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Abstract

The main focus of this thesis is to study the topology of some spaces asso-
ciated with polynomial knots and determining the least polynomial degree in
which a given knot can be represented. A polynomial knot is an embedding
of R in R3 whose component functions are real polynomials. The image of
a polynomial knot is a long knot. Polynomial knots were mainly studied by
Vassiliev (1990-1996), Shastri (1992) and Mishra-Prabhakar (1994-2009).
Vassiliev looked at the topology of the space V; consisting of polynomial
knots whose component functions are monic polynomials of degree d with no
constant term, whereas Shastri, Mishra and Prabhakar focused on finding
concrete polynomial representation of a given knot. In this thesis, we have
studied polynomial knots from both the perspectives. We have generalized
the space V; giving rise to some interesting spaces and explored the topology
(path components and the homotopy type) of those spaces. Furthermore, we
have studied the homotopy type of the space of all polynomial knots with
respect to some natural topology on it. On the other side, we have focused
on the polynomial representations of the knots up to six crossings. The knots
01, 31, 41 and 5; were known to have representations in their minimal degree.
We have found the polynomial representations of the knots 5y, 61, 65, 63,
31#31 and 3;#37] in degree 7, where the representations of the knots 3;#3;
and 31#3] are in their minimal degree. We have shown that it is almost

impossible to represent the knots 59, 61, 62 and 65 in degree less than 7.
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Chapter 1

Introduction

A polynomial knot is a smooth embedding ¢ : R — R? which is given by
t— (f(t), g(t), h(t)), where f, g and h are polynomials with real coefficients.
For example, the map ¢ — (3 — 3t,t* — 4¢2,t> — 10t) is a polynomial knot
representing the trefoil knot (see [4]). A Mathematica plot of this polynomial

knot is given in Figure 1.1.

Figure 1.1: A polynomial knot

Classically, knots are embeddings of S* in S®. However, polynomial knots
are long knots, i.e. their ends are open. A polynomial knot can be extended
uniquely to an embedding of S! in S®, which gives rise to a knot in the
classical sense. Polynomial knots were mainly studied by the following two

groups of mathematicians:

(1) Vassiliev (1990-1996), Durfee (2006) and O’shea (2006).
(2) Shastri (1992), Mishra (1994-2009) and Prabhakar (2006-2009).

1



2 Chapter 1. Introduction

These groups had different motivations. The first group was motivated to
study the topology of the space of knots, while the second group was mo-
tivated to settle Abhyankar’s conjecture (see Conjecture 1.1) regarding the
non-rectifiable embeddings of C in C3.

To study the cohomology of the space of knots, Vassiliev [40,41] intro-
duced the space V; for d > 3. The space V, is the interior of the set of all

smooth embeddings in the space W, of all maps of the type
£ (td Fag it b fagt, tT byt byt t peg gt clt> .

The space Wy inherits the natural topology from the usual topology of R3¢=3.
It was noted that the space V3 is contractible and the space V, is homology
equivalent to S? (see [41]). To compute the cohomology of the space of knots,
Vassiliev considered the space of all smooth immersions of S* in S3. In this
space, he took the discriminant, i.e. the complement of the space of knots in
the space of smooth immersions. Thereafter, he constructed a resolution of
the discriminant via the finite dimensional spaces Wy. This resolution has a
natural filtration which gives a spectral sequence that can be used to obtain
cohomology classes of the space of knots (see [40]). It is not known whether
these classes generate the whole cohomology of the space of knots. However,
these cohomology classes can be used to construct a set of knot invariants.
These invariants are called the Vassiliev invariants (see [42]). It is conjectured
that the Vassiliev invariants form a complete set of knot invariants.

In [1], Durfee and O’Shea generalized the space V,, for d > 3, to the

space K, which is the space of all polynomial knots of the type
t (a0+a1t+---+adtd, bo + byt + - - - + bat?, co—l—clt—l—---—i—cdtd).

They proved that if two polynomial knots are path equivalent in K, then



they are topologically equivalent, i.e. their extensions as embeddings of S?
in 52 are ambient isotopic. The same is true for the space Vg, since it is a
subspace of the space Ky. However, it is felt that the converse may not be
true. There is no known example of polynomial knots in K4 (or in V) which
are topologically equivalent but not path equivalent in it.

A polynomial knot in XKy, for d > 3, can be transformed to a polyno-
mial knot ¢ — (f(¢), g(t), h(t)) such that deg(f) < d — 2, deg(g) < d—1
and deg(h) < d. This can be done by composing the knot with a suitable
orientation preserving linear transformation 7" : R® — R3. The new knot
obtained upon such transformation is topologically equivalent to the original
one. Let O, denote the space of all polynomial knots ¢ — (f(t), g(t), h(t))
with deg(f) < d — 2, deg(g) < d — 1 and deg(h) < d. Note that the
topology of the space Oy inherits from the usual topology of R3?. Further,
composing a polynomial knot in O, with a suitable orientation preserving
polynomial automorphism S : R3® — R3 one can get a polynomial knot
t — (u(t),v(t), w(t)) such that deg(u) < deg(v) < deg(w) < d. Let Py de-
note the space of all polynomial knots ¢ — (u(t), v(t), w(t)) with the condi-
tion deg(u) < deg(v) < deg(w) < d on the component polynomials. Suppose
t— (u(t), v(t), w(t)) be a polynomial knot in Py, then there exists an € > 0
such that the polynomial knot ¢ +— (etd_2 +u(t), et +o(t), et + w(t)) is
topologically equivalent to the original one. The resulting polynomial knot
obtained in this way has degree sequence (d — 2,d — 1,d) (see Definition
2.2.6). Let Q, denote the space of all polynomial knots ¢ — (x(t), y(t), z(t))
with deg(z) = d — 2, deg(y) = d — 1 and deg(z) = d.

We have pointed out that the path equivalence in the spaces X, and Vy
implies the topological equivalence. This might make one believe that this
is the case for any space of polynomial knots. We observe that it is not

true in general. For example, two polynomial knots in Oy (or in P,) are
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path equivalent even though they are not topologically equivalent. Using
the theory of real semialgebraic sets we ensure that the spaces O4, P; and
Q4 have only finitely many path components. In fact, we prove that the
spaces Oy and P, are path connected. However, the space Qg behaves in
a similar manner as the spaces K; and V; do. We rigorously show that if
two polynomial knots are path equivalent in Qg , then they are topologically
equivalent. This means that two topologically different knots cannot belong
to the same path component of the space Q;. The converse of this is not
true. Unlike the spaces K, and V4, here we have examples of topologically
equivalent knots which lie in different path components of the space Q;. In
this thesis, we study the topology of the spaces O4, P; and Q;. We discuss
the homotopy type of these spaces (or of the path components of the spaces).
Furthermore, we study the space of all polynomial knots with some natural
topology on it and discuss its homotopy type. We also prove that every
polynomial knot is isotopic to some linear knot (an unknot) by a smooth
isotopy through polynomial knots.

We now discuss the polynomial knots from the perspective of the second
group. As it is stated earlier, this group was motivated by the conjecture of

Abhyankar, which states as follows:

Conjecture 1.1 (Abhyankar [39]). There exist polynomial embeddings of C

in C3 which are non-rectifiable.

A rectifiable embedding of C in C3? is a polynomial embedding which is
equivalent to the standard embedding z +— (0,0, 2) by a polynomial auto-
morphism of C3. To find an example of a non-rectifiable embedding, Shastri
[4] started to give examples of polynomial embeddings of R in R® which
represent the nontrivial knots and can be extended to the embeddings of C
in C3. However, it could not be proved that the embeddings he obtained

are non-rectifiable or not. He found concrete polynomial representations of



the trefoil knot and the figure-eight knot. In fact, he proved that every
long knot has a polynomial representation and the polynomial embedding is
in fact an embedding of C in C3. Later, Mishra and Ranjan [5,32, 33| gave
polynomial representations of the torus knots, strongly invertible knots and
strongly negative amphicheiral knots. Furthermore, Mishra and Prabhakar
[19-21,31] found minimal degree sequence for 2-bridge knots and some types
of torus knots. They also gave polynomial representations of knots up to
eight crossings (see [22]). Wright [24] gave an algorithmic method to find a
polynomial representation of any knot.

These constructions suggest that one should look for a polynomial rep-
resentation that involves the polynomials of least possible degree. In this
connection the notion of the degree sequence, minimal degree sequence and
minimal polynomial degree have been introduced (see [9,19-21,31,34]). For
instance, the representations of the knots 3; and 4; given by Shastri [4] and
McFeron [9] are in their minimal degrees 5 and 6 respectively. Also, Auer-
bach [28] gave a polynomial representation of the knot 5; in degree 7, which
is its minimal polynomial degree. Finding the minimal polynomial degree
for a given knot-type is difficult in general. To make a claim one can make
use of some numerical knot invariants such as the crossing number, bridge
index and superbridge index. For example, we can conclude that the knot 5,
has no polynomial representation in degree less than 7, since its superbridge
index is 4 (see [1,26]). In [1], Durfee and O’Shea asked that: is there any five
crossing knot in degree 67 We have partially answered this question. The
only possible five crossing knot which could be represented in degree 6 is the
knot 59. In this thesis, we show that it is almost impossible to represent
the knot 55 in degree 6. The knots 55, 61, 65 and 63 were known to have
representations in degree much higher than 7 (see [3,17,22]). We have found

polynomial representations of these knots together with the representations
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of the knots 31#3; and 3,437, all in degree 7. In this thesis, we present all
these polynomial representations along with their 3D plots obtained using
Mathematica. Finally, we note that all the knots up to six crossings (except
the knots 5g, 61, 62 and 63) have representations in their minimal degree.
Regarding the knots 55, 61, 65 and 63, we conjecture that they cannot be
represented in degree less than 7.

The thesis is organized as follows: Chapter 2 includes the basic termi-
nologies and known results which are required in this thesis. This chapter is
divided into four sections. In Section 2.1, we define a knot in the classical
sense as well as a long knot which is an embedding of R in R?. We also de-
fine the equivalence of two knots/two long knots. In Section 2.2, we give the
definition of a polynomial knot and discuss some important results regarding
the polynomial knots. In Section 2.3, we introduce real semialgebraic sets
and the theorem of Tarski-Seidenberg which will be required in Chapter 3.
In Section 2.4, we discuss the Thom’s first isotopy lemma which will be used
to prove that the path equivalence in Q; implies the topological equivalence.

We divide Chapter 3 into two sections. In Section 3.1, we introduce some
interesting spaces of polynomial knots of degree at most d, for d > 3. We
denote these spaces by O4, Py and Q4. In Section 3.2, we check some ele-
mentary facts related to these spaces. Using the theory of real semialgebraic
sets, we prove that the spaces O4, Py and Qg4 are homeomorphic to some
semialgebraic subsets of R3*® and hence they have only finitely many path
components (see Theorem 3.2.11, Corollary 3.2.12 and Corollary 3.2.13).

In Chapter 4, we discuss the spaces O4, Py and Qg in detail. This chapter

is divided into five sections. In Section 4.1, we prove the following theorem:
Theorem 4.1.1. The space O4, for d > 3, is homotopy equivalent to S?.

This theorem also proves that the space Oy, for d > 3, is path connected.



Thus, any two polynomial knots in O, are path equivalent (that is, they
belong to the same path component of the space O,;) even though they are
not topologically equivalent.

In Section 4.2, we discuss the homotopy type of the space of all polynomial
knots. Note that the set P of all polynomial knots can be written as a union
of the spaces Q4 for d > 3. Thus, it has inductive limit topology which comes
from its stratification as a union of the spaces Oy for d > 3. In this section,

we prove the following theorem:
Theorem 4.2.1. The space P is homotopy equivalent to S2.

In [35], Mishra proved that if two polynomial knots are topologically equiv-
alent then there exists a polynomial isotopy which connects them. We show

that the converse of this result is false. In fact, we prove the following:

Theorem 4.2.4. Every polynomial knot is isotopic to some linear knot (an

unknot) by a smooth isotopy through polynomial knots.

The isotopy in Theorem 4.2.4 rolls a given polynomial knot to the infinity
so that the knot gets unraveled up to become an unknot. In general, the
same thing happens for any long (non-compact) knot. More precisely, every
long knot as a smooth embedding of R in R? is isotopic to some unknot
by a smooth isotopy through long knots. However, this does not happen
if the knots are compact (that is, the smooth embeddings of S' in S?).
Otherwise, by the isotopy extension theorem (see [23]), every knot will be

ambient isotopic to some unknot, which is a contradiction.

Corollary 4.2.5. Every polynomial knot can be connected to a linear knot

by a smooth path in the space of all polynomial knots.

In Section 4.3, we prove the following results related to P4, for d > 3.
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Proposition 4.3.1. Every polynomial knot in Py can be connected to a poly-

nomial knot in Qg by a path in Py.
Theorem 4.3.4. The space Py, for d > 3, is path connected.

Using Theorem 4.3.4, one can say that any two polynomial knots in P,
are path equivalent even though they are not topologically equivalent.

In Section 4.4, we discuss the path equivalence in Q; for d > 3. Two
polynomial knots are said to be path equivalent in Qg  if they belong to its
same path component. Similarly, the path equivalence can be defined for
the spaces Oy and P,. Since the spaces O, and P, are path connected, any
two polynomial knots in O, (or, in P4) are path equivalent in it. Using some
techniques from differential topology and the Thom’s first isotopy lemma, we

prove the following:

Theorem 4.4.4. If two polynomial knots are path equivalent in Qq, then

they are topologically equivalent.

The converse of Theorem 4.4.4 is false. This fact will be clear from the

next proposition.

Proposition 4.4.5. Let ¢ : R — R3 given by t — (f(t), g(t), h(t)) be a
polynomial knot in Qq, and let ¥ be its mirror image which is given by t —
(f(t),g(t), —h(t)). Then the polynomial knots ¢ and 1 do not belong to the

same path component of the space Qq.

Corollary 4.4.6. Lett — (f(t), g(t), h(t)) be a polynomial knot in Q4. Then
there are eight distinct path components in Qg each of which contains exactly

one of the knot t — ((e1f(t), eag(t), esh(t)) for (e1,e2,e3) € {—1,1}3.

Using this corollary, we can say that there exist polynomial knots which

are topologically equivalent but not path equivalent in Q; for d > 3.



Corollary 4.4.7. The number of path components of the space Qg are in
multiples of eight.

Corollary 4.4.8. If there are n distinct knot-types (up to mirror images)

which can be represented in Qq, then it has at least 8n path components.

In Chapter 5, we discuss polynomial representations of knots in their
minimal degree. This chapter is divided into three sections. In Section 5.1,
we list all the knots which can be represented in degrees 5, 6 and 7. In this

section, we prove the following propositions:

Proposition 5.1.1. The unknot is the only knot that can be represented by

a polynomial knot in degree d < 4.

Proposition 5.1.2. The unknot, the trefoil knot and its mirror image are

the only knots that can be represented in degree 5.

Note that if we have a polynomial knot in degree 6, then its crossing
number must be less than or equal to 6 (by Proposition 2.2.4). We have a
polynomial representation of the knot 4; in degree 6 (see [9]). Also, since the
knots 0; and 3; have polynomial representations in degree less than 6 (see
[4]), they must have polynomial representations in degree 6 as well. However,
the knots 51, 31#31 and 3,#37 cannot be represented in degree 6, since their
superbridge index is 4 (see Proposition 2.2.4). Regarding the knot 59, we

have the following:

Theorem 5.1.4. For a generic choice of a reqular projectiont — (f(t), g(t))
of the knot 55 with deg(f) = 4 and deg(g) = 5, there does not exist any
polynomial h of degree 6 such that a polynomial map t — (f(t), g(t), h(t))

represents the knot 5.

This theorem says that it is almost impossible to represent the knot 5,
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in degree 6. The same is true for the knots 6;, 65 and 63. Therefore, we

conjecture the following:

Conjecture 5.1. Fach of the knots 5y, 61, 65 and 63 cannot be represented

by a polynomial knot in degree 6.

All the knots up to six crossings (including the eight crossing knot 8;9)
have polynomial representations in degree 7 (see Section 5.2). Besides these
knots, no knot is known to have a polynomial representation in degree 7.
Other possible knots in degree 7 are the knots up to ten crossings having
superbridge index at most 4.

In Section 5.2, we prove the following theorem:

Theorem 5.2.1. Let t — (f(t), g(t)) be a regular projection of a long knot
k : R — R3 having n double points, where f and g are real polynomials
of degrees n and n + 1 respectively. Suppose the crossing data of k is such
that there are v changes from over/under crossings to under/over crossings
as we move along the knot. Then there exists a polynomial h with degree
d <min{n +2,r} such that the polynomial map t — (f(t), g(t), h(t)) is an

embedding which is ambient isotopic to k.

Furthermore, in this section, we include the polynomial representations
of the knots 31, 41, 5; and 8,9 which are given by Shastri [4], McFeron [9],
Auerbach [28] and Mishra-Prabhakar [22] respectively. The representations
of the knots 3; and 4; are respectively in degrees 5 and 6, which are the
minimal degrees for these knots. The knots 5; and 819 are represented in
degree 7, which is their minimal degree (since the superbridge index of these
polynomial knots is 4). We have found polynomial representations of the
knots 5y, 61, 62, 63, 31#31 and 31#37 in degree 7, which will be included in
this section. Among these representations, the representations of the knots

31731 and 31#3] are in their minimal degree.
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In Section 5.3, we discuss about the path components in Q, for d < 7. It
is easy to see that the space Q3 has exactly eight path components and all of
them are contractible (see Proposition 5.3.1). Also, in this section, we prove

the following theorems:
Theorem 5.3.2. The space Q4 has exactly eight path components.
Theorem 5.3.8. The path components of the space Q4 are contractible.

Proposition 5.3.10. The space Qs has exactly eight path components cor-
responding to the trefoil knot and its mirror image. Moreover, all these path

components are contractible.

Furthermore, we estimate some lower bound on the number of path com-
ponents of the spaces Qs, Qg and Q7. Regarding this, we observed that they
have at least 16, 24 and 88 path components respectively.

In Chapter 6, we summarize the thesis and discuss some problems and

observations that we encountered during the work.






Chapter 2

Preliminaries

This chapter contains some basic definitions and known results that serve
as a prerequisite material for this thesis. In Section 2.1, we define a knot in
the classical sense, a long knot and the equivalence of knots. In Section
2.2, we give the definition of a polynomial knot and discuss some important
results related to the polynomial knots. In Section 2.3, we briefly introduce
real semialgebraic sets and the theorem of Tarski-Seidenberg which is utilized
to prove that the spaces O4, Py and Qg, introduced in Chapter 3, have only
finitely many path components. In Section 2.4, we discuss some differential
topology and in particular Thom’s first isotopy lemma to be used later in

Chapter 4 to prove an important theorem in this thesis.

2.1 Knots and their equivalences

Definition 2.1.1. A knot is a continuous embedding of S* in R3.

Remark 2.1. The Euclidean space R® can be embedded in S3, so we may

think of knots as embeddings of S* in S3.

Note that any two knots are homeomorphic to each other. In fact, by

13



14 Chapter 2. Preliminaries

the definition itself, all the knots are homeomorphic to S*. It is interesting
to know if two knots are embedded in the same way or not. That is, can
we transform one to the other by a continuous deformation of the space?
A continuous deformation of the space is called a homeotopy (an ambient
isotopy) and the knots which can be transformed from one to the other by

such deformation are called ambient isotopic.

Definition 2.1.2. A homeotopy (ambient isotopy) of S? is a continuous map
H:IxS%— 53 such that:

(1) the map Hy = H(0, -) is the identity map of S3, and
(2) the map Hy, = H(s,-) is a self-homeomorphism of S for all s € I.

Definition 2.1.3. Two knots ¢ : S* — S3 and ¢ : St — S3 are said to be
ambient isotopic if there is a homeotopy H : I x S* — S3 of the ambient

space S® such that 1 = H; o ¢.

Remark 2.2. Two knots being ambient isotopic is an equivalence relation;
therefore, it is often said that the knots are equivalent if they are ambient
isotopic. An equivalence class under this equivalence is called as a knot-type
or an ambient isotopy class. This equivalence class is simply called as a knot
if there is mo confusion between a knot as an embedding and a knot as an

ambient isotopy class.

At this point, we note that there exist knots which have some pathological

behavior as in Figure 2.1. Such knots are called wild knots (see [30]). Knots

Figure 2.1: A wild knot
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which are not wild are called tame knots. More precise definition is given

below.

Definition 2.1.4. A tame knot is a knot k : S* — S which can be extended
to a continuous embedding & : S* x B% — S3, where B? is the open unit disc

in R? centered at origin.

Remark 2.3. A knot is tame if and only if it is ambient isotopic to a polygo-

nal knot, a knot which is a union of a finite number of straight line segments.

It is known that every piecewise C' embedding of S* in S is a tame knot
(see [1,30]). In particular, all smooth embeddings (that is, C*° embeddings)
of S' in 83 are tame knots. In this thesis, we will only discuss the tame

knots. Thus, a word ‘knot’, would always mean a ‘tame knot’.

Definition 2.1.5. A long knot is a proper smooth embedding ¢ : R — R3
such that the map t — ||p(t)|| is strictly monotone outside some closed in-

terval of the real line.

Definition 2.1.6. Two long knots ¢ : R — R3 and v : R — R3 are said
to be isotopic by an isotopy through long knots if there is a continuous map

F:IxR— R such that
(1) the map Fs = F(s,-) is a long knot for all s € I, and
(2) F0:¢andF1:¢.

Every long knot ¢ : R — R3 can be extended to an unique embedding
¢ : S' — S3 by means of the stereographic projection from the north pole of
S3. Note that the extended knot is a tame knot, since it is piecewise smooth.
On the other hand, every ambient isotopy class of tame knots contains a
smooth knot ¢ : S* — S? which fixes the north poles and has a nonzero

derivative at the north pole. The restriction 1[) :R — R? of 9 is a long knot.
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This shows that there is a bijection between the ambient isotopy classes of

tame knots and the ambient isotopy classes of long knots.

Definition 2.1.7. Two long knots ¢ : R — R3 and v : R — R3 are said to
be topologically equivalent if their extensions ¢ : S* — S3 and ¢ : S* — §3

are ambient isotopic.

2.2 Polynomial knots

Definition 2.2.1. A map ¢ : R — R? is a polynomial map if its component

functions are polynomials with real coefficients.

Definition 2.2.2. A polynomial knot is a polynomial map ¢ : R — R? which

is a smooth embedding.

It is easy to note that a polynomial knot is a long knot and its extension

as an embedding of S! in S? is a tame knot.

Definition 2.2.3. We say that a polynomial knot ¢ : R — R3 represents a
knot-type (K] (an ambient isotopy class of k) if its extension ¢ : ST — S% is
ambient isotopic to k. The knot ¢ is called a polynomial representation of

the knot-type [k].
Theorem 2.2.1 ([4]). Every knot-type has a polynomial representation.

Definition 2.2.4. Two polynomial knots ¢ and v are polynomially isotopic
if there is an isotopy F : I x R — R® such that

(1) the map Fy = F(s, ) is a polynomial knot for all s € I, and
(2) FO = ¢ and F1 :Q,U

Remark 2.4. If two polynomial knots are polynomially isotopic, then we

often say that they are isotopic by an isotopy through polynomial knots.
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Theorem 2.2.2 ([35]). If two polynomial knots represent the same knot-type,

then they are polynomially isotopic.

Definition 2.2.5. A polynomial automorphism of Fuclidean space R™ is a
bijective map T : R™ — R™ whose component functions are real polynomials

in n variables and it is such that its inverse is also of the same kind.

Note that a map S : R — R is a polynomial automorphism if and only if
it is a linear polynomial. Also, it is easy to see that an affine transformation
(a composition of an invertible linear transformation and a translation) of

R™ is a polynomial automorphism.

Remark 2.5. Let ¢ : R — R3 be a polynomial map, and suppose S : R — R
and T : R? — R3 be polynomial automorphisms. Then the map ¢ is a smooth

embedding if and only if the composition T o ¢ o S is a smooth embedding.

Remark 2.6. Let a and 3 be real numbers such that o # 0, and suppose
¢ : R — R3 be a polynomial knot. Then the map ¥ : R — R3 given by
t — ¢(at + B) is also a polynomial knot.

Remark 2.7. Let ¢ : R — R3 be a polynomial knot and T : R? — R? be an

affine transformation. Then the composition T o ¢ is also a polynomial knot.

Let ¢ : R — R?® be a polynomial knot, and suppose S : R — R and
T : R? — R3 be orientation preserving polynomial automorphisms. Then the
polynomial knots ¢ and T o ¢ 0o S are topologically equivalent. In particular,
the same is true if S and T" are orientation preserving affine transformations.

If a polynomial knot ¢ : R — R3 given by ¢ — (f(t), g(t), h(t)) represents
a knot k, then the knot t — (f(t), g(t), —h(t)) represents a mirror image x* of
%. In general, if S : R? — R3 is an affine transformation, then the polynomial
knot S o ¢ represents either x or k* depending on whether S is orientation

preserving or not.
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Definition 2.2.6. A polynomial map t — (f(t), g(t), h(t)) is said to have
degree sequence (dy,ds, ds) if deg(f) = dy, deg(g) = dy and deg(h) = ds.

Definition 2.2.7. The degree of a polynomial map ¢ : R — R? is the mawi-

mum of the degrees of its component polynomials.

Proposition 2.2.3 ([1]). Let {as | s € I} be a family of polynomial knots
depending continuously on parameter s € 1. If the degree of o is independent
of s, then there exists ro > 0 such that for any s € I and any |t| > ro, the
vector ol,(t) € R3 intersects transversely to the sphere of radius |a,(t)| about
the origin. Moreover, for any s € I, the angle between the vectors a,(t) and

al(t) approaches 0 as t — +oo and it approaches ™ as t — —o0.

S

Proof. For s € I, let as be defined as
as(t) = ag(s)tt +ag_1(s)tT 4+ -+ ai(s)t + ag(s),

where a;’s are continuous functions from I to R®. Note that as(s) # 0 for
all s € I, since the degree of ay is independent of s. For any s € I and any
|t| > 0, the cosine of the angle 6,(t) between the vectors as(t) and o/ (t) is

given by

as(t) ‘ al(
las@®N a1

which becomes

o(s)  daa(s) + Shag(s) + -+ ran(s)
O(S)H Hdad(s) + %ad—l(s) 4+ 4 td%lal(s)H

aq(s) + taq_1(s) + Ha
1
—a

+ 1
llaa(s) + tag_1(s) + -+ ;

accordingly as t is positive or negative. Thus, we get
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lcos(6s(t))] > dlau(s)]* + 1 fi(5) + & fals) + -+ + g faa1(5)]

- 2 1 1 1 (2-2)
d Had(s)H + mhl(s) + th(S) + -+ W}Qd,l(s)

_ |12 = [ A1(5) + 3 fols) + -+ + tr o (5)]
- d ||ad(5)||2 + ‘Tﬂhl(s) + ﬁhQ(S) + - @hgd_ﬂs

| oy
)
for all |¢| > 0 and for all s € I, where f;’s and h;’s are given by

fz(s) = Zka aj(S) . ak(S) and

hi(s) = Z;Mmk 1 ()] llaw ()] -

Note that N;;.’s and M;;;.’s are some nonnegative integers. Since ag is con-
tinuous and ag4(s) # 0 for all s € I, there exist some positive real numbers
m and M such that

m < [lag(s)|| < M (2.4)

for all s € I. Note that f;’s and h;’s are continuous and bounded real valued

functions, so for some 7y > 0, we have

1 1 1 dm?
;fl(s)+t*2f2(3)+"‘+t2di_lf2d—1(3) S 5 and (2.5)
1 1 1 ,
mhl(s) -+ Wl‘@(s) 4+ .4 W}Qdil(s) <dM (26)

for all |t| > ry and for all s € I. Using (2.4)—(2.6) in (2.3), we get

2
dm? — 2= m?

> >
"z arrar e

|cos(65())

for all |[t| > 7o and for all s € I. This proves the first statement of the
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proposition. Also, for any s € I, the expression (2.1) approaches

ad(s) . dad(s)

aa() [ Tdaa(®)]

==+l

accordingly as t — +oo. In other words, for any s € I, the angle 04(t) be-
tween the vectors a,(t) and o/ (t) approaches 0 as t — +o0 and it approaches

Tast— —oo. O

Given a knot-type, there can be many polynomial knots representing it.
The degrees of these polynomial knots may be different. The least among
these degrees is called the polynomial degree of that knot-type. More precise

definition is given below.

Definition 2.2.8. The polynomial degree of a knot-type [k] is defined by
d[k] = min{deg(¢) | ¢ is a polynomial knot representing the knot-type k| },
where deg(¢) is the degree of a polynomial knot ¢.

Example 2.1 ([4]). The polynomial knot ¢ +— (3 — 3t,¢* — 442, ¢> — 10t) is a
representation of the trefoil knot. It can be easily verified that the trefoil
knot has polynomial degree 5.

Note that the polynomial degree of a knot-type is a knot invariant and it
is same for the knots which are mirror images of each other. There are some
relations between the polynomial degree and other knot invariants: namely,

the crossing number, the bridge index [12] and the superbridge index [26].

Definition 2.2.9. The crossing number of a knot-type [k| is defined by
clk] = min{c(D) | D is a knot diagram of the knot-type [k] }, where ¢(D) is

the number of crossings in a knot diagram D.

Definition 2.2.10. The bridge index b[k] of a knot-type [k] is defined by
b[r] = mingep minyese (# of local mazima of ¢ in the direction of v), where

the first minimum is taken over all embeddings ¢ : S' — S3 which are
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ambient isotopic to k and the second minimum is taken over all possible

directions in R3.

Definition 2.2.11. The superbridge index of a knot-type [k] is defined by

sb[k] = minge( max,ecs2 (# of local mazima of ¢ in the direction of v).

Example 2.2. The crossing number of the trefoil knot is 3. Its bridge in-
dex and superbridge index are 2 and 3 respectively. The crossing number,
bridge index and superbridge index of the figure-eight knot are 4, 2 and 3

respectively.

Proposition 2.2.4 ([1]). Let : S' — 5% be a knot, then we have
(1) 2¢[x] < (d[w] = 2) (d[x] = 3),
(2) 2blk] < d[k] —1 and

(3) 2sb[k] < d[r] + 1.

2.3 Real semialgebraic sets

A set of common zeros of a finite number of polynomials is an algebraic
set. In algebraic geometry, we study these sets. Over the field of real num-
bers, the notion of algebraic sets can be extended to a larger class of sets

known as semialgebraic sets.

Definition 2.3.1. A semialgebraic subset of R™ is a union of finite number

of sets of the type
{r eR"| P(z) =0 and Q1(z) > 0 and ... and Q,(z) > 0},

where P,Q1,...,Q, € Rlzy,xq,...,2,] and r is a non-negative integer.
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For example, the region A = {(z,y) € R? | y > 0 and 22 + ¢y* <
25 and y > x* — 522 + 4} of the upper half plane which is bounded by
the curves y = 0, 22 +4? = 25 and y = 2* — 522 + 4 is a semialgebraic subset
of R% Also, the region B = {(z,y,2) € R?* | 52 > 922 4+ 16y} bounded by
the paraboloid 5z = 922 + 1632 is a semialgebraic subset of R3.

It can be easily verified that complement of a semialgebraic set is semi-
algebraic. Also, finite unions and finite intersections of semialgebraic sets
are semialgebraic. A detailed study of semialgebraic sets and the following

results can be found in [18] and [29].

Theorem 2.3.1 (Tarski-Seidenberg). Let A be a semialgebraic subset of
R and suppose m : R"1 — R"™ be the projection onto the space of the

first n coordinates. Then w(A) is a semialgebraic subset of R™.

Corollary 2.3.2. If A is a semialgebraic subset of R"F, then its image
by the projection onto the space of the first n coordinates is a semialgebraic

subset of R™.

Theorem 2.3.3. A semialgebraic set has only finitely many connected com-

ponents and all they are semialgebraic.

Proposition 2.3.4. A connected semialgebraic set is path connected.

2.4 Thom’s first isotopy lemma

Let M be a smooth manifold of dimension n and let X be an r-dimensional
smooth submanifold of it. Let x € X, then the tangent space T'X, of X at
x is a point in the Grassmannian of r-planes in T'M,. The convergence of a
sequence {T'X,,} of tangent spaces, we mean the convergence in the standard

topology of the Grassmannian.
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Definition 2.4.1. A pair (X,Y) of smooth submanifolds of M is said to
satisfy the first Whitney condition at y € Y if the following holds: If {x;}
be a sequence of points in X which converges to y and it is such that the

sequence {T'X,,} converges to an r-plane T C T'M,,, then TY, C 7.

Definition 2.4.2. We say that the pair (X,Y) satisfies the first Whitney

condition if it satisfies this condition at every point in'Y .

Example 2.3 ([13]). Let z, y and z denote the coordinates in C3. Let X be
the set {(z,y, z) € C? | 2%y —2? = 0} with the y-axis deleted, and suppose Y’
be the y-axis. Then (X,Y) satisfies the first Whitney condition at all points
of Y except the origin.

If x,y € R" and = # y, then the secant line (xTy) is a line passing through

the origin which is parallel to the line joining x and y.

Definition 2.4.3. A pair (X,Y) of smooth submanifolds of R™ satisfies the
second Whitney condition at y € Y if the following holds: Let {x;} C X and
{y;} CY be sequences which converge to y and they are such that x; # y; for
all v € N. Suppose the tangent spaces T'X,, converge to an r-plane 7 C R"

and the secant lines (x;,1;) converge to a line l CR". Then | C 7.

Lemma 2.4.1 ([16]). Let (X',Y") be another pair of smooth submanifolds
of R", and let y € Y'. Suppose U and U’ be neighborhoods of y and y' in
R™ respectively, and let ¢ : U — U’ be a smooth diffeomorphism such that
o(UNX)=U'NnX', o(UNY)=0U'NY" and ¢(y) = y'. Then the pair (X,Y)
satisfies the second Whitney condition at y if and only if the pair (X', Y’)

satisfies the this condition at y'.

Definition 2.4.4. Let X andY be smooth submanifolds of an n-dimensional
smooth manifold M. Then the pair (X,Y) is said to satisfy the second Whit-

ney condition at y € Y if there is a smooth coordinate chart ¢ : U — R™ of
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M aty such that the pair (p(U N X),p(U NY)) satisfies the second Whitney
condition at ¢(y).

In view of Lemma 2.4.1, note that Definition 2.4.4 is independent of the

choice of the coordinate chart at y.

Definition 2.4.5. We say that the pair (X,Y) satisfies the second Whitney

condition if it satisfies this condition at every point in 'Y .

Proposition 2.4.2 ([16]). If a pair (X,Y") satisfies the second Whitney con-

dition at y, then it satisfies the first Whitney condition at that point.

Definition 2.4.6. Let A be a subset of a smooth manifold M. A Whitney
pre-stratification of A is a collection 8§ of pairwise disjoint smooth submani-

folds (called strata of A) of M which satisfies the following conditions:
(1) A=Uxes X;
(2) 8 is locally finite;

(8) 8 satisfies the condition of frontier (that is, for each stratum X in 8, its
frontier (X \ X) N A is a union of strata in 8); and

(4) each pair (X,Y) of strata in 8 satisfies the second Whitney condition.

Proposition 2.4.3 (Thom’s first isotopy lemma [36]). Let M and P be
smooth manifolds, f : M — P be a smooth mapping, and A be a closed subset
of M which admits a Whitney pre-stratification 8. Suppose fla: A — P is a
proper map and its restriction to any stratum X in S is a submersion. Then

flx : X = P is a locally trivial fibration for each stratum X in §.

A detailed proof of Thom'’s first isotopy lemma can be found in [16]. Note
that if P is contractible CW-complex (in particular, if P = [0, 1]), then the
locally trivial fibration f|x : X — P, for X € §, becomes a trivial fiber

bundle over P.



Chapter 3

Spaces of Polynomial Knots

In this chapter, we study some interesting spaces of polynomial knots.
Let Ay, for d > 3, be the space of all polynomial maps t — (f(t), g(t), h(t))
such that deg(f) < d—2, deg(g) < d—1 and deg(h) < d. In Section 3.1, we
introduce three important spaces of polynomial knots which are subspaces
of the space Ay. We formally define these spaces in this section and denote
them by O4, P4 and Q4. These spaces are the main objects of study in this
thesis. In Section 3.2, we check some of the elementary properties associated
to these spaces. In particular, we prove that the space Q, is open and dense
in Ay. We show that the spaces O4 and P, are dense in Ay, but they are
not open. Later, using the theory of real semialgebraic sets, we prove that
the spaces Og4, Py and Qg are homeomorphic to some semialgebraic subsets

of R3¢ and hence they have only finitely many path components.

3.1 The spaces 04, P; and Q,

Recall that a polynomial knot is a smooth embedding of R in R? whose
component functions are real polynomials. Let us denote the set of all poly-

nomial knots by P, and let Oy4, P, and Qq, for d > 3, be defined as follows:

25
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04 ={(f,g,h) € P |deg(f) <d—2, deg(g) <d—1 and deg(h) <d},
Pa=A{(f,9,h) € P | deg(f) < deg(g) < deg(h) <d}, and

Qu={(f,9.h) € P|deg(f) =d—2, deg(g) =d—1 and deg(h) =d}.

It can be easily seen that Q; C Py C O, for all d > 3.

Remark 3.1. A polynomial knot of degree d (see Definition 2.2.7), ford > 3,
can be transformed to a polynomial knot in Og4 by an orientation preserving

linear transformation T : R® — R3.

Remark 3.2. Let t — (f(t),g(t), h(t)) be a polynomial knot in Oy4. For

a sufficiently small € > 0, by adding et?=2, et%~! and et? in the respective
components, the degrees of f, g and h can be made to be d —2,d — 1 and d

respectively without changing the topological type of the knot.

Remark 3.3. A polynomial knot of degree d, for d > 3, can be transformed
to some polynomial knots in Og4, Py and Qg without changing the topological

type of the knot.

At this point, we would like to provide some natural topology to the sets
O4, Py and Q4. Note that for d > 3, the set Ay of all polynomial maps
t— (f(t),g(t),h(t)) with deg(f) < d — 2,deg(g) < d — 1 and deg(h) < d
can be identified with R3¢, In fact, we have a bijection n : Aq — R3¢ given
by

(f7g7h) = (CLOvala s 7ad—27b07b17 cee 7bd—1a007cl7 cee 7Cd)7 (31)

where a;, b; and ¢;, for i € {0,1,...,d}, are coefficients of ¢ in the polyno-
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mials f, g and h respectively. Let us define a metric p on Ay by

p(9,9) = & (n(d),n(¥)) (3.2)

where ¢ denotes the Euclidean distance in R3?. With this metric, the set
Aq becomes a metric space and hence a topological space. The map 7 is a
homeomorphism between the spaces Ay and R39.

Let By be the set of all polynomial maps ¢t — (f(t), g(t), h(t)) with
deg(f) < deg(g) < deg(h) < d, and let C; be the set of all polynomial maps
t— (x(t), y(t), 2(t)) such that deg(z) = d—2, deg(y) = d—1 and deg(z) = d.
Note that the sets By, C4, O4, Py and Qy are subsets of the space Ay, hence
they can be given the subspace topology. The spaces O4, Py and Qg are the

spaces of polynomial knots of degree at most d.

Remark 3.4. Note that C3 = Q3, Cq € Cyy1 and Qq € Quy1 for all d > 3.
Moreover, for the collection § = {Aq, Ba, Cq, Oa, Pa, Qu | d > 3}, with respect
to the set inclusion as partial order, we have the Hesse diagram as given in

the figure below (see Figure 3.1).

form>m >3

Figure 3.1: Partial order in §
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3.2 Some elementary properties

Proposition 3.2.1. The space C4, for d > 3, is open and dense in Ag.

Proof. The set n(C,) can be written as follows:
n(€Ca) = {(ao,ah c oy @d2,b0, b1, bao1,cos et cq) € R | ag_gba1cq # 0},

where 7 is the homeomorphism as defined in (3.1). The set 1(C4) is an open

and dense subset of n(Ay) = R3?, and hence €4 is open and dense in Ay. O

We now prove that the space Qg is open in A4. To prove this, we require

some lemmas which are given below.

Lemma 3.2.2. For any nonzero real numbers a and b, and an even integer
n > 2, we have the following:

1 1
@ b

(1) 0<

1
an+an71b+...+bn S maX{

(2) 0< % < max { =%, g=x }, Jor an even integer k € {1,2,...,n}.

aF ok =g bk
an+an—1lb+.--+bn

(3)

Proof. Without loss of generality we assume that |a| > |b|.

< min{wﬂkl, Ibilfkl}’ for an odd integer k € {1,2,...,n}.

(1) Since |a| > |b], we have a+b>0ifa>0and a+b<0if a < 0. An
odd power of a and an even power of b occur in each term of the expression
y=a""14+a" 3+ -+ab" 2, sowehavey > 0 if a > 0and y <0 if a < 0.
Thus, in either case (a+b) (@' 4+ a"3b* + -+ ab" %) = (a+b)y > 0 and

hence we have
a"+a" b+ + b = (a+b) (a"_1+a”_3b2—|—---+ab"_2) +b" > 0" > 0.

N S i 1 1
In other words, we have 0 < =7 < o = maX{an, o }

(2) Let an even integer k € {1,2,...,n} be given. Note that the inequality

is trivially true for £ = n. So assume that k < n. By the first part, we note
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that a* +a*~'b + - 4+ b* > 0. Now consider the following expression:

Ty = ak+ak—1b+...+bk (33)
n n—1 . k+1pn—k—1
_a"+ad"bt 4 a™D Lk (3.4)
ab +ak=th+ -+ D
a+0b) (" +a" P + -+ P2
— ( )< ) + bk, (3.5)

ak+ak—1b+_,,+bk

An odd power of @ and an even power of b occur in each term of the expression
yp = a4 a" 3% + - 4 a1 F2 g0 we have v > 0if a > 0 and y, <0
ifa <0. Recall that a +b > 0ifa > 0and a +b < 0if a < 0. Hence in
either case, the numerator of the first term in (3.5) is non-negative. Since

a4+ a*th + .-+ b* > 0, the first term in (3.5) is non-negative. Thus, we

have 2 > b"* > 0 and hence 0 < i < bnl,k = max {anl,k, b”%k}
(3) Let k € {1,2,...,n} be an odd integer. If a* + a*~*b+ ... + b =0,
then the inequality is trivially true. So assume that a* +a*~1b+---+b% £ 0.

Now consider the following expression:

T = ak+ak—1b+...+bk (36)
n—k—lbk—H n—k—Zbk—l—Q . b
e a + af + o+ (3.7)
ab +akth+ -+ D
. (a+b) (an—kz—Qbk-i-l +an—k—4bk+3+m+abn—2> +pn
=a" "+ (3.8)

(a+ b) (%=1 4 ak=3b2 + .. 4 bk-1)

Note that an odd power of a and an even power of b occur in each term of the
expression a" FT2pEHL 4 gnhApE S Lo g2 50 by a similar argument as
in the second part, (a + b) (a”_’“_Qb’”l +av R ab”‘Z) is non-
negative, and hence the numerator of the second term in (3.8) is positive.
Also @ and b occur with even powers in each term of the expression a*~! +

ab=3b? + .- - 4 ¥, so it is positive. This shows that the sign of the second
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term in (3.8) is same as the sign of a + b and hence it is same as the sign of
a. This shows that z;, > a"* >0 ifa >0 and z; < a” % <0 if a <0 and

hence we havel<1:min{1 1}. |

‘xk‘ |an7k| |an7k|7 ‘bn7k|

Lemma 3.2.3. Let n > 2 be a fized even integer, and for i € {0,1,...,n},
let {aij};il C R be a sequence which converges to «;. Suppose o, # 0, and
let {s;} C R and {t;} C R be sequences such that s; — oo and t; — £o0

as j — oo. Then
lim<a0j+a1j(sj+tj)+---+aj(s”—l—sn_lt~+---+t”)):ioo
00 nj\°; T Y j

depending on whether «y, is positive or negative.

Proof. Since s; — £o00 and t; — 00 as j — 00, we can choose N € N such
that s; # 0 and ¢; # 0 for all j > N. For each j > N, let
n n—1 n
Qoj 0y (55 +15) oo+ ang (87 + 577 1)

Zi = . 3.9
! St ST 1T (3:9)

The expression for z; can be rewritten as follows:

[ 1 T Sj+-%
T s e U\ sn st 4

n—1 n—2 n—1
s SR g g p
+'“+Oén17j< J - 31—1] 731 >+anj, (310)
By Lemma 3.2.2, we have
1 1 1
0< — §max{n,n} and (3.11)

4 1—1 %
ST ST e

1 1
SmaX{n_i,n_i}, (312)
sy
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foralli € {0,1,...,n—1}and forall j > N. Also, foranyi € {0,1,...,n—1},
L. — 0asj — 0o, s0 by (3.11) and (3.12), we have

n
i

note that Sﬁl_l- — 0 and

J

the following:

1
lim — =0 and (3.13)
jmeo st s i+ 1Y

o .
po S ST 4l

N e TR SRR i

=0. (3.14)

For each i € {0,1,...,n}, since a;; = «; as j — 00, so by (3.10), (3.13) and
(3.14), we have z; — a,, as j — oo. Also, by Lemma 3.2.2, s} + s?’ltj +
-+ 17 > min {s?,t?} for all 7 > N, so we have S?—FS?_ltj—l—---—f—t;? — 00

as j — oo. Therefore, by (3.9), we get the required result. O]

Lemma 3.2.4. Let y(t) = apg+ayt+---+aith be a polynomial in a variable
t,and let T'(s,t) = a1 +az(s+t)+---+ay <8k_1 —|—sk‘2t+~--—|—tk‘1) be a
polynomial in variables s and t. Then (so,ty) € R? is a zero of T if and only

if either v(so) = y(to) or v (to) = 0 accordingly as so # to or so = to.
Proof. 1t is easy to check the following:

7(s) = ()

(s, t) = for s # ¢, and (3.15)

L(t,t) =4'(t) forteR. (3.16)

Let (so,t0) € R? be a zero of T. If sq # tg, then by (3.15), v(s0) = v(to).
If s9 = to, then by (3.16), +'(to) = 0.

If v(s0) = 7(to) for (so,tp) € R? with sy # to, then by (3.15), the point
(s,t) = (so,to) is a zero of I'. If 7/(tg) = 0 for some ¢y € R, then by (3.16),
the point (s,t) = (tg,to) is a zero of I'. O

Lemma 3.2.5. Let f(t) = ag + ait + -+ + aqg_ot®2, g(t) = by + bit +
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s byt and h(t) = ¢y + et + -+ + cqt? be real polynomials. Then
the polynomial map ¢ : R — R3 given by t — (f(t), g(t), h(t)) is a smooth
embedding if and only if the polynomials

F(‘Sat) :G1+a2(s+t)+---—|—ad,2 (Sd_3+3d_4t+..._‘_td—3)’
G(S,t) =0 + b2<5 + t) + o4 by (Sd_2 + %3¢ 4+ 4 td—2) and

H(s,t)=c1+co(s+t)+-- +cq (sd_1+sd_2t+---+td_1)

do not have a common zero.

Proof. Suppose that a point (sg,ty) € R? is a common zero of the polynomials
F, G and H. If sq # to, then by Lemma 3.2.4, f(so) = f(to), g(s0) = g(to)
and h(sg) = h(to), and hence ¢(sg) = ¢(tg). If so = g, then again by Lemma
3.2.4, f'(to) = ¢'(to) = h'(to) = 0; that is, ¢'(to) = 0. Thus, in either case,
the map ¢ is not a smooth embedding.

To prove the converse, assume that ¢ is not a smooth embedding. Then
?(s0) = ¢(ty) for some sy # to or ¢'(ug) = 0 for some uy € R. In other
words, f(so) = f(to), g(so) = g(to) and h(sg) = h(to) for some sy # tg, or
f'(ug) = ¢'(up) = h'(up) = 0 for some ug € R. In any case, the polynomials

F, G and H have a common zero by Lemma 3.2.4. m
Theorem 3.2.6. The space Qq, for d > 3, is open in Cy.

Proof. Since Q3 = (3, the theorem is trivially true for d = 3. Let us
assume that d > 4. We show that G4 \ Qg is closed in C;. Suppose
{(bj}?il be a sequence of points in C; \ Q; which converges to a point ¢
in C;. We have to prove that ¢ € C;\ Q4. For j € N, let ¢; be given
by t — (f;(t),g;(t), h;j(t)), and its component polynomials be given by
fi(t) = ag; + ayjt + -+ + ag_o 1472, gj(t) = bo; + bijt + -+ + bg_q jt
and h;(t) = coj + cit + -+ + cgit?.  Also, suppose ¢ be given by t
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(f(t),g(t), h(t)), and its component polynomials f, g and h be given by
f(t) = ag + art + -+ + agot?2, g(t) = by + byt + -+ + bg_1t*! and
h(t) = co + it + -++ + cqt?. For j € N, since ¢; is not an embedding,
so by Lemma 3.2.5, we can choose (s;,t;) € R? such that

a1 + ag; (55 + 1) + -+ agay (548 4+ 197) =0, (3.17)

blj + bgj (Sj —I— t]) + e —|— bd—l,j (S;l_2 + S?_Stj + s —|— t?_Q) = O, (318)

cij+ ey (s +t)) + o og (s 4+ 872+t = 0. (3.19)

We claim that the sequence {(s;,¢;)} is bounded. Suppose on the con-
trary that it is unbounded, then at least one of the sequence {s;} or {t;}
is unbounded. We may assume that the sequence {s;} is unbounded, so it
has a subsequence which diverges to +o0o. Again, without loss of generality,
we may assume that the sequence {s;} itself diverges to £00. There are two
cases according to which either {¢;} is bounded or not.

(1) If the sequence {t;} is bounded: Note that, for each ¢ € {0,1,...,d},
we have ¢;; — ¢; as j — oo (where ¢4 # 0). Also, since the sequence {s;}

diverges to 00, we have have the following:
. d— d— d—
}ggo (Clj‘l—CQj (sj+1t;)+ -+ cg (sj 1+sj 2tj+---+tj 1)) =+00.

This is a contradiction, since the right hand side in (3.19) is zero for all j € N.

(2) If the sequence {t;} is unbounded: In this case, the sequence {¢;} has
a subsequence which diverges to £oo. We may assume that the sequence
{t;} itself diverges to +o0o. Note that, for each ¢ € {0,1,...,d}, we have

b;; = b; and ¢;; — ¢; as j — oo (where by_; # 0 and ¢4 # 0). Also, the
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sequence {s;} diverges to £00, so by Lemma 3.2.3, we have

lim (blj + ij (Sj + tj) + -+ bj,d—l <8d_2 + Sd_3tj + -+ t;l_2)> = +00 or

Jj—o0 J J

lim (Clj + e (sj + 1)+ + ey (Sd_l R +t§l_1)> = +ee.

j—o0 J

This is again a contradiction, since the right hand sides in (3.18) and (3.19)
are zero for all j € N.

The cases (1) and (2) both together show that the sequence {(s;, tj)};il

is bounded and hence it has a subsequence which is convergent. We may

assume that the sequence {(s;,#;)}.7, itself is convergent, say converges to

a point (sg,ty) € R2. Also, since the sequence

o
{(aoj, arjs - -y aa—24, boj; bij, - .. s ba—14, Cojy C1jy -y Caj) 2y

converges to (ag, a1, - . .,a4-2,b0,b1,...,b4_1,Co,C1,...,cq), the left hand sides

in (3.17), (3.18) and (3.19) converges respectively to

a1+ az (s +to) + -+ aga (s§ 0+ 5§ Mo+ 1077, (3.20)
b+ by (s0+to) + -+ +bay (5§72 + 5§ g+ +1572) and  (3.21)
cr+ea (so+to) + o ca(s§ 458 o420 (3.22)
Note that the right hand sides in (3.17), (3.18) and (3.19) are zero, and hence

so are the expressions (3.20), (3.21) and (3.22). Therefore, by Lemma 3.2.5,

¢ is not an embedding, and hence it is an element of the space C;\ Q4. [

Now using Proposition 3.2.1, we have:
Corollary 3.2.7. The space Qq, for d > 3, is open in Ayg.

The examples given below witness that the space Og4, for d > 3, is not
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open in Ay, and the space P; is not open in both the spaces Ay and By.

Example 3.1. Let ¢ be an element of Oy given by ¢t — (1, 1, ¢). For any
e > 0, an open ball V(¢,¢) = {7 € Ay | p(¢,7) < €} (where p is the metric

as defined in (3.2)) contains an element ¢, € A4 given by
tes (1,1, ¢ = (¢/2)%) .

This map is not a smooth embedding, since the derivative of ¢, at t = 1/e is

zero. This shows that ¢ is not an interior point of Q.

Example 3.2. We have an element ¢ € P4 given by ¢t — (1, ¢, t?). For any

e > 0, an open ball V (1, €) contains an element . € B, given by
tes (1= (/21 £ = (e/2)t) .

Note that the map v, has same value at the points t = 0 and t = (2/6)61%2,
so it is not an embedding. This shows that v is not an interior point of Py

with respect to both the spaces Ay and By.
Theorem 3.2.8. The space Qq, for d > 3, is dense in Cg .

Proof. Note that Q3 = C3, so the theorem is trivially true for d = 3. Let us
assume that d > 4. In order to prove that Q, is dense in C4, we have to show
that for any ¢ € C; and any € > 0, there is a polynomial knot ¢ € Q; which
belongs to the e-neighborhood V' (¢, €) of ¢. Suppose an arbitrary ¢ € €4 and
an € > 0 be given. Let ¢ be given by t — (f(t), g(t), h(t)), and let

my =min{|h'(t)]: t € R, ¢'(t) =0 and h'(t) #0}.

Choose a positive real number r such that r» < min{m,,€/2}, and define a

curve a : R — R? by a(t) = (g(t), ﬁ(t)), where h(t) = h(t) + st. Let g and
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h be given by g(t) = by + byt + - -+ by_1t¢"! and ﬁ(t) =co+cit+ -+ gt
Note that o/(t) # 0 for all ¢t € R, so by Lemma 3.2.4, the self-intersections of

the curve a are exactly the common zeros of the following polynomials:

G<S>t) =b + b2<3 + t) + o4 by (Sd_2 + Sd_3t 4+ td_2> and

H<S7t):Cl+02(8+t)+"“"‘Cd(Sd_1+8d_2t+...+td_l)'

We claim that the polynomials G and H do not have a non-constant
common factor. Suppose on the contrary that they have a non-constant
common factor, say W, and let ¢ be its leading term. Then ( is a non-
constant common factor of the polynomials pu(s,t) = 572+ s473¢ 4. .. 442
and v(s,t) = s47 1+ 52t 4.+ 1271 Let uy, v and ¢; be polynomials given
by p(t) = p(1,t) =1+t +---+t72 v(t) =v(1,t) =1+t +---+t¢ L and
¢1(t) = ¢(1,t). It is obvious that the polynomials ¢ and ¢; have same degree.
Thus, ¢; must be a non-constant polynomial. Note that t3=1—1 = u(t)(t—1)
and t9 — 1 = v (¢)(t — 1). Since (; is a common factor of the polynomials z
and v, every root of ¢; is a complex (d — 1) as well as d*® root of unity
other than 1. This is a contradiction, since any complex (d — 1) root of
unity other than 1 cannot be equal to a complex d* root of unity. This
proves the claim.

By Bézout’s theorem, the polynomials G and H have only finitely
many common zeros, and hence the curve « has only finitely many self-
intersections. Let (s1,t1), (S2,%2),- .., (Sk, tx) be the pairs of parameters at
which the self-intersections occur in . Now choose a positive real number u

such that u < min {may, €¢/2}, where

ci=1,2,... k and M%o}.

My = min
S; — tz

{|f(3;?:f(ti)

Let us define f :R = R by ¢t f(t) 4+ 5t. Then it can be easily seen that
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flsi) # f(t;) for all i = 1,2,... k. This shows that the map 1 : R — R3
defined by ¢ +— (f(t), g(t), iL(t)) has no self-intersections. Note that ¢’(t) # 0
for all £ € R (since o/(t) # 0 for t € R). Also, it is easy to see that 1 has
degree sequence (d — 2,d — 1, d). Thus, it is an element of the space Q;. We

now estimate p(¢, 1) as follows:

p(6:0) <p (6, (F,9.0)) +p ((f.9.0),0)
<r/24+u/2
<e/d+e/d

<e€/2.

Thus, we have 1) € V (¢, €). This proves the theorem. H

Again by Proposition 3.2.1, we have following:
Corollary 3.2.9. The space Qq, for d > 3, is dense in Aq.
Corollary 3.2.10. The spaces Q4 and Py, for d > 3, are dense in Ag.
Now, we would like to investigate more on these spaces.

Theorem 3.2.11. The space Oy, for d > 3, is homeomorphic to a semial-

gebraic subset of R3.

Proof. Let a, b and c denote the real tuples (ag, a1, . .., aq4—2), (bo,b1,...,ba_1)

and (co,c1, ..., cq) respectively, and let @ape : R — R3 be given by
t s (ao Fart+ 4 agot™2 b+ byt + -+ bg 1t co+ et 4+ cdtd) .

Then we have 7(¢ape) = (a,b,c) for all (a,b,c) € R3¢ (where 7 is the
homeomorphism as defined in (3.1)). Thus, we can rewrite the set n(Aq\ O4)
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as follows:
n(Ag\ Oq) = { (a,b,c) € R* | ¢ape is not a smooth embedding} .
For (a,b,c) € R* let F,, G}, and H, be polynomials which are defined by

Fa(s,t) = a1 +as(s+1)+ -+ a2 (sd_3 AN +td_3) 7
Gb(S,t) =bi+ bZ(S + t) + o4 b1 (Sd_2 + s373¢ 4+ td—Z) and

He(s,t) = 1+ cals + 1) - g (7 48520444771

Then by Lemma 3.2.5, F,(s,t) = Gp(s,t) = He(s,t) = 0 for some (s,t) € R?
if and only if the polynomial map ¢apc is not a smooth embedding. This
shows that the set n(Ay \ O4) is the image of the set

Us={(a,b,c,s5,t) € R¥? | Fy(s,t) = Gu(s,t) = He(s,t) = 0}

under the projection 7 : R34*2 — R3? onto the space of the first 3d coor-
dinates. Note that U, is a semialgebraic subset of R**2 so by Corollary
2.3.2, the set n(Ag \ O4) is a semialgebraic subset of R3 and hence so is its
complement 7(0Qy). O

Corollary 3.2.12. The spaces Py and Qq, for d > 3, are homeomorphic to

some semialgebraic subsets of R3?.

Proof. We have 1n(Py) = n(Ba) Nn(04) and n(Qs) = n(Cq) Nn(O4). It is
easy note that the set 7(C,4) is semialgebraic. Also by Theorem 3.2.11, the
set 7(0Q4) is semialgebraic. Now it is enough to prove that the set n(B,) is

semialgebraic. For 0 <p < g <r <d, let

Wogr = {(a,b, c) € R¥ | ¢ape has degree sequence (p, q,r)} )
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Then it can be easily seen that W, is a semialgebraic subset of R3¢ for all
p, ¢ and 7 such that 0 < p < ¢ <7 < d. Note that 7(Bg) = Up<p<ger<aWpar-
Thus, the set 1(By) is also a semialgebraic subset of R3?. O

Corollary 3.2.13. The spaces Oq4, Py and Qq, for d > 3, have only finitely

many path components.

Proof. By Theorem 3.2.11 and Corollary 3.2.12, the sets n(04), n(Py) and
n(Qq) are semialgebraic subsets of R3?, so by Theorem 2.3.3 and Proposition
2.3.4, they have only finitely many path components. The same is true for

the spaces O4, Py and Qgy, since 1 is a homeomorphism between the spaces

A, and R34, O






Chapter 4

Topology of the Spaces

In Chapter 3, we noticed that the spaces O4, Py and Qg have only finitely
many path components. In this chapter, we focus on the number of path
components of these spaces and their homotopy type. In Section 4.1, we
show that the space O4 has the same homotopy type as S2. This also proves
that the space O4 is path connected. In Section 4.2, we discuss the space
P of all polynomial knots with some natural topology on it and find its
homotopy type. Furthermore, we prove that every polynomial knot is isotopic
to some polynomial unknot by a smooth isotopy through polynomial knots.
In Section 4.3, we show that the space P, is path connected. The last section
(i.e. Section 4.4) is devoted to the space Q4, where we show that this space
is not path connected. In fact, we prove that the path equivalence in Qg
implies the topological equivalence. If there are n distinct knot-types (up to
mirror images) which can be represented in Qg, then it has at least 8n path
components. We also look at the homotopy type of the path components of

Q, for some small values of d.

41
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4.1 Homotopy type of the space O,

Let ¢ : R — R3 be a polynomial map (that is, its component functions are
real polynomials). Let us denote its first, second and the third components
by fs. g and hg respectively, i.e. ¢(t) = (f4(t), g(t), he(t)). Also, let ag;, by
and cy; be the coefficients of ¢* in the polynomials fs, g, and hy respectively.

We will use these notations throughout the thesis.
Theorem 4.1.1. The space Og, for d > 3, is homotopy equivalent to S?.

Proof. For any ¢ € Og, we have (ag1)? + (bp1)? + (cp1)? # 0 (otherwise
#'(0) = 0). Let us define maps I'y: O4 — S? and Ay : S? — Oy by
1

I 925 = ag1,bp1, Co1
() \/(%1)2+(b¢1)2+(0¢1)2< o1 bors o)

and Ay(x) = ¢, where for = (21,29, 73) € S?, ¢.(t) = (x1t, xot, x3t) for
t € R. Note that the maps I'y and A, are continuous. The map I'yo Ay is
the identity map of S2. We need to prove that the map Ay oIy is homotopy
equivalent to the identity map of O4. For ¢ € Oy, let uy : I — R be given

by
1—s

V(@) + (bs1)? + (co1)®

Define Hy : I x Oq — Oq by Hy(s, ¢) = Hs,, where

d
Hig(t) = (ago; boo, co0)s + 1s(s) ((%1, bor, co1)t + > (agi, by, C¢i)8l_1tl>
1=2

for t € R. Note that, for each (s,¢) € (0,1] x Og4, H4(t) = pg(s)¢'(st) # 0
for all t € R and

po(s) (P(su) — ¢(sv))

Hgp(u) — Hop(v) = .

£0
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for all w # v. Thus, for each (s,¢) € (0,1] x Oy, the map H,,; is a smooth
embedding. Also, for s = 0 and ¢ € O,4, Hy, is a linear map and a hence it
is smooth embedding. This shows that the image of H, is in fact contained
in O4. Note that Hy is a continuous map. Furthermore, for each ¢ € O,
we have Hy(0,¢) = Ag (Ta(¢)) and Hy(1,¢) = ¢. This shows that the map
A4 0Ty is homotopy equivalent to the identity map of O,. O

Corollary 4.1.2. The space Oq4, for d > 3, is path connected.

4.2 The space of all polynomial knots

In Chapter 3, we have introduced the set P of all polynomial knots. It
is easy to note that P = ;5304. We would like to give the inductive limit
topology on P; that is, a set U C P is open in P if and only if the set U N Oy

is open in Q4 for all d > 3. With this topology on P, we have the following:
Theorem 4.2.1. The space P is homotopy equivalent to S?.

To prove this theorem, we require a result by Whitehead (see [15, §18.5])

which is states as follows:

Proposition 4.2.2 (Whitehead [15]). Let {X;} and {Y;} be sequences of
topological spaces with the inductive limits X and Y respectively. Suppose
one of the space X orY is compact and reqular. Then the inductive limit of

the sequence {X; x Y;} is the product space X x Y.

Proof of Theorem 4.2.1. Let us define maps I' : P — S%2 and A : S? — P by
['(¢) =T4(9) if ¢ € Oy and A(x) = Asz(x) if z € S? (where the maps 'y and
A3 are as defined in Theorem 4.1.1). Note that I" is well defined; that is, for
n > d > 3, we have I',,(¢) = ['y(¢) for all ¢ € O4. To check the continuity of

the maps I and A, consider an open set U in S? and an open set V in P. It
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is easy to check the following:
I U)NO; =T;'(U) and A HV) =A%V N0O3) (4.1)

for all d > 3. Since the maps I'; and A3 are continuous, the set I';'(U) is
open in Oy for all d > 3 and A;*(V N O3) is open in S?. Thus, by (4.1),
[~Y(U) is open in P and A~!(V) is open in S?. This proves that the maps
I' and A are continuous. Note that the map I' o A = I'3 o A3 is the identity
map of S2. Now we need to show that the map A oI is homotopy equivalent
to the identity map of P.

Define H : I xP — P by H(s,¢) = Hy(s, ¢) if (s,¢) € I x Oy (where the
map H, is as defined in Theorem 4.1.1). The map H is well defined; that is,
for n > d > 3, we have H,(s,¢) = Hy(s, ¢) for all (s,¢) € I x O4. Let V be

an open set in P. Then we have
H Y V)NT xO04=H;Y(VN0Oy) (4.2)

for all d > 3. Since Hy is continuous, the set H;'(V N O,) is open in
I x Q4 for all d > 3. Thus, by (4.2), the set H~!(V) is open in I x P with
respect to the inductive limit topology which comes from its stratification as
I x P =Ug3I x O4. By Proposition 4.2.2, the inductive limit topology on
I x P is same as the product topology on it. Therefore, the set H=*(V) is
open in I x P with respect to its product topology. This shows that the map
H is continuous. Note that, for each d > 3 and for each ¢ € Oy, Hy(0, ) =
As; (Ta(9)) and Hy(1,¢) = ¢. Therefore, we have H(0,¢) = A(I'(¢)) and
H(1,¢) = ¢ for all ¢ € P. This shows that the map A o I' is homotopy
equivalent to the identity map of P. (]

Corollary 4.2.3. The space P is path connected.
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It is known that if two polynomial knots are topologically equivalent,
then they are polynomially isotopic (see Theorem 2.2.2). In the following

theorem, we prove that the converse is false.

Theorem 4.2.4. FEvery polynomial knot is isotopic to some linear knot (an

unknot) by a smooth isotopy through polynomial knots.

Proof. Let ¢ : R — R? be any polynomial knot, and let it be given by
t > (ag + ast + - + agt?, by + byt + -+ + bat”, co+ crt + -+ + cat?) |

where d is the degree of ¢. Define F': [ x R — R3 by F(s,t) = F,(t), where

d
Fs(t> = (CL(], bo, Co)(l - S) + ((11, bl, Cl)t + Z (CLZ', bl‘, Cz)(l - S)i_lti .

=2

It is easy to note that the map F' is smooth, since its components are poly-
nomials in two variables. For each s € [0,1), we have F!(t) = ¢/(t — st) # 0
for all t € R and

d(u — su) — ¢(v — sv)
1—s

Fy(u) = Fi(v) = # 0

for all u # v. This shows that Fy is a polynomial knot for all s € [0,1).
Also, for s = 1, Fy is a polynomial knot (since it is a linear map). Let
¥ : R — R? be given by ¢ — (ait, bit, c1t). Then we have F(0,t) = ¢(t) and
F(1,t) = ¢(t) for all ¢ € R. This shows that F is a smooth isotopy through

polynomial knots which connects ¢ and . O

The isotopy in Theorem 4.2.4 rolls a given polynomial knot to the infinity
and unravels it up to make it into an unknot. In general, the same thing
happens for any long knot. More precisely, every long knot is isotopic to

some unknot by a smooth isotopy through long knots. However, this does
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not happen if the knots are compact (that is, the smooth embeddings of S*
in $%). Otherwise by the isotopy extension theorem (see [23]), every knot

would be ambient isotopic to some unknot, which is certainly not the case.

Corollary 4.2.5. Every polynomial knot can be connected to a linear knot

by a smooth path in the space of all polynomial knots.

Proof. For a polynomial knot ¢, define « : I — P by «(s) = F, (where Fj,
for s € I, is as defined in Theorem 4.2.4). Then « becomes a smooth path

in P which connects ¢ to some linear knot. O]

Example 4.1. We have a polynomial representation ¢ : R — R? of the figure-
eight knot (the knot 4;) given by

t+(0,0,0.5)t% + (0,1, —0.5)¢° + (1, —1.5, —=19.1)¢t* + (8.5, —29.1,11.3) 3

+(—31.9,32.4,187.2)¢> + (—164, 160.5, —35.8) + (51.8, —50.3,0).

10000

5000

F, for s=0 Fs for s=1/3 F, for s =2/3 Fsfors=1

Figure 4.1: Depiction of the path F': [ — O4 connecting a figure-eight knot
¢ to an unknot .
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By Corollary 4.2.5, we have a path F': [ — P given by F(s) = Fj, where

F.(t) = (0,0,0.5)(1 — 8)°° + (0,1, —0.5)(1 — 8)*° + (1, = 1.5, —19.1)(1 — 5)*¢*
+ (8.5, -29.1,11.3)(1 — 8)*3 + (—31.9,32.4,187.2)(1 — s)t*

+ (—164,160.5, —35.8)t + (51.8, —50.3, 0)(1 — s)

for ¢ € R. This path joins the polynomial knot Fi = ¢ (which represents the
figure-eight knot) to the unknot Fj given by ¢t — (—164¢,160.5¢, —35.8¢).
The path F' rolls the polynomial knot ¢ to the infinity so that the knot gets
unraveled up to become an unknot (see Figure 4.1). Note that the image
of the map F' lies in Og. Thus, it is also a path in this space connecting a
figure-eight knot to a linear knot. Also, there exists such path in Pg (that is,
the path which connects a figure-eight knot to an unknot). However, there
does not exist a path in Qg which connects a figure-eight knot to an unknot.
In fact, in Section 4.4, we show that two topologically different knots cannot

lie in the same path component of the space Q4 for any d > 3.

4.3 'The space P,

In this section, we prove that the space P, (as defined in Section 3.1),
for d > 3, is path connected by explicitly constructing a path from a given
element in Py to a fixed element in P,;. For that, we first construct a path
from an element in P, to some element in Qy (note that Q; C P,) and then

produce a path from this new element to a fixed element in Pg.

Proposition 4.3.1. Every polynomial knot in Py can be connected to a poly-

nomial knot in Qg by a path in Py.

Proof. Let ¢ be an element of the space P;. Since the set 1(Q,) is dense
in R3 and it has only finitely many path components (see Corollary 3.2.9



48 Chapter 4. Topology of the Spaces

and Corollary 3.2.13), the element 7(¢) must belong to the closure of some
path component, say U, of n(Q4). The set n(Q4) is a semialgebraic subset
of R3¢ so by Theorem 2.3.3, U is also a semialgebraic subset of R3?. This
implies that the set U U {n(¢)} is a semialgebraic subset of R3¢ since a
one point set is always semialgebraic. Note that U U {n(¢)} is connected.
Therefore, by Proposition 2.3.4, this set is path connected and hence so is
the set 71 (U) U {¢}. In other words, there is path in n=(U) U {¢} C Py
from ¢ to an element ¢ € n~1(U) C Q. O

Corollary 4.3.2. Every polynomial knot in Og4 can be connected to a poly-

nomial knot in Qg by a path in Og.

Corollary 4.3.3. Every polynomial knot in Og4 can be connected to a poly-

nomzial knot in Py by a path in Og.

Theorem 4.3.4. The space Py, for d > 3, is path connected.

Proof. Let ¢ be an element of the space P;. By Proposition 4.3.1, there is a
path in P, from ¢ to some element ¢ € Q;. Note that Qg is open in Ay, so
we have a path in Qy from ¢ to an element ¢ € Q4 in which the coefficient

b,1 of t in the second component is nonzero. Define A : I — Qg by

o o _bO' o bo_ -
A(S) - (fo— — Q50S, Yo — bo’OS7 ha' - Co19 ZC 1t 1€ 08) .
ol

Suppose 7 = A(1), then we have a.g = byg = ¢-o = ¢;1 = 0 and by = by # 0.
It is clear that A is a path in Q4 from ¢ and 7.

Since Qg is open in Ay, we can find a path in Q; from 7 to an element
w € Qg which differs from 7 only in the coefficient of #? in the third component

and that coefficient is nonzero in w. For s € I, suppose fs, gs and hg be
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polynomials which are given by

fs(t) = afu.;lSt + aw282 t2 4+ .. 4 aw,d—25d_2 75(1—2 ’
gs(t) = bwlt + bw23 t2 I bw,d—18d_2 td_l and

hs(t) = Cunt® + Cw3S B desd—z n

Define I' : I — P, by I'(s) = 'y, where T's(t) = (fs(t), gs(t), hs(t)) for t € R.
Since a,o = a9 = 0, byo = bog =0, co = ¢ro = 0 and ¢,1 = ¢;1 = 0, we
have I'(1) = (f1,91,h1) = w. Also, for each s € (0,1] and each t € R, we

have the following:

fo(t) = fi(st), 5gs(t) = gi(st) and s?hy(t) = hi(st), and (4.3)

fit) = sfi(st), gi(t) = gi(st) and shi(t) = h(st). (4.4)

Thus, for each s € (0,1], we must have I'y(u) # ['s(v) for all u # v and
U(t) = (fi(t), gi(t), hi(t)) # 0 for all t € R (otherwise by (4.3) and (4.4),
we would have w(su) = w(sv) or w'(st) = (fi(st), gi(st), hi(st)) = 0,
which is a contradiction to the fact that w is an embedding). Therefore, for
each s € (0,1], I's is a smooth embedding and hence it an element in Py.
Also, for s =0, I'y € Py (since b, = b1 # 0 and ¢ # 0). Hence the image
of I'is in fact contained in P4. It is clear that I' is continuous. Let p: R — R?
be given by t + (0, b,1t, c.ot?). Then we have T'(0) = (fo, go, ho) = p- This
shows that I' is a path in Py form u to w.

Let ¢y be a fixed element in Py given by t + (0, ¢, t?). Define Q : [ — P4
by Q(s) = Q, where

Qu(t) = (s(1 = $)t, (burs +1 = s)t +5(1 = $)t, (cuns + 1 — s)t* + s(1 = 5)t*)

for t € R. It can be easily seen that € is path in P, from ¢q to pu.
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By combining the paths (which we have constructed above) between the

consecutive elements in the list ¢, ¥, o, 7, w, p and ¢y, we can obtain a path

in Py from ¢ to ¢g. [

4.4 Path equivalence in the space 9,
Definition 4.4.1. Two polynomial knots are said to be path equivalent in
Qg if they belong to its same path component.

Similarly, the path equivalence can be defined for the spaces O, and P,.
Note that the spaces O4 and Py, for d > 3, are path connected. Thus, any

two polynomial knots in Oy (or, in P,) are path equivalent.

Proposition 4.4.1. Two polynomial knots are path equivalent in Qg if and

only if they are isotopic by an isotopy of polynomial knots in Qq.

Proof. Suppose ¢ and 1 be polynomial knots in Qg4, and let F': [ — Q, be a
path from ¢ to ¢. For s € I, let F, = F(s) and let it be given by

F,(t) = (ao(s) +ay(8)t 4 -4 ag_o(s)tT2, Bo(s) + Bi(s)t + - - -+ Ba_1 ()t

Yo($) +y(s)t+--- + ’yd(s)td)

for t € R, where o;’s, 5;’s and ~;’s are real valued functions. Define a map

I: 1 — R by

s (a(s),01(s), ..., aq—2(s), Bo(s), B1(S), ..., Ba=1(s),v0(s),11(8), ..., va(s)).

It is clear that I' = n o F' (where n is the homeomorphism as defined in

(3.1)). Therefore, the map I' is continuous and hence so are the component
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functions «a;’s, §8;’s and 7;’s. This implies that the maps

(s,t) LLN ap(s) + ar(s)t + - + ag_s(s)t?72,
(s,t) LN Bo(s) + Br(s)t+ -+ Ba_a(s)t™™  and

(s,t) LN Yo(8) + Y1 (8)t + - - 4 yq(s)t?

are continuous as maps from I x R to R. Define G : I x R — R? by
G(s,t) = F(t). It is easy to note that G is continuous, since its component
functions €,y and Q3 are continuous. Note that G(0,t) = Fy(t) = ¢(t)
and G(1,t) = Fi(t) = ¢(t) for t € R. This shows that G is an isotopy of
polynomial knots in Q4 connecting ¢ and .

To prove the converse, suppose ¢ and i be polynomial knots in Q4, and
let H:1 xR — R3 be an isotopy of polynomial knots in Q; which connects
¢ and v (that is, H(0,t) = ¢(t) and H(1,t) = 9(t) for t € R). Let H be
given by

(5,8) > (Ho(s) + ()t + -+ paa($)t"%, oo(s) + o1(s)t + -+ + g1 ()",

To(s) + m(s)t+ -+ Td(s)td) ;

where p;’s, 0;’s and 7;’s are real valued functions. Note that for any t € R,

the maps

Q _
s =5 po(s) + p ()t + -+ pa—a ()t

s 22 go(s) + o (s)t+ - + ogr ()t and

s 2% 10(s) 4+ TL(s)t + -+ + Ta(s)t?
are continuous as maps from I to R. It is easy to check that: (a) p;’s are

linear combinations of the maps €40, Q11, ..., Q1.4-2, (b) 0;’s are linear combi-
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nations of the maps Qa9 Qo1,...,Q24-1, and (c) 7;’s are linear combinations
of the maps (239,231, ...,Q34. Therefore, the maps u;’s, o;’s and 7;’s are

continuous and hence the map A : I — R3¢ defined by

s (1o(8), p1(8), -y pta—2(8),00(8),01(8), ..., 0q-1(5), 70(8), 71(5), ..., Ta(s))

is also continuous. Define ¥ : I — Q; by U(s) = H,, where Hy(t) = H(s,t)
for t € R. Since ¥ = 5! o A, the map ¥ is continuous. Also, note that
U(0) = Hy = ¢ and V(1) = Hy = 1. This shows that the map ¥ is a path
in Q; which connects ¢ and . 0

Corollary 4.4.2. Any two polynomial knots in O4 are isotopic by an isotopy

of polynomial knots in Oy.

Corollary 4.4.3. Any two polynomial knots in Py are isotopic by an isotopy

of polynomial knots in P,.

Theorem 4.4.4. If two polynomial knots are path equivalent in Qq, then

they are topologically equivalent.

Proof. Let ¢ and ¥ be two polynomial knots which belong to the same path
component of the space Q;. Since Q, is open in Ay, we can choose a smooth
path o : I — Qg such that «(0) = ¢ and a(1) = 9. Define F': I xR — R? by
F(s,t) = as(t), where ag = a(s) for s € I. This map is smooth and it is an
isotopy of polynomial knots in Qg connecting ¢ and +). Let H : I xR — I xR3
be the track of the isotopy F, i.e. H(s,t) = (s, F(s,t)) = (s,as(t)). Note
that H is a level preserving map and it is a smooth embedding of I x R in
I x R3. Thus, its image H (I x R) is a smooth submanifold of I x R?. One
can identify I x R3 as a smooth submanifold of I x S® by the embedding
IxT: I xR — IxS3\{N}, where 1 is the identity mapping of I, and T is

the inverse of the stereographic projection from the north pole N of S3. Let
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K be the image of (1 xI')o H and let K be its closure in I x S3. Tt is obvious
that the collection 8§ = {I x S3\ K, K, I x {N}} is a collection of pairwise
disjoint smooth submanifolds of I x S% which covers it. It is easy to check
that it satisfies the condition of frontier (see Definition 2.4.6). Note that
I x S3\ K is an open submanifold of I x S3, so its dimension is 4. Therefore,
it is trivial that the pairs (I x S*\ K, K) and (I x S*\ K,I x {N}) satisfy
the second Whitney condition (see Definition 2.4.4).

Claim: The pair (K,I x {N}) satisfies the second Whitney condition.

Proof of the claim. Let y = (u, N) be an element in I x {N}. Suppose
® : U — R* be a smooth chart of I x S at y. We need to show that the
pair (P(UNK),®(UNI x {N})) satisfies the second Whitney condition at
®(y). Let (z;) C ®(UNK) and (y;) € ®(U NI x {N}) be sequences both
converging to ®(y) and they are such that: (a) x; # y; for all i« € N, (b)

the tangent spaces 7, = T (®(U N K))_ converge to a plane 7 C R*, and (c)

the secant lines [; = (z;, ;) converge to a line [ C R?. We can assume that
U =V x W for some connected open neighborhoods V' C I of uw and W C S3
of N, and ®(s,x) = (s,V(z)) for (s,z) € V x W, where ¥ is the restriction
of the stereographic projection from the south pole of S®. For i € N, let

2= o (1xT)o H(si,ti) = (s, W o T o F(si, 1)) = (si, | F(si, ta)l| > F(si,1:))
for some (s;,t;) € I x R, and suppose

i = B(us, N) = (s, W(N)) = (u5,0)
for some u; € I. Note that for ¢ € N, the vector

ANi =T — Yy = <5i — g, || F (s, ti)’r2 F(Smti))
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spans the secant line [;. Also, for ¢ € N, it can be easily seen that the vectors

v; = (1, ai@ol“oF(s,t))

B ( F(s,t) ))
Y B
Os \[[F(s,)1I") ]| (6,00

P LGN 1 LAC] J
IEGOIF IRl

(si5ti)

and

(sisti)

0, aat\IfoFoF(s,t)>

a( F(s,t) ))
0, > |0 2
HN|F (s, 7))/ s1.00)

_ (O EACUI A ACU t)>

(sisti)

CIEGsOIP IFGs I

(si5ti)

both together span the tangent space 7;. After normalizing the vectors \;, v;

and w;, we get the unit vectors as follows:

“ i
A =
Il
_( Si — Uy F(si, ti) )
Visi— w2+ [F s t) |72 1F iy ta) 2/ (51 — wa)? + | F(si,t) |
N (&
V; =
o]
1F (s, 1) (1 TF(s,t) %HF(S,t)HZF(S t))
WF (5.0 + [ 2F 6,0 IFGs DI [FGs 1)
(sisti)
and
N w;
w; =

[l
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(o, e, __pregron )
(m gr] " rGoPlgEe]

9 P(s,t) 2 cos b;
_ ot _ s
i} (0’ o p ] TEGOI ’“)

where 6; is the angle between the vectors F(s;,t;) and 2 50 (8i,ti). Note that

(si5t3)

Y

Sisti)

for i € N, the vector 5\1 forms a basis for the secant line [;, and the vectors
0; and w; together form a basis for the tangent space 7;. Since [t;] — o0
as © — 00, there exists a subsequence of the sequence {¢;} which diverges to
+oo0. We may assume that the sequence {¢;} itself diverges to 00. Note that
the sequences {||F (s, t;)|| 7 F (54, 1)}, {\ 9 (si, ta) || 71 9E (4, )} and {);} are
bounded, so they have convergent subsequences. Again, we may assume that

these sequences themselves are convergent. It is easy to check that

wF(st)  ZIFs I’

lim — b5 - F(s, t)] = 0. (4.5)
s IF(s, 01" IF s 0l (si.te)

Note that the sequence {5\1} is convergent, hence so is the sequence
LIl 7Y F (6, )| 71} (since it is the sequence of norms of the second com-
ponent of 5\1) By Proposition 2.2.3, the sequence {6;} converges to 0 or 7

depending on {t;} diverges to oo or —oo, so we have

i | 2P0 Fls) —0. (4.6)
=00 H 2 F(s,t)| cosb; 1F (s, ) (00
For 2 € N, let
(si — uq) JJuill 1 .

Zi =

Vi — W
1Al IXll 1 (s, t3) || cos 6;
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Using (4.5) and (4.6), we compute the limit of z; as follows:

i — uq) ||vil] 1 .
lim z; = lim <(S ui) |V Hv )

St T e U I T N G )T eos 6,

o) o 2
s si—w 2 E(s.t =||F'(s,t
h Si — Ui ’ Si — U [ Js (87 )2 _ 85” (57 )Ll F(S7t)‘|

B 1 D F(s,t) _ 2F(s,t)
TFGe |3 0 coss,  TFG00|
i | S -1 %F(s,t) 2K (s,
= TN TGl [ 7o costs TFGOT]
1—00

Note that 5\, € l; and z; € 7;, so the nonzero vector = lim;_, o 5\1 (which is
same as lim;_,, 2;) lies in both [ and 7. Thus, we have [ C 7. This shows

that the pair (K, x {N}) satisfies the second Whitney condition.

The collection 8 becomes a Whitney pre-stratification for I x S (see Def-
inition 2.4.6). Let 7 : [ x S* — I be the projection onto the first coordinate.
This map is proper. It is easy to check that the map 7 when restricted to any
stratum in 8 is a submersion. Therefore, by Thom’s first isotopy lemma (see
Proposition 2.4.3), the map 7 when restricted to any stratum in § is a trivial
fiber bundle. In particular, 7 |, go\ g2 I x S*\ K — I is a trivial bundle over I
and thus its fibers 771(0) = {0} x 3\ ap(S') and 771(1) = {1} x 3\ &y (S?)
are homeomorphic (where &g : S* — S% and G, : S' — S? are the extensions
of oy and «; respectively). In other words, the complements of the knots &g
and @&; are homeomorphic. Note that the complements of the knots in S? are
homeomorphic if and only if they are ambient isotopic (see [8]). Therefore,
the knots &y and &; are ambient isotopic, and hence the knots ¢ = ay and

1) = aq are topologically equivalent. O
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The converse of Theorem 4.4.4 is not true. This fact will be clear from

the next proposition and its corollaries.

Proposition 4.4.5. Let ¢ : R — R3 given by t — (f(t), g(t), h(t)) be a
polynomial knot in Qg, and let ¢ be its mirror image which is given by t —
(f(t),g(t), —=h(t)). Then the polynomial knots ¢ and 1 do not belong to the

same path component of the space Qq.

Proof. Suppose on the contrary that the polynomial knots ¢ and i belong
to the same path component of the space Q4, and let ¢ : I — Q, be a path
from ¢ to ©. For s € I, let &, = ®(s) and let it be given by

() = (ao(s) + ar(s)t + - + aq a7, Bo(s) + Bi(s)t + -+ Baa (),

T0(5) + 3 (st + -+ als)t?)

for t € R. It is easy to see that the maps «;’s, 5;’s and ~;’s are continuous.

Let f, g and h be given by

f(t):a0+a1t+...+ad_2td—2’
g(t) =by+ byt + -+ byt and

h(t) :CQ+Clt+"'+Cdtd.

Since &g = ¢ and ®; = 9, we have o;(0) = a;(1) = a;, 5;(0) = £;(1) =
bi, v:(0) = ¢ and 7;(1) = —¢; for each i. In particular, v4(0) = ¢4 and
~va(l) = —c4. Note that ¢4 # 0 and 74 is a continuous map, so by the
intermediate value theorem, v4(u) = 0 for some u € (0,1). Therefore, the
third component of ®, has degree less than d. Hence ®, is not an element

of the space Q4. This is a contradiction, since ® was a path in Q. O

Corollary 4.4.6. Lett — (f(t), g(t), h(t)) be a polynomial knot in Q4. Then
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there are eight distinct path components in Qg each of which contains exactly

one of the knot t — ((e1f(t), e2g(t), e3h(t)) for (ey,eq,e3) € {—1,1}3.

Corollary 4.4.7. The number of path components of the space Qq are in
multiples of eight.

Note that by Theorem 4.4.4, two polynomial knots which are not topolog-
ically equivalent cannot belong to the same path component in Q4. Therefore,

we have the following:

Corollary 4.4.8. If there are n distinct knot-types (up to mirror images)

which can be represented in Qq, then it has at least 8n path components.

Proposition 4.4.9. Let ¢ be a polynomial knot in Qq. Suppose 1) : R — R3
be given by t — ¢(at + ), where a > 0 and § be any fized real numbers.
Then both ¢ and v belong to the same path component of the space Q.

Proof. Define F : I — Q4 by F(s) = Fj, where

Fi(t) = ¢ ((1 — s+ as)t + Bs)

for t € R. By Remark 2.6, for each s € I, Fy is an element of the space
Q4. Thus, the image of F' is in fact contained in Q4. Note that Fy = ¢ and
Fy = 1. Hence F is a path in Q; which connects ¢ and . n

Proposition 4.4.10. Let ¢ : R — R?® given by t — (f(t), g(t), h(t)) be a
polynomial knot in Qq. For each i € {1,2,3}, let o; > 0, 5; and ~; be any
fized real numbers, and suppose 1 : R — R3 be a polynomial knot given
by t = (a1 f(t) + 7, aeg(t) + Bif(t) + 2, ash(t) + Bof (1) + Bag(t) +7s)-
Then both ¢ and i belong to the same path component of the space Qg .
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Proof. For s € I, define T, : R — R3 by

To(z,y,2) = ((1 — s+ a1s)x +ms, fisz+ (1 — s+ azs)y + 725,

Bosx + PBasy + (1 — s+ azs)z + 738) .

It is easy see that for any s € I, Ty is an affine transformation. Let Hy = T,00,
then by Remark 2.7, H, € Q, for all s € I. Note that Hy = ¢ and H; = 1.
This shows that the map H : I — Qg given by H(s) = Hy is a path in Qy
which connects ¢ and . O]

Corollary 4.4.11. Every path component of the space Q4 is unbounded.

Proof. Let U be a path component of the space Qg, and let ¢ be a polynomial
knot belonging to it. In Proposition 4.4.10 by taking «;’s arbitrarily large,
and 3;’s and ~;’s to be zero, the distance of ¥ from the zero map 0 : R — R3
(given by 0(t) = (0,0,0)) can be made arbitrarily large. Thus, there are
polynomial knots at arbitrarily large distances from the origin which belong

to U. In other words, each path component of the space Q4 is unbounded. [

Corollary 4.4.12. FEvery neighborhood of the zero map 0 € A, intersects

each path component of the space Qq.

Proof. Let U be a path component of the space Q4, and let ¢ € U. In
Proposition 4.4.10 by taking «;’s arbitrarily small, and g;’s and ~;’s to be
zero, the distance of v from the zero map can be made arbitrarily small.
Hence, there are polynomial knots in U which are arbitrarily close to the
origin. In other words, every neighborhood of the zero map intersects each

path component of the space Q. O






Chapter 5

Polynomial Representations of

Knots

In this chapter, we discuss polynomial representations of knots in their
minimal degree. It is known that the knots 0, 3; and 4; have polynomial
representations in degree less than or equal to 6 (see [4,9]). By Proposition
2.2.4, the other possible knots in degree 6 must be the five and six crossing
knots which have superbridge index less than or equal to 3. Since the knots
51, 31#31 and 3,#3] have superbridge index 4, they cannot be represented
in degree 6. Thus, the five and six crossing knots which could have a rep-
resentation in degree 6 are the knots 55, 61, 65 and 65. In Section 5.1, we
show that it is almost impossible to represent these knots in degree 6. Thus,
we conjecture that they cannot be represented in degree 6. In [4,9,22, 28],
the knots 31, 41, 5; and 8;9 have been represented in degrees 5, 6, 7 and 7
respectively, which are the minimal degrees for these knots. In Section 5.2,
we present polynomial representations of the knots 59, 61, 62, 63, 31#3; and
31#3]. These representations are in degree 7. Among these, the representa-
tions of the knots 3;#3; and 3;#3] are in their minimal degree, since their

superbridge index is 4. There are no known examples of knots other than 0y,

61
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31, 41, 51, Do, 61, 62, 63, 31#31, 31#3] and 89 in degree 7. In Section 5.3, we
find the exact number of path components of the spaces Q3 and Q,. We prove
that the path components of these spaces are contractible. We also find the
exact number of the path components of the space Qs corresponding to the
trefoil knot and its mirror image and show that these path components of
the space Q5 are contractible. At the end of Section 5.3, we give some lower

bound on the number of path components for Q5, Qg and Q.

5.1 Polynomial knots in degree d <7

In connection with the polynomial representations of knots, we have the

following question:

Question 5.1. Given a positive integer d, what are the knots that can be

represented in degree d?

For example, by Proposition 2.2.4, the unknot, the trefoil knot and its
mirror image are the only knots that can be represented in degree 5. In
general, Question 5.1 is difficult to answer. In this section, we partially

answer this question for d < 7.

Proposition 5.1.1. The unknot is the only knot that can be represented by

a polynomial knot in degree d < 4.

Proof. Let k be a knot which has a polynomial representation in degree d < 4.

By Proposition 2.2.4, we have c[x] < (d_Q)Q(d_?’) < (4_2)2(4_3) = 1. Thus, the

knot k must be an unknot. O

Proposition 5.1.2. The unknot, the trefoil knot and its mirror image are

the only knots that can be represented in degree 5.

Proof. Let k be a knot which has a polynomial representation in degree 5.
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By Proposition 2.2.4, we have c[k] < W = 3. Thus, the knot & is

either an unknot or a trefoil knot or its mirror image. O

The knots which have polynomial representation in degree 5 naturally
have their representation in degree 6 as well. By Proposition 2.2.4, a knot
which has a representation in degree 6, the crossing number and the super-
bridge index must be at most 6 and 3 respectively. We have a polynomial
representation of the figure-eight knot in degree 6 (see [9]). However, the
knots 51, 31#3; and 3;#3] cannot be represented in degree 6, since their

superbridge index is 4. For the knot 5, we have the following:

Proposition 5.1.3. There exist polynomials f and g of degrees 4 and 5
respectively such that the map t — (f(t), g(t)) represents a reqular projection
of the knot 5.

Proof. Consider a plane curve C' given by the parametric equation ¢ +—
(t*,#5). This curve has an isolated singularity at the origin. For such plane
curves, there are two important numbers that remain invariant under any
formal isomorphisms of plane curves. The first one is the Milnor number
p and the other is the § invariant (see [25]). For a single component plane

curve, they satisfy the relation 20 = p.

G-D@A-1) _

In the present case, it turns out that the ¢ invariant is equal to 5

6. The 0 invariant of a plane curve which is singular at the origin measures
the number of double points that can be created in a neighborhood of the
origin. Note that, we have 6 > 5. Using a result of Pecker [10] we can deform
the curve C' into a new curve C given by t (a4t4 + ast® + ast? + agt +
ag, bst® + bat* + bst? + bot? + byt + bo) such that C has 5 real nodes and
1 imaginary node. By continuity argument, we can choose the coefficients
a;’s and b;’s such that the nodes occur in the order they are in the regular

projection of the given knot.
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In fact, we have the curve t — (2(t — 2)(t + 4)(t? — 11), t(t* — 6)(t* — 16)),

Figure 5.1: Projection of the knot 5

which represents a regular projection of the knot 55 as in Figure 5.1. O

For a regular projection t — (f(t), g(t)) of the knot 5, with deg(f) =4
and deg(g) = 5, we would like to find a polynomial i of least possible degree
such that ¢ — (f(t), g(t), h(t)) represents the knot 5;. In this direction, we

have the following theorem:

Theorem 5.1.4. For a generic choice of a reqular projectiont — (f(t), g(t))
of the knot 5y with deg(f) = 4 and deg(g) = 5, there does not exist any
polynomial h of degree 6 such that a polynomial map t — (f(t), g(t), h(t))

represents the knot 5s.

Proof. Let t — (xz(t),y(t)) be a regular projection of the knot 5, such that
deg(x) = 4 and deg(y) = 5 (note that, by Proposition 5.1.3, such a regular
projection exists). Suppose z(t) = agt* + ast® + aot® + ast + o and y(t) =
Bt + Bat* + Bst3 + [t + Bit + By. By Bézout’s theorem, the projection
t — (z(t), y(t)) has either 5 or 6 double points. Let us consider the following
two cases:

Case (1) If the projection has 5 crossings: It is easy to see that there exists

an open set U in R such that (ag, a1, as, as, g, Bo, B1, B2, B3, Ba, B5) € U
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and U C V', where

V - { (CLO; a1, az,as, a4, b07 b17 b27 b37 b47 b5) € Rll ’ a map L (a4t4 + a3t3
—i—a2t2 —+ alt —+ ap, b5t5 + b4t4 + b3t3 + b2t2 + blt + bo) is a regular

projection of the knot 5, with 5 double points}.

Let (ag, a1, a9, a3, ay,bg, by, by, b3, by,b5) be an element in U, and suppose
f(t) = agt* +ast® +ast® +art +ag and g(t) = bst + byt +bst3 +bot? + byt +by.
We want a polynomial h(t) = ct® + c5t® + cgt* + c3t® + cot? + 1t + ¢y such
that t — (f(t), g(t), h(t)) is a smooth embedding which represents the knot
52. By composing this embedding with a suitable affine transformation, we
can assume that the coefficients ¢y, ¢4 and c5 are zero. Thus, we can take
h(t) = cet® + cst® + cot? + eyt Fori € {1,2,...,5}, let (s;,¢;) with s; < ; and
s1 < 89 < -++ < s5 be the pairs of parametric values at which the crossings
occur in the curve t — (f(t), g(t)). Since we want alternatively over and
under crossings, we should have h(t;) — h(s;) is positive if ¢ is odd (that is,
the ith crossing is over crossing) and it is negative if 4 is even (that is, the it
crossing is under crossing). In other words, we want to find the coefficients
c1, ¢z, c3 and c¢g such that h(t;) — h(s;) = (=1)""r; for some positive real
numbers 71, 1o, 13, 14 and r5. This gives us a system of five linear equations

in four unknowns as follows:
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The rank of the coefficient matrix

6 6 3 3 2 2

6 6 3 3 2 2
A= t5—5s5 13 —s3 1252 t3—s3
6 6 3 3 2 2

8 —s8 3 — s t2—s2 t5—ss

of the system of linear equations (5.1)—(5.5) is at most 4. The system has a
solution if and only if the rank of A is equal to the rank of the augmented

matrix A which is given by

6 6 3 3 2 2

15— 85 t3—s3 t3—53 ty—s9| -7y

SN
I

1S —sS 13 —s3 t2—52 t3—s3| 13

18— s8 t3—s3 t2—s2 ty—s4| -1y

15— 8 13— t2—st t5—s5| 15

In other words, the system of linear equations (5.1)—(5.5) has no solution if
det (A) # 0. Note that, for any fixed (ry,72,73,74,75) € (RT)?, the deter-
minant of A is an algebraic function of s;’s and ¢;’s. Since s;’s and t;’s are
analytic functions of the coefficients a;’s of f and the coefficients b;’s of g,
the determinant of A is also an analytic function of a;’s and b;’s. Thus, for

any fixed (r1,72,73,74,75) € (RT)°,
W= {(a07a17a27a3aa47b07b17b2a b37b47b5) € Rll | det(/i) 7é O}

is an open and dense subset of R, and hence the set U N W is open and
dense in U. Note that, for any choice of an element in U N W, the system

of linear equations (5.1)—(5.5) has no solution. This shows that for a generic
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choice of a regular projection ¢ — (f(t), g(t)) of the knot 5o with deg(f) =4
and deg(g) = 5 and having 5 crossings, there does not exist a polynomial h
of degree 6 such that ¢ — (f(t), g(t), h(t)) represents the knot 5.

Case (2) If the projection has 6 crossings: By a similar argument as above
we can show that for a generic choice of a regular projection ¢t — (f(t), g(t))
of the knot 5, with deg(f) = 4 and deg(g) = 5 and having 6 crossings, there
does not exist a polynomial h of degree 6 such that t — (f(t), g(¢), h(t))

represents the knot 5. O

By Theorem 5.1.4, it is almost impossible to represent the knot 5, in

degree 6. The same can be argued for the knots 6;, 65 and 63.

Conjecture 5.1. Fach of the knots 5y, 61, 65 and 63 cannot be represented

by a polynomial knot in degree 6.

The knots 01, 31, 41, 51, Da, 61, 62, 63, 31#31, 31#3] and 8;9 have poly-
nomial representations in degree less than or equal to 7 (see §5.2). Thus,
each of them has a polynomial representation in degree 7 as well. Besides
these knots, no knot is known to have a polynomial representation in degree
7. By Proposition 2.2.4, the other possible knots in degree 7 are the knots
up to ten crossings having superbridge index less than or equal to 4. Let us

summarize the discussion in Table 5.1.

Table 5.1: Polynomial knots of degree at most 7

Knots which are known to have | Other possible knots in
Degree d o
a representation in degree d degree d

d<4 0y none
d=25 0; and 34 none
d=26 01, 31 and 41 52, 617 62 and 63
d= 01, 31, 41, 51, D2, 61, 62, 63, knots with

- 31#31, 31#37 and 819 c[k] <10 and sb[k] < 4
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5.2 Polynomial representations of knots up

to six crossings

By Proposition 2.2.4, it is clear that in order to represent a knot with a
certain number of crossings the degree of its polynomial representation has
some lower bound. The knots with the same number of crossings may have
different crossing patterns. The result below tells us how the degree relates

to the nature of the crossings.

Theorem 5.2.1. Let t — (f(t), g(t)) be a reqular projection of a long knot
k : R — R? having n double points, where f and g are real polynomials
of degrees n and n + 1 respectively. Suppose the crossing data of k is such
that there are r changes from over/under crossings to under/over crossings
as we move along the knot. Then there exists a polynomial h with degree
d <min{n +2,r} such that the polynomial map t — (f(t), g(t), h(t)) is an

embedding which is ambient isotopic to k.

Proof. Let f and g be given by f(t) = ag + a1t + -+ + a,t" and g(t) =
bo + b1t + -+ + b, 111", The double points of the curve ¢t — (f(¢), g(t)) can

be obtained by finding the real roots of the resultant I' of the polynomials

F(s,t)=a; +as(s+t)+---+a, (s”_1+s”_2t+---+tn_1) and

G(s,t) = by +ba(s+ 1)+ + by (" 48" o +17)

Let [a,b] be an interval that contains all the roots of I'. Let us call these
roots as the crossing points. We divide the interval [a,b] into sub intervals
a = uy < up < --- < U < Uppq = b in such a way that the u;’s are
not from the crossing points and within any sub interval [u;, u;y1] all the
crossing points are either under crossing points or over crossing points. Let

hy(t) = £II7_;(t — u;) according to which the last crossing is over crossing



5.2. Polynomial representations of knots up to six crossings 69

or under crossing. The map h; is a polynomial of degree r that has opposite
signs at under crossing points and over crossing points. Thus, the embedding
t— (f(t),g(t), hi(t)) represents the knot k.

For i € {1,2,...,n}, let (s;,¢;) with s; < t; and s < s9 < -+ < s, be
pairs of parametric values at which the projection has double points. Let
cit + cot? + -+ + cpiot™? be a polynomial of degree n + 2, where ¢;’s are

unknowns which we have to find by solving the system

Cn+2 (t?+2 — 871H_2> —+ Cp+1 (t?Jrl — S;H—l) + -4 C1 (tl — 81) = €1
Cni2 (t§+2 - 5721+2) + Cni1 (tqzwl - SSH) +d(ta—s2) = e
Cni2 (tﬁ” - SZH) + Cnt1 (tZ“ - SZH) +oda(ty—sn) = e,

of n linear equations in n + 2 unknowns. The numbers e;’s are arbitrary
but fixed non-zero real numbers and they are positive or negative according
to which the crossing is under crossing or over crossing. The conditions

f(si) = f(t;) and g(s;) = g(t;) for i € {1,2,...,n} imply that the matrix

R R PR
M 2 2 2 2 2 2
t2+2 _ SZ+2 tZ_H _ SZ—H . tn — s,

has rank n. Therefore, the system above has infinitely many solutions. Let
c1 = di,co = day,...,Chia = dpio be any one of the solution. With this
solution, the polynomial hy(t) = dit + dat? + - - - + dp42t™ "2 is such that the
embedding t — (f(t), g(t), ha(t)) represents the knot k. O

Let us discuss the following question.
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Question 5.2. Given a knot, what is its polynomial degree (that is, the least

number d such that it has a polynomial representation in degree d)?

We partially answer this question for knots up to six crossings. It is easy
to note that the unknot has a polynomial representation given by ¢ — (0,0, t)
which is in its minimal degree. We now give the polynomial representations
of the knots 31, 41, 51 and 8,9 which were known before.

(1) Shastri [4] found a polynomial representation of the trefoil knot which
is given by t — (3 — 3¢, t* — 4¢* ¢° — 10t). This polynomial representation
has degree 5. Since the trefoil knot has crossing number 3, it cannot be
represented in degree less than 5 (see Proposition 2.2.4).

(2) McFeron [9] gave a polynomial representation of the figure-eight knot
which is defined as t — (f(t), g(t), h(t)), where

ft) = —t* +2.279283653 > + 51> — 8.63068748 ¢ + 0.35140383,
g(t) =t> = 5>+ 4t and
h(t) = (t — 1.379221313) (t — 2.05) (t 4+ 0.2122155248) (¢ + 1.916737670)

x (t 4 2.06) (t + 10).

This polynomial representation has degree 6. By Proposition 2.2.4, one can
say that the figure-eight knot cannot be represented in degree less than 6.

(3) Auerbach [28] found a polynomial representation of the knot 5; which
is given by t — (u(t), v(t), w(t)), where

u(t) = (* =7t +10) (t* + 5t + 4),
v(t) = (* —5.2t) (* - 9)(t +4.7) and
w(t) =t" —3.907631% — 25.8835¢° + 83.4739¢* + 176.691

— 364.064 1% — 331.888¢ + 321.285.
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(4) Mishra and Prabhakar [22] gave a polynomial representation of the
knot 819 which is defined as t — (z(t), y(t), 2(t)), where

z(t) =15 — 5.5t3 +4.5¢,
y(t) =t° — 7.35¢* + 14¢* — 7.8375 and

2(t) =" — 8.13297° + 18.57621° — 10.43371.

Note that the polynomial representations (3) and (4) given above are in
degree 7. Since the knots 5; and 819 have superbridge index 4, they cannot
have a representation in degree less than 7 (by Proposition 2.2.4).

The knots 59, 61, 62 and 63 were known to have representations in degree
much higher than 7 (see [3,17,22]). We have found polynomial representa-
tions for these knots in degree 7 (see Appendix A). We have also produced
representations of the composite knots 31#3; and 3,#3] in degree 7 (see
Appendix A). All these representations are given below:

(1) A polynomial representation (see Figure 5.2) of the knot 5s is given
by t — (f(t), g(t), h(t)), where

F(£) = 20(t — 10) (t — 17) (t + 15) (t + 21),

g(t) =t(#* —121) (> — 400) and

Figure 5.2: Representation of 5y
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h(t) = —0.005¢ (t* — 0.0343124 ¢ + 0.0107598) (¢ — 14.260128)

x (¢ — 20.1133216) (t + 12.2430449) (¢ + 20.5785825).

(2) A polynomial representation (see Figure 5.3) of the knot 6, is given
by t — (u(t), v(t), w(t)), where

u(t) = 60 (t — 28) (t — 43.4) (£ + 5) (t + 31.4) (t + 47.6),

v(t)=(t—6)(t—8)(t—38)(t—49) (t+28) (t +43.6) and

w(t) = —0.07 (t* — 54.4650519227 ¢ + 758.763745443) (t — 45.995024874)
X (t* +90.4819595699 ¢ + 2059.948386689) (¢ + 5.231021635)

X (t + 19.036560084).

Figure 5.3: Representation of 6,

(3) A polynomial representation (see Figure 5.4) of the knot 6, is given
by ¢+ (2(t), y(t), 2(1)), where

w(t) = 4(t* — 625) (t — 5) (t — 39) (t + 35),
y(t) = 0.1(t — 10) (t — 30) (t — 39) (t + 20) (t + 25) (£ +41) and
z(t) = 0.005¢ (t* — 0.005429486 ¢ + 0.002423881) (t — 27.4156408)

x (t — 39.8753791) (t + 28.436878) (¢ + 37.25572585).
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2x107

PR T S R .
~4x107 -~ 10’ o 2107

Figure 5.4: Representation of 6,

(4) A polynomial representation (see Figure 5.5) of the knot 63 is given
by ¢~ (£(t), g(¢), h(t)), where

f(t) =15(t +30)* (t — 20) (t — 29) (t + 10),
g(t) = (t* — 400) (t — 6) (t — 32) (t +4) (t +30) and

h(t) = —0.06 (t* — 37.8892469397 t + 376.737563885) (¢ — 33.329044815)

x (t* + 21.404400212t + 144.275534095)
x (t* + 61.56649851  + 955.985733648).

Sx1o?

Figure 5.5: Representation of 63

(5) A polynomial representation (see Figure 5.6) of the knot 3,#3; is
given by t — (u(t), v(t), w(t)), where
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u(t) =5t (t* — 17.5t + 77.3) (* + 17.5t + 77.3),
v(t) = (t* — 4.84) (t* — 53.29) (* — 102.01) and

w(t) = —0.15t (t* — 68.11720396) (t* — 99.695462027) (t* + 0.025367747).

Figure 5.6: Representation of 3;#3;

(6) A polynomial representation (see Figure 5.7) of the knot 3,#37 is
given by t — (z(t), y(t), 2(t)), where

2(t) = 30 (t — 3.3) (t — 21.3) (t — 32.5) (¢ + 16.2) (¢ + 28),

y(t)

2(t) = —0.03¢ (£ — 0.0082068 £ + 0.0043718) (£ — 24.209735)

(t—6.8)(t—23)(t—34)(t+12) (t +21.7) (t +33.1) and

x (t — 32.807367) (t + 15.257278) (¢ + 28.289226).

Figure 5.7: Representation of 3;#3]
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The knots 31#3; and 3,#3] have superbridge index 4, so by Proposition
2.2.4, they cannot be represented in degree less than 7. In other words, these
knots have polynomial degree 7. The polynomial representations (1) to (4)
above of the knots 55, 61, 62 and 63 are in degree 7. It is not known whether
they can have a representation in degree 6 or not.

In Table 5.2, we give the polynomial degree of all knots up to six crossings
including the eight crossing knot 8,9 (recall that, the polynomial degree of a
knot is the least number d such that the knot has a representation in degree

d). The crossing number and the superbridge index are also mentioned.

Table 5.2: Polynomial degree of some knots

Sr. Crossing | Superbridge | Polynomial
No. Knot number index degree
1. 0; (unknot) 0 1 1

2. 31 (trefoil knot) 3 3 5

3. | 4; (figure-eight knot) 4 3 6

4. 51 5 4 7

5. 59 5 3or4 6 or 7
6. 61 6 3or4 6 or 7
7. 69 6 3or4 6 or7
8. 63 6 3or4 6 or7
9. 31#31 6 4 7
10. 31#37 6 4 7
11. 819 8 4 7

5.3 Path components in Q; for d <7

From Corollary 4.4.7, the total number of the path components of the
space Qg, for 3 < d < 7, are in multiples of eight. Note that we can represent
the unknot in Q3 and 94, so by Corollary 4.4.8, each of these spaces have

at least eight path components. In fact, in this section, we prove that the
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spaces Q3 and Qg4, each has exactly eight path components. Furthermore, we
estimate some lower bound on the number of path components of the spaces

Q5, QG and Q7.
Proposition 5.3.1. The space Qs has exactly eight path components.

Proof. For e = (e1, ey, e3) in {—1,1}3, consider the following set:

Qs ={p € As | eragp >0, e2bys >0 and ezcys >0}.

It is easy to see that Q3 = U, Qs.. For any e € {—1,1}3, the set Qs is
path connected. Also, for e # €/, there is no path in Q3 from an element of
the set Q3. to an element of the set Qs.. This shows that the sets Qs,, for

e € {—1,1}3, are nothing but the path components of the space Qs. O
Theorem 5.3.2. The space Q4 has exactly eight path components.

For proving this theorem, we need the following lemmas.

Lemma 5.3.3. A map ¢ € Ay given by t — (2 +at, t3+bt, t* +ct) is an
embedding if and only if 3a*+4b >0 or a®>+2ab+c # 0.

Proof. Tt is easy to verify that: a map ¢ € Ay given by t — (t* + at, 3 +
bt, t* + ct) is a smooth embedding < ¢(s) # @(t) for all s # ¢ and ¢'(u) # 0

for all u € R < the equations

(s+t)+a=0, (5.6)
(s +st+t*)+b=0 and (5.7)
(* + 8%t +st? +t3)+c=0 (5.8)

do not have a common real solution. Using (5.6) in (5.7), we get
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t* +at + (a®>+b) = 0. (5.9)
This quadratic equation has the following solutions:

—a—+vV—-3a%2 —4b —a++v—-3a2 —4b

tl = B and tg = 5

In order to prove the lemma, it is sufficient to check the following three

statements (which can be easily verified):

(1) 3a® + 4b > 0 < the equation (5.9) has no real solution < the equations

(5.6) and (5.7) do not have a common real solution.

(2) 3a*+4b =0and a®> +2ab+c # 0 < 3a*+4b =0 and a®> —2¢ # 0
& t = —a/2 is the only solution of the equation (5.9) and a® — 2¢ # 0 &
(s,t) = (—a/2,—a/2) is the only common real solution of the equations (5.6)

and (5.7), but it is not a solution of the equation (5.8).

(3)3a? +4b < 0and a®>+ 2ab+c# 0 & t =1, and t = t, are two distinct
solutions of the equation (5.9) and a® + 2ab+ ¢ # 0 < (s,t) = (t1,t2) and
(s,t) = (ta,t1) are the only common real solutions of the equations (5.6) and

(5.7), but no one is a solution of the equation (5.8). O

Lemma 5.3.4. For ey, eq,e3 € {—1,1} and a,b,c € R, a polynomial map
¢ € Ay given by t — (e1t* + at, eat® +bt, et + ct) is an embedding if and
only if 3a® +4esb > 0 or eja® + 2ejesab + esc # 0.

Proof. 1t is easy to note that the map ¢ is an embedding < the map ) € Ay
which is given by

t— (61(€1t2 + Clt) , 62(€2t3 + bt), 63(63t4 + Ct))

is an embedding. Note that the map v can be rewritten as t — (t>+ejat, t3+
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eabt, t* + ezct). By Lemma 5.3.3, one can say that ¢ (and hence ¢) is an
embedding < 3a® + 4esb > 0 or eja® + 2eieqab + ezc # 0. O

Lemma 5.3.5. Let ¢ : R — R3 be a polynomial knot in Q4. Then there
exist ey, es,e3 € {—1,1} and a,b,c € R such that the polynomial knot v
given by t — (e1t? + at, ext® + bt, est + ct) is path equivalent (in Qq) to

the polynomial knot ¢.

Proof. Let ¢ : R — R? be a polynomial knot in Q, and let it be given

by ¢(t) = (f(t),g(t), h(t)), where f(t) = ast® + ait + ao, g(t) = bst® +
bot? + byt + by and h(t) = cyt* + c3t3 + cot? + 1t + ¢o. Note that as, b3

and ¢4 all are nonzero. Let us take o = ](12]_1, oy = \bg|_1, o3 = ]04\_1,
B = —beay’ |b3\_1, By = bocsay 'by! ’C4|_1 — a5 |C4|_1, By = —c3bs! |C4\_1>
= —aglaz|™, 72 = aobaay |bs| ™t — by |bs| 7" and 5 = agcaay " fes| T —

a0b203a2_1b§1 ‘C4|71 + bngbgl ‘C4|71 — Cp |C4‘71. Define w R — RS by

te (a f(t) + 71, aeg(t) + BLf(t) + 2, ash(t) + B f (t) + Bsg(t) +73) -

By Proposition 4.4.10, the knots ¢ and v are path equivalent in Q4. Also,
it can be easily checked that ¥(t) = (e;t* + at, eat® + bt, e3t* + ct) for
t € R, where e; = agas| ™", ey = bslbs| ™", e3 = culea| ™, @ = ayas| ",
b = by |bs| ™' — arboaz |bs] ™" and ¢ = aybycsaz b3t |ea| T — arcsazt es| Tt —

bresby el ™t 4 e |ed) u

Lemma 5.3.6. For e = (e, eq,e3) € {—1,1}3, the space
Nye = {gb € Qy | t i) (€1t2 + ayt, €2t3 + b¢t, €3t4 + C¢t) fOT some ag, b¢, Cp € R}

s path connected.

Proof. Suppose e = (ey, s, e3) be an arbitrary element in the set {—1,1}3.
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By Lemma 5.3.4, a map ¢ € Ay given by t — (e1t*>+ayt, eat® +byt, est* +cyt)
is an embedding if and only if 3ai+462b¢ >0 or 61a§¢+26162a¢b¢+630¢ #0.

Therefore, it is easy to see that the set Ny is the union of the following sets:

N, = {6 € Nuc | 302 +desby > 0} |
N7, = {6 € Nic | €10} + 2eresa5by + e3¢5 > 0} and

Nie = {¢ € N4e ’ elai + 26162a¢b¢ + e3¢y < O} .

It is sufficient to show that every element of the sets NJ,, N3, and N3, is
connected by a path in Ny to a fixed element ¢y € Nj_ which is given by
t — (e1t?, et + eot, est?). We do this in the following three steps:

(1) Let ¢ be an arbitrary element of the space N}.. Define F : I — Ay
by F(s) = Fs for s € I, where

Fi(t) = (€1t2 + agst, egt® + (bys® + eq — eas?)t, est! + c¢st)

for t € R. For s € (0,1), we have 3(ags)® + 4ea(bys” + €2 — €25%) = s*(3a3 +
4egby) + 4(1 — s%) > 0, since ¢ € Nj,. This shows that the map Fj is an
element of the space N1_. Also, we have Iy = ¢y and Fy = ¢. Hence F is a
path in N}, from ¢q to ¢.

(2) Let 1 be an arbitrary element of the space N3,. We choose an element
Yo € N3, given by t — (e1t2, eat? est* + est). Define G : [ — Ay by G(s) =

G, where
Gs(t) = (elt2 + apst, ext® + bys’t, estt + (cps® + ez — 6383)t)

for t € R. For s € (0,1), the map G, is an element of the space N2, because
e1(ays)® + 2erez(ays)(bys®) + es(cys® + ez — e3s®) = s (e1ad, + 2ereaaby +
escy) + 1 — 5% > 0. Note that Gy = 1)p and G; = ¢. Thus, the map G is a
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path in N2, from v to 1. Let ® : I — Ay be a map defined as ®(s) = @,
where

Oy (t) = (eth, et + ea(1 — s)t, et + egst)

for t € R. For s € (0,1), the map @, is an element of the space N}, . Note
that &y = ¢ and ®; = 9. This shows that ® is a path in Ny from ¢q to
1. The maps G and ® both together give a path in Ny, from ¢q to .

(3) Suppose ¢ be an element in N3.. Let us take an element oy € N3,

given by t — (e1t?, eat?®, est* — est). Define H : [ — Ay by H(s) = H,, where
Hy(t) = <61t2 + agst, eot® 4+ bys*t, est! + (cps® — €5 + 6383)t)

for t € R. For s € (0,1), since e;(a,s)® + 2e1e2(a,8)(bys?) + e3(cos® — €3 +
e3s?) = s*(e1a +2e1e2a,b, + €3¢,) — 1+ 5% < 0, so the map H; is an element
of the space N3_. Note that Hy = 0y and H; = 0. This shows that H is a
path in N3_ from o to 0. Let us define ¥ : I — A, by ¥(s) = ¥, where

U, (t) = (61t2, eat® + ea(1 — 8)t, est” — egst)

for t € R. Tt is easy to note that ¥y = ¢g and ¥y = g¢. For s € (0,1), the
map U, is an element of the space Nj,. Hence W is a path in Ny, from ¢q to

0. The maps H and ¥ both together give a path in Ny, from ¢ to 0. [

Proof of Theorem 5.3.2. For an element e = (ey, eq, €3) in {—1,1}3, consider

the following set:
Q4e = {gb - Q4 | €1042 > 07 €2b¢3 > (0 and €3Cpq > 0} .

Note that Q4 = U, Q4. For e # €', there is no path in Q4 from an element
of the set Q4 to an element of the set Q4. Now it is enough to prove that

for each e € {—1,1}3, the space Q. is path connected. Let e = (e, e, e3) be
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an arbitrary element in the set {—1,1}3. From the proof of Lemma 5.3.5, it
can be seen that every element in Q. is connected by a path in Q4. to some
element in Ny.. By Lemma 5.3.6, the space Ny is path connected, so the

space Q. is also path connected. O

It is easy to see that the path components of the space Q3 are contractible
(for example, see proof of Theorem 5.3.1). Next, we prove that every path
component of the space Q4 is contractible by showing that one of its one

point subspaces is a weak deformation retract in the sense of the following:

Definition 5.3.1. We say that a subset A of a topological space X is a weak
deformation retract if there is a continuous map F : I x X — X such that
F(0,2) = x and F(1,x) € A for all x € X. The map F is called a weak

deformation retraction.

The notion of a weak deformation retract we defined here is different
from the notion of a weak deformation retract as defined in the textbooks of

algebraic topology (for example, see [2]).

Remark 5.1. A topological space X is contractible if and only if a one point
subspace is a weak deformation retract of it. Furthermore, a weak deforma-

tion retract of a topological space is homotopy equivalent to it.

Lemma 5.3.7. Let A be a weak deformation retract of a space X and B be
a weak deformation retract of A. Then B is a weak deformation retract of

the space X.

Proof. Since A is a weak deformation retract of X, there is a continuous map
F:IxX — X such that F'(0,z) = x and F(1,z) € A for all x € X. Also,
since B is a weak deformation retract of A, there exists a continuous map

G : I x A — Asuch that G(0,a) = a and G(1,a) € B for all a € A. Let
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H:IxX — X be amap given by

F(2u,x) if 0<u<1/2
H(u,z) =

GQR2u—-1,F(l,z)) if1/2<u<]1.
For any © € X, we have F(2(1/2),z) = F(l,z) = G(0,F(l,z)) =
G(2(1/2) = 1,F(1,z)). That is, F(2u,x) = G (2u—1,F(1,x)) for u = 1/2
and for all x € X. Thus, the map H is well defined and it is continuous.
Note that H(0,x) = F(0,z) = z for all z € X. Also for any z € X,
H(l,z) =G (1,F(1,2)) = G(1,a) = b for some a € A and some b € B. This

shows that the space B is a weak deformation retract of the space X. O

Remark 5.2. Lemma 5.3.7 says that, being a weak deformation retract is a
transitive relation. In particular, if a contractible subspace is a weak defor-

mation retract of a space X, then the space X is contractible.

Theorem 5.3.8. The path components of the space Q4 are contractible.

Proof. We need to prove that, for a given e € {—1,1}?, the space
Q46 = {Qﬁ € Q4 | €1042 > 0, 62b¢3 > (0 and €3Cp4 > 0},
is contractible (see proof of Theorem 5.3.2). It is easy to see that the set

Lie ={0 € Que | ago =byo =cy0=0}

is a weak deformation retract of the space Q.. Define F': I x L, — L4, by
F(s,¢) = Fy, where

o) = (10, 3o0) 2210, hot) + PR, g )
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for t € R. The map F' is continuous. Let us consider the following set:
M4e = {QZ5 S Q4e | t i) (a¢2t2 + (lqglt, b¢3t3 + b¢1t, C¢4t4 + Cqﬂt) } .

We have F(0,¢) = ¢ and F(1,¢) € My, for all ¢ € Ly.. Thus, My, is a
weak deformation retract of the space L4.. Define H : [ x My, — My, by
H(s,¢) = Hsp, where

Hgy(t) = ((1—5—1— ! >f¢(t)7< ! >g¢() (1 ! >h¢()>
|agol Ib 3 lcga

for t € R. Note that H is continuous. Also, we have H(0,¢) = ¢ and
H(1,¢) € Ny for all ¢ € My, (where Ny is as defined in Lemma 5.3.6).
Therefore, Ny, is a weak deformation retract of the space My,.. Let us define

I': I x Nyge = Ny by I'(s, ¢) = T4, where
Ip(t) = (elt2—|—a¢t, eat’+(byteas bg|+eas)t, est +(cy—2ere35a, ]b¢|—261638a¢)t>

fort € R. The map I is continuous. By Lemma 5.3.6, the space Ny, is a union
of the following sets NJ,, N2, and N%.. One can check that: (a) Iy, € Nj,
for all (s,¢) € (0,1) x Ni,; (b) 'y, € N3, for all (s,¢) € (0,1) x N3,; (c)
[ss € N3, for all (s,¢) € (0,1) x N3.; (d) Toy = ¢ and T'14 € N}, for all
¢ € Ny. Thus, the image of I' is in fact contained in Ny, and we have
['(0,¢) = ¢ and I'(1, ¢) € N}, for all ¢ € Ny.. This shows that the space N},
is a weak deformation retract of the space Ny.. Define A : I x N}, — N by

A(s, ) = Asp, where
Agy(t) = (eth + (ap — ags)t, eat® 4+ (by — 2bgs + bys® + eas)t, eat* + (cp — C¢S)t>

for t € R. Note that the map A is continuous. Let ¢q be a fixed element in
Q, which is given by t > (e112, eat® + eot, e3t?). Note that A(0, ) = ¢ and
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A(1,¢) = ¢ for all ¢ € Ni,. Therefore, the space N}, is contractible, and

hence by Lemma 5.3.7 and Remark 5.2, the space Q. is also contractible. [J

For e = (e1,e9,e3) € {—1,1}>, let
Qe ={¢ € Q5| e1ap3 > 0, eabps > 0and egcys > 0} .

Note that the space Qs is disjoint union of the spaces Qs for e € {—1,1}3,

Proposition 5.3.9. For e = (e, eq,e3) € {—1,1}2, let p. = ejesez. Then

we have the following:

(1) If p. = 1, then the space Qs. contains only one path component cor-
responding to the trefoil knot. Moreover, this path component is con-
tractible. The space Qs. does not contain any polynomial knot which

represent the mirror image of the trefoil.

(2) If p. = —1, then the space Qs. contains only one path component corre-
sponding to the mirror image of the trefoil. Moreover, this path compo-
nent is contractible. The space Qs. does not contain any polynomial knot

which represent the trefoil knot.

Proof. Let K345 be the space of all polynomial knots of the type
ts (t3 + aot® + ait, t + byt + bot® + bt t° + cat* + 5t + ot + clt) :

By Proposition 4-9 in [27], we have the following:

(a) The space K345 contains only one path component which corresponds

to the trefoil knot. Moreover, this path component is contractible.

(b) The space K345 does not contain any polynomial knot which represent

the mirror image of the trefoil.
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For e € {—]., 1}3, let F': Q5 — iK3’475 and H : :K:374,5 — Qs be the maps

given by

—a —b hy — ¢
F(¢>=<f¢ 0 Jo ~Je0 o ‘f’°> and  H(y) = (e1fy, €294, eshy) ,
(Z¢3 b¢4 b¢5

for ¢ € Q5. and ¢ € K3 45. It is easy to note the following statements:

(c) If p. = 1, then a polynomial knot ¢ € Qs represents the trefoil knot if
and only if the polynomial knot F'(¢) € K545 represents the same knot.
The space Qs. does not contain any polynomial knot which represent the

mirror image of the trefoil (since by the statement (b) above).

(d) If p. = —1, then a polynomial knot ¢ € Qs. represents the mirror image
the trefoil if and only if the polynomial knot F'(¢) € K3 45 represents the
trefoil knot. The space Qs, does not contain any polynomial knot which

represent the trefoil knot (since by the statement (b) above).

Note that the map F'o H is the identity map of K3 45. Also, it can be easily
checked that the map H o F' is homotopy equivalent to the identity map of

the space Qs.. Thus, we have the following:
(e) The space Q5. is homotopy equivalent to the space Ks 4 5.

The statements (a), (c) and (e) together imply the statement (1) of the
proposition, while the statements (a), (d) and (e) imply the statement (2) of
the proposition. O

Proposition 5.3.10. The space Qs has exactly eight path components cor-
responding to the trefoil knot and its mirror image. Moreover, all these path

components are contractible.

Proof. Since the space Qj is disjoint union of the spaces Qs., for e € {—1,1}3,

the result follows immediately from Proposition 5.3.9. m
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By Corollary 4.4.6, the space Qs has at least eight path components cor-

responding to the unknot. Thus, we have an estimate as in Table 5.3.

Table 5.3: Number of path components of the space Q5

Sr. K # of path components of Qs
not .
No. corresponding to a knot
1. 04 at least 8
2. 31 and 3] exactly 8 (all are contractible)
# of path components of Qx at least 16

In Section 5.2, we gave the polynomial representations of the knots 0y,
31 and 4,. Note that all these representations are contained in Og. Thus,
using Remark 3.2, we can get polynomial representations of these knots (and
of their mirror images) which belong to Qg. Hence by Corollary 4.4.6 and
Corollary 4.4.8, we have the estimate as in Table 5.4.

Table 5.4: Number of path components of the space Qg

Sr. # of path components of Qg
Knot .
No. corresponding to a knot
1. 04 at least 8
2. 31 and 3] at least 8
3. 44 at least 8
# of path components of Qg at least 24

In Section 5.2, we gave the polynomial representations of the knots 0y,
31, 41, 51, Da, 61, 69, 63, 31#31, 31#3] and 819 which are contained in O7.
Thus, by Remark 3.2, we can get representations of these knots (and of their
mirror images) which belong to Q;. Hence by Corollary 4.4.6 and Corollary
4.4.8, we have the estimate as in Table 5.5.
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Table 5.5: Number of path components of the space Q7

Sr. Knot # of path components of Q
No. corresponding to a knot
1. 04 at least 8

2. 3, and 3] at least 8

3. 44 at least 8

4. 5y and b} at least 8

5. 59 and b3 at least 8

6. 6, and 6] at least 8

7. 62 and 63 at least 8

8. 63 at least 8

9. 31731 and 37#3] at least 8

10. 31737 at least 8

11. 819 and 874 at least 8
# of path components of Q at least 88







Chapter 6

Conclusion

In this chapter, we summarize the thesis and discuss some problems and
observations that we encountered during the work. We also share some
thoughts in the direction of solving the problems that we discuss. This may
extend the thesis work in the positive direction. We proceed chapter wise in
the sequence.

In Chapter 3, we introduced the spaces Og4, Py and Qg, for d > 3, consist-
ing of the polynomial knots of degree at most d with some extra conditions.
We proved that these spaces are homeomorphic to some semialgebraic sub-
sets of R?*® and hence they have only finitely many path components. It will
strengthen the result if we can make a precise number or at least have some
estimate (in terms of d) on the number of path components.

In Section 4.1, we discussed the topology of the space Oy, for d > 3, and
proved that this space has the same homotopy type as S2. This, in particular,
says that the space Oy is path connected. In Section 4.3, we showed that the
space Py, for d > 3, is path connected, but we could not infer its homotopy
type. It will be interesting to explore the homotopy type of this space. Our
impression is that this may be difficult in general, since we have to take care

of the conditions imposed on the degrees of the component polynomials of

89
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knots in Py while constructing a suitable homotopy equivalence.

In Section 4.2, we discussed the space P of all polynomial knots with
respect to the inductive limit topology that comes from the stratification
P = Ug>304. We showed that this space has the same homotopy type as
S2. In particular, the space P is path connected. At this point, it is very
natural to ask what happens if we have some other topology on the set P of
all polynomial knots? For example, we can identify the set P with a subset
of R*, and hence it has topologies 7, and 7, which comes from the box
topology and the product topology of R* respectively. Also, we can make P
into a metric space by extending the metric p (as defined in Section 3.1) on
Og, for d > 3. Let us denote the corresponding topology by 7,,. It can be
easily checked that the topologies 7, 7, and 7, are weaker (coarser) than the
inductive limit topology that is defined in Section 4.2. Therefore, the maps
A and H (as defined in the proof of Theorem 4.2.1) are also continuous with
respect to each of the topologies 7, 7, and 7,. Furthermore, one can check
that the map I' is continuous with respect to all these topologies. Hence by
looking at the proof of Theorem 4.2.1, it becomes trivial that the space of all
polynomial knots with respect any of the topologies T, 7, and 7, also has the
same homotopy type as S?.

In [35], Mishra proved that if two polynomial knots are topologically
equivalent, then there is an isotopy through polynomial knots which connects
them. The converse of this statement is not true. In fact, in Section 4.2,
we showed that every polynomial knot is isotopic to some linear knot (an
unknot) by a smooth isotopy through polynomial knots. In other words,
every polynomial knot can be connected to a linear knot by a smooth path
in the space of all polynomial knots. The same is true for the space O,
for d > 3. More precisely, every polynomial knot in O,4, can be connected

to a linear knot by a smooth path in O4. This type of path rolls a given
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polynomial knot to the infinity and unravels it up to make it into an unknot
(see Theorem 4.2.4 and Example 4.1). Also, in this context, we have the

following interesting question:

Question 6.1. Given two polynomial knots in O4, does there exist a smooth

path in Og4 (or in P) which connects them?

For example, if ¢ and v are polynomial knots in O4 which represent the
knots 3; and 4; respectively, then it is not known whether there exists a
smooth path in O4 (or in P) that connects these polynomial knots. We guess
in general that the answer to the Question 6.1 is probably yes. However, in
general, it will be difficult to find an explicit path in O, which is smooth.
One way to obtain a path in Q4 is as follows: Let ¢ and v be polynomial
knots in O4, then by Corollary 4.2.5, there exist smooth paths F': I — Q4
and G : I — Qg4 such that F(0) = ¢ and G(0) = 1, and the knots o = F(1)
and 7 = G(1) are linear. Also, is it easy to find a smooth path H : I — Q4
such that H(0) = o and H(1) = 7. Thus, by concatenating the paths F', G
and H (or the reverse paths if necessary) in the appropriate order, we can
get a new path Q : I — Qg4 such that Q(0) = ¢, Q(1/3) = o, Q(2/3) = 7 and
(1) = 9. The path € is smooth except possibly at s = 1/3 and s = 2/3,
where it may have singularities. Note that ¢ and v may not be the interior
points of Q4. Therefore, it may be impossible to remove the singularities and
get a smooth path in O; which connects the given knots ¢ and . Thus, to
answer Question 6.1, we will have to try another way of finding a smooth

path. Other question that goes parallel to the earlier one is the following:

Question 6.2. Given two polynomial knots, does there exist a smooth iso-

topy through polynomial knots which connects them?

In Section 4.4, we discussed the path equivalence in Qg4, for d > 3. We

proved that if two polynomial knots are path equivalent in Qg , then they are
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topologically equivalent. In other words, two polynomial knots which repre-
sent two distinct knot-types cannot belong to the same path component of
the space Q4. Furthermore, we observed that the number of path components
in Q; corresponding to a given knot-type are at least eight. However, it is
not known that for some d > 3, are there more than eight path components
in Qq corresponding to some knot-type? Also, it will be interesting to explore
whether the path components of the interiors of the spaces O4 and Py are in
one-to-one correspondence with the knot-types that can be represented there?

In Section 5.1, we conjectured that each of the knots by, 61, 65 and 63
cannot be represented by a polynomial knot in degree 6 (see Conjecture 5.1).
One approach towards proving this conjecture is by looking at the path com-
ponents of the space Qg. If one can show that all the path components of Qg
are occupied by the knots 0y, 3; and 4;, then there will be no place for the
knots 5, 61, 62 and 63 in Qg (since two topologically different knots cannot
belong to the same path component of this space). This could be done by
using some algorithms in real semialgebraic geometry (for example, see [38]).
Another possible way to prove Conjecture 5.1 is by finding superbridge index
of the knots 5y, 61, 62 and 63. In [6], Jeon and Jin proved that no knots other
than 31, 41, 52, 61, 62, 63, To, 73, T4, 84, 87 and 8y have superbridge index
3. Out of these knots, the knots 3; and 4; are known to have superbridge
index 3. However, the superbridge indices are not known for the remaining
knots in the list and it is conjectured that each one has superbridge index 4.
If one could prove this fact, then the knots 55, 61, 65 and 65 each will have
superbridge index 4, and thus by Proposition 2.2.4, none of them will have
a polynomial representation in degree 6.

In Section 5.3, we showed that the spaces Q3 and Q, have exactly eight
path components, and all the path components of these spaces are con-

tractible. We also showed that the space Qs has exactly eight path com-
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ponents corresponding to the trefoil knot and its mirror image. Moreover,
all these path components are contractible. Note that the unknot also has
a polynomial representation in Qs (in fact, in each Qg for d > 3), but the
homotopy type of the path components of Q5 that correspond to the unknot
cannot be predicted using the arguments known thus far. This is a natural
question to think about in future. In general, it will be interesting to find
the exact number of path components of Qq, for d > 5, and explore their
homotopy type.

We may study some more spaces of polynomial knots and try to look
into their topology. For instance, we can study the space of all polynomial
knots t — (f(t), g(t), h(t)) such that deg(f) < d — 2, deg(g) < d—1 and
deg(h) = d, or the space of all polynomial knots ¢ — (x(t), y(t), 2(t)) with
deg(z) < deg(y) < deg(z) = d.
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Appendix A

Mathematica Programs

A.1 A representations of the knot 5

X[t_] 1= 20 (t+21) (t+15) (t-10) (t-17)
y[t_] :=t (t~2-400) (t~2-121)

{{X}} = {Coefficient[x[t], {t, t"2, t~3, t"4}]}.
{{1}, {t+s}, {t"2+t*xS+sS"2}, {t*3+t"2xS+L*xS"2+S"3}};

{{Y}} = {CoefFicient[y[t], {t, t"2, t~3, t™4, t~5}]1}.{{1}, {t+s}, {t"2+txS+sS"2},
{3 +tM2%S+t*S"2+S73}, {(tM+t"3 %S+ t"2xS™M2+t %SN3 +5M4}};

{res} = Resultant[{X}, {Y}, s];

ParametricPlot[{x[t], y[t]}, {t, -21.5, 20.7}, PlotStyle » {Black, Thick}]
NRoots[res == 0, t]

N <

—~200 | 200000 400000 0 1.0%10° \ 1.2x 10°

—-200

200000

—400000

= -21.1177 | |t == -20.5265-8.76032 1 ||t = -20. 5265 + 8. 76032 i | |
t = -20.0295 ||t = -13.0399 ||t = -9.36786 | |t == 1. 42386 | |
t --8.18931 ||t --11.0078 ||t = 17.0984 | | t = 19.5147 | |t -- 20. 2841
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{cl, c2, c3, c4, c5, c6, c7, c8, c9, cl0} =
{-21.11773825223018, -20.029544134693722, -13.039942915734427,
-9.36785809566816, 1.4238551323911735, 8.189311078461055, 11.097757990448363,
17.09842176712548, 19.514665718414086, 20.284064224766038} ;

{al, a2, a3, a4, a5} = {cl1, c2, c3, c4, c5};

{bl, b2, b3, b4, b5} = {c8, ¢c7, c6, c9, cl0};

rl={al”"7-bl”7, al~6-bl”"6,
al”5-bln5, al™4 - bl”™4, al”™3-b1"3, al™2-Dbl1”2, al - bl};

r2 = {a2”7 -b277, a2”6 - b276, a2”5-b2"5, a2”4 - b2~4,
a2”3-hb273, a2”2-b272, a2 - b2};

r3 = {a3”"7-b3"7, a3”6 - b376, a3”5-b3"5, a3”4 - b374,
a3”"3-b373, a3”2-b3”"2, a3 -b3};

r4 = {a4”7 - b4"7, ad”™6 - b4"6, a4"5 - b4"5, a4d™4 - b4an4,
a4”3-b4"3, ad”2 -b4an2, ad - b4};

r5 = {a5"7 - b577, a5”6 - b576, a5"5 - b5"5, a5”4 - b574,
a573 -b573, a5”2-b5”2, a5 - b5};

d = {{-100000}, {100000}, {-60000}, {60000}, {-60000}}; m = {rl, r2, r3, r4, r5};
V= {({t"7, tN6, tN5, tN4, €13, t1°2, t}); u = LinearSolve[m, d]; {{z}} =V.u;
Factor[z]

0.005363861t (-20.1133+1. t) (-14.2601+1. t)
(12.243 +1. t) (20.5786 +1. t) (0.0107598 - 0. 0343124t + 1. t2)

Flt_ ] :=20 (-17+1t) (-10+t) (15+t) (21+1)

glt_] :=1t (-400+t?) (-121+t?)

h{t_] :=-0.005t (-20.1133216 + t) (-14.260128 + 1)
(12.2430449 + t) (20.5785825 + 1) (0.0107598 - 0.0343124 t + t?)

ParametricPlot3D[{f[t], g[t], h[t]}, {t, -24, 20.6}, PlotStyle -» {Tube[30000]}]
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In[34]:=

Out[39]=
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A.2 A representation of the knot 6,

X[t ] :
ylt]:

100 (-43.4+1t) (-28+1t) (5+1t) (31.4+1) (47.6+1)
(-49+t) (-38+1t) (-8+1t) (-6+1) (28+1t) (43.6+1)

{{X}} = {CoefFicient[x[t], {t, t"2, t~3, t™4, t/~5}]1}.{{1}, {t+s}, {t"2+txS+S"2},
{3 +tM2%S+t*S"2+S73}, {(tM+t"3%xS+t"2xSM2+Tt%xS"3+5M4}};
{{Y}} = {CoefFicient[y[t], {t, t"2, t~3, t™4, t"5, t"6}]}-
{{1}, {t+s}, {t*2+t*S+sS"2}, {t"3+t"2xS+t*xsS"2+5S"3},
{tM+ "3 *S+t"2%SM2+t %SN3 +sM4},
{tP5+tM xS +t"3%*SM2+t"2%S"3+t*xsSM +sSM5}};

{res} = Resultant[{X}, {Y}, s];
ParametricPlot[{x[t], y[t]}, {t, -45.4, 46.4}, PlotStyle » {Black, Thick}]

NRoots[res == 0, t]
s \

re v v N
[ 5.0x10° 1.O><109\ 15x10°  2.0x10°

t = -52.165-22.43551 | |t = -52.165+22.43551 | |t = -44. 6124 | | t = -43.8297 | |
t = -42.6396 ||t = -30.3859 | [t = -25.1773 | |t = -19.2377 - 17.6343 i | |
= -19.2377+17.63434 ||t == -6.50511 | |t = 1.34637 ||t = 7.91131 - 8. 93809 i | |
t =7.91131 +8.93809 i ||t = 23.4849 ||t =29.1728 ||t = 33.0062 ||
t = 43.0069 | | t == 45.4301 | |t = 47. 1427 - 0.906303 i | | t = 47. 1427 + 0. 906303 i

{c1, c2, c3, c4, c5, c6, c7, c8, c9, cl0, cll, cl12} =
{-44.612370619788685, -43.82970755399989, -42.63955548439335, -30.38594129886014,
-25.17730566355526, -6.505105662667016, 1.346365109682458, 23.484924352213127,
29.172757565486513, 33.00624466339479, 43.0069479270461, 45.43009343522182} ;

{al, a2, a3, a4, a5, a6} = {c1, c2, c3, c4, c5, c6};

{bl, b2, b3, b4, b5, b6} = {c8, c7, cl12, cl11, cl10, c9};

rl={al”7-bl”"7, al™6-bl"6,
al~5-pbin5, al™4 -bl™4, al”~3-b1N3, al™2-bl”2, al-bl};

r2 = {a2”7-b277, a2”6 - b276, a2”5 - b275, a2”4 - b2"4,
a2”3-b2”73, a2”2-b272, a2 - b2};

r3 = {a3”7-b377, a376 - b376, a3”5 - b3"5, a3™4 - b3"4,
a3”3-b373, a3”2-b372, a3 - b3};
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r4 = {a4"7 - b4"7, a4"6 - b4"6, adN5 - bd4N5, adN4 - b4ng,
adn3 -b4n3, adn2 -ban2, ad - b4} ;

r5 = {ab”™7 - b5"7, a5”"6 - b576, a5”5 - b5”75, a5”4 - h574,
ab”"3 -hb573, a5"2 -b572, a5-b5};

ré = {a6"7 -b6"7, a6”6 - b676, a6”5-b6"5, a6”4 - b6"4,
a6”N3 -hb673, a6”"2 -hb672, a6 - b6} ;

n={rl, r2, r3, r4, r5}; w= LinearSolve[Transpose[n], Transpose[{r6}11];
{{200 000000, -200000000, 200000000, -130000000, 170000000} }.w

out[51]= {{—3. 97937 x 108}}

nis2i= d = Transpose [ { {200 000 000, -200 000 000,
200000000, -130000000, 170000000, -397937039.8156442}}1;
m={rl, r2, r3, r4, r5, r6}; u = LinearSolve[m, d];
V= {{t"7, "6, N5, tN4, €13, t°2, t}}; {{Z}} =V.Uu;
Factor[1.5z +X[t]]

oufss- ~0. 126854 (-45.995 +1. t) (5.23102 +1. t) (19.0366 +1. t)
(758.764 - 54.4651t +1. t?) (2059. 95 +90. 482t + 1. t?)

nsel= F[E_] 1= 60 (-43.4+1t) (-28+1t) (5+1t) (31.4+1t) (47.6+1)
glt_] := (-49+1t) (-38+1) (-8+t) (-6+1t) (28+1t) (43.6+1)
h[t_] :=-0.07 (-45.995024874 + t) (5.231021635+ t) (19.036560084+ t)

(758 . 763745443~ 54.4650519227 t + t2) (2059 -948386689+ 90.4819595699 t + tz)

ParametricPlot3D[{f[t], g[t], h[t]}, {t, -45.4, 46.4}, PlotStyle » {Tube[50000000]}]
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A.3 A representation of the knot 6,

X[t ] :
yle]:

4 (t+35) (t-5) (t-39) (tA2-625)
0.1 (t+41) (t+25) (t+20) (t-10) (t-30) (t-39)

{{X}} = {Coefficient[x[t], {t, /2, tN3, t74, t~5}]1}.-{{1}, {t+s}, {t"2+t*xs+sS"2},
{t"3+t"2%xS+t*SN2+S7"3}, {tM+t"3*xS+t"2%xS™2+Tt %SN3 +5MN}};
{{Y}} = {Coefficient[y[t], {t, t~2, T3, t"4, /5, t"6}]}-
{{1}, {t+s}, {t*"2+t*S+sS"2}, {t"3+t"2xS+t xS 2+s"3},
{tM + "3 %xS+t"2%xSM"2+t*sS"3+sM4},
{tA5+tM xS +t"3%*SM2+tM2%xsM3+txs™M4 +sM5}};
{res} = Resultant[{X}, {Y}, s];

ParametricPlot[{x[t], y[t]}, {t, -39, 41.3}, PlotStyle » {Black, Thick}]
NRoots[res == 0, t]

-5x107 —-4x107

- -38.3941 ||t - -37.5234-0.459148 i | |t - -37.5234 +0. 459148 i | |
-~ -35.9793 | |t == -28.1103 ||t = -25. ||t = -21.1594 ||t - -10. 9137 | |
t = -4.69515-3.84229 i ||t == -4. 69515 +3.84229i | |t == 2. 61871 ||t == 8. 44009 | |
t = 16.8484 | |t = 29.7593 | |t = 35.5074 - 2.95225 i | | t == 35.5074 + 2. 95225 i | |
t = 35.8207 - 4. 46467 i | |t = 35.8207 +4. 46467 i | |t - 39. ||t = 40. 6711

{c1, c2, c3, c4, c5, c6, c7, c8, c9, cl0, cl1, cl2} =
{-38.394059300190634, -35.97930636830068, -28.110345818548993, -25.00000000000564,
-21.159364062658817, -10.913696119313041, 2.6187143001569955, 8.440093883189082,
16.8484499437119, 29.759340223727147, 38.999999999981554, 40.67109439932582} ;

{al, a2, a3, a4, a5, a6} = {c1, c2, c3, c4, c5, c9};

{bl, b2, b3, b4, b5, b6} = {c6, c7, c8, cl11, c10, cl12};

gl = {al~7-b1”7, al™6-Dbl"6,
al~5-bl1n5, al™4 -bl™4, al”3-b1"3, al”2-bl”2, al - bl};
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g2 = {a2”7 -b277, a2”76 - b276, a2”5 - b275, a2”4 -b2"4,
a2n"3 -hb273, a2”2-hb272, a2 - b2};

g3 = {a3”7 -b3~7, a3”"6 - b376, a3”5 - b37"5, a3”"4 - b3"4,
a3”"3-hb373, a3”2-b372, a3 -b3};

g4 = {a4"7 -b4a"7, ad"6 - b4N6, ad"5 - bAN5, adn4 - bang,
a4n"3 -ban3, a4"2 -b4N2, ad - b4y ;

g5 = {a5"7 -b5~7, a5”6 - b576, a5”5 - b5/°5, a5”4 - b574,
ab”"3 -hb573, a5”"2-b572, a5-b5};

g6 = {a6~7 -b677, 2676 - b676, a6”5 - b6"5, a6”4 - b6°4,
a6”N3 -hb6"3, a6”2 -b672, a6 - b6} ;

m = {dql, 92, 93, g4, q5}; w = LinearSolve[Transpose[m], Transpose[{q6}]] ;
{{10~7, -10"7, 4 «1076, -4 %1076, 4% 1076} } .w

{{4.5428 x10°}}

d = Transpose[{{10"7, -10"7, 4 + 1076, -4 « 1076, 4« 106, 4542795.994769199}}1];
n={ql, g2, 93, g4, g5, g6}; u = LinearSolve[n, d];
V= {{t"7, t76, tN5, €4, €13, t172, t})}; {{Z}} =V.Uu;
Factor[z]
-0.00468148t (-39.8754 +1. t) (-27.4156+1. t)
(28.4369 + 1. t) (37.2557 +1. t) (0.00242388 - 0. 00542949t + 1. t?)

F[t ] :=4(-39+1) (-5+1) (35+1) (-625+1?)
gt ] :=0.1(-39+t) (-30+t) (-10+1t) (20+t) (25+1t) (41+1)
h[t_] :=0.005t (-39.8753791 + t) (-27.4156408 + t)

(28.436878 + t) (37.25572585 + t) (0.002423881 - 0.005429486 t + t2)

ParametricPlot3D[{f[t], g[t], h[t]}, {t, -39, 41_3}, PlotStyle » {Tube[l1.5%1076]}]
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A.4 A representation of the knot 65

X[t ] 1220 (-29+1) (-20+1t) (10+1t) (30+1t) "2
y[t ] := (-32+t) (-6+1t) (4+1t) (30+1t) (-400 +t"2)

({X}} = {Coefficient[x[t], {t, tA2, t~3, t~4, t~5}1}-{{1}, {t+S}, {t A2+t xS +S"2},
{t"3+t"2%xS+t*S"2+SM"3}, {(tM+t"3%xS+t"2%xSM2+Tt*xS"3+5M}};
({Y}} = {CoefFicient[y[t], {t, t~2, t"3, t™4, t/5, t"6}]}.
{{1}, {t+s}, {t*"2+t*S+sS"2}, {t"3+t"2xS+t*xS"2+sS"3},
{tM + "3 %xS+t"2%xSM2+t*sSN3+sM4},
{tA5+tM xS+ t"3%*SM2+tM2 %SN3+t xS +sM5}};
{res} = Resultant[{X}, {Y}, s];

ParametricPlot[{x[t], y[t]}, {t, -31.1, 32.4}, PlotStyle » {Black, Thick}]

NRoots[res == 0, t]

4x 1041

2x 107

—2x 10

t = -41.818-19.14541 ||t = -41.818+19.1454 i ||t == -30.7288 | |t = -30. ||
- _26.8837-2.51139i ||t - -26.8837 +2.51139i | |t = -22.6519 | |
t = -18.1224 -20.0177 4 ||t == -18.1224 +20. 0177 i | | t = -10.0715 | | == —7. 25308 | |
t = -0.240482 ||t == 8.41888 ||t = 18.0206 ||t =20. ||t = 22.6092 ||
t - 28.7848 - 0.569203 i | | t - 28. 7848 +0.569203 i | |t == 31.739 | | t - 32. 2368

{cl, c2, c3, c4, c5, c6, c7, c8, c9, cl0, cl1, cl2} =
{-30.72877916248007, -29.999999999974946, -22.651937287862193,
-10.071488974838084, -7.253082041836597, -0.24048226174477072,
8.418879029241214, 18.0205707137901, 20.0000000000009,
22.60921542713383, 31.739005302303298, 32.23681523039284} ;

{al, a2, a3, a4, a5, a6} = {c1, c2, c3, c5, c6, Cc7};

{bl, b2, b3, b4, b5, b6} = {c4, c9, cl0, c8, cl11, cl12};

ql = {al”7 -bl1l”™7, al”™6 - bl"6,
al~5-blin5, al™4 -bl™4, al”3-b1N3, al™2-bl”2, al-bl};
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g2 = {a2”7 -b277, a2”6 - b276, a2”5 - b275, a2”4 -b274,
a2”3 -hb273, a2”2 -b272, a2 - b2};

g3 = {a3”7 - b377, a376 - b376, a3”5 - b31"5, a3”"4 - b3"4,
a3”"3-b373, a3”2-b3”72, a3 -b3};

g4 = {a4"7 -b4an7, ad"6 - b4"6, ad4N5 - b4ANS, ad"N4 - b4N4,
ad4n3 -b4n3, adn2 -ban2, ad - b4} ;

g5 = {a5”7 - b577, a5”6 - b576, a5”5 - b575, a5"4 - b574,
a573 -b573, a5”2 -b5”2, a5 -b5};

g6 = {a6"7 -b677, 26”6 - b676, a6”5 - b6"5, a6”4 - b6°4,
a6”N3 -hb6"3, a6”"2-b672, a6 - b6} ;

m = {ql, 92, g3, g5, g6}; w = LinearSolve[Transpose[m], Transpose[{ g4}]];
{{5*1076, -5%1076, 107, -2.25% 1077, 2.25 % 10"7}}.w

{{5.06934 x 10°}}

d = Transpose[
{{5+%1076, -5%1076, 10"7, 5069 338.326090865, -2.25 % 10"7, 2.25 % 10"7}}1;
n={ql, 92, g3, g4, g5, q6}; u = LinearSolve[n, d];
V= {{t"7, 76, N5, tN4, 13, t°2, t}}; {{Z}} =V.Uu;
Factor([z + x[t]]
-0.060283 (-33.329 +1. t) (376.738 - 37.8892t + 1. t?)
(144.276 +21. 4044t +1. t?) (955.986 +61.5665t +1. t?)

FIt_ ] :=15(-29+1) (-20+1t) (10+1t) (30 +1t)?

glt_] 1= (-32+1) (-6+1) (4+1) (30+1) (-400+t2)

h[t_] :=-0.06 (-33.329044815 + t) (376.737563885 - 37.8892469397 t + t?)
(144.275534095 + 21.404400212 t + t?) (955.985733648+ 61.56649851 t + t?)

ParametricPlot3D[{f[t], g[t], h[t]}, {t, -31.3, 32.7}, PlotStyle » {Tube[3 %x1076]}]
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A.5 A representation of the knot 3;#3;

X[t_] :
y[t]:

5t (77.3-17.5t+1t%) (77.3+17.5t +t?)
(-10.172 4+ €72) (-7.372+1"2) (-2.2"2+1"2)

{{X}} = {Coefficient[x[t], {t, /2, t"3, t74, t~5}]1}.{{1}, {t+s}, {t"2+t*xs+sS"2},
{t"3+t"2%xS+t*SN2+S73}, {(tM+t"3*xS+t"2%xS™M2+Tt*xsS"3+5M}};
{{Y}} = {Coefficient[y[t], {t, t~2, T3, t"4, /5, t"6}]}-
{{1}, {t+s}, {t*2+t*S+sS"2}, {t"3+t"2xS+t xS 2+sS"3},
{tM + "3 %S +t"2%xSM"2+t*sS"3+sM4},
{tA5+tM xS +t"3 %S 2+t"2%xsM3+txsSM4 +s75}};
{res} = Resultant[{X}, {Y}, s];

ParametricPlot[{x[t], y[t]}, {t, -10.55, 10.55}, PlotStyle » {Black, Thick}]
NRoots[res == 0, t]

40000

20000

—20000

000

t = -10.4627 ||t = -9.88822 | |t = -9.1468 - 0.871953 i | [t == -9. 1468 + 0. 871953 i | |
~ _8.75-0.858778 1 ||t = -8.75+0.858778 1 ||t = -8. 02489 | |
t = -4.92721 ||t = -1.21645 ||t = -0.481499 | |t == 0. 481499 ||t = 1.21645 | |
t == 4.92721 ||t == 8.02489 | |t == 8.75-0.8587781i ||t == 8.75 +0.858778 i ||
t =-9.1468 -0.871953 i ||t = 9. 1468 + 0. 871953 i | |t - 9. 88822 | |t -- 10. 4627

{cl, c2, c3, c4, c5, c6, c7, c8, c9, cl0, cl1, cl2} =
{-10.462689786449586, -9.888216508786305, -8.024893362737378, -4.927208785673205,
-1.2164458079580254, -0.4814986323142994, 0.4814986323142994, 1.2164458079580254,
4.9272087856732085, 8.024893362738313, 9.888216508786323, 10.462689786449582} ;

{al, a2, a3, a4, a5, a6} = {c1, c2, c3, c7, c8, c9};

{bl, b2, b3, b4, b5, b6} = {c4, c5, c6, cl10, cll, cl2};

rl= {al”7-bl”"7, al™6-bl"6,
al~5-pbin5, al™4 -bl™4, al”~3-b1”3, al™2-bl”2, al - bl};
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r2 = {a2”"7-b2"7, a2”6 - b276, a2”5-hb275, a2”4 - h2"4,
a2”3-b273, a2”2-hb2"2, a2 - b2};

r3 = {a3”"7-b3"7, a3”26 - b376, a3”5 - b3"5, a374 - b3"4,
a373-b3”73, a372-b3"2, a3 -b3};

rd = {a4"7 - b4ANT7, a4"6 - b4"6, ad4"5 - b4N5, ad™4 - b4an4,
ad4”3-b4n3, a4"2-b4"2, a4 - b4};

r5 = {a5"7 - b5"7, a576 - b576, a5"5 - b575, a5”4 - b574,
a5”3-b573, a5”2-b572, a5 - b5};

r6 = {a6”7 - b6"7, a6”6 - b6°6, a6”5-b6"5, a6”4 - h6"4,
a6”3-hb6"3, a6”2-hb6"2, a6 - b6} ;

n={rl, r2, r3, r4, r5}; w= LinearSolve[Transpose[n], Transpose[{r6}11];
{{10000, -10000, 10000, 10000, -10000}}.w

{{10000. }}

d = Transpose[{{10000, -10000, 10000, 10000, -10000, 9999.999999941221}}1;
m={rl, r2, r3, r4, r5, r6}; u=LinearSolve[m, d];
V= {{t"7, t"6, tN5, tN4, €13, 02, t}); {{Z}} =V.Uu;
Factor[z]
-0.149218t (-9.98476+1. t) (-8.25331+1. 1)
(8.25331 +1. t) (9.98476 +1. t) (0.0253677 - 8. 75601 x 101t +1. t?)

[t ] :=5t(77.3-17.5t+t%) (77.3+17.5t+t?)
glt_] := (-102.01+t?) (-53.29+1?) (-4.84+1?)
h[t_] := -0.15t (-99.695462027 + t*) (-68.11720396 + t?) (0.025367747 + t?)

ParametricPlot3D[{f[t], g[t], h[t]}, {t, -10.55, 10.55}, PlotStyle -» {Tube[3000]}]

S0000




In[34]:=

out[39]=

Out[40]=
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A.6 A representation of the knot 3,#3]

X[t ] :230 (-32.5+1t) (-21.3+1) (-3.3+1t) (16.2+1) (28+1)
Y[t ] = (-34+1) (-23+1) (-6.8+1) (12+1t) (21.7+1t) (33.1+1)

({X}} = {Coefficient[x[t], {t, tA2, t~3, t~4, t~5}1}-{{1}, {t+S}, {t A2+t xS +S"2},
{t"3+t"2%xS+t*SN2+SM3}, {(tM+t"3%xS+t"2%xSM2+Tt*xSN"3+5M}};
{{Y}} = {Coefficient[y[t], {t, t~2, t/3, t"4, /5, t"6}]}-
{{1}, {t+s}, {t*"2+t*S+sS"2}, {t"3+t"2xS+t xS 2+s"3},
{tM+t"3*xS+t"2%xSM2+t*sSN3+sM4},
{tA5+tM xS+ t"3%xSM2+t"2%xsM3+t xS +s75}};
{res} = Resultant[{X}, {Y}, s];

ParametricPlot[{x[t], y[t]}, {t, -29.8, 34.5}, PlotStyle » {Black, Thick}]
NRoots[N[res] == 0, t]

6x10’

= -29.4334 -0.642336 i ||t = -29.4334+0.642336 i ||t = -29.2862 | |t = -27.9464 | |
= _21.2574 ||t = -19.549 ||t == -15.682 ||t = -2. 00257 - 4. 09262 i | |

t = -2.00257 +4.09262 i ||t == -1.98026 | | t = 6.34472 - 6.68474 1 ||

t --6.34472 +6. 6847414 ||t - 8.18692 ||t —21.8758 ||t = 25.9478 || t - 26. 6674 ||

t == 32.5602 ||t = 34.064 ||t == 34.0909 - 1. 45431 i | |t == 34. 0909 + 1. 45431 i

{cl, c2, c3, c4, ¢c5, c6, c7, c8, c9, cl0, cl1, cl2} =
{-29.286231462142837, -27.946357909173386, -21.25744461940997,
-19.549037204110213, -15.682027791559056, -1.9802583986743842,
8.186921456677068, 21.87581287082495, 25.947783314268374,
26.667395058578226, 32.56023844415642, 34.06397022774709} ;
{al, a2, a3, a4, a5, a6} = {cl1, c2, c3, c4, c5, c6};
{bl, b2, b3, b4, b5, b6} = {cl10, cl11, cl1l2, c7, c8, c9};

rl={al”7-bl”"7, al™6-bl"6,
al~5-pbl1in5, al™4 -bl™4, al”3-b1”3, al™2-bl”2, al - bl};
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r2 = {a2"7 -b277, a2”6 - b276, a2”5-b2"5, a2”4 -b274,
a2n3 -hb273, a2”2 -b272, a2 - b2};

r3 = {a3”"7 -b3"7, a376 - b376, a3”5-b3"5, a374 - b3"4,
a3”"3-hb373, a3”2-b3”72, a3 -b3};

rd = {a4"7 - b4"N7, a4"6 - b4"6, ad"5 - bd4N5, adN4 - bang,
adn3 -b4n3, adn2 -ban2, ad - b4} ;

r5 = {ab”"7 - b5"7, a576 - b576, a5”"5 - b5"5, a574 - b574,
a57"3 - b573, a5”2 - b572, a5 -b5};

ré = {a6"7 -b6"7, a6”6 - b6°6, a6”5-b6"5, a6”4 - b6"4,
a6”N3 -hb6"3, a6”"2 -b672, a6 - b6} ;

n={rl, r2, r3, r4, r5}; w = LinearSolve[Transpose[n], Transpose[{r6}11];
{{-2%10"7, 2%10"7, -2%10"7, 1.8% 1077, -1.8%10"7}}.w

{{1.82154 x107}}

d = Transpose[
{{-2 %1077, 2%10"7, -2%10"~7, 1.8+ 1077, -1.8 %107, 18215443.132480267}}1;
m={rl, r2, r3, r4, r5, r6}; u=LinearSolve[m, d];
V= {{t"7, 76, tN5, tN4, €13, t1°2, t}); {{Z}} =V.u;
Factor[z]
0.0393543t (-32.8074+1.t) (-24.2097 +1. t)
(15.2573 +1. t) (28.2892 +1. t) (O. 00437177 - 0.00820683t + 1. t2)

F[t_] :=30(-32.5+t) (-21.3+t) (-3.3+t) (16.2+t) (28+1t)
glt_] := (-34+1t) (-23+1t) (-6.8+1) (12+1) (21.7+t) (33.1+1)
hit_] :=-0.03t (t+28.289226) (t+15.257278)

(t-24.209735) (t-32.807367) (0.0043718 -0.0082068 t + tz)

ParametricPlot3D[{f[t], g[t], h[t]}, {t, -30, 34.6}, PlotStyle » {Tube[5 % 1076]}]
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