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Abstract

Game theory provides a mathematical framework for the study of strategic inter-
actions among rational agents whose decisions influence one another. Concepts like
best responses, Nash equilibrium, and Pareto optimality have been widely used to study
decision-making processes in economics and in computer science as well. At the same
time, many problems of practical interest can be formulated into a classical optimization
problem, which is generally computationally difficult. Recent developments in variational
quantum algorithms (VQA) [4], have led to a new technique called Quantum Approximate
Optimization Algorithm (QAOA) [9], which aims to address certain classical optimization
problems using hybrid quantum-—classical approaches.

In this work, we introduce a quantum system in which ideas from game theory are ap-
plied for the optimization of quantum systems. We formulate a quantum game involving
two agents acting on a shared multi-qubit system, where each player seeks to optimize
the expectation value of a given payoff operator. We analyze the behavior of this system
through numerical simulations and investigate the emergence of equilibrium-like config-
urations in the parameter space of quantum states.

This perspective connects concepts from game theory, quantum optimization, and
variational quantum algorithms. The study may also provide insights into the design of
multi-agent reinforcement learning algorithms for quantum-mechanical systems, where

multiple learning agents interact through a shared quantum environment.



Chapter 1

Introduction

We explore a mutli-qubit quantum system in particular game settings and study the

system behaviour. The study of this problem is presented in the thesis as follows;

1.1

Chapter 1: We will start with a brief overview of the concepts in game theory

relevant to our study.

Chapter 2: Then we will discuss in brief about Classical Optimization Problems, in
particular Boolean Satisfiability Problem (SAT) problem which is the motivation

for our study.
Chapter 3: Then we will give a brief introduction to quantum games.

Chapter 4: We formulate the problem for single-qubit system and present the results

obtained from numerical simulation.

Chapter 5: We formulate the problem now for three-qubit system with access control

for players and present the results obtained from numerical simulation.

Chapter 6: We propose a Pareto-Optimal variant of the quantum game which we
studied in this thesis, this seems to be an interesting direction for furthur work

which may have potential application in ground state search problems in physics.

Chapter 7: The Conclusion of the work.

Game Theory

Game Theory provides a mathematical framework to study situations involving strate-

gic decision-making among rational players. Concepts such as zero-sum games, payoff ma-

trices, rational behavior, and Nash equilibria have wide applications — from economics



to diplomacy between countries, to business strategies, to sports, to politics and also in
decision making in personal and professional life. [§]

This understanding of strategic interactions gives a framework for understanding the
decision-making processes in various systems. In particular, the ideas of best responses
and equilibrium strategies can be extended beyond classical games to quantum systems.
In the upcoming chapters, we explore a quantum system where sequential optimization of
two different operators (called payoff operators) is performed numerically. This can be
interpreted as strategic interaction, analogous to players iteratively adjusting their strate-
gies in a game to reach a stable configuration which can be viewed as a Nash equilibrium
condition similar to the classical Game Theory. Such ideas could potentially be used
to develop multi-agent reinforcement learning algorithms [22] for quantum-mechanical
systems.

In this chapter, we first review some fundamental concepts about Game Theory in

brief and then their relevance to our problem in the other chapters.

1.2 What is a Game? The Mathematical Definition

A game can be defined as a set having the following properties: [16]
G = (N, {Si}ien, {ti}ien) , (1.1)
where:

e N=1{1,2,...,N} is the set of players,

e S, is the strategy set available to player 7, the elements of this set alter the state of

the game,
e u;: S x---x Sy — R is the payoff function of player i.
A strategy profile is a joint choice
s=1(81,82,...,8v) € Sy X -+ X Sy. (1.2)
For example, a two-player game can be defined as follows:
G = ({A, B}, Sa, Sp,ua,up), (1.3)
where:

e A and B denote the two players,



e S, and Sp are the respective strategy sets of players A and B,

e uy: Sy xSg — Rand ug : S4 x Sg — R are the payoff functions for A and B

respectively.

A strategy profile is a pair
s = (SA,SB) €Sx4 x S,

where sy € S4 and sg € Sp. Given a strategy profile s = (s4,spg), the payoffs to the
players are

UA<5A7<SB)7 UB<5AaSB>-

For each player, one may define the best response. The best response of player A,

i.e. one which will maximize A’s payoff, to a fixed strategy sz of player B is

S = arg max ua(sa, Sg), (1.4)
5A€SA

and similarly for player B, i.e. the strategy which will maximize the B’s payoff, given

the strategy s, of player A is fixed is,

Sp = arg max ug(sa, Sp). (1.5)
SBESB

1.3 Zero-Sum Games

A zero-sum game is one in which one player’s gain is exactly equal to the other
player’s loss.[21] Mathematically, if the payoff matrix (defined in next section) is A,
then the second player’s payoff matrix will be —A. Let us understand this through an
example. The game of cricket is a zero-sum game, the batting team has payoffs like
(+1,+2,43,44,+5,+6) etc as they can score runs, but these will be counted as negative
payoffs for the bowling team, similarly we assign certain payoff to a wicket falling for
batting team which will be negative, say -20, that will indeed be +20 payoff for the
bowling team. In zero-sum games, players are always at odds with each other, i.e. player
A’s profit is player B’s loss; meaning there is no scope for cooperation between the two.

However, there are non zero-sum games also (like Prisoner’s Dilemma, explained in
next section), wherein cooperative strategies are also possible in certain situations and non
cooperative strategies are also possible. Apart from simultaneous game (like Prisoner’s
Dilemma or Rock-Paper-Scissors) there are also sequential games, where players take a

move one after the other (chess or tic-tac-toe). Consider this example from politics, two



poltical parties L and R; they will almost always go in opposing each other, but also
many a times cooperate silently in decisions where both L. and R get benefitted. This is
an example of non-cooperative game in general, where there is an occasional chance for

cooperation between the players.|[§]

1.4 Payoff Matrices

A payoff matrix encodes the payoffs which are the outcomes for all possible strategy
combinations in the particular game. The rows represent Player A’s strategies’ payof,
and the columns represent Player B’s strategies’ payoff. Therefore, each matrix entry
contains the payoff corresponding to the strategies executed by the players. [21] Let us

understand this through some examples.

1.4.1 Example 1: Rock-Paper-Scissors

Consider two players, A and B, each choosing between Rock (R), Paper (P), or Scissors
(S). The rules are the following:

e Rock beats Scissors
e Scissors beats Paper
e Paper beats Rock

We assign payoffs as: Win = +1, Lose = —1, Draw = 0. The pair (,j) in the matrix
represents the payoffs, 7 is for player A and j is for player B.

Rock (B) | Paper (B) | Scissors (B)
Rock (A) (0,0) (L1 1-1)
Paper (A) (1,-1) (0,0) (-1,1)
Scissors (A) (-1,1) (1,-1) (0,0)

Table 1.1: Payoff matrix for Rock-Paper-Scissors with color coding: green = win for A,
red = loss for A, gray = draw.

This is a zero-sum game because the pair (i, 7) is such that j = —i, which means

gain of one is exactly equal to the loss of other.

1.4.2 Example 2: Prisoner’s Dilemma

The Prisoner’s Dilemma is a classic non-zero-sum game. [8] Different variants of

Prisoner’s Dilemma are encountered in many everyday examples. Imagine two suspects,



let us say Alice and Bob, are arrested for a crime and interrogated separately. Note
that the Police doesn’t have a strong evidence against them, so their responses in the
Police Interrogation have importance. Each can choose to either Cooperate (i.e. stay
silent, means deny the charge) or to Defect (i.e. betray the other, means confess to the

police). Their outcomes depend on their choices i.e. their strategy:

e If both cooperate (i.e. stay silent), they get a light sentence: 1 year of imprisonment

each; since there is no strong evidence against them.

e If both defect (i.e. betray), they get a moderate sentence: 3 years of imprisonment

each; since now the police have a evidence as their confession.

e If one defects while the other cooperates, the defector goes free, and the cooperator

receives a heavy sentence: 5 years of imprisonment.

Cooperate (Bob) | Defect (Bob)
Cooperate (Alice) (-1,-1) (-5,0)
Defect (Alice) (0,-5) (-3,-3)

Table 1.2: Payoff matrix for the Prisoner’s Dilemma with color coding: green = mutual
cooperation (best collective outcome), red = betrayal (one defects, other cooperates),
gray = mutual defection.

This illustrates the conflict between individual rationality and collective benefit: al-
though we see that both would be better off cooperating i.e. (—1,—1), rational self-
interest leads the players to defect; since if Alice decides to coperate, then Bob’s best
response is defect because it gives Bob better payoff (0 > —1). Similarly, if Alice decides
to defect, then also Bob’s best response is still defect because it gives Bob better payoff
(=3 > —5). Same is true vice-versa, since matrix is symmetric. Therefore, both defect-
ing (—3,—3) is the Nash equlibrium (defined in section 1.6) i.e. neither one of them
has any better payoff by changing their strategy unilaterally. This is an example of a

non-zero-sum game since, benefit of one is not always the loss of other.

1.5 Rational Behavior and Best Response

Rational agents choose strategies that maximize their payoffs given the opponent’s
choices. A best response is the strategy that yields the highest payoff under these condi-
tions. The basic assumption in Game Theory is that all players are rational and
individual players will always choose the strategy that gives the best possible

payoff [8]. This rationality assumption allows each player to anticipate or predict the
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opponent’s likely behavior and, in turn, plan their own best possible response accordingly.
Hence, the process of strategic decision-making becomes a mutual anticipation of best
responses (very much observed in sports or in military tactics), forming the foundation

of equilibrium concepts such as the Nash Equilibrium.

1.6 Nash Equilibrium

Within this framework, a Nash equilibrium is defined as a strategy profile

*

st =(s],...,8N) (1.6)
satisfying the following constraints
wi(s;,s*;) > wi(si, s*;), Vs; €85, VieN, (1.7)

where s*, denotes the strategies of all players except player i.

Thus, a Nash equilibrium can be viewed as a point of selfish best-response, wherein
each player’s strategy is optimal given the strategies of all others. Importantly, Nash
equilibrium conditions impose constraints only on unilateral deviations. No
requirement is placed on joint or cooperative deviations.

As a result, Nash equilibrium need not maximize any global objective and need not
be socially efficient. [8] A Nash Equilibrium is a stable outcome in which no player
can improve their payoff by unilaterally changing their strategy, assuming
the other players keep their strategies fixed. In other words, each player’s
strategy is the best response to the strategies chosen by others. [§]

This concept represents a point of mutual consistency — where expectations and
actions align. Even though such an equilibrium does not always guarantee the collec-
tively optimal outcome, it provides a powerful predictive tool to understand how rational
individuals or systems behave when their interests are interdependent. In many cases,
players’ interests are aligned (as in cooperative games, for example, team games where
each team within itself tries to perform towards a shared common goal), and sometimes
the players’ interests are conflicting (i.e. non-cooperative games), resembling a zero-sum
situation.

As in our example of Rock—Paper—Scissors (Table 1.3), if Player A chooses Rock,
then Player B’s best possible response is Paper, since it maximizes B’s payoff. Similarly,
before A chooses Rock, A will reason that B, being rational, will likely choose Paper.
This logical deduction leads to a circular chain of reasoning — from Rock to Paper to

Scissors and then again back to Rock. So, which strategy would be executed cannot be

11



deduced logically, but this is for pure strategies. [21] A pure strategy means anyone of the
move Rock, Paper or Scissors is choosen with a probability equal to 1. This also implies

that there is no pure strategy Nash Equilibrium for this game.

Table 1.3: Payoff Matrix for Rock—Paper—Scissors (for Player A)

A \ B | Rock | Paper | Scissors

Rock 0 -1 1

Paper 1 0 -1
Scissors -1 1 0

However, a Nash Equilibrium does exist in the form of a mized strategy. A mized
strategy is where one can choose a move from the available moves with some probabality.
So, if Player A decides to mix its strategy between Rock, Paper, and Scissors with
probabilities a, b, and ¢ respectively, such that a + b + ¢ = 1, then its expected payoff
against B’s choices would be the following, note that here E4(U) means the expected

payoft for player A when player B executes a strategy U:
E4(Rock) = 0a+1b—1c, Es(Paper) = —la+0b+1lc, Ea(Scissors) =1la— 1b+ Oc.

Since, we already said that there is no pure strategy Nash equilibrium. We do not know
what the opponent is going to play. Therefore, we would like to play such a move that
whatever move the opponent chooses, it makes no difference to us i.e. no loss in terms

of payoff. If we see the expected payoff equations carefully, we observe that the expected

payoffs become indifferent when the probabilities are a = b =c = %

We choose them to be indifferent because we cannot logically determine what B will
choose — our reasoning loop prevents a definite pure choice. Therefore, there is no pure
strategy Nash Equilibrium, but there exists a mixed strategy Nash Equilibrium
ata =b=rc= % The same argument holds for Player B since the payoff matrix is
symmetric. Note that in Table 3, the payoff for B is not given. The payoff for B is just
the negative of that of A.

However, in the case of the Prisoner’s Dilemma, there exists a pure strategy
Nash Equilibrium. Let us recall the setup of the game. Two prisoners, Alice and Bob,
are suspected of committing a crime together. They are interrogated separately and
cannot communicate. Each has two choices: Cooperate (stay silent) or Betray (confess
and implicate the other). Their possible outcomes are shown in Table 1.4.

Let us analyze their best responses:
e If B chooses to Cooperate, then A’s best response is to Betray (since 0 > —1).

e If B chooses to Betray, then again A’s best response is to Betray (since —3 > —5).

12



Table 1.4: Payoff Matrix for Prisoner’s Dilemma (Years in Jail; lower is better)
A\B Cooperate | Betray
Cooperate (-1, -1) (-5, 0)
Betray (0, -5) (-3, -3)

Hence, irrespective of what B does, A’s dominant strategy is to Betray. [8] A dominant
strategy is a strategy which gives the better payoff than any other strategy irrespective
of the opponent’s strategy.

By symmetry, the same reasoning holds for B. Therefore, both players choose to Be-
tray, leading to the outcome (—3,—3), which is the Nash Equilibrium. Interestingly,
both players would have been better off if they had chosen to Cooperate (resulting in
(—1,—1)), but rational reasoning forces them into mutual betrayal. This paradox high-
lights a key insight of Game Theory — that individual rationality does not always
lead to collective optimality. And many variants of this Prisoner’s Dilemma can be
seen in our life, like in politics, sports, diplomacy, business, trading, biological systems,
etc. Note that, Game Theory doesn’t take into account the belief system of a person(s);
since any belief which is devoid of any scientific reasoning or rationality is very hard to

justify.

1.7 Pareto Optimality

Pareto optimality imposes a fundamentally different set of constraints on the payoff
functions. A strategy profile s* is Pareto optimal if there does not exist any

alternative strategy profile s’ such that

u;(s") > u;(s*) Vi €N, (1.8)

u;(s") > u;(s*) for at least one j € N. (1.9)

Equivalently, s* is Pareto optimal if it is impossible to improve any player’s
payoff without decreasing the payoff of at least one other player.[5] Unlike
Nash equilibrium, Pareto optimality constrains joint deviations of strategies rather than
unilateral ones.

The set of all Pareto-optimal strategy profiles forms the Pareto front in payoff space.
Points on this frontier are typically obtained by solving a family of cooperative optimiza-

tion problems, such as

maxZaiui(s), a; > 0, (1.10)
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for different weight vectors a.

For example, referring to the payoff table of the Prisoner’s Dilemma discussed in the
previous section, the strategy profile yielding payoff (—1,—1) is Pareto optimal point,
since any deviation from that improves one player’s payoff necessarily worsens the payoff
of the other player. However, note that this outcome is different from (—3, —3), which is
Nash equilibrium. This means, in general, a Nash equilibrium is not the Pareto Optimal
solution. This illustrates the fundamental distinction between local equilibrium stability
(Nash equilibrium) and collective efficiency (Pareto optimality).

Pareto optimality admits a natural geometric interpretation in payoff space. Consider
the mapping

s> (ur(s),ua(s), ..., un(s)) € RY.

Each strategy profile s corresponds to a point in RY, called the payoff vector. [7]

The collection of all attainable payoff vectors forms the feasible payoff region. Within
this region, a point is Pareto optimal if there exists no other feasible point that lies
componentwise above it (with at least one strict improvement). Let x, y € R™ with
xZ£y. Ifox; <y, foralli=1,... n, then we say that y lies component-wise above x.

The Pareto front therefore forms a boundary surface separating attainable improve-
ments from unattainable ones. Moving along this frontier necessarily involves trade-offs:
improving one player’s payoff requires sacrificing the payoff of another.

The weighted optimization problem in Eq. (1.10)

N
max Z a;u;(s)
I

can be interpreted geometrically as maximizing a linear functional over the feasible payoft
region. Varying the weights «; changes the orientation of the supporting hyperplane in

payoff space, thereby tracing different points on the Pareto front.

14



Chapter 2
Classical Optimization Problems

Many problems across physics, computer science, and engineering can be formulated
as optimization tasks, where the goal is to minimize or maximize an objective function
over a high-dimensional space of configurations. Examples include energy minimization
in physical systems, parameter estimation in machine learning, and combinatorial opti-
mization problems in computer science. In practice, these problems often involve complex
landscapes with many local minima [14], and many algorithms are typically used to nav-
igate these landscapes and search for optimal solutions.

Game theory provides a useful conceptual framework for understanding such opti-
mization dynamics. In this perspective, the optimization process can be viewed as the
outcome of strategic interactions between different agents, each attempting to improve
an objective function that depends on the joint configuration of the system. By inter-
preting optimization algorithms as repeated strategic interactions, one can use tools from
game theory to analyze convergence properties, equilibrium structures, and the behavior
of learning dynamics. A important class of models in this context is that of potential
games, [18]. In potential games, the incentives of individual agents are aligned with a
global potential function. Any unilateral improvement made by an agent corresponds to
an improvement in this global objective. As a result, decentralized best-response dynam-
ics can naturally lead to locally optimal configurations. Many distributed optimization
problems can be interpreted within this framework.

Game-theoretic ideas also appear in the study of multi-agent learning, where multiple
agents adapt their strategies through repeated interactions. [22] Learning rules such
as best-response dynamics, fictitious play, and regret minimization provide decentralized
mechanisms through which agents can collectively approach equilibrium states. A similar
viewpoint arises in machine learning i.e. generative adversarial networks (GANs) [11]
explicitly formulate the training process as a game between two competing agents, a

generator and a discriminator, whose objectives are coupled. [1] The resulting dynamics

15



can be interpreted as a search for equilibrium in a two-player game, highlighting the deep
connection between optimization algorithms and strategic interaction.

In the context of quantum computing, similar ideas appear in variational quantum
algorithms (VQAs) [4]. In these methods, a parameterized quantum circuit is optimized
to minimize the expectation value of a Hamiltonian encoding a computational problem.
Classical optimization routines iteratively update the parameters of the circuit in order
to drive the quantum state toward low-energy configurations. [9] These algorithms can
be viewed as optimization processes on the manifold of quantum states, where different
components of the system may effectively play competing or cooperative roles.

The problem discussed in this work adopts a similar perspective. We study a quantum
system in which two players apply unitary transformations to a shared quantum state
while attempting to optimize expectation values of different operators. The resulting
dynamics can be interpreted as a strategic interaction on the quantum state space. By
analyzing these dynamics through a game-theoretic lens, we aim to better understand
the structure of quantum optimization landscapes in such systems which may have po-
tential application in developing better algorithms in multi-agent reinforcement learning

algorithms and variantional quantum algorithms (VQAs).

2.1 SAT problem i.e. Boolean Satisfiability Problem
Given a Boolean formula ¢(x,y) with variables z,y € {0, 1}, the SAT problem asks:

Does there exist an assignment of variables that makes ¢ true? Which means

for what value of z and vy, is ¢(z,y) = 17

An example of such a formula is shown in Figure 2.1.

Consider the following example Boolean formula, it is a 3-SAT problem because there
are three clauses which are dotted with each other (meaning logical and, A )

Any k-SAT problem has k such clause, then within each clause there is logical OR
among the variables, so if we want the Boolean function ¢ to be true, we have to satisfy

all the clauses.

¢(z,y) =(xVaVy) A (czVyVy) A (o V -y V). (2.1)
e \ denotes logical OR, A denotes logical AND, — denotes logical NOT.

The formula consists of three clauses, each being a disjunction of literals. The full

formula is satisfied if and only if all three clauses evaluate to true.

16



Figure 2.1: Example of a 3-SAT Boolean formula.

For example, consider the assignment:

We evaluate each clause:

(xvazVy =(0OVvOoVvl) =1,
(—zVyVy) =(1Vv1ivl =1,
(nxV-oyV-y)=(1vOovo)=1.

Thus, under this assignment, ¢(x,y) = 1, and the formula is satisfiable.

If someone provides such an assignment, we can check correctness in polynomial time
by evaluating each clause individually. However, discovering such an assignment may
require searching through up to 2" possible assignments in the worst case. Hence, SAT
€ NP, SAT is believed to be computationally hard to solve efficiently, yet easy to verify
once a candidate solution is given. [10] The Boolean Satisfiability Problem (SAT) is one
of the most fundamental problems in theoretical computer science. A Boolean variable

takes values in the set
{0, 1},

where 0 represents False and 1 represents True.
Let x,y,z € {0, 1} be Boolean variables.

We use three basic logical operations:

e —x : logical NOT

17



e zVy: logical OR
e v Ay : logical AND

Their meanings are:

zT|ly|lxNVy | xAy || x| Y
010 0 0 1 1
01 1 0 1 0
110 1 0 0 1
111 1 1 0 0

Table 2.1: Truth table for logical OR, AND, and negation operations.

xVy=1 if at least one of x,y is 1,

xANy=1 iff both z,y are 1,

—x =1 if x =0, and vice-versa

A clause is a logical OR of literals.

A literal is either: a variable (e.g. x), or its negation (e.g. —x). Some example clauses:
(xVy), (mx V), (xV -y Vz).

A clause is satisfied if at least one of its literals evaluates to 1 i.e. true, because in a
clause we take logical OR of literals.

Consider the clause (x V y). This clause is satisfied for:

(ﬂf,y) = (170)a (07 1)7 (17 1)7

and unsatisfied only for:

(z,9) = (0,0).

Thus, a clause excludes certain assignments. A Boolean formula is said to be in
Conjunctive Normal Form (CNF) if it is a logical AND of the clauses:

d=CiANCy A ACh.

Thus, the formula is satisfied if and only if every clause is satisfied.
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2.1.1 Example 1: Two Clauses

Consider the two clause formula, ¢(z,y) = (x Vy) A (—x Vy). We check the following

assignments:
 (z,y) =(0,0):
(Ov0)=0, (1vo0)=1,
overall: 0 A1 = 0.

e (0,1):
ov1l)=1, (1v1)=1,

overall: 1A 1=1.

e (1,0):
(Iv0o)=1, (0Vv0)=0,

overall: 1A0=0.

e (1,1):
(Iv1l)=1, (0v1)=1,

overall: 1A 1=1.

Thus, the formula is satisfiable, since assignments (0,1) and (1, 1) satisfy it.

2.1.2 Example 2: Unsatisfiable Formula

Consider ¢(z) = (z) A (—z).
Ifr=1:

If x =0:

Thus, no assignment satisfies the formula. This formula is unsatisfiable. The SAT
problem asks, given a CNF formula in n Boolean variables x1, ..., z, € {0,1}, does there

exist an assignment

(x1,...,2,) €4{0,1}"

such that the formula evaluates to 1?7
Since, it is a CNF form, ¢ is written in terms of logical AND of clauses, there are

2™ possible assignments for n variables, therefore search space is exponentially large as n
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increases. For small n, we can check all possibilities. But for large n, brute force becomes

infeasible.

2.1.3 Why Verification is Easy

Suppose someone gives a candidate assignment z*. To verify it, we simply evaluate
each clause, then check if each clause equals 1. If all are 1, accept otherwise reject. Each
clause evaluation takes constant time (if & is fixed). Total verification time is O(m). Thus
verification is in polynomial time. If each clause contains at most k literals, the problem
is called k-SAT. So, 1-SAT is easy, 2-SAT is solvable in polynomial time and 3-SAT is
NP-complete. [2] Each clause removes a region of the hypercube {0, 1}".

In summary, SAT is a constraint satisfaction problem:

e Variables: binary degrees of freedom,
e Constraints: clauses,

e Goal: satisfy all constraints simultaneously.

2.2 MAX k-SAT Problem and Significance

In the previous section, we said that SAT asks whether there exists an assignment
that satisfies all clauses of a Boolean formula. This is a decision problem: the answer is
either “yes” or “no”. However, in many real-world settings, we are not merely interested

in whether perfect satisfaction is possible. Instead, we often ask a more flexible question:
What is the best assignment we can find?

This leads naturally from decision problems to optimization problems. Let ¢(z1, ..., z,)

be a Boolean formula in conjunctive normal form (CNF), consisting of m clauses:

d=CiANCy A ACh,

where each clause C; contains at most k literals.
The MAX k-SAT problem asks:

For z; € {0,1}. What are the maximum number of clauses which are satisfied?

For k > 3, this problem is NP-complete. Thus, unless P = NP, there is no

polynomial-time algorithm that solves all instances. [2]
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Now suppose the formula is unsatisfiable. The strict SAT question simply answers
“no”. But this provides no information about how close we can get to satisfying the
formula. Given a k-CNF formula ¢, find an assignment that maximizes the number of
satisfied clauses.

Formally, define the clause indicator function

1 if clause C} is satisfied by z,
Cj(x) =
0 otherwise.

Then define the objective function

which counts the total number of satisfied clauses. This is reminiscent of the payoff
functions that we assign to players in Game Theory. [§]

The optimization problem becomes

: 2.2
,faxf (x) (2.2)
Thus, MAX k-SAT transforms the binary YES/NO SAT question into a quantitative
optimization problem over a discrete space of size 2". [10]
The domain {0,1}" can be viewed as the vertices of an n-dimensional hypercube.
Each vertex corresponds to a possible assignment. The function f(z) assigns an integer

value between 0 and m to each vertex.

1111)

|011)

|010) 1110)

1001)
1101)

1000) 1100)

Figure 2.2: A typical 3-SAT state space representation for illustration.
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Thus, MAX k-SAT defines a discrete energy landscape:

The difficulty arises because the landscape is highly non-convex and also the number
of candidate solutions grows exponentially. Brute-force search requires evaluating all 2"
vertices in the worst case.

For k > 3:

e k-SAT is NP-complete and MAX k-SAT is NP-hard. [10]

That means:

e There is no known polynomial-time algorithm that solves all instances exactly,
e An efficient algorithm for MAX k-SAT would imply P = NP.

Thus, MAX k-SAT represents one of the canonical hard optimization prob-
lems in theoretical computer science. [2]

MAX Ek-SAT is significant for several reasons, it represents a prototypical discrete non-
convex optimization problem. Also, many combinatorial problems reduce to it namely
graph coloring problem, knapsack problem, scheduling problem, constraint satisfaction.
It naturally connects computational complexity with statistical physics models. As we will
see in the next section, MAX k-SAT can be reformulated as the minimization of a classical
Ising Hamiltonian. [3] This reformulation transforms a logical constraint problem into an
energy minimization problem. Thus, MAX k-SAT serves as a conceptual bridge between

optimization problems and statistical mechanics.

2.3 From MAX k-SAT to Ising Hamiltonians

The MAX Ek-SAT problem can be reformulated as the minimization of a classical Ising
Hamiltonian. [3] This establishes a direct bridge between combinatorial optimization and

statistical physics.

2.3.1 Boolean Variables as Spin Variables and Energy Clause

Representation

Let Boolean variables z; € {0, 1} be mapped to spin variables
S; € {—1, ‘f‘l}
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via the transformation
1— S;

€T; =

Under this mapping,
xi:1<:>81':—1, $120</\:>$Z:+1

Thus Boolean assignments correspond to classical spin configurations.

Now, consider a k-clause

where each literal ¢}, is either x; or —x;.

We define the clause energy

0 if clause C} is satisfied,

1 otherwise.

The total energy is

which counts the number of violated clauses. We wish to minimize the total energy of
the system.
Hence,

MAX k-SAT <<= min E(s).
s;e{£1}

2.3.2 Example: 2-SAT Clause

Consider the 2-SAT clause

This clause is violated only when
;=0 and z; =0.

Using the spin mapping,
1-— S;
T; = )
2

we see that

r, =0 < s; = +1.
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Therefore the clause is violated only when
S; = +]., Sj = —f-]_
An energy term that equals 1 only in this case is
1
Fyls) = 3 +5)(1 +5,).

Expanding,

1
EZ(S) = Z( +Si+8j+8i8j).

Thus, a 2-SAT clause produces a quadratic polynomial in the spin variables.

2.3.3 General k-SAT Clause and Ising Hamiltonians

More generally, a clause

is violated only when all k literals are false. [2]

In spin variables, this can be written (up to an overall constant factor) as

E

i(8) o | J (1 + si,)-

o~
Il >
Hz

Expanding this product generates:

e a constant term,

linear terms s;,,

e pairwise interaction terms s;,s;, .,

higher-order interactions,

and a k-body interaction term

Jiﬂg‘..ik Si1Sig -+ - Sig-

Thus each clause contributes a polynomial of degree k in the spin variables.
Collecting all clause contributions, MAX k-SAT becomes the minimization of a clas-

sical k-body Ising Hamiltonian:

Hclassical(s) = Z hiSi + Z JijSZ'Sj + Z JiijiSjSk + e (23)

i<j i<j<k
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Hence,

MAX k-SAT <= min  Hassical ($)-
sie{£1}

For k = 2, this reduces to the familiar quadratic Ising model:

H = Z his; + Z Jij8is;,

1<j

which is already NP-hard in general. [15]

2.3.4 Quantum Extension

Now promoting classical spins to quantum operators,
s; — 0y,

we replace classical variables s; € {—1,+1} with Pauli operators acting on qubit 4.

. (10
oF = (O _1), (2.4)

The Pauli-z matrix is

with eigenvalues

and eigenvectors

Thus,
o°|0) =+[0),  oF|1) =—|1).

For n qubits, the Hilbert space is
H = (CH*".
The operator o7 acts as
oi=18 - RIRFRI® - ®I, (2.5)

with ¢* in the i-th position.

Two-body interactions are represented by

z z
1770
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which reproduces the classical interaction s;s; on computational basis states.

The quantum Hamiltonian becomes

Hquantum = Z hZO'ZZ + Z JijUiZO'; + . (26)
i i<j
The ground state energy is the lowest eigenvalue of the Hamiltonian H;

Amin (H) = ||31||ii11<¢|H|¢>' (2.7)

Since global phases are physically irrelevant,

[¥) ~ e [4),

the optimization takes place on the complex projective space
CIP)?"—l

Thus, a discrete optimization over {£1}" is transformed into a continuous but highly

non-convex variational problem over a complex manifold. We therefore can map:

MAX E-SAT problem <= MIN k-body Ising Hamiltonian.

2.4 Variational Quantum Algorithms

The mapping of the MAX k-SAT problem to an Ising Hamiltonian provides a natural
pathway for using quantum systems to address combinatorial optimization problems.
Once the problem is expressed as the minimization of a Hamiltonian, the task reduces to
finding the ground state of that Hamiltonian. However, computing the ground state of a
general many-body Hamiltonian is itself a difficult problem. [20]

Variational Quantum Algorithms (VQASs) provide a promising framework to approx-
imately solve such optimization problems using near-term quantum devices. [4] These
algorithms combine a quantum processor with a classical optimization loop and are par-
ticularly suited for the current generation of noisy intermediate-scale quantum (NISQ)

devices.
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2.4.1 Variational Principle

The foundation of variational quantum algorithms is the variational principle of quan-

tum mechanics [19] [12], which states that for any normalized quantum state |¢),

(V[H|p) = Eo, (2.8)

where Ej is the ground state energy of the Hamiltonian H.
Thus, minimizing the expectation value of H over all possible quantum states will
yield the ground state energy. In practice, instead of searching over the entire Hilbert

space, we restrict ourselves to a parameterized family of states,

¥(6)) = U(6)10), (2.9)

where U(6) is a parameterized unitary and 6 is a vector of classical parameters.

The optimization problem therefore becomes

min(y(8)|H[¢(8)). (2.10)
This converts the quantum ground-state search problem into a classical optimization

problem over the parameter space 6.

2.4.2 Hybrid Quantum-Classical Optimization
Variational quantum algorithms operate in a hybrid quantum-classical loop [4]:
1. A parameterized quantum circuit prepares the state [)(8)).
2. The quantum device measures expectation values of the Hamiltonian.

3. A classical optimizer updates the parameters 6, such that it reduces the expectation

value in the next measurement.

4. The process repeats until convergence.
The cost function evaluated during this process is

C(0) = (V(0)|H[y(0)). (2.11)

This hybrid structure is attractive because the quantum device performs the diffi-
cult task of representing high-dimensional quantum states, while the classical computer

performs the parameter optimization.
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2.4.3 Quantum Approximate Optimization Algorithm (QAOA)

One of the most prominent variational algorithms designed for combinatorial opti-
mization problems is the Quantum Approximate Optimization Algorithm (QAOA). [9]
In QAOA, the Hamiltonian derived from the optimization problem acts as a cost Hamil-
tonian. A second Hamiltonian, called the mizer Hamiltonian, is used to explore the state
space in which the statevectors live.

The parameterized state is constructed as follows:

P
(v, B)) = [ [ e e wHe |4)%" (2.12)
p=1
where
e H( is the cost Hamiltonian defined for the problem instance,

H) is a mixing Hamiltonian for exploring the states (often ), X;), where Xj is the

Pauli Matrices

vp and B, are variational parameters,

P is the circuit depth.

The goal is to maximize

(He) = (0(v, B)| He [¢(v, 8)) - (2.13)

For MAX-SAT, maximizing this expectation corresponds to maximizing the number
of satisfied clauses.

The mapping

6 — (¥(0)|H[1(0))

defines a continuous optimization landscape over the parameter space.

Unlike the original discrete search over {0,1}", the variational formulation converts
the problem into a continuous optimization problem over a manifold of quantum states.

However, the resulting landscape is typically highly non-convex and may contain
many local minima and flat regions for a large number of parameters (often called barren
plateaus).[? | Therefore, the choice of parameterization and optimization algorithm

particularly important.
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2.5 Motivation to our problem

Now, it seems to be an interesting question to ask, what dynamics would happen if
there are two competeing objectives instead of one objective. Instead of optimizing a
single Hamiltonian (i.e. C'(0) = (¢(0)|H|¥(0))), we consider a scenario in which
two different Hamiltonians are optimized alternately by different agents.

Each player effectively performs a local optimization of their own cost function by
applying unitary transformations to the shared quantum state. This leads to a dynamical
system in the quantum state space where competing objectives interact.

In this sense, the alternating optimization dynamics studied here can be viewed as
a game-theoretic generalization of variational quantum algorithms, where the cost land-
scape is shaped by multiple interacting objective functions (in our case, two competeing

objectives) rather than a single global objective.
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Chapter 3

Quantum Games and Non-Local

Games

Game theory studies strategic interactions between rational agents. A classical game
is defined by the tuple [16]

G = (N, {Si}tien, {uitien) , (3.1)
where:
e N =1{1,2,..., N} is the set of players,

e S; is the strategy set available to player 7, the elements of this set alter the state of

the game,
e u;: S x---x Sy — R is the payoff function of player i.

The players select strategies s; € S; and receive payoffs determined by the payoff

function

;i (1,82, -+, Sn)-

A central concept in classical game theory is the Nash equilibrium, which is a strategy
profile in which no player can improve their payoff by unilaterally changing their strat-
egy. [8] Quantum games extend this framework by allowing players to use quantum
mechanical properties such as superposition, entanglement, and quantum mea-
surements. In a quantum game the players share a quantum state [¢), or equivalently in
the density matrix formulation, [19] a density matrix p. Their strategies now correspond
to quantum operations, represented by wunitary operators or more generally, a completely
positive trace-preserving maps in the density matrix formulation. If player ¢ applies the

unitary matrix U;, the joint state transforms as
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P=UeU. )pUeUle.. ).

A measurement performed on the resulting state produces classical outcomes which

determine the payoffs. The expected payoff for player i is

II; = Z pkuz(k>

where p, are probabilities obtained from the quantum measurement outcomes.
A quantum Nash equilibrium occurs when no player can improve their payoff by chang-

ing their quantum strategy unilaterally,

IL,(U;, U—y) > 1L,(U;, U—;)

for all alternative strategies U;.

3.1 Quantum Refereed Games

A quantum refereed game is a type of game where there are two players Alice and Bob,
say; and a referee. The referee sends the question to both of them and checks whether
their answers are according to the rules of game or not. A particularly important class
of quantum games are non-local games. These games are cooperative games in which
spatially separated players attempt to maximize a joint winning probability without
communicating during the game, although they can strategize their plans
before the game.

Formally, a non—local game is defined by the tuple

G=(X,Y,A B,xV)

where

X,Y are sets of questions sent to Alice and Bob,

A, B are sets of answers, by Alice and Bob to the questions,

e 7(x,y) is a probability distribution over questions,

V(a,blz,y) is a verification function determining whether the answers are accepted.
The game proceeds as follows:
1. The referee samples questions (z,y), where x € X and y € Y, according to 7(z,y).
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2. Alice receives x and Bob receives y.
3. Alice outputs answer a € A and Bob outputs answer b € B.

4. The referee checks the answers are correct or not according to the rules of the game
by V(a,blz,y).

The winning probability is

Pin ZmyZPablxy V(a,bla,y).

In classical strategies the players may share classical randomness but no entanglement.

The resulting correlations satisfy [12]

a b|x y ZP af x A)(Sb,g (y,A)-

The maximum success probability achievable with classical resources is called the
classical value w.(G).
If the players share an entangled state psp and perform measurements {MZ} and

{N/}, the correlations become

P(CL, b|ZL‘,y) - TI"[,OAB(M[;C ® Nl?)J)]

The maximum success probability achievable using quantum resources is the quantum

value wy(G). [6) When w,(G) > w.(G) the game demonstrates a quantum advantage.

3.2 The Mermin—Peres Magic Square Game

Figure 3.1: Magic square used in the Mermin—Peres game. Green: +1 and Red: -1

The Mermin—Peres game [17] is a well-known non—local game demonstrating a clear
separation between classical and quantum strategies. The game is based on the Mermin—

Peres magic square, which consists of a 3 x 3 array of observables acting on two qubits,
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Z@1 1®Z Z®Z
I®X X®I XX
Z@X X®Z Y®Y

where X, Y, Z denote the Pauli matrices

() 00 0

Each operator has eigenvalues +1. The square has the remarkable property that the
products of operators along rows and columns obey fixed algebraic relations.

Using the tensor product rule

(A® B)(C® D) = (AC) ® (BD),

we compute the product of operators in each row.

Row 1
(ZNIRZ)(ZRZ)=(ZRZL)(Z®Z) =11

Thus the product of operators in the first row equals +1.
Row 2
IeX)(XDXX)=XeX)(XeX)=X’0X*=1Ix]
Thus the second row also multiplies to +1.

Row 3
(ZX)(X®2)(YRY)

First multiply the first two operators:

(ZX) @ (XZ)

Using Pauli algebra

ZX =1Y, X7 = —1iY,
we obtain
(iY)®(—iY)=Y @Y.
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Multiplying the third operator gives

Ya)(YeY)=Y*eY?’=Ix1.

Thus every row product equals +1.

Next we compute the column products.

Column 1

(ZoDN(IX)(ZeX)=2’0X?* =11
Column 2

I2)(XoDX®Z)=X®Z2* =11
Column 3

(ZRZ)(XoX) (YY)

First multiply the first two terms:

(ZX)® (ZX)

Since ZX =1Y,

(V)@ (iY)=-Y QY.

Multiplying the final operator gives

(YY) (YQY)=-Y?QY?=—I®I.

Thus the first two column products equal +1 while the final column product equals —1.
These operator relations impose constraints on the outcomes of measurements performed
on the corresponding observables. Alice and Bob play the game as follows. The referee
selects a row r € {1,2,3} for Alice and a column ¢ € {1, 2,3} for Bob.

Alice outputs three bits corresponding to the entries of the chosen row,

(a’r’17 a9, ar3)7

while Bob outputs three bits corresponding to the chosen column,

(blca b207 b3c>‘

The players win if
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1. Alice’s row outputs have even parity i.e.

ar1 D arg B arz = 0

2. Bob’s column outputs have odd i.e.

bic @ bae @ bz =1,

3. the outputs agree at the overlapping cell

Are = bye.

No classical assignment of predetermined values to the nine cells can satisfy both
the row and column parity constraints simultaneously. Multiplying all row constraints
yields +1, while multiplying all column constraints yields —1, producing a contradiction.
Consequently classical players cannot win the game perfectly, and the optimal classical

success probability is

We = —.

9
However, if Alice and Bob share an entangled pair of qubits and measure the cor-
responding observables in the magic square, the algebraic relations between the Pauli
operators ensure that all parity constraints are automatically satisfied. [17] As a result

the players can win the game with certainty,

wy = 1.

3.3 The GHZ/Mermin Parity Game

Another important non—local game illustrating quantum advantage is the GHZ /Mermin
parity game. This game is based on the correlations present in the Greenberger-Horne—
Zeilinger (GHZ) state [6] and provides a deterministic contradiction between classical
local hidden variable theories and quantum mechanics.

The game involves three spatially separated players: Alice, Bob, and Charlie. Each

player receives a binary question

z,y,z € {0,1}
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with the promise that

rDydz=0.

Thus the allowed input combinations are

(0,0,0),(0,1,1),(1,0,1),(1,1,0).

Each player outputs a binary answer

a,b,c € {0,1}.

The players win if their outputs satisfy the parity condition

0 if (x,y,z)=1(0,0,0
b (z,y,2) = ( )
1 otherwise.

Classical Strategies

In a classical deterministic strategy each player assigns fixed outputs for each possible

input. Writing these outputs as

A07A17 B()7Bl7 C07CI7

the four winning conditions become

A()@B()@COIO,

Ay® B Cy =1,

A1 By C) =1,

Aid B & Cy=1.

Adding the last three equations modulo two gives

(AyeBoC)e(AieBoC)®d(AieBodC) =111

Simplifying the left side,
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As® By d Cy = 1.

This contradicts the first equation

Ao @ By ® Cy = 0.

Thus no classical deterministic assignment can satisfy all four constraints simulta-
neously. Consequently classical players cannot win the game perfectly and the optimal

classical success probability is

We =

A~ w

Quantum Strategy

Quantum players can achieve perfect success by sharing the GHZ state

1
V2

Each player performs a measurement depending on their input:

|GHZ) = (|000) 4 |111)).
e If the input is 0, measure the Pauli operator X.
e If the input is 1, measure the Pauli operator Y.

The Pauli matrices are

() )

The measurement outcomes correspond to eigenvalues 1. We convert them to bits
by the rule

+1 =0, —1—1.

Thus the product of measurement eigenvalues determines the parity of the output
bits.

Action of Pauli Operators on Basis States
The Pauli operators act on computational basis states as
X0y =11),  X|[1)=10),

37



YI0) =d[1),  Y|1) = —i|o).

Using these relations we now compute the relevant operator actions on the GHZ state.

Case 1: Inputs (0,0,0)

All players measure X. The relevant operator is

XXX

Acting on the basis states,

(X ® X ® X)|000) = [111),

(X ® X ® X)|111) = |000).
Therefore

1

(X ® X ® X)|GHZ) = —(|111) + 000)) = |GHZ).

Sl

2
Thus

X ® X ® X|GHZ) = |GHZ).

The GHZ state is therefore an eigenstate of X ® X ® X with eigenvalue +1. Conse-
quently the product of measurement outcomes is always +1, corresponding to even parity
of the output bits.

Case 2: Inputs (0,1,1)

Now Alice measures X while Bob and Charlie measure Y. The operator is

XY QY.

Acting on the computational basis,

(X ®Y ®Y)|000) = [1) ®i|1) @ i1) = —|111).

Similarly,
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(X®Y ®Y)|111) = |0) ® (—i|0)) ® (—i|0)) = —|000).
Therefore

1

(X &Y eY)GHZ) = -5

(I111) 4 ]000)) = —|GHZ).

Thus

X ®Y ®Y|GHZ) = —|GHZ).

Hence the product of measurement outcomes is always —1, corresponding to odd

parity of the output bits.

Remaining Cases

By symmetry of the GHZ state the remaining operators satisfy

Y ® X ® Y|GHZ) = —|GHZ),

Y ®Y ® X|GHZ) = —|GHZ).

Thus for all remaining allowed input combinations the measurement outcomes auto-

matically satisfy the required parity condition.

x y 2z | Measurement Operator | Required Product
0 0 O XRX®X +1
0 1 1 XY RY —1
1 0 1 Y®X®Y -1
1 1 0 YY®X -1

Table 3.1: Measurement operators and required outcome parity in the GHZ/Mermin
game.

Table 3.1 summarizes the measurement operators corresponding to each allowed input
configuration. The GHZ state is an eigenstate of these operators with eigenvalues +1 or
—1. Consequently the product of the measurement outcomes automatically satisfies the
parity condition required by the game. When the inputs are (0,0,0) the product of
outcomes is +1, corresponding to even parity. For the remaining inputs the product
is —1, corresponding to odd parity. Thus the quantum strategy satisfies the winning

conditions for every allowed input.
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Because the GHZ state is an eigenstate of the above operators with eigenvalues +1 or
—1, the product of measurement outcomes always matches the required parity relations.
Consequently the players always produce outputs consistent with the rules of the game.

Therefore quantum players win the GHZ/Mermin parity game with certainty, w, = 1.
The GHZ/Mermin game provides a striking demonstration of the difference between
classical and quantum correlations. As a result the GHZ/Mermin game plays a central

role in the study of quantum nonlocal games.
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Chapter 4

A Sequential Quantum Game on a

Single-Qubit System

Even before doing the bigger problem of multi-objective quantum optimization. [13] It
is important to study the simple problem and gain some intuition about formulating the
framework. Therefore, we now discuss single qubit quantum game in the simplest possible
setting: a single-qubit system. The goal is again to formulate a strategic interaction
between two rational players whose strategies consist of unitary operations acting on a

shared quantum state.

4.1 Formulating the problem

We consider a quantum system consisting of a single qubit. The Hilbert space of a
single qubit is H. A general pure state of the system is represented by a normalized

vector

¥) € C* (Yly) = 1.

In the computational basis {|0), 1)}, the state can be written as

[¥) = al0) + Bl1),

where

jaf” +18]* = 1.

Since global phase is physically irrelevant, the true state space of the system is the
complex projective manifold CP'. Geometrically, this space is equivalent to the Bloch

sphere. Thus the quantum state of the system corresponds to a point on the surface of
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the Bloch sphere, and the dynamics of the game can be interpreted as motion on this

curved manifold.

4.1.1 Payoff Operators

Each player is assigned a Hermitian operator acting on the single-qubit Hilbert space:

HeC¥2% MeC*?
with

H' = H, Mt = M.

The payoff (or cost) functions are defined as expectation values of these operators

with respect to the quantum state:

a(¥) = (SIH|),

Mg () = (V[M]).

These functions are real-valued functions defined on CP' (the Bloch sphere).

Thus, each player’s objective is an energy minimization problem:

min(u[H|)  (Player A).

min(u[M|y)  (Player B).
Importantly, both objectives depend on the same shared quantum state [¢)), which
means the optimization goals of the players are generally coupled.

4.2 Unitary Transformations on the Qubit

The players cannot directly choose the quantum state [¢)). Instead, they act on the
system by applying unitary transformations.

Let

Uecl(2)

be a 2 x 2 unitary operator. When applied, the state transforms as
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[¥) = Uly).

Under such a transformation, the expectation value of an observable transforms as

(| H[p) = ([UTHU|p).

Thus, the players’ strategies effectively modify the payoff landscape by conjugating

the operators with their chosen unitary transformations.

Strategy Space of Player A

Player A is allowed to apply unitary transformations generated by the Pauli operators.

Let 0 denote the Pauli matrices

. 01 0 —i ; 1 0
0¥ = , oY= , o°= .
10 i 0 0 —1

The generators of Player A’s strategy space are chosen from

G, €{l,0% d% 0%}

A general strategy of Player A is therefore

UA(Q) = eXp <_iZQaGa> )

where the parameters 6, determine the direction and magnitude of the unitary trans-

formation.

Strategy Space of Player B

Similarly, Player B applies unitary transformations generated by the same set of Pauli

operators. The strategy set of Player B therefore takes the form

Up(¢) = exp <—i Z ¢be> )

where

Ky, €{I,0% 0%,0°}.
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Thus both players act on the same qubit, meaning they share complete access to the

quantum system.

4.3 Game Dynamics

A move in the game consists of the sequential application of the players’ strategies:

[v) = UpUalt).

Each player chooses their parameters so as to minimize their own cost function:

0* = arg m{}n(qﬁ\ULHUAW%

¢ = arg m;n(w|U;]\/[UB|w).

Since both players act on the same qubit, their operations generally do not commute:

[Ua,Ug| # 0.

Consequently, the order of operations affects the resulting quantum state and the
optimization dynamics. The state evolves on the Bloch sphere under the action of the

Lie groups generated by the players’ strategy spaces:

Ga = exp(ga), Gp = exp(gp).

Each player updates their parameters using a stochastic hill-climbing (or stochastic
hill-descent) procedure. In this approach, small random perturbations of the parameters
are proposed, and the update is accepted only if it decreases the corresponding cost
function. Formally, if a candidate perturbation 06 is proposed, the update rule for Player
A takes the form

0 0+060 if (H)(0+050) < (H)(0),

and similarly for Player B,

¢ = o+ 0¢ if (M)(¢+09) < (M)(¢).

Because the perturbations are sampled randomly from the allowed parameter direc-

tions generated by the accessible Lie algebra, the optimization proceeds as a stochastic
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search over the manifold of quantum states. In the single-qubit case, this corresponds

geometrically to a stochastic exploration of the Bloch sphere.

4.4 Numerical Simulation Results

We start with some initial state vector on the Bloch sphere, parameterized by two

real angles 6 and ¢. The general single-qubit state is parameterized as follows:

[¥(0,¢)) = cos (g) |0) + €' sin (g) ).

Here, 6 € [0, 7] and ¢ € [0,27) specify the point on the Bloch sphere corresponding to
(0, 8)).

We then follow the alternating optimization scheme described earlier — where Player
A and Player B take turns applying their respective unitaries from the sets U, and Up,
each minimizing the expectation value of their Hamiltonian (H and M respectively).
After every move, the updated state |1) evolves on the Bloch sphere.

By iterating this process, we can visualize the trajectory of the state on the Bloch
sphere and track how it converges. The evolution of the state vector reflects the com-
petition and cooperation between the two optimization objectives, much like strategic
adjustments in a game between rational players.

We record and analyze quantities such as the expectation values (H), = (x| H |¢x)
and (M), = (| M |¢y) at each step, to study whether the system approaches a sta-
ble configuration (a local minimum or equilibrium-like state). Such convergence, when
it occurs, can be interpreted as the system reaching a quantum analogue of the Nash
equilibrium — where neither optimization step can further reduce its corresponding cost
function.

In Fig. 4.1, we see that starting from an initial state vector near the higher eigenstate
of M, the system evolves towards a cyclic trajectory that lies close to the minimum
eigenstates of both H and M. Furthermore, the overlap | (¢x|tg+1) | remains close to
unity throughout the evolution, indicating that the change in the state [¢)) is quasi-
static. This behavior arises because the strategy sets Uy and Up were generated by

exponentiating random Hermitian matrices as
U = e, where AT = A and € is a small real parameter.

We have also included the 2 x 2 identity matrix in both unitary sets U, and Ug to ensure

that the option of not changing the state is always available to each player.
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Bloch Sphere Trajectory

|w(6,9)) = cos(6/2)|0) + e~ (ip)sin(6/2)|1) Trajectories
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Figure 4.1: Trajectory of the state vector |¢(6, ¢)) on the Bloch sphere. We can see that
the state has gone into a cycle and not approached to fixed point. Here n(U,) = n(Up) =
d.

In Fig. 4.2, we observe a similar behavior; however, in this case, the state does not
approach the minimum eigenvectors of H and M, but instead cycles around regions close
to their maximum eigenvectors. It is much easier to see (6, ¢) plane what path the system

follows. Note that, initial states to start with are all different in all of these figures.

Bloch Sphere Trajectory
|w(8,9)) = cos(6/2)|0) + e”(ip)sin(6/2)|1) Trajectories

—— Trajectory 1417
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Figure 4.2: Another sample trajectory showing the cyclic behavior. Here also, n(U,) =

To understand why this behavior arises, it is better to analyze the problem in Energy
Landscape, meaning we plot the (H) and (M) in (6, ¢) plane (see Fig. 4.3). Refer to the

color-bar, blue color means negative values whereas red color means positive values. The
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Trajectory in (6, ¢) space with Eigenvectors Trajectories

6 —— Trajectory 101
@ Initial State
" 0.5
A EigVH
Eigv M v 00 —e— Exp[H]
5 3 —&— Exp[M]
2 -0.5 —a— Overlap
-1.0
4
-15
0 25 50 75 100 125 150 175 200
- A Step
3 |
Phase space
21 1
B
= 0
1 o
—14
0 u T A T T T T
0.0 0.5 1.0 15 2.0 25 3.0 -15 -1.0 -0.5 0.0 0.5 1.0 15
6 Exp[H]

Figure 4.3: Evolution of the expectation values (H) and (M) in phase space (bottom
right) and evolution of |1(6, ¢)) in (0, ¢) plane (left).

dashed line denote equal value contours. Note that we have chosen
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Figure 4.4: Energy Landscape for H and M i.e. (H) and (M) in (6, ¢) plane

The energy landscape makes it clear that we aim to compute the gradient in differ-
ent possible directions and then move along the direction in which the gradient is most

negative. In our setup, the available directions are determined by the allowed unitary
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operations, i.e., the strategy spaces Uy and Ug. These sets constrain the possible direc-
tions in which the state can evolve. If U4 and Ug equal the full unitary group U(2), then
all directions on the Bloch sphere would, in principle, be accessible.

It is important to note that in this case, since there are two different Hamiltonians,
H and M, the energy landscape effectively changes at each step of the alternating opti-
mization. Player A optimizes with respect to the H-landscape, while Player B optimizes
with respect to the M-landscape. This introduces an interesting interplay between co-
operative and non-cooperative behavior, reminiscent of classical game theory. Whether
the players act in agreement or opposition depends entirely on the relation between the
Hamiltonians H and M.

For instance, if H = —M, the two energy landscapes are exact opposites, and the
players are always in conflict — a purely adversarial scenario. On the other hand, if H
and M are nearly identical, differing only slightly, their energy landscapes are largely
aligned, leading to mostly cooperative dynamics. It is worth noting that the overall
dynamics are not determined by the commutator [H, M] alone: for example, both H
and —H commute, yet they produce entirely opposite “tug-of-war” behaviors in this
alternating optimization scheme.

Now we can also understand why the trajectories in Fig.4.1, Fig.4.2, and Fig.4.3
sometimes form closed loops instead of converging to a fixed point. This behavior arises
because the available strategy spaces U and Up are restricted and do not span all possible
directions on the Bloch sphere or (6, ¢) plane, equivalently. Consequently, the players can
only move within a limited subset of directions determined by these unitaries. Once the
state explores all accessible directions within this constrained subspace, the path becomes

cyclic, rather than leading to a fixed point.

4.5 Simulation Observations

We observe chaotic behavior and oscillatory dynamics when the parameter e is

increased to large values.

e When a sufficiently large number of unitary operators (i.e., available directions in
parameter space) are provided, the state evolves to a final state irrespective of the

initial condition.
e The final state is not necessarily the ground state of either Hamiltonian H or M.

e Moreover, the final state is not the ground state of the combined operator, O =
H+ M.
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e Interestingly, we observe a kind of phase transition as ¢ is varied — the system
abruptly switches its behavior from converging to quasi-periodic oscillations, and

then back to convergence again.

In summary, the alternating optimization between two competing objectives, H and
M, gives rise to a dynamical behavior on the Bloch sphere. There is a balance of opposing
drives from the two players. The restriction of the unitary strategy spaces Uy and Up
further constrains the accessible directions, effectively shaping the path in parameter
space.

From a game-theoretic perspective, the system’s dynamics mimic the iterative ad-
justment of rational players seeking their best responses under changing conditions. A
fixed point in this alternating scheme corresponds to a Nash equilibrium — a state where
neither player can improve their objective by unilaterally changing strategy. In contrast,
the emergence of cycles signals the absence of a stable equilibrium in pure strategies, rem-
iniscent of the mixed-strategy equilibria in classical games such as Rock—Paper—Scissors.

Extending this analogy to multi-qubit systems or more complex operator sets could
provide new insight into equilibrium and convergence behavior, and the structure of
optimization landscapes in quantum control and dynamics. We will investigate multi-
qubit systems, where Player A has control over one subset of qubits and Player B has

control over another subset, with some overlapping qubits forming a shared region.
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Chapter 5

A Sequential Quantum Game on a
Three-Qubit System

We now describe the three qubit quantum game studied in this work. The goal is to
formulate a strategic interaction between two rational players whose strategies consist of

local unitary operations acting on a shared quantum system.

5.1 The Underlying Quantum System

Let us now consider a three-qubit quantum system, whose Hilbert space is H. A

general pure state of the system is represented by a normalized vector

¥) € C*, (Yly) = 1.

In the computational basis,

0y =Y aglijk),

i,5,k€{0,1}
with

Z |Oéijk|2 = 1.

i7j7k

5.1.1 Payoff Operators

Each player is assigned a Hermitian operator acting on the full Hilbert space:

HeC¥® MeCs®
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with
H' = H, M= M.

The payoff (or cost) functions are defined as expectation values:

a(y) = (Y[H]¢),
p(y) = (@IM][y).

These are real-valued functions on CP7.

Thus, each player’s objective is an energy minimization problem:
Y J gy

fﬂ;ﬂ(w!mw (Player A),

min(w[M[y)  (Player B).

Importantly, both objectives depend on the same shared state |1)).

5.2 Strategic Actions as Unitary Transformations

The players cannot directly choose |¢). Instead, they act on the system via unitary

transformations.
Let
UeU(8)
be an 8 x 8 unitary operator.
When applied,
) = Ul).

The expectation value transforms as:

(W[H[p) = (W|UTHU|W).

Thus, strategy choices deform the payoff landscape via conjugation.
The important feature of this game is partial access.
Player A has access to qubits 1 and 2 but not qubit 3.
Player B has access to qubits 2 and 3 but not qubit 1.

Thus, the allowed strategy sets are restricted.
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Strategy Space of Player A

Player A may apply unitaries generated by operators acting nontrivially only on qubits
1 and 2.

Let 0 denote Pauli matrices:

01 0 — 1 0
0_$ == 9 Jy = ’ UZ = N
10 1 0 0 -1
Then A’s generators are of the form

PRP®I,

where P € {I,0% 0¥ o%}.

A general strategy of A is therefore

UA(Q) = €Xp <_iZ€aGa> )

where

G, € {o" @0’ @ I}.

Strategy Space of Player B

Similarly, B’s generators are
I® P® P.

Thus,
Up(¢) = exp <—iz¢be> :
b

with
Kye{I®o*®d"}.

5.3 Game Dynamics

A move in the game consists of sequential application:

[v) = UUalt).

Each player chooses parameters to minimize their own cost:
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0* = arg mein<¢\U;HUA|¢>,

0" = arg min(y| U MUp|y).

Because both act on the overlapping qubit 2, their strategy spaces do not commute

in general:

[Ua,Ug] # 0.

Thus, the order of operations matters and nontrivial dynamics arise. The state evolves

on CP" under restricted Lie group actions:

Ga = exp(ga), Gp = exp(gB).

Each player updates their parameters using a stochastic hill-climbing (or stochastic
hill-descent) procedure. In this approach, small random perturbations of the parameters
are proposed, and the update is accepted only if it decreases the corresponding cost
function. Formally, if a candidate perturbation 66 is proposed, the update rule for player

A takes the form

0 0+060 if (HY(0+50) < (H)(0),

and similarly for player B,

¢ — d+09 if (M)(o+d¢) < (M)(e).

Because the perturbations are sampled randomly from the allowed parameter direc-
tions generated by the accessible Lie algebra, the optimization proceeds as a stochastic

search over the manifold of quantum states.

5.4 Numerical Simulation Results

To investigate the role of controllability in the quantum game described above, we
study the dynamics under three different access structures. These settings determine the
set of unitary transformations available to the players and therefore strongly influence
the optimization dynamics and possible equilibria of the game.

For each of the three access structures described below we perform numerical simula-

tions of the stochastic hill-descent dynamics. The simulations track the evolution of the
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expectation values (H) and (M)

In the following sections we present representative plots illustrating: the evolution
of the players’ cost functions, the convergence behavior of the optimization dynamics,
and the influence of the access structure on the resulting equilibria. Comparing these
three scenarios allows us to understand how the structure of the strategy spaces and the
presence or absence of overlapping control affect the strategic behavior of the players in
the quantum game. In all cases the players perform their strategies using the stochastic
hill-descent procedure described earlier. Starting from a randomly initialized quantum
state, the players iteratively update their allowed unitary parameters in order to decrease

their respective cost functions. The resulting trajectories of the expectation values

(H) = (QlHp), (M) = ([M]¢)

are recorded and analyzed. In the following subsections we describe the three access

scenarios studied in this work.

5.4.1 Partial Access i.e. Overlapping Control

This is the primary game defined in the previous section. In this scenario the players

have partially overlapping access to the quantum system.

e Player A has access to qubits (1, 2).

e Player B has access to qubits (2, 3).

Thus both players can act on qubit 2, which creates a shared degree of control. The

strategy spaces are generated by operators of the form

Gy=PRP®I, Gp=1P®P,

where P € {I,X,Y, Z}.
Because both players manipulate the overlapping qubit, their operations generally do

not commute,

[Ua, Ug] # 0.

As a result, the order of moves affects the resulting quantum state and the optimiza-
tion dynamics may exhibit complex behavior such as oscillations, competition between

objectives.
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Random Linear-Combination Strategy Dynamics Phase Space
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Figure 5.1: Partial Access with Player A on (1, 2) and Player B on (2, 3). Dashed
blue lines are min/max eigenvalues for A’s cost operator. Dashed red lines are min/max
eigenvalues for B’s operator. We see that that state has reached into a local minima i.e.
Nash equilibrium.

Random Linear-Combination Strategy Dynamics Phase Space

— (H)
— (M)

-4

0 2000 4000 6000 8000 10000 -4 -2 ) 2 4

Figure 5.2: Partial Access with Player A on (1, 2) and Player B on (2, 3). Dashed
blue lines are min/max eigenvalues for A’s cost operator. Dashed red lines are min/max
eigenvalues for B’s operator. Here state is limited to region, this can also be viewd as a
local minima.

This setting captures the essential game-theoretic structure of the problem, where two
players attempt to optimize competing objective functions while acting on a partially

shared quantum system.

5.4.2 Full Access i.e. U(8)

As a comparison benchmark we also consider a scenario in which both players have

access to the entire quantum system.
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In this case the allowed strategies belong to the full unitary group

UA,UB EU(S)

Equivalently, the generators span the full Lie algebra u(8).

Under this setting each player can apply arbitrary unitary transformations to the
global state. This represents a situation of complete controllability, where both players
have maximal freedom to manipulate the quantum system.

Studying this case allows us to understand the behavior of the optimization dynamics
when no structural constraints are imposed on the players’ strategies. In particular, it

provides a useful baseline against which the restricted-access scenarios can be compared.

Random Linear-Combination Strategy Dynamics Phase Space

— (H)
— (M) 4

(]

-1

-2

-3

-4

0 2000 4000 6000 8000 10000 -4 -2 [ 2 4
Iteration (H)

Figure 5.3: Full Access i.e. both players have access to all three qubits. We see that now
the state approches much closer to the ground state of the respective cost operators.

Under this setting each player can apply arbitrary unitary transformations to the
global state. This represents a situation of complete controllability, where both players
have maximal freedom to manipulate the quantum system.

Studying this case allows us to understand the behavior of the optimization dynamics
when no structural constraints are imposed on the players’ strategies. In particular, it

provides a useful baseline against which the restricted-access scenarios can be compared.

5.4.3 No Overlap

Finally we consider a scenario in which the players have completely disjoint access to

the system.

e Player A controls qubit 1.
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Random Linear-Combination Strategy Dynamics Phase Space
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Figure 5.4: Full Access i.e. both players have access to all three qubits. We see that now
the state approches much closer to the ground state of the respective cost operators.

e Player B controls qubit 3.

Random Linear-Combination Strategy Dynamics Phase Space
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Figure 5.5: No Overlap i.e. both players do not have access to second qubit. We see that
system cannot explore many states due to restriced lie algebra, also state is into Nash
equilibrium.

In this setting neither player has access to qubit 2. The allowed generators take the

form

G,=PRI®I, Gp=IxI®P,

where again P € {I, XY, Z}.

Because the players act on different qubits, their operations commute,
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U4, Ug] = 0.

Consequently the order of operations does not affect the resulting quantum state.
This setting therefore removes the direct competition over shared degrees of freedom and
allows us to study how the absence of overlap influences the strategic dynamics of the

game.

28



Chapter 6

Pareto-Optimal Variant:

Cooperative Quantum (Game

So far we have considered a competitive formulation of the quantum game, where
Player A and Player B attempt to minimize different cost operators H and M respec-
tively. In many physical and computational settings, however, it is natural to consider
a cooperative scenario in which the players aim to jointly minimize multiple objective
functions. In this section we formulate such a cooperative version of the quantum game

and discuss its implications.

6.1 Motivation for Pareto Optimality

The motivation for studying this cooperative variant comes from a central problem
in quantum physics: the search for the ground state of a Hamiltonian. [19] Determining
the lowest-energy state of a quantum system is a fundamental task in low-temperature
physics, condensed matter theory, and quantum chemistry. Ground states determine
many important physical properties of a system, including phase structure, correlation
functions, and transport behavior.

In many-body systems the Hamiltonian often consists of multiple interacting compo-

nents,

Hiow = Hy + Hy + - - - + Hy,

each describing a different physical interaction or contribution to the total energy.
Finding the global ground state therefore corresponds to minimizing the total energy of
the system, which can be viewed as a multi-objective optimization problem. [13] From

this perspective, the cooperative quantum game introduced here can be interpreted as a

29



distributed optimization process in which different agents attempt to jointly minimize a
set of cost operators acting on a shared quantum system. Such formulations are closely

related to variational quantum algorithms (VQAs) [4] and quantum control problems.

6.2 Pareto Optimality in Quantum Games

In the cooperative setting, the players no longer compete. Instead, they seek states

that simultaneously reduce both cost functions

Ma() = (PlH[Y), 1) = WIM).

In general it may not be possible to minimize both quantities simultaneously. A state
that minimizes H may not minimize M, and vice versa. This leads naturally to the
concept of Pareto optimality.

A quantum state [¢)*) is said to be Pareto optimal, if there exists no other state |¢)

which can be reached by applying the unitary from the strategy space such that

(| Hlp) < (7| H[¢7)

and

(P M]¢) < (*[My7)

with at least one inequality being strict.
In other words, a Pareto-optimal state is one for which neither objective can be
improved without worsening the other. The set of all such states forms the Pareto frontier

in the space of expectation values

((H), (M)).

In the cooperative quantum game, the goal of the players is therefore to drive the

system toward this Pareto frontier.

6.3 Cooperative Optimization Dynamics

Instead of alternating adversarial updates, the players now coordinate their actions
in order to jointly reduce the cost operators. One possible strategy is to minimize a

combined cost function such as
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O=AH+(1-XNM,
where A € [0,1] determines the relative importance of the two objectives.
The expectation value of this combined operator is
(O) = A(H) + (1 = A)(M).

By varying A, one can explore different points along the Pareto frontier. [5] Alterna-
tively, the players may perform coordinated stochastic updates that only accept moves if

they improve both objectives:

(H)pew < (H)owa and (M)new < (M)o1a-

This corresponds to a cooperative search over the quantum state manifold.

6.4 Access Structures in Strategy Space

As in the competitive game, the strategy space available to each player depends on
the subset of qubits to which they have access. The structure of this access strongly
influences the cooperative optimization dynamics.

Several natural scenarios arise.

6.4.1 Local Access Only

In the most restrictive case, each player can act only on their own qubits.
e Player A acts on subsystem A.

e Player B acts on subsystem B.

The generators i.e. lie algebra for the corrosponding unitary matrices which form the

strategic space, takes the following form

Ga=P®I, Gp=1® P,

where P denotes Pauli operators.
In this setting the players can only perform local transformations. Cooperative opti-

mization must therefore occur through local control of the quantum state.
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6.4.2 Full Shared Access

In the most permissive case both players can act on the entire system which is a n

qubit system,

UA,UB EU(Qn).

This corresponds to complete controllability of the quantum system. In this setting
the players effectively perform a global cooperative optimization of the state.
Such a scenario is closely related to variational quantum algorithms, where a param-

eterized unitary circuit is optimized to minimize a cost Hamiltonian.

6.5 Connection to Ground-State Search

The cooperative quantum game can therefore be interpreted as a distributed algorithm
for ground-state preparation. If the operators H and M represent different physical

interactions within a many-body Hamiltonian,

Htot:H+M>

then the global ground state satisfies

o) = arg%igl(leth-

In the cooperative formulation, the players attempt to jointly reduce the expectation
values of these operators. When their objectives are aligned, the optimization naturally
drives the system toward the ground state of the combined Hamiltonian.

Studying this process within a game-theoretic framework provides insight into how
distributed agents, each with partial control over a quantum system, can collectively
navigate the energy landscapes. Such ideas may be useful for designing new algorithms for

quantum control, variational ground-state search, and cooperative quantum optimization.
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Chapter 7
Conclusion

In this thesis, we explored a framework that connects ideas from game theory with
the dynamics of quantum systems. Motivated by the role of strategic interactions in
classical decision-making problems, we formulated a quantum game in which two agents
interact through a shared multi-qubit system. Each player attempts to optimize their
own objective function, defined as the expectation value of a Hermitian payoff operator
acting on the global Hilbert space.

The strategic actions of the players were modeled as unitary transformations applied
to the quantum state. Because the players act on overlapping subsystems in certain
configurations, their operations generally do not commute. As a result, the evolution
of the system exhibits coupled dynamics, where the actions of one player can influence
the optimization landscape experienced by the other. This leads naturally to a game-
theoretic interpretation of variational quantum optimization, where competing objectives
shape the trajectory of the quantum state in the high-dimensional space.

To study these dynamics, we implemented numerical simulations using a stochastic
hill-descent optimization procedure. Three different access structures were considered:
partial access with overlapping control of one qubit, full access in which both players
can manipulate the entire system, and a no-overlap scenario where the players control
disjoint subsets of qubits. These scenarios allowed us to investigate how the structure of
the players’ strategy spaces affects the resulting optimization behavior.

The results demonstrate that the access structure plays a significant role in deter-
mining the dynamics of the game. In the partial-access setting, the shared control of a
qubit leads to genuine strategic interaction between the players, often producing complex
trajectories and equilibrium-like configurations in the state space. In contrast, when both
players have full access to the system, the optimization leads the state much closer to
the true ground state. In the no-overlap case, the players act on independent degrees of

freedom, and the dynamics become effectively decoupled, reducing the degree of strate-
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gic competition. These observations suggest that the interplay between controllability,
shared resources, and competing objectives can give rise to rich dynamical behavior in
quantum systems. The framework developed here therefore provides a new perspective
on the study of multi-agent dynamics in quantum mechanics and highlights a natural
connection between game-theoretic reasoning and variational quantum optimization.

Several directions for future work emerge from this study. One possibility is to extend
the analysis to larger quantum systems with more qubits and additional players, where
the structure of overlapping controls may lead to more intricate strategic interactions.
Another direction is to explore alternative optimization schemes and learning algorithms,
including reinforcement learning and policy-gradient methods, which may provide more
efficient strategies for navigating the quantum state space. It would also be interesting to
investigate analytical characterizations of equilibrium states in such quantum games and
to relate them to notions of Nash equilibria and Pareto optimality in continuous strategy
spaces.

More broadly, people have studied quantum dynamics in various settings such as
unitary dynamics of the system, non-unitary dynamics in the context of open quantum
systems, measurement-induced dynamics of the quantum system, etc. This work is one
such possible approach for thinking about the quantum systems inspired by game theory.
The ideas presented in this thesis may help for studying multi-agent reinforcement
learning in quantum environments. In such settings, multiple learning agents in-
teract through a shared quantum system, and their strategies correspond to quantum
operations that modify the state of the environment. Understanding these interactions
may provide new insights into the design of quantum-aware learning algorithms and the

control of complex quantum systems.
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