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Abstract

In entanglement-assisted communication theory, it is well-known that pre-shared entangle-

ment between a sender and receiver facilitates decoding a maximum of two bits of information

by sending just one qubit. This is commonly referred to as quantum dense coding. In the

recent decade, several works have shown that using a control system to create additional

resources like coherent control and indefinite causal order has provided advantages in com-

munication protocols. Inspired by these, we propose a distributed dense coding protocol

that uses a control system to superpose two dense coding processes, allowing us to simulta-

neously and coherently encode and non-classically route the sender’s single-qubit system to

two receiver labs. We find that dense coding with coherently controlled encoding and routing

performs better than the standard dense coding protocol in both global and one-way LOCC

decoding strategies employed by receiver labs in weak entanglement regimes and with noisy

mixed states.
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Chapter 1

Introduction

The development of communication protocols has traditionally been rooted in classical in-

formation theory, where data is encoded and transmitted using classical bits. However, the

advent of quantum mechanics has fundamentally altered the foundations of information sci-

ence by providing us with the quantum extension of Shannon’s classical information theory,

arguably a more general framework for communication theory [51]. By utilising non-classical

resources like entanglement and superposition, communication protocols offer capabilities far

beyond classical limits [17].

Any communication scheme, quantum or classical, for sending classical information, involves

three major steps - (1) encoding of classical information into a physical system, (2) sending

of the physical system through a physical channel, and (3) decoding of classical informa-

tion from the received physical system. Communication protocols that involve encoding and

decoding classical information through quantum states shared between distant parties are

broadly referred to as quantum-assisted classical communication or classical communication

through quantum channels [53, 6]. Here, the physical system is a quantum system, and the

physical channel is a quantum channel. In a seminal paper from Holevo [28], a hard bound

on the amount of classical information extractable from a quantum system was derived. It

proved that the amount of classical information that can be sent via d-dimensional quantum

system is at most log2 d bits, therefore implying one cannot decode more than n bits of

information from n qubits. The first instance of a quantum-assisted classical communication

protocol giving an advantage over existing classical protocols was introduced by Bennett

and Wiesner in 1992 [5], called quantum dense coding, where they used pre-shared entan-
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glement between the sender and receiver as a resource to communicate 2 bits of information

by transmitting only a single qubit, seemingly “surpassing” the Holevo bound. The trick

lies in pre-sharing a Bell state, thereby increasing the dimension of the quantum system

and, consequently, the value of the Holevo bound. Further works have generalised dense

coding protocol with mixed states of arbitrary dimension [36, 7], multiple senders and up to

2 receivers [7, 8], and noisy channels [16, 45]. To characterise the maximum potential of a

dense coding protocol for a given state, the concept of dense coding capacity (DC capacity)

was introduced. DC capacity proved to be helpful at characterising the role of entangle-

ment in dense coding and explicitly showed that bound-entangled states are not useful for

dense coding [7]. Quantum dense coding has been experimentally realised in many quantum

hardware setups, including atomic systems [43], photonic qubits [37, 4, 33, 52, 30], optical

modes [35, 32], and nuclear magnetic resonance (NMR) [20, 49].

In recent years, there has been a growing interest in using a coherent quantum system [2, 21]

to do mainly two things - (1) put the causal ordering of any two quantum channels into a su-

perposition in an approach known as quantum SWITCH [12, 19], rendering the causal order of

the channel ‘indefinite’ [24] and (2) to coherently control quantum channels themselves, usu-

ally referred to as channel multiplexing or a ‘quantum half-SWITCH’ [1]. The latter approach

was first introduced in error filtration [22]. These approaches show classical and quantum

capacity enhancement when used in communication protocols [13, 1, 19]. It was discovered

that one could transmit non-zero information using a quantum state passing through either

a quantum SWITCH or quantum half-SWITCH of two completely depolarising channels [1, 19].

In a complete surprise, perfect quantum communication with two completely depolarising

channels using quantum SWITCH was proven to be possible [11]. Further resource-theoretic

studies on the superposition of quantum trajectories and their role in communication pro-

tocols have also been investigated [34, 48]. Experimental attempts using interferometric

setups have been made to explore communication advantages using superposition of trajec-

tories [39, 41, 42, 25, 23, 50, 26, 47, 40]. Inspired by the possibility of using a coherent

quantum system as a control to superpose two situations, we will use a coherent quantum

system to superpose two dense coding scenarios, allowing coherently controlled encoding and

non-classical routing of the sender’s system to two receiver labs.

This thesis delves into leveraging a coherent quantum system to create a superposition of

two physical processes and using it to enhance quantum dense coding protocol. Specifically,

we design a distributed dense coding protocol that uses a control quantum system to encode
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and non-classically route the sender’s quantum system to two receiver labs. We investigate

the DC capacity when the two receiver labs are together and find a lower bound to the

“local” DC capacity when they are distant but can do one-way classical communication. We

also extend it to the distributed case involving an arbitrary number of receiver labs. We find

that our protocol performs better than the standard dense coding protocol in both global

and one-way LOCC decoding scenarios in low entanglement regimes and with mixed states.

Chapter 2 introduces some basic but necessary terminologies and concepts from classical and

quantum Shannon theory for formalising general classical communication protocols with

quantum systems as information carriers. A brief dive into quantum measurements and

accessible information in global and LOCC decoding scenarios is provided.

Chapter 3 goes into explicit details of a quantum-assisted classical communication protocol

known as quantum dense coding or super-dense coding. We explain the idea of dense coding

with a single sender and a single receiver and extend to multiple senders and up to two

receivers. We analytically derive standard dense coding capacities for various states.

In Chapter 4, we describe our variant of the dense coding protocol where we use a coherent

quantum system to encode and non-classically route the sender’s system to two different

receiver labs. We explain our approaches to calculating the dense coding capacity when

the labs employ global measurement strategies and locally accessible information when labs

employ a one-shot, one-way LOCC decoding strategy.

In Chapter 5, we conclude our thesis by summarising our findings.
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Chapter 2

Background and Preliminaries

Before delving into the thesis, it would be helpful to know some basic and essential concepts

from classical and quantum Shannon theory. This will allow us to introduce concretely the

general quantum dense-coding protocol and other relevant concepts. A considerable chunk

of classical and quantum Shannon theory is presented here from [51].

2.1 Classical Shannon Theory

2.1.1 Shannon Entropy

Let X be a random variable whose realisations x are letters in an alphabet X . Let pX(x)

denote the probability density function of X; that is, pX(x) is the probability that a realisa-

tion x occurs. If we were to formally define ‘information’, we would want it to be a measure

of surprise. We would be more surprised if an event with very little probability happened

and would, therefore, gain more information. In comparison, we gain less information about

a high-probability event happening as we would be expecting it anyway, and its occurrence

would be less surprising. Motivated by this, the information content i(x) of a realisation x

can be defined as:

i(x) ≡ − log(pX(x)) (2.1)

This definition captures the idea that information is additive in that learning two independent

events would mean we have more information and that higher probability events have a

lower surprise element and, therefore, lower information content. The negative sign ensures

positivity as 0 ≤ pX(x) ≤ 1. To capture the general notion of information content in a
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random variable X, the entropy H(X), also referred to as Shannon entropy, is introduced

and defined to be the expected information content of a random variable X,

H(X) ≡ EX{i(X)} = −
∑
x∈X

pX(x) log (pX(x)) (2.2)

where we adopt the convention 0 log 0 = 0. This convention is justified via limit argument

because limx→0 x log(1/x) = 0. Shannon entropy has the following info-theoretic interpreta-

tion: Alice and Bob were supposed to do an experiment together, but due to some issues,

Bob was not available. So, Alice proceeds to perform some random experiment that happens

to select a realisation x of a random variable X associated with probability density pX(x).

Bob, who happens to not be present during the experiment, has not learnt the outcome of

the experiment. In this scenario, an interpretation of the Shannon entropy H(X) is that

it quantifies Bob’s uncertainty about the random variable X before learning it. Under this

interpretation, the expected information Bob gains after learning the outcome of the random

experiment is H(X). In fact, it can be rigorously proved that for Bob to be able to decode

a compressed message, Alice needs to send Bob bits at the rate H(X). This is given by

Shannon’s noiseless coding theorem.

2.1.2 Conditional Shannon Entropy

Suppose Alice and Bob possess discrete random variables X and Y , respectively. If X and

Y are not statistically independent, we say they share correlations and that Bob has access

to “side-information” about X in the form of Y . Defining i(x|y) ≡ − log(pX|Y (x|y)), the

conditional entropy pX,Y (x, y) is given by,

H(X|Y ) ≡ EX,Y {i(X|Y )} = −
∑
x,y

pX,Y (x, y) log(pX|Y (x|y)) (2.3)

where pX,Y (x, y) is the joint probability distribution of X and Y , and H(X|Y ) is the amount

of uncertainty that Bob has about X given that he already possesses Y . This intuitively

implies that H(X) ≥ H(X|Y ), a result that can be rigorously proven, and its equality implies

thatX and Y are independent random variables. What this result tells us is that conditioning

does not increase entropy; uncertainty can only be reduced by learning something.
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2.1.3 Joint Shannon Entropy

If Bob knows neither X nor Y , then the joint entropy H(X, Y ) describes his uncertainty,

and is given by,

H(X, Y ) ≡ EX,Y {i(X, Y )} = −
∑
x,y

pX,Y (x, y) log(pX,Y (x, y)) (2.4)

The relation between joint entropy, conditional entropy and marginal entropy is givenH(X, Y ) =

H(X) +H(Y |X) = H(Y ) +H(X|Y ).

2.1.4 Mutual Information

If Alice and Bob possess discrete random variables X and Y , respectively, the entropic

measure quantifying their shared knowledge is given by mutual information I(X;Y ) defined

as

I(X;Y ) ≡ H(X) −H(X|Y ) (2.5)

The expression above has the following interpretation meaning: Before Bob had access to

Y , his uncertainty about X is H(X), and once he possesses Y , the uncertainty reduces to

H(X|Y ); therefore, the amount by which the uncertainty is reduced, H(X) − H(X|Y ), is

the common/mutual information between Alice and Bob. It is natural to expect I(X;Y ) =

I(Y ;X) from the above argument, so the mutual information is symmetric. Mutual infor-

mation is guaranteed to be non-negative, i.e. I(X;Y ) = H(X) − H(X|Y ) ≥ 0 because

H(X) ≥ H(X|Y ).

2.1.5 Conditional Mutual Information

We now wish to quantify the common information between two random variables X and Y

when some side information exists in the form of a random variable Z. The entropic quantity

useful in this scenario is referred to as conditional mutual information. If X, Y and Z are

discrete random variables, the conditional mutual information is defined as

I(X;Y |Z) ≡ H(Y |Z) −H(Y |X,Z) = H(X|Z) −H(X|Y, Z) (2.6)

In fact, it is easy to see that

I(X;Y |Z) =
∑
z

pZ(z)I(X : Y |Z = z) (2.7)

7



Figure 2.1: Classical Shannon entropic quantities can be equivalently represented by Venn
diagrams. The first circle (coloured peach and brown) represents H(X), the second circle
(coloured green and brown) represents H(Y ), and the intersection represents the mutual
information I(X;Y ). Removing the intersection (coloured brown) from each circle gives
conditional entropies H(X|Y ) and H(Y |X). The total Venn diagram (peach, brown and
green) represents the joint entropy H(X, Y ).

where I(X : Y |Z = z) is a mutual information with respect to joint probability density

pX,Y |Z(x, y|z) and the marginal probability densities pX|Z(x|z) and pY |Z(y|z).

Using this, one can derive a ‘chain” rule for mutual information, taking the following form

I(X1, · · · , Xn;Y ) = I(X1;Y ) + I(X2;Y |X1) + · · · + I(Xn;Y |X1, · · · , Xn−1) (2.8)

We can interpret this result as the building up of correlations between X1, · · · , Xn and Y

in n steps. In the first step, correlations between X1 and Y are built up. Now, since X1 is

known (and therefore conditioned on), we proceed to build correlations between X2 and Y .

Now, X1 and X2 are known (and therefore conditioned on), so you proceed with building

correlations between X3 and Y . This goes on till all random variables have been exhausted.

This same argument can be employed to build up correlations between Y1, · · · , Yn and X in
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n steps, giving us the following result,

I(X;Y1 · · ·Yn) = I(X;Y1) + I(X;Y2|Y1) + · · · + I(X;Yn|Y1, · · · , Yn−1) (2.9)

This is easily justifiable via the symmetric property of mutual information.

As seen in Fig. 2.1, classical info-theoretic terms and their relation can be well understood

from Venn diagrams. This is possible because all classical Shannon theoretic terms are posi-

tive quantities, conditioning can only reduce entropy, and mutual information is symmetric,

non-negative, and it is defined as the amount by which ‘uncertainty’ is reduced for Bob about

Alice’s random variable X when he possesses Y . These arguments allow for the following

equivalence [18]: 
H(X, Y ) ↔ H(X ∪ Y )

H(X;Y ) ↔ H(X ∩ Y )

H(X|Y ) ↔ H(X ∩ ¬Y )

H(Y |X) ↔ H(Y ∩ ¬X)

(2.10)

It is precisely these equivalences that allow us to map classical Shannon terminologies to

Venn diagrams.

2.2 Quantum Shannon Theory

Quantum Shannon theory is an extension of classical Shannon theory that quantifies the

amount of information and correlations in quantum systems. The first fundamental measure

is the von Neumann entropy. It is the quantum generalisation of the Shannon entropy that

captures both classical and quantum uncertainty in a quantum state.

Suppose that Alice prepares some quantum system A in a state ρA ∈ D(HA) where D(HA)

is the space of density operators defined on Hilbert space HA. Then, the entropy S(ρA)

associated with the state ρA is defined as

S(ρA) ≡ −tr{ρA log ρA} (2.11)

The density operator ρA, being Hermitian, has a spectral decomposition ρA =
∑

x pX(x) |x⟩ ⟨x|,
then because ρA is diagonal in its eigenbasis, a relation between von Neumann entropy and
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the Shannon entropy is obtained,

S(ρA) = −tr{ρA log ρA} =
∑
x

pX(x) log pX(x) = H(X) (2.12)

Therefore, to calculate the von Neumann entropy of a density matrix ρ, all one would need

to do is diagonalise ρ, obtain its eigenvalues {λk}k and calculate
∑

k λk log λk. A useful

property of von Neumann entropy is additivity, that is, for ρA ∈ D(HA) and σB ∈ D(HB),

we have

S(ρA ⊗ σB) = S(ρA) + S(σB) (2.13)

There are other quantum entropic measures like joint von Neumann entropy, conditional

von Neumann entropy and quantum mutual information, but for this thesis, it suffices to

understand only the marginal von Neumann entropy S(ρA) of a density operator ρA.

2.3 Quantum Measurements

2.3.1 Generalised Measurements

In quantum mechanics, a measurement is mathematically modelled by a set of measurement

operators {Mk}k that satisfies the completeness relation,

∑
k

M †
kMk = I (2.14)

where the probability for observing the outcome k when measuring a quantum state ρ is

pK(k) = tr(MkρM
†
k) (2.15)

and the post-measurement state knowing that we measure outcome k is,

MkρM
†
k

pK(k)
(2.16)

In a nutshell, the set of measurement operators {Mk}k provides enough information to define

a unique post-measurement state and the probability of observing an outcome k.
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2.3.2 POVM Formalism

Typically, in communication protocols, parties only care about the probability of obtaining a

particular outcome, as that is how information is extracted from quantum systems. After this

extraction, receivers do not care about the post-measurement state as it is usually discarded.

In situations like these, a measurement is specified by a positive operator-valued measure

(POVM). It is defined as follows:

A POVM is a set {Λk}k of Hermitian operators that satisfy non-negativity and completeness

relation,

∀k : Λk ≥ 0,
∑
k

Λk = I (2.17)

The probability of obtaining outcome k is

pK(k) = tr(Λkρ) (2.18)

The characterisation of a POVM measurement is more straightforward than earlier because

POVM elements are Hermitian and positive semidefinite. It is clear that POVM is a type

of generalised measurement where Λk = M †
kMk. In this regard, going from a generalised

measurement to a POVM allows us to specify a post-measurement state given in (2.16), but

this is because we had the information of the measurement operators {Mk}k, which allowed us

to uniquely decompose Mk =
√

Λk. Without this information, from polar decomposition, we

would have Mk = Uk

√
Λk, where Uk is an arbitrary unitary operator. This means a POVM

measurement has no unique post-measurement state, which should not be problematic when

post-measurement states are irrelevant.

2.3.3 Projective Measurements

Projection-valued measure (PVM) measurements, also referred to as von Neumann mea-

surements, are the most natural type of measurement in quantum mechanics. A PVM is a

complete set of orthogonal projectors {Pk}k satisfying the following three properties,

PmPn = δmnPm, Pk = P †
k ,

∑
k

Pk = I (2.19)

where the probability of obtaining an outcome associated with index k is

pK(k) = tr(Pkρ) (2.20)
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and the post-measurement state after obtaining outcome k is

PkρPk

pK(k)
(2.21)

In fact, it is through a PVM set that we construct an observable. Motivated by this,

an alternate way to describe projective measurements through observables is as follows:

A projective measurement is described by an observable, A, a Hermitian operator on the

state space of the system being observed. The observable, being Hermitian, has a spectral

decomposition of the following form,

A =
∑
n

λnPn (2.22)

where Pn is the projector onto the eigenspace of A associated with eigenvalue λn. With this,

the probability of measuring λn is tr(Pnρ) where the quantum state after measurement is

described using PnρPn

tr(Pnρ)
. As it turns out, when physicists do experiments on quantum systems,

the measurement performed is always a projective measurement. A POVM measurement is

only implementable experimentally by performing a PVM measurement on a larger system

described by a larger Hilbert space such that the effective measurement on the subsystem is a

POVM measurement. This is mathematically modelled by Naimark’s theorem, which shows

that every POVM measurement is realisable as a PVM measurement on a larger Hilbert

space.

2.4 Classical Information From Quantum Systems

2.4.1 Shannon Entropy of a POVM

Suppose Alice prepares a quantum state ρ and Bob performs a POVM {Λx} on the system.

The probability distribution pX(x) is defined by Born’s rule as

pX(x) = tr(Λxρ) (2.23)

where X denotes the random variable corresponding to the classical output of the POVM.

Then, the Shannon entropy of the POVM measurement {Λx}x is defined as

H(X) = −
∑
x

pX(x) log pX(x) = −
∑
x

tr(Λxρ) log{tr(Λxρ)} (2.24)
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2.4.2 Accessible Information

Suppose Alice prepares an ensemble E = {pX(x), ρx} and Bob wants to retrieve as much

information as possible about the random variable X from the ensemble E . To do so, Bob

performs a POVM measurement {Λy}y and obtains information on the classical outputs of

the POVM. Let these classical outputs be realisations of a random variable Y . Then, the

mutual information I(X;Y ) is the information Bob has about X, given he possesses the Y .

Because Bob wants to retrieve as much information as possible about X, and he has the

freedom to choose his measurements, he will need to perform a measurement that maximises

his information about X. The resultant mutual information he obtains is referred to as the

‘Accessible Information’ Iacc(E) of the ensemble E and is given by

Iacc(E) ≡ max
{Λy}y

I(X;Y ) = max
{Λy}y

{H(Y ) −H(Y |X)} (2.25)

where H(Y ) is the Shannon entropy of the POVM {Λy}y, H(Y |X) is defined by pX(y|x) =

tr(Λyρx) and pX,Y (x, y) = pX(x)pX(y|x).

Figure 2.2: In a), receivers Bob1 and Bob2 employ a global measurement strategy where
they perform a joint measurement. In b), receivers individually perform local measurements
on the ensemble they possess to extract information.
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The maximisation in the definition of Iacc is generally hard to compute, so we rely on useful

upper bounds. The most important bound is the Holevo bound and is given by

Iacc(E) ≤ χ(E) = S(ρE) −
∑
x∈X

pX(x)S(ρxAB) (2.26)

where χ(E) is referred to as the Holevo quantity or Holevo chi of the ensemble E . The Holevo

bound is saturable in the asymptotic limit in the sense there exists a particular encoding

and decoding scheme that asymptotically attains the bound if the sender could send long

strings of the input quantum states ρx.

The Holevo bound tells a crucial fact: The maximum classical information that can be de-

codable by sending a d-dimensional quantum system is log d bits. This means the maximum

amount of information that can be sent via n qubits through a noiseless quantum channel is

bounded by n bits. In this sense, classical communication with quantum systems does not

give any advantage.

2.4.3 Locally Accessible Information

Consider two parties, Alice and Bob, together sharing an ensemble E = {pX(x), ρxAB} given

to them by a third party, and they want to retrieve information about random variable X.

The restriction here is that Alice and Bob are far away and can only employ Local Operations

and Classical Communication (LOCC) type measurements.

A LOCC protocol (see Fig. 2.3) can be described like this: Alice and Bob share a state

ρAB ∈ D(HA ⊗HB) where D(H) is the set of density operators defined on a Hilbert space

H. Without loss of generality, Alice starts a LOCC protocol by performing a quantum

operation {A(1)
x }x, satisfying

∑
x(A(1)

x )†A(1)
x = IA on her part of the system defined by

the local Hilbert space HA, and sends her measurement result x to Bob via a classical

channel. Depending on what Alice sent, Bob will perform a quantum operation {B(1)
xy }y,

satisfying
∑

y(B
(1)
xy )†B(1)

xy = IB on his part of the system defined by the local Hilbert space

HB. If the LOCC protocol stops here, then it is referred to as a one-way LOCC protocol.

This is because classical information is only one-way here, i.e. from Alice (who begins the

protocol) to Bob. Now, Bob can send his result y back to Alice via a classical channel, and

depending on what Alice receives from Bob, she performs a quantum operation {A(2)
xyz}z,

satisfying
∑

z(A
(2)
xyz)†A(2)

xyz = IA. Alice can end the protocol here or continue by sending

her measurement outcome z to Bob via a classical channel. This can go on indefinitely for
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infinite rounds. For any given number of rounds, the overall protocol can be referred to as

a two-way LOCC protocol. It is to be noted that the above description is a LOCC protocol

between two parties. LOCC protocols can be non-trivially generalised to multiple parties,

and its detailed description is given in [14].

Figure 2.3: Two receivers employ a LOCC decoding scheme where Bob1 begins the protocol.
If the protocol stops with one-way communication employed (shown in green), then it is
referred to as a one-way LOCC (LOCC1) decoding scheme. If the classical communication
is through both ways (both green and orange), then it is referred to as a two-way LOCC
(LOCC2) decoding scheme.

In such scenarios, we can define a quantity referred to as ‘locally accessible information’ of

an ensemble ILOCC
acc , given by

ILOCC
acc = max

P
I(X;Y ) (2.27)

where P is the class of all LOCC measurement protocols.

Like globally accessible information, there are no methods to calculate locally accessible

information analytically, and it is even more complex because the set of LOCC measurements

has no tractable characterisation [14]. Nevertheless, an upper bound to locally accessible
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information was provided in [3], taking the form:

ILOCC
acc ≤ S(ρA) + S(ρB) − max

Z=A,B

∑
x∈X

pX(x)S(ρxZ) (2.28)

where E = {pX(x), ρxAB} is the bipartite ensemble possesses by Alice and Bob, ρA and ρB

are reductions of ρE =
∑

x pX(x)ρxAB, and ρxZ is a reduction of ρxAB. Unfortunately, unlike

the Holevo bound, this Holevo-like bound cannot be universally saturated for all ensembles,

even in the asymptotic limit. However, some examples of ensembles do saturate it in Cn⊗Cn

systems [3].

A slightly stronger bound has been found in [29], a generalisation of the Holevo-like bound,

given by

ILOCC
acc ≤ S(ρA) + S(ρB) −

∑
x∈X

pX(x)S(ρxB)

−
∑

n1,n2,··· ,(nm)

pN1,N2,···(NM )(n1, n2, · · · , (nm))S

(∑
x

pX|N1,N2,···(NM )(x|n1, n2, · · · , (nm))ρ
x|n1n2···nm

A

)
(2.29)

where {pX|N1,N2,···(NM )(x|n1, n2, · · · , (nm)), ρ
x|n1n2···nm

AB } is the post-measurement ensemble ob-

tained after the measurement in the nm
th step, and pX|N1,N2,···(NM )(x|n1, n2, · · · , (nm)) is the

probability of the sequence of measurement outcomes in steps 1, 2, · · · , n. Even this bound

is not asymptotically saturable, and unlike the previous bound, this is particularly hard to

calculate.
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Chapter 3

Quantum Dense Coding

Quantum dense coding protocol, also called super-dense coding, is a classical communication

protocol that uses quantum systems as information carriers and leverages non-local resources

like entanglement to transmit more classical information than would be possible in any

classical communication protocol. By leveraging pre-shared entanglement, one can “bypass”

the Holevo bound and decode more than a bit of classical information by sending only a

single qubit. We will describe a dense coding protocol for a single sender and single receiver

and extend it to the distributed scenario with multiple senders and up to two receivers.

3.1 Single Sender and Single Receiver

Consider a single sender, Alice (A), and a single receiver, Bob (B), sharing a quantum state

ρAB ∈ CdA ⊗ CdB , where CdA(B) denotes the complex Hilbert space of the subsystem, A(B).

Let X be a random variable whose realisations x are letters in an alphabet X . A general

dense coding protocol between a single sender and a single receiver (see Fig. 3.1) can be

described in three steps [7]:

1. Encoding: Alice encodes information in the form of a random variable X on her part

of ρAB. The encoding process involves the application of a local unitary operator, Ux
A,

with probability pX(x) on Alice’s subsystem. As a result, the state ρAB gets converted

to an encoded ensemble E = {pX(x), ρxAB}, where ρxAB = (Ux
A ⊗ IdB)ρAB(Ux

A
† ⊗ IdB)

and x ∈ X are realisations of the random variable X.

2. Sending: Alice deterministically sends her part of the ensemble state to Bob through
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a quantum channel. For our purpose, we will consider it to be a noiseless quantum

channel.

3. Decoding: Since Alice sends her part of the ensemble to Bob, the whole ensemble

E = {pX(x), ρxAB}, is now with Bob. Bob tries to extract maximal information about

the random variable X from the ensemble by performing suitable measurements {ΛB
y }y

where y are realisations of the random variable Y such that the mutual information

I(X;Y ) is maximised.

Figure 3.1: A standard dense coding protocol with a single sender, Alice, and a single receiver,
Bob, sharing a state ρAB. It involves encoding classical information onto Alice’s subsystem,
sending her system to Bob and decoding encoded information via suitable measurements.

The accessible information, Iacc of the encoded ensemble E is upper bounded by the Holevo

quantity χ(E) = S(ρE)−
∑

x∈X pX(x)S(ρxAB) where ρE =
∑

x pX(x)ρxAB is the density matrix

representing the encoded ensemble. Then, we define the dense coding capacity of a dense-

coding protocol to be

χDC = max
|X |

max
Ux
A,pX(x)

χ(E)

= max
|X |

max
Ux
A,pX(x)

(
S(ρE) −

∑
x∈X

pX(x)S(ρx)

)
, (3.1)

It was shown that in [7] that for the protocol described above, after performing the necessary
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optimisations, χDC is given by

χDC = log(dA) + S(ρB) − S(ρAB) (3.2)

where the form of allowed encodings taking the form {pX(x), Ux
A} that maximise the Holevo

quantity looks like { 1
d2A
,Mk} where the set {Mk}

d2A−1

k=0 is a complete set of mutually orthog-

onal unitary operators that obey the trace rule 1
d2A

∑
kM

†
jQMk = tr(Q) for any operator

Q. An example that satisfies these conditions is given by the group of shift-and-multiply

operators [27],

M(p,q) |j⟩ = exp

{
i
2π

d
pj

}
|j + q(mod dA)⟩

where k ≡ (p, q) and p, q, j ∈ {0, 1, · · · , dA − 1}. An intuitive reason why these unitaries

are optimal for encoding is that the set of shift-and-multiply operators forms a complete

set of mutually orthogonal unitary operators. Therefore, their application on state ρ would

‘mix’ it the most, making each realisation of the encoded ensemble ρxAB as distinguishable as

possible, thereby allowing for a larger entropy associated with the density matrix representing

the encoded ensemble. Interestingly, for qubits (dA = 2), the group of shift-and-multiply

operators is {I, σx, σz, σxσz}.

It is clear from (3.2) that any state ρAB satisfying S(ρB) > S(ρAB) gives an advantage over

classical communication protocols; we say that these states are “dense-codable”. As it turns

out, bound entangled states are precisely those that do not satisfy this condition and are,

therefore, not useful in dense-coding protocols [7].

Since the Holevo bound can be asymptotically saturated, the DC capacity, in some sense, tells

us the maximum amount of classical information that a sender can transmit to a receiver

given they start with a particular shared quantum state ρAB. Clearly, χDC is maximum

for a pure state ρAB = |ψ⟩ ⟨ψ| where |ψ⟩ is maximally entangled where χmax
DC = log dAdB.

Although we are just sending a dA-dimensional state, the Holevo bound is still valid as long

as we consider the pre-shared entanglement, as then the dimension of the quantum system

under consideration is dAdB and not dA.

3.2 Multiple Senders and Single Receiver

Consider N − 1 Alices (A1, A2, · · · , AN−1) and a single Bob (B), all sharing an N -party

quantum state ρ = ρA1,··· ,AN−1,B. The jth Alice Aj applies unitary U
xj

Aj
with probability p

xj

Aj
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to her part of the state ρ. All Alices do the encoding and send their state to Bob. The whole

ensemble {rX(x), ϑx} is now with Bob, where

rX(x) =
N−1∏
j=1

p
xj

Aj
, ϑx =

(
N−1⊗
j=1

U
xj

Aj
⊗ IdB

)
ρ

(
N−1⊗
j=1

U
xj

Aj

† ⊗ IdB

)
(3.3)

Since Bob possesses the whole ensemble, he can perform optimal measurements to extract

information. The DC capacity in this scenario is

χA1,A2,··· ,AN−1,B =

[
N−1∑
j=1

log(dAj
)

]
+ S(ρB) − S(ρA1,··· ,AN−1,B) (3.4)

This is the same as (3.2) where A ≡ A1A2 · · ·AN−1.

3.3 Multiple Senders and Two Receivers

Consider N−1 Alices (A1, A2, · · · , AN−1) and two Bobs (B1 and B2), all sharing an (N+1)-

party quantum state ρ = ρA1,··· ,AN−1,B1,B2 . The jth Alice Aj applies a unitary U
xj

Aj
with

probability p
xj

Aj
to her part of the state ρ. Now, the first k Alices A1, · · ·Ak send their

quantum systems to B1 and the remaining Alices Ak+1, · · · , AN−1 send their part of states

to B2. Now, both Bobs together possess the whole ensemble E = {rX(x), ϑx} where

rX(x) =
N−1∏
j=1

p
xj

Aj
, ϑx =

(
N−1⊗
j=1

U
xj

Aj
⊗ IdB1

⊗ IdB2

)
ρ

(
N−1⊗
j=1

U
xj

Aj

† ⊗ IdB1
⊗ IdB2

)
(3.5)

Unlike the previous case, we now have two receivers who will extract information from the

ensemble E . Depending on how far these two receivers are, we will have three possible

decoding scenarios: (1) Global Decoding, (2) Local Decoding and (3) LOCC Decoding.

3.3.1 Global Decoding

If both the Bobs are close enough, they can afford to perform global measurements. In

this scenario, they can be effectively treated as a single receiver B ≡ B1B2. Then, the DC

capacity in this scenario is the same as others

χA1,··· ,AN−1,B1,B2 =

[
N−1∑
j=1

log(dAj
)

]
+ S(ρB1,B2) − S(ρA1,··· ,AN−1,B1,B2) (3.6)
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The crux here is that by effectively treating both the Bobs to be a single receiver, this scenario

simplifies to a single receiver case, and its treatment is already discussed in section 3.2. The

DC capacity in this scenario is called the global DC (G-DC) capacity.

3.3.2 Local Decoding

If both Bobs are far away and do not have access to a stable classical communication channel,

then the best they can do is perform local measurements on the parts they have received.

Noting that the first k Alices send their encoded quantum systems to B1 and the remaining

Alices send it to B2, this situation can be effectively treated as two separate dense coding

protocols, each being equivalent to the situation discussed in section 3.2. Therefore, the DC

capacity simplifies to:

χA1,··· ,AN−1,B1,B2 = χA1,··· ,Ak,B1 + χAk+1,··· ,AN−1,B2 (3.7)

The above result tells us that the overall dense coding capacities, χA1,··· ,AN−1,B1,B2 , is the

sum of the dense coding capacities of two independent dense coding protocols, each given

by χA1,··· ,Ak,B1 and χAk+1,··· ,AN−1,B2 , respectively.

3.3.3 LOCC Decoding

If both Bobs are far away but have access to a stable classical communication channel,

then the best they can do is perform a larger class of operations known as LOCC. The

receivers B1 and B2 are allowed to apply LOCC strategies in the bipartite cut A1 · · ·AkB1 :

Ak+1 · · ·AN−1B2. Since the set of LOCC operations has no tractable characterisation, we

will have to resort to the Holevo-like bound we discussed in section 2.4.3. If χLOCC is the

LOCC-DC capacity, then it will be upper bounded by the maximisation of the Holevo-like

bound over all possible encoding strategies,

χLOCC ≤ max

{
S(ϑ̄(1)) + S(ϑ̄(2)) − max

i=1,2

∑
x

rX(x)S(ϑ(i)
x )

}
(3.8)

where ϑ̄ =
∑

x rX(x)ϑx, ϑ
(1)
x = trAk+1···AN−1B2(ϑx), ϑ

(2)
x = trA1···AkB1(ϑx), ϑ̄(1) = trAk+1···AN−1B2(ϑ̄)

and ϑ̄(2) = trA1···AkB2(ϑ̄) where the maximisation is over all possible choices of unitaries and

probabilities by the Alices. This maximisation has been performed in [7], and an upper-
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bound to the LOCC-DC capacity is given by,

χLOCC ≤

[
N−1∑
j=1

log(dAj
)

]
+ S(ρB1) + S(ρB2) − max

x=1,2
S(ρx) ≡ BLOCC (3.9)

where ρ1 = trAk+1···AN−1B2(ρ), ρ2 = trA1···AkB1(ρ), ρB1 = trA1···AN−1B2(ρ) and ρB2 = trA1···AN−1B1(ρ).

Unlike G-DC capacity, which is asymptotically reachable, BLOCC is not always asymptotically

reachable because the Holevo-like bound is not asymptotically saturable. Nevertheless, this

is the only known upper bound to χLOCC .

3.4 Dense Coding With GHZ State

To compare the standard dense coding protocol with a similar scenario that we will soon

consider in the following chapter, it is convenient to inspect the standard dense coding

protocol involving a single sender, Alice, and two receivers, Bob1 and Bob2. For a global

decoding scenario, the two-receiver case can effectively be considered as a single receiver

B ≡ B1B2 (see Fig. 3.2).

Figure 3.2: A standard dense coding protocol with a single sender and two receivers sharing
a state ρAB1B2 = |gGHZ⟩ where global decoding strategies are considered.
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Let us suppose that in the two-receiver scenario, Alice, Bob1 and Bob2 share a generalised

GHZ state |gGHZ⟩AB1B2
= cos(θ/2) |000⟩ + eiϕ sin(θ/2) |111⟩, where θ ∈ [0, π] and ψ ∈

[0, 2π]. Here, dA = 2, and so the optimal unitary operators used for encoding are given

by S = {I, σz, σx, σxσz}, each of which is applied with equal probability. Following this,

Alice deterministically sends her part of the qubit to party B. Because the shared state is

a pure state, the Holevo bound reduces to just the von Neumann entropy of the encoded

ensemble. The DC capacity in this scenario would be to calculate the von Neumann entropy

of the optimal encoded ensemble. Normally, the density matrix associated with the encoded

ensemble is

ρE =
∑
i

pi

[
cos

(
θ

2

)
UA
i |000⟩ + eiϕ sin

(
θ

2

)
UA
i |111⟩

]
[

cos

(
θ

2

)
⟨000|UA

i

†
+ e−iϕ sin

(
θ

2

)
⟨111|UA

i

†
]

(3.10)

This is simplified to

ρE =
∑
i

pi

[
cos2

(
θ

2

)
UA
i |000⟩ ⟨000|UA

i

†
+ sin2

(
θ

2

)
UA
i |111⟩ ⟨111|UA

i

†

+ eiϕ sin

(
θ

2

)
cos

(
θ

2

)
UA
i |111⟩ ⟨000|UA

i

†
+ e−iϕ sin

(
θ

2

)
cos

(
θ

2

)
UA
i |000⟩ ⟨111|UA

i

†
]

(3.11)

Setting pi = 1
4
∀ i and picking UA

i ∈ S, the optimal encoded ensemble is

ρE =
1

2

[
cos2

(
θ

2

)(
|000⟩ ⟨000|+ |100⟩ ⟨100|

)
+sin2

(
θ

2

)(
|111⟩ ⟨111|+ |011⟩ ⟨011|

)]
(3.12)

The matrix inside is already in diagonal form; the non-zero eigenvalues are: 1
2

cos2
(
θ
2

)
,

1
2

cos2
(
θ
2

)
, 1

2
sin2

(
θ
2

)
and 1

2
sin2

(
θ
2

)
. This gives the von Neumann entropy, which is the DC

capacity in our case, to be

χSDC = S(ρE) = 1 − 2

{
cos2

(
θ

2

)
log

[
cos

(
θ

2

)]
+ sin2

(
θ

2

)
log

[
sin

(
θ

2

)]}
(3.13)

where SDC refers to Standard Dense Coding. The above result holds even when we consider

the situation with a single sender, Alice, and multiple receivers, Bob1 · · · BobM−1, sharing

a M -dimensional GHZ state because we can treat B ≡ B1 · · ·BM−1.
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As expected, the DC capacity is independent of the phase, reaches the maximum at χmax = 2

at θ = π
2

when generalised GHZ is maximally entangled and is symmetric about θ = π
2
.

Unless Alice possesses two qubits of the GHZ state, there is no way Alice can reach all

eight 3-qubit GHZ states through local unitary transformations and go past 2 bits of DC

capacity [10].
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Chapter 4

Dense Coding With Non-Classical

Routing

Before we get into the idea of non-classical routing in a dense coding protocol, it will be

useful to introduce the method of multiplexing unitaries with the aid of a coherent quantum

system. This will help us in formulating a compact, mathematical description of our protocol.

The following discussion is based on our work in [31].

4.1 Unitary Multiplexing

Consider two given unitary operators, U and V , a target system ρt and a control system

ρc. A controlled unitary operator of the form, W = U ⊗ |0⟩ ⟨0|c + V ⊗ |1⟩ ⟨1|c, acts on the

composite state of the system and control [1]. If we set the control to be ρc = |+⟩ ⟨+|, then

the joint state of the system and control obtained after the unitary evolution is

N (U, V )(ρt ⊗ ρc) = W (ρt ⊗ ρc)W
† =

1

2

(
UρtU

† ⊗ |0⟩ ⟨0| + UρtV
† ⊗ |0⟩ ⟨1|+

V ρtU
† ⊗ |1⟩ ⟨0| + V ρtV

† ⊗ |1⟩ ⟨1|
)

(4.1)

If we consider a pure state input, i.e. ρt = |ψ⟩ ⟨ψ|, we observe that the above equation

simplifies to

N (U, V )(ρt ⊗ ρc) = |Ψ⟩ ⟨Ψ| (4.2)

25



where |Ψ⟩ = 1√
2

[
(U |ψ⟩) ⊗ |0⟩ + (V |ψ⟩) ⊗ |1⟩

]
. Now, a measurement is performed on the

control system in the Hadamard basis, {|+⟩ ⟨+| , |−⟩ ⟨−|}, and the outcome corresponding

to |+⟩ ⟨+| is post-selected. This causes the target system to collapse into the unnormalised

state |ϕ⟩, given by

|ϕ⟩ =
1

2
(U + V ) |ψ⟩ . (4.3)

Using this strategy, we can thus multiplex unitaries U and V using a control quantum system.

We will employ such multiplexing to model our dense coding protocol.

4.2 Protocol

Consider a single sender, Alice (A), and two receivers, Bob1 (B1) and Bob2 (B2). They share

a tripartite pure state |ψ⟩AB1B2
. Let Bob1 and Bob2 have access to auxiliary systems |0⟩CB1

and |0⟩CB2
, which they can use whenever required. The two receivers, Bob1 and Bob2, reside

in laboratories L1 and L2, respectively. Depending on to whom Alice wants to send her

quantum system, the following two situations can arise:

• Process 1: Alice applies local unitaries Ux with probability pX(x) to her part of

the tripartite state and sends her quantum system to lab L1 via a noiseless quantum

channel. Once sent, we formally define the labs as ordered quantum systems L1 ≡
(B1, A) and L2 ≡ (B2, CB2). The ensemble possessed by the two receivers together is

{
pX(x), Ux

2 |ψ⟩L1L2

}
≡
{
pX(x), (IB1 ⊗ Ux ⊗ IB2 ⊗ ICB2

) |ψ⟩B1A:B2CB2

}
(4.4)

This configuration is associated with the control state ρc = |0⟩ ⟨0|.

• Process 2: Alice applies local unitaries V x with probability pX(x) to her share of

the tripartite state and sends her quantum system to lab L2 via a noiseless quantum

channel. Once sent, like earlier, we define the two labs as ordered quantum systems

L1 ≡ (B1, CB1) and L2 ≡ (B2, A). The ensemble with the two receivers together, in

this case, is

{
pX(x), V x

4 |ψ⟩L1L2

}
≡
{
pX(x), (IB1 ⊗ ICB1

⊗ IB2 ⊗ V x) |ψ⟩B1CB1
:B2A

}
(4.5)

This configuration is associated with the control state ρc = |1⟩ ⟨1|.

We aim to create a superposition of these two processes by setting the control state to be
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ρc = |+⟩ ⟨+|, in which case the sending itself becomes neither deterministic nor probabilistic

but completely non-classical. Our idea is to employ another quantum system, referred to

as the “control”, which coherently controls the above two processes. We will proceed with

the assumption that the superposition of the above two processes is possible. Similar to

the formalism provided after (4.2), a measurement is performed on the control qubit in the

Hadamard basis. Now, if the state collapses to |+⟩ after the measurement, then the state

possessed at the receivers’ end is given by

|Ψx⟩ =
1√

⟨Ψx|Ψx⟩
(
Ux
2 |ψ⟩L1L2

+ V x
4 |ψ⟩L1L2

)
. (4.6)

The state |ψ⟩L1L2
next to V x

4 is the same as the one next to Ux
2 but with the 2nd and 4th

indices swapped. Therefore

|Ψx⟩ =
1√

⟨Ψx|Ψx⟩
(Ux

2 + V x
4 · SWAP2,4) |ψ⟩L1L2

(4.7)

where SWAP2,4 is a SWAP unitary acting on indices 2 and 4 occurring due to the routing of

Alice’s state. By indices, we mean the order of the qubit, with index 1 being the left-most

qubit. Here, the SWAP unitary arises naturally due to Alice choosing to route her system

to either lab L1 or L2. The purpose of including auxiliary systems is to ensure that the

dimensions of L1 and L2 are consistent in each term of the superposition.

In the dense coding protocol that we consider, Alice encodes a pair of unitaries, {Ux, V x},

via multiplexing and “non-classically” routes them to laboratories L1 and L2, respectively.

Note that the multiplexing is not independent of the routing but is the very thing that

leads to non-classical routing. This results in the state shared between L1 and L2 to be

|Ψx⟩, as seen in (4.6). If |Ψx⟩ is created with probability pX(x), then the encoded ensemble

possessed by laboratories L1 and L2 is given by E ≡ {pX(x), ρx = |Ψx⟩ ⟨Ψx|}. Looking

at (4.7), it can be seen that the whole superposition of ‘processes’ can be modelled by an

effective unitary operation Wx on the joint state of the system and control, followed by

performing a measurement on the control system in the Hadamard basis and post-selecting

those states for which the control collapses to |+⟩. The effective unitary operation is given

by N (Ux
2 , V

x
4 )(ρ⊗ ρc) = Wx(ρ⊗ ρc)W

†
x , where the global unitary is of the form

Wx = (IB1 ⊗ Ux ⊗ IB2 ⊗ ICB2
) ⊗ |0⟩ ⟨0| + (IB1 ⊗ ICB1

⊗ IB2 ⊗ V x) · SWAP2,4 ⊗ |1⟩ ⟨1| .
(4.8)
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Figure 4.1: a) shows Process 1, where Alice encodes and routes her quantum system to lab
1, and the orange ball in lab 2 represents a fixed auxiliary state, |0⟩. This is associated
with the state ρc = |0⟩ ⟨0|. Similarly, b) shows Process 2, where Alice encodes and routes
her system to lab 2 with the auxiliary state, |0⟩, in lab 1. This is associated with the state
ρc = |1⟩ ⟨1|. In c), by setting ρc = |+⟩ ⟨+|, a superposition of Process 1 and 2 is created
where the encoding and routing are coherently controlled. Here, it is important to note that
the measurement outcome of the control quantum system needs to be sent via a noiseless
classical channel with limited capacity to the receivers.

The crux of our protocol lies in the fact that, after Alice coherently sends her part of the

shared state to the two receivers, the two unitaries Ux and V x present in the state |Ψx⟩ act in

different laboratories, L1 and L2 respectively. This suggests that the process of encoding and

sending cannot be considered separately but are to be considered together as a whole. This

procedure of encoding and sending is coherently controlled; therefore, unlike the standard

dense coding protocol, Alice routing her share of state to laboratories L1 and L2 is non-

classical and non-deterministic. Processes 1 and 2, separately, are identical (say, U = V ) up

to a trivial re-ordering, but this ordering becomes non-trivial when we create a superposition

of those processes. The following analogy explains it better: In process 1, Alice shares a

chocolate with Bob1, and in process 2, Alice shares a chocolate with Bob2. Both these

processes are identical up to a trivial renaming of Bob1 as Bob2 and vice-versa. When

one creates a superposition of processes 1 and 2, one cannot rename Bob1 as Bob2 (and
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vice-versa), and here renaming becomes non-trivial.

The map Wx should be best thought of as an effective mathematical description—a “su-

permap”—that captures the joint evolution of the target (Alice’s system and the receivers’

subsystems, including the auxiliaries) and the control system. Since the structure of the

unitary, Wx, is known to us, it defines our protocol. Then, for an arbitrary state ρB1AB2 ,

including mixed ones, the ensemble possessed by the labs is E = {pX(x), ρx}, where

ρx = Trc

(It ⊗ Π+)(Wx(ρt ⊗ ρc)W
†
x)(It ⊗ Π+)

Tr
(

(It ⊗ Π+)(Wx(ρt ⊗ ρc)W
†
x)
)

 (4.9)

where ρt = ρB1AB2⊗|0⟩ ⟨0| and Π+ = |+⟩ ⟨+|. The control is traced out because the receivers

do not have access to it. It is important that the outcome of the measurement performed on

the control qubit is classically communicated to the receivers. This one bit of information

is transmitted through a noiseless classical channel. We will assume this noiseless classical

channel has limited capacity, i.e., we can send one bit of information through it per quantum

channel usage. We need to take this into account while comparing our protocol with the

standard dense coding protocol.

Given the ensemble E = {pX(x), ρx} with laboratories L1 and L2, we want to investigate

how much encoded classical information is extractable if, in the first case, L1 and L2 can

perform global measurements together, and in the second case, L1 and L2 are distant but can

perform local operations and classical communication (LOCC) for decoding. Specifically, in

the second case, one-way LOCC, denoted by LOCC1, will be considered.

4.2.1 Global Decoding

When L1 and L2 are allowed to do global measurements to extract information from an

encoded ensemble, E , the accessible information is referred to as the globally accessible

information of that particular ensemble and is denoted by Igloacc(E). There is no general

method to analytically calculate globally accessible information Igloacc [46, 38]. Still, there

exists a useful upper bound to globally accessible information given by Holevo quantity χ(E),

a function of the ensemble E . For pure states, the Holevo quantity simplifies to χ(E) = S(ρE)

where ρE is the density matrix of ensemble E , and more importantly, it is proven that the

Holevo bound is asymptotically achievable [8], therefore, in our case, calculating the von-

Neumann entropy is enough to obtain the globally accessible information. Maximising this
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over all possible encodings allowed in our protocol gives DC capacity χDC . Particularly, in

our case, the dense coding capacity with non-classical routing is given by

χglo
NCR = max

|X |
max

Ux
2 ,V

x
2 ,pX(x)

χ(E)

= max
|X |

max
Ux
2 ,V

x
2 ,pX(x)

(
S(ρE) −

∑
x∈X

pX(x)S(ρx)

)
= max

|X |
χ̃glo
NCR, (4.10)

where NCR denotes Non-Classical Routing and refers to our protocol.

Consider the state shared by Alice, Bob1 and Bob2 to be ρAB1B2 . We parameterise the

ensemble E by parametering single-qubit unitaries Ux and V x (one of which is inclusive of

global phase), the probabilities pX(x) and a numerical optimisation is carried out using the

trust-constr optimisation, a method well suited for large-scale optimisations [15]. Let |X |
denote the alphabet size where X is an alphabet of realisations x of the random variable X

as letters. We will compare our protocol with the standard DC protocol by considering a

few common classes of state.

Pure Entangled States

Let ρAB1B2 = |GHZ⟩ ⟨GHZ|AB1B2
where |GHZ⟩AB1B2

= 1√
2
(|000⟩ + |111⟩). An observation

is made that in an optimal setting, there exists an encoding and a decoding scheme where,

in an asymptotic limit, we have:

|X | ≤ 6 ⇒ χ̃glo
NCR = log |X | bits (4.11)

|X | ≥ 6 ⇒ χglo
NCR = log 6 ≈ 2.5849 bits (4.12)

Surprisingly, the maximum DC capacity of log 6 is attainable even with a non-maximally en-

tangled GHZ state. If ρAB1B2 = |gGHZ⟩ ⟨gGHZ|AB1B2
where |gGHZ⟩AB1B2

= cos (θ/2) |000⟩+
sin (θ/2) |111⟩ is the generalised GHZ state but with the relative phase fixed to one, then we

observe that χglo
NCR = log 6 bits is reachable for a wide range of θ ∈ [0.89, 2.25] about θ = π/2

as seen in the FIG. 4.2.

Because our protocol makes use of a noiseless classical channel of limited capacity (one

classical bit per quantum channel usage), during comparison, we need to give a boost of an

extra bit to the standard dense coding capacity, making it useful for Alice to send three bits
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Figure 4.2: The black curve depicts the global dense coding capacity, χglo
NCR, along the

vertical axis, as a function of the parameter θ of the generalised GHZ state, |gGHZ⟩, along
the horizontal axis. Intriguingly, we find that non-maximally entangled GHZ states also
provide a dense coding capacity equal to log 6. The red curve corresponds to the maximum
globally extractable information, χ̃glo

NCR, for an alphabet size |X | = 5. In both cases, the
capacities abruptly drop to log 3 at values of θ equal to 0 and π.

of useful information, two bits from SDC and one bit from the noiseless classical channel.

Clearly, in scenarios with maximally entangled states, a standard DC protocol with three

bits is more useful than our DC protocol with log 6 bits. However, two bits from SDC is

possible only with a maximally entangled GHZ state, but our protocol has shown maximum

“dense codeability” even with non-maximally entangled GHZ states; therefore, the tradeoff

∆ = χglo
NCR − (χSDC + 1) is the quantity of interest, and ∆ > 0 implies an advantage in our

protocol while ∆ ≤ 0 implies the standard dense coding protocol to be more advantageous.

As seen in FIG. 4.3, our protocol is better than the standard dense coding protocol for

low-entangled GHZ states.

We can give a heuristic explanation as to why we can go above log 4 bits. The argument

follows like this: Any single-qubit unitary U = eiαe−iθ n̂·σ⃗
2 can be approximated as U ≈

(1+iα)I+δU where δU ∝ −i(θxσx+θyσy+θzσz) where niθ = θi. Similarly, for V = eiβe−iϕ k̂·σ⃗
2 ,
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Figure 4.3: The figure of merit chosen for comparing our dense coding protocol with the
standard one, given by ∆ ≡ χglo

NCR − (χSDC + 1), is plotted along the vertical axis, as a
function of θ of generalised GHZ along the horizontal axis. The black corresponds to our
dense coding protocol with |X | = 6, and the red corresponds to the same with |X | = 5. For
low entanglement regions, we find ∆ > 0, where our protocol shows an advantage over the
standard one.

we have V ≈ (1 + iβ)I + δV where δV ∝ −i(ϕxσx + ϕyσy + ϕzσz) where kiϕ = ϕi. Then, we

have:

(I ⊗U ⊗I ⊗I) |GHZ⟩ |0⟩+ (I ⊗I ⊗I ⊗V ) ·SWAP2,4 |GHZ⟩ |0⟩ = |GHZ⟩ |0⟩+ δ |ψ⟩ (4.13)

The term δ |ψ⟩ is the infinitesimal change in the quantum state due to an infinitesimal unitary

transformation and is given as:

δ |ψ⟩ =
(
I ⊗ (iαI + δU) ⊗ I ⊗ I

)
|GHZ⟩ |0⟩ + δ |ψ⟩

=
(
I ⊗ I ⊗ I ⊗ (iβI + δV )

)
SWAP2,4 |GHZ⟩ |0⟩ (4.14)

We can ignore the global phase by setting α = 0. Expanding the expression above gives:
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δ |ψ⟩ = i(β − θz + ϕz) |0000⟩ + (ϕy − iϕx) |0001⟩ + (θy − iθx) |0100⟩ + iθz |1110⟩

− ((θy + ϕy) + i(θx + ϕx)) |1010⟩ + i(ϕz + β) |1011⟩ (4.15)

Varying each parameter infinitesimally, we see that δ |ψ⟩ steers towards certain directions.

In particular, varying θx, θy, θz, ϕx, ϕy individually gives us five different unique directions

but varying ϕz and β steers towards i(|1011⟩ − |0000⟩) and i(|0000⟩ + |1011⟩), respectively.

These two directions are linearly dependent, so we have only one unique direction instead

of two unique directions. Therefore, through an infinitesimal unitary transformation, our

protocol allows six different linearly independent directions. This gives a lower bound on

the number of orthogonal vectors possible. We mention it to be the lower bound because of

the possibility of overlooking the global structure. Had we considered a unitary evolution of

|0⟩ → |0⟩+eiϕ |1⟩, then it is clear that for an infinitesimal unitary transformation, the protocol

allows only one linearly independent direction, but from inspection, we see ϕ = 0 and ϕ = π

give two vectors that are not just linearly independent but also mutually orthogonal. This

is because of our restricted analysis of only the local structure, not the global one. Either

way, evidence of six linearly independent directions implies at least more than four mutually

orthogonal vectors, therefore explaining why we can go past two bits (which requires four

mutually orthogonal states).

Unentangled Pure States

Let ρAB1B2 = |ψ⟩ ⟨ψ| such that |ψ⟩AB1B2
≡ |ϕ⟩A ⊗ |Φ⟩B1B2

, that is, |ψ⟩AB1B2
is unentangled

in the bipartition of the sender and receivers. An observation is made that in an optimal

setting, there exists an encoding and a decoding scheme where, in the asymptotic limit, we

have:

|X | ≤ 3 ⇒ χ̃glo
NCR = log |X | bits (4.16)

|X | ≥ 3 ⇒ χglo
NCR = log 3 ≈ 1.5849 bits (4.17)

In this scenario, χSDC = 1 as ρAB1B2 is a pure product state, but our protocol gives χglo
DC =

log 3, therefore ∆ = log 3
4
< 0. Our protocol is not useful with unentangled pure states.

Maximally Mixed State

Let ρAB1B2 = 1
8
(IA⊗IB1 ⊗IB2) where I is a 2×2 identity operator. We make some peculiar

observations. In an optimal setting, there exists an encoding and a decoding scheme where,
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in the asymptotic limit, we have:

|X | ≤ 2 ⇒ χ̃glo
NCR = log |X | (4.18)

|X | ≥ 3 ⇒ χglo
NCR ≈ 1.2539 bits (4.19)

For a maximally mixed state, χSDC = 0, therefore ∆ ≈ 0.2539. Our protocol is able to

utilise a maximally mixed state for dense coding!

Completely Separable Mixed State

Consider the initial shared state to take the form of a completely separable mixed state,

ρAB1B2 =
k∑

i=1

piρ
i
A ⊗ ρiB1

⊗ ρiB2
(4.20)

where we take ρi ≡ 1
2
(I + n̂ · σ⃗), n̂ is a unit vector, σ⃗ is the Pauli vector, and

∑
i pi = 1.

We observe that, for k = 2 and in an optimal setting, there exists an encoding and a decoding

scheme where, in the asymptotic limit, we have:

|X | ≤ 4 ⇒ χ̃glo
NCR = log |X | (4.21)

|X | = 5 ⇒ χ̃glo
NCR ≈ log 5 (4.22)

The state ρB1AB2 and the encoding that achieves χ̃glo
NCR ≈ log 5 is given in the appendix. It

is numerically calculated that for this state, χSDC = 1, therefore giving us ∆ ≈ log 5/4 > 0

bits. Our protocol demonstrates that classical correlation helps in a dense coding protocol!

Noisy GHZ and W

Consider the initial state shared to be noisy GHZ and W state, taking the form,

ρGHZ
AB1B2

= p |GHZ⟩ ⟨GHZ| +

(
1 − p

8

)
IAB1B2 (4.23)

ρWAB1B2
= p |W ⟩ ⟨W | +

(
1 − p

8

)
IAB1B2 (4.24)

where |GHZ⟩ = 1√
2
(|000⟩+|111⟩) and |W ⟩ = 1√

3
(|100⟩+|010⟩+|001⟩), and p is the ‘visibility’

of the noisy state.
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In this case, the standard DC capacities for ρGHZ
AB1B2

and ρWAB1B2
is fairly easy to calculate.

Consider the noisy GHZ state ρGHZ
AB1B2

. We create an encoded ensemble by applying unitaries

{I, σx, σz, σxσz} with probability pX(x) = 1/4 ∀ x ∈ X . Then,

• I term: p

(
|000⟩ ⟨000| + |000⟩ ⟨111| + |111⟩ ⟨000| + |111⟩ ⟨111|

)
+
(
1−p
8

)
I3

Using the resolution of identity I3, through inspection it is clear that the eigenvalues

are:
(
1−p
8
, 8
)

and
(
1+7p
8
, 1
)
, where the first term inside the bracket is the eigenvalue

and the second term is its multiplicity.

• σx term: p

(
|100⟩ ⟨100| + |100⟩ ⟨011| + |011⟩ ⟨100| + |011⟩ ⟨011|

)
+
(
1−p
8

)
I3

Through inspection, it is clear that the eigenvalues are:
(
1−p
8
, 8
)

and
(
1+7p
8
, 1
)
, where

the first term inside the bracket is the eigenvalue and the second term is its multiplicity.

• σz term: p

(
|000⟩ ⟨000| − |000⟩ ⟨111| − |111⟩ ⟨000| + |111⟩ ⟨111|

)
+
(
1−p
8

)
I3

Through inspection, it is clear that the eigenvalues are:
(
1−p
8
, 8
)

and
(
1+7p
8
, 1
)
, where

the first term inside the bracket is the eigenvalue and the second term is its multiplicity.

• σxσz term: p

(
|100⟩ ⟨100| − |100⟩ ⟨011| − |011⟩ ⟨100| + |011⟩ ⟨011|

)
+
(
1−p
8

)
I3

Through inspection, it is clear that the eigenvalues are:
(
1−p
8
, 8
)

and
(
1+7p
8
, 1
)
, where

the first term inside the bracket is the eigenvalue and the second term is its multiplicity.

• Overall encoded density matrix:

1

4

[
p
(
|000⟩ ⟨000| + |111⟩ ⟨111| + |100⟩ ⟨100| + |011⟩ ⟨011|

)
+

(
1 − p

8

)
I3

]

The above expression is diagonal, and the eigenvalues are apparent:
(
1−p
8
, 4
)

and(
1+p
8
, 4
)
.

Then, the Holevo bound of the encoded ensemble is:

χGHZ
SDC = S(ρE) −

∑
x

pX(x)S(ρx) = S(ρE) − S(ρx∗)

=
1

8

(
3(1 − p) log(1 − p) − 4(1 + p) log(1 + p) + (1 + 7p) log(1 + 7p)

)
(4.25)
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Similarly, we can do the same for the noisy W state, ρWAB1B2
. I will list only the eigenvalues

and their multiplicity for each term, as the expressions are huge. To ρWAB1B2
, Alice will apply

the set of optimal unitaries for dA = 2 with equal probabilities to give the following encoded

ensemble:

• I term: The eigenvalues associated with this term are
(
1−p
8
, 7
)

and
(
1+7p
8
, 1
)

• σx term: The eigenvalues associated with this term are
(
1−p
8
, 7
)

and
(
1+7p
8
, 1
)

• σz term: The eigenvalues associated with this term are
(
1−p
8
, 7
)

and
(
1+7p
8
, 1
)

• σxσz term: The eigenvalues associated with this term are
(
1−p
8
, 7
)

and
(
1+7p
8
, 1
)

Because the eigenvalues are symmetric in each term, the Holevo bound simplifies to:

χGHZ
SDC = S(ρE) −

∑
x

pX(x)S(ρx) = S(ρE) − S(ρx∗) (4.26)

where x∗ is any particular realisation of the random variable X.

The eigenvalues and their multiplicity associated with the overall encoded ensemble are(
1−p
8
, 4
)
,
(
3+p
24
, 2
)

and
(
3+5p
24
, 2
)
. Given the information of all these eigenvalues, the dense

coding capacity of a noisy W state can be calculated to be

χW
SDC =

1

24

(
9(1 − p) log

(
1 − p

8

)
− 2(3 + p) log

(
3 + p

24

)
− 2(3 + 5p) log

(
3 + 5p

24

)
+ 3(1 + 7p) log

(
1 + 7p

8

))
(4.27)

Unlike the noisy GHZ state, which can reach a maximum DC capacity of two bits, the noisy

W reaches a maximum DC capacity of 1
3
(1 + 3 log 3) ≈ 1.918 bits.

The plots of DC capacities of these states in the standard dense coding protocol and our

DC protocol with non-classical routing are provided in FIG. 4.4. It can be seen that for our

protocol, noisy GHZ and W have very similar performances, with noisy GHZ state taking

a slight lead over noisy W state after p = 0.6, but we cannot be certain as this could be

attributed to optimisation error. From FIG. 4.5, we see that our protocol performs better

than the standard dense coding protocol for approximately p < 1
2
.

It is to be noted that in all of the above analyses, because there is no easy way to confirm

if a non-linear numerical optimisation gives global extremum, the values above are, in fact,
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Figure 4.4: Global DC capacity, χglo
NCR/SDC , as a function of visibility, p, associated with

noisy GHZ and W states. As p approaches zero, the noisy GHZ and W states become more
depolarised. ‘Standard’ refers to the standard dense coding protocol, and ‘Protocol’ refers
to our dense coding protocol with non-classical routing.

lower bounds to χglo
NCR. We ascribe the reason as to why, in a few cases, we are able to go

above two bits to the coherently controlled encoding and non-classical routing of states that

allow the unitaries to effectively act on two different indices, thereby allowing us to access

greater space of states through our protocol than those in standard dense coding protocols

where Alice’s unitaries act only on a single index. This greater space of states allows more

“mixedness”, allowing the von Neumann entropy to take values greater than log 4.

4.2.2 LOCC Decoding

In the global decoding scenario, the receiver labs, L1 and L2, were assumed to be a single lab

L as they were close enough to implement global measurements. A more realistic, practical,

and non-trivial scenario would be to consider that the labs are far away from each other but

have access to a stable classical channel and, therefore, can afford to perform LOCC-type

measurements to extract information.

The maximal information that is extractable from a given bipartite ensemble restricted
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Figure 4.5: The figure of merit chosen for comparing our dense coding protocol with the
standard one, given by ∆ ≡ χglo

NCR − (χSDC + 1), is plotted along the vertical axis, as a
function of visibility, p, of noisy W and GHZ states along the horizontal axis. The red curve
corresponds to the noisy GHZ state, and the black curve corresponds to the noisy W state.
Our protocol is advantageous as states get more depolarised.

to LOCC decoding strategies is referred to as the locally accessible information of that

ensemble [3]. Like globally accessible information, there are no methods to calculate locally

accessible information analytically, and it is even more complicated because the set of LOCC

measurements has no tractable characterisation [14]. Nevertheless, an upper bound to locally

accessible information was provided in [3], taking the form:

ILOCC
acc (E) ≤ S(ρA) + S(ρB) − max

Z=A,B

∑
x∈X

pX(x)S(ρxZ) (4.28)

where E = {pX(x), ρxAB} is the bipartite ensemble, ρA and ρB are reductions of ρE =∑
x pX(x)ρxAB, and ρxZ is a reduction of ρxAB. A slightly stronger upper bound and a lower

bound have also been looked into in [29, 44]. Unfortunately, as we discussed earlier, unlike

the Holevo bound, this Holevo-like bound cannot be universally saturated for all ensembles,

even in the asymptotic limit. However, some examples of ensembles have been found that

do saturate it in Cn ⊗ Cn systems [3].
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We will approach this problem by relaxing our problem to the class of one-way LOCC

measurement protocols. We will refer to our one-way LOCC measurement protocol by

LOCC1. Before we get into the specifics of the protocol, it will be useful to write the mutual

information in a more explicit form that we will use in numerical optimisation - for two

random variables X and Y , we have

I(X;Y ) = H(X) −H(X|Y ) = −
∑
x

pX(x) log pX(x) +
∑
x,y

pX,Y (x, y) log pX|Y (x|y) (4.29)

For pX,Y (x, y) and pX|Y (x|y), we can use Bayes theorem to obtain,

pX,Y (x, y) = pX(x)pY |X(y|x) = pX(x)tr{Λyρx} (4.30)

pX|Y (x|y) =
pX,Y (x, y)

pY (y)
=

pX,Y (x, y)∑
x pX,Y (x, y)

=
pX(x)tr{Λyρx}∑
x pX(x)tr{Λyρx}

(4.31)

Then, we express I(X;Y ) as

I(X;Y ) = −
∑
x

pX(x) log pX(x) +
∑
x,y

pX(x)tr{Λyρx} log

{
pX(x)tr{Λyρx}∑
x pX(x)tr{Λyρx}

}
(4.32)

The encoded ensemble E = {pX(x), ρL1L2
x } is with labs L1 and L2. Without loss of generality,

Bob1 starts the LOCC1 protocol by performing a POVM measurement M = {ΛL1
y1
}y1∈Y1 on

his subsystem (lab L1) of the ensemble, obtains outcome y∗1 ∈ Y1 with probability pY1(y
∗
1).

Here, Y1 is the information extracted by Bob1 in the form of a random variable whose

realisations y1 are letters in the alphabet Y1. The outcome y∗1 is classically communicated

to Bob2 by Bob1. Depending on this information received, Bob2 performs the measurement

My∗1
2 ≡ {ΛL2

y2|y∗1
}y2∈Y2 on the post-measurement ensemble and obtains outcome y∗2 ∈ Y2. Here,

the measurement My∗1
2 is conditioned on the information y∗1 that Bob1 sent to Bob2. The

LOCC1 protocol ends here, and the total information extracted is given by I(X;Y1Y2). From

the chain rule of mutual information, as seen in (2.9), this becomes:

I(X;Y1Y2) = I(X;Y1) + I(X;Y2|Y1) = I(X;Y1) +
∑
y1

pY1(y1)I(X;Y2|Y1 = y1) (4.33)

where ΛL1 ≡ ΛL1⊗IL2 , ΛL2 ≡ IL1⊗ΛL2 , pY1(y1) = tr
{

ΛL1
y1
ρE
}

and ρE is the density operator

of the encoded ensemble E .

Assuming von Neumann-Lüder rule [9], once Bob1’s measurement yields outcome y∗1, the
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encoded ensemble E = {pX(x), ρL1L2
x } collapses to the post-measurement ensemble Ey∗1 =

{pX|Y (x|y∗1), ρL1L2

x|y∗1
}. Because pX|Y (x|y) =

pX(x)pY |X(y|x)
pY (y)

, our post-measurement ensemble

explicitly looks like:

{
pX(x)tr{ΛL1

y∗1
ρL1L2
x }∑

x pX(x)tr{ΛL1
y∗1
ρL1L2
x }

,

√
ΛL1

y∗1
ρL1L2
x

√
ΛL1

y∗1

tr{ΛL1
y∗1
ρL1L2
x }

}
(4.34)

The encoded ensemble E is referred to calculate I(X;Y1), and the post-measurement en-

semble Ey∗1 is referred to calculate I(X;Y2|Y1 = y∗1). To ease numerical optimisation, we

restrict the set of POVM measurements to rank-1 PVM measurements. This is done to

reduce the number of parameters as well as the computational cost of evaluating the root

of a POVM element. With projectors, we have
√

Π = Π for all projective operators Π.

The four-dimensional rank-1 PVM measurement set is given by {Πi ≡ U |i⟩ ⟨i|U †}4i=1 where

{|i⟩}i is the set of two-qubit basis states and U is an arbitrary two-qubit unitary operator

taking the form:

U = (A⊗B)Ud(C ⊗D) (4.35)

where A,B,C,D ∈ U(2), and Ud is a “non-local” unitary on C2 ⊗ C2 given by,

Ud = exp(−i[αxσx ⊗ σx + αyσy ⊗ σy + αzσz ⊗ σz]) (4.36)

where αx, αy, αz ∈ R.

Using the trust-constr optimisation method available in Python’s SciPy, we optimise over

both the ensemble and rank-1 PVM LOCC1 protocol together. Consider a generalised GHZ

state, |gGHZ⟩, where |gGHZ⟩ = cos (θ/2) |000⟩ + sin (θ/2) |111⟩. We make an observation

that there exists an encoding and a one-shot decoding scheme where

|X | = 5 ⇒ I(X;Y1Y2) = 2.3215 bits ⇒ ILOCC1
acc ≥ 2.3215 bits (4.37)

This occurs when the generalised GHZ state has negligible but non-zero entanglement as

θ ≈ 0.01470 and θ ≈ 6.26848, both around 0.01470 radians away from θ = 0 and θ = 2π,

respectively. Interestingly, we also see that there exist one-shot LOCC1 decoding protocols

that saturate globally accessible information for |X | ≤ 4, i.e,

|X | ≤ 4 ⇒ I(X;Y1Y2) = log |X | = χ̃glo
NCR/SDC (4.38)
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Figure 4.6: The curve depicts the global dense coding capacity, χglo
DC , along the vertical axis,

as a function of the parameter θ of the generalised GHZ state, |gGHZ⟩, along the horizontal
axis. The ensemble under consideration is associated with LOCC1 ensemble in (4.37). The
global DC capacity shoots up immediately and then slowly decays.

By one-shot LOCC1 decoding scheme, we mean that the sender has only sent a single string

of the input quantum states ρxL1L2
. This is unlike the case seen when we saturate Holevo

bound, as in that case, the decoding scheme asymptotically attains the bound if the sender

could send long strings of the input quantum states.

To compare its performance with standard dense coding protocol in the LOCC decoding

scenario, the equivalent scenario to be considered is Alice sends her encoded quantum sys-

tem to Lab1 with probability p and Lab2 with probability 1 − p. Once sent, the amount of

information extractable will be less than 2 bits because that is the globally accessible infor-

mation. Let ILOCC,L1
acc and ILOCC,L2

acc be locally accessible information when Alice sends her

system to lab1 and lab2, respectively. Then, the expected amount of extractable information

in the standard dense coding scenario via LOCC measurements between the labs is:

E(ILOCC
acc ) = pILOCC,L1

acc + (1 − p)ILOCC,L2
acc ≤ pχSDC + (1 − p)χSDC = χSDC (4.39)
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Figure 4.7: The curve depicts the global dense coding capacity, χglo
DC , along the vertical axis,

as a function of the parameter θ of the generalised GHZ state, |gGHZ⟩, along the horizontal
axis. The ensemble under consideration is associated with LOCC1 ensemble in 4.37. The
global DC capacity shoots up immediately and then slowly decays. This is the zoomed-in
plot around the maximum χglo

DC = 2.3218.

If one uses a generalised GHZ with θ ≈ 0.01470, then χSDC ≈ 1.0008. Therefore, ∆ ≥
2.3215 − (1.0008 + 1) = 0.3206 ⇒ ∆ ≥ 0.3206, implying an advantage even in our LOCC1-

based decoding protocol over the standard dense coding scenario with global decoding.

Interestingly, if we look at the global dense coding capacity associated with the LOCC1 optimal

ensemble, we see that the dense coding capacity shoots up very high and then decays, as

seen in Fig. 4.6 and Fig. 4.7.

4.3 Multiple Receivers

Consider a single sender, Alice (A) and M receivers, Bobs (B1, · · · , BM) where Bi resides in

lab Li, where each lab Li has an auxiliary state |0⟩CBi
. All M+1 parties share a (M+1)-qubit
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generalised GHZ state:

|gGHZM+1⟩AB1···BM
= cos

θ

2
|0⟩⊗(M+1) + eiϕ sin

θ

2
|1⟩⊗(M+1) (4.40)

We can generalise our protocol to M receivers by creating a superposition of M processes.

The control quantum system is an M -dimensional quantum state. For a given x ∈ X , let

{Ux
i }Mi=1 be the set of unitaries to be multiplexed. The effective global unitary, in this case,

that will be acting on the control and target is:

Wx =
M∑
i=1

(Ux
i )2i · SWAP2,2i ⊗ |i− 1⟩ ⟨i− 1|c (4.41)

where (Ux
j )2j refers to single-qubit unitary Ux

j ∈ {Ux
i }Mi=1 acting on the 2jth index of a tensor

product where all indices other than 2jth index are identity operators, and SWAP2,2i is a SWAP

unitary acting on indices 2 and 2i (SWAP2,2 = I).

This global unitary acts on the target-control joint state Wx(ρ⊗ρc)W †
x where ρc = |+d⟩ ⟨+d|,

ρ = |ψ⟩ ⟨ψ|, |+d⟩ = 1√
d

∑d−1
j=0 |j⟩ and |ψ⟩ = |ψ⟩B1A:B2CB2

:···:BMCBM
≡ |ψ⟩L1L2···LM

. After this

unitary evolution, the control state is measured using the generalised Hadamard basis (for

qudits), and the outcome corresponding to |+d⟩ ⟨+d| basis is post-selected. Then, the state

now possessed at the receivers’ end is:

|Ψx⟩ =
1√

⟨Ψx|Ψx⟩

(
M∑
i=1

(Ux
i )2i · SWAP2,2i

)
|ψ⟩L1L2···LM

(4.42)

As usual, |Ψx⟩ is created with probability pX(x) to obtain the encoded ensemble E =

{pX(x), ρx = |Ψx⟩ ⟨Ψx|}. Since we know the form of Wx here, this protocol can be gen-

eralised to even mixed states, as we did earlier.

In a nutshell, using a M -dimensional quantum state as a control system, Alice coherently

encodes and routes her quantum system to labs L1 to LM , in the process creating the encoded

ensemble E = {pX(x), |Ψx⟩ ⟨Ψx|} possessed by all labs together.
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4.3.1 Global Decoding

Entangled Pure States

Assuming the state shared by the sender and receivers is a (M + 1)-qubit generalised GHZ

state, numerical optimisation of χglo
NCR over all possible encodings is carried out, and some

observations are made. In an optimal setting, there exists an encoding and a decoding

scheme where, in the asymptotic limit, we have

|X | ≤ 2M + 2 ⇒ χ̃glo
NCR = log |X | bits (4.43)

|X | ≥ 2M + 2 ⇒ χglo
NCR = log(2M + 2) = 1 + log(M + 1) bits (4.44)

Figure 4.8: The black and red curves depict the global dense coding capacity, χglo
DC , along

the vertical axis, as a function of the parameter θ of the generalised GHZ state |gGHZ4⟩
and |gGHZ3⟩, respectively. The DC capacity reaches the maximum for a greater range of θ
in M = 3 case than M = 2 case.

Since the control is a d-dimensional quantum system, Alice must communicate log d bits

of information about the communication outcome to the receivers. So, in this scenario,

∆ ≡ log(2M + 2) − (χSDC + logM).
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From Fig. 4.9, we see that M = 3 also provides an advantage but not better than the

advantage seen in the M = 2 case. We suspect that, in this regard, M = 2 is the optimal

distributed scenario.

Figure 4.9: The figure of merit chosen for comparing our dense coding protocol with the
standard one, given by ∆ ≡ χglo

NCR − (χSDC + 1), is plotted along the vertical axis, as a
function of θ of generalised GHZ |gGHZM+1⟩ along the horizontal axis. The red curve
corresponds to M = 2, and the black curve corresponds to M = 3. In terms of such a
tradeoff, the two-receiver case performs better than the 3-receiver case.

Unentangled Pure States

If ρAB1···BM
is a pure state, unentangled in the bipartition of A : B1 · · ·BM , then we observe

that there exists an encoding and a decoding scheme where, in the asymptotic limit, we

have,

|X | < M + 1 ⇒ χ̃glo
NCR = log(|X |) bits (4.45)

|X | ≥M + 1 ⇒ χglo
NCR = log(M + 1) bits (4.46)

Therefore, ∆ = χglo
NCR − (logM + χSDC) = log(M + 1) − logM − 1 = log(1

2
+ 1

2M
) ⇒ ∆ <

0 ∀ M ∈ Z+. As expected, our protocol is not advantageous with unentangled states even

when M > 2.
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We will not go into the LOCC decoding scenario in this context. For M > 2, the LOCC

protocol would be more complicated than LOCC2 between two parties. One way we can

analyse this scenario is to pair up two parties as one and then consider the LOCC in their

bipartition. However, analytical and even numerical analysis would be extremely hard in

such scenarios. Further details regarding this are explained in [14].
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Chapter 5

Conclusion

Dense coding has long been recognised as one of the cornerstone protocols in quantum com-

munication, enabling the transmission of classical information at rates exceeding classical

limits by leveraging quantum resources. While traditional approaches rely on quantum en-

tanglement as a resource, recent advancements have explored the role of additional resources,

such as coherent control and indefinite causal order, in enhancing communication protocols.

Noting these, we make use of a coherent quantum system as a control in a dense coding pro-

tocol and find that the utilisation of a control quantum system helps provide dense coding

capacity enhancement under global and LOCC1 decoding strategies.

In the first half of this thesis, we explored key concepts from classical Shannon information

theory, such as marginal entropy, conditional entropy, joint entropy, mutual information,

and conditional mutual information, highlighting their connections to set theory and Venn

diagrams. We then discussed various types of quantum measurements and introduced fun-

damental quantum information-theoretic terms, emphasizing their differences from classical

Shannon theory. Building on these foundations, we reviewed existing literature on how

classical information can be extracted from quantum ensembles through measurements. In

particular, we examined global decoding scenarios, where receivers are close together, and

LOCC (Local Operations and Classical Communication) decoding scenarios, where receivers

are spatially separated but can communicate classically. With these prerequisites in place,

we formally outlined a general dense coding protocol and its extensions to distributed set-

tings, analyzing its performance under both global and LOCC decoding scenarios. Finally,

we considered a scenario where a single sender, Alice, shares a generalized GHZ state with
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two receivers, Bob1 and Bob2. We analytically derived the dense coding capacity in the stan-

dard protocol scenario and used it to compare it with our variant of dense coding protocol

with non-classical routing.

In the second half of this thesis, we introduce a variant of the dense coding protocol that

utilizes a control quantum system to coherently encode and route the sender’s single-qubit

system to Bob1 and Bob2. Specifically, we leverage a control quantum system to create a

superposition of two dense coding scenarios, resulting in a protocol where Alice’s encoding

and her choice of routing her system to different labs are coherently governed by the state

of the control system. In the global decoding scenario, we numerically maximize the Holevo

quantity, χ(E), of an encoded ensemble, E , over all possible encodings permitted by our

protocol to determine the dense coding capacity. Since our protocol requires a noiseless

classical channel to communicate the measurement outcome of the control quantum system

to the receivers, we impose a constraint that this classical channel has limited capacity,

allowing only one bit of information to be transmitted per quantum channel use. To ensure

a fair comparison, we account for this additional classical resource in the standard dense

coding scenario. To evaluate the advantage of our protocol over standard dense coding,

we define the figure of merit as ∆ ≡ χglo
NCR − (χSDC + 1), where ∆ > 0 indicates that

our protocol outperforms the standard approach. For a certain set of weakly entangled

GHZ states, a completely separable mixed state, and a maximally mixed state, we find

∆ > 0, demonstrating that our protocol outperforms the standard protocol. Additionally,

we analyze noisy GHZ and W states, deriving their dense coding capacities in the standard

scenario analytically and investigating their performance in the non-classical routing scenario

numerically as a function of their visibility. Our findings indicate that in low-visibility

regions, our protocol surpasses the standard dense coding protocol in performance.

In the LOCC decoding scenario, we simplify the problem by restricting the decoding mea-

surements to a class of one-way LOCC measurements with rank-1 projective measurements,

which we denoted as LOCC1. Within this framework, we numerically optimize the mutual

information between the sender’s encoding and the receivers’ decoding over all possible en-

coding strategies and LOCC1 measurements. Our results show that for a nearly unentangled

GHZ state, a specific one-shot LOCC1 decoding strategy in our protocol can outperform

the standard dense coding protocol even when the latter employs global decoding strategies,

which are considered in the asymptotic limit, under the same nearly unentangled GHZ state.

We then extend our protocol from two receivers to M receivers, where Alice utilizes an M -
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dimensional quantum system as a control to superposeM different processes. Focusing on the

global decoding scenario, we observe that for a GHZ state, the dense coding capacity in our

protocol increases monotonically with M . Specifically, we find that χglo
NCR = 1 + log (M + 1)

for entangled states and χglo
NCR = log (M + 1) for unentangled states in the bipartition of

senders to receivers. To fairly compare our protocol with the standard dense coding protocol,

we account for the additional classical communication required by our scheme. Since we

employ a noiseless classical channel, the figure of merit used for comparison is defined as

∆ ≡ χglo
NCR − (χSDC + logM). Our results indicate that for low-entangled GHZ states,

our protocol outperforms the standard protocol. However, we also find that the M = 2

case generally performs better than M = 3. We attribute this to the fact that while χglo
NCR

increases with M , the advantage gained is offset by the growing cost of the additional classical

communication required to transmit the measurement outcome to the receivers.

Possible future directions include deriving analytical expressions for the dense coding ca-

pacity in both global and one-way LOCC decoding scenarios, which could provide deeper

insights into the fundamental limits of our protocol. Additionally, further investigation is

needed to understand the potentially active role of auxiliary systems in enhancing the pro-

tocol’s performance and whether they contribute beyond merely serving as control systems.

Another important avenue is to assess the experimental feasibility of our protocol by deter-

mining whether our variant of dense coding protocol can be physically implemented using

current or near-future quantum technologies. This includes investigating practical methods

for realizing the coherent control of encoding and routing, as well as identifying potential

quantum systems and operations that can support the required superposition of dense coding

processes.
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