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Abstract

The main focus of this thesis is to study the topology of some spaces asso-

ciated with polynomial knots and determining the least polynomial degree in

which a given knot can be represented. A polynomial knot is an embedding

of R in R3 whose component functions are real polynomials. The image of

a polynomial knot is a long knot. Polynomial knots were mainly studied by

Vassiliev (1990–1996), Shastri (1992) and Mishra-Prabhakar (1994–2009).

Vassiliev looked at the topology of the space Vd consisting of polynomial

knots whose component functions are monic polynomials of degree d with no

constant term, whereas Shastri, Mishra and Prabhakar focused on finding

concrete polynomial representation of a given knot. In this thesis, we have

studied polynomial knots from both the perspectives. We have generalized

the space Vd giving rise to some interesting spaces and explored the topology

(path components and the homotopy type) of those spaces. Furthermore, we

have studied the homotopy type of the space of all polynomial knots with

respect to some natural topology on it. On the other side, we have focused

on the polynomial representations of the knots up to six crossings. The knots

01, 31, 41 and 51 were known to have representations in their minimal degree.

We have found the polynomial representations of the knots 52, 61, 62, 63,

31#31 and 31#3∗1 in degree 7, where the representations of the knots 31#31

and 31#3∗1 are in their minimal degree. We have shown that it is almost

impossible to represent the knots 52, 61, 62 and 63 in degree less than 7.
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Chapter 1

Introduction

A polynomial knot is a smooth embedding φ : R→ R3 which is given by

t 7→ (f(t), g(t), h(t)), where f , g and h are polynomials with real coefficients.

For example, the map t 7→ (t3 − 3t, t4 − 4t2, t5 − 10t) is a polynomial knot

representing the trefoil knot (see [4]). A Mathematica plot of this polynomial

knot is given in Figure 1.1.

Figure 1.1: A polynomial knot

Classically, knots are embeddings of S1 in S3. However, polynomial knots

are long knots, i.e. their ends are open. A polynomial knot can be extended

uniquely to an embedding of S1 in S3, which gives rise to a knot in the

classical sense. Polynomial knots were mainly studied by the following two

groups of mathematicians:

(1) Vassiliev (1990–1996), Durfee (2006) and O’shea (2006).

(2) Shastri (1992), Mishra (1994–2009) and Prabhakar (2006–2009).

1



2 Chapter 1. Introduction

These groups had different motivations. The first group was motivated to

study the topology of the space of knots, while the second group was mo-

tivated to settle Abhyankar’s conjecture (see Conjecture 1.1) regarding the

non-rectifiable embeddings of C in C3.

To study the cohomology of the space of knots, Vassiliev [40, 41] intro-

duced the space Vd for d ≥ 3. The space Vd is the interior of the set of all

smooth embeddings in the space Wd of all maps of the type

t 7→
(

td + ad−1td−1 + · · ·+ a1t, td + bd−1td−1 + · · ·+ b1t, td + cd−1td−1 + · · ·+ c1t
)

.

The space Wd inherits the natural topology from the usual topology of R3d−3.

It was noted that the space V3 is contractible and the space V4 is homology

equivalent to S1 (see [41]). To compute the cohomology of the space of knots,

Vassiliev considered the space of all smooth immersions of S1 in S3. In this

space, he took the discriminant, i.e. the complement of the space of knots in

the space of smooth immersions. Thereafter, he constructed a resolution of

the discriminant via the finite dimensional spaces Wd. This resolution has a

natural filtration which gives a spectral sequence that can be used to obtain

cohomology classes of the space of knots (see [40]). It is not known whether

these classes generate the whole cohomology of the space of knots. However,

these cohomology classes can be used to construct a set of knot invariants.

These invariants are called the Vassiliev invariants (see [42]). It is conjectured

that the Vassiliev invariants form a complete set of knot invariants.

In [1], Durfee and O’Shea generalized the space Vd, for d ≥ 3, to the

space Kd which is the space of all polynomial knots of the type

t 7→
(
a0 + a1t+ · · ·+ adt

d, b0 + b1t+ · · ·+ bdt
d, c0 + c1t+ · · ·+ cdt

d
)
.

They proved that if two polynomial knots are path equivalent in Kd, then
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they are topologically equivalent, i.e. their extensions as embeddings of S1

in S3 are ambient isotopic. The same is true for the space Vd, since it is a

subspace of the space Kd. However, it is felt that the converse may not be

true. There is no known example of polynomial knots in Kd (or in Vd) which

are topologically equivalent but not path equivalent in it.

A polynomial knot in Kd, for d ≥ 3, can be transformed to a polyno-

mial knot t 7→ (f(t), g(t), h(t)) such that deg(f) ≤ d − 2, deg(g) ≤ d − 1

and deg(h) ≤ d. This can be done by composing the knot with a suitable

orientation preserving linear transformation T : R3 → R3. The new knot

obtained upon such transformation is topologically equivalent to the original

one. Let Od denote the space of all polynomial knots t 7→ (f(t), g(t), h(t))

with deg(f) ≤ d − 2, deg(g) ≤ d − 1 and deg(h) ≤ d. Note that the

topology of the space Od inherits from the usual topology of R3d. Further,

composing a polynomial knot in Od with a suitable orientation preserving

polynomial automorphism S : R3 → R3, one can get a polynomial knot

t 7→ (u(t), v(t), w(t)) such that deg(u) < deg(v) < deg(w) ≤ d. Let Pd de-

note the space of all polynomial knots t 7→ (u(t), v(t), w(t)) with the condi-

tion deg(u) < deg(v) < deg(w) ≤ d on the component polynomials. Suppose

t 7→ (u(t), v(t), w(t)) be a polynomial knot in Pd, then there exists an ε > 0

such that the polynomial knot t 7→
(
εtd−2 + u(t), εtd−1 + v(t), εtd + w(t)

)
is

topologically equivalent to the original one. The resulting polynomial knot

obtained in this way has degree sequence (d − 2, d − 1, d) (see Definition

2.2.6). Let Qd denote the space of all polynomial knots t 7→ (x(t), y(t), z(t))

with deg(x) = d− 2, deg(y) = d− 1 and deg(z) = d.

We have pointed out that the path equivalence in the spaces Kd and Vd

implies the topological equivalence. This might make one believe that this

is the case for any space of polynomial knots. We observe that it is not

true in general. For example, two polynomial knots in Od (or in Pd) are
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path equivalent even though they are not topologically equivalent. Using

the theory of real semialgebraic sets we ensure that the spaces Od, Pd and

Qd have only finitely many path components. In fact, we prove that the

spaces Od and Pd are path connected. However, the space Qd behaves in

a similar manner as the spaces Kd and Vd do. We rigorously show that if

two polynomial knots are path equivalent in Qd, then they are topologically

equivalent. This means that two topologically different knots cannot belong

to the same path component of the space Qd. The converse of this is not

true. Unlike the spaces Kd and Vd, here we have examples of topologically

equivalent knots which lie in different path components of the space Qd. In

this thesis, we study the topology of the spaces Od, Pd and Qd. We discuss

the homotopy type of these spaces (or of the path components of the spaces).

Furthermore, we study the space of all polynomial knots with some natural

topology on it and discuss its homotopy type. We also prove that every

polynomial knot is isotopic to some linear knot (an unknot) by a smooth

isotopy through polynomial knots.

We now discuss the polynomial knots from the perspective of the second

group. As it is stated earlier, this group was motivated by the conjecture of

Abhyankar, which states as follows:

Conjecture 1.1 (Abhyankar [39]). There exist polynomial embeddings of C

in C3 which are non-rectifiable.

A rectifiable embedding of C in C3 is a polynomial embedding which is

equivalent to the standard embedding z 7→ (0, 0, z) by a polynomial auto-

morphism of C3. To find an example of a non-rectifiable embedding, Shastri

[4] started to give examples of polynomial embeddings of R in R3 which

represent the nontrivial knots and can be extended to the embeddings of C

in C3. However, it could not be proved that the embeddings he obtained

are non-rectifiable or not. He found concrete polynomial representations of
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the trefoil knot and the figure-eight knot. In fact, he proved that every

long knot has a polynomial representation and the polynomial embedding is

in fact an embedding of C in C3. Later, Mishra and Ranjan [5, 32, 33] gave

polynomial representations of the torus knots, strongly invertible knots and

strongly negative amphicheiral knots. Furthermore, Mishra and Prabhakar

[19–21,31] found minimal degree sequence for 2-bridge knots and some types

of torus knots. They also gave polynomial representations of knots up to

eight crossings (see [22]). Wright [24] gave an algorithmic method to find a

polynomial representation of any knot.

These constructions suggest that one should look for a polynomial rep-

resentation that involves the polynomials of least possible degree. In this

connection the notion of the degree sequence, minimal degree sequence and

minimal polynomial degree have been introduced (see [9, 19–21, 31, 34]). For

instance, the representations of the knots 31 and 41 given by Shastri [4] and

McFeron [9] are in their minimal degrees 5 and 6 respectively. Also, Auer-

bach [28] gave a polynomial representation of the knot 51 in degree 7, which

is its minimal polynomial degree. Finding the minimal polynomial degree

for a given knot-type is difficult in general. To make a claim one can make

use of some numerical knot invariants such as the crossing number, bridge

index and superbridge index. For example, we can conclude that the knot 51

has no polynomial representation in degree less than 7, since its superbridge

index is 4 (see [1,26]). In [1], Durfee and O’Shea asked that: is there any five

crossing knot in degree 6? We have partially answered this question. The

only possible five crossing knot which could be represented in degree 6 is the

knot 52. In this thesis, we show that it is almost impossible to represent

the knot 52 in degree 6. The knots 52, 61, 62 and 63 were known to have

representations in degree much higher than 7 (see [3,17,22]). We have found

polynomial representations of these knots together with the representations
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of the knots 31#31 and 31#3∗1, all in degree 7. In this thesis, we present all

these polynomial representations along with their 3D plots obtained using

Mathematica. Finally, we note that all the knots up to six crossings (except

the knots 52, 61, 62 and 63) have representations in their minimal degree.

Regarding the knots 52, 61, 62 and 63, we conjecture that they cannot be

represented in degree less than 7.

The thesis is organized as follows: Chapter 2 includes the basic termi-

nologies and known results which are required in this thesis. This chapter is

divided into four sections. In Section 2.1, we define a knot in the classical

sense as well as a long knot which is an embedding of R in R3. We also de-

fine the equivalence of two knots/two long knots. In Section 2.2, we give the

definition of a polynomial knot and discuss some important results regarding

the polynomial knots. In Section 2.3, we introduce real semialgebraic sets

and the theorem of Tarski-Seidenberg which will be required in Chapter 3.

In Section 2.4, we discuss the Thom’s first isotopy lemma which will be used

to prove that the path equivalence in Qd implies the topological equivalence.

We divide Chapter 3 into two sections. In Section 3.1, we introduce some

interesting spaces of polynomial knots of degree at most d, for d ≥ 3. We

denote these spaces by Od, Pd and Qd. In Section 3.2, we check some ele-

mentary facts related to these spaces. Using the theory of real semialgebraic

sets, we prove that the spaces Od, Pd and Qd are homeomorphic to some

semialgebraic subsets of R3d and hence they have only finitely many path

components (see Theorem 3.2.11, Corollary 3.2.12 and Corollary 3.2.13).

In Chapter 4, we discuss the spaces Od, Pd and Qd in detail. This chapter

is divided into five sections. In Section 4.1, we prove the following theorem:

Theorem 4.1.1. The space Od, for d ≥ 3, is homotopy equivalent to S2.

This theorem also proves that the space Od, for d ≥ 3, is path connected.
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Thus, any two polynomial knots in Od are path equivalent (that is, they

belong to the same path component of the space Od) even though they are

not topologically equivalent.

In Section 4.2, we discuss the homotopy type of the space of all polynomial

knots. Note that the set P of all polynomial knots can be written as a union

of the spaces Od for d ≥ 3. Thus, it has inductive limit topology which comes

from its stratification as a union of the spaces Od for d ≥ 3. In this section,

we prove the following theorem:

Theorem 4.2.1. The space P is homotopy equivalent to S2.

In [35], Mishra proved that if two polynomial knots are topologically equiv-

alent then there exists a polynomial isotopy which connects them. We show

that the converse of this result is false. In fact, we prove the following:

Theorem 4.2.4. Every polynomial knot is isotopic to some linear knot (an

unknot) by a smooth isotopy through polynomial knots.

The isotopy in Theorem 4.2.4 rolls a given polynomial knot to the infinity

so that the knot gets unraveled up to become an unknot. In general, the

same thing happens for any long (non-compact) knot. More precisely, every

long knot as a smooth embedding of R in R3 is isotopic to some unknot

by a smooth isotopy through long knots. However, this does not happen

if the knots are compact (that is, the smooth embeddings of S1 in S3).

Otherwise, by the isotopy extension theorem (see [23]), every knot will be

ambient isotopic to some unknot, which is a contradiction.

Corollary 4.2.5. Every polynomial knot can be connected to a linear knot

by a smooth path in the space of all polynomial knots.

In Section 4.3, we prove the following results related to Pd, for d ≥ 3.
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Proposition 4.3.1. Every polynomial knot in Pd can be connected to a poly-

nomial knot in Qd by a path in Pd.

Theorem 4.3.4. The space Pd, for d ≥ 3, is path connected.

Using Theorem 4.3.4, one can say that any two polynomial knots in Pd

are path equivalent even though they are not topologically equivalent.

In Section 4.4, we discuss the path equivalence in Qd for d ≥ 3. Two

polynomial knots are said to be path equivalent in Qd if they belong to its

same path component. Similarly, the path equivalence can be defined for

the spaces Od and Pd. Since the spaces Od and Pd are path connected, any

two polynomial knots in Od (or, in Pd) are path equivalent in it. Using some

techniques from differential topology and the Thom’s first isotopy lemma, we

prove the following:

Theorem 4.4.4. If two polynomial knots are path equivalent in Qd, then

they are topologically equivalent.

The converse of Theorem 4.4.4 is false. This fact will be clear from the

next proposition.

Proposition 4.4.5. Let φ : R → R3 given by t 7→ (f(t), g(t), h(t)) be a

polynomial knot in Qd, and let ψ be its mirror image which is given by t 7→

(f(t), g(t),−h(t)). Then the polynomial knots φ and ψ do not belong to the

same path component of the space Qd.

Corollary 4.4.6. Let t 7→ (f(t), g(t), h(t)) be a polynomial knot in Qd. Then

there are eight distinct path components in Qd each of which contains exactly

one of the knot t 7→ ((e1f(t), e2g(t), e3h(t)) for (e1, e2, e3) ∈ {−1, 1}3.

Using this corollary, we can say that there exist polynomial knots which

are topologically equivalent but not path equivalent in Qd for d ≥ 3.
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Corollary 4.4.7. The number of path components of the space Qd are in

multiples of eight.

Corollary 4.4.8. If there are n distinct knot-types (up to mirror images)

which can be represented in Qd, then it has at least 8n path components.

In Chapter 5, we discuss polynomial representations of knots in their

minimal degree. This chapter is divided into three sections. In Section 5.1,

we list all the knots which can be represented in degrees 5, 6 and 7. In this

section, we prove the following propositions:

Proposition 5.1.1. The unknot is the only knot that can be represented by

a polynomial knot in degree d ≤ 4.

Proposition 5.1.2. The unknot, the trefoil knot and its mirror image are

the only knots that can be represented in degree 5.

Note that if we have a polynomial knot in degree 6, then its crossing

number must be less than or equal to 6 (by Proposition 2.2.4). We have a

polynomial representation of the knot 41 in degree 6 (see [9]). Also, since the

knots 01 and 31 have polynomial representations in degree less than 6 (see

[4]), they must have polynomial representations in degree 6 as well. However,

the knots 51, 31#31 and 31#3∗1 cannot be represented in degree 6, since their

superbridge index is 4 (see Proposition 2.2.4). Regarding the knot 52, we

have the following:

Theorem 5.1.4. For a generic choice of a regular projection t 7→ (f(t), g(t))

of the knot 52 with deg(f) = 4 and deg(g) = 5, there does not exist any

polynomial h of degree 6 such that a polynomial map t 7→ (f(t), g(t), h(t))

represents the knot 52.

This theorem says that it is almost impossible to represent the knot 52
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in degree 6. The same is true for the knots 61, 62 and 63. Therefore, we

conjecture the following:

Conjecture 5.1. Each of the knots 52, 61, 62 and 63 cannot be represented

by a polynomial knot in degree 6.

All the knots up to six crossings (including the eight crossing knot 819)

have polynomial representations in degree 7 (see Section 5.2). Besides these

knots, no knot is known to have a polynomial representation in degree 7.

Other possible knots in degree 7 are the knots up to ten crossings having

superbridge index at most 4.

In Section 5.2, we prove the following theorem:

Theorem 5.2.1. Let t 7→ (f(t), g(t)) be a regular projection of a long knot

κ : R → R3 having n double points, where f and g are real polynomials

of degrees n and n + 1 respectively. Suppose the crossing data of κ is such

that there are r changes from over/under crossings to under/over crossings

as we move along the knot. Then there exists a polynomial h with degree

d ≤ min{n+ 2, r } such that the polynomial map t 7→ (f(t), g(t), h(t)) is an

embedding which is ambient isotopic to κ.

Furthermore, in this section, we include the polynomial representations

of the knots 31, 41, 51 and 819 which are given by Shastri [4], McFeron [9],

Auerbach [28] and Mishra-Prabhakar [22] respectively. The representations

of the knots 31 and 41 are respectively in degrees 5 and 6, which are the

minimal degrees for these knots. The knots 51 and 819 are represented in

degree 7, which is their minimal degree (since the superbridge index of these

polynomial knots is 4). We have found polynomial representations of the

knots 52, 61, 62, 63, 31#31 and 31#3∗1 in degree 7, which will be included in

this section. Among these representations, the representations of the knots

31#31 and 31#3∗1 are in their minimal degree.
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In Section 5.3, we discuss about the path components in Qd for d ≤ 7. It

is easy to see that the space Q3 has exactly eight path components and all of

them are contractible (see Proposition 5.3.1). Also, in this section, we prove

the following theorems:

Theorem 5.3.2. The space Q4 has exactly eight path components.

Theorem 5.3.8. The path components of the space Q4 are contractible.

Proposition 5.3.10. The space Q5 has exactly eight path components cor-

responding to the trefoil knot and its mirror image. Moreover, all these path

components are contractible.

Furthermore, we estimate some lower bound on the number of path com-

ponents of the spaces Q5, Q6 and Q7. Regarding this, we observed that they

have at least 16, 24 and 88 path components respectively.

In Chapter 6, we summarize the thesis and discuss some problems and

observations that we encountered during the work.





Chapter 2

Preliminaries

This chapter contains some basic definitions and known results that serve

as a prerequisite material for this thesis. In Section 2.1, we define a knot in

the classical sense, a long knot and the equivalence of knots. In Section

2.2, we give the definition of a polynomial knot and discuss some important

results related to the polynomial knots. In Section 2.3, we briefly introduce

real semialgebraic sets and the theorem of Tarski-Seidenberg which is utilized

to prove that the spaces Od, Pd and Qd, introduced in Chapter 3, have only

finitely many path components. In Section 2.4, we discuss some differential

topology and in particular Thom’s first isotopy lemma to be used later in

Chapter 4 to prove an important theorem in this thesis.

2.1 Knots and their equivalences

Definition 2.1.1. A knot is a continuous embedding of S1 in R3.

Remark 2.1. The Euclidean space R3 can be embedded in S3, so we may

think of knots as embeddings of S1 in S3.

Note that any two knots are homeomorphic to each other. In fact, by

13
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the definition itself, all the knots are homeomorphic to S1. It is interesting

to know if two knots are embedded in the same way or not. That is, can

we transform one to the other by a continuous deformation of the space?

A continuous deformation of the space is called a homeotopy (an ambient

isotopy) and the knots which can be transformed from one to the other by

such deformation are called ambient isotopic.

Definition 2.1.2. A homeotopy (ambient isotopy) of S3 is a continuous map

H : I × S3 → S3 such that:

(1) the map H0 = H(0, ·) is the identity map of S3, and

(2) the map Hs = H(s, ·) is a self-homeomorphism of S3 for all s ∈ I.

Definition 2.1.3. Two knots φ : S1 → S3 and ψ : S1 → S3 are said to be

ambient isotopic if there is a homeotopy H : I × S3 → S3 of the ambient

space S3 such that ψ = H1 ◦ φ.

Remark 2.2. Two knots being ambient isotopic is an equivalence relation;

therefore, it is often said that the knots are equivalent if they are ambient

isotopic. An equivalence class under this equivalence is called as a knot-type

or an ambient isotopy class. This equivalence class is simply called as a knot

if there is no confusion between a knot as an embedding and a knot as an

ambient isotopy class.

At this point, we note that there exist knots which have some pathological

behavior as in Figure 2.1. Such knots are called wild knots (see [30]). Knots

Figure 2.1: A wild knot
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which are not wild are called tame knots. More precise definition is given

below.

Definition 2.1.4. A tame knot is a knot κ : S1 → S3 which can be extended

to a continuous embedding κ̄ : S1×B2 → S3, where B2 is the open unit disc

in R2 centered at origin.

Remark 2.3. A knot is tame if and only if it is ambient isotopic to a polygo-

nal knot, a knot which is a union of a finite number of straight line segments.

It is known that every piecewise C1 embedding of S1 in S3 is a tame knot

(see [1,30]). In particular, all smooth embeddings (that is, C∞ embeddings)

of S1 in S3 are tame knots. In this thesis, we will only discuss the tame

knots. Thus, a word ‘knot’, would always mean a ‘tame knot’.

Definition 2.1.5. A long knot is a proper smooth embedding φ : R → R3

such that the map t 7→ ‖φ(t)‖ is strictly monotone outside some closed in-

terval of the real line.

Definition 2.1.6. Two long knots φ : R → R3 and ψ : R → R3 are said

to be isotopic by an isotopy through long knots if there is a continuous map

F : I × R→ R3 such that

(1) the map Fs = F (s, ·) is a long knot for all s ∈ I, and

(2) F0 = φ and F1 = ψ.

Every long knot φ : R → R3 can be extended to an unique embedding

φ̃ : S1 → S3 by means of the stereographic projection from the north pole of

S3. Note that the extended knot is a tame knot, since it is piecewise smooth.

On the other hand, every ambient isotopy class of tame knots contains a

smooth knot ψ : S1 → S3 which fixes the north poles and has a nonzero

derivative at the north pole. The restriction ψ̂ : R→ R3 of ψ is a long knot.
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This shows that there is a bijection between the ambient isotopy classes of

tame knots and the ambient isotopy classes of long knots.

Definition 2.1.7. Two long knots φ : R → R3 and ψ : R → R3 are said to

be topologically equivalent if their extensions φ̃ : S1 → S3 and ψ̃ : S1 → S3

are ambient isotopic.

2.2 Polynomial knots

Definition 2.2.1. A map φ : R→ R3 is a polynomial map if its component

functions are polynomials with real coefficients.

Definition 2.2.2. A polynomial knot is a polynomial map φ : R→ R3 which

is a smooth embedding.

It is easy to note that a polynomial knot is a long knot and its extension

as an embedding of S1 in S3 is a tame knot.

Definition 2.2.3. We say that a polynomial knot φ : R → R3 represents a

knot-type [κ] (an ambient isotopy class of κ) if its extension φ̃ : S1 → S3 is

ambient isotopic to κ. The knot φ is called a polynomial representation of

the knot-type [κ].

Theorem 2.2.1 ([4]). Every knot-type has a polynomial representation.

Definition 2.2.4. Two polynomial knots φ and ψ are polynomially isotopic

if there is an isotopy F : I × R→ R3 such that

(1) the map Fs = F (s, ·) is a polynomial knot for all s ∈ I, and

(2) F0 = φ and F1 = ψ.

Remark 2.4. If two polynomial knots are polynomially isotopic, then we

often say that they are isotopic by an isotopy through polynomial knots.
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Theorem 2.2.2 ([35]). If two polynomial knots represent the same knot-type,

then they are polynomially isotopic.

Definition 2.2.5. A polynomial automorphism of Euclidean space Rn is a

bijective map T : Rn → Rn whose component functions are real polynomials

in n variables and it is such that its inverse is also of the same kind.

Note that a map S : R→ R is a polynomial automorphism if and only if

it is a linear polynomial. Also, it is easy to see that an affine transformation

(a composition of an invertible linear transformation and a translation) of

Rn is a polynomial automorphism.

Remark 2.5. Let φ : R→ R3 be a polynomial map, and suppose S : R→ R

and T : R3 → R3 be polynomial automorphisms. Then the map φ is a smooth

embedding if and only if the composition T ◦ φ ◦ S is a smooth embedding.

Remark 2.6. Let α and β be real numbers such that α 6= 0, and suppose

φ : R → R3 be a polynomial knot. Then the map ψ : R → R3 given by

t 7→ φ(αt+ β) is also a polynomial knot.

Remark 2.7. Let φ : R→ R3 be a polynomial knot and T : R3 → R3 be an

affine transformation. Then the composition T ◦φ is also a polynomial knot.

Let φ : R → R3 be a polynomial knot, and suppose S : R → R and

T : R3 → R3 be orientation preserving polynomial automorphisms. Then the

polynomial knots φ and T ◦ φ ◦ S are topologically equivalent. In particular,

the same is true if S and T are orientation preserving affine transformations.

If a polynomial knot φ : R→ R3 given by t 7→ (f(t), g(t), h(t)) represents

a knot κ, then the knot t 7→ (f(t), g(t),−h(t)) represents a mirror image κ∗ of

κ. In general, if S : R3 → R3 is an affine transformation, then the polynomial

knot S ◦ φ represents either κ or κ∗ depending on whether S is orientation

preserving or not.
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Definition 2.2.6. A polynomial map t 7→ (f(t), g(t), h(t)) is said to have

degree sequence (d1, d2, d3) if deg(f) = d1, deg(g) = d2 and deg(h) = d3.

Definition 2.2.7. The degree of a polynomial map φ : R→ R3 is the maxi-

mum of the degrees of its component polynomials.

Proposition 2.2.3 ([1]). Let {αs | s ∈ I} be a family of polynomial knots

depending continuously on parameter s ∈ I. If the degree of αs is independent

of s, then there exists r0 � 0 such that for any s ∈ I and any |t| ≥ r0, the

vector α′s(t) ∈ R3 intersects transversely to the sphere of radius |αs(t)| about

the origin. Moreover, for any s ∈ I, the angle between the vectors αs(t) and

α′s(t) approaches 0 as t→ +∞ and it approaches π as t→ −∞.

Proof. For s ∈ I, let αs be defined as

αs(t) = ad(s)td + ad−1(s)td−1 + · · ·+ a1(s)t+ a0(s),

where ai’s are continuous functions from I to R3. Note that ad(s) 6= 0 for

all s ∈ I, since the degree of αs is independent of s. For any s ∈ I and any

|t| � 0, the cosine of the angle θs(t) between the vectors αs(t) and α′s(t) is

given by

αs(t)
‖αs(t)‖

· α′s(t)
‖α′s(t)‖

,

which becomes

±
ad(s) + 1

tad−1(s) + · · ·+ 1
td

a0(s)∥∥ad(s) + 1
tad−1(s) + · · ·+ 1

td
a0(s)

∥∥ · dad(s) + d−1
t ad−1(s) + · · ·+ 1

td−1 a1(s)∥∥dad(s) + d−1
t ad−1(s) + · · ·+ 1

td−1 a1(s)
∥∥ (2.1)

accordingly as t is positive or negative. Thus, we get
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|cos(θs(t))| ≥

∣∣∣d ‖ad(s)‖2 + 1
t
f1(s) + 1

t2
f2(s) + · · ·+ 1

t2d−1 f2d−1(s)
∣∣∣

d ‖ad(s)‖2 + 1
|t|h1(s) + 1

|t2|h2(s) + · · ·+ 1
|t2d−1|h2d−1(s)

(2.2)

≥

∣∣∣d ‖ad(s)‖2 −
∣∣∣1
t
f1(s) + 1

t2
f2(s) + · · ·+ 1

t2d−1 f2d−1(s)
∣∣∣ ∣∣∣

d ‖ad(s)‖2 + 1
|t|h1(s) + 1

|t2|h2(s) + · · ·+ 1
|t2d−1|h2d−1(s)

(2.3)

for all |t| � 0 and for all s ∈ I, where fi’s and hi’s are given by

fi(s) =
∑
j,k

Nijk aj(s) · ak(s) and

hi(s) =
∑
j,k

Mijk ‖aj(s)‖ ‖ak(s)‖ .

Note that Nijk’s and Mijk’s are some nonnegative integers. Since ad is con-

tinuous and ad(s) 6= 0 for all s ∈ I, there exist some positive real numbers

m and M such that

m ≤ ‖ad(s)‖ ≤M (2.4)

for all s ∈ I. Note that fi’s and hi’s are continuous and bounded real valued

functions, so for some r0 � 0, we have

∣∣∣∣1t f1(s) + 1
t2
f2(s) + · · ·+ 1

t2d−1 f2d−1(s)
∣∣∣∣ ≤ dm2

2 and (2.5)

1
|t|
h1(s) + 1

|t2|
h2(s) + · · ·+ 1

|t2d−1|
h2d−1(s) ≤ dM2 (2.6)

for all |t| ≥ r0 and for all s ∈ I. Using (2.4)–(2.6) in (2.3), we get

|cos(θs(t))| ≥
dm2 − dm2

2
dM2 + dM2 ≥

m2

4M2 > 0

for all |t| ≥ r0 and for all s ∈ I. This proves the first statement of the
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proposition. Also, for any s ∈ I, the expression (2.1) approaches

± ad(s) · dad(s)
‖ad(s)‖ ‖dad(s)‖

= ±1

accordingly as t → ±∞. In other words, for any s ∈ I, the angle θs(t) be-

tween the vectors αs(t) and α′s(t) approaches 0 as t→ +∞ and it approaches

π as t→ −∞.

Given a knot-type, there can be many polynomial knots representing it.

The degrees of these polynomial knots may be different. The least among

these degrees is called the polynomial degree of that knot-type. More precise

definition is given below.

Definition 2.2.8. The polynomial degree of a knot-type [κ] is defined by

d[κ] = min {deg(φ) | φ is a polynomial knot representing the knot-type [κ]},

where deg(φ) is the degree of a polynomial knot φ.

Example 2.1 ([4]). The polynomial knot t 7→ (t3 − 3t, t4 − 4t2, t5 − 10t) is a

representation of the trefoil knot. It can be easily verified that the trefoil

knot has polynomial degree 5.

Note that the polynomial degree of a knot-type is a knot invariant and it

is same for the knots which are mirror images of each other. There are some

relations between the polynomial degree and other knot invariants: namely,

the crossing number, the bridge index [12] and the superbridge index [26].

Definition 2.2.9. The crossing number of a knot-type [κ] is defined by

c[κ] = min { c(D) | D is a knot diagram of the knot-type [κ]}, where c(D) is

the number of crossings in a knot diagram D.

Definition 2.2.10. The bridge index b[κ] of a knot-type [κ] is defined by

b[κ] = minφ∈[κ] minv∈S2 (# of local maxima of φ in the direction of v), where

the first minimum is taken over all embeddings φ : S1 → S3 which are
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ambient isotopic to κ and the second minimum is taken over all possible

directions in R3.

Definition 2.2.11. The superbridge index of a knot-type [κ] is defined by

sb[κ] = minφ∈[κ] maxv∈S2 (# of local maxima of φ in the direction of v).

Example 2.2. The crossing number of the trefoil knot is 3. Its bridge in-

dex and superbridge index are 2 and 3 respectively. The crossing number,

bridge index and superbridge index of the figure-eight knot are 4, 2 and 3

respectively.

Proposition 2.2.4 ([1]). Let κ : S1 → S3 be a knot, then we have

(1) 2c[κ] ≤ (d[κ]− 2) (d[κ]− 3),

(2) 2b[κ] ≤ d[κ]− 1 and

(3) 2sb[κ] ≤ d[κ] + 1.

2.3 Real semialgebraic sets

A set of common zeros of a finite number of polynomials is an algebraic

set. In algebraic geometry, we study these sets. Over the field of real num-

bers, the notion of algebraic sets can be extended to a larger class of sets

known as semialgebraic sets.

Definition 2.3.1. A semialgebraic subset of Rn is a union of finite number

of sets of the type

{x ∈ Rn | P (x) = 0 and Q1(x) > 0 and . . . and Qr(x) > 0} ,

where P,Q1, . . . , Qr ∈ R[x1, x2, . . . , xn] and r is a non-negative integer.
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For example, the region A = {(x, y) ∈ R2 | y ≥ 0 and x2 + y2 ≤

25 and y ≥ x4 − 5x2 + 4} of the upper half plane which is bounded by

the curves y = 0, x2 + y2 = 25 and y = x4− 5x2 + 4 is a semialgebraic subset

of R2. Also, the region B = {(x, y, z) ∈ R2 | 5z > 9x2 + 16y2} bounded by

the paraboloid 5z = 9x2 + 16y2 is a semialgebraic subset of R3.

It can be easily verified that complement of a semialgebraic set is semi-

algebraic. Also, finite unions and finite intersections of semialgebraic sets

are semialgebraic. A detailed study of semialgebraic sets and the following

results can be found in [18] and [29].

Theorem 2.3.1 (Tarski-Seidenberg). Let A be a semialgebraic subset of

Rn+1 and suppose π : Rn+1 → Rn be the projection onto the space of the

first n coordinates. Then π(A) is a semialgebraic subset of Rn.

Corollary 2.3.2. If A is a semialgebraic subset of Rn+k, then its image

by the projection onto the space of the first n coordinates is a semialgebraic

subset of Rn.

Theorem 2.3.3. A semialgebraic set has only finitely many connected com-

ponents and all they are semialgebraic.

Proposition 2.3.4. A connected semialgebraic set is path connected.

2.4 Thom’s first isotopy lemma

LetM be a smooth manifold of dimension n and letX be an r-dimensional

smooth submanifold of it. Let x ∈ X, then the tangent space TXx of X at

x is a point in the Grassmannian of r-planes in TMx. The convergence of a

sequence {TXxi
} of tangent spaces, we mean the convergence in the standard

topology of the Grassmannian.
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Definition 2.4.1. A pair (X, Y ) of smooth submanifolds of M is said to

satisfy the first Whitney condition at y ∈ Y if the following holds: If {xi}

be a sequence of points in X which converges to y and it is such that the

sequence {TXxi
} converges to an r-plane τ ⊆ TMy, then TYy ⊆ τ .

Definition 2.4.2. We say that the pair (X, Y ) satisfies the first Whitney

condition if it satisfies this condition at every point in Y .

Example 2.3 ([13]). Let x, y and z denote the coordinates in C3. Let X be

the set {(x, y, z) ∈ C3 | x2y−z2 = 0} with the y-axis deleted, and suppose Y

be the y-axis. Then (X, Y ) satisfies the first Whitney condition at all points

of Y except the origin.

If x, y ∈ Rn and x 6= y, then the secant line (x, y) is a line passing through

the origin which is parallel to the line joining x and y.

Definition 2.4.3. A pair (X, Y ) of smooth submanifolds of Rn satisfies the

second Whitney condition at y ∈ Y if the following holds: Let {xi} ⊆ X and

{yi} ⊆ Y be sequences which converge to y and they are such that xi 6= yi for

all i ∈ N. Suppose the tangent spaces TXxi
converge to an r-plane τ ⊆ Rn

and the secant lines (xi, yi) converge to a line l ⊆ Rn. Then l ⊆ τ .

Lemma 2.4.1 ([16]). Let (X ′, Y ′) be another pair of smooth submanifolds

of Rn, and let y′ ∈ Y ′. Suppose U and U ′ be neighborhoods of y and y′ in

Rn respectively, and let φ : U → U ′ be a smooth diffeomorphism such that

φ(U ∩X) = U ′∩X ′, φ(U ∩Y ) = U ′∩Y ′ and φ(y) = y′. Then the pair (X, Y )

satisfies the second Whitney condition at y if and only if the pair (X ′, Y ′)

satisfies the this condition at y′.

Definition 2.4.4. Let X and Y be smooth submanifolds of an n-dimensional

smooth manifold M . Then the pair (X, Y ) is said to satisfy the second Whit-

ney condition at y ∈ Y if there is a smooth coordinate chart φ : U → Rn of
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M at y such that the pair (φ(U ∩X), φ(U ∩ Y )) satisfies the second Whitney

condition at φ(y).

In view of Lemma 2.4.1, note that Definition 2.4.4 is independent of the

choice of the coordinate chart at y.

Definition 2.4.5. We say that the pair (X, Y ) satisfies the second Whitney

condition if it satisfies this condition at every point in Y .

Proposition 2.4.2 ([16]). If a pair (X, Y ) satisfies the second Whitney con-

dition at y, then it satisfies the first Whitney condition at that point.

Definition 2.4.6. Let A be a subset of a smooth manifold M . A Whitney

pre-stratification of A is a collection S of pairwise disjoint smooth submani-

folds (called strata of A) of M which satisfies the following conditions:

(1) A = ⋃
X∈SX;

(2) S is locally finite;

(3) S satisfies the condition of frontier (that is, for each stratum X in S, its

frontier (X̄ \X) ∩ A is a union of strata in S); and

(4) each pair (X, Y ) of strata in S satisfies the second Whitney condition.

Proposition 2.4.3 (Thom’s first isotopy lemma [36]). Let M and P be

smooth manifolds, f : M → P be a smooth mapping, and A be a closed subset

of M which admits a Whitney pre-stratification S. Suppose f |A : A→ P is a

proper map and its restriction to any stratum X in S is a submersion. Then

f |X : X → P is a locally trivial fibration for each stratum X in S.

A detailed proof of Thom’s first isotopy lemma can be found in [16]. Note

that if P is contractible CW-complex (in particular, if P = [0, 1]), then the

locally trivial fibration f |X : X → P , for X ∈ S, becomes a trivial fiber

bundle over P .
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Spaces of Polynomial Knots

In this chapter, we study some interesting spaces of polynomial knots.

Let Ad, for d ≥ 3, be the space of all polynomial maps t 7→ (f(t), g(t), h(t))

such that deg(f) ≤ d− 2, deg(g) ≤ d− 1 and deg(h) ≤ d. In Section 3.1, we

introduce three important spaces of polynomial knots which are subspaces

of the space Ad. We formally define these spaces in this section and denote

them by Od, Pd and Qd. These spaces are the main objects of study in this

thesis. In Section 3.2, we check some of the elementary properties associated

to these spaces. In particular, we prove that the space Qd is open and dense

in Ad. We show that the spaces Od and Pd are dense in Ad, but they are

not open. Later, using the theory of real semialgebraic sets, we prove that

the spaces Od, Pd and Qd are homeomorphic to some semialgebraic subsets

of R3d and hence they have only finitely many path components.

3.1 The spaces Od, Pd and Qd

Recall that a polynomial knot is a smooth embedding of R in R3 whose

component functions are real polynomials. Let us denote the set of all poly-

nomial knots by P, and let Od, Pd and Qd, for d ≥ 3, be defined as follows:

25
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Od = {(f, g, h) ∈ P | deg(f) ≤ d− 2, deg(g) ≤ d− 1 and deg(h) ≤ d} ,

Pd = {(f, g, h) ∈ P | deg(f) < deg(g) < deg(h) ≤ d} , and

Qd = {(f, g, h) ∈ P | deg(f) = d− 2, deg(g) = d− 1 and deg(h) = d} .

It can be easily seen that Qd ⊆ Pd ⊆ Od for all d ≥ 3.

Remark 3.1. A polynomial knot of degree d (see Definition 2.2.7), for d ≥ 3,

can be transformed to a polynomial knot in Od by an orientation preserving

linear transformation T : R3 → R3.

Remark 3.2. Let t 7→ (f(t), g(t), h(t)) be a polynomial knot in Od. For

a sufficiently small ε > 0, by adding εtd−2, εtd−1 and εtd in the respective

components, the degrees of f , g and h can be made to be d− 2, d− 1 and d

respectively without changing the topological type of the knot.

Remark 3.3. A polynomial knot of degree d, for d ≥ 3, can be transformed

to some polynomial knots in Od, Pd and Qd without changing the topological

type of the knot.

At this point, we would like to provide some natural topology to the sets

Od, Pd and Qd. Note that for d ≥ 3, the set Ad of all polynomial maps

t 7→ (f(t), g(t), h(t)) with deg(f) ≤ d − 2, deg(g) ≤ d − 1 and deg(h) ≤ d

can be identified with R3d. In fact, we have a bijection η : Ad → R3d given

by

(f, g, h) 7→ (a0, a1, . . . , ad−2, b0, b1, . . . , bd−1, c0, c1, . . . , cd), (3.1)

where ai, bi and ci, for i ∈ {0, 1, . . . , d}, are coefficients of ti in the polyno-
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mials f, g and h respectively. Let us define a metric ρ on Ad by

ρ(φ, ψ) = ξ (η(φ), η(ψ)) , (3.2)

where ξ denotes the Euclidean distance in R3d. With this metric, the set

Ad becomes a metric space and hence a topological space. The map η is a

homeomorphism between the spaces Ad and R3d.

Let Bd be the set of all polynomial maps t 7→ (f(t), g(t), h(t)) with

deg(f) < deg(g) < deg(h) ≤ d, and let Cd be the set of all polynomial maps

t 7→ (x(t), y(t), z(t)) such that deg(x) = d−2, deg(y) = d−1 and deg(z) = d.

Note that the sets Bd, Cd, Od, Pd and Qd are subsets of the space Ad, hence

they can be given the subspace topology. The spaces Od, Pd and Qd are the

spaces of polynomial knots of degree at most d.

Remark 3.4. Note that C3 = Q3, Cd * Cd+1 and Qd * Qd+1 for all d ≥ 3.

Moreover, for the collection F = {Ad,Bd, Cd, Od, Pd, Qd | d ≥ 3}, with respect

to the set inclusion as partial order, we have the Hesse diagram as given in

the figure below (see Figure 3.1).

A3

O3

Am

Om

B3

P3

An

On

Bm

Pm

C3 = Q3

Bn

Pn

Cm

Qm

Cn

Qn

for n > m > 3

Figure 3.1: Partial order in F
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3.2 Some elementary properties

Proposition 3.2.1. The space Cd, for d ≥ 3, is open and dense in Ad.

Proof. The set η(Cd) can be written as follows:

η(Cd) =
{

(a0, a1, . . . , ad−2, b0, b1, . . . , bd−1, c0, c1, . . . , cd) ∈ R3d | ad−2bd−1cd 6= 0
}
,

where η is the homeomorphism as defined in (3.1). The set η(Cd) is an open

and dense subset of η(Ad) = R3d, and hence Cd is open and dense in Ad.

We now prove that the space Qd is open in Ad. To prove this, we require

some lemmas which are given below.

Lemma 3.2.2. For any nonzero real numbers a and b, and an even integer

n ≥ 2, we have the following:

(1) 0 < 1
an+an−1b+···+bn ≤ max

{ 1
an , 1

bn

}
.

(2) 0 < ak+ak−1b+···+bk

an+an−1b+···+bn ≤ max
{ 1
an−k , 1

bn−k

}
, for an even integer k ∈ {1, 2, . . . , n}.

(3)
∣∣∣ ak+ak−1b+···+bk

an+an−1b+···+bn

∣∣∣ < min
{

1
|an−k| ,

1
|bn−k|

}
, for an odd integer k ∈ {1, 2, . . . , n}.

Proof. Without loss of generality we assume that |a| ≥ |b|.

(1) Since |a| ≥ |b|, we have a+ b ≥ 0 if a > 0 and a+ b ≤ 0 if a < 0. An

odd power of a and an even power of b occur in each term of the expression

y = an−1+an−3b2+· · ·+abn−2, so we have y ≥ 0 if a > 0 and y ≤ 0 if a < 0.

Thus, in either case (a+ b) (an−1 + an−3b2 + · · ·+ abn−2) = (a+ b)y ≥ 0 and

hence we have

an + an−1b+ · · ·+ bn = (a+ b)
(
an−1 + an−3b2 + · · ·+ abn−2

)
+ bn ≥ bn > 0.

In other words, we have 0 < 1
an+an−1b+···+bn ≤ 1

bn = max
{

1
an ,

1
bn

}
.

(2) Let an even integer k ∈ {1, 2, . . . , n} be given. Note that the inequality

is trivially true for k = n. So assume that k < n. By the first part, we note
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that ak + ak−1b+ · · ·+ bk > 0. Now consider the following expression:

xk = an + an−1b+ · · ·+ bn

ak + ak−1b+ · · ·+ bk
(3.3)

= an + an−1b+ · · ·+ ak+1bn−k−1

ak + ak−1b+ · · ·+ bk
+ bn−k (3.4)

=
(a+ b)

(
an−1 + an−3b2 + · · ·+ ak+1bn−k−2

)
ak + ak−1b+ · · ·+ bk

+ bn−k. (3.5)

An odd power of a and an even power of b occur in each term of the expression

yk = an−1 + an−3b2 + · · ·+ ak+1bn−k−2, so we have yk ≥ 0 if a > 0 and yk ≤ 0

if a < 0. Recall that a + b ≥ 0 if a > 0 and a + b ≤ 0 if a < 0. Hence in

either case, the numerator of the first term in (3.5) is non-negative. Since

ak + ak−1b + · · · + bk > 0, the first term in (3.5) is non-negative. Thus, we

have xk ≥ bn−k > 0 and hence 0 < 1
xk
≤ 1

bn−k = max
{

1
an−k ,

1
bn−k

}
.

(3) Let k ∈ {1, 2, . . . , n} be an odd integer. If ak + ak−1b + · · · + bk = 0,

then the inequality is trivially true. So assume that ak +ak−1b+ · · ·+ bk 6= 0.

Now consider the following expression:

xk = an + an−1b+ · · ·+ bn

ak + ak−1b+ · · ·+ bk
(3.6)

= an−k + an−k−1bk+1 + an−k−2bk+2 + · · ·+ bn

ak + ak−1b+ · · ·+ bk
(3.7)

= an−k +
(a+ b)

(
an−k−2bk+1 + an−k−4bk+3 + · · ·+ abn−2

)
+ bn

(a+ b) (ak−1 + ak−3b2 + · · ·+ bk−1) . (3.8)

Note that an odd power of a and an even power of b occur in each term of the

expression an−k−2bk+1 +an−k−4bk+3 + · · ·+abn−2, so by a similar argument as

in the second part, (a + b)
(
an−k−2bk+1 + an−k−4bk+3 + · · ·+ abn−2

)
is non-

negative, and hence the numerator of the second term in (3.8) is positive.

Also a and b occur with even powers in each term of the expression ak−1 +

ak−3b2 + · · · + bk−1, so it is positive. This shows that the sign of the second
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term in (3.8) is same as the sign of a+ b and hence it is same as the sign of

a. This shows that xk > an−k > 0 if a > 0 and xk < an−k < 0 if a < 0 and

hence we have 1
|xk|

< 1
|an−k| = min

{
1
|an−k| ,

1
|bn−k|

}
.

Lemma 3.2.3. Let n ≥ 2 be a fixed even integer, and for i ∈ {0, 1, . . . , n},

let {αij}∞j=1 ⊆ R be a sequence which converges to αi. Suppose αn 6= 0, and

let {sj} ⊆ R and {tj} ⊆ R be sequences such that sj → ±∞ and tj → ±∞

as j →∞. Then

lim
j→∞

(
α0j + α1j (sj + tj) + · · ·+ αnj

(
snj + sn−1

j tj + · · ·+ tnj
))

= ±∞

depending on whether αn is positive or negative.

Proof. Since sj → ±∞ and tj → ±∞ as j →∞, we can choose N ∈ N such

that sj 6= 0 and tj 6= 0 for all j ≥ N . For each j ≥ N , let

zj =
α0j + α1j (sj + tj) + · · ·+ αnj

(
snj + sn−1

j tj + · · ·+ tnj
)

snj + sn−1
j tj + · · ·+ tnj

. (3.9)

The expression for zj can be rewritten as follows:

zj = α0j

(
1

snj + sn−1
j tj + · · ·+ tnj

)
+ α1j

(
sj + tj

snj + sn−1
j tj + · · ·+ tnj

)

+ · · ·+ αn−1,j

(
sn−1
j + sn−2

j tj + · · ·+ tn−1
j

snj + sn−1
j tj + · · ·+ tnj

)
+ αnj . (3.10)

By Lemma 3.2.2, we have

0 ≤ 1
snj + sn−1

j tj + · · ·+ tnj
≤ max

{
1
snj
,

1
tnj

}
and (3.11)

∣∣∣∣∣ s
i
j + si−1

j tj + · · ·+ tij
snj + sn−1

j tj + · · ·+ tnj

∣∣∣∣∣ ≤ max
{

1
|sn−ij |

,
1
|tn−ij |

}
, (3.12)
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for all i ∈ {0, 1, . . . , n−1} and for all j ≥ N . Also, for any i ∈ {0, 1, . . . , n−1},

note that 1
sn−i

j

→ 0 and 1
tn−i
j

→ 0 as j →∞, so by (3.11) and (3.12), we have

the following:

lim
j→∞

1
snj + sn−1

j tj + · · ·+ tnj
= 0 and (3.13)

lim
j→∞

sij + si−1
j tj + · · ·+ tij

snj + sn−1
j tj + · · ·+ tnj

= 0 . (3.14)

For each i ∈ {0, 1, . . . , n}, since αij → αi as j →∞, so by (3.10), (3.13) and

(3.14), we have zj → αn as j → ∞. Also, by Lemma 3.2.2, snj + sn−1
j tj +

· · ·+ tnj ≥ min
{
snj , t

n
j

}
for all j ≥ N , so we have snj + sn−1

j tj + · · ·+ tnj →∞

as j →∞. Therefore, by (3.9), we get the required result.

Lemma 3.2.4. Let γ(t) = α0 +α1t+ · · ·+αkt
k be a polynomial in a variable

t, and let Γ(s, t) = α1 + α2 (s+ t) + · · ·+ αk
(
sk−1 + sk−2t+ · · ·+ tk−1

)
be a

polynomial in variables s and t. Then (s0, t0) ∈ R2 is a zero of Γ if and only

if either γ(s0) = γ(t0) or γ′(t0) = 0 accordingly as s0 6= t0 or s0 = t0.

Proof. It is easy to check the following:

Γ(s, t) = γ(s)− γ(t)
s− t

for s 6= t, and (3.15)

Γ(t, t) = γ′(t) for t ∈ R. (3.16)

Let (s0, t0) ∈ R2 be a zero of Γ. If s0 6= t0, then by (3.15), γ(s0) = γ(t0).

If s0 = t0, then by (3.16), γ′(t0) = 0.

If γ(s0) = γ(t0) for (s0, t0) ∈ R2 with s0 6= t0, then by (3.15), the point

(s, t) = (s0, t0) is a zero of Γ. If γ′(t0) = 0 for some t0 ∈ R, then by (3.16),

the point (s, t) = (t0, t0) is a zero of Γ.

Lemma 3.2.5. Let f(t) = a0 + a1t + · · · + ad−2t
d−2, g(t) = b0 + b1t +
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· · · + bd−1t
d−1 and h(t) = c0 + c1t + · · · + cdt

d be real polynomials. Then

the polynomial map φ : R → R3 given by t 7→ (f(t), g(t), h(t)) is a smooth

embedding if and only if the polynomials

F (s, t) = a1 + a2(s+ t) + · · ·+ ad−2
(
sd−3 + sd−4t+ · · ·+ td−3

)
,

G(s, t) = b1 + b2(s+ t) + · · ·+ bd−1
(
sd−2 + sd−3t+ · · ·+ td−2

)
and

H(s, t) = c1 + c2(s+ t) + · · ·+ cd
(
sd−1 + sd−2t+ · · ·+ td−1

)

do not have a common zero.

Proof. Suppose that a point (s0, t0) ∈ R2 is a common zero of the polynomials

F , G and H. If s0 6= t0, then by Lemma 3.2.4, f(s0) = f(t0), g(s0) = g(t0)

and h(s0) = h(t0), and hence φ(s0) = φ(t0). If s0 = t0, then again by Lemma

3.2.4, f ′(t0) = g′(t0) = h′(t0) = 0; that is, φ′(t0) = 0. Thus, in either case,

the map φ is not a smooth embedding.

To prove the converse, assume that φ is not a smooth embedding. Then

φ(s0) = φ(t0) for some s0 6= t0 or φ′(u0) = 0 for some u0 ∈ R. In other

words, f(s0) = f(t0), g(s0) = g(t0) and h(s0) = h(t0) for some s0 6= t0, or

f ′(u0) = g′(u0) = h′(u0) = 0 for some u0 ∈ R. In any case, the polynomials

F , G and H have a common zero by Lemma 3.2.4.

Theorem 3.2.6. The space Qd, for d ≥ 3, is open in Cd.

Proof. Since Q3 = C3, the theorem is trivially true for d = 3. Let us

assume that d ≥ 4. We show that Cd \ Qd is closed in Cd. Suppose

{φj}∞j=1 be a sequence of points in Cd \ Qd which converges to a point φ

in Cd. We have to prove that φ ∈ Cd \ Qd. For j ∈ N, let φj be given

by t 7→ (fj(t), gj(t), hj(t)), and its component polynomials be given by

fj(t) = a0j + a1jt + · · · + ad−2,j t
d−2, gj(t) = b0j + b1jt + · · · + bd−1,j t

d−1

and hj(t) = c0j + c1jt + · · · + cdj t
d. Also, suppose φ be given by t 7→
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(f(t), g(t), h(t)), and its component polynomials f , g and h be given by

f(t) = a0 + a1t + · · · + ad−2t
d−2, g(t) = b0 + b1t + · · · + bd−1t

d−1 and

h(t) = c0 + c1t + · · · + cdt
d. For j ∈ N, since φj is not an embedding,

so by Lemma 3.2.5, we can choose (sj, tj) ∈ R2 such that

a1j + a2j (sj + tj) + · · ·+ ad−2,j
(
sd−3
j + sd−4

j tj + · · ·+ td−3
j

)
= 0, (3.17)

b1j + b2j (sj + tj) + · · ·+ bd−1,j
(
sd−2
j + sd−3

j tj + · · ·+ td−2
j

)
= 0, (3.18)

c1j + c2j (sj + tj) + · · ·+ cdj
(
sd−1
j + sd−2

j tj + · · ·+ td−1
j

)
= 0. (3.19)

We claim that the sequence {(sj, tj)} is bounded. Suppose on the con-

trary that it is unbounded, then at least one of the sequence {sj} or {tj}

is unbounded. We may assume that the sequence {sj} is unbounded, so it

has a subsequence which diverges to ±∞. Again, without loss of generality,

we may assume that the sequence {sj} itself diverges to ±∞. There are two

cases according to which either {tj} is bounded or not.

(1) If the sequence {tj} is bounded: Note that, for each i ∈ {0, 1, . . . , d},

we have cij → ci as j → ∞ (where cd 6= 0) . Also, since the sequence {sj}

diverges to ±∞, we have have the following:

lim
j→∞

(
c1j + c2j (sj + tj) + · · ·+ cdj

(
sd−1
j + sd−2

j tj + · · ·+ td−1
j

))
= ±∞ .

This is a contradiction, since the right hand side in (3.19) is zero for all j ∈ N.

(2) If the sequence {tj} is unbounded: In this case, the sequence {tj} has

a subsequence which diverges to ±∞. We may assume that the sequence

{tj} itself diverges to ±∞. Note that, for each i ∈ {0, 1, . . . , d}, we have

bij → bi and cij → ci as j → ∞ (where bd−1 6= 0 and cd 6= 0). Also, the
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sequence {sj} diverges to ±∞, so by Lemma 3.2.3, we have

lim
j→∞

(
b1j + b2j (sj + tj) + · · ·+ bj,d−1

(
sd−2
j + sd−3

j tj + · · ·+ td−2
j

))
= ±∞ or

lim
j→∞

(
c1j + c2j (sj + tj) + · · ·+ cdj

(
sd−1
j + sd−2

j tj + · · ·+ td−1
j

))
= ±∞ .

This is again a contradiction, since the right hand sides in (3.18) and (3.19)

are zero for all j ∈ N.

The cases (1) and (2) both together show that the sequence {(sj, tj)}∞j=1

is bounded and hence it has a subsequence which is convergent. We may

assume that the sequence {(sj, tj)}∞j=1 itself is convergent, say converges to

a point (s0, t0) ∈ R2. Also, since the sequence

{(a0j, a1j, . . . , ad−2,j, b0j, b1j, . . . , bd−1,j, c0j, c1j, . . . , cdj)}∞j=1

converges to (a0, a1, . . . , ad−2, b0, b1, . . . , bd−1, c0, c1, . . . , cd), the left hand sides

in (3.17), (3.18) and (3.19) converges respectively to

a1 + a2 (s0 + t0) + · · ·+ ad−2
(
sd−3

0 + sd−4
0 t0 + · · ·+ td−3

0

)
, (3.20)

b1 + b2 (s0 + t0) + · · ·+ bd−1
(
sd−2

0 + sd−3
0 t0 + · · ·+ td−2

0

)
and (3.21)

c1 + c2 (s0 + t0) + · · ·+ cd
(
sd−1

0 + sd−2
0 t0 + · · ·+ td−1

0

)
. (3.22)

Note that the right hand sides in (3.17), (3.18) and (3.19) are zero, and hence

so are the expressions (3.20), (3.21) and (3.22). Therefore, by Lemma 3.2.5,

φ is not an embedding, and hence it is an element of the space Cd \ Qd.

Now using Proposition 3.2.1, we have:

Corollary 3.2.7. The space Qd, for d ≥ 3, is open in Ad.

The examples given below witness that the space Od, for d ≥ 3, is not
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open in Ad, and the space Pd is not open in both the spaces Ad and Bd.

Example 3.1. Let φ be an element of Od given by t 7→ (1, 1, t). For any

ε > 0, an open ball V (φ, ε) = {τ ∈ Ad | ρ(φ, τ) < ε} (where ρ is the metric

as defined in (3.2)) contains an element φε ∈ Ad given by

t 7→
(

1, 1, t− (ε/2)t2
)
.

This map is not a smooth embedding, since the derivative of φε at t = 1/ε is

zero. This shows that φ is not an interior point of Od.

Example 3.2. We have an element ψ ∈ Pd given by t 7→ (1, t, t2). For any

ε > 0, an open ball V (ψ, ε) contains an element ψε ∈ Bd given by

t 7→
(

1, t− (ε/2)td−1, t2 − (ε/2)td
)
.

Note that the map ψε has same value at the points t = 0 and t = (2/ε)
1

d−2 ,

so it is not an embedding. This shows that ψ is not an interior point of Pd
with respect to both the spaces Ad and Bd.

Theorem 3.2.8. The space Qd, for d ≥ 3, is dense in Cd.

Proof. Note that Q3 = C3, so the theorem is trivially true for d = 3. Let us

assume that d ≥ 4. In order to prove that Qd is dense in Cd, we have to show

that for any φ ∈ Cd and any ε > 0, there is a polynomial knot ψ ∈ Qd which

belongs to the ε-neighborhood V (φ, ε) of φ. Suppose an arbitrary φ ∈ Cd and

an ε > 0 be given. Let φ be given by t 7→ (f(t), g(t), h(t)), and let

m1 = min { |h′(t)| : t ∈ R, g′(t) = 0 and h′(t) 6= 0} .

Choose a positive real number r such that r < min {m1, ε/2}, and define a

curve α : R → R2 by α(t) =
(
g(t), ĥ(t)

)
, where ĥ(t) = h(t) + r

2t. Let g and
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ĥ be given by g(t) = b0 + b1t+ · · ·+ bd−1t
d−1 and ĥ(t) = c0 + c1t+ · · ·+ cdt

d.

Note that α′(t) 6= 0 for all t ∈ R, so by Lemma 3.2.4, the self-intersections of

the curve α are exactly the common zeros of the following polynomials:

G(s, t) = b1 + b2(s+ t) + · · ·+ bd−1
(
sd−2 + sd−3t+ · · ·+ td−2

)
and

H(s, t) = c1 + c2(s+ t) + · · ·+ cd
(
sd−1 + sd−2t+ · · ·+ td−1

)
.

We claim that the polynomials G and H do not have a non-constant

common factor. Suppose on the contrary that they have a non-constant

common factor, say Ψ, and let ζ be its leading term. Then ζ is a non-

constant common factor of the polynomials µ(s, t) = sd−2 + sd−3t+ · · ·+ td−2

and ν(s, t) = sd−1 +sd−2t+ · · ·+ td−1. Let µ1, ν1 and ζ1 be polynomials given

by µ1(t) = µ(1, t) = 1 + t+ · · ·+ td−2, ν1(t) = ν(1, t) = 1 + t+ · · ·+ td−1 and

ζ1(t) = ζ(1, t). It is obvious that the polynomials ζ and ζ1 have same degree.

Thus, ζ1 must be a non-constant polynomial. Note that td−1−1 = µ1(t)(t−1)

and td − 1 = ν1(t)(t− 1). Since ζ1 is a common factor of the polynomials µ1

and ν1, every root of ζ1 is a complex (d − 1)th as well as d th root of unity

other than 1. This is a contradiction, since any complex (d − 1)th root of

unity other than 1 cannot be equal to a complex d th root of unity. This

proves the claim.

By Bézout’s theorem, the polynomials G and H have only finitely

many common zeros, and hence the curve α has only finitely many self-

intersections. Let (s1, t1), (s2, t2), . . . , (sk, tk) be the pairs of parameters at

which the self-intersections occur in α. Now choose a positive real number u

such that u < min {m2, ε/2}, where

m2 = min
{∣∣∣∣∣f(si)− f(ti)

si − ti

∣∣∣∣∣ : i = 1, 2, . . . , k and f(si)− f(ti)
si − ti

6= 0
}
.

Let us define f̂ : R → R by t 7→ f(t) + u
2 t. Then it can be easily seen that
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f̂(si) 6= f̂(ti) for all i = 1, 2, . . . , k. This shows that the map ψ : R → R3

defined by t 7→
(
f̂(t), g(t), ĥ(t)

)
has no self-intersections. Note that ψ′(t) 6= 0

for all t ∈ R (since α′(t) 6= 0 for t ∈ R). Also, it is easy to see that ψ has

degree sequence (d− 2, d− 1, d). Thus, it is an element of the space Qd. We

now estimate ρ(φ, ψ) as follows:

ρ (φ, ψ) ≤ ρ
(
φ, (f, g, ĥ)

)
+ ρ

(
(f, g, ĥ), ψ

)
≤ r/2 + u/2

≤ ε/4 + ε/4

≤ ε/2 .

Thus, we have ψ ∈ V (φ, ε). This proves the theorem.

Again by Proposition 3.2.1, we have following:

Corollary 3.2.9. The space Qd, for d ≥ 3, is dense in Ad.

Corollary 3.2.10. The spaces Od and Pd, for d ≥ 3, are dense in Ad.

Now, we would like to investigate more on these spaces.

Theorem 3.2.11. The space Od, for d ≥ 3, is homeomorphic to a semial-

gebraic subset of R3d.

Proof. Let a, b and c denote the real tuples (a0, a1, . . . , ad−2), (b0, b1, . . . , bd−1)

and (c0, c1, . . . , cd) respectively, and let φabc : R→ R3 be given by

t 7→
(
a0 + a1t+ · · ·+ ad−2t

d−2, b0 + b1t+ · · ·+ bd−1t
d−1, c0 + c1t+ · · ·+ cdt

d
)
.

Then we have η(φabc) = (a,b, c) for all (a,b, c) ∈ R3d (where η is the

homeomorphism as defined in (3.1)). Thus, we can rewrite the set η(Ad \Od)
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as follows:

η(Ad \ Od) =
{

(a,b, c) ∈ R3d | φabc is not a smooth embedding
}
.

For (a,b, c) ∈ R3d, let Fa, Gb and Hc be polynomials which are defined by

Fa(s, t) = a1 + a2(s+ t) + · · ·+ ad−2
(
sd−3 + sd−4t+ · · ·+ td−3

)
,

Gb(s, t) = b1 + b2(s+ t) + · · ·+ bd−1
(
sd−2 + sd−3t+ · · ·+ td−2

)
and

Hc(s, t) = c1 + c2(s+ t) + · · ·+ cd
(
sd−1 + sd−2t+ · · ·+ td−1

)
.

Then by Lemma 3.2.5, Fa(s, t) = Gb(s, t) = Hc(s, t) = 0 for some (s, t) ∈ R2

if and only if the polynomial map φabc is not a smooth embedding. This

shows that the set η(Ad \ Od) is the image of the set

Ud =
{

(a,b, c, s, t) ∈ R3d+2 | Fa(s, t) = Gb(s, t) = Hc(s, t) = 0
}

under the projection π : R3d+2 → R3d onto the space of the first 3d coor-

dinates. Note that Ud is a semialgebraic subset of R3d+2, so by Corollary

2.3.2, the set η(Ad \ Od) is a semialgebraic subset of R3d and hence so is its

complement η(Od).

Corollary 3.2.12. The spaces Pd and Qd, for d ≥ 3, are homeomorphic to

some semialgebraic subsets of R3d.

Proof. We have η(Pd) = η(Bd) ∩ η(Od) and η(Qd) = η(Cd) ∩ η(Od). It is

easy note that the set η(Cd) is semialgebraic. Also by Theorem 3.2.11, the

set η(Od) is semialgebraic. Now it is enough to prove that the set η(Bd) is

semialgebraic. For 0 ≤ p < q < r ≤ d, let

Wpqr =
{

(a,b, c) ∈ R3d | φabc has degree sequence (p, q, r)
}
.
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Then it can be easily seen that Wpqr is a semialgebraic subset of R3d for all

p, q and r such that 0 ≤ p < q < r ≤ d. Note that η(Bd) = ⋃
0≤p<q<r≤dWpqr.

Thus, the set η(Bd) is also a semialgebraic subset of R3d.

Corollary 3.2.13. The spaces Od, Pd and Qd, for d ≥ 3, have only finitely

many path components.

Proof. By Theorem 3.2.11 and Corollary 3.2.12, the sets η(Od), η(Pd) and

η(Qd) are semialgebraic subsets of R3d, so by Theorem 2.3.3 and Proposition

2.3.4, they have only finitely many path components. The same is true for

the spaces Od, Pd and Qd, since η is a homeomorphism between the spaces

Ad and R3d.





Chapter 4

Topology of the Spaces

In Chapter 3, we noticed that the spaces Od, Pd and Qd have only finitely

many path components. In this chapter, we focus on the number of path

components of these spaces and their homotopy type. In Section 4.1, we

show that the space Od has the same homotopy type as S2. This also proves

that the space Od is path connected. In Section 4.2, we discuss the space

P of all polynomial knots with some natural topology on it and find its

homotopy type. Furthermore, we prove that every polynomial knot is isotopic

to some polynomial unknot by a smooth isotopy through polynomial knots.

In Section 4.3, we show that the space Pd is path connected. The last section

(i.e. Section 4.4) is devoted to the space Qd, where we show that this space

is not path connected. In fact, we prove that the path equivalence in Qd

implies the topological equivalence. If there are n distinct knot-types (up to

mirror images) which can be represented in Qd, then it has at least 8n path

components. We also look at the homotopy type of the path components of

Qd for some small values of d.

41
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4.1 Homotopy type of the space Od

Let φ : R→ R3 be a polynomial map (that is, its component functions are

real polynomials). Let us denote its first, second and the third components

by fφ, gφ and hφ respectively, i.e. φ(t) = (fφ(t), gφ(t), hφ(t)). Also, let aφi, bφi
and cφi be the coefficients of ti in the polynomials fφ, gφ and hφ respectively.

We will use these notations throughout the thesis.

Theorem 4.1.1. The space Od, for d ≥ 3, is homotopy equivalent to S2.

Proof. For any φ ∈ Od, we have (aφ1)2 + (bφ1)2 + (cφ1)2 6= 0 (otherwise

φ′(0) = 0). Let us define maps Γd : Od → S2 and Λd : S2 → Od by

Γd(φ) = 1√
(aφ1)2 + (bφ1)2 + (cφ1)2

(aφ1 , bφ1 , cφ1)

and Λd(x) = φx, where for x = (x1, x2, x3) ∈ S2, φx(t) = (x1t, x2t, x3t) for

t ∈ R. Note that the maps Γd and Λd are continuous. The map Γd ◦ Λd is

the identity map of S2. We need to prove that the map Λd ◦ Γd is homotopy

equivalent to the identity map of Od. For φ ∈ Od, let µφ : I → R+ be given

by

µφ(s) = s+ 1− s√
(aφ1)2 + (bφ1)2 + (cφ1)2

.

Define Hd : I × Od → Od by Hd(s, φ) = Hsφ, where

Hsφ(t) = (aφ0, bφ0, cφ0)s+ µφ(s)
(

(aφ1, bφ1, cφ1)t+
d∑
i=2

(aφi, bφi, cφi)si−1ti
)

for t ∈ R. Note that, for each (s, φ) ∈ (0, 1]× Od, H ′sφ(t) = µφ(s)φ′(st) 6= 0

for all t ∈ R and

Hsφ(u)−Hsφ(v) = µφ(s) (φ(su)− φ(sv))
s

6= 0
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for all u 6= v. Thus, for each (s, φ) ∈ (0, 1] × Od, the map Hsφ is a smooth

embedding. Also, for s = 0 and φ ∈ Od, Hsφ is a linear map and a hence it

is smooth embedding. This shows that the image of Hd is in fact contained

in Od. Note that Hd is a continuous map. Furthermore, for each φ ∈ Od,

we have Hd(0, φ) = Λd (Γd(φ)) and Hd(1, φ) = φ. This shows that the map

Λd ◦ Γd is homotopy equivalent to the identity map of Od.

Corollary 4.1.2. The space Od, for d ≥ 3, is path connected.

4.2 The space of all polynomial knots

In Chapter 3, we have introduced the set P of all polynomial knots. It

is easy to note that P = ⋃
d≥3Od. We would like to give the inductive limit

topology on P; that is, a set U ⊆ P is open in P if and only if the set U ∩Od

is open in Od for all d ≥ 3. With this topology on P, we have the following:

Theorem 4.2.1. The space P is homotopy equivalent to S2.

To prove this theorem, we require a result by Whitehead (see [15, §18.5])

which is states as follows:

Proposition 4.2.2 (Whitehead [15]). Let {Xi} and {Yi} be sequences of

topological spaces with the inductive limits X and Y respectively. Suppose

one of the space X or Y is compact and regular. Then the inductive limit of

the sequence {Xi × Yi} is the product space X × Y .

Proof of Theorem 4.2.1. Let us define maps Γ : P→ S2 and Λ : S2 → P by

Γ(φ) = Γd(φ) if φ ∈ Od and Λ(x) = Λ3(x) if x ∈ S2 (where the maps Γd and

Λ3 are as defined in Theorem 4.1.1). Note that Γ is well defined; that is, for

n > d ≥ 3, we have Γn(φ) = Γd(φ) for all φ ∈ Od. To check the continuity of

the maps Γ and Λ, consider an open set U in S2 and an open set V in P. It
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is easy to check the following:

Γ−1(U) ∩ Od = Γ−1
d (U) and Λ−1(V ) = Λ−1

3 (V ∩ O3) (4.1)

for all d ≥ 3. Since the maps Γd and Λ3 are continuous, the set Γ−1
d (U) is

open in Od for all d ≥ 3 and Λ−1
3 (V ∩ O3) is open in S2. Thus, by (4.1),

Γ−1(U) is open in P and Λ−1(V ) is open in S2. This proves that the maps

Γ and Λ are continuous. Note that the map Γ ◦ Λ = Γ3 ◦ Λ3 is the identity

map of S2. Now we need to show that the map Λ ◦Γ is homotopy equivalent

to the identity map of P.

Define H : I ×P→ P by H(s, φ) = Hd(s, φ) if (s, φ) ∈ I ×Od (where the

map Hd is as defined in Theorem 4.1.1). The map H is well defined; that is,

for n > d ≥ 3, we have Hn(s, φ) = Hd(s, φ) for all (s, φ) ∈ I × Od. Let V be

an open set in P. Then we have

H−1(V ) ∩ I × Od = H−1
d (V ∩ Od) (4.2)

for all d ≥ 3. Since Hd is continuous, the set H−1
d (V ∩ Od) is open in

I × Od for all d ≥ 3. Thus, by (4.2), the set H−1(V ) is open in I × P with

respect to the inductive limit topology which comes from its stratification as

I × P = ⋃
d≥3 I × Od. By Proposition 4.2.2, the inductive limit topology on

I × P is same as the product topology on it. Therefore, the set H−1(V ) is

open in I×P with respect to its product topology. This shows that the map

H is continuous. Note that, for each d ≥ 3 and for each φ ∈ Od, Hd(0, φ) =

Λ3 (Γd(φ)) and Hd(1, φ) = φ. Therefore, we have H(0, φ) = Λ (Γ(φ)) and

H(1, φ) = φ for all φ ∈ P. This shows that the map Λ ◦ Γ is homotopy

equivalent to the identity map of P. �

Corollary 4.2.3. The space P is path connected.
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It is known that if two polynomial knots are topologically equivalent,

then they are polynomially isotopic (see Theorem 2.2.2). In the following

theorem, we prove that the converse is false.

Theorem 4.2.4. Every polynomial knot is isotopic to some linear knot (an

unknot) by a smooth isotopy through polynomial knots.

Proof. Let φ : R→ R3 be any polynomial knot, and let it be given by

t 7→
(
a0 + a1t+ · · ·+ adt

d, b0 + b1t+ · · ·+ bdt
d, c0 + c1t+ · · ·+ cdt

d
)
,

where d is the degree of φ. Define F : I ×R→ R3 by F (s, t) = Fs(t), where

Fs(t) = (a0, b0, c0)(1− s) + (a1, b1, c1)t+
d∑
i=2

(ai, bi, ci)(1− s)i−1ti .

It is easy to note that the map F is smooth, since its components are poly-

nomials in two variables. For each s ∈ [0, 1), we have F ′s(t) = φ′(t− st) 6= 0

for all t ∈ R and

Fs(u)− Fs(v) = φ(u− su)− φ(v − sv)
1− s 6= 0

for all u 6= v. This shows that Fs is a polynomial knot for all s ∈ [0, 1).

Also, for s = 1, Fs is a polynomial knot (since it is a linear map). Let

ψ : R→ R3 be given by t 7→ (a1t, b1t, c1t). Then we have F (0, t) = φ(t) and

F (1, t) = ψ(t) for all t ∈ R. This shows that F is a smooth isotopy through

polynomial knots which connects φ and ψ.

The isotopy in Theorem 4.2.4 rolls a given polynomial knot to the infinity

and unravels it up to make it into an unknot. In general, the same thing

happens for any long knot. More precisely, every long knot is isotopic to

some unknot by a smooth isotopy through long knots. However, this does
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not happen if the knots are compact (that is, the smooth embeddings of S1

in S3). Otherwise by the isotopy extension theorem (see [23]), every knot

would be ambient isotopic to some unknot, which is certainly not the case.

Corollary 4.2.5. Every polynomial knot can be connected to a linear knot

by a smooth path in the space of all polynomial knots.

Proof. For a polynomial knot φ, define α : I → P by α(s) = Fs (where Fs,

for s ∈ I, is as defined in Theorem 4.2.4). Then α becomes a smooth path

in P which connects φ to some linear knot.

Example 4.1. We have a polynomial representation φ : R→ R3 of the figure-

eight knot (the knot 41) given by

t 7→(0, 0, 0.5)t6 + (0, 1,−0.5)t5 + (1,−1.5,−19.1)t4 + (8.5,−29.1, 11.3)t3

+ (−31.9, 32.4, 187.2)t2 + (−164, 160.5,−35.8)t+ (51.8,−50.3, 0) .

Fs for s = 0 Fs for s = 1/3 Fs for s = 2/3 Fs for s = 1

Figure 4.1: Depiction of the path F : I → Od connecting a figure-eight knot
φ to an unknot ψ.
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By Corollary 4.2.5, we have a path F : I → P given by F (s) = Fs, where

Fs(t) = (0, 0, 0.5)(1− s)5t6 + (0, 1,−0.5)(1− s)4t5 + (1,−1.5,−19.1)(1− s)3t4

+ (8.5,−29.1, 11.3)(1− s)2t3 + (−31.9, 32.4, 187.2)(1− s)t2

+ (−164, 160.5,−35.8)t+ (51.8,−50.3, 0)(1− s)

for t ∈ R. This path joins the polynomial knot F0 = φ (which represents the

figure-eight knot) to the unknot F1 given by t 7→ (−164 t, 160.5 t,−35.8 t).

The path F rolls the polynomial knot φ to the infinity so that the knot gets

unraveled up to become an unknot (see Figure 4.1). Note that the image

of the map F lies in O6. Thus, it is also a path in this space connecting a

figure-eight knot to a linear knot. Also, there exists such path in P6 (that is,

the path which connects a figure-eight knot to an unknot). However, there

does not exist a path in Q6 which connects a figure-eight knot to an unknot.

In fact, in Section 4.4, we show that two topologically different knots cannot

lie in the same path component of the space Qd for any d ≥ 3.

4.3 The space Pd

In this section, we prove that the space Pd (as defined in Section 3.1),

for d ≥ 3, is path connected by explicitly constructing a path from a given

element in Pd to a fixed element in Pd. For that, we first construct a path

from an element in Pd to some element in Qd (note that Qd ⊆ Pd) and then

produce a path from this new element to a fixed element in Pd.

Proposition 4.3.1. Every polynomial knot in Pd can be connected to a poly-

nomial knot in Qd by a path in Pd.

Proof. Let φ be an element of the space Pd. Since the set η(Qd) is dense

in R3d and it has only finitely many path components (see Corollary 3.2.9
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and Corollary 3.2.13), the element η(φ) must belong to the closure of some

path component, say U , of η(Qd). The set η(Qd) is a semialgebraic subset

of R3d, so by Theorem 2.3.3, U is also a semialgebraic subset of R3d. This

implies that the set U ∪ {η(φ)} is a semialgebraic subset of R3d, since a

one point set is always semialgebraic. Note that U ∪ {η(φ)} is connected.

Therefore, by Proposition 2.3.4, this set is path connected and hence so is

the set η−1(U) ∪ {φ}. In other words, there is path in η−1(U) ∪ {φ} ⊆ Pd

from φ to an element ψ ∈ η−1(U) ⊆ Qd.

Corollary 4.3.2. Every polynomial knot in Od can be connected to a poly-

nomial knot in Qd by a path in Od.

Corollary 4.3.3. Every polynomial knot in Od can be connected to a poly-

nomial knot in Pd by a path in Od.

Theorem 4.3.4. The space Pd, for d ≥ 3, is path connected.

Proof. Let φ be an element of the space Pd. By Proposition 4.3.1, there is a

path in Pd from φ to some element ψ ∈ Qd. Note that Qd is open in Ad, so

we have a path in Qd from ψ to an element σ ∈ Qd in which the coefficient

bσ1 of t in the second component is nonzero. Define Λ : I → Qd by

Λ(s) =
(
fσ − aσ0s, gσ − bσ0s, hσ −

cσ1gσ − bσ0cσ1 + bσ1cσ0

bσ1
s

)
.

Suppose τ = Λ(1), then we have aτ0 = bτ0 = cτ0 = cτ1 = 0 and bτ1 = bσ1 6= 0.

It is clear that Λ is a path in Qd from σ and τ .

Since Qd is open in Ad, we can find a path in Qd from τ to an element

ω ∈ Qd which differs from τ only in the coefficient of t2 in the third component

and that coefficient is nonzero in ω. For s ∈ I, suppose fs, gs and hs be
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polynomials which are given by

fs(t) = aω1s t+ aω2s
2 t2 + · · ·+ aω,d−2s

d−2 td−2 ,

gs(t) = bω1t+ bω2s t
2 + · · ·+ bω,d−1s

d−2 td−1 and

hs(t) = cω2t
2 + cω3s t

3 + · · ·+ cωds
d−2 td.

Define Γ : I → Pd by Γ(s) = Γs, where Γs(t) = (fs(t), gs(t), hs(t)) for t ∈ R.

Since aω0 = aτ0 = 0, bω0 = bτ0 = 0, cω0 = cτ0 = 0 and cω1 = cτ1 = 0, we

have Γ(1) = (f1, g1, h1) = ω. Also, for each s ∈ (0, 1] and each t ∈ R, we

have the following:

fs(t) = f1(st), sgs(t) = g1(st) and s2hs(t) = h1(st), and (4.3)

f ′s(t) = sf ′1(st), g′s(t) = g′1(st) and sh′s(t) = h′1(st). (4.4)

Thus, for each s ∈ (0, 1], we must have Γs(u) 6= Γs(v) for all u 6= v and

Γ′s(t) = (f ′s(t), g′s(t), h′s(t)) 6= 0 for all t ∈ R (otherwise by (4.3) and (4.4),

we would have ω(su) = ω(sv) or ω′(st) = (f ′1(st), g′1(st), h′1(st)) = 0,

which is a contradiction to the fact that ω is an embedding). Therefore, for

each s ∈ (0, 1], Γs is a smooth embedding and hence it an element in Pd.

Also, for s = 0, Γs ∈ Pd (since bω1 = bτ1 6= 0 and cω2 6= 0). Hence the image

of Γ is in fact contained in Pd. It is clear that Γ is continuous. Let µ : R→ R3

be given by t 7→ (0, bω1t, cω2t
2). Then we have Γ(0) = (f0, g0, h0) = µ. This

shows that Γ is a path in Pd form µ to ω.

Let φ0 be a fixed element in Pd given by t 7→ (0, t, t2). Define Ω : I → Pd

by Ω(s) = Ωs, where

Ωs(t) =
(
s(1− s)t, (bω1 s+ 1− s)t+ s(1− s)t2, (cω2 s+ 1− s)t2 + s(1− s)t3

)

for t ∈ R. It can be easily seen that Ω is path in Pd from φ0 to µ.
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By combining the paths (which we have constructed above) between the

consecutive elements in the list φ, ψ, σ, τ, ω, µ and φ0, we can obtain a path

in Pd from φ to φ0.

4.4 Path equivalence in the space Qd

Definition 4.4.1. Two polynomial knots are said to be path equivalent in

Qd if they belong to its same path component.

Similarly, the path equivalence can be defined for the spaces Od and Pd.

Note that the spaces Od and Pd, for d ≥ 3, are path connected. Thus, any

two polynomial knots in Od (or, in Pd) are path equivalent.

Proposition 4.4.1. Two polynomial knots are path equivalent in Qd if and

only if they are isotopic by an isotopy of polynomial knots in Qd.

Proof. Suppose φ and ψ be polynomial knots in Qd, and let F : I → Qd be a

path from φ to ψ. For s ∈ I, let Fs = F (s) and let it be given by

Fs(t) =
(
α0(s) + α1(s)t+ · · ·+ αd−2(s)td−2, β0(s) + β1(s)t+ · · ·+ βd−1(s)td−1,

γ0(s) + γ1(s)t+ · · ·+ γd(s)td
)

for t ∈ R, where αi’s, βi’s and γi’s are real valued functions. Define a map

Γ : I → R3d by

s 7→ (α0(s), α1(s), . . . , αd−2(s), β0(s), β1(s), . . . , βd−1(s), γ0(s), γ1(s), . . . , γd(s)) .

It is clear that Γ = η ◦ F (where η is the homeomorphism as defined in

(3.1)). Therefore, the map Γ is continuous and hence so are the component
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functions αi’s, βi’s and γi’s. This implies that the maps

(s, t) Ω1−→ α0(s) + α1(s)t+ · · ·+ αd−2(s)td−2,

(s, t) Ω2−→ β0(s) + β1(s)t+ · · ·+ βd−1(s)td−1 and

(s, t) Ω3−→ γ0(s) + γ1(s)t+ · · ·+ γd(s)td

are continuous as maps from I × R to R. Define G : I × R → R3 by

G(s, t) = Fs(t). It is easy to note that G is continuous, since its component

functions Ω1,Ω2 and Ω3 are continuous. Note that G(0, t) = F0(t) = φ(t)

and G(1, t) = F1(t) = ψ(t) for t ∈ R. This shows that G is an isotopy of

polynomial knots in Qd connecting φ and ψ.

To prove the converse, suppose φ and ψ be polynomial knots in Qd, and

let H : I × R→ R3 be an isotopy of polynomial knots in Qd which connects

φ and ψ (that is, H(0, t) = φ(t) and H(1, t) = ψ(t) for t ∈ R). Let H be

given by

(s, t) 7→
(
µ0(s) + µ1(s)t+ · · ·+ µd−2(s)td−2, σ0(s) + σ1(s)t+ · · ·+ σd−1(s)td−1,

τ0(s) + τ1(s)t+ · · ·+ τd(s)td
)
,

where µi’s, σi’s and τi’s are real valued functions. Note that for any t ∈ R,

the maps

s
Ω1t−−→ µ0(s) + µ1(s)t+ · · ·+ µd−2(s)td−2,

s
Ω2t−−→ σ0(s) + σ1(s)t+ · · ·+ σd−1(s)td−1 and

s
Ω3t−−→ τ0(s) + τ1(s)t+ · · ·+ τd(s)td

are continuous as maps from I to R. It is easy to check that: (a) µi’s are

linear combinations of the maps Ω10,Ω11, . . . ,Ω1,d−2, (b) σi’s are linear combi-
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nations of the maps Ω20,Ω21, . . . ,Ω2,d−1, and (c) τi’s are linear combinations

of the maps Ω30,Ω31, . . . ,Ω3d. Therefore, the maps µi’s, σi’s and τi’s are

continuous and hence the map Λ : I → R3d defined by

s 7→ (µ0(s), µ1(s), . . . , µd−2(s), σ0(s), σ1(s), . . . , σd−1(s), τ0(s), τ1(s), . . . , τd(s))

is also continuous. Define Ψ : I → Qd by Ψ(s) = Hs, where Hs(t) = H(s, t)

for t ∈ R. Since Ψ = η−1 ◦ Λ, the map Ψ is continuous. Also, note that

Ψ(0) = H0 = φ and Ψ(1) = H1 = ψ. This shows that the map Ψ is a path

in Qd which connects φ and ψ.

Corollary 4.4.2. Any two polynomial knots in Od are isotopic by an isotopy

of polynomial knots in Od.

Corollary 4.4.3. Any two polynomial knots in Pd are isotopic by an isotopy

of polynomial knots in Pd.

Theorem 4.4.4. If two polynomial knots are path equivalent in Qd, then

they are topologically equivalent.

Proof. Let φ and ψ be two polynomial knots which belong to the same path

component of the space Qd. Since Qd is open in Ad, we can choose a smooth

path α : I → Qd such that α(0) = φ and α(1) = ψ. Define F : I×R→ R3 by

F (s, t) = αs(t), where αs = α(s) for s ∈ I. This map is smooth and it is an

isotopy of polynomial knots in Qd connecting φ and ψ. LetH : I×R→ I×R3

be the track of the isotopy F , i.e. H(s, t) = (s, F (s, t)) = (s, αs(t)). Note

that H is a level preserving map and it is a smooth embedding of I × R in

I × R3. Thus, its image H(I × R) is a smooth submanifold of I × R3. One

can identify I × R3 as a smooth submanifold of I × S3 by the embedding

1×Γ : I×R3 → I×S3 \{N}, where 1 is the identity mapping of I, and Γ is

the inverse of the stereographic projection from the north pole N of S3. Let
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K be the image of (1×Γ)◦H and letK be its closure in I×S3. It is obvious

that the collection S =
{
I × S3 \K,K, I × {N}

}
is a collection of pairwise

disjoint smooth submanifolds of I × S3 which covers it. It is easy to check

that it satisfies the condition of frontier (see Definition 2.4.6). Note that

I×S3 \K is an open submanifold of I×S3, so its dimension is 4. Therefore,

it is trivial that the pairs (I × S3 \K,K) and (I × S3 \K, I × {N}) satisfy

the second Whitney condition (see Definition 2.4.4).

Claim: The pair (K, I × {N}) satisfies the second Whitney condition.

Proof of the claim. Let y = (u,N) be an element in I × {N}. Suppose

Φ : U → R4 be a smooth chart of I × S3 at y. We need to show that the

pair (Φ(U ∩K),Φ(U ∩ I × {N})) satisfies the second Whitney condition at

Φ(y). Let (xi) ⊆ Φ(U ∩K) and (yi) ⊆ Φ(U ∩ I × {N}) be sequences both

converging to Φ(y) and they are such that: (a) xi 6= yi for all i ∈ N, (b)

the tangent spaces τi = T (Φ(U ∩K))xi
converge to a plane τ ⊆ R4, and (c)

the secant lines li = (xi, yi) converge to a line l ⊆ R4. We can assume that

U = V ×W for some connected open neighborhoods V ⊆ I of u andW ⊆ S3

of N , and Φ(s, x) = (s,Ψ(x)) for (s, x) ∈ V ×W , where Ψ is the restriction

of the stereographic projection from the south pole of S3. For i ∈ N, let

xi = Φ ◦ (1× Γ) ◦H(si, ti) = (si,Ψ ◦ Γ ◦ F (si, ti)) =
(
si, ‖F (si, ti)‖−2 F (si, ti)

)

for some (si, ti) ∈ I × R, and suppose

yi = Φ(ui, N) = (ui,Ψ(N)) = (ui, 0)

for some ui ∈ I. Note that for i ∈ N, the vector

λi = xi − yi =
(
si − ui, ‖F (si, ti)‖−2 F (si, ti)

)
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spans the secant line li. Also, for i ∈ N, it can be easily seen that the vectors

vi =
(

1 , ∂

∂s
Ψ ◦ Γ ◦ F (s, t)

)∣∣∣∣∣
(si,ti)

=
(

1 , ∂

∂s

(
F (s, t)
‖F (s, t)‖2

))∣∣∣∣∣
(si,ti)

=
(

1 ,
∂
∂s
F (s, t)

‖F (s, t)‖2 −
∂
∂s
‖F (s, t)‖2

‖F (s, t)‖4 F (s, t)
)∣∣∣∣∣

(si,ti)
and

wi =
(

0 , ∂

∂t
Ψ ◦ Γ ◦ F (s, t)

)∣∣∣∣∣
(si,ti)

=
(

0 , ∂

∂t

(
F (s, t)
‖F (s, t)‖2

))∣∣∣∣∣
(si,ti)

=
(

0 ,
∂
∂t
F (s, t)

‖F (s, t)‖2 −
∂
∂t
‖F (s, t)‖2

‖F (s, t)‖4 F (s, t)
)∣∣∣∣∣

(si,ti)

both together span the tangent space τi. After normalizing the vectors λi, vi
and wi, we get the unit vectors as follows:

λ̂i = λi
‖λi‖

=

 si − ui√
(si − ui)2 + ‖F (si, ti)‖−2

,
F (si, ti)

‖F (si, ti)‖2
√

(si − ui)2 + ‖F (si, ti)‖−2

 ,
v̂i = vi

‖vi‖

= ‖F (s, t)‖2√
‖F (s, t)‖4 +

∥∥∥ ∂∂sF (s, t)
∥∥∥2

(
1 ,

∂
∂sF (s, t)
‖F (s, t)‖2

−
∂
∂s ‖F (s, t)‖2

‖F (s, t)‖4
F (s, t)

)∣∣∣∣∣∣∣∣
(si,ti)

and

ŵi = wi
‖wi‖
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=

0 ,
∂
∂tF (s, t)∥∥∥ ∂∂tF (s, t)

∥∥∥ −
2F (s, t) · ∂∂tF (s, t)
‖F (s, t)‖2

∥∥∥ ∂∂tF (s, t)
∥∥∥F (s, t)

∣∣∣∣∣∣
(si,ti)

=

0 ,
∂
∂tF (s, t)∥∥∥ ∂∂tF (s, t)

∥∥∥ − 2 cos θi
‖F (s, t)‖F (s, t)

∣∣∣∣∣∣
(si,ti)

,

where θi is the angle between the vectors F (si, ti) and ∂F
∂t

(si, ti). Note that

for i ∈ N, the vector λ̂i forms a basis for the secant line li, and the vectors

v̂i and ŵi together form a basis for the tangent space τi. Since |ti| → ∞

as i→∞, there exists a subsequence of the sequence {ti} which diverges to

±∞. We may assume that the sequence {ti} itself diverges to ±∞. Note that

the sequences {‖F (si, ti)‖−1F (si, ti)},
{
‖∂F
∂t

(si, ti)‖−1 ∂F
∂t

(si, ti)
}
and {λ̂i} are

bounded, so they have convergent subsequences. Again, we may assume that

these sequences themselves are convergent. It is easy to check that

lim
i→∞

[
∂
∂s
F (s, t)

‖F (s, t)‖2 −
∂
∂s
‖F (s, t)‖2

‖F (s, t)‖4 F (s, t)
]

(si,ti)
= 0. (4.5)

Note that the sequence {λ̂i} is convergent, hence so is the sequence

{‖λi‖−1‖F (si, ti)‖−1} (since it is the sequence of norms of the second com-

ponent of λ̂i). By Proposition 2.2.3, the sequence {θi} converges to 0 or π

depending on {ti} diverges to ∞ or −∞, so we have

lim
i→∞

 ∂
∂t
F (s, t)∥∥∥ ∂

∂t
F (s, t)

∥∥∥ cos θi
− F (s, t)
‖F (s, t)‖


(si,ti)

= 0. (4.6)

For i ∈ N, let

zi = (si − ui) ‖vi‖
‖λi‖

v̂i −
1

‖λi‖ ‖F (si, ti)‖ cos θi
ŵi.
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Using (4.5) and (4.6), we compute the limit of zi as follows:

lim
i→∞

zi = lim
i→∞

(
(si − ui) ‖vi‖
‖λi‖

v̂i −
1

‖λi‖ ‖F (si, ti)‖ cos θi
ŵi

)

= lim
i→∞

si − ui
‖λi‖

,
si − ui
‖λi‖

[
∂
∂sF (s, t)
‖F (s, t)‖2

−
∂
∂s‖F (s, t)‖2

‖F (s, t)‖4
F (s, t)

]
(si,ti)

− 1
‖λi‖ ‖F (si, ti)‖

 ∂
∂tF (s, t)∥∥∥ ∂∂tF (s, t)

∥∥∥ cos θi
− 2F (s, t)
‖F (s, t)‖


(si,ti)



= lim
i→∞

si − ui‖λi‖
,

−1
‖λi‖ ‖F (si, ti)‖

 ∂
∂tF (s, t)∥∥∥ ∂∂tF (s, t)

∥∥∥ cos θi
− 2F (s, t)
‖F (s, t)‖


(si,ti)


= lim

i→∞
λ̂i .

Note that λ̂i ∈ li and zi ∈ τi, so the nonzero vector λ̂ = limi→∞ λ̂i (which is

same as limi→∞ zi) lies in both l and τ . Thus, we have l ⊆ τ . This shows

that the pair (K, I × {N}) satisfies the second Whitney condition.

The collection S becomes a Whitney pre-stratification for I×S3 (see Def-

inition 2.4.6). Let π : I ×S3 → I be the projection onto the first coordinate.

This map is proper. It is easy to check that the map π when restricted to any

stratum in S is a submersion. Therefore, by Thom’s first isotopy lemma (see

Proposition 2.4.3), the map π when restricted to any stratum in S is a trivial

fiber bundle. In particular, π |I×S3\K̄ : I×S3\K → I is a trivial bundle over I

and thus its fibers π−1(0) = {0}×S3 \ α̃0(S1) and π−1(1) = {1}×S3 \ α̃1(S1)

are homeomorphic (where α̃0 : S1 → S3 and α̃1 : S1 → S3 are the extensions

of α0 and α1 respectively). In other words, the complements of the knots α̃0

and α̃1 are homeomorphic. Note that the complements of the knots in S3 are

homeomorphic if and only if they are ambient isotopic (see [8]). Therefore,

the knots α̃0 and α̃1 are ambient isotopic, and hence the knots φ = α0 and

ψ = α1 are topologically equivalent.
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The converse of Theorem 4.4.4 is not true. This fact will be clear from

the next proposition and its corollaries.

Proposition 4.4.5. Let φ : R → R3 given by t 7→ (f(t), g(t), h(t)) be a

polynomial knot in Qd, and let ψ be its mirror image which is given by t 7→

(f(t), g(t),−h(t)). Then the polynomial knots φ and ψ do not belong to the

same path component of the space Qd.

Proof. Suppose on the contrary that the polynomial knots φ and ψ belong

to the same path component of the space Qd, and let Φ : I → Qd be a path

from φ to ψ. For s ∈ I, let Φs = Φ(s) and let it be given by

Φs(t) =
(
α0(s) + α1(s)t+ · · ·+ αd−2(s)td−2, β0(s) + β1(s)t+ · · ·+ βd−1(s)td−1,

γ0(s) + γ1(s)t+ · · ·+ γd(s)td
)

for t ∈ R. It is easy to see that the maps αi’s, βi’s and γi’s are continuous.

Let f, g and h be given by

f(t) = a0 + a1t+ · · ·+ ad−2t
d−2 ,

g(t) = b0 + b1t+ · · ·+ bd−1t
d−1 and

h(t) = c0 + c1t+ · · ·+ cdt
d .

Since Φ0 = φ and Φ1 = ψ, we have αi(0) = αi(1) = ai, βi(0) = βi(1) =

bi, γi(0) = ci and γi(1) = −ci for each i. In particular, γd(0) = cd and

γd(1) = −cd. Note that cd 6= 0 and γd is a continuous map, so by the

intermediate value theorem, γd(u) = 0 for some u ∈ (0, 1). Therefore, the

third component of Φu has degree less than d. Hence Φu is not an element

of the space Qd. This is a contradiction, since Φ was a path in Qd.

Corollary 4.4.6. Let t 7→ (f(t), g(t), h(t)) be a polynomial knot in Qd. Then
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there are eight distinct path components in Qd each of which contains exactly

one of the knot t 7→ ((e1f(t), e2g(t), e3h(t)) for (e1, e2, e3) ∈ {−1, 1}3.

Corollary 4.4.7. The number of path components of the space Qd are in

multiples of eight.

Note that by Theorem 4.4.4, two polynomial knots which are not topolog-

ically equivalent cannot belong to the same path component in Qd. Therefore,

we have the following:

Corollary 4.4.8. If there are n distinct knot-types (up to mirror images)

which can be represented in Qd, then it has at least 8n path components.

Proposition 4.4.9. Let φ be a polynomial knot in Qd. Suppose ψ : R→ R3

be given by t 7→ φ(αt + β), where α > 0 and β be any fixed real numbers.

Then both φ and ψ belong to the same path component of the space Qd.

Proof. Define F : I → Qd by F (s) = Fs, where

Fs(t) = φ ((1− s+ αs)t+ βs)

for t ∈ R. By Remark 2.6, for each s ∈ I, Fs is an element of the space

Qd. Thus, the image of F is in fact contained in Qd. Note that F0 = φ and

F1 = ψ. Hence F is a path in Qd which connects φ and ψ.

Proposition 4.4.10. Let φ : R → R3 given by t 7→ (f(t), g(t), h(t)) be a

polynomial knot in Qd. For each i ∈ {1, 2, 3}, let αi > 0, βi and γi be any

fixed real numbers, and suppose ψ : R → R3 be a polynomial knot given

by t 7→ (α1f(t) + γ1, α2g(t) + β1f(t) + γ2, α3h(t) + β2f(t) + β3g(t) + γ3).

Then both φ and ψ belong to the same path component of the space Qd.
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Proof. For s ∈ I, define Ts : R3 → R3 by

Ts(x, y, z) = ((1− s+ α1s)x+ γ1s, β1sx+ (1− s+ α2s)y + γ2s,

β2sx+ β3sy + (1− s+ α3s)z + γ3s) .

It is easy see that for any s ∈ I, Ts is an affine transformation. LetHs = Ts◦φ,

then by Remark 2.7, Hs ∈ Qd for all s ∈ I. Note that H0 = φ and H1 = ψ.

This shows that the map H : I → Qd given by H(s) = Hs is a path in Qd

which connects φ and ψ.

Corollary 4.4.11. Every path component of the space Qd is unbounded.

Proof. Let U be a path component of the space Qd, and let φ be a polynomial

knot belonging to it. In Proposition 4.4.10 by taking αi’s arbitrarily large,

and βi’s and γi’s to be zero, the distance of ψ from the zero map 0 : R→ R3

(given by 0(t) = (0, 0, 0)) can be made arbitrarily large. Thus, there are

polynomial knots at arbitrarily large distances from the origin which belong

to U . In other words, each path component of the space Qd is unbounded.

Corollary 4.4.12. Every neighborhood of the zero map 0 ∈ Ad intersects

each path component of the space Qd.

Proof. Let U be a path component of the space Qd, and let φ ∈ U . In

Proposition 4.4.10 by taking αi’s arbitrarily small, and βi’s and γi’s to be

zero, the distance of ψ from the zero map can be made arbitrarily small.

Hence, there are polynomial knots in U which are arbitrarily close to the

origin. In other words, every neighborhood of the zero map intersects each

path component of the space Qd.





Chapter 5

Polynomial Representations of

Knots

In this chapter, we discuss polynomial representations of knots in their

minimal degree. It is known that the knots 01, 31 and 41 have polynomial

representations in degree less than or equal to 6 (see [4, 9]). By Proposition

2.2.4, the other possible knots in degree 6 must be the five and six crossing

knots which have superbridge index less than or equal to 3. Since the knots

51, 31#31 and 31#3∗1 have superbridge index 4, they cannot be represented

in degree 6. Thus, the five and six crossing knots which could have a rep-

resentation in degree 6 are the knots 52, 61, 62 and 63. In Section 5.1, we

show that it is almost impossible to represent these knots in degree 6. Thus,

we conjecture that they cannot be represented in degree 6. In [4, 9, 22, 28],

the knots 31, 41, 51 and 819 have been represented in degrees 5, 6, 7 and 7

respectively, which are the minimal degrees for these knots. In Section 5.2,

we present polynomial representations of the knots 52, 61, 62, 63, 31#31 and

31#3∗1. These representations are in degree 7. Among these, the representa-

tions of the knots 31#31 and 31#3∗1 are in their minimal degree, since their

superbridge index is 4. There are no known examples of knots other than 01,

61



62 Chapter 5. Polynomial Representations of Knots

31, 41, 51, 52, 61, 62, 63, 31#31, 31#3∗1 and 819 in degree 7. In Section 5.3, we

find the exact number of path components of the spaces Q3 and Q4. We prove

that the path components of these spaces are contractible. We also find the

exact number of the path components of the space Q5 corresponding to the

trefoil knot and its mirror image and show that these path components of

the space Q5 are contractible. At the end of Section 5.3, we give some lower

bound on the number of path components for Q5, Q6 and Q7.

5.1 Polynomial knots in degree d ≤ 7

In connection with the polynomial representations of knots, we have the

following question:

Question 5.1. Given a positive integer d, what are the knots that can be

represented in degree d?

For example, by Proposition 2.2.4, the unknot, the trefoil knot and its

mirror image are the only knots that can be represented in degree 5. In

general, Question 5.1 is difficult to answer. In this section, we partially

answer this question for d ≤ 7.

Proposition 5.1.1. The unknot is the only knot that can be represented by

a polynomial knot in degree d ≤ 4.

Proof. Let κ be a knot which has a polynomial representation in degree d ≤ 4.

By Proposition 2.2.4, we have c[κ] ≤ (d−2)(d−3)
2 ≤ (4−2)(4−3)

2 = 1. Thus, the

knot κ must be an unknot.

Proposition 5.1.2. The unknot, the trefoil knot and its mirror image are

the only knots that can be represented in degree 5.

Proof. Let κ be a knot which has a polynomial representation in degree 5.
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By Proposition 2.2.4, we have c[κ] ≤ (5−2)(5−3)
2 = 3. Thus, the knot κ is

either an unknot or a trefoil knot or its mirror image.

The knots which have polynomial representation in degree 5 naturally

have their representation in degree 6 as well. By Proposition 2.2.4, a knot

which has a representation in degree 6, the crossing number and the super-

bridge index must be at most 6 and 3 respectively. We have a polynomial

representation of the figure-eight knot in degree 6 (see [9]). However, the

knots 51, 31#31 and 31#3∗1 cannot be represented in degree 6, since their

superbridge index is 4. For the knot 52, we have the following:

Proposition 5.1.3. There exist polynomials f and g of degrees 4 and 5

respectively such that the map t 7→ (f(t), g(t)) represents a regular projection

of the knot 52.

Proof. Consider a plane curve C given by the parametric equation t 7→

(t4, t5). This curve has an isolated singularity at the origin. For such plane

curves, there are two important numbers that remain invariant under any

formal isomorphisms of plane curves. The first one is the Milnor number

µ and the other is the δ invariant (see [25]). For a single component plane

curve, they satisfy the relation 2δ = µ.

In the present case, it turns out that the δ invariant is equal to (5−1)(4−1)
2 =

6. The δ invariant of a plane curve which is singular at the origin measures

the number of double points that can be created in a neighborhood of the

origin. Note that, we have δ ≥ 5. Using a result of Pecker [10] we can deform

the curve C into a new curve C̃ given by t 7→
(
a4t

4 + a3t
3 + a2t

2 + a1t +

a0, b5t
5 + b4t

4 + b3t
3 + b2t

2 + b1t + b0
)
such that C̃ has 5 real nodes and

1 imaginary node. By continuity argument, we can choose the coefficients

ai’s and bi’s such that the nodes occur in the order they are in the regular

projection of the given knot.
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In fact, we have the curve t 7→
(
2(t− 2)(t+ 4)(t2 − 11), t(t2 − 6)(t2 − 16)

)
,

Figure 5.1: Projection of the knot 52

which represents a regular projection of the knot 52 as in Figure 5.1.

For a regular projection t 7→ (f(t), g(t)) of the knot 52 with deg(f) = 4

and deg(g) = 5, we would like to find a polynomial h of least possible degree

such that t 7→ (f(t), g(t), h(t)) represents the knot 52. In this direction, we

have the following theorem:

Theorem 5.1.4. For a generic choice of a regular projection t 7→ (f(t), g(t))

of the knot 52 with deg(f) = 4 and deg(g) = 5, there does not exist any

polynomial h of degree 6 such that a polynomial map t 7→ (f(t), g(t), h(t))

represents the knot 52.

Proof. Let t 7→ (x(t), y(t)) be a regular projection of the knot 52 such that

deg(x) = 4 and deg(y) = 5 (note that, by Proposition 5.1.3, such a regular

projection exists). Suppose x(t) = α4t
4 + α3t

3 + α2t
2 + α1t + α0 and y(t) =

β5t
5 + β4t

4 + β3t
3 + β2t

2 + β1t + β0. By Bézout’s theorem, the projection

t 7→ (x(t), y(t)) has either 5 or 6 double points. Let us consider the following

two cases:

Case (1) If the projection has 5 crossings: It is easy to see that there exists

an open set U in R11 such that (α0, α1, α2, α3, α4, β0, β1, β2, β3, β4, β5) ∈ U
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and U ⊆ V , where

V =
{

(a0, a1, a2, a3, a4, b0, b1, b2, b3, b4, b5) ∈ R11 | a map t 7→
(
a4t

4 + a3t
3

+a2t
2 + a1t+ a0, b5t

5 + b4t
4 + b3t

3 + b2t
2 + b1t+ b0

)
is a regular

projection of the knot 52 with 5 double points
}
.

Let (a0, a1, a2, a3, a4, b0, b1, b2, b3, b4, b5) be an element in U , and suppose

f(t) = a4t
4 +a3t

3 +a2t
2 +a1t+a0 and g(t) = b5t

5 +b4t
4 +b3t

3 +b2t
2 +b1t+b0.

We want a polynomial h(t) = c6t
6 + c5t

5 + c4t
4 + c3t

3 + c2t
2 + c1t + c0 such

that t 7→ (f(t), g(t), h(t)) is a smooth embedding which represents the knot

52. By composing this embedding with a suitable affine transformation, we

can assume that the coefficients c0, c4 and c5 are zero. Thus, we can take

h(t) = c6t
6 + c3t

3 + c2t
2 + c1t. For i ∈ {1, 2, . . . , 5}, let (si, ti) with si < ti and

s1 < s2 < · · · < s5 be the pairs of parametric values at which the crossings

occur in the curve t 7→ (f(t), g(t)). Since we want alternatively over and

under crossings, we should have h(ti) − h(si) is positive if i is odd (that is,

the ith crossing is over crossing) and it is negative if i is even (that is, the ith

crossing is under crossing). In other words, we want to find the coefficients

c1, c2, c3 and c6 such that h(ti) − h(si) = (−1)i+1ri for some positive real

numbers r1, r2, r3, r4 and r5. This gives us a system of five linear equations

in four unknowns as follows:

c6
(
t61 − s6

1

)
+ c3

(
t31 − s3

1

)
+ c2

(
t21 − s2

1

)
+ c1 (t1 − s1) = r1 (5.1)

c6
(
t62 − s6

2

)
+ c3

(
t32 − s3

2

)
+ c2

(
t22 − s2

2

)
+ c1 (t2 − s2) = −r2 (5.2)

c6
(
t63 − s6

3

)
+ c3

(
t33 − s3

3

)
+ c2

(
t23 − s2

3

)
+ c1 (t3 − s3) = r3 (5.3)

c6
(
t64 − s6

4

)
+ c3

(
t34 − s3

4

)
+ c2

(
t24 − s2

4

)
+ c1 (t4 − s4) = −r4 (5.4)

c6
(
t65 − s6

5

)
+ c3

(
t35 − s3

5

)
+ c2

(
t25 − s2

5

)
+ c1 (t5 − s5) = r5 . (5.5)
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The rank of the coefficient matrix

A =



t61 − s6
1 t31 − s3

1 t21 − s2
1 t1 − s1

t62 − s6
2 t32 − s3

2 t22 − s2
2 t2 − s2

t63 − s6
3 t33 − s3

3 t23 − s2
3 t3 − s3

t64 − s6
4 t34 − s3

4 t24 − s2
4 t4 − s4

t65 − s6
5 t35 − s3

5 t25 − s2
5 t5 − s5



of the system of linear equations (5.1)–(5.5) is at most 4. The system has a

solution if and only if the rank of A is equal to the rank of the augmented

matrix Ã which is given by

Ã =



t61 − s6
1 t31 − s3

1 t21 − s2
1 t1 − s1 r1

t62 − s6
2 t32 − s3

2 t22 − s2
2 t2 − s2 −r2

t63 − s6
3 t33 − s3

3 t23 − s2
3 t3 − s3 r3

t64 − s6
4 t34 − s3

4 t24 − s2
4 t4 − s4 −r4

t65 − s6
5 t35 − s3

5 t25 − s2
5 t5 − s5 r5


.

In other words, the system of linear equations (5.1)–(5.5) has no solution if

det (Ã) 6= 0. Note that, for any fixed (r1, r2, r3, r4, r5) ∈ (R+)5, the deter-

minant of Ã is an algebraic function of si’s and ti’s. Since si’s and ti’s are

analytic functions of the coefficients ak’s of f and the coefficients bk’s of g,

the determinant of Ã is also an analytic function of ak’s and bk’s. Thus, for

any fixed (r1, r2, r3, r4, r5) ∈ (R+)5,

W = {(a0, a1, a2, a3, a4, b0, b1, b2, b3, b4, b5) ∈ R11 | det(Ã) 6= 0}

is an open and dense subset of R11, and hence the set U ∩W is open and

dense in U . Note that, for any choice of an element in U ∩W , the system

of linear equations (5.1)–(5.5) has no solution. This shows that for a generic
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choice of a regular projection t 7→ (f(t), g(t)) of the knot 52 with deg(f) = 4

and deg(g) = 5 and having 5 crossings, there does not exist a polynomial h

of degree 6 such that t 7→ (f(t), g(t), h(t)) represents the knot 52.

Case (2) If the projection has 6 crossings: By a similar argument as above

we can show that for a generic choice of a regular projection t 7→ (f(t), g(t))

of the knot 52 with deg(f) = 4 and deg(g) = 5 and having 6 crossings, there

does not exist a polynomial h of degree 6 such that t 7→ (f(t), g(t), h(t))

represents the knot 52.

By Theorem 5.1.4, it is almost impossible to represent the knot 52 in

degree 6. The same can be argued for the knots 61, 62 and 63.

Conjecture 5.1. Each of the knots 52, 61, 62 and 63 cannot be represented

by a polynomial knot in degree 6.

The knots 01, 31, 41, 51, 52, 61, 62, 63, 31#31, 31#3∗1 and 819 have poly-

nomial representations in degree less than or equal to 7 (see §5.2). Thus,

each of them has a polynomial representation in degree 7 as well. Besides

these knots, no knot is known to have a polynomial representation in degree

7. By Proposition 2.2.4, the other possible knots in degree 7 are the knots

up to ten crossings having superbridge index less than or equal to 4. Let us

summarize the discussion in Table 5.1.

Table 5.1: Polynomial knots of degree at most 7

Degree d Knots which are known to have
a representation in degree d

Other possible knots in
degree d

d ≤ 4 01 none
d = 5 01 and 31 none
d = 6 01, 31 and 41 52, 61, 62 and 63

d = 7 01, 31, 41, 51, 52, 61, 62, 63,
31#31, 31#3∗1 and 819

knots with
c[κ] ≤ 10 and sb[κ] ≤ 4
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5.2 Polynomial representations of knots up

to six crossings

By Proposition 2.2.4, it is clear that in order to represent a knot with a

certain number of crossings the degree of its polynomial representation has

some lower bound. The knots with the same number of crossings may have

different crossing patterns. The result below tells us how the degree relates

to the nature of the crossings.

Theorem 5.2.1. Let t 7→ (f(t), g(t)) be a regular projection of a long knot

κ : R → R3 having n double points, where f and g are real polynomials

of degrees n and n + 1 respectively. Suppose the crossing data of κ is such

that there are r changes from over/under crossings to under/over crossings

as we move along the knot. Then there exists a polynomial h with degree

d ≤ min{n+ 2, r } such that the polynomial map t 7→ (f(t), g(t), h(t)) is an

embedding which is ambient isotopic to κ.

Proof. Let f and g be given by f(t) = a0 + a1t + · · · + ant
n and g(t) =

b0 + b1t+ · · ·+ bn+1t
n+1. The double points of the curve t 7→ (f(t), g(t)) can

be obtained by finding the real roots of the resultant Γ of the polynomials

F (s, t) = a1 + a2(s+ t) + · · ·+ an
(
sn−1 + sn−2t+ · · ·+ tn−1

)
and

G(s, t) = b1 + b2(s+ t) + · · ·+ bn+1
(
sn + sn−1t+ · · ·+ tn

)
.

Let [a, b ] be an interval that contains all the roots of Γ. Let us call these

roots as the crossing points. We divide the interval [a, b ] into sub intervals

a = u0 < u1 < · · · < ur < ur+1 = b in such a way that the ui’s are

not from the crossing points and within any sub interval [ui, ui+1 ] all the

crossing points are either under crossing points or over crossing points. Let

h1(t) = ±Πr
i=1(t − ui) according to which the last crossing is over crossing
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or under crossing. The map h1 is a polynomial of degree r that has opposite

signs at under crossing points and over crossing points. Thus, the embedding

t 7→ (f(t), g(t), h1(t)) represents the knot κ.

For i ∈ {1, 2, . . . , n}, let (si, ti) with si < ti and s1 < s2 < · · · < sn be

pairs of parametric values at which the projection has double points. Let

c1t + c2t
2 + · · · + cn+2t

n+2 be a polynomial of degree n + 2, where ci’s are

unknowns which we have to find by solving the system

cn+2
(
tn+2
1 − sn+2

1

)
+ cn+1

(
tn+1
1 − sn+1

1

)
+ · · ·+ c1 (t1 − s1) = e1

cn+2
(
tn+2
2 − sn+2

2

)
+ cn+1

(
tn+1
2 − sn+1

2

)
+ · · ·+ c1 (t2 − s2) = e2

... ... ... ...

cn+2
(
tn+2
n − sn+2

n

)
+ cn+1

(
tn+1
n − sn+1

n

)
+ · · ·+ c1 (tn − sn) = en

of n linear equations in n + 2 unknowns. The numbers ei’s are arbitrary

but fixed non-zero real numbers and they are positive or negative according

to which the crossing is under crossing or over crossing. The conditions

f(si) = f(ti) and g(si) = g(ti) for i ∈ {1, 2, . . . , n} imply that the matrix

M =



tn+2
1 − sn+2

1 tn+1
1 − sn+1

1 · · · t1 − s1

tn+2
2 − sn+2

2 tn+1
2 − sn+1

2 · · · t2 − s2
... ... ...

tn+2
n − sn+2

n tn+1
n − sn+1

n · · · tn − sn


has rank n. Therefore, the system above has infinitely many solutions. Let

c1 = d1, c2 = d2, . . . , cn+2 = dn+2 be any one of the solution. With this

solution, the polynomial h2(t) = d1t+ d2t
2 + · · ·+ dn+2t

n+2 is such that the

embedding t 7→ (f(t), g(t), h2(t)) represents the knot κ.

Let us discuss the following question.
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Question 5.2. Given a knot, what is its polynomial degree (that is, the least

number d such that it has a polynomial representation in degree d)?

We partially answer this question for knots up to six crossings. It is easy

to note that the unknot has a polynomial representation given by t 7→ (0, 0, t)

which is in its minimal degree. We now give the polynomial representations

of the knots 31, 41, 51 and 819 which were known before.

(1) Shastri [4] found a polynomial representation of the trefoil knot which

is given by t 7→ (t3 − 3t, t4 − 4t2, t5 − 10t). This polynomial representation

has degree 5. Since the trefoil knot has crossing number 3, it cannot be

represented in degree less than 5 (see Proposition 2.2.4).

(2) McFeron [9] gave a polynomial representation of the figure-eight knot

which is defined as t 7→ (f(t), g(t), h(t)), where

f(t) = − t4 + 2.279283653 t3 + 5 t2 − 8.63068748 t+ 0.35140383,

g(t) = t5 − 5 t3 + 4 t and

h(t) = (t− 1.379221313) (t− 2.05) (t+ 0.2122155248) (t+ 1.916737670)

× (t+ 2.06) (t+ 10).

This polynomial representation has degree 6. By Proposition 2.2.4, one can

say that the figure-eight knot cannot be represented in degree less than 6.

(3) Auerbach [28] found a polynomial representation of the knot 51 which

is given by t 7→ (u(t), v(t), w(t)), where

u(t) = (t2 − 7 t+ 10) (t2 + 5 t+ 4),

v(t) = (t2 − 5.2 t) (t2 − 9)(t+ 4.7) and

w(t) = t7 − 3.90763 t6 − 25.8835 t5 + 83.4739 t4 + 176.691 t3

− 364.064 t2 − 331.888 t+ 321.285.



5.2. Polynomial representations of knots up to six crossings 71

(4) Mishra and Prabhakar [22] gave a polynomial representation of the

knot 819 which is defined as t 7→ (x(t), y(t), z(t)), where

x(t) = t5 − 5.5 t3 + 4.5 t,

y(t) = t6 − 7.35 t4 + 14 t2 − 7.8375 and

z(t) = t7 − 8.13297 t5 + 18.5762 t3 − 10.4337 t.

Note that the polynomial representations (3) and (4) given above are in

degree 7. Since the knots 51 and 819 have superbridge index 4, they cannot

have a representation in degree less than 7 (by Proposition 2.2.4).

The knots 52, 61, 62 and 63 were known to have representations in degree

much higher than 7 (see [3, 17, 22]). We have found polynomial representa-

tions for these knots in degree 7 (see Appendix A). We have also produced

representations of the composite knots 31#31 and 31#3∗1 in degree 7 (see

Appendix A). All these representations are given below:

(1) A polynomial representation (see Figure 5.2) of the knot 52 is given

by t 7→ (f(t), g(t), h(t)), where

f(t) = 20 (t− 10) (t− 17) (t+ 15) (t+ 21),

g(t) = t (t2 − 121) (t2 − 400) and

Figure 5.2: Representation of 52
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h(t) = −0.005 t (t2 − 0.0343124 t+ 0.0107598) (t− 14.260128)

× (t− 20.1133216) (t+ 12.2430449) (t+ 20.5785825).

(2) A polynomial representation (see Figure 5.3) of the knot 61 is given

by t 7→ (u(t), v(t), w(t)), where

u(t) = 60 (t− 28) (t− 43.4) (t+ 5) (t+ 31.4) (t+ 47.6),

v(t) = (t− 6) (t− 8) (t− 38) (t− 49) (t+ 28) (t+ 43.6) and

w(t) = −0.07 (t2 − 54.4650519227 t+ 758.763745443) (t− 45.995024874)

× (t2 + 90.4819595699 t+ 2059.948386689) (t+ 5.231021635)

× (t+ 19.036560084).

Figure 5.3: Representation of 61

(3) A polynomial representation (see Figure 5.4) of the knot 62 is given

by t 7→ (x(t), y(t), z(t)), where

x(t) = 4 (t2 − 625) (t− 5) (t− 39) (t+ 35),

y(t) = 0.1 (t− 10) (t− 30) (t− 39) (t+ 20) (t+ 25) (t+ 41) and

z(t) = 0.005 t (t2 − 0.005429486 t+ 0.002423881) (t− 27.4156408)

× (t− 39.8753791) (t+ 28.436878) (t+ 37.25572585).
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Figure 5.4: Representation of 62

(4) A polynomial representation (see Figure 5.5) of the knot 63 is given

by t 7→ (f(t), g(t), h(t)), where

f(t) = 15 (t+ 30)2 (t− 20) (t− 29) (t+ 10),

g(t) = (t2 − 400) (t− 6) (t− 32) (t+ 4) (t+ 30) and

h(t) = −0.06 (t2 − 37.8892469397 t+ 376.737563885) (t− 33.329044815)

× (t2 + 21.404400212 t+ 144.275534095)

× (t2 + 61.56649851 t+ 955.985733648).

Figure 5.5: Representation of 63

(5) A polynomial representation (see Figure 5.6) of the knot 31#31 is

given by t 7→ (u(t), v(t), w(t)), where
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u(t) = 5 t (t2 − 17.5 t+ 77.3) (t2 + 17.5 t+ 77.3),

v(t) = (t2 − 4.84) (t2 − 53.29) (t2 − 102.01) and

w(t) = −0.15 t (t2 − 68.11720396) (t2 − 99.695462027) (t2 + 0.025367747).

Figure 5.6: Representation of 31#31

(6) A polynomial representation (see Figure 5.7) of the knot 31#3∗1 is

given by t 7→ (x(t), y(t), z(t)), where

x(t) = 30 (t− 3.3) (t− 21.3) (t− 32.5) (t+ 16.2) (t+ 28),

y(t) = (t− 6.8) (t− 23) (t− 34) (t+ 12) (t+ 21.7) (t+ 33.1) and

z(t) = −0.03 t (t2 − 0.0082068 t+ 0.0043718) (t− 24.209735)

× (t− 32.807367) (t+ 15.257278) (t+ 28.289226).

Figure 5.7: Representation of 31#3∗1
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The knots 31#31 and 31#3∗1 have superbridge index 4, so by Proposition

2.2.4, they cannot be represented in degree less than 7. In other words, these

knots have polynomial degree 7. The polynomial representations (1) to (4)

above of the knots 52, 61, 62 and 63 are in degree 7. It is not known whether

they can have a representation in degree 6 or not.

In Table 5.2, we give the polynomial degree of all knots up to six crossings

including the eight crossing knot 819 (recall that, the polynomial degree of a

knot is the least number d such that the knot has a representation in degree

d). The crossing number and the superbridge index are also mentioned.

Table 5.2: Polynomial degree of some knots

Sr.
No. Knot Crossing

number
Superbridge

index
Polynomial

degree
1. 01 (unknot) 0 1 1
2. 31 (trefoil knot) 3 3 5
3. 41 (figure-eight knot) 4 3 6
4. 51 5 4 7
5. 52 5 3 or 4 6 or 7
6. 61 6 3 or 4 6 or 7
7. 62 6 3 or 4 6 or 7
8. 63 6 3 or 4 6 or 7
9. 31#31 6 4 7
10. 31#3∗1 6 4 7
11. 819 8 4 7

5.3 Path components in Qd for d ≤ 7

From Corollary 4.4.7, the total number of the path components of the

space Qd, for 3 ≤ d ≤ 7, are in multiples of eight. Note that we can represent

the unknot in Q3 and Q4, so by Corollary 4.4.8, each of these spaces have

at least eight path components. In fact, in this section, we prove that the
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spaces Q3 and Q4, each has exactly eight path components. Furthermore, we

estimate some lower bound on the number of path components of the spaces

Q5, Q6 and Q7.

Proposition 5.3.1. The space Q3 has exactly eight path components.

Proof. For e = (e1, e2, e3) in {−1, 1}3, consider the following set:

Q3e = {φ ∈ A3 | e1aφ1 > 0, e2bφ2 > 0 and e3cφ3 > 0} .

It is easy to see that Q3 = ⋃
e Q3e. For any e ∈ {−1, 1}3, the set Q3e is

path connected. Also, for e 6= e′, there is no path in Q3 from an element of

the set Q3e to an element of the set Q3e′ . This shows that the sets Q3e, for

e ∈ {−1, 1}3, are nothing but the path components of the space Q3.

Theorem 5.3.2. The space Q4 has exactly eight path components.

For proving this theorem, we need the following lemmas.

Lemma 5.3.3. A map φ ∈ A4 given by t 7→ ( t2 + at , t3 + bt, t4 + ct ) is an

embedding if and only if 3a2 + 4b > 0 or a3 + 2ab+ c 6= 0.

Proof. It is easy to verify that: a map φ ∈ A4 given by t 7→ ( t2 + at , t3 +

bt, t4 + ct ) is a smooth embedding⇔ φ(s) 6= φ(t) for all s 6= t and φ′(u) 6= 0

for all u ∈ R ⇔ the equations

(s+ t) + a = 0 , (5.6)

(s2 + st+ t2) + b = 0 and (5.7)

(s3 + s2 t+ st2 + t3) + c = 0 (5.8)

do not have a common real solution. Using (5.6) in (5.7), we get
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t2 + at+ (a2 + b) = 0. (5.9)

This quadratic equation has the following solutions:

t1 = −a−
√
−3a2 − 4b
2 and t2 = −a+

√
−3a2 − 4b
2 .

In order to prove the lemma, it is sufficient to check the following three

statements (which can be easily verified):

(1) 3a2 + 4b > 0 ⇔ the equation (5.9) has no real solution ⇔ the equations

(5.6) and (5.7) do not have a common real solution.

(2) 3a2 + 4b = 0 and a3 + 2ab + c 6= 0 ⇔ 3a2 + 4b = 0 and a3 − 2c 6= 0

⇔ t = −a/2 is the only solution of the equation (5.9) and a3 − 2c 6= 0 ⇔

(s, t) = (−a/2,−a/2) is the only common real solution of the equations (5.6)

and (5.7), but it is not a solution of the equation (5.8).

(3) 3a2 + 4b < 0 and a3 + 2ab + c 6= 0 ⇔ t = t1 and t = t2 are two distinct

solutions of the equation (5.9) and a3 + 2ab + c 6= 0 ⇔ (s, t) = (t1, t2) and

(s, t) = (t2, t1) are the only common real solutions of the equations (5.6) and

(5.7), but no one is a solution of the equation (5.8).

Lemma 5.3.4. For e1, e2, e3 ∈ {−1, 1} and a, b, c ∈ R, a polynomial map

φ ∈ A4 given by t 7→ ( e1 t
2 + at , e2 t

3 + bt, e3 t
4 + ct ) is an embedding if and

only if 3a2 + 4e2b > 0 or e1a
3 + 2e1e2ab+ e3c 6= 0.

Proof. It is easy to note that the map φ is an embedding⇔ the map ψ ∈ A4

which is given by

t 7→
(
e1(e1 t

2 + at) , e2(e2 t
3 + bt), e3(e3 t

4 + ct)
)

is an embedding. Note that the map ψ can be rewritten as t 7→ ( t2+e1at, t
3+
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e2bt, t
4 + e3ct ). By Lemma 5.3.3, one can say that ψ (and hence φ) is an

embedding ⇔ 3a2 + 4e2b > 0 or e1a
3 + 2e1e2ab+ e3c 6= 0.

Lemma 5.3.5. Let φ : R → R3 be a polynomial knot in Q4. Then there

exist e1, e2, e3 ∈ {−1, 1} and a, b, c ∈ R such that the polynomial knot ψ

given by t 7→ ( e1 t
2 + at , e2 t

3 + bt, e3 t
4 + ct ) is path equivalent (in Q4) to

the polynomial knot φ.

Proof. Let φ : R → R3 be a polynomial knot in Q4 and let it be given

by φ(t) = (f(t), g(t), h(t)), where f(t) = a2t
2 + a1t + a0, g(t) = b3t

3 +

b2t
2 + b1t + b0 and h(t) = c4t

4 + c3t
3 + c2t

2 + c1t + c0. Note that a2, b3

and c4 all are nonzero. Let us take α1 = |a2|−1, α2 = |b3|−1, α3 = |c4|−1,

β1 = −b2a
−1
2 |b3|−1, β2 = b2c3a

−1
2 b−1

3 |c4|−1 − c2a
−1
2 |c4|−1, β3 = −c3b

−1
3 |c4|−1,

γ1 = −a0 |a2|−1, γ2 = a0b2a
−1
2 |b3|−1 − b0 |b3|−1 and γ3 = a0c2a

−1
2 |c4|−1 −

a0b2c3a
−1
2 b−1

3 |c4|−1 + b0c3b
−1
3 |c4|−1 − c0 |c4|−1. Define ψ : R→ R3 by

t 7→ (α1f(t) + γ1, α2g(t) + β1f(t) + γ2, α3h(t) + β2f(t) + β3g(t) + γ3) .

By Proposition 4.4.10, the knots φ and ψ are path equivalent in Q4. Also,

it can be easily checked that ψ(t) = ( e1 t
2 + at , e2 t

3 + bt, e3 t
4 + ct ) for

t ∈ R, where e1 = a2 |a2|−1, e2 = b3 |b3|−1, e3 = c4 |c4|−1, a = a1 |a2|−1,

b = b1 |b3|−1 − a1b2a
−1
2 |b3|−1 and c = a1b2c3a

−1
2 b−1

3 |c4|−1 − a1c2a
−1
2 |c4|−1 −

b1c3b
−1
3 |c4|−1 + c1 |c4|−1.

Lemma 5.3.6. For e = (e1, e2, e3) ∈ {−1, 1}3, the space

N4e =
{
φ ∈ Q4 | t

φ−→ (e1t
2 + aφt, e2t

3 + bφt, e3t
4 + cφt) for some aφ, bφ, cφ ∈ R

}

is path connected.

Proof. Suppose e = (e1, e2, e3) be an arbitrary element in the set {−1, 1}3.
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By Lemma 5.3.4, a map φ ∈ A4 given by t 7→ (e1t
2 +aφt, e2t

3 +bφt, e3t
4 +cφt)

is an embedding if and only if 3a2
φ+4e2bφ > 0 or e1a

3
φ+2e1e2aφbφ+e3cφ 6= 0.

Therefore, it is easy to see that the set N4e is the union of the following sets:

N1
4e =

{
φ ∈ N4e | 3a2

φ + 4e2bφ > 0
}
,

N2
4e =

{
φ ∈ N4e | e1a

3
φ + 2e1e2aφbφ + e3cφ > 0

}
and

N3
4e =

{
φ ∈ N4e | e1a

3
φ + 2e1e2aφbφ + e3cφ < 0

}
.

It is sufficient to show that every element of the sets N1
4e, N2

4e and N3
4e is

connected by a path in N4e to a fixed element φ0 ∈ N1
4e which is given by

t 7→ (e1t
2, e2t

3 + e2t, e3t
4). We do this in the following three steps:

(1) Let φ be an arbitrary element of the space N1
4e. Define F : I → A4

by F (s) = Fs for s ∈ I, where

Fs(t) =
(
e1t

2 + aφst, e2t
3 + (bφs2 + e2 − e2s

2)t, e3t
4 + cφst

)

for t ∈ R. For s ∈ (0, 1), we have 3(aφs)2 + 4e2(bφs2 + e2 − e2s
2) = s2(3a2

φ +

4e2bφ) + 4(1 − s2) > 0, since φ ∈ N1
4e. This shows that the map Fs is an

element of the space N1
4e. Also, we have F0 = φ0 and F1 = φ. Hence F is a

path in N1
4e from φ0 to φ.

(2) Let ψ be an arbitrary element of the space N2
4e. We choose an element

ψ0 ∈ N2
4e given by t 7→ (e1t

2, e2t
3, e3t

4 + e3t). Define G : I → A4 by G(s) =

Gs, where

Gs(t) =
(
e1t

2 + aψst, e2t
3 + bψs

2t, e3t
4 + (cψs3 + e3 − e3s

3)t
)

for t ∈ R. For s ∈ (0, 1), the map Gs is an element of the space N2
4e, because

e1(aψs)3 + 2e1e2(aψs)(bψs2) + e3(cψs3 + e3 − e3s
3) = s3(e1a

3
ψ + 2e1e2aψbψ +

e3cψ) + 1 − s3 > 0. Note that G0 = ψ0 and G1 = ψ. Thus, the map G is a
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path in N2
4e from ψ0 to ψ. Let Φ : I → A4 be a map defined as Φ(s) = Φs,

where

Φs(t) =
(
e1t

2, e2t
3 + e2(1− s)t, e3t

4 + e3st
)

for t ∈ R. For s ∈ (0, 1), the map Φs is an element of the space N1
4e. Note

that Φ0 = φ0 and Φ1 = ψ0. This shows that Φ is a path in N4e from φ0 to

ψ0. The maps G and Φ both together give a path in N4e from φ0 to ψ.

(3) Suppose σ be an element in N3
4e. Let us take an element σ0 ∈ N3

4e

given by t 7→ (e1t
2, e2t

3, e3t
4 − e3t). Define H : I → A4 by H(s) = Hs, where

Hs(t) =
(
e1t

2 + aσst, e2t
3 + bσs

2t, e3t
4 + (cσs3 − e3 + e3s

3)t
)

for t ∈ R. For s ∈ (0, 1), since e1(aσs)3 + 2e1e2(aσs)(bσs2) + e3(cσs3 − e3 +

e3s
3) = s3(e1a

3
σ + 2e1e2aσbσ + e3cσ)−1 +s3 < 0, so the map Hs is an element

of the space N3
4e. Note that H0 = σ0 and H1 = σ. This shows that H is a

path in N3
4e from σ0 to σ. Let us define Ψ : I → A4 by Ψ(s) = Ψs, where

Ψs(t) =
(
e1t

2, e2t
3 + e2(1− s)t, e3t

4 − e3st
)

for t ∈ R. It is easy to note that Ψ0 = φ0 and Ψ1 = σ0. For s ∈ (0, 1), the

map Ψs is an element of the space N1
4e. Hence Ψ is a path in N4e from φ0 to

σ0. The maps H and Ψ both together give a path in N4e from φ0 to σ.

Proof of Theorem 5.3.2. For an element e = (e1, e2, e3) in {−1, 1}3, consider

the following set:

Q4e = {φ ∈ Q4 | e1aφ2 > 0, e2bφ3 > 0 and e3cφ4 > 0} .

Note that Q4 = ⋃
e Q4e . For e 6= e′, there is no path in Q4 from an element

of the set Q4e to an element of the set Q4e′ . Now it is enough to prove that

for each e ∈ {−1, 1}3, the space Q4e is path connected. Let e = (e1, e2, e3) be
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an arbitrary element in the set {−1, 1}3. From the proof of Lemma 5.3.5, it

can be seen that every element in Q4e is connected by a path in Q4e to some

element in N4e. By Lemma 5.3.6, the space N4e is path connected, so the

space Q4e is also path connected. �

It is easy to see that the path components of the space Q3 are contractible

(for example, see proof of Theorem 5.3.1). Next, we prove that every path

component of the space Q4 is contractible by showing that one of its one

point subspaces is a weak deformation retract in the sense of the following:

Definition 5.3.1. We say that a subset A of a topological space X is a weak

deformation retract if there is a continuous map F : I × X → X such that

F (0, x) = x and F (1, x) ∈ A for all x ∈ X. The map F is called a weak

deformation retraction.

The notion of a weak deformation retract we defined here is different

from the notion of a weak deformation retract as defined in the textbooks of

algebraic topology (for example, see [2]).

Remark 5.1. A topological space X is contractible if and only if a one point

subspace is a weak deformation retract of it. Furthermore, a weak deforma-

tion retract of a topological space is homotopy equivalent to it.

Lemma 5.3.7. Let A be a weak deformation retract of a space X and B be

a weak deformation retract of A. Then B is a weak deformation retract of

the space X.

Proof. Since A is a weak deformation retract of X, there is a continuous map

F : I ×X → X such that F (0, x) = x and F (1, x) ∈ A for all x ∈ X. Also,

since B is a weak deformation retract of A, there exists a continuous map

G : I × A → A such that G(0, a) = a and G(1, a) ∈ B for all a ∈ A. Let
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H : I ×X → X be a map given by

H(u, x) =


F (2u, x) if 0 ≤ u ≤ 1/2

G (2u− 1, F (1, x)) if 1/2 ≤ u ≤ 1.

For any x ∈ X, we have F (2(1/2), x) = F (1, x) = G (0, F (1, x)) =

G (2(1/2)− 1, F (1, x)). That is, F (2u, x) = G (2u− 1, F (1, x)) for u = 1/2

and for all x ∈ X. Thus, the map H is well defined and it is continuous.

Note that H(0, x) = F (0, x) = x for all x ∈ X. Also for any x ∈ X,

H(1, x) = G (1, F (1, x)) = G(1, a) = b for some a ∈ A and some b ∈ B. This

shows that the space B is a weak deformation retract of the space X.

Remark 5.2. Lemma 5.3.7 says that, being a weak deformation retract is a

transitive relation. In particular, if a contractible subspace is a weak defor-

mation retract of a space X, then the space X is contractible.

Theorem 5.3.8. The path components of the space Q4 are contractible.

Proof. We need to prove that, for a given e ∈ {−1, 1}3, the space

Q4e = {φ ∈ Q4 | e1aφ2 > 0, e2bφ3 > 0 and e3cφ4 > 0} ,

is contractible (see proof of Theorem 5.3.2). It is easy to see that the set

L4e = {φ ∈ Q4e | aφ0 = bφ0 = cφ0 = 0}

is a weak deformation retract of the space Q4e. Define F : I ×L4e → L4e by
F (s, φ) = Fsφ, where

Fsφ(t) =
(

fφ(t), gφ(t)− bφ2
aφ2

sfφ(t), hφ(t) + bφ2cφ3 − bφ3cφ2
aφ2bφ3

sfφ(t)− cφ3
bφ3

sgφ(t)
)
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for t ∈ R. The map F is continuous. Let us consider the following set:

M4e =
{
φ ∈ Q4e | t

φ−→ (aφ2t
2 + aφ1t, bφ3t

3 + bφ1t, cφ4t
4 + cφ1t)

}
.

We have F (0, φ) = φ and F (1, φ) ∈ M4e for all φ ∈ L4e. Thus, M4e is a

weak deformation retract of the space L4e. Define H : I ×M4e → M4e by

H(s, φ) = Hsφ, where

Hsφ(t) =
((

1− s+ 1
|aφ2|

s

)
fφ(t),

(
1− s+ 1

|bφ3|
s

)
gφ(t),

(
1− s+ 1

|cφ4|
s

)
hφ(t)

)

for t ∈ R. Note that H is continuous. Also, we have H(0, φ) = φ and

H(1, φ) ∈ N4e for all φ ∈ M4e (where N4e is as defined in Lemma 5.3.6).

Therefore, N4e is a weak deformation retract of the space M4e. Let us define

Γ : I ×N4e → N4e by Γ(s, φ) = Γsφ, where

Γsφ(t) =
(

e1t2+aφt, e2t3+(bφ+e2s |bφ|+e2s)t, e3t4+(cφ−2e1e3saφ |bφ|−2e1e3saφ)t
)

for t ∈ R. The map Γ is continuous. By Lemma 5.3.6, the spaceN4e is a union

of the following sets N1
4e, N2

4e and N3
4e. One can check that: (a) Γsφ ∈ N1

4e

for all (s, φ) ∈ (0, 1) × N1
4e; (b) Γsφ ∈ N2

4e for all (s, φ) ∈ (0, 1) × N2
4e; (c)

Γsφ ∈ N3
4e for all (s, φ) ∈ (0, 1) × N3

4e; (d) Γ0φ = φ and Γ1φ ∈ N1
4e for all

φ ∈ N4e. Thus, the image of Γ is in fact contained in N4e, and we have

Γ(0, φ) = φ and Γ(1, φ) ∈ N1
4e for all φ ∈ N4e. This shows that the space N1

4e

is a weak deformation retract of the space N4e. Define Λ : I ×N1
4e → N1

4e by

Λ(s, φ) = Λsφ, where

Λsφ(t) =
(
e1t

2 + (aφ − aφs)t, e2t
3 + (bφ − 2bφs+ bφs

2 + e2s)t, e3t
4 + (cφ − cφs)t

)

for t ∈ R. Note that the map Λ is continuous. Let φ0 be a fixed element in

Q4e which is given by t 7→ (e1t
2, e2t

3 + e2t, e3t
4). Note that Λ(0, φ) = φ and
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Λ(1, φ) = φ0 for all φ ∈ N1
4e. Therefore, the space N1

4e is contractible, and

hence by Lemma 5.3.7 and Remark 5.2, the space Q4e is also contractible.

For e = (e1, e2, e3) ∈ {−1, 1}3, let

Q5e = {φ ∈ Q5 | e1aφ3 > 0, e2bφ4 > 0 and e3cφ5 > 0} .

Note that the space Q5 is disjoint union of the spaces Q5e for e ∈ {−1, 1}3.

Proposition 5.3.9. For e = (e1, e2, e3) ∈ {−1, 1}3, let pe = e1e2e3. Then

we have the following:

(1) If pe = 1, then the space Q5e contains only one path component cor-

responding to the trefoil knot. Moreover, this path component is con-

tractible. The space Q5e does not contain any polynomial knot which

represent the mirror image of the trefoil.

(2) If pe = −1, then the space Q5e contains only one path component corre-

sponding to the mirror image of the trefoil. Moreover, this path compo-

nent is contractible. The space Q5e does not contain any polynomial knot

which represent the trefoil knot.

Proof. Let K3,4,5 be the space of all polynomial knots of the type

t 7→
(
t3 + a2t

2 + a1t, t
4 + b3t

3 + b2t
2 + b1t, t

5 + c4t
4 + c3t

3 + c2t
2 + c1t

)
.

By Proposition 4-9 in [27], we have the following:

(a) The space K3,4,5 contains only one path component which corresponds

to the trefoil knot. Moreover, this path component is contractible.

(b) The space K3,4,5 does not contain any polynomial knot which represent

the mirror image of the trefoil.
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For e ∈ {−1, 1}3, let F : Q5e → K3,4,5 and H : K3,4,5 → Q5e be the maps

given by

F (φ) =
(
fφ − aφ0

aφ3
,
gφ − bφ0

bφ4
,
hφ − cφ0

bφ5

)
and H(ψ) = (e1fψ, e2gψ, e3hψ) ,

for φ ∈ Q5e and ψ ∈ K3,4,5. It is easy to note the following statements:

(c) If pe = 1, then a polynomial knot φ ∈ Q5e represents the trefoil knot if

and only if the polynomial knot F (φ) ∈ K3,4,5 represents the same knot.

The space Q5e does not contain any polynomial knot which represent the

mirror image of the trefoil (since by the statement (b) above).

(d) If pe = −1, then a polynomial knot φ ∈ Q5e represents the mirror image

the trefoil if and only if the polynomial knot F (φ) ∈ K3,4,5 represents the

trefoil knot. The space Q5e does not contain any polynomial knot which

represent the trefoil knot (since by the statement (b) above).

Note that the map F ◦H is the identity map of K3,4,5. Also, it can be easily

checked that the map H ◦ F is homotopy equivalent to the identity map of

the space Q5e. Thus, we have the following:

(e) The space Q5e is homotopy equivalent to the space K3,4,5.

The statements (a), (c) and (e) together imply the statement (1) of the

proposition, while the statements (a), (d) and (e) imply the statement (2) of

the proposition.

Proposition 5.3.10. The space Q5 has exactly eight path components cor-

responding to the trefoil knot and its mirror image. Moreover, all these path

components are contractible.

Proof. Since the space Q5 is disjoint union of the spaces Q5e, for e ∈ {−1, 1}3,

the result follows immediately from Proposition 5.3.9.
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By Corollary 4.4.6, the space Q5 has at least eight path components cor-

responding to the unknot. Thus, we have an estimate as in Table 5.3.

Table 5.3: Number of path components of the space Q5

Sr.
No. Knot # of path components of Q5

corresponding to a knot
1. 01 at least 8
2. 31 and 3∗1 exactly 8 (all are contractible)
# of path components of Q5 at least 16

In Section 5.2, we gave the polynomial representations of the knots 01,

31 and 41. Note that all these representations are contained in O6. Thus,

using Remark 3.2, we can get polynomial representations of these knots (and

of their mirror images) which belong to Q6. Hence by Corollary 4.4.6 and

Corollary 4.4.8, we have the estimate as in Table 5.4.

Table 5.4: Number of path components of the space Q6

Sr.
No. Knot # of path components of Q6

corresponding to a knot
1. 01 at least 8
2. 31 and 3∗1 at least 8
3. 41 at least 8
# of path components of Q6 at least 24

In Section 5.2, we gave the polynomial representations of the knots 01,

31, 41, 51, 52, 61, 62, 63, 31#31, 31#3∗1 and 819 which are contained in O7.

Thus, by Remark 3.2, we can get representations of these knots (and of their

mirror images) which belong to Q7. Hence by Corollary 4.4.6 and Corollary

4.4.8, we have the estimate as in Table 5.5.
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Table 5.5: Number of path components of the space Q7

Sr.
No. Knot # of path components of Q7

corresponding to a knot
1. 01 at least 8
2. 31 and 3∗1 at least 8
3. 41 at least 8
4. 51 and 5∗1 at least 8
5. 52 and 5∗2 at least 8
6. 61 and 6∗1 at least 8
7. 62 and 6∗2 at least 8
8. 63 at least 8
9. 31#31 and 3∗1#3∗1 at least 8
10. 31#3∗1 at least 8
11. 819 and 8∗19 at least 8
# of path components of Q7 at least 88





Chapter 6

Conclusion

In this chapter, we summarize the thesis and discuss some problems and

observations that we encountered during the work. We also share some

thoughts in the direction of solving the problems that we discuss. This may

extend the thesis work in the positive direction. We proceed chapter wise in

the sequence.

In Chapter 3, we introduced the spaces Od, Pd and Qd, for d ≥ 3, consist-

ing of the polynomial knots of degree at most d with some extra conditions.

We proved that these spaces are homeomorphic to some semialgebraic sub-

sets of R3d and hence they have only finitely many path components. It will

strengthen the result if we can make a precise number or at least have some

estimate (in terms of d) on the number of path components.

In Section 4.1, we discussed the topology of the space Od, for d ≥ 3, and

proved that this space has the same homotopy type as S2. This, in particular,

says that the space Od is path connected. In Section 4.3, we showed that the

space Pd, for d ≥ 3, is path connected, but we could not infer its homotopy

type. It will be interesting to explore the homotopy type of this space. Our

impression is that this may be difficult in general, since we have to take care

of the conditions imposed on the degrees of the component polynomials of

89
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knots in Pd while constructing a suitable homotopy equivalence.

In Section 4.2, we discussed the space P of all polynomial knots with

respect to the inductive limit topology that comes from the stratification

P = ⋃
d≥3Od. We showed that this space has the same homotopy type as

S2. In particular, the space P is path connected. At this point, it is very

natural to ask what happens if we have some other topology on the set P of

all polynomial knots? For example, we can identify the set P with a subset

of R∞, and hence it has topologies τb and τp which comes from the box

topology and the product topology of R∞ respectively. Also, we can make P

into a metric space by extending the metric ρ (as defined in Section 3.1) on

Od, for d ≥ 3. Let us denote the corresponding topology by τm. It can be

easily checked that the topologies τb, τp and τm are weaker (coarser) than the

inductive limit topology that is defined in Section 4.2. Therefore, the maps

Λ and H (as defined in the proof of Theorem 4.2.1) are also continuous with

respect to each of the topologies τb, τp and τm. Furthermore, one can check

that the map Γ is continuous with respect to all these topologies. Hence by

looking at the proof of Theorem 4.2.1, it becomes trivial that the space of all

polynomial knots with respect any of the topologies τb, τp and τm also has the

same homotopy type as S2.

In [35], Mishra proved that if two polynomial knots are topologically

equivalent, then there is an isotopy through polynomial knots which connects

them. The converse of this statement is not true. In fact, in Section 4.2,

we showed that every polynomial knot is isotopic to some linear knot (an

unknot) by a smooth isotopy through polynomial knots. In other words,

every polynomial knot can be connected to a linear knot by a smooth path

in the space of all polynomial knots. The same is true for the space Od,

for d ≥ 3. More precisely, every polynomial knot in Od, can be connected

to a linear knot by a smooth path in Od. This type of path rolls a given



91

polynomial knot to the infinity and unravels it up to make it into an unknot

(see Theorem 4.2.4 and Example 4.1). Also, in this context, we have the

following interesting question:

Question 6.1. Given two polynomial knots in Od, does there exist a smooth

path in Od (or in P) which connects them?

For example, if φ and ψ are polynomial knots in Od which represent the

knots 31 and 41 respectively, then it is not known whether there exists a

smooth path in Od (or in P) that connects these polynomial knots. We guess

in general that the answer to the Question 6.1 is probably yes. However, in

general, it will be difficult to find an explicit path in Od which is smooth.

One way to obtain a path in Od is as follows: Let φ and ψ be polynomial

knots in Od, then by Corollary 4.2.5, there exist smooth paths F : I → Od

and G : I → Od such that F (0) = φ and G(0) = ψ, and the knots σ = F (1)

and τ = G(1) are linear. Also, is it easy to find a smooth path H : I → Od

such that H(0) = σ and H(1) = τ . Thus, by concatenating the paths F , G

and H (or the reverse paths if necessary) in the appropriate order, we can

get a new path Ω : I → Od such that Ω(0) = φ, Ω(1/3) = σ, Ω(2/3) = τ and

Ω(1) = ψ. The path Ω is smooth except possibly at s = 1/3 and s = 2/3,

where it may have singularities. Note that φ and ψ may not be the interior

points of Od. Therefore, it may be impossible to remove the singularities and

get a smooth path in Od which connects the given knots φ and ψ. Thus, to

answer Question 6.1, we will have to try another way of finding a smooth

path. Other question that goes parallel to the earlier one is the following:

Question 6.2. Given two polynomial knots, does there exist a smooth iso-

topy through polynomial knots which connects them?

In Section 4.4, we discussed the path equivalence in Qd, for d ≥ 3. We

proved that if two polynomial knots are path equivalent in Qd, then they are
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topologically equivalent. In other words, two polynomial knots which repre-

sent two distinct knot-types cannot belong to the same path component of

the space Qd. Furthermore, we observed that the number of path components

in Qd corresponding to a given knot-type are at least eight. However, it is

not known that for some d ≥ 3, are there more than eight path components

in Qd corresponding to some knot-type? Also, it will be interesting to explore

whether the path components of the interiors of the spaces Od and Pd are in

one-to-one correspondence with the knot-types that can be represented there?

In Section 5.1, we conjectured that each of the knots 52, 61, 62 and 63

cannot be represented by a polynomial knot in degree 6 (see Conjecture 5.1).

One approach towards proving this conjecture is by looking at the path com-

ponents of the space Q6. If one can show that all the path components of Q6

are occupied by the knots 01, 31 and 41, then there will be no place for the

knots 52, 61, 62 and 63 in Q6 (since two topologically different knots cannot

belong to the same path component of this space). This could be done by

using some algorithms in real semialgebraic geometry (for example, see [38]).

Another possible way to prove Conjecture 5.1 is by finding superbridge index

of the knots 52, 61, 62 and 63. In [6], Jeon and Jin proved that no knots other

than 31, 41, 52, 61, 62, 63, 72, 73, 74, 84, 87 and 89 have superbridge index

3. Out of these knots, the knots 31 and 41 are known to have superbridge

index 3. However, the superbridge indices are not known for the remaining

knots in the list and it is conjectured that each one has superbridge index 4.

If one could prove this fact, then the knots 52, 61, 62 and 63 each will have

superbridge index 4, and thus by Proposition 2.2.4, none of them will have

a polynomial representation in degree 6.

In Section 5.3, we showed that the spaces Q3 and Q4 have exactly eight

path components, and all the path components of these spaces are con-

tractible. We also showed that the space Q5 has exactly eight path com-
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ponents corresponding to the trefoil knot and its mirror image. Moreover,

all these path components are contractible. Note that the unknot also has

a polynomial representation in Q5 (in fact, in each Qd for d ≥ 3), but the

homotopy type of the path components of Q5 that correspond to the unknot

cannot be predicted using the arguments known thus far. This is a natural

question to think about in future. In general, it will be interesting to find

the exact number of path components of Qd, for d ≥ 5, and explore their

homotopy type.

We may study some more spaces of polynomial knots and try to look

into their topology. For instance, we can study the space of all polynomial

knots t 7→ (f(t), g(t), h(t)) such that deg(f) ≤ d − 2, deg(g) ≤ d − 1 and

deg(h) = d, or the space of all polynomial knots t 7→ (x(t), y(t), z(t)) with

deg(x) < deg(y) < deg(z) = d.





Appendix A

Mathematica Programs

A.1 A representations of the knot 52

x@t_D := 20 Ht + 21L Ht + 15L Ht - 10L Ht - 17L
y@t_D := t Ht^2 - 400L Ht^2 - 121L

88X<< = 8Coefficient@x@tD, 8t, t^2, t^3, t^4<D<.

881<, 8t + s<, 8t^2 + t * s + s^2<, 8t^3 + t^2 * s + t * s^2 + s^3<<;

88Y<< = 8Coefficient@y@tD, 8t, t^2, t^3, t^4, t^5<D<.881<, 8t + s<, 8t^2 + t * s + s^2<,

8t^3 + t^2 * s + t * s^2 + s^3<, 8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<<;

8res< = Resultant@8X<, 8Y<, sD;

ParametricPlot@8x@tD, y@tD<, 8t, -21.5, 20.7<, PlotStyle ® 8Black, Thick<D
NRoots@res == 0, tD

Out[6]=
-200 000 200 000 400 000 600 000 800 000 1.0 ´ 10

6
1.2 ´ 10

6

-400 000

-200 000

200 000

Out[7]= t � -21.1177 ÈÈ t � -20.5265 - 8.76032 ä ÈÈ t � -20.5265 + 8.76032 ä ÈÈ
t � -20.0295 ÈÈ t � -13.0399 ÈÈ t � -9.36786 ÈÈ t � 1.42386 ÈÈ
t � 8.18931 ÈÈ t � 11.0978 ÈÈ t � 17.0984 ÈÈ t � 19.5147 ÈÈ t � 20.2841

95
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8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10< =

8-21.11773825223018, -20.029544134693722, -13.039942915734427,

-9.36785809566816, 1.4238551323911735, 8.189311078461055, 11.097757990448363,

17.09842176712548, 19.514665718414086, 20.284064224766038<;

8a1, a2, a3, a4, a5< = 8c1, c2, c3, c4, c5<;

8b1, b2, b3, b4, b5< = 8c8, c7, c6, c9, c10<;

r1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

r2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

r3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

r4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

r5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

d = 88-100 000<, 8100 000<, 8-60 000<, 860 000<, 8-60 000<<; m = 8r1, r2, r3, r4, r5<;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; u = LinearSolve@m, dD; 88z<< = v.u;

Factor@zD

0.00536386 t H-20.1133 + 1. tL H-14.2601 + 1. tL
H12.243 + 1. tL H20.5786 + 1. tL I0.0107598 - 0.0343124 t + 1. t

2M
In[1]:= f@t_D := 20 H-17 + tL H-10 + tL H15 + tL H21 + tL

g@t_D := t I-400 + t
2M I-121 + t

2M
h@t_D := -0.005 t H-20.1133216 + tL H-14.260128 + tL

H12.2430449 + tL H20.5785825 + tL I0.0107598 - 0.0343124 t + t
2M

ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -24, 20.6<, PlotStyle ® 8Tube@30 000D<D

2     knot5_2.nb
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A.2 A representation of the knot 61

In[34]:= x@t_D := 100 H-43.4 + tL H-28 + tL H5 + tL H31.4 + tL H47.6 + tL
y@t_D := H-49 + tL H-38 + tL H-8 + tL H-6 + tL H28 + tL H43.6 + tL

88X<< = 8Coefficient@x@tD, 8t, t^2, t^3, t^4, t^5<D<.881<, 8t + s<, 8t^2 + t * s + s^2<,

8t^3 + t^2 * s + t * s^2 + s^3<, 8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<<;

88Y<< = 8Coefficient@y@tD, 8t, t^2, t^3, t^4, t^5, t^6<D<.

881<, 8t + s<, 8t^2 + t * s + s^2<, 8t^3 + t^2 * s + t * s^2 + s^3<,

8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<,

8t^5 + t^4 * s + t^3 * s^2 + t^2 * s^3 + t * s^4 + s^5<<;

8res< = Resultant@8X<, 8Y<, sD;

ParametricPlot@8x@tD, y@tD<, 8t, -45.4, 46.4<, PlotStyle ® 8Black, Thick<D
NRoots@res == 0, tD

Out[39]=

-1.5 ´ 10
9

-1.0 ´ 10
9

-5.0 ´ 10
8

5.0 ´ 10
8

1.0 ´ 10
9

1.5 ´ 10
9

2.0 ´ 10
9

-6 ´ 10
8

-4 ´ 10
8

-2 ´ 10
8

2 ´ 10
8

4 ´ 10
8

6 ´ 10
8

Out[40]= t � -52.165 - 22.4355 ä ÈÈ t � -52.165 + 22.4355 ä ÈÈ t � -44.6124 ÈÈ t � -43.8297 ÈÈ
t � -42.6396 ÈÈ t � -30.3859 ÈÈ t � -25.1773 ÈÈ t � -19.2377 - 17.6343 ä ÈÈ
t � -19.2377 + 17.6343 ä ÈÈ t � -6.50511 ÈÈ t � 1.34637 ÈÈ t � 7.91131 - 8.93809 ä ÈÈ
t � 7.91131 + 8.93809 ä ÈÈ t � 23.4849 ÈÈ t � 29.1728 ÈÈ t � 33.0062 ÈÈ
t � 43.0069 ÈÈ t � 45.4301 ÈÈ t � 47.1427 - 0.906303 ä ÈÈ t � 47.1427 + 0.906303 ä

In[41]:= 8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-44.612370619788685, -43.82970755399989, -42.63955548439335, -30.38594129886014,

-25.17730566355526, -6.505105662667016, 1.346365109682458, 23.484924352213127,

29.172757565486513, 33.00624466339479, 43.0069479270461, 45.43009343522182<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c4, c5, c6<;

8b1, b2, b3, b4, b5, b6< = 8c8, c7, c12, c11, c10, c9<;

r1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

r2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

r3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

r4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

r5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

r6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

n = 8r1, r2, r3, r4, r5<; w = LinearSolve@Transpose@nD, Transpose@8r6<DD;

88200 000 000, -200 000 000, 200 000 000, -130 000 000, 170 000 000<<.w

Out[51]= 99-3.97937 ´ 10
8==

In[52]:= d = Transpose@88200 000 000, -200 000 000,

200 000 000, -130 000 000, 170 000 000, -397 937 039.8156442<<D;

m = 8r1, r2, r3, r4, r5, r6<; u = LinearSolve@m, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@1.5 z + x@tDD

Out[55]= -0.126854 H-45.995 + 1. tL H5.23102 + 1. tL H19.0366 + 1. tL
I758.764 - 54.4651 t + 1. t

2M I2059.95 + 90.482 t + 1. t
2M

In[56]:= f@t_D := 60 H-43.4 + tL H-28 + tL H5 + tL H31.4 + tL H47.6+ tL
g@t_D := H-49 + tL H-38 + tL H-8 + tL H-6 + tL H28 + tL H43.6 + tL
h@t_D := -0.07 H-45.995024874 + tL H5.231021635+ tL H19.036560084+ tL

I758.763745443- 54.4650519227 t + t
2M I2059.948386689+ 90.4819595699 t + t

2M

ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -45.4, 46.4<, PlotStyle ® 8Tube@50 000 000D<D

2     knot6_1.nb
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In[41]:= 8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-44.612370619788685, -43.82970755399989, -42.63955548439335, -30.38594129886014,

-25.17730566355526, -6.505105662667016, 1.346365109682458, 23.484924352213127,

29.172757565486513, 33.00624466339479, 43.0069479270461, 45.43009343522182<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c4, c5, c6<;

8b1, b2, b3, b4, b5, b6< = 8c8, c7, c12, c11, c10, c9<;

r1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

r2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

r3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

r4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

r5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

r6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

n = 8r1, r2, r3, r4, r5<; w = LinearSolve@Transpose@nD, Transpose@8r6<DD;

88200 000 000, -200 000 000, 200 000 000, -130 000 000, 170 000 000<<.w

Out[51]= 99-3.97937 ´ 10
8==

In[52]:= d = Transpose@88200 000 000, -200 000 000,

200 000 000, -130 000 000, 170 000 000, -397 937 039.8156442<<D;

m = 8r1, r2, r3, r4, r5, r6<; u = LinearSolve@m, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@1.5 z + x@tDD

Out[55]= -0.126854 H-45.995 + 1. tL H5.23102 + 1. tL H19.0366 + 1. tL
I758.764 - 54.4651 t + 1. t

2M I2059.95 + 90.482 t + 1. t
2M

In[56]:= f@t_D := 60 H-43.4 + tL H-28 + tL H5 + tL H31.4 + tL H47.6+ tL
g@t_D := H-49 + tL H-38 + tL H-8 + tL H-6 + tL H28 + tL H43.6 + tL
h@t_D := -0.07 H-45.995024874 + tL H5.231021635+ tL H19.036560084+ tL

I758.763745443- 54.4650519227 t + t
2M I2059.948386689+ 90.4819595699 t + t

2M

ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -45.4, 46.4<, PlotStyle ® 8Tube@50 000 000D<D

2     knot6_1.nb
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A.3 A representation of the knot 62

x@t_D := 4 Ht + 35L Ht - 5L Ht - 39L Ht^2 - 625L
y@t_D := 0.1 Ht + 41L Ht + 25L Ht + 20L Ht - 10L Ht - 30L Ht - 39L

88X<< = 8Coefficient@x@tD, 8t, t^2, t^3, t^4, t^5<D<.881<, 8t + s<, 8t^2 + t * s + s^2<,

8t^3 + t^2 * s + t * s^2 + s^3<, 8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<<;

88Y<< = 8Coefficient@y@tD, 8t, t^2, t^3, t^4, t^5, t^6<D<.

881<, 8t + s<, 8t^2 + t * s + s^2<, 8t^3 + t^2 * s + t * s^2 + s^3<,

8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<,

8t^5 + t^4 * s + t^3 * s^2 + t^2 * s^3 + t * s^4 + s^5<<;

8res< = Resultant@8X<, 8Y<, sD;

ParametricPlot@8x@tD, y@tD<, 8t, -39, 41.3<, PlotStyle ® 8Black, Thick<D
NRoots@res == 0, tD

-5 ´ 10
7

-4 ´ 10
7

-3 ´ 10
7

-2 ´ 10
7

-1 ´ 10
7

1 ´ 10
7

2 ´ 10
7

-2 ´ 10
7

-1 ´ 10
7

1 ´ 10
7

2 ´ 10
7

t � -38.3941 ÈÈ t � -37.5234 - 0.459148 ä ÈÈ t � -37.5234 + 0.459148 ä ÈÈ
t � -35.9793 ÈÈ t � -28.1103 ÈÈ t � -25. ÈÈ t � -21.1594 ÈÈ t � -10.9137 ÈÈ
t � -4.69515 - 3.84229 ä ÈÈ t � -4.69515 + 3.84229 ä ÈÈ t � 2.61871 ÈÈ t � 8.44009 ÈÈ
t � 16.8484 ÈÈ t � 29.7593 ÈÈ t � 35.5074 - 2.95225 ä ÈÈ t � 35.5074 + 2.95225 ä ÈÈ
t � 35.8207 - 4.46467 ä ÈÈ t � 35.8207 + 4.46467 ä ÈÈ t � 39. ÈÈ t � 40.6711

8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-38.394059300190634, -35.97930636830068, -28.110345818548993, -25.00000000000564,

-21.159364062658817, -10.913696119313041, 2.6187143001569955, 8.440093883189082,

16.8484499437119, 29.759340223727147, 38.999999999981554, 40.67109439932582<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c4, c5, c9<;

8b1, b2, b3, b4, b5, b6< = 8c6, c7, c8, c11, c10, c12<;

q1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

q2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

q3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

q4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

q5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

q6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

m = 8q1, q2, q3, q4, q5<; w = LinearSolve@Transpose@mD, Transpose@8q6<DD ;

8810^7, -10^7, 4 * 10^6, -4 * 10^6, 4 * 10^6<<.w

994.5428 ´ 10
6==

d = Transpose@8810^7, -10^7, 4 * 10^6, -4 * 10^6, 4 * 10^6, 4 542 795.994769199<<D;

n = 8q1, q2, q3, q4, q5, q6<; u = LinearSolve@n, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@zD
-0.00468148 t H-39.8754 + 1. tL H-27.4156 + 1. tL

H28.4369 + 1. tL H37.2557 + 1. tL I0.00242388 - 0.00542949 t + 1. t
2M

f@t_D := 4 H-39 + tL H-5 + tL H35 + tL I-625 + t
2M

g@t_D := 0.1 H-39 + tL H-30 + tL H-10 + tL H20 + tL H25 + tL H41 + tL
h@t_D := 0.005 t H-39.8753791 + tL H-27.4156408 + tL

H28.436878 + tL H37.25572585 + tL I0.002423881 - 0.005429486 t + t
2M

ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -39, 41.3<, PlotStyle ® 8Tube@1.5 * 10^6D<D

2     knot6_2.nb
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8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-38.394059300190634, -35.97930636830068, -28.110345818548993, -25.00000000000564,

-21.159364062658817, -10.913696119313041, 2.6187143001569955, 8.440093883189082,

16.8484499437119, 29.759340223727147, 38.999999999981554, 40.67109439932582<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c4, c5, c9<;

8b1, b2, b3, b4, b5, b6< = 8c6, c7, c8, c11, c10, c12<;

q1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

q2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

q3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

q4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

q5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

q6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

m = 8q1, q2, q3, q4, q5<; w = LinearSolve@Transpose@mD, Transpose@8q6<DD ;

8810^7, -10^7, 4 * 10^6, -4 * 10^6, 4 * 10^6<<.w

994.5428 ´ 10
6==

d = Transpose@8810^7, -10^7, 4 * 10^6, -4 * 10^6, 4 * 10^6, 4 542 795.994769199<<D;

n = 8q1, q2, q3, q4, q5, q6<; u = LinearSolve@n, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@zD
-0.00468148 t H-39.8754 + 1. tL H-27.4156 + 1. tL

H28.4369 + 1. tL H37.2557 + 1. tL I0.00242388 - 0.00542949 t + 1. t
2M

f@t_D := 4 H-39 + tL H-5 + tL H35 + tL I-625 + t
2M

g@t_D := 0.1 H-39 + tL H-30 + tL H-10 + tL H20 + tL H25 + tL H41 + tL
h@t_D := 0.005 t H-39.8753791 + tL H-27.4156408 + tL

H28.436878 + tL H37.25572585 + tL I0.002423881 - 0.005429486 t + t
2M

ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -39, 41.3<, PlotStyle ® 8Tube@1.5 * 10^6D<D

2     knot6_2.nb
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A.4 A representation of the knot 63

x@t_D := 20 H-29 + tL H-20 + tL H10 + tL H30 + tL^2

y@t_D := H-32 + tL H-6 + tL H4 + tL H30 + tL H-400 + t^2L

88X<< = 8Coefficient@x@tD, 8t, t^2, t^3, t^4, t^5<D<.881<, 8t + s<, 8t^2 + t * s + s^2<,

8t^3 + t^2 * s + t * s^2 + s^3<, 8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<<;

88Y<< = 8Coefficient@y@tD, 8t, t^2, t^3, t^4, t^5, t^6<D<.

881<, 8t + s<, 8t^2 + t * s + s^2<, 8t^3 + t^2 * s + t * s^2 + s^3<,

8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<,

8t^5 + t^4 * s + t^3 * s^2 + t^2 * s^3 + t * s^4 + s^5<<;

8res< = Resultant@8X<, 8Y<, sD;

ParametricPlot@8x@tD, y@tD<, 8t, -31.1, 32.4<, PlotStyle ® 8Black, Thick<D
NRoots@res == 0, tD

5 ´ 10
7

1 ´ 10
8

-6 ´ 10
7

-4 ´ 10
7

-2 ´ 10
7

2 ´ 10
7

4 ´ 10
7

t � -41.818 - 19.1454 ä ÈÈ t � -41.818 + 19.1454 ä ÈÈ t � -30.7288 ÈÈ t � -30. ÈÈ
t � -26.8837 - 2.51139 ä ÈÈ t � -26.8837 + 2.51139 ä ÈÈ t � -22.6519 ÈÈ
t � -18.1224 - 20.0177 ä ÈÈ t � -18.1224 + 20.0177 ä ÈÈ t � -10.0715 ÈÈ t � -7.25308 ÈÈ
t � -0.240482 ÈÈ t � 8.41888 ÈÈ t � 18.0206 ÈÈ t � 20. ÈÈ t � 22.6092 ÈÈ
t � 28.7848 - 0.569203 ä ÈÈ t � 28.7848 + 0.569203 ä ÈÈ t � 31.739 ÈÈ t � 32.2368

8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-30.72877916248007, -29.999999999974946, -22.651937287862193,

-10.071488974838084, -7.253082041836597, -0.24048226174477072,

8.418879029241214, 18.0205707137901, 20.0000000000009,

22.60921542713383, 31.739005302303298, 32.23681523039284<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c5, c6, c7<;

8b1, b2, b3, b4, b5, b6< = 8c4, c9, c10, c8, c11, c12<;

q1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

q2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

q3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

q4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

q5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

q6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

m = 8q1, q2, q3, q5, q6<; w = LinearSolve@Transpose@mD, Transpose@8 q4<DD;

885 * 10^6, -5 * 10^6, 10^7, -2.25 * 10^7, 2.25 * 10^7<<.w

995.06934 ´ 10
6==

d = Transpose@
885 * 10^6, -5 * 10^6, 10^7, 5 069 338.326090865, -2.25 * 10^7, 2.25 * 10^7<<D;

n = 8q1, q2, q3, q4, q5, q6<; u = LinearSolve@n, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@z + x@tDD

-0.060283 H-33.329 + 1. tL I376.738 - 37.8892 t + 1. t
2M

I144.276 + 21.4044 t + 1. t
2M I955.986 + 61.5665 t + 1. t

2M
f@t_D := 15 H-29 + tL H-20 + tL H10 + tL H30 + tL2

g@t_D := H-32 + tL H-6 + tL H4 + tL H30 + tL I-400 + t
2M

h@t_D := -0.06 H-33.329044815 + tL I376.737563885 - 37.8892469397 t + t
2M

I144.275534095 + 21.404400212 t + t
2M I955.985733648+ 61.56649851 t + t

2M
ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -31.3, 32.7<, PlotStyle ® 8Tube@3 * 10^6D<D

2     knot6_3.nb
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8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-30.72877916248007, -29.999999999974946, -22.651937287862193,

-10.071488974838084, -7.253082041836597, -0.24048226174477072,

8.418879029241214, 18.0205707137901, 20.0000000000009,

22.60921542713383, 31.739005302303298, 32.23681523039284<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c5, c6, c7<;

8b1, b2, b3, b4, b5, b6< = 8c4, c9, c10, c8, c11, c12<;

q1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

q2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

q3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

q4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

q5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

q6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

m = 8q1, q2, q3, q5, q6<; w = LinearSolve@Transpose@mD, Transpose@8 q4<DD;

885 * 10^6, -5 * 10^6, 10^7, -2.25 * 10^7, 2.25 * 10^7<<.w

995.06934 ´ 10
6==

d = Transpose@
885 * 10^6, -5 * 10^6, 10^7, 5 069 338.326090865, -2.25 * 10^7, 2.25 * 10^7<<D;

n = 8q1, q2, q3, q4, q5, q6<; u = LinearSolve@n, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@z + x@tDD

-0.060283 H-33.329 + 1. tL I376.738 - 37.8892 t + 1. t
2M

I144.276 + 21.4044 t + 1. t
2M I955.986 + 61.5665 t + 1. t

2M
f@t_D := 15 H-29 + tL H-20 + tL H10 + tL H30 + tL2

g@t_D := H-32 + tL H-6 + tL H4 + tL H30 + tL I-400 + t
2M

h@t_D := -0.06 H-33.329044815 + tL I376.737563885 - 37.8892469397 t + t
2M

I144.275534095 + 21.404400212 t + t
2M I955.985733648+ 61.56649851 t + t

2M
ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -31.3, 32.7<, PlotStyle ® 8Tube@3 * 10^6D<D
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A.5 A representation of the knot 31#31

x@t_D := 5 t I77.3 - 17.5 t + t
2M I77.3 + 17.5 t + t

2M
y@t_D := H-10.1^2 + t^2L H-7.3^2 + t^2L H-2.2^2 + t^2L

88X<< = 8Coefficient@x@tD, 8t, t^2, t^3, t^4, t^5<D<.881<, 8t + s<, 8t^2 + t * s + s^2<,

8t^3 + t^2 * s + t * s^2 + s^3<, 8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<<;

88Y<< = 8Coefficient@y@tD, 8t, t^2, t^3, t^4, t^5, t^6<D<.

881<, 8t + s<, 8t^2 + t * s + s^2<, 8t^3 + t^2 * s + t * s^2 + s^3<,

8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<,

8t^5 + t^4 * s + t^3 * s^2 + t^2 * s^3 + t * s^4 + s^5<<;

8res< = Resultant@8X<, 8Y<, sD;

ParametricPlot@8x@tD, y@tD<, 8t, -10.55, 10.55<, PlotStyle ® 8Black, Thick<D
NRoots@res == 0, tD

-50 000 50 000

-40 000

-20 000

20 000

40 000

t � -10.4627 ÈÈ t � -9.88822 ÈÈ t � -9.1468 - 0.871953 ä ÈÈ t � -9.1468 + 0.871953 ä ÈÈ
t � -8.75 - 0.858778 ä ÈÈ t � -8.75 + 0.858778 ä ÈÈ t � -8.02489 ÈÈ
t � -4.92721 ÈÈ t � -1.21645 ÈÈ t � -0.481499 ÈÈ t � 0.481499 ÈÈ t � 1.21645 ÈÈ
t � 4.92721 ÈÈ t � 8.02489 ÈÈ t � 8.75 - 0.858778 ä ÈÈ t � 8.75 + 0.858778 ä ÈÈ
t � 9.1468 - 0.871953 ä ÈÈ t � 9.1468 + 0.871953 ä ÈÈ t � 9.88822 ÈÈ t � 10.4627

8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-10.462689786449586, -9.888216508786305, -8.024893362737378, -4.927208785673205,

-1.2164458079580254, -0.4814986323142994, 0.4814986323142994, 1.2164458079580254,

4.9272087856732085, 8.024893362738313, 9.888216508786323, 10.462689786449582<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c7, c8, c9<;

8b1, b2, b3, b4, b5, b6< = 8c4, c5, c6, c10, c11, c12<;

r1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

r2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

r3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

r4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

r5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

r6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

n = 8r1, r2, r3, r4, r5<; w = LinearSolve@Transpose@nD, Transpose@8r6<DD;

8810 000, -10 000, 10 000, 10 000, -10 000<<.w

8810 000.<<
d = Transpose@8810 000, -10 000, 10 000, 10 000, -10 000, 9999.999999941221<<D;

m = 8r1, r2, r3, r4, r5, r6<; u = LinearSolve@m, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@zD
-0.149218 t H-9.98476 + 1. tL H-8.25331 + 1. tL

H8.25331 + 1. tL H9.98476 + 1. tL I0.0253677 - 8.75601 ´ 10
-14

t + 1. t
2M

f@t_D := 5 t I77.3- 17.5 t + t
2M I77.3 + 17.5 t + t

2M
g@t_D := I-102.01 + t

2M I-53.29 + t
2M I-4.84 + t

2M
h@t_D := -0.15 t I-99.695462027 + t

2M I-68.11720396 + t
2M I0.025367747 + t

2M

ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -10.55, 10.55<, PlotStyle ® 8Tube@3000D<D

2     knot3_1+3_1.nb
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8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-10.462689786449586, -9.888216508786305, -8.024893362737378, -4.927208785673205,

-1.2164458079580254, -0.4814986323142994, 0.4814986323142994, 1.2164458079580254,

4.9272087856732085, 8.024893362738313, 9.888216508786323, 10.462689786449582<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c7, c8, c9<;

8b1, b2, b3, b4, b5, b6< = 8c4, c5, c6, c10, c11, c12<;

r1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

r2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

r3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

r4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

r5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

r6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

n = 8r1, r2, r3, r4, r5<; w = LinearSolve@Transpose@nD, Transpose@8r6<DD;

8810 000, -10 000, 10 000, 10 000, -10 000<<.w

8810 000.<<
d = Transpose@8810 000, -10 000, 10 000, 10 000, -10 000, 9999.999999941221<<D;

m = 8r1, r2, r3, r4, r5, r6<; u = LinearSolve@m, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@zD
-0.149218 t H-9.98476 + 1. tL H-8.25331 + 1. tL

H8.25331 + 1. tL H9.98476 + 1. tL I0.0253677 - 8.75601 ´ 10
-14

t + 1. t
2M

f@t_D := 5 t I77.3- 17.5 t + t
2M I77.3 + 17.5 t + t

2M
g@t_D := I-102.01 + t

2M I-53.29 + t
2M I-4.84 + t

2M
h@t_D := -0.15 t I-99.695462027 + t

2M I-68.11720396 + t
2M I0.025367747 + t

2M

ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -10.55, 10.55<, PlotStyle ® 8Tube@3000D<D

2     knot3_1+3_1.nb
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A.6 A representation of the knot 31#3∗1

In[34]:= x@t_D := 30 H-32.5 + tL H-21.3 + tL H-3.3 + tL H16.2+ tL H28 + tL
y@t_D := H-34 + tL H-23 + tL H-6.8 + tL H12 + tL H21.7+ tL H33.1+ tL

88X<< = 8Coefficient@x@tD, 8t, t^2, t^3, t^4, t^5<D<.881<, 8t + s<, 8t^2 + t * s + s^2<,

8t^3 + t^2 * s + t * s^2 + s^3<, 8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<<;

88Y<< = 8Coefficient@y@tD, 8t, t^2, t^3, t^4, t^5, t^6<D<.

881<, 8t + s<, 8t^2 + t * s + s^2<, 8t^3 + t^2 * s + t * s^2 + s^3<,

8t^4 + t^3 * s + t^2 * s^2 + t * s^3 + s^4<,

8t^5 + t^4 * s + t^3 * s^2 + t^2 * s^3 + t * s^4 + s^5<<;

8res< = Resultant@8X<, 8Y<, sD;

ParametricPlot@8x@tD, y@tD<, 8t, -29.8, 34.5<, PlotStyle ® 8Black, Thick<D
NRoots@N@resD == 0, tD

Out[39]=

-5 ´ 10
7

5 ´ 10
7

-8 ´ 10
7

-6 ´ 10
7

-4 ´ 10
7

-2 ´ 10
7

2 ´ 10
7

4 ´ 10
7

6 ´ 10
7

Out[40]= t � -29.4334 - 0.642336 ä ÈÈ t � -29.4334 + 0.642336 ä ÈÈ t � -29.2862 ÈÈ t � -27.9464 ÈÈ
t � -21.2574 ÈÈ t � -19.549 ÈÈ t � -15.682 ÈÈ t � -2.00257 - 4.09262 ä ÈÈ
t � -2.00257 + 4.09262 ä ÈÈ t � -1.98026 ÈÈ t � 6.34472 - 6.68474 ä ÈÈ
t � 6.34472 + 6.68474 ä ÈÈ t � 8.18692 ÈÈ t � 21.8758 ÈÈ t � 25.9478 ÈÈ t � 26.6674 ÈÈ
t � 32.5602 ÈÈ t � 34.064 ÈÈ t � 34.0909 - 1.45431 ä ÈÈ t � 34.0909 + 1.45431 ä

8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-29.286231462142837, -27.946357909173386, -21.25744461940997,

-19.549037204110213, -15.682027791559056, -1.9802583986743842,

8.186921456677068, 21.87581287082495, 25.947783314268374,

26.667395058578226, 32.56023844415642, 34.06397022774709<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c4, c5, c6<;

8b1, b2, b3, b4, b5, b6< = 8c10, c11, c12, c7, c8, c9<;

r1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

r2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

r3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

r4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

r5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

r6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

n = 8r1, r2, r3, r4, r5<; w = LinearSolve@Transpose@nD, Transpose@8r6<DD;

88-2 * 10^7, 2 * 10^7, -2 * 10^7, 1.8 * 10^7, -1.8 * 10^7<<.w

991.82154 ´ 10
7==

d = Transpose@
88-2 * 10^7, 2 * 10^7, -2 * 10^7, 1.8 * 10^7, -1.8 * 10^7, 18 215 443.132480267<<D;

m = 8r1, r2, r3, r4, r5, r6<; u = LinearSolve@m, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@zD
0.0393543 t H-32.8074 + 1. tL H-24.2097 + 1. tL

H15.2573 + 1. tL H28.2892 + 1. tL I0.00437177 - 0.00820683 t + 1. t
2M

f@t_D := 30 H-32.5 + tL H-21.3 + tL H-3.3 + tL H16.2 + tL H28 + tL
g@t_D := H-34 + tL H-23 + tL H-6.8 + tL H12 + tL H21.7 + tL H33.1 + tL
h@t_D := -0.03 t Ht + 28.289226L Ht + 15.257278L

Ht - 24.209735L Ht - 32.807367L I0.0043718 - 0.0082068 t + t
2M

ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -30, 34.6<, PlotStyle ® 8Tube@5 * 10^6D<D

2     knot3_1-3_1.nb
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8c1, c2, c3, c4, c5, c6, c7, c8, c9, c10, c11, c12< =

8-29.286231462142837, -27.946357909173386, -21.25744461940997,

-19.549037204110213, -15.682027791559056, -1.9802583986743842,

8.186921456677068, 21.87581287082495, 25.947783314268374,

26.667395058578226, 32.56023844415642, 34.06397022774709<;

8a1, a2, a3, a4, a5, a6< = 8c1, c2, c3, c4, c5, c6<;

8b1, b2, b3, b4, b5, b6< = 8c10, c11, c12, c7, c8, c9<;

r1 = 8a1^7 - b1^7, a1^6 - b1^6,

a1^5 - b1^5, a1^4 - b1^4, a1^3 - b1^3, a1^2 - b1^2, a1 - b1<;

r2 = 8a2^7 - b2^7, a2^6 - b2^6, a2^5 - b2^5, a2^4 - b2^4,

a2^3 - b2^3, a2^2 - b2^2, a2 - b2<;

r3 = 8a3^7 - b3^7, a3^6 - b3^6, a3^5 - b3^5, a3^4 - b3^4,

a3^3 - b3^3, a3^2 - b3^2, a3 - b3<;

r4 = 8a4^7 - b4^7, a4^6 - b4^6, a4^5 - b4^5, a4^4 - b4^4,

a4^3 - b4^3, a4^2 - b4^2, a4 - b4<;

r5 = 8a5^7 - b5^7, a5^6 - b5^6, a5^5 - b5^5, a5^4 - b5^4,

a5^3 - b5^3, a5^2 - b5^2, a5 - b5<;

r6 = 8a6^7 - b6^7, a6^6 - b6^6, a6^5 - b6^5, a6^4 - b6^4,

a6^3 - b6^3, a6^2 - b6^2, a6 - b6<;

n = 8r1, r2, r3, r4, r5<; w = LinearSolve@Transpose@nD, Transpose@8r6<DD;

88-2 * 10^7, 2 * 10^7, -2 * 10^7, 1.8 * 10^7, -1.8 * 10^7<<.w

991.82154 ´ 10
7==

d = Transpose@
88-2 * 10^7, 2 * 10^7, -2 * 10^7, 1.8 * 10^7, -1.8 * 10^7, 18 215 443.132480267<<D;

m = 8r1, r2, r3, r4, r5, r6<; u = LinearSolve@m, dD;

v = 88t^7, t^6, t^5, t^4, t^3, t^2, t<<; 88z<< = v.u;

Factor@zD
0.0393543 t H-32.8074 + 1. tL H-24.2097 + 1. tL

H15.2573 + 1. tL H28.2892 + 1. tL I0.00437177 - 0.00820683 t + 1. t
2M

f@t_D := 30 H-32.5 + tL H-21.3 + tL H-3.3 + tL H16.2 + tL H28 + tL
g@t_D := H-34 + tL H-23 + tL H-6.8 + tL H12 + tL H21.7 + tL H33.1 + tL
h@t_D := -0.03 t Ht + 28.289226L Ht + 15.257278L

Ht - 24.209735L Ht - 32.807367L I0.0043718 - 0.0082068 t + t
2M

ParametricPlot3D@8f@tD, g@tD, h@tD<, 8t, -30, 34.6<, PlotStyle ® 8Tube@5 * 10^6D<D

2     knot3_1-3_1.nb



Bibliography

[1] A. Durfee and D. O’Shea, Polynomial knots, preprint (2006), arXiv:

math/0612803v1

[2] A. Hatcher, Algebraic topology, South Asian edition (2003), Cambridge

Univ. Press, 2002.

[3] A. N. Brown, Examples of polynomial knots, preprint (2004), https:

//www.mtholyoke.edu/~adurfee/reu/04/brown.pdf

[4] A. R. Shastri, Polynomial representations of knots, Tôhoku Math. J. 44

(1992), 11–17.

[5] A. Ranjan and R. Shukla, Polynomial representations of torus knots, J.

Knot Theory Ramifications 5(2) (1996), 279–294.

[6] C. B. Jeon and G. T. Jin, A computation of superbridge index of knots,

J. Knot Theory Ramifications 11(3) (2002), 461–473.

[7] C. B. Jeon and G. T. Jin, There are only finitely many 3-superbridge

knots, J. Knot Theory Ramifications 10(2) (2001), 331–343.

[8] C. McA. Gordon and J. Luecke, Knots are determined by their comple-

ments, J. Amer. Math. Soc. 2(2) (1989), 371–415.

107



108 Bibliography

[9] D. McFeron, The minimal degree sequence of the polynomial figure-

eight knot, preprint (2002), https://www.mtholyoke.edu/~adurfee/

reu/02/dmf-min8.pdf

[10] D. Pecker, Sur le théorème local de Harnack, C. R. Acad. Sci. Paris

326(5) (1998), pp. 573–576.

[11] H. Raundal and R. Mishra, Some spaces of polynomial knots, preprint

(2016), arXiv: 1603.09110v1, to appear in Topology and Its Applica-

tions.

[12] H. Schubert, Über eine numerische Knoteninvariante, Math. Zeit., 61

(1954) 245–288.

[13] H. Whitney, Local properties of analytic varieties, Differential and com-

binatorial topology, Princeton Univ. Press, 1965.

[14] H. Whitney, Tangents to an analytic variety, Ann. of Math. 81(3) (1965),

496–549.

[15] J. H. C. Whitehead, Manifolds with transverse fields in Euclidean space,

Ann. of Math. 73(1) (1961), 154–212.

[16] J. Mather, Notes on topological stability, Mimeographed notes, Harvard

University, 1970.

[17] K. Toman, Documentations of parameterizations of all knots of six cross-

ings or less and identification of Brown’s equations, preprint (2006),

https://www.mtholyoke.edu/~adurfee/reu/06/toman-9-18-06.pdf

[18] M. Coste, An introduction to semialgebraic geometry, preprint (2002),

https://perso.univ-rennes1.fr/michel.coste/polyens/SAG.pdf

[19] M. Prabhakar and R. Mishra, Minimal degree sequence for 2-bridge

knots, Fund. Math. 190 (2006), 191–210.



Bibliography 109

[20] M. Prabhakar and R. Mishra, Minimal degree sequence for torus knots of

type (p, 2p− 1), J. Knot Theory Ramifications 15(9) (2006), 1141–1151.

[21] M. Prabhakar and R. Mishra, Minimal degree sequence for torus knots

of type (p, q), J. Knot Theory Ramifications 18(4) (2009), 485–491.

[22] M. Prabhakar and R. Mishra, Polynomial representation for long knots,

Int. J. Math. Anal. 3(7) (2009), 325–337.

[23] M. W. Hirsch, Differential topology, Fifth printing (1994), Springer-

Verlag, 1976.

[24] M. Wright, Constructing polynomial knots, preprint (2006), http://

www.mtholyoke.edu/~adurfee/reu/06/reu06.htm

[25] N. A’Campo, Real deformations and complex topology of plane curve sin-

gularities, Ann. de la Faculté des Sciences de Toulouse Mathématiques

8(1) (1999), 5–23.

[26] N. H. Kuiper, A new knot invariant, Math. Ann. 278 (1987), 193–209.

[27] P. Kim, L. Stemkoski and C. Yuen, Polynomial knots of degree five, MIT

Undergrad. J. Math. 3 (2001), 125–135.

[28] R. Auerbach, Loose-ended knots, preprint (1995), https://www.

mtholyoke.edu/~adurfee/reu/95/reu95.htm

[29] R. Benedetti and J.-J. Risler, Real algebraic and semi-algebraic sets,

Hermann Éditeurs Des Sciences Et Des Arts, 1990.

[30] R. H. Crowell and R. H. Fox, Introduction to knot theory, Ginn and

Company (1963), Dover Publications, 2008.

[31] R. Mishra, Minimal degree sequence for torus knots, J. Knot Theory

Ramifications 9(6) (2000), 759–769.



110 Bibliography

[32] R. Mishra, Polynomial representations of strongly invertible knots and

strongly negative amphicheiral knots, Osaka J. Math. 43 (2006), 625–639.

[33] R. Mishra, Polynomial representations of torus knots of type (p, q), J.

Knot Theory Ramifications 8(5) (1999), 667–700.

[34] R. Mishra and H. Raundal, Spaces of polynomial knots in low degree, J.

Knot Theory Ramifications 24(14) (2015), 1550073 (30 pages).

[35] R. Shukla, On polynomial isotopy of knot-types, Proc. Indian Acad. Sci.

Math. Sci. 104(3) (1994), 543–548.

[36] R. Thom, Ensembles et morphismes stratifiés, Bull. Amer. Math. Soc.

75(2) (1969), 240–284.

[37] R. Thom, Local topological properties of differentiable mappings, Collo-

quium on Differential Analysis (Tata Inst. Bombay, 1964), pp. 191–202,

Oxford Univ. Press, 1964.

[38] S. Basu, R. Pollack and M.-F. Roy, Algorithms in real algebraic geome-

try, Springer-Verlag, Second edition, 2008.

[39] S. S. Abhyankar, On the semigroup of meromorphic curves, Proc. of the

Int. Symp. on Alg. Geo. (Part I), Kyoto, Kinokuniya Book-Store Co.

(1977), pp. 240–414.

[40] V. A. Vassiliev, Cohomology of knots spaces, Theory of Singularities and

its Applications (V. I. Arnold ed.), Advances in Soviet Mathematics, Vol.

1 (American Mathematical Society, 1990), pp. 23–69.

[41] V. A. Vassiliev, On spaces of polynomial knots, Sb. Math. 187(2) (1996),

193–213.

[42] V. O. Manturov, Knot Theory, CRC Press LLC, 2004.



List of Publications

(1) R. Mishra and H. Raundal, Spaces of polynomial knots in low degree, J.

Knot Theory Ramifications 24(14) (2015), 1550073 (30 pages).

(2) H. Raundal and R. Mishra, Some spaces of polynomial knots, preprint

(2016), arXiv: 1603.09110v1, to appear in Topology and Its Applications.

111


