a sub-solution in the

viscosity sense in (2. Then we have supg u < supga\q u.
Below are some definitions and properties semicontinuous functions, which are used in
the proofs.

Definition 5. A sequence of lower-semicontinuous functions {uy} is said to be I'— convergent
to u in €, if the following hold

17



o If x — x,in Q, then liminfy . ug(zg) > u(z).

o If Vx € ), then 3 a sequence x;, — x satisfying

lim sup ug(zx) = u(x).
k—o0

Definition 6. Let u be an upper-semicontinuous function. We define the sup-convolution

of approximation as:
2
u(z) =supu(z +y) — M
y €
Similarly, for a lower-semicontinuous function v, the inf-convolution is given as:

. lyl*
V() = info(z +y) + —.
y €

Proof of Theorem 1.2.2. First we will prove the theorem, when u,v are continuous in R
From Definition 6, fix an x and y be corresponding point where supremum is attained, note
that

el lyl”
ut(z) = supu(z +y) — 2=
y 6
and ) )
uf () 2u(:v+y—|—z—z)—u :ue(a:)—ﬁ—l—Zﬁ.
€ € €

Hence, u(z) is semi-convex. We just need to show that M} (u(x) — v (z)) > f — g — 2d.
where € > 0 and x € €. This follows from stability property of the solutions under I' limit
(Lemma 4.5 in [0]).

Let ¢ be the test function touching (u®—wv,) from above at z. Since u¢, —v, are semi-convex
there exists a paraboloid touching (u€ — v,) from below Vx. If ¢ is C? then by the definition
of Ch! function we have both u¢, —v, as C™! functions at the point z. Using [0, Lemma 5.7],

Iuf(z) and v, are defined in classical at the point x. Then
Mro(x) = M (uf(z) — ve(z)) > Tu(z) — Tve(x) > f — g — 2d,.

That is M/ (u(z) — ve(x)) > f — g — 2d, in Q in the viscosity-sense. Taking € — 0 com-
pletes the first step of the proof. Now let u be upper semicontinuous in Q and v be lower
semicontinuous in €.

Claim: There exists sequences ug, vy (upper semi-continuous and lower semi-continuous
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resp.) and u, = w and v = v in QV d, such that v, — v and vy — v in R? \ Q and
Tug > fi, Tvi, < gy,

where f; and g; uniformly converges to the functions f and g respectively. The existence of
the sequences wuyg, vy, satisfying this claim can be obtained by mollification of u and v outside
the domain €2. Now, u —u = 0 for x € €2, this implies that for x € Q°,

M (g — u)(z) > _2/ (e +9) — w(e + )| K (y)dy = h(z).

Here, h, — 0 as k — oo in Q. Let ¢ be C*!(x) where ¢ touches uy at the point z from

above. Then, the function (¢ + u — wuy) is a sub-solution. That is,
I+ u—ug)(z) > fx).
This implies,
Ip(x) > 1(¢ +u — ) () + Mg (up —u)(x) > f(x) + he(2).

Take fr = f+ hy, this is required sequence fi, that proves the theorem for wuy. Similarly, can

also find g, for v;. Use the first step of this proof on uy, vy completes the proof.

Proof of Lemma 1.2.3 . For R > Ry, such that {2 C Bg, and € > 0, define

oy (x) = M + €(1 — min(1, Z—lj))

The function ¢, is bounded in R%. By Assumption 1, M/} ¢y (x) > —de, forall z in Bg. Lets
define My := {minga M : ¢p; > u}. We claim that

My < sup u.
RA\Q

Suppose not, then for some point ¢ € €2, My > supga g u. Then, ¢y, touche u from above
at zo. This leads to contradiction as, M ¢y, < 0, but by definition M; > 0. Therefore,
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Vo € R?, we have

My + € < sup u + €.
R4\ Q

As € — 0, proves the claim. By definition,
u(:c) < ¢M0'
in R?. Hence, supg u < SUPRa\ U- O

Proof of Theorem 1.2.1. The proof follows by combining Theorem 1.2.2 and Lemma 1.2.3.
]

1.3 Regularity Results

1.3.1 Nonlocal Alexandrov-Bakelman-Pucci Estimate

Harnack inequality and Holder regularity for nonlinear second-order equations are some of

the key results in the paper [0]. For the proof of Harnack inequality, we need nonlocal version
of the ABP estimate. Recall (1.2.7) and (1.2.8). Let M and M~ denote M7 and M, . For

a function u we define its concave envelope as follows...

Definition 7 (Concave Envelope). Let u : R? — R be such that u < 0 for x € BS. The

concave envelope I' of u in Bj is given by:

min{p(x) : for all planes p > u™ in Bs,
I(2) = {p(z) planes p > ™} 5 (13.1)
0 in R\ Bs.

Theorem 1.3.1 ( Theorem 8.7 in [(]). Let u be a non-positive function outside unit ball and
I" denote the concave envelope of w in Bs. There exists a family of open cubes Q;(j = 1,...,m

) with diameter d; and j is finite satisfying the following hold:
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3. u=TNQ; # @ for any Q;.
4. d; < p02<2:$s) where p = #&.
5. |VI(Q;)| < C(maxq, f)!Q-

6. ly € 8Vd Q; : uly) > T(y) — Clmaxg, f)d| > p|Ql.
Here C' > 0 and p > 0 are constants depending on d, A, \.

The nonlocal ABP estimate is part (5) of the above theorem, that is

IVI(Q;)| < C(Hg}Xf)ﬂQj!-

One of the most important applications of the above theorem is the following point

estimate which will play the central role in our Holder and Harnack estimate.

The following special function will be useful for our calculation.

Lemma 1.3.2. Fix sg, any value in (0, 2), then 3 a function ¢ such that the following holds:

e ¢ is a continuous function in R¢,

o ¢(x) =0 for z € By .,
e ¢(x) > 2 for z € 3, and

e M~¢ — () in R? for some positive function , and supp(¢) is in By 4.

for every s < sg.

1.3.2 Point estimates

The ABP estimate and the point estimate given in this section connects an estimate of u

which is point wise to an estimate in measure.

Lemma 1.3.3. Let s > sq > 0. Suppose
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1. infg, u <1,

2. u is non-negative in RY,

3. M~u <€ in Q, /g

where g > 0, 0 < 4 < 1, and M > 1 are constants (dependent on sy, A, A, d) then we have
that [{u < M} NQ1| > p.

Here Q),(x) denotes the open cube given by {y : |y; — ;| < § for all j}.

Proof. Lets define v := ¢ — u (¢ is the special function in Lemma 1.3.2). We will apply the
ABP estimate from Theorem 1.3.1 on v. Observe that MTv > M~¢ — M~ u > —) — €.

Let @; be the family of cubes as in Theorem 1.3.1. We have

Q-

maxv < C|VI'(B, ;)| %S (ZC‘VF Q) ’)

< (Xt i)

< a0 L)

J

In above inequalities I' is the concave envelope of v in B, 5. By hypotheses infg, v < 1 and

by definition ¢ > 2 this gives a lower bound of v, that is maxv > 1, this implies
1/d
1 <Ce¢ +C max )Y Q; .
< G0 Tl 10,

Taking ¢y small enough, we obtain

N | —

1/d
< CC(Z(II;;XWV\@A) :
j J
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-1 is a bounded function and supp ¥ C B; /4 We get
1 1/d
;<o Y )
Q;jNB1/4#2

The inequality above is a lower bound for the sum of the volumes of the cubes (); which

intersect B4,

Y 1@l = (1.3.2)

Q;NB1/4#2

The diameters d; of the cubes @); for all j, are bounded by 0021/~ "and
po2 V%) < py = 1/(8Vd).

Hence, whenever @Q; N By /4, the cube 4\/6_le will be contained in By/,. Here, kQ,(x) :=
Qrr (). Let Mo := maxp, , ¢. By, Theorem 1.3.1, we get

[{z € 4VdQ; : v(z) > T(x) — Cd2}| > Q)] (1.3.3)

and Cd; < Cpg. Consider the cubes VdQ; for all j, Q; that intesrets By /4. This gives an open
cover the closure of the cubes contaoned in B;/4. Take a subcover with finite overlapping,
which covers the closure of cubes. From (1.3.2) and (1.3.3),

[{z € Byjs:v(z) > T(z) — Cpg}| > c.

This implies,
[{z € By : u(z) < Mo+ Cpi}| > c.

Since, Byjs C @y and taking M = My + Cpj, we have
{z € Qi ulz) <M} =,

completes the proof. O

The following lemma is a consequence of Lemma 1.3.3.

Lemma 1.3.4. Let u, p and M be as in above Lemma 1.3.3. Then
{u> M"Y NQu < (1-pf
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for k =1,2....,. Then we get,
Hu >t} N <kt

for positive constants d, t.

Using a covering argument on the above lemma we get the following theorem:

Theorem 1.3.5. Let v > 0 in R?, u(0) <1, and M ~u < ¢ in By, that is u is a superso-

lution. Suppose s > sq for some sy > 0. Then
H{u >t} N By| < Ct~° for every t > 0,

where the C'is a constant dependent on A, A, d and s,.

The next theorem states that the above theorem can be scaled to B, for any r > 0.

Theorem 1.3.6. Let v > 0 in R¢, u(0) < 1, be a supersolution in By, that is M~u < Cj in
B», . Suppose s > sy for some sy > 0. Then

{u >t} N B,| < Crit=<(u(0) + Cyr’s)¢ for every t > 0

where C' is a constant that depends on A\, A, d and s,.

1.3.3 Harnack Inequality for Nonlocal Equations

The following proof of the Harnack Inequality for nonlocal equations is taken from [0], by

Caffarelli and Silvestre.

Theorem 1.3.7. Let u > 0 in RY, M—u < Cy and M*tu > Cy in B,. For some sy > 0
assume s > so. Then u(x) < C(u(0) + Cy) for all z € By.

Proof. We divide u by u(0) + Cj, and observe that considering «w(0) < 1 and Cp = 1 is
enough. Let € > 0 be from the Theorem 1.3.6. Let v = % and consider the smallest value of
t such that

u(z) < hy(x) :=t(1 — |x|)7" for every x € Bj.
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Since, ¢ is the minimum then there exists some zy € B; such that u(zg) = hi(zg). Let k

denote the distance between zy and 0B, given by d = (1 — |o]).

We are estimating the portion of the ball B,(xg) that is covered by two sets: {u <
u()/2} and {u > u(w)/2}, where r = £. Our objective is to prove that ¢ cannot be too
large. This proof will establish the result of the theorem, which states that if the upper
bound t < C, then u(z) < C(1 — |z|)77.

Consider the set A := {u > u(zy)/2}. By Theorem 1.3.5, we have

2
AN B| < C|——|° < Ct—ek%,

u(zo)

since | B,| = Ck?, for large values of ¢t , A covers a small portion of B, (z),
H{u > u(zo)/2} N Br(z0)| < Ct™¢|B,|. (1.3.4)

We can arrive at a contradiction, if we prove that [{u < u(z¢)/2} N B,.(z0)| < (1 — §)B, for
d > 0. We estimate |[{u < u(xy)/2} N By, (x0)| for small § > 0. For all z € By, (o) we get

u(z) < hy(z) < t(k _2’“0)_V < u(x) (%9) _W,

with ((1—6)/2)~7 close to 1.

Let us consider ,
o\ -
v(x) = (1 - 5) u(zg) — u(z).

Then, in Bg, v > 0 and M~ v < 1 since M*u > —1. Theorem 1.3.6 cannot be applied on v,
since v is positive only on By,. To apply the theorem we instead consider w = v™. Now we
find the upper bound for M~w = M~ v". We know that

Mv(z) = (2 — 25) /

R4

25



Therefore, for x € By, j2(0),

Mo(w, z,y)t — Ad(w, z,y)~

Mw(z) = (2 -2 d
wla) = 2=29) | T y
v(z+y)
<1+2(2-2s) / —A——sdy 1.35
Rinu(iy)<oy Y14 (1.3.5)
+y)—(1-5 +
S 1 + 2(2 _ 23)/ A(U(x y) ( d+282) U(CU())) dy
R\ By, 3 (a—a0) [yl

Now if u(z) > g, := 7(1 — |[4z|?) for largest 7 > 0. Then there exists a point 2y in B4 such
that u(z;) = 7(1 — |424]?). The value of 7 < 1, since u(0) < 1. Thus we the upper bound

6(uax7y)_ 5(977$17y)_

and C' is a constant which does not depend on 2s. Since M~ u(z;) < 1, then

O(u, @, y)*

Since u(z1) < 1 and u(zy —y) > 0,

(2_28)/Rd (U<$1+y) _2)+dy§ C.

’y|d+23

Using the above inequality we estimate (1.3.5).Suppose that u(zg) > 2, if not ¢ will not be

large enough.

(2 — 25)/ A(u(x +y)— (1 - g)ﬂu(:po)ﬁdy
R\ By, (2—0) |yl 2
<(2- 23)/ A(u(xl —wtaty) — (1L—§) Tul@)t |y — o + 2]+
R4\ By, (z—20) |y — zy + p|dt+2s |y|d+2s
< C(Or)~02.

We obtain, M~w < C(6r)~%2% in By, 2(z9). We now apply the Theorem1.3.6 to w in
BGr/2($O)-
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Recall that

We have

g

[{u > u(wo)/2} N B (x0)| = ‘{w > u(zo) ((1 - 5) —

1
2

)

Fix a 8 > 0 such that the first term is small:

con?((1-3) -1) <{Buntaoll

>} N Byya(o)

= C(Gr)d<((1 - g) o 1) (o) + C(er)‘d‘QS(re)%)

€

Here the choice of # is independent of t. When @ is fixed, observe that for large values of t,

we also have

C(0r)*0~% 1 < =|Bp, o]

o |

and hence,

1
< Z|Ber/4($o)|7

{u < u(zg)/2} N Bo, (x0)

which implies for ¢ large

{u > u(xg)/2} N Be

f@o)

> c|B,],

This contradicts 1.3.4. Therefore, t cannot be large, this finishes the proof.

1.3.4 Holder Estimates

We refer to [0] for the following theorem.

Theorem 1.3.8. Let s < sy for some positive sy > 0. Let « be a bounded function in R¢.
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If,
M u S O() in Bl,

M+U Z CO in B1

then there exists an a > 0 such that v € C*(B;/2) and

Uca(B, ) < C<S§})u + Co)

for Cy > 0 is a constant and « is dependent on (A, A, d, s¢).

The theorem follows from following lemma by scaling argument.

Lemma 1.3.9. Let s < sq for some positive sy > 0. Let u be a function satisfying
M u<ein By,

M*tu > —€ in By,

and also u(z) € [~1/2,1/2] for all z € R% Then there exists a positive number o which
depends on (A, A, d, sg), such that u € C* at origin. That is,

u(z) — u(0)] < Clz[*

where C' is a constant.

Proof. We will prove that there exists sequences m; and My such that m; < u < M, in
B,«, also show that if
Mk — My S 47]6&.

then the Theorem 1.3.8 holds for C' = 4. Let k£ > 0, fix my = —% and My = % Since,

mo < u < My in R%. We want to find subsequences the of M, and m; using induction.

Suppose that, for & € N, we have sequences up to m; and M. We will prove that
the sequences can be continued, by finding my,; and M. In the ball B,—x-1, either u >
(M, + my)/2 in atleast half points (of the measure) or u < (My 4+ my)/2 in atleast half

points. Suppose,
M +m Bi—i—
Myt g | s B

>
{u 5
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Take,
w4 —my,)
V@) = 2

Then v(z) is positive when x € By and
[{v =1} N Byya| = [Biyal/2.

Also, M~u < €9 in B;. Then in By,

M v < 47 e, 4k (2s—a) < 9¢ <2
v - —— — 4€ € or « S.

By induction, for j > 1, we obtain

Mp—j — My, My—; — My_; + My, — my, o i -
v > > > —2-4% +2>2(1—-4Y) in B,y;.
(Mk —mk)/2 (Mk —mk)/2 ( ) 2

Then we have, v(z) > 2(1 — [4%z]) in Bf. Now define w(x) := max(v,0) then M~w <
M~v + 2¢ in Bgyy for small a. For some = € B4, we apply Theorem 1.3.6 in B, () which
gives,

C(w(x) + 2€9)° > [{w > 1} N Byja(x)| > 1/2| B4l

As € be arbitrarily small, we get w > 6 in By for some ¢ > 0. If M, = M; and
My1 = My + (Mg —my)/2), we obtain my 1 < u < My, in Boks1. So, taking «, 6 small
enough, such that (1 —6) — 47 we get My, — my,q = 4-o*+D,

Now, for the second case, that is

M, B,-
fu< Metmey o |5 1B
2 2
Now v’ be a function defined as below:
V(z) = w
Following similar steps, we can obtain M*u > —¢. O
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1.3.5 C'7 Regularity of solutions

The regularity result in [3] of viscosity solutions is more generalised than that of in [6]. We

will consider the following equation:

Au(zx) := inf sup [It,j [u](z) + byj(x) - Vu(z) + grj(z)| =0 (1.3.7)

teT jeJ
where T', J are indexing sets and

I jlu](z) + byi(x) :/ 5(%%3/)%‘@'

R4

The kernel k;; is symmetric in y and satisfies
(2=25)A < ki j(z,y) < (2—2s)A

Vz,y € R?and 0 < A < A. The kernel k;; is symmetric in y and satisfies ellipticity condition

as in Definition 4. The coefficients of (1.3.7) are under the following assumptions:
Assumption 2. ® b, g; are continuous and

s;yp [|b45| oo < 00, andstup 9451 Lo < 00.
J J
o k; ;(x,y) is continuous, uniformly in z,¢, j and y.

We prove the following regularity result in this section.

Theorem 1.3.10. Let s € (1/2,1). Assumptions 2 hold in B; and

sup [[be | o (B1) < Co.
2%

Then a v € (0,2s — 1) exists so that for u € C(R?) a bounded viscosity solution to (1.3.7)

in By we get
filons (B) < € (ullmgy + 530 )
)

where C' depends on d, s, A\, A.
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Lemma 1.3.11. Lets > 1/2 and [ be an integro-differential operator which is elliptic in the
above sense. Given zo € R% 7> 0,¢ > 0, and p(z) = a -z + b, define I by

. = 7[(0@)(930 +rz).

i(v<xo+r->—p(xo+r->)(x) r

Then I is elliptic with the same ellipticity constants.

Proof of Theorem 1.3.10. We argue by contradiction. Suppose there exists ]k,uk,bﬁj and
{9f;}x satisfying

Sup |bf,j| < Co and. ||ug|| oo (gay + sSUP Hgf»jHLOO By = b
\ . (B1)
7] 7‘7

but HukHCB(Bl/Q) — k — 00 + 00, where f=1+1.

By Lemma 5.3 of [3], there exists p*(k,r, z) and v*(k,r, z) such that

supsupsup 7 |Jug, — p(k, 2) || oo (Bo(2)) = 00 (1.3.8)
k r>0 Bl/2

where

(u*(k,r, 2),v"(k,r, 2)) = arg min(w,)eRde/ (up(x) — p- (x — 2) +v)%de

By (2)

and
lk,r,2) = p*(k,r 2) - (x — 2) + v (k,r, 2).

Now for any r > 0, define © as:

O(r) := supsup sup (') ||jug — Pr ol oo (12 -
k 1'>rz€By )y r

We know that u is bounded then, [Jug||;~ (R?) is finite. Observe that for all 7 > 0 ©(r) < oco.
Then O(r) is well defined. From (1.3.8), for any M > 0, we can find a # > 0,k € N and
Z € By so that

(f)fﬁ Huk - pé,r,éHLoo(B,:(z)) > M.

Since O(r) > O(F) > M for any 0 < r < 7, we have O(r) increasing to oo when r is
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decreasing to 0. Then there exists r,, > 1/m, k,, € N and z,, € By /2 such that

1 1 _
S00m) < 5O(1/m) < ()™ [k, = sl o)

Then we see that, r,, converges to 0. Now, we define a function v,, as :

Ukm — Pk ,rm,2m
U () = ( k rfn@lgrm) )(zm + ). (1.3.9)

By minimality condition, we get

/ vndr = 0; / UmTidr = 0; and ||[vn| oo,y = 1/2. (1.3.10)
Bl Bl

Claim:
[om| oo () < CR”, VR > 1. (1.3.11)

To get the growth bound, observe that for z € Bys,k € Nand v > r > 0,
|ur, — pkm’,ZHLoo(Br,(z)) < (T,)ﬁ@(r/)

and
||uk - pk,?r’,zHLoo(BQT/(Z)) S (27"/)6@(27"/).

This implies,

oo+ k= e
< (T’)B@(r') + (27")’8@(27").

||pk,2r’,z - pk,r’,zHLoo(Br,(z)) S ||Uk — Pk’ 2

Hence by monotonicity property of ©, for any ' > r >0

< (2° + 1)(r")P0(2r).

Dk,207,2 = Pzl oo (3, (29
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If we take R =2V, N > 1 and = 2/r in the above inequalities, then we get

|M*(kv RT? Z) B :U’*(k7 T, Z)|
rB=19(r)

’M*(ku T;'7 Z) - :u*(ka 7“;-_1, Z)‘
rA=10(r)

-

1

<
I

2(5_1)(]'_1) |:u*(k:7 T;’: Z) - lj’*(k:7 r;‘—la Z>|

WE

260U D 19(r) (1.3.12)
j=1
oG < 20N C pp
1) (- .
SCZ;2 =C 208-1) — 1 S2(6—1)_1R '
‘7:
We can similarly prove that

r8O(r)

From the definition of v, we have

u B T'm,Zm o0 zZ: m myrm,2m mTm,Zm o pe
lomll ) < [T Lo By, (o) < Rﬁ@(Rr ) Pk Pk | Lo By, (2
(Br) (rm)ﬁ@(rm) @(rm) (Tm)ﬁ@(rm)

Also, for any x € Bg,, (zm)

|pkm,er,zm - pkm,rm,zm| < |M*(km> er7 Zm) - M*(kma T'm, Zm)”x - Zm| + |V*(kma era Zm) - V*(kma Tm, zm)|

S er|,u*<km7 RTTIZ? Zm) - ,Lﬁ(km, Tm7 Zm)l _'_ |V*(km7 eru Zm) - V*<km7 r'mn Zm)|

Using, (1.3.12) and (1.3.13), we obtain

Hpkmer'rnyzm _pkmyrm,ZmHLoo(Brm(zm)) S R’,U/ (km,er, Z’ITL) - IU/ (k‘m,Tm,Zm)|

(rm)?O(rm) I O(rm)

|V*(km7 era Zm) - V*(km’ Tm, Zm)l
rfn_l@(rm)

This gives (1.3.11). As © is monotone in r and from above inequality, we conclude that

< C(B)R® +c(B)R".

[l gy < (1 2C(B) R (13.14)
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Now, see that by Lemma 1.3.11, v,, satisfies the following equation in the vsicosity sense

My, — r271Co| V| — rﬁf—5| i~ ol 1190 <0 in Bg, (1.3.15)
O(rm)

MY, + 12710 Vo] — r,%;f—ﬂ| Y gﬂ ) 9 >0 in Bg, (1.3.16)
7/"ITL

where pf, = 5 (K, Ty Zm)-

Claim:
1| < C(1+ (1))

To prove this choose I, € N so that 27 < r,, < 2-(n=1 then we observe that,

Im

114 (ks Tons Zm) = 127 (B 2077, 20 )| <Y 1 (s 227, 2m) = 17 (K, 297 V7, 200)|

7j=1
Im " ; " .
< (2(9'*1)7' )*8*1 |M (km; 2jrm7 Zm) —H (km7 2(] 1)Tm7 Zm)'
- m (2(j—1)rm)6—1
j=1
l
(G—1) B—-1 (G—1) p-1z 0 -
< (2 )" O(2 Tm) < O(rm)(rm) 961 _ 1
j=1
2(6-1) _ 1
< O(rm) ——55

Again, by the monotonicity property of O,
| (W, = Pl ) (@)] < O(1/2)(2 711",
for all x € Byim-1,,,(2m), then we have
(ke = V5, (2tm—1yr 2 ) (@[] < O(1/2)(2" " ry, ).
This further implies, for small r,,,

"uzm,(lefl)rm,zm’ < 06(1/2)7
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then

|”zm,7‘m,zm| S |sz,rm,zm - M]:m7(21m*1)rmyzm| + |M}Zm7(2lm71)71m72m| S CG(Tm) + 1.
This proves our claim. Therefore, as b;;, g;; are bounded we have

05— |08 1| + |g15]
m O(rm)

—0 as m — 0.

Applying the regularity result from [14, Theorem 7.2] on v ,then from (1.3.14)-(1.3.16), we
have that the functions {v,, : m > 1} are locally Holder continuous uniformly in m. By
Arzela-Ascoli, standard diagonalization method we find a convergent subsequence v,,. It
follows from (1.3.14),

[l sy < C(1+ R7).

Now, We claim that existence of a translation invariant elliptic operator Iy such that
Io(v) =0 in R, (1.3.17)

Once we prove (1.3.17), it follows from [16, Theorem 3.1], that v(x)=ax+b. Pass the limit
in first and second equation of (1.3.10). We get a = 0,b = 0. This contradicts the third
inequality in (1.3.10). Hence, we have a contradiction to (1.3.17).

Thus, we just need to show (1.3.10). Let z,, — 0 and v,, — v be subsequences converging

uniformly on compact sets. Now, by the definition I, in any bounded domain Q we have

- bE .k | 4 | gk
I — 127 K| V,| — rﬁf—5| i Fol + 193] <0in Q, (1.3.18)
O(rm)
and,
- bE .k | 4 | gk
T, + 727 Ko | Vo, | — rﬁf’ﬂy Vil T 193] >0in Q. (1.3.19)
O(rm)
By [3, Lemma 5.4], I"™ weakly converges to a translation invariant elliptic operator Io.
Therefore, from above equations we see that the claim holds.
O
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1.3.6 C?*" Regularity of Solutions

The following result is from [15]. The operators considered in [15] satisfy the Assumptions 3,
in chapter 2. We will borrow this result to complete the proof of existence of a classical

solution of Theorem 2.1.1. We will consider the following nonlocal dirichlet problem:

I(u,z) =0 in By,
(1.3.20)
u=gin R\ By.

I is an elliptic operator with respect to Ly, that is it satisfies the Definition 4. Let I be of

the form,

I(u,x) ;== inf (| 6(u,z,y)K(z,y)dy + co())

acA R
where A is some indexing set. Assume that for every a € A, then the kernel K satisfies
(1.2.7) and for all z, 2’ € R? we have:

2 —2s
/ Ko(z,y) — Kala',y)|dy < Aol — 212222
BQT\BT r

and

||Ca||ca(31) < Co,

where Ay, Cy are given constants.

Theorem 1.3.12. Let I be an operator satisfying the nonlocal Dirichlet problem (1.3.20),
and the above mentioned assumptions hold, and g is a bounded function in C(R?). Assume
that either

(a) g € C*(RT\ By)

or
(b) I satisfies,

[Ka<x> y)]ca(Rd\BP) < A(Q _ Qs)p—d—Zs—a

for all p > 0.

Then there exists a classical solution u € C?*7*(B;) N C(RY) of the Dirichlet prob-

lem (1.3.20). As a consequence, the solution u is the unique viscosity solution same(1.3.20).
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Furthermore, if the solution u satisfies (a), then

[ullcasra(p, ) < C(Co+ 19l gagars,))

and in case of (b),
||u||c2s+a(31/2) < C(Co + |9l oo ray)

where Cj is the constant in above the Holder assumption on the kernel and C' is dependent

ond,s,a, A\, A and Aq.
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Chapter 2

Nonlocal Ergodic Control Problem

with Near-Monotone Cost

2.1 Introduction

In this chapter our main objective is to show the existence-uniqueness results for the frac-
tional HJ (Hamilton-Jacobi) equation coming from an ergodic control problem in R¢. More

precisely, we consider the equation
—(—=A)’w(x) + miﬂrjl{b(q:, u) - Vw +c(z,u)} = X", (2.1.1)
ue

where s € (3,1), \* € R, U is a compact set in R?. The functions ¢(z, u) and b(z, u) referred
to as the running cost and drift term, respectively. As before, a solution should be understood
in the viscosity sense. Under suitable hypotheses , we show that any viscosity solution is in

fact, a classical solution. For the ease of notation let us denote,

Lw = —(=A)’w(z) + min{b(z,u) - Vw + c(x,u)},

uclU
where —(—A)*w(z) is the fractional Laplacian, is given by

—(—AYw(z) = C(n, s) / (w(z +y) + w(z —y) — 2w(x))|y|d%dy.
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Also, let wy = Wlld“s' The eigenvalue \* in (2.1.1) is defined as

A* = inf{\ : Jnon-negative u € C(R?) N L' (w,) satisfying Lu < X in R}, (2.1.2)

Assumption 3. We will study (2.1.1) under the following assumptions

(i) There exists V' € C?(R?), a non-negative and inf-compact function, such that
LV < —e in K*
for some € > 0 and compact set K.
(ii) The running cost ¢(x, u) satisfies a near-monotone type condition in the sense

lim inf min ¢(x, u) = occ.
x| =00 uelU

(iii) b(z,u) is a bounded function.

(iv) For every compact set K € RY, there exists 3 € (0,1) such that

— / . ’
sup sup bz, w) b($7u>|+|c(x,u) c(a' u)|

< Ck.
z,x' € uel |ZE - CCllﬁ |J] - x,|ﬁ =K

Example 2.1.1. Fix v € (1,2s). Consider V(z) € C*R%) such that V(z) = |z|7 and
|z| > 1.
Now for x € B,, and r > 2,

[z 4yl + |z —y|" — 20
[y |2

~(-ayv =cids) [

B'r+1

<k HD2V(33)HLOO(BT) (r+1)>7%,

for some constant k. When y € BZ;, we see that | £ y| > 1, then we obtain

B

Y — 7y = v A
el o g W)y [ Aol 2l 2 ),
B

d+2 d+2
|y|dt2s < |y|dt2s

Rl 17+ Vg
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for some constant x;. Next, assume that € Bf. Then,

§
dy < ||D*V(@)]| ;o 5, C-

/ [z +yl" + |z —y[" = 2|z]
Brjs |y|d+2s

Now, we will compute the integral on By /2-

Vie4+y)+V(r—y) —2V(x)
d+2s dy
By, vl
Vv V(z—y) -2V V V(r—y) -2V
_ / (z+y)+ (dﬂi% y) (z) dy + / (z+y)+ (i% y) () .
r/2<y|<|z|/2 |yl ly|>|z/2| Y
Below, we take the estimates of integral from [Examplel.l in [3]]. In the first integral, we

see that |x £ y| > r/2 > 1. Therefore,

Y _ Y 2 Y
/ ’.CL’ + Z/| + |‘rd+2§1| |I| dy < C«’x"y—Qs’
rj2<lyl<lal /2] |yl

and rewrite the second integral as

(/ Vie+y) +V(e—y) —2V(z) |z+y|"+]z—y[ - 2!$I”dy)
lyl>le/2]

|y|d+25 |y|d+25

2+ g + o — y|” = 2Ja]
+/|Z/>|z/2| [y| 2 dy < Cla|"™>.

We are only interested in the case when x € B¢. Choose v € (1,2s). Consider a bounded
b so that b(x,u) = T for || > 1 and U = {—1,1} (bang-bang type control set). Then,

b(z,u) - VV for V = |z|7 is,
b(x,u) - VV = uy|z["™t

Fixing u = —1, we obtain
b(z,u) - VV = —7lz|"",

for |z| > 1. Also, choose ¢ : R? x U — [0, 00) so that

-1
lim sup C<x’—1)
|z| =00 ’th

= 0.
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Hence

LV (z)

IN

1+ |z + gle%l{b(x’ u) - VV(z) + c(z,u)}

C(
<O+ |z]7%) + bz, —1) - VV(2) + c(z, —1)

IN

_67

for some € > 0 and |z| > r,. We set K = B,,. We observe the Assumption 3 holds with the
above V, K and e.

Without any loss of generality, we assume that ¢(x,u) is non-negative. In what follows,
C’fosj(Rd) denotes the collection of continuous function f on R? satisfying the following: for

every compact set K there exists n € (0,1) such that f € C?*™(K). The following is the

theorem of existence and uniqueness of the solution which is the main result of this chapter.

Theorem 2.1.1. Suppose that Assumption 3 holds. Then there exists a pair (w,\*) €
CZF(RY) x R satisfying

Lw = )\* in R? (2.1.3)
for some non-negative w satisfying w(0) = 0. Furthermore, the solution w is unique up to

scalar addition. Here A\* is the ergodic constant given by (2.1.2).
We give the proof of the above Theorem 2.1.1 in two steps:

1. Showing the existence of a solution w, to the a-discounted problem for a € (0,1)

2. Prove that the normalised solution w, () := w,(x) — w4 (0) converges to a solution w
to (2.1.3).

Brief overview of the literature and comparison

One of the main motivations to study (2.1.1) comes from the stochastic ergodic control
problems, where the random noise in the controlled dynamics corresponds to some 2s-stable
process. More detailed discussion can be found in [3]. The principal eigenvalue A* corre-
sponds to the optimal ergodic cost with the running cost function c. In practice, there are two

types of situations that are normally considered to study ergodic control problems. These
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are (i) near-monotone condition, and (ii) stability condition (cf. [2]). Case (ii) is recently
settled in [3] whereas linear-quadratic case with fractional Laplacian is considered in [1]. In

this thesis, we consider case (i) which remained unaddressed in the literature.

2.2 a-discounted Problem

We solve the associated a-discounted problem in this section. To this goal, we let

Iv(z) = —(—A)°v(z) + miﬂrjl{b(x, u) - Vo(z) + c(z,u)} — av(z) in RY, (2.2.1)
ue
where o € (0,1). We borrow the Comparison principle from [1], in which a very similar

model has been studied (Lemma 2.1 of [3] is the comparison principle).

Lemma 2.2.1. Suppose that Assumption 3 hold. Then there exists a viscosity solution W
that satisfies
IW=0 inB, and W =0 in B;. (2.2.2)

Also, W is in C57(B,). Furthermore, 0 < W < % + V for some kg independent of a.

Proof. The existence of a viscosity solution to (2.2.2), in bounded domain, that is in B, for

r < oo follows from [13, Corollary 5.7]. O

The constant kg above can be taken as max,cx |LV (z)| where K is the compact set in
Assumption 3(i). Now we will extend the domains B, to R¢. Let W, be a viscosity solution
to (2.2.2) in B,. Set V = IZ—O + V', where kj is the positive constant mentioned above. Then
from Assumption 3(i) it follows that

IV (z) = —(—=A)*V(2) + min{b(z,u) - VV + c(x,u)} — oV ()

uel

IN

—€ 1{x€Kc} — /{?0 — OéV

IN

—€lizerey —aV.

In particular, we get
IV <0 inR%
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Then V is a super-solution to (2.2.2). It is easily seen that that 0 is subsolution to (2.2.2).

By comparison principle we then have
0<W, <V inR%

Also, from [3, Theorem 2.2], W,, € C'7(B=) for some v € (0, 1).

n
2

(2.2.3)

Fix m < n. Define v¢,, = W, x, where x is a smooth cut-off function such that y = 1

when z € Bsm and x = 0 when z € By, Let —(=A)*W,, = h. Then we have,
—(=AYY, =h+ (A1 -x)W, in Bm.

Define

for z € Bp and y € B‘%. Let

nl(m) _ /C (1 - X(l‘ +y))w<l’ +y)dy

|y|d+2$

T
To simplify the notation denote £ = (1 — x)w. Then for |z — 22| < 1/8, we have

m(z1) —m(za)

:/ 5(Z)CHQ dz _/ f(Z)dJrz dz
BS, (a1) |T1 — 2|01 BS (22) |29 — 2|dt+2s

e
:/ %d%/ %dH/ —£<2)d+23dz—/
By o) |71 = 2] BS, (a1) [¥2 = 2| BS, (1) T2 — 2| BS,
4 1 it 2
(21 — x9)
= T e @ Bm i, \ABm .|,
< Ky /ch(zl) €(2)] 7y — Z|FstT Z+ Ky %aicl €] |Bm (z))ABm (s,
1
for some constant ;. Note that

|Ber @) AB )| < Ralzr — 2,

for some Ky > 0.
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Thus n; is a locally Lipschitz function with Lipschitz constant independent of n.

Similarly, we can prove that 1, = f Be, (2) %dy is also a locally Lipschitz function.
4

In particular, this gives Then (—A)*(1 — x)W,, < Cp in Bz. Letting

h(x) = min{b(z,u) - VW,, + c(z,u)} — a(z)W,(x),

ueU

we see that h(z) € C?(B;) from [3].

Also, by Lemma 2.2.1 we have
aW, < (kg +V) inR%
Now applying [!4, Theorem 7.2] on (2.2.2), we obtain
Wallge ey < C(K),

for every compact set K. If K is a compact set in B,,, we have the family {W,,} equicontinuous
on K. Now we apply Arzeld-Ascoli theorem on W, to extract a convergent subsequence

Wy, = W € C(R") as nj, — 00, locally uniformly on compacts.

The above Lipschitz regularity of 7 can be used to show that W € CZH(R?), by [15,

loc

Theorem 1.3]. Combining the above discussion we obtain the following result.

Theorem 2.2.2. Suppose that Assumption 3 hold. Then there exists a viscosity solution
W that satisfies
IW =0 inR% (2.2.4)

Also, W is in Clzjj (Rd) and 0 < W < % + V for some kg independent of a.

2.3 Ergodic HJ equation

Lemma 2.3.1. Let w, be a solution obtained in Theorem 2.2.2 for o € (0,1) and w, > 0

in R?, then w, is inf-compact, that is, for & > 0, we have {w, < k} compact.

Proof. Define, for 6 > 0, n(z) as
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O[(1 = |z —xol*)]  in Ba(xo),
n(x) = (2.3.1)
—30 in BS(xo).
Then, for some constant x, we have | — (—A)*n(z)| < k0 in By(xg). Therefore, in By (zg) we

have
Ln—an>—kb+ mi{{ljl{b(l’, u) - Vn+c(z,u)} —ab
ue
2 —(k +1)0 = [[b] poe 02 + min c(z, u)

> (ki + 1+ 2 b e in [min c(z,u)].
> =00k + 1+ 2[|bl] ) + min [min c(z, u)]

If we choose .
0= min [min c(x, u
20k +1+ 2] ;) Bl(mo)[ueU ()]

then, in Bj(xg), we have
Ln—an>0 inDB;(z). (2.3.2)

Hence, 7 is a subsolution to (2.2.4), and also
We > 1 in Bf(xo).
Applying comparison principle we obtain
W > 1N in RY.

In particular, wy(zg) > n(xg) = 6. Since § — oo as |zo| — 0o, we have the result. O

Now we want to show the convergence of normalized solution w, () := wu(x) — w4 (0) to

a solution of (2.1.1). Towards this we first prove

Lemma 2.3.2. Under the stated hypotheses above we have a compact set Ky, independent
of «a, such that

—sup |y | < Wa(x) < sup |wy| + V(z) in RY (2.3.3)
’C1 ]Cl

where V is given by Assumptions 3.

Proof. From Lemma 2.3.1, we see that w,(z) — o0, as |z| — oo. Let z, be a point where
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Wy () attains its minimum. Let z, be the point where, w, minimum is attained. Then, w,

being a classical solution (see Theorem 2.2.2) we obtain
Lwy () — awe(z,) =0, (2.3.4)

= —(—A)’wa(za) + mgn{b(x,u) Vwe(z4) + c(z,u)} = awa(z,).

Since —(—A)*wq () > 0, We observe that

min ¢(zq, u) < awy () < awy(0) < ko + oV (0) < ko + V(0), (2.3.5)

uelU

where in above we use the bound from Theorem 2.2.2. From Assumption 3(ii), we can find

a compact set B € R, independent of «, that contains z,. In particular, this implies

(2.3.6)

This proves one-side of the inequality.

To prove the other side, we define u, as: u, := V — w,. Here, w, is a classical solution
and V = ka—o + V. Next we show that u, is inf-compact. Consider the following operator in

K¢, where K is a compact set given by Assumption 3,
G(-) = =(=A)°() + min {b(z, u) - V() }
This implies,

Guy = — (A (V —w,) + min {b(z,u) - V(V —wa)}
< —(=APV + min {b(z,u) - VV + c(z,u)} + (=A)*w, + min {b(z,u) - Vw, + c(z)}.
(2.3.7)
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By Assumptions 3 we see that on K¢ we have
(=A)*V +min {b(z,u) - VV + c(x,u)} + (= A)*w, +min {b(x, u) - Vw, + c(z)} < —€— quw,.

Let h, = € + aw, which is a non-negative function, going to infinity as |z| — oco. From
(2.3.7), we get
—(—=A)uy +min (b(z,u) - Vug) + hy <0 in K¢

In particular, u, is a supersolution to above equation.

Repeating the argument of Lemma 2.3.1 we see that u, is an inf-compact function. Let

Z, be the point where it attains its minimum. Then,
Ua(2a) < ug(x)

= W (x) <V (2) = V(24) + walza)

Take ¢p(x) = V() — V(24) + wa(za) as a test function. From (2.2.4) we get that
Lo(za) — awy(z) >0 = LV (24) — @wg(24) >0 = LV (z,) > 0.

If z, € K¢ then from Assumption 3(i), we have LV (z,) < —¢, contradicting the above
inequality. Hence, 2z, € K. Therefore

Wo () = wa(z) — wa(0) < V() + wa(z) —wa(0) < V(x) + 3161[13 |Wa(2)].

Taking K1 = B U K, we have the proof. n

Lemma 2.3.3. It holds that

sup sup |w,| < oco.
ag(0,1) Ki

Proof. Suppose, on the contrary, there exists a subsequence «,,, such that

sup sup |w,, | — oo,
ae(0,1) Ky
as a, — 0. Let

pn = SUp |Wq,,|.
1
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From Lemma 2.3.2, we have that

[Ba(2)] < po+ V(@) (2.3.8)

Let v, = w‘;(x). Now, from (2.2.4), we then obtain

n

c(x,u) ap

—(=A)%v, + mi{g{b(x, u) - Vo, + } —av, — —w,, (0) = 0. (2.3.9)
ue n Pn
From (2.3.8) we also have
v
1<, <14+ —.
Pn
Hence, v, is locally uniformly Hélder continuous by [14] and there exists a v € C(R?) such

that,

Up — U,

uniformly converging on compact sets. Also by (2.3.8), |v| < 1, and by definition
max lv| = 1. (2.3.10)
Also, by the stability property of viscosity solutions, we have
—(=A)’v+ rqflei%}{b(x’ u)-Vu} =0 inR?

This implies v is a constant function. But we know that v(0) = 0, a contradiction to (2.3.10).
Therefore,

sup sup |w,| < oo.
ae(0,1) K1

Now, we will proceed to the proof of the existence of a solution to the ergodic HJ equation.

Theorem 2.3.4. Suppose Assumptions 3 holds. Then there exists a solution (w,S\) €
C(R?) x R satisfying
Lw=)\ inR%

Also, w is inf-compact and w € C***(R9).
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Proof. From (2.2.4) we get that
Ly (x) — ay(z) — aw(0) =0 in RY. (2.3.11)

From Lemma 2.3.2 and [I1], we have w, an locally equicontinuous family, for o € (0, 1).

Hence there exists a sequence, «,, — 0, such that

lim apw,, (0) = A
n—oo

and

lim w,, = w,
n—o0

uniformly on compact sets. From (2.3.11), applying stability property of viscosity solutions

and taking o — 0, we obtain
Lw—X\=0in R (2.3.12)

By Lemma 2.3.2, we see that w is bounded from below and therefore, by Lemma 2.3.1, w is
inf-compact. Proof of Theorem 2.2.2 gives w € C2F(RY). O

loc

Next we show that the limit \ is the above result is actually the principal eigenvalue in
the sense of (2.1.2).

Lemma 2.3.5. It holds that A = A* where \* is given by (2.1.2).

Proof. 1t is easily seen that \* < \. For a contradiction assume that A\* < . By definition,
there exists a A* such that, A € (A\*, \) and non-negative u € C(R?) N L'(w,) and

Lu— )\ <0 inRY
Let (w, 5\) be the solution obtained in Theorem 2.3.4, where w = limy_, o0 Wa, -
Fix M > 0. Since ajw,, (0) — 5\, there exists ky € N, such that
\ < QpWa, (0) — o M for all k > k.
Choose a k > ky and let oy, = & and w,, = w. By Lemma 2.2.1, we can find a sequence of
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W, such that, the following holds:

LW, —aW, =0 in By,

(2.3.13)
W, =01in B},

such that as | — oo W; uniformly converges to w,, in compact sets. Since W; > 0 lets define

G(z) = Wi(x) — Wi (0) + M. Then, by (2.3.13),

LCZ(I) — 6[(:1 == CNYVVZ(O) —aM in Bl,

(2.3.14)
G=-Wy(0)+ M < M in B,

If 1 is large , we get A < aW;(0) — @M. From Lemma 2.3.1 it follows that
u(z) = o0 as || — oco.

So for sufficiently large [, u is a strict super-solution to (2.3.14). Therefore, by the comparison

principle, we conclude that u > ¢; in R%. Now if we let | — oo, we get
wak<x> - wak(0> + M <u

for all k > ky. Letting k& — oo, we thus get w + M < u in R?. However, w is fixed, and M

can be chosen arbitrarily. We arrive at a contradiction as such a u cannot exist.
Hence A = \*.

]

Now we focus on the uniqueness part of Theorem 2.1.1. The following lemma is the key

for that goal.

Lemma 2.3.6. Let w be the solution obtained in Theorem 2.3.4, and suppose w satisfies
the hypotheses of Theorem 2.3.4. Then there exists R > 0 such that, if v € CY(R%) N
L' (ws), and v > —\*, solving the inequality :

Lv— X\ <0 in R% (2.3.15)

Then we get

w<wv inR%
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Here, by solution we mean the viscosity solution and w satisfies w < v in Bp.

Proof. We have v € C(R?) N L (w,) such that w < v in Bg. Choose R so that min, c¢(z,u) >
M\ in BS. We want to prove that w < v in R%.

Suppose not, then 3 some z € BY, such that v(z¢) < w(zo). We can find a p € (3,1) close
to 1, such that

S};p (pw —v) < pw(zo) —v(xg), pw(xe) — v(xy) > 0. (2.3.16)

By Theorem 2.3.4, and standard diagonalisation method, we can find a sequence (W, , oy, )
such that

Lw,, —a, W, =0 in B,,,
Wy, =0 in By ,
and
nliinoo W, (0) = A%, nlgnoo W, =w (2.3.17)

uniformly over compact sets. Let B,, contains zg, for large values of n,. Then by (2.3.16)
and (2.3.17),

max (W, —v) < pWh, (zo) — v(o), pWy, (o) —v(z0) >0 and v > 0in B (2.3.18)
Br
where the last inequality follows from Lemma 2.3.1. Define, 0, (x) = v + uW,, (0). By
(2.3.15), Lo — A* < 0 in R%. Since, W,, = 0in B, , we obtain uW,, < o, in B; . By
(2.3.18),
sup (uWy, — Op,) = sup (uWy, — 0yp,.) > 0.
R

Tk
Let Ky,, = supga (uW,, — 0, ), and it is attained at a point, say x,, € B, \ Bg. By As-
sumption 3 and hypotheses v,w € C*(RY) and b(z,u) is a bounded function. Then we

have

_<_A)s(@nk - :U’Wnk> = _<_A)s({]) + (_A)S(:U’Wnk>
—min{b- Vv + ¢} + X\ + min{bu - VW,,, + uc} — an, (uW,,)

IN

< EkIV(0 — puWy,)| +sup (1 — 1)e(z, u) — ap, (BW,).

In the above inequality, we observe that at z,,, Vo = VuW, . So, we test the above
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inequality at x,, to get
0<k-0+sup(pu—1)c(xn,u) — an p(Wh, (2n,)) + "
There are two possibilities. Suppose |z, | — 00 as ny — co. Then we have,
0 <sup(p—1e(x,,,u)+ A" =(p—1) muin c(xp,,u) + N <0,

by Assumption 3(ii) and the fact p < 1. This is a contradiction. Suppose we have x,, is

a bounded sequence. We can assume that z,, — Z, as ny — oo along some sub-sequence.
Then,

0< (:u o 1) Hluin C(x”k’ u) - OCHKIM(Wnk (‘Tnk)) - O‘:uwnk (O) + A
=0 < (u—1)[minc(z,u) — ] <0.

This is a contradiction to the choice of R. Therefore, w < v in R%. O

Theorem 2.3.7. Suppose that Assumption 3 holds. Let v € C*(R?) be such that v > 0 in
R? and satisfies
Lv— X\ <0in R?

a super-solution to (2.1.3) and w be the solution obtained in Theorem 2.3.4. Then we have

that v = w + C, where C' is a scalar.

Proof. Let Bg be the ball as in Lemma 2.3.6. Let ming, v —w = C. Let v; = v — C, and by
definition of L. we get
Lv; — A* < 0in R%

Here v; touches w from above in Bp. By Theorem 2.3.4, we have v; > w in R Take

p = v —w, we see that

—(=A)p — sup{b(z,u) - Viyo} <0 in R% (2.3.19)
Since,
inf p = minp = 0.
R4 Br
Therefore



for some Z € Bg. So if we test at the point Z, from (2.3.19) we obtain —(—A)%p(Z) > 0.

Using the definition of fractional-Laplacian, we obtain that ¢ is constant. Hence proved. [J

We finish the proof of Theorem 2.1.1.

Proof of Theorem 2.1.1. The existence part follows from Theorem 2.3.4 and Lemma 2.3.5

whereas the uniqueness follows from Theorem 2.3.7. O]
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2.4 Conclusion and Future directions

2.4.1 Conclusion

We started by looking at the regularity theory for the nonlinear integro-differential equations

from [6]. For fully nonlinear integro-differential equations of the type

Lu = sup i%f/ (u(zx +y) +ulx —y) — 2u(x))Kaps(y)dy,
« Rd
[6] provides the nonlocal ABP estimate, Harnack Inequality, Holder estimates and C'*

estimates. The equations considered here are associated with pure jump processes.

Next, we studied [3], in which a more general class of equations with drift and nonlocal
diffusion terms have been considered. These types of equations are motivated by stochastic
ergodic control problems. [3] provides a complete study of the equation under the Lyapunov
stability condition. In [3], C17 regularity and C?*" regularity results, and the existence-
uniqueness of the solution, are given.

In this thesis, we considered an equation similar to [3], with a fractional Laplacian kernel.
We gave proof of the existence and uniqueness of the solution for the equation under the

near-monotonicity assumption of the cost and we do not impose any stability criterion.

2.4.2 Future Directions

—(=A)Yw(z) + glelg{b(nu) Vw(x) + c(z,u)} = A" (2.4.1)

Let £, be denoted as,

L, Jw](z) = —(—A)*w(z) + min{b(z,u) - Vw(x)}.

ueU

To complete the picture we should be able to prove that the eigenvalue A* in the above
equation is actually the optimal ergodic value. To elaborate, let us consider the following
stochastic control problem. Suppose the control set U is a metric space and U be the set of all

stationary Markov controls, that is collection of all Borel measurable functions v : R — U.
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Define £V as
LU f(x) = Lo [ fI(2).

Assume that the martingale problem corresponding to the operator £V is well posed. This
means for every v € U there exists a family of probability measures {P,},cre on the space
of Cadlag functions on [0, c0) taking values in RY, such that (P?, X,) solves the martingale
problem, where X, denotes the canonical coordinate process. As defined in the previous
chapter, R¢ x U 3 (x,u) — ¢(x,u) denote the running cost, we want to minimize the ergodic

cost criterion

1 T
Jv] := limsup ?Ez [/ c( Xy, u)} )
0

T—oo

over U. We denote the optimal value by A We need to show that \* = g, where \* is
from (2.4.1).
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