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Abstract

Understanding the behavior of time-evolving systems is central to contemporary data
science, with wide-ranging applications in domains such as finance, biology and en-
vironmental studies. These systems are often high-dimensional, nonlinear, and gov-
erned by complex internal dynamics as well as external shocks. Time series data
offer a natural lens through which to understand and model such systems. However,
conventional modeling approaches, especially parametric methods, are often inade-
quate in capturing the nuanced and structurally evolving nature of real-world data.
This thesis develops a set of novel nonparametric tools aimed at advancing statistical
inference in such dynamic and complex settings.

A primary focus of the thesis is the detection of structural breaks- abrupt changes
in the underlying relationship between a pair of time-dependent variables. Classical
break detection methods typically rely on strong parametric assumptions and are
often limited to changes in mean or variance. In contrast, this work introduces a
fully nonparametric, data-driven methodology capable of identifying changes in more
intricate functional relationships, including nonlinear and time-varying patterns. The
proposed approach employs adaptive smoothing techniques within a minimax optimal
framework, ensuring robust performance even under model misspecification and irreg-
ular error structures. Simulation studies and real-world applications in economics and
finance demonstrate the method’s ability to uncover structural changes that remain
undetected by conventional techniques.

The second component of the thesis explores the use of shape-constrained nonpara-
metric regression, motivated by the observation that many real-world processes ex-
hibit known structural properties, such as monotonicity, convexity, or quasiconvexity.
Incorporating these constraints into a nonparametric framework allows for more in-
terpretable and stable estimation while preserving model flexibility. The proposed
estimators are shown to be statistically consistent and particularly effective in set-
tings with limited data or high noise levels.

The thesis also addresses a critical but often overlooked problem: testing the ade-
quacy of ordinary differential equation (ODE) models used to describe dynamic sys-
tems. Existing lack-of-fit tests are typically not well suited for ODEs, as they fail to
consider the structural constraints imposed by the differential formulation. This work
proposes a novel adaptive goodness-of-fit test for both fully and partially observed
ODE systems. The test is constructed to directly assess deviations in the trajecto-
ries and derivative structures implied by the ODE, offering a rigorous and sensitive



diagnostic tool. The methodology is supported by theoretical results guaranteeing
optimal detection rates, and its practical utility is confirmed through simulations and
applications in biomedical and agricultural data.

Collectively, the contributions of this thesis advance the field of nonparametric infer-
ence for dynamic systems. By developing methodologies that are robust, adaptive,
and theoretically grounded, this work addresses key limitations of existing approaches
and provides practical tools for analyzing complex, real-world time series. The results
have broad applicability across disciplines where understanding structural change,
validating mechanistic models, and incorporating qualitative prior knowledge are es-
sential for reliable statistical analysis.
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Chapter 1

Introduction

In an increasingly data-rich world, many scientific and practical problems revolve
around understanding the behavior of systems that evolve over time. These systems,
whether economic markets, biological processes, climate phenomena, or engineered
infrastructures, are rarely static. They change, adapt, and respond to internal dy-
namics and external influences. As a result, time series data, which capture observa-
tions recorded sequentially over time, provide an essential window into the underlying
mechanisms of such dynamic systems. Working with time series data is not only cen-
tral to forecasting future behavior but also critical to uncovering latent structures,
causal pathways, and systemic vulnerabilities. The capacity to model, predict, and
intervene in these systems depends on our ability to accurately characterize their

temporal evolution.

Many of these systems are complex in nature. Complexity arises due to interde-
pendencies among components, nonlinear feedback loops, emergent behavior, and
the presence of noise or uncertainty. A financial market, for example, is influenced
by investor sentiment, regulatory interventions, technological shifts, and geopolitical
tensions, all interacting in ways that defy simplistic modeling. Similarly, a biological
system-like gene regulatory networks or neural activity-features interactions that are
often not directly observable, non-additive, and temporally varying. In such settings,
the notion of “one-size-fits-all” models breaks down. Rigid frameworks that assume

stable relationships or homogeneous effects can lead to misleading inferences and poor
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predictions.

Traditional parametric methods, while mathematically elegant and computationally
convenient, are often insufficient for analyzing such systems. Parametric models rely
on a fixed functional form and a limited number of parameters to describe the data-
generating process. While these assumptions make estimation and interpretation
tractable, they impose strong constraints that may not align with the true behavior
of complex, evolving systems. Misspecified models can lead to biased estimates, un-
derestimation of uncertainty, and incorrect policy or scientific conclusions. Moreover,
parametric models often struggle to adapt when the system undergoes regime changes

or when new forms of dependence emerge over time.

This motivates the need for nonparametric methods. By allowing the data to in-
form the model structure with minimal prior assumptions, nonparametric approaches
provide the flexibility to capture intricate, nonlinear, and time varying relationships.
These methods are particularly well suited for exploratory analysis, model valida-
tion, and robust inference in environments where theoretical knowledge is limited or
the system behavior is inherently unstable. For example, kernel smoothing and local
regression methods have been widely used in analyzing volatility in financial time
series, modeling growth curves in biology, and estimating functional relationships in
environmental and climate data. Nonparametric techniques can also accommodate
irregular sampling, missing data, and heterogeneous variances-common features of

real-world time series.

Furthermore, nonparametric models play a critical role in the diagnostics and re-

finement of more structured models. They can serve as benchmarks against which
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parametric models are evaluated, or as tools to reveal features-such as nonlinear-
ity, thresholds, or discontinuities-that parametric forms may fail to capture. In many
modern applications, hybrid approaches that combine the interpretability of paramet-
ric models with the flexibility of nonparametric methods are becoming increasingly
valuable. For instance, in financial econometrics, semiparametric models help quan-

tify risks while remaining responsive to changing market dynamics.

In addition to their modeling flexibility, nonparametric approaches align well with
advances in computation and algorithm design. With the growth of high frequency
and high dimensional data, there is a growing demand for scalable algorithms that
can adapt to data complexity without overfitting. Nonparametric methods, when
equipped with techniques such as cross validation, regularization, and adaptive smooth-
ing, offer a principled way to navigate the bias-variance tradeoff and provide inter-

pretable insights in complex settings.

In summary, the study of time series data and complex systems stands at the fore-
front of modern statistical research due to its relevance across diverse disciplines and
its foundational role in understanding dynamic processes. Nonparametric methods
provide the necessary tools to model these systems in a flexible, data driven manner,
enabling robust inference even under structural shifts, nonlinearities, and unknown
dependencies. As the complexity of available data continues to grow, and as systems
become increasingly interconnected and dynamic, the importance of such method-
ological frameworks will only deepen-underscoring their centrality in the future of

both theoretical statistics and applied domain research.

Building on this broader motivation, one pressing issue in the analysis of time evolv-
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ing systems is the detection of structural breaks-sudden changes in the relationship
between predictor and response variables. Classical methods for detecting such breaks
typically rely on parametric assumptions, which can lead to misleading conclusions
if the underlying relationship is nonlinear or nonstationary. This thesis advances the
field by proposing a data driven, nonparametric methodology to identify structural
breaks without imposing strong model assumptions. Unlike traditional approaches,
which often focus on changes in mean or variance, the proposed framework is ca-
pable of detecting breaks in more complex functional relationships. By leveraging
smoothing techniques and adaptive estimation methods, the methodology ensures
robustness against misspecified models and varying noise structures. The theoreti-
cal underpinnings of this approach are developed in a minimax framework, ensuring
optimal detection rates even in challenging data environments. Through extensive
simulations and real-world applications, this work demonstrates that nonparametric
structural break detection provides a more accurate and insightful understanding of

dynamic processes in economic and financial systems.

In addition to regression-based models, many scientific phenomena are best described
through ordinary differential equations (ODEs), which characterize dynamic processes
governed by underlying physical, biological, or economic laws. While ODE models are
widely used, their validity is rarely tested rigorously, leading to potential model mis-
specifications that undermine inference and prediction. Traditional lack-of-fit tests
are insufficient in this setting because ODE models encode information not just about
observed data points but also about the derivative structure that governs system evo-
lution. This thesis introduces a novel, adaptive goodness-of-fit test for ODE models,

bridging the gap between nonparametric hypothesis testing and differential equation



Chapter 1. Introduction

theory. The proposed test assesses whether observed data are consistent with a given
ODE model while allowing for partially observed systems where some states remain
unmeasured. Unlike previous approaches, which rely on indirect methods such as
residual analysis, this framework directly evaluates discrepancies in trajectory, inte-
gration, and gradient representations of the system. The methodology is designed
to be adaptive, ensuring optimal power across a wide range of alternatives, and is
supported by rigorous theoretical results demonstrating its rate-optimality. Simula-
tion studies highlight the test’s ability to detect subtle model deviations that would
go unnoticed using conventional techniques. Furthermore, real-data applications in
biological and financial contexts illustrate its practical utility in diagnosing model

misspecifications and improving ODE-based inference.

A complementary theme explored in this thesis is the role of shape constraints in
nonparametric regression. While fully unconstrained nonparametric models offer flex-
ibility, they can suffer from overfitting and lack interpretability, especially in cases
where prior knowledge about the functional form exists. Many real-world processes
exhibit inherent shape characteristics, such as monotonicity, convexity, or unimodal-
ity, which should be incorporated into the modeling process to enhance estimation
efficiency and predictive accuracy. This thesis develops novel estimation techniques
for shape-constrained nonparametric regression, ensuring that inferred relationships
remain consistent with domain specific expectations. By integrating shape constraints
within a nonparametric framework, the proposed methodology achieves a balance be-
tween flexibility and structure, leading to improved generalization in both low and
high dimensional settings. Theoretical analysis establishes convergence properties and

statistical consistency, while empirical studies confirm the advantages of shape con-
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straints in financial risk assessment and macroeconomic trend analysis. By extending
existing shape-constrained estimation techniques to dynamic environments, this work

provides a valuable tool for modeling complex economic and scientific processes.

By addressing the limitations of existing approaches, our work introduces a novel
methodology that unifies lack-of-fit testing across both fully and partially observed
ODE systems. Unlike prior studies that focus on specific test statistics tailored to
particular representations of the system, we develop a single adaptive test that is
applicable to a broad class of ODE models, ensuring robustness against model mis-
specifications in both individual components and the system as a whole. Our test is
constructed within a minimax nonparametric framework, allowing it to achieve op-
timal detection rates for local alternatives and to remain consistent even when the
alternative model is close to the parametric form. Importantly, the method is not re-
stricted to completely observed systems but can be effectively applied to cases where
certain state variables are unobserved due to experimental constraints. This adapt-
ability makes our approach particularly relevant for applications in fields like epi-
demiology, finance, and biological systems, where data incompleteness is a common
challenge. Furthermore, our test overcomes the limitations of traditional nonpara-
metric procedures, which are highly sensitive to the smoothness of alternatives, by
designing an adaptive framework that automatically adjusts to the underlying com-
plexity of the data generating process. To establish the efficacy of our methodology,
we provide a rigorous theoretical analysis, demonstrating that our test achieves com-
parable or superior power performances relative to existing approaches while main-
taining computational efficiency. Our results are further substantiated through an

extensive simulation study and real-data applications across diverse domains, high-
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lighting the practical significance of our framework. Overall, this thesis contributes
to the broader field of statistical modeling by addressing fundamental challenges in
detecting structural changes, assessing model adequacy, and incorporating domain
knowledge through shape constraints. The methodologies developed herein are not
only of theoretical interest but also offer practical insights into real-world problems
across diverse disciplines. By pushing the boundaries of nonparametric inference and
model validation, this work lays the foundation for more reliable and interpretable

statistical modeling in dynamic systems.



Chapter 2

Detection of structural breaks

2.1 Background

Detection of structural breaks is a crucial part of analysis and forecasting of time
series data, for which the topic has received much attention in diverse fields starting
from finance [1], climate research [2], to cryptography [3] and hydrology [4]. The
general problem of structural break detection concerns the inference of a change in
distributional characteristics for a set of time-ordered observations. The detection
can be sequential [see 5, 6, and relevant references therein] or retrospective [see 7, for
a brief review]. The latter stream of literature can be broadly classified into paramet-
ric and nonparametric detection procedures. The parametric methodologies assume
the underlying data generating process to follow a known distribution or a functional
form. For example, [8] developed a method of detecting changes in time series data
assuming it to be piece-wise autoregressive (AR) in nature. [9] also worked under
the same assumption with weak dependence between the pieces, and developed a test
based on the quasi-likelihood ratio of the process in a small scanning window before
and after the potential break-point. [10] developed a test for structural breaks in a
linear regression model with autoregressive moving average (ARMA) residuals using
a Wald test statistic. On the other hand, sequential Monte Carlo methods have been
developed [11, 12] for detecting breaks in generalized autoregressive conditional het-
eroskedastic (GARCH) models and stochastic volatility models, both of which are

common techniques to deal with financial datasets. A major issue with such para-
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metric procedures is their specific assumptions about the structure of the underlying
process, which may be impractical in real-life applications. An interesting develop-
ment in this context was recently published by [13], who investigated the theoretical
properties of different extensions of moving sum procedures in detection of structural
breaks. Although their test statistic is based on a given parametric model, the frame-
work allows for model misspecification in the theoretical analysis. Interestingly, their
work was only concerned with detection of changes in the mean levels of a piece-wise

stationary time series.

Parallelly, there have been multiple attempts in the extant literature to detect struc-
tural breaks avoiding the imposition of any parametric structure on the concerned
time series. For example, [14] detected breaks in the path of a time series by looking
at the f-divergence measure between the likelihood of the data in consecutive scan-
ning windows in either side of potential break-points. [15] extended the work of [16]
to a time series setup by proposing a cost function based on an initial segmenta-
tion of the data where the position of breaks are determined as the solution of the
optimal segmentation that maximizes the log-likelihood obtained from the empirical
distribution function. Similar works in the same direction were done by [17, 18]. In
parallel, [19] proposed a self-normalized test procedure based on a cumulative sum
(CUSUM) type test statistic to detect breaks in mean or other distributional prop-
erties of the time series, and [20] proposed a test of detection of structural breaks in
the covariance structure of multivariate time series utilizing the Euclidean difference
in the spectral density matrices. More recently, [21] proposed a methodology for de-
tecting structural breaks in distributional properties of a time series with the help of

the empirical distribution functions, and [22] proposed a nonparametric algorithm for
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detecting structural breaks in the spectral density of a locally stationary time series.

A common approach in this stream of literature is to detect changes in the mean
response of a time-evolving variable by assuming the mean to be constant between
consecutive breaks. These works often focus on optimizing a well-defined loss function
obtained from evaluating a certain quantity of interest in two segments of the time
series sample [see 23, 24, among others|. Another available approach is to identify
structural breaks through the maximization of a loss function computed based on
the regression curves in the different segments of the data. In this technique, rather
than assuming the mean response to be constant between two consecutive breaks,
it is considered to be an arbitrary smooth curve between breaks. Our proposed
methodology aligns with this setup in particular. Many interesting developments in
this direction have been done using a fixed design model Y; = f(z;) + €;, where Y;’s
are the observed response, x;’s are deterministic terms, ¢;’s are independent model
errors and f is an unknown smooth function. For example, [25] used local linear
smoothing to estimate the piece-wise regression curve f assuming different numbers
and locations of structural breaks. The optimal positions of the structural breaks are
chosen as the ones which minimize the jump information criteria for the model. More
recently, [26] considered a similar setup with stochastic covariates, but the theory
was developed under independent data assumption. In the domain of time series

regression, [27] worked with the model

Y, = u(X)) + e, (2.1)

and tested whether the shape of the mean regression function y(.) stays the same for

10
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all time-points ¢ in the sample space. The test statistic proposed in this chapter is
based on the kernel-based Euclidean distance between all possible pairs p(u) and p(v),
for u,v € R. [28] detected structural breaks under the same model using a CUSUM
type statistic assuming the process {X;} to be a-mixing. In another pertinent work,
[29] considered a modified version of (2.1), with the conditional mean being a smooth
time-varying function ¢,(.). Their test was developed utilizing the Fourier transform
of Y; using an instrumental variable to infer if g; is time invariant. More recently, [30]
considered detection of breaks in a special case of the model (2.1) with X; = Y;_q,

but with more general assumptions on the true properties of the p(.) function.

There have been comparatively fewer works in the time series location-scale model

Yy = n(Xp) + o(X)er, (2.2)

which is an extension of (2.1). In an early study, [31] proposed detecting structural
breaks in terms of the squared differences of the right and left-hand limits of the p(.)
and o(.) functions estimated by local linear estimator. They assumed {X:} to be
a-mixing. [32] considered the same model to estimate structural breaks in the first
derivative i.e. the slope of the mean regression function u(-), by using an extension
of the traditional zero-crossing technique developed by [33]. Their setup allowed for

long-range dependence in {X;}.

Our focus in this chapter is on a similar structure of stochastic regression model, under
which we develop a novel structural break detection framework where a change in the
response time series {Y;} is identified by a statistically significant change in the global

functional behavior of the mean regression function p(-), or the conditional behavior

11
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function o(-), or both. Such approach allows us to detect large scale structural shifts
in the data and is more robust to short-term anomalies. We make mild assumptions on
the properties of these functions and allow for both short and long range dependence
in the covariate. Further, our method does not require any knowledge on the number
of breaks in the model. As illustrated in Section 2.4, despite making mild assumptions,
our proposed procedure is not only computationally less extensive, but is also superior

in terms of performance for heavy-tailed financial data.

The rest of the chapter is organized in the following way. In Section 2.2, we present
the mathematical framework of the problem, while Section 2.3 contains the proposed
methodology of structural break detection and the relevant asymptotic theory. We
assess the empirical performance of the proposed methodology for various time series
structures, along with moderate to heavy-tailed residual distributions, and present
the findings in Section 2.4. Next, Section 4.4 contains an application of the proposed
method to cryptocurrency data. We conclude with some necessary and important

remarks in Section 4.5.

2.2 Mathematical framework

Let us start with setting some notations. Throughout this chapter, E(-) and V(-) are
used to indicate the expectation and variance of a random variable. For any matrix A,
A; j represents the (i, 7)™ element. The p* norm will be indicated by ||.|| p» While L7
is used for the space of all random variables with finite p'* norm. We shall use L for
convergence in probability and < for convergence in distribution. For any set S C R,
denote by CP(S) the space of functions with the ¢** derivative bounded on S for all

integers ¢ < p, and let S(0) = Uyes{® | |t —w| < §} denote the d-neighborhood of

12
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S. Throughout the section we denote the filtration generating {X;} as {F;}.

For our main analysis, following many existing works in the structural breaks litera-
ture [e.g., 27], we scale the index set of the time domain and restrict it to the interval

0, 1], henceforth denoted as 7. We consider the stochastic regression model
}/; = /L(Xt) —+ U<Xt)6t7 for t € 7-, (23)

where {Y;} and {X,} are two real-valued time series, u : R — R is the conditional
mean regression function, o : R — RT is the conditional variance function and {e;}
is a real-valued independently and identically distributed (iid) random noise process
with unit variance. At this stage, it is important to highlight that in all our theoretical
derivations, X; is going to be assumed univariate for convenience, but the proposed
methodology and the results will work even if X, is a vector-valued process of finite

dimension. We assume the following about the error and covariate processes.

Assumption 1. Error process {e} is independent of {X;}, and has finite fourth

moments.

Assumption 2. The time series {X;} is stationary and is generated by a sequence
of tid random variables {n;} i.e. Xy = m(F;) where m(.) is a measurable function
and {n;} is {F;}-adapted. Let fx be the density of the {X;} process. The temporal
dependence structure of {X,;} is expressed through the quantity =y, which, for any

k € N, is defined as

Ek = k@gk + Z (@k+7' - @7“>27 ®k‘ = Zem

r=k =1

13
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where 0; = sup,eg |[Po (fx (¢ [ Fica) [| + sup,er [[Fo (fx (x| Fia) |, with Py for any
[ € Z being a projection operator defined as Py(Z) = E(Z | H¢) — E(Z | Ho-1) for

any {H,}-adapted random variable Z € L.

Hereafter, the joint filtration generated by {n, € } is denoted by G;. It should be noted
that the term 6; is a rough quantification of the contribution of 7y in predicting X;.
Smaller values of #; would denote lesser dependence of X; on the previous observations
of the process. Following this argument, for a sample size n, we say that {X,} is a
short-range dependent (SRD) process if ©,, < oo; otherwise we say that {X;} is a
long-range dependent (LRD) process. Note that our proposed framework allows for
both short and long-range dependence in the covariate X. It can be shown that for
SRD processes, =, = O(n), whereas for LRD processes the rate of decay of =, is much
slower. For example, if 6; is of the form [(i)/i”, where 3 > 1/2 and I(.) is a slowly
varying function, then we can write =, = O (n3_2512(n)) or 2, =0 (nf(n)) where
I(n) = X", |i(4)| /3. This follows from a straightforward application of Karamata’s

theorem. Interested readers may refer to [34].

Assumption 3. For some § > 0, each of fx(-), u(:) and o(-) is a four-times

differentiable function in X(5), where X(J) denotes a -neighborhood of X. Also,

inf.cx{fx(z)} >0 and inf,cx{o(z)} > 0.

It is important to highlight that, under Assumption 3, the modeling framework in
(2.3) covers a fairly large class of traditional time series models. For example, if
X; =Y,_; and o(-) is a constant function, we get the class of nonlinear AR models.

As a special case, if we further put u(z) = az for some constant a € R, we obtain

14



Chapter 2. Detection of structural breaks

the linear AR process. Similarly, by setting p(z) = amax{z,0} + bmin{z,0} or
wxr) =a+ be~** where a,b, ¢ € R, we obtain the threshold AR and exponential AR
processes, respectively. One can also obtain heavy-tailed data generating processes
from (2.3), for example pu(z) = 0 and o(x) = Va + b2, gives the traditional ARCH
process. On the other hand, letting Y; = X;;; — X; and assuming {¢;} to be iid

Gaussian, we obtain the continuous time stochastic diffusion model:

dXt = /L(Xt) + U(Xt)th,

where {W,} is a standard Brownian motion. As pointed out by [35], this structure
covers a wide class of financial models. Further, Assumption 2 is in line with several

linear and nonlinear time series processes [36, 37].

2.3 Theory

In the stochastic regression model specified by (2.3), we assume that the data is ob-
served over the time span 7 with increasing sampling frequency. We use {t1,ts,...,t,}
for the time-points at which the sample observations are obtained, and for convenience
of notations, this set will also be denoted as 7. The cardinality of the sample is de-
noted as n, and the asymptotic theory will be derived for n — oco. Further, denote
by (Y;, X;) the paired observations recorded at time-point ¢; € T. Hereafter, we shall

use the notation )} ,m; to denote the sum of the values m; recorded at time-points

{t:}.

The main theory proposed in this work is concerned with the detection of structural
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break in the at-most-one-change setup. Specifically we consider the model

Y = we(Xy) + 00 (Xy) e,

where the changepoint testing problem can be formally stated as

g(z), t<r7
Hy: gi(x) = g(x) V€ X vs Hy: 37 such that g,(z) =

g2(x), t>T1

where ¢ = por o. As we will show in the subsequent sections, the localization
for multiple structural breaks can be done using a simple binary segmentation type
procedure. To that end, our main objective is to develop a test-based procedure to
detect a break in the functional characteristic g(z) := g(V; | X; = x) of the data. In
particular, we shall focus on the case where ¢ is either the conditional expectation
or the conditional variance. As a first step to develop the test, we divide the time
domain 7 into two disjoint parts, denoted by 7_ and 7. respectively. Due to the
assumption of increasing sampling frequency, the cardinality of both 7_ and 7T, will
approach oo. With a slight abuse of notation, we continue to denote the number of
observations in each set by n. Assume the true functional characteristic g(-) to be
g1(+) on 7 and ¢o(-) in 7;. In the absence of a structural break, we should have
g1(z) = g2(x) for all x € X. However, if a structural break is indeed present, then
g1(+) and go(+) will exhibit significant difference over the range X'. For a fixed z € X,

let

gdiﬁf(ﬂf) = gl(fﬁ) - 92(37),

which, in the presence of a structural break, should take a large value for some
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x € X. Therefore, under the assumption that the signal is not symmetric around
the change, a significantly large value of sup,cy{|ga(z)|} indicates the presence of
a structural break. Our procedure relies on this phenomenon. In Sections 2.3.1 and
2.3.2, we provide the estimates of both gais(-) and sup,c{|gair(x)|} (taking g to be
conditional mean function or the conditional variance function), and establish their

asymptotic theory.

2.3.1 Asymptotic theory for point-wise estimates

In this subsection, we derive the asymptotic properties of gg(z) for a fixed x € X,
where g is the conditional mean function p(-), or the conditional variance function
0%(+). Let us use ui(-) and pus(-) to denote the mean function in the segments 7
and T, , respectively. For a fixed x € X, the point-wise disparity between these two

functions is given by

paig(r) = pa () — pa().

We estimate this with a Nadaraya-Watson type estimator figig(z) = i1 (z) — fia(z),

with

)i by B ()

T n nban( T: n

fir(z) = ZYt (

nban

where fx(z) = (nb,) t 37 K ((x — X;)/b,) is the estimated density of the covariate
{X:}, K(-) is an appropriately chosen kernel function, and b, = b(n) is a bandwidth

sequence satisfying the following assumption.

Assumption 4. The kernel function K(.) is symmetric, bounded, has bounded deriva-
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tive and bounded support [—1,1]. The bandwidth sequence b, = b(n) satisfies b, — 0

and nb,, — o0o.

Akin to above, denote the conditional variance function o?(-) in the segments 7_

and T, as 0%(-) and o3(-) respectively. For a fixed x € X, the point-wise difference

o2a(x) = oi(x) — o3(x) is estimated as

Fhale) = 7(x) — 7 (x), (2.4
where
9 B 1 o 2 Tz — X
o) = s S0 XK ()

Note that we have used the same bandwidth b,, for the estimation of both the condi-
tional mean and variance functions. One can also use a different bandwidth sequence
h,, for the estimation of variance. It does not affect the theoretical results provided
that lim,, o |hy/by| is bounded away from 0 and oco. For the kernel function K(-),
define ¢(K) = [z (K (u))*du and ¢(K) = [z(u?/2)K(u)du. The following results
describe the asymptotic point-wise behavior of figg(-), under specific conditions on
whether the variance function should be assumed to be same for the entire time

horizon or not.

In order to establish the properties of the test statistic, we start by proving a few

prerequisite lemmas. Hereafter, we use the notation ) 5 to indicate that the intended
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result for the summation term holds for both R = 7, and R = 7_. For notational
convenience throughout this section, we shall use K}, (u) to denote the term K (b, 'u).
The following theorem establishes the pointwise asymptotic normality of the test
statistic for detecting changepoint in mean structure. The proofs will largely follow

from few prerequisite lemmas, which we state and prove in the Appendix.

Theorem 2.1. Along with the previously stated assumptions in Section 2.2, assume
that the conditional variance function remains the same throughout the time domain
T, ie., o1(x) = oo(x) = o(x) for all x, and suppose the bandwidth is chosen such

that
1 b2 1\ oo
nb) + — +Z, | 2+ = | =>0.
nb,, n  n?

Fiz an v € X such that fx(x) > 0,0(z) > 0 and fx,pu € C*(x — 6,2+ §) for some

0 > 0. Then, as n — 00,
) [ﬁdwm—(m () = 1a(@)) = (B0 (E )y (2) — B2 K ) ) ] LN (0,1),

where 62(x) is a consistent nonparametric estimate of the common conditional vari-

ance function, and the asymptotic bias of the estimate is defined through

@) = )+ 20D (0) = i) 24 B

Proof. Define
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Lemma 2.1 can be utilized to prove that

U ) = gy S X0 = o) (o X0,
UP (@) = ——

= o) 2 ) ) Ko (2 X))

+

it can be shown that, for s =1, 2,

U () = B(K)p (2) + Oy (\/Z 5t “?) .

Therefore, under bandwidth conditions similar to those specified in Lemma 2.2, we

have

(fia () = fia(x)) = (2 () = pra()) = (B2 (K)pyy () = W20 (K ) pyy () = V()

where

Vi (z) = nbn;x(x) S o(Xi)ek, (v~ X)) - nbn;x(x) %j o(X))e Ky (z — X2).

Theorem 2.1 can then be proved using Lemma 2.2 with specific forms of the functions

f1 and f2. ]
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It is imperative to point out that, in practical applications, the true conditional
mean functions 1 (.) and po(.) are not known. Hence, the bias terms involving p,, (-)
and p,,(-) need to be estimated as well. Following [38], we avoid this by utilizing a
jackknife correction, which is equivalent to estimating fi;(-) and fio(-) using the kernel
K*(u) = 2K (u) — K(u/v/2)/v/2. Note that K* has support [—v/2,v/2]. Hereafter,

the bias-corrected estimates will be denoted with * above them, e.g., fij(-).

Corollary 2.1. Under the assumptions stated in Theorem 2.1,

~

nb, fx(x)

m [ﬁl‘uﬁ(l’) — (m(z) — NQ(ZU»} < N(0,1),

where [ye(v) = [ (v) — [5(x) is the estimate of pagy(r) using the kernel K*.

Corollary 2.2. Assume that the conditional variance function may have different
behavior in T_ and Ty, and is estimated separately in the two segments as 53 (z) and
62(x). Then, letting S(x) = 52(x) + 62(z), under the same conditions specified in
Theorem 2.1, for a fired x € X as n — 00,

\V nban (*1')

V= () = (i (@) = pa())] 5 N (0,1).
6(K)S(x)

The proof of Corollary 2.1 is straightforward by noting that ) (K*) = 0 for the modi-
fied kernel function. In the following corollary, we establish the point-wise behavior of
the f15;4(.) function under the setup where we allow for the possibility of a structural
break in the conditional variance o(+), i.e., if 0q(z) # o9(x) for at least some x € X.
. The proof of Theorem 2.1 involves expressing [iqi(x) as a martingale difference se-

quence with respect to the filtration {F;}, followed by a straightforward application
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of martingale central limit theorem. The proof of Corollary 2.2 follows along similar

lines. .

As previously discussed, we similarly evaluate the disparity between the conditional
variance functions in 7_ and T, using the expression ¢3g4(z) = 73 (x) — 3(z). In
this formulation, each of the conditional variance estimates Z(-) depends on the
respective conditional mean estimates [i;(-), for ¢ = 1,2. However, they inherently
possess a bias of order O(b). Although the asymptotic distribution of 53,4() can be
derived using this bias, for improved performance of the test statistic, we incorporate
the bias-corrected mean estimates i} (+) in the estimation of the conditional variances.

The revised estimates are therefore given as,

~2 _ ~% 2 T — Xt
o) = s D= AOPK (5
~9 . 1 e 2 Xr — Xt
o) = ey 2 = P (5.

Furthermore, it can be shown that both the above estimates are biased, with the bias
being of the order O(b?2). We therefore follow the jackknife type correction once again
and use the modified kernel K* to obtain bias-corrected estimates o; ’ (x), for i =1,2,

and define

We next derive the point-wise asymptotic distribution of the 6§fﬁ(.) function.

Theorem 2.2. Along with the previously stated assumptions in Section 2.2, consider
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the bandwidth condition

3 1 En n—00
b{‘ilogn—i—n%g—l—ﬁ > 0.

Fiz an x € X such that fx(x) > 0,0(x) >0 and fx,u,0 € C* (x — 6,z + &) for some

§>0. Ifv.=FE(e}) — 1 and §(x) is as defined in Corollary 2.2, then as n — 00,

nbnfx(l') 52 2 2 d
—— |G (z) — (07 (x) —03(2)) ] = N(0,1).
oticrs@ e )

Proof. Define

(1) = 71 o € T —
Wi (z) = b fx (@) ; 1(Xp)e Ky, ( Xy),

1
= (o) o Ve = X0

One can similarly define W;(l)(x) and W;@) () by replacing K by K* in the above

equations. Further, define

b, logn Vb=, [logn Van [log n logn
n n A/ i

and denote A, = 7, + ¢, (b2 + x,,). Simple calculations show that

WD (z) +0,(A,) in T,
it (z) — plx) =
W3 (z) 4+ 0,(A,) in T,
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Assuming A, = o ((nb ) ) we have

A (Y, X)) Ky, (z — X)) 2 0.
T-
Then, we can write
2
52(z) = §:@1X¢ WO (X)) + 0p(An) Ki (x = X0). (25)
nb fX 7—

. 1
Since sup, e {’W:{( )

(:p)} = Op(xn), it can be shown that

Z (Ul(Xt)ﬁt - W;(l)(Xt) + Op(An)>2 Ky, (v — Xy) = ; (ol(Xt)et)Q Ky, (v — X3)
T_ _
+ 0,(A) Y 01 (Xp)er Ky, (v — X)) — 2 o1(X)e, Wi (X)) Ky, (7 — X).
T- T-

(2.6)

Combining (2.5) and (2.6) and taking absolute value on both sides, we can write

s Tr(@) 2|l @)+ 0B 7 (@)
<)<nmﬁ(y% nby fx () '

where

= (o1(Xy) e ) Ky, (v — X,),
=

= Zal (Xy) etW (Xt)Kbn(a: - Xy),
=
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Jr (z) = ;al(Xt) les| Ky, (x — X3).

3
Since Jr () = O, (nb, (1 + ¢, + x»n)) and sup e {‘LTf (x)’} = 0, (bn 2>, under
pre-specified bandwidth conditions we can write, 52(x) = (nb, fx () *Ty (z). Defin-

ing

Dr(x)= 3% (07 (X0) = 0t (@) Ko, (x = Xy), Br(x) = 2 ot(X) (7 = 1) Ky, (@ = X)),

we can write
_ Dr(2)+ By (2)

by e (2) (2.7)

oi(x) — oi(x)

On the other hand,

Dy (x) 2
m — b, 0 (K)po, (2)

b= 0,0 2.9

o
where p,,(x) = 2(0l(x))* + 20,(z)0) () + 4(fx(x)) oy (z)oi(z) fi () for i = 1,2.

Now, using (2.8) in (2.7), we can write

52 () — o3(x) — B )pn (1) = m

Performing a similar calculation in 7, and implementing the jackknife correction

using the kernel K™, we have

_ E% (x) B Ei}i(x)
nb,fx(z)  nb,fx(z)
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Theorem 2.2 now follows from Lemma 2.2 by taking the appropriate forms of f; and

o ]

Given that we do not impose any specific distributional assumptions on the random
noise process, the moments of the distribution are not known and v, needs to be
estimated. Denoting the standardized residuals from the model (2.3) as {7;}, one

may replace the term v, in Theorem 2.2 by

DY ™ lixeaxy + 27, T3, Lxexy) B

e —

1,
27 Lxexy + X7 Lixexyy

Ye—pi (Xe) Ye—p5(Xe)

where 7, = —=—-== and 7y, = —=2== are the standardized residuals for (2.2
estimated in the segments 7_ and 7, respectively, and X_ and X, are the ranges of
the covariate X in these two segments. It can be shown that under the previously

mentioned conditions, 7, is a consistent estimate for v,.

2.3.2 Test for presence of structural break

The asymptotic theory developed for the estimates figig(+) and 52(-) enable us to as-
sess the disparity between the conditional mean and variance functions in two disjoint
parts of the data at specific covariate profile z € X. However, they do not provide
sufficient information to determine whether the overall behavior of the functions differ
in the two segments. Consider the specific example of the conditional mean function.
As we are interested in the equality of the functional characteristic in 7, and 7_, a

change in the global behavior of p(-) may be estimated through the test statistic
sup {|figig(2)| } = sup {|77 (x) — fi5(x)]} - (2.9)
TEX zeX
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Since we can nonparametrically estimate the ff(-) and f3(-) functions only point-wise,
evaluating the above quantity over a continuous range &  is practically not possible.
In practice, we can evaluate the quantity over a fine enough grid of points in X'. We

therefore define a sequence of partitions {II, } of X" as

Ay — A
Hn:{xtj\xtj :A1+2jbn,j:0,1,2,...,mn—1} where m,, = {21}

2by,

for some Ay, Ay € X, A; < As. Note that the partitions {II,,} become dense in this
subsection of X as n — oo. It can be argued that under appropriate smoothness
conditions on the true conditional mean function (as mentioned in Assumption 3),
{u(z) | © € X} can be well approximated by {u(z) | z € II,,} for a sufficiently large

value of n. We can therefore conclude that

sup (a(o)} = Jig, | sup (o).
reX zell,

Our interest is in detecting the presence of structural break in the conditional mean
function, and we can treat this as a testing of hypothesis problem of the following
form:

Hy : There is no structural break in the conditional mean,
(2.10)

H; : There is a structural break in the conditional mean.

In other words, the null hypothesis Hy corresponds to the assumption p;(x) = po(x)

for all x € X whereas the alternative hypothesis H; points to the inequality of the
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two functions for at least one x. As mentioned before, we can use the statistic given
in (2.9), and use its null distribution to detect significant deviation from H,. The
following theorem provides the large sample behavior of the test statistic under the
null hypothesis of structural stability when the conditional variance function stays

the same throughout the time domain 7.

Theorem 2.3. Along with the previously stated assumptions in Section 2.2, assume
that the conditional variance function remains the same throughout the time domain

T, ie., o1(x) = 09(x) = o(x) for all x. Define

B,(p) = \/2logp — \/%gp [log log(p) + 10g(2\/?)} + ¢2]190?'

Considering the bandwidth condition

nb? logn +

n

(logn)® . — {bilogn+ (1ogn)2} novs )

3 _n 4
nb n n2b3

under the null hypothesis mentioned in (2.10), for any z € R,

= ()
P(K*) welln 6%(z)

where 62(x) is a monparametric estimate of conditional variance, as mentioned in

lim P

n—oo

ﬁjﬁﬁ@)\} < an(z)] _ 2t

Theorem 2.1.

ey Lt

Proof. Fixn, pick any k real numbers from II,, C X and denote them by Ty, T i

j2 !
/
Let x = (2, , x4, ,...,2;, ) . Under the assumption that the conditional variance pro-
J1 J2 Ik

cess remains the same throughout the time horizon, following an argument similar
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to that used in the proof of Theorem 2.1, the null hypothesis indicates that for any

re X,
~% ~% _ 1 * . - 1 o € * o
iy (z) — fiy(z) = nban(xi) ;U(Xt)et[(bn(x Xy) 4nbnfx(x)i %: (Xy) thn@ Xy).
Define
t(l)(l’) = o(Xels, x — X1) Liery Ct(2)(m) = o(Xels, (x — X1) {teT,}
o(x)\/nbud(K*) fx(x) o (@)y/nbud(K*) fx(z)
Let

G(2) = (V@) per y — ¢ (@) iery,

w(25,,) ZQ (Tjm)s
(7)) = (Q(xth),gt(xtjz), . .,Ct(xtjk))',
Sk = (ZS Tj), ZS Tjy), ZS xﬂk) '

Theorem 2.3 then follows by applying Lemma 2.3 to the quadratic characteristic

matrix of S, . O

Following Theorem 2.3, the test for a structural break in the conditional mean can
be implemented. We first construct the discrete grid of points II,, and evaluate the

test statistic

T(p) =

nby { Fx(x)
max

Y S o) - u2<x>|} .
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Then, we reject the null hypothesis of structural stability in conditional mean at level
of significance 7 if the observed value of the statistic T'(u1) exceeds the critical value
By, (zn), 2y = —log(—2log(1—n)) being the 100(1—n)% quantile of standard Gumbel

distribution.

Along a similar line, the testing problem for the structural stability in the conditional

variance function o?(+) is formulated as

Hy : There is no structural break in the conditional variance,
(2.11)

H; : There is a structural break in the conditional variance.

It can be tested with the statistic

2

(@)|}

sup {|73a(2) [} = sup {[61"(2) - 1

which, in practice, can be approximated over a dense grid of values of = as defined
in I1,, before, i.e., we shall consider max ¢, {‘6{2(9&) — GIQ(x)‘} in practical applica-
tions. The below-stated theorem illustrates the behavior of the supremum statistic
for the conditional variance under the null hypothesis of structural stability. The

proof is similar and straightforward.

Theorem 2.4. Along with the previously stated assumptions in Section 2.2, let

1 b1 1 L
nb) logn + ogn+5n{ & 0gn+(ogn) } =% 0.

1 1
nbr n n2bi
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Under the null hypothesis of (2.11), for any z € R,

ﬂsu f (z) 5% B, (2)| =e 2
. ¢(K*)ze£{ S(x) i )‘}< il )} ’

lim P

n—oo

where By, (2) is as defined as Theorem 2.3, 8(x) and U, are as defined in Section 2.3.1.

Following Theorem 2.4, the test for a structural break in the conditional variance can
be implemented similarly as before. Upon constructing the discrete grid of points II,,,

we evaluate

T(o) = _ Vb max{ / x(@)

775 ¢(K*) z€ell,

— [61"(s) - &;%x)\}.
S(x)

and the decision is to reject the null hypothesis of structural stability in conditional
variance at level of significance 7 if the observed value of T'(0) is bigger than the

critical value B,,, (2,).

Note that the key steps to proving the above theorems is to express [ijz(x) as a
martingale difference sequence and considering its quadratic characteristic matrix. A
martingale maximum deviation theorem proposed by [39] is then applied to obtain
the asymptotic distribution. The technical details of the proof are deferred to the

Appendix.

Let us now move on to the test of a structural break in both the conditional mean

and the conditional variance function. This can be formulated as the following testing
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problem:

Hy : There is no structural break in u(-) or o*(),
(2.12)

H, : There is a structural break either in u(-) or in o2(-).

The test for the above hypothesis can be performed similarly with the help of the
following result, which can be derived easily as a straightforward consequence of

Theorem 2.2.

Corollary 2.3. Under the previously stated assumptions in Theorem 2.3 for any
z€R

lim P

n—oo

Vb, { Jx(a)

TS ALIGE) ﬂziﬁw} < B, (2)

S(x)

where all symbols have the same meaning as before.

The implementation of Corollary 2.3 also follows along similar lines as that of Theo-
rems 2.3 and 2.4, although our simulation experiments suggest that the test proposed
in last corollary suffers from low power, especially in smaller samples. We thus sug-
gest testing for a structural break separately for the conditional mean and for the
conditional variance by simultaneously utilizing Theorems 2.3 and 2.4, along with
a Holm-Bonferroni correction. In this approach, define Ty,.x = max{|T(x)|,|T(o)|}
and T = min{|T(u)|,|7(o)|}. Then, both the null hypotheses in (2.10) and (2.11)
are rejected at n level of significance if Ty, > B, (zg) and Tax = B, (%,;). The

performance of this test is illustrated in Section 2.4.

As a last point of discussion in this section, we want to highlight that the above results
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also facilitate the construction of 100(1 — 7)% simultaneous confidence bands for the
differences in the conditional mean function or the same in the conditional variance
function in the two parts of the data. These confidence bands are quite effective
in obtaining valuable insights about how the covariate process impacts the response
variable before and after a potential structural break. We state the expressions for
these confidence bands below. The derivations of these bands are straightforward

from the previous theorems.

Corollary 2.4. Under the conditions stated in Theorem 2.3 the confidence band for

Paip(x) s

K*)a?(z
ﬁzzﬁ(x) + Mlgmn (27])3

and under the conditions stated in Theorem 2.4, the confidence band for aziﬁ(x) is

5t gy 2 TV )
diff \/m Mn \ <N

2.3.3 A note on the choice of the bandwidth

The asymptotic theory derived in the previous subsection emphasize the critical role
of selecting an appropriate bandwidth for the estimation of the conditional mean
and variance functions in order to get desired performance in the proposed tests. The
conditions set forth in these results impose specific constraints on both the bandwidth
b, and the dependence range of the covariate { X;}. For instance, the first part of the
bandwidth condition in Theorem 2.3, nb? logn — oo, ensures that the bandwidth is

not excessively large. Meanwhile, the second part, (logn)3/nb3 — 0, prevents the
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bandwidth from being too small. The third condition involving =, guarantees that
the dependence range of the covariate process {X;} remains within an appropriate
range. Notably, for short-range dependent (SRD) processes, =, = O(n), ensuring
that the bandwidth condition is met as long as the first two terms are o(1). This

aligns with choosing the bandwidth as

11

b= O ?), Be (9, 3) .

The situation for long-range dependent (LRD) processes is more complex. Consider,
for example, a zero-mean iid process {n;} with ny € £9,q > 2, and define a process

of the form

X; = Z a;iM—j, with a; = <i), K€ (2, 1:| )
j=0 J

where [(+) is a slowly varying function. The structure defined above encompasses a

broad range of linear and nonlinear processes. For example, if we set

A ['(j+d)
YT TG d)

where T' denotes the incomplete gamma function, with d € (0,0.5), we obtain the
long-range dependent FARIMA (0, d, 0) process. This specification can also produce

various nonlinear processes, including the class of nonlinear AR and ARCH models.

Our setting also accommodates heavy-tailed {rn;}. It can be shown that the process
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{X}} of this form exhibits LRD characteristics. Elementary calculations yield

O (n3=2512(n)) if s € (3,1),

O (n( ) |l(j)|)2> if Kk =1.

Now, to obtain a bandwidth condition similar to those in Theorem 2.1 and Theo-

26"

B e (max{;, 2_325} , min {;, 3<2/1_1>}> )

In particular, the MSE-optimal bandwidth n~°2 nearly satisfies both the requirements

rem 2.3, we require K € (17 }, under which the bandwidth b, = O(n~") should

satisfy

of LRD and SRD processes. In parallel, a common approach to obtaining the optimal
bandwidth in nonparametric regression is through a cross-validation procedure, which
involves selecting the bandwidth that minimizes a specified loss criterion. One such

criterion is the mean squared error (MSE) criterion [40], defined as

Luss = E (G | b) = g(2))*] . g(-) = p(-) or o(),

where g(z | b,) is the estimate of g(z) using the Nadaraya-Watson kernel estimator
with bandwidth b,. More generally, the bandwidth can also be chosen by minimizing

the conditional weighted mean squared error

Lse = | E (@l | b) = ()] w(x) da,
where w(-) is a suitable weight function with compact support. Another pertinent
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work was done by [41] who designed a feed forward neural network with one hidden
layer that is trained to minimize the prediction error of the local linear regression
estimates. While this approach may be an effective alternative, it is important to

note that the authors worked with only a nonlinear autoregressive model structure.

2.3.4 Localization structural breaks

With the asymptotic theory developed for different types of tests to assess the simi-
larity of functional characteristics in the two segments, we move on to leverage these
tests for detecting structural breaks at unknown locations within a dataset. We use
a two-stage localization where in the first stage, we recursively apply a binary seg-
mentation type approach by splitting the time series at the midpoint and testing
for structural breaks. If the test is not rejected for a particular segment, then the
procedure stops for that part, whereas, if a break is indeed detected, then the algo-
rithm continues to evaluate both segments before and after the midpoint in the same
way. This process is repeated recursively, testing for breaks and splitting the data,
until each resulting segment contains fewer than L,;, number of data points (this is
a user defined quantity). Note that this approach is efficient in identifying multiple
structural breaks, as it simultaneously examines both sides of any detected break,

ensuring comprehensive detection throughout the dataset.

In the second stage of the algorithm we perform a post-processing, where the partition
generated by the series of tests in the first stage is examined further. The objective is
to ensure that two consecutive tests in the first stage are not rejected because of the
same break-point. For instance, if by < by < ... < b, are the points where the tests

are rejected in the first stage, then to confirm that b; is indeed a structural break, we
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consider the subdata {(Y;, X})}, b;—1 <t < b1 and split it into two segments at b.
Let fi,-(-), fiy+(-) and &, (-), 374 (-) be the conditional mean and variance estimates

in the two segments, using the kernel estimators defined in Section 2.3.1. Then, the

disparity between two parts is assessed by the quantities

fiep(bs) = sup { |- (1) = i (@) [}, 58,(00) = sup {[5-(0) = G ()]}, (213)

reX TeEX g

and we declare b; to be indeed a structural break if either fie,(b;) or 2,(b;) is sta-
tistically significantly large. The asymptotic properties of fic,(b;) and Gfp(bi) follow
similarly to those outlined in Section 2.3.2, and the corresponding tests can be de-
signed in the same fashion. Note that the second stage of the algorithm serves as
a confirmatory procedure, helping to prevent overestimation of the number of struc-
tural breaks in the data. The pseudo-code of the procedure is presented in Algorithm

1, and its consistency is proved in the theorem below.

Theorem 2.5. Let {(Y;, X¢)} be a jointly observed time series of length n with a true
structural break in the functional characteristic g(-) at the time-point T and let T be
a structural break detected by the binary segmentation algorithm. If the power of the
corresponding test used in the algorithm is (1 — 3), then

L min
2

P<|T—7A'|< >>1—ﬁasn—>oo.

Proof. with power (1— () at each step. This ensures a probability of at least (1 — f3)
of identifying the break at each iteration. After several iterations, the interval reduces
to a length Ly, with a maximum error of Ly, /2. As n — oo, the procedure becomes

more accurate, ensuring with probability (1 — 3) that the estimated break-point 7 is
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Procedure 1: Localization of structural break in functional characteristic
9()
Input : Time series data D = {(Y;, X;)} for i corresponding to time-point
t.
Output: List containing locations of structural breaks.
Function binary segmentation(D):
L = length(D)
Initiate B, an empty list of structural breaks

if L < L, then
| return B

end

Compute midpoint m = |L/2];

Test for structural break in the functional characteristic g(-) at m at 5%
level of significance;

if No break detected at m then
| Proceed to the second stage.

end

if Break detected at m then

Add m to the list B;

Segmentl < D[1 : m];

Segment2 < D[m + 1 : end];

breaksl <— binary segmentation(Segmenti);
breaks2 <— binary segmentation(Segment2);

end

Sort the time-points in B in increasing order to form a sequence
{1 ="bg,by1,ba,...,bx, b1 = L}.

foreach b;, j =1,...,k do

Consider the sub-data Dgy, = {(Y;, Xi)}, b1 <4 < bjyq;

Test for structural break in the functional characteristic g(-) at b; at
5% level of significance;

if the test is not rejected then
| Remove b; from B

end

end
return B

within Ly, /2 of the true break 7. Thus, P (|7 — 7| < Lyin/2) > 1 — 5. O

At this stage, it is important to emphasize that an alternative approach is to imple-
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ment the second stage directly to detect structural break, i.e. to split the data at a
random time-point ¢, and assessing the disparity between the functional characteris-
tics of the data before and after ¢, using test statistics ficp(to) or o¢,(to) of the form
(2.13). Assuming the data contains at most one structural break, the test statistics
can then be inverted to detect the location of this break. For practical implementa-
tion, we define a sequence of partitions of T as {7,}, where T, = {t},t5,... |t =
2jb,,j=0,1,2,... k,— 1} with k,, = [1/2b,,]. A structural break in the conditional

mean or in the conditional variance can then be estimated as

7' = argmax {[ip(t)}, 77 = argmax {Gfp(t)} :
teTn teTn

The consistency of these estimated breaks is guaranteed by the following result.

Theorem 2.6. Let 7" and 77 denote the true structural breaks in the conditional
mean and the conditional variance, respectively. Then, as n — oo, T Ly i and

~ P
T — 1.

Proof. consider the number of data points on either side of ¢y as n — oo. Let
alx | tg) = M (x) — utg(x), where ,uto—(-) and th(') respectively denote the true
conditional mean function before and after the splitting point t5. We denote by
fi(z | to) the Nadaraya Watson kernel estimate of fi(x | o). Clearly, under relevant
bandwidth conditions, as n — oo, fi(z | to) = fi(z | to) for any z € X and t € T,
Now, note that g : X x T — R. Define a map C : T — C(&'), where C(A) for
any set A denotes the set of non-null compact subsets of A, as C(t;) = z;, where

ry; € Ily,t; € Ty. Since C is a compact-valued map as n — oo, then using Berge’s
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maximum theorem we can write ficy(to) — fep(fo). The consistency of 7# thus is a
consequence of the uniqueness of the maximum of z in its second argument. One can

follow a similar approach for proving the consistency of 77. n

Detection of multiple structural breaks using this approach can be achieved through
techniques such as wild binary segmentation [42] or linear segmentation [43], with
appropriate modifications. We find it imperative to reiterate that this alternative
approach requires substantially more number of iterations to detect a single structural

break, whereas the binary segmentation algorithm works out much faster in practice.

2.4 Simulation study

To evaluate the effectiveness of the proposed method, we conduct a series of sim-
ulations designed to replicate real-world scenarios in the time series domain. The
simulation setup involves several key steps, including data generation, parameter
specification, and validation procedures. Let us first outline the details of these steps,

providing a comprehensive overview of the experimental framework.

We start by generating the covariate series {X;} from different data generating pro-
cesses (DGP), the response {Y;} is then obtained through certain forms of conditional
mean and variance functions, subject to different forms of normal, moderate and
heavy tailed noise. The considered DGPs, noise distributions and different forms of
the conditional mean and variance functions (depending on the number of structural
breaks in the data) is described in Table 2.1. To detect the power of the test and
for assessing the accuracy of the proposed binary segmentation algorithm, structural

breaks are randomly introduced in the entire horizon and the segments mentioned in
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Table 2.1 refer to different parts generated because of the break-points.

Table 2.1: Specifications of various components of the simulation settings.
Segment Conditional mean p(x) Conditional variance o2 (x)
Segment 1 0.5+ 0.2z 1
Segment 2 0.1+ 0.32% +0.12% + 0.22* x2
Segment 3 log(0.4 4 0.122) 0.1 + 0.422
Segment 4 exp (0.01x) 0.5+ (0.8 + z)*
Segment 5 0.9sin () log(1 + 0.42?)
DGP Model Structure True Parameter Values

White noise
ARMA-GARCH

TAR

Yt NN(:UHO-Q) + €t
Y =+ O1y—1 + e + O1€e1,

& ~N(0,02),0? =w+are2 | + Bro?

B {¢11yt1 + P12yt—2 + €, yi—1 < 0
$21Yt—1 + P22yt—2 + €4, y1—1 > 0

p=0,0=1
1W=0,¢1 = 05,6, = —0.4
w=01,0,=0.1,0 =08
$11 = 0.6, 912 = 0.3,
P21 = —0.6, 22 = 0.4

Noise process

Noise distribution

Parameter specification

Normal
Student’s t

Power law

N(u,0?)
ty,

f(x) = zoax!™™

p=10=1
v =10
zo=1,aa=0.6

It is pertinent to discuss the choices of the conditional mean and variance structures

used in this simulation study. The mean function p(z) incorporates a polynomial

regression function of different degrees in segments 1 and 2. Segment 3 employs a log-

linear regression, frequently used in econometrics to capture diminishing returns and

stabilized volatility in financial data. Segment 4 features an exponential regression,

widely adopted in finance for modeling compound interest and in biological contexts

for growth rates. Finally, in segment 5 we utilize a trigonometric regression model,

41



Chapter 2. Detection of structural breaks

suitable for modeling seasonal behaviors common in meteorology, economics, and
biology. For the variance function o?(x), the first segment assumes homoskedastic-
ity, while the other specifications are well-established in the literature for addressing
heteroskedasticity [44]. Particularly, segments 2 and 3 consider standard GARCH
structures, segment 4 employs a power GARCH framework, and segment 5 utilizes

an exponential GARCH approach.

The nonparametric estimations are done using the parabolic kernel K (u) = 0.75Ij,<1}
and the MSE-optimal bandwidth of b, = n~%2 where n is the length of the data. One
may alternatively select the bandwidth using cross-validation procedures, however,
our observation has been that the performances of the test with the cross-validated
bandwidth are more or less similar to those obtained with the MSE optimal band-
width. We conduct the simulation study for sample sizes of n = {500, 1000, 2000}.
All the simulations performed for evaluating the size and the power of the tests are
conducted at 5% level of significance and under the presence of a single structural
break. The conditional mean and variance functions before and after the structural
break are taken as mentioned in segment 5 and 2 respectively. To evaluate the perfor-
mance of the tests, we simulate 100 independent samples from a chosen combination
of a data generating process (DGP) and noise distribution. In each sample, a single
structural break is introduced at a random time point. For each test, the size is
measured as the average empirical Type-I error rate, while the power is assessed by
calculating the average proportion of correct rejections of the null hypothesis across

all 100 samples.

We present the performance of the test in the presence of a single structural break in
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the conditional mean and/or variance. For structural breaks in the conditional mean,
the test shows good size control across all noise structures and DGPs. The power
of the test improves significantly with increasing sample size, starting with moderate
power at a sample size of 500 and reaching up to 67% at a sample size of 2000, with
TAR models consistently demonstrating higher power compared to White Noise and
ARMA-GARCH. When detecting breaks in the conditional variance, the test exhibits
similarly good size control, with minimal deviations even at larger sample sizes. The
power for variance breaks is notably higher than for mean breaks, achieving relatively
strong power even at a sample size of 500 and further improving with sample size.
Overall, the test is more effective at detecting variance breaks than mean breaks, with
the power increasing consistently across all DGPs as the sample size grows, especially
for more complex models like TAR. The simultaneous test for structural breaks in
mean and variance has around 50% to 70% power in smaller sample sizes, working
comparatively well in the case of heavy-tailed noises. As the sample size increases
the power of the test gets better across all combinations, consistently reaching values

in the range of 80% to 90%.

Turn attention to the detection performance of the binary segmentation algorithm for
sample sizes of n € {500,1000,2000}. To evaluate the performance of the structural
break detection algorithm, we introduce a randomly generated number of breaks in the
conditional mean and/or variance functions, placing these breaks at random locations
within the data. We ensure that there is a minimum gap of 100 days between any
two breaks to maintain distinct separations and the maximum number of breaks for
sample sizes of up to 2000 is 4. The effectiveness of the detection process is assessed

using several metric. At first we calculate a ‘deviation’ metric, which quantifies the
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Table 2.2: Performance of the test when there is a single structural break in the conditional
mean.

Noise: N(0,1)  Noise: t19  Noise: Power law

Sample size DGP Size  Power  Size Power Size Power
500 White Noise 0.00 0.21 0.00 0.31 0.01 0.25
ARMA-GARCH 0.01 0.23 0.00 0.29 0.00 0.26
TAR 0.01 0.31 0.00 0.27  0.00 0.34
1000 White Noise 0.00 0.43 0.02 0.54 0.00 0.48
ARMA-GARCH 0.00 0.37 0.00 0.51  0.00 0.48
TAR 0.03 0.47 0.01 0.59 0.01 0.57
2000 White Noise 0.00 0.53 0.01 0.58 0.00 0.56
ARMA-GARCH 0.04 0.55 0.02 0.58 0.00 0.62
TAR 0.01 0.58 0.01 0.65 0.00 0.67

Table 2.3: Performance of the test when there is a single structural break in the conditional
variance.

Noise: NM(0,1) Noise: t19 Noise: Power law

Sample size DGP Size  Power Size Power Size Power
500 White Noise 0.00 0.65 0.01 0.61 0.00 0.71
ARMA-GARCH 0.00 0.56 0.01 0.61 0.00 0.68
TAR 0.01 0.81 0.01 0.73 0.03 0.89
1000 White Noise 0.00 0.66 0.01 0.69 0.01 0.78
ARMA-GARCH 0.00 0.60 0.01 0.75  0.00 0.82
TAR 0.00 0.88 0.03 0.88 0.01 0.91
2000 White Noise 0.01 0.78 0.01 0.72  0.00 0.86
ARMA-GARCH 0.00 0.74 0.02 0.73 0.03 0.84
TAR 0.05 0.92 0.04 093 0.05 0.97

average distance between the detected breaks and the nearest actual structural break.

Mathematically, if {CPy, CPs, ..., CP,,} are the true structural breaks, then we define
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Table 2.4: Performance of the test when there is a single structural break in conditional
mean or variance.

Noise: N(0,1)  Noise: t19  Noise: Power law

Sample size DGP Size  Power  Size Power Size Power
500 White Noise 0.00 0.66 0.01 0.52 0.01 0.72
ARMA-GARCH 0.02 0.44 0.00 0.52 0.01 0.62
TAR 0.00 0.72 0.01 0.68 0.00 0.74
1000 White Noise 0.00 0.78 0.00 0.70 0.01 0.74
ARMA-GARCH 0.01 0.70 0.02 0.68 0.00 0.60
TAR 0.01 0.80 0.00 0.64 0.00 0.80
2000 White Noise 0.01 0.84 0.01 0.80 0.00 0.82
ARMA-GARCH 0.00 0.90 0.01 0.92 0.00 0.88
TAR 0.02 0.85 0.00 0.87 0.01 0.91

the average minimum deviation measure (AMD) as the mean of

3\

MD = min {|7‘T CP..|},

1<i<
1 S

\3
I

taken over all repetitions, where {71, 7, ..., 7} are the detected structural breaks
in the data. This average deviation measure, computed over 50 iterations, provides
a quantitative assessment of the accuracy of our detection algorithm by comparing
the detected breaks to the true breaks, highlighting the precision and reliability of
the procedure. We further compute the average error in terms of number of detected
structural breaks, denoted as ‘ADN’ (Average Deviation in Numbers) as the average
of
DN = |m —m/
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taken over all repetitions. From Table 2.5, we observe that the nonparametric PELT
[45] algorithm severely overestimates the number of structural breaks present in the
data, especially for larger sample sizes and more complex data structures. While it
helps the method achieve better accuracy in terms of the minimum deviation met-
ric in few cases, it is practically not a suitable approach. Our method, in contrast,
estimates at most one additional structural break on average while typically retain-
ing a deviation of less than £70 data points from the true structural break. Only
exception is when the covariate series comes from an ARMA-GARCH process and
there are higher number of structural breaks in the main data. In that scenario, the
error in deviation from the true break-point is in the range of 100 to 150. Overall,
our simulation study suggests that the size of the test of structural stability in the
conditional mean is consistently near zero across all scenarios, indicating that the test
does not falsely identify structural breaks when none exist. However, the power of
the test remains low for smaller sample sizes. As the sample size increases to 2000,
the power improves across all models. This demonstrates that the test becomes more
effective at detecting structural breaks with larger sample sizes and in the presence
of more complex noise, such as t-distributed or power-law noise, which often occurs
in financial time series data. On the other hand, the power performance of the test of
structural stability in the conditional variance function is considerably high even for
smaller sample sizes of 500, for higher sample sizes the power approaches 1. Further,
the power of the test is typically high for heavy-tailed noises, suggesting that the test
can be particularly useful for financial data. The size of this test also stays controlled

across all cases.
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Table 2.5: Detection performance of binary segmentation and nonparametric PELT algo-
rithms where there exists a random number of structural breaks in either conditional mean
or variance

Sample Size DGP Noise AMD ADN
CPFind PELT CPFind PELT

500 White Noise N(0,1) 53.18 24.49 0.32 0.97
500 White Noise t1o 57.88 21.96 0.28 0.96
500 White Noise Power law 17.30 29.46 0.24 1.03
500 ARMA-GARCH  N(0,1) 76.52 32.21 0.42 1.10
500 ARMA-GARCH t1o 82.98 29.21 0.48 1.12
500 ARMA-GARCH Power law 41.24 29.27 0.22 1.40
500 TAR N(0,1) 61.20 30.02 0.26 1.21
500 TAR tio 65.50 29.14 0.22 1.38
500 TAR Power law 24.06 38.02 0.20 1.38
1000 White Noise N(0,1) 42.34 34.90 0.46 1.46
1000 White Noise t1o 68.76 95.76 0.52 1.34
1000 White Noise Power law 17.54 99.76 0.68 2.22
1000 ARMA-GARCH  AN(0,1) 104.46 55.40 0.60 2.98
1000 ARMA-GARCH t1o 169.84 108.21 0.80 2.34
1000 ARMA-GARCH Power law 48.28 132.91 0.38 3.60
1000 TAR N(0,1) 53.06 83.65 0.46 3.76
1000 TAR tio 64.28 85.65 0.44 3.38
1000 TAR Power law 30.82 70.63 0.66 3.68
2000 White Noise N(0,1) 57.14 67.30 1.06 1.76
2000 White Noise t1o 53.73 56.02 1.46 1.68
2000 White Noise Power law 24.94 91.73 1.71 1.42
2000 ARMA-GARCH  WN(0,1) 146.88 62.57 1.10 3.58
2000 ARMA-GARCH t1o 120.00 109.77 0.69 3.54
2000 ARMA-GARCH Power law  115.65 113.92 0.82 3.46
2000 TAR N(0,1) 72.00 68.38 1.62 5.34
2000 TAR t1o 47.31 76.23 1.88 5.26
2000 TAR Power law 21.24 68.02 1.70 4.96
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2.5 Application to Bitcoin data

News sentiment plays a significant role in shaping Bitcoin prices, much like it does
with traditional financial assets. Several recent studies have explored how macroe-
conomic news and social media activity affect Bitcoin’s price movements [46]. Pub-
lic attention to Bitcoin has also been found to predict its price behavior [47]. In
this section, we utilize our proposed method to analyze shifts in the relationship be-
tween public attention, measured by Google News Interest Score (GNIS) from Google

Trends, and Bitcoin’s price and volatility.

The GNIS data, denoted as {G,}, spans January 1 2020 to September 4 2024, as-
signing a relative score (0-100) to the search volume on “Bitcoin”, with 100 in-
dicating peak popularity. This score, extracted using the ‘pytrends’ library, re-
flects search volume as a proportion of all global searches. The daily Bitcoin log-

price series covering the same period, denoted as {P;}, is sourced from FRED (link:

https://fred.stlouisfed.org/series/ CBBTCUSD).

We model the current day Bitcoin log-return as a function of the last day’s GNIS, in

order to incorporate for a lag in the impact. The model is,

re = p(Gi1) + 0(Gior) e,

where p(-) and o(-) are unknown smooth functions representing the mean and con-
ditional variance of the log-price variable. Note that since we are working with the
log-price, o(-) can be thought of as a proxy for the volatility. For the detection pro-

cedure, we apply a rule-of-thumb bandwidth, h, = n=%? = 0.2258. We also ran
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the same analysis using a cross-validated bandwidth choice, however the detected
structural breaks in these two procedures were reasonably close to one another. The
algorithm requires a minimum of 200 days between consecutive structural breaks.
We detect two structural breaks in the mean return level, no breaks were found in
the conditional variance of the return series. The detected breaks are illustrated on
the price series in Figure 2.1. We start with a brief exploratory analysis of the data,
presented in Table 2.6. In the table, “JB-Test” denotes Jarque-Bera test of normality,
“LB-Test” denotes the Ljung-Box test for autocorrelation, “LM-Test” denotes the La-
grange multiplier test for heteroskedasticity and “ADF-Test” denotes the augmented
Dickey-Fuller test for stationarity. All tests are conducted at 5% level of significance.
The descriptive statistics and these tests provide a clear picture of the market behav-
ior across the three segments. The first one, i.e., 1 January 2020 to 7 March 2021, is
characterized by relatively lower log-prices, high volatility in log-returns (as indicated
by the high kurtosis), and the most dispersed GNIS values. The positive skewness
of log-prices and negative skewness of log-returns highlight significant price increases
and occasional sharp decreases during this period. In this segment, the JB test re-
veals significant deviations from normality, particularly in log-returns, which exhibit
high kurtosis. The LB test indicates autocorrelation in log-returns, while the LM
test suggests heteroskedasticity, though only in log-returns. The ADF test confirms
the stationarity of log-returns, but log-prices and GNIS are borderline non-stationary.
Segment 2 (8 March 2021 to 8 July 2023) shows a rise in the mean log-price, reduced
volatility in log-returns (lower kurtosis), and increased GNIS, suggesting greater mar-
ket stability and media attention compared to Segment 1. Log-prices have a nearly
symmetrical distribution, indicating fewer extreme price movements. The JB test in

this segment shows improvements in normality for log-prices and GNIS, though log-
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returns still deviate. Autocorrelation weakens during this period, as seen in the LB
test, and there is no evidence of heteroskedasticity in any variables, reflecting greater
stability. However, the ADF test still indicates trends in log-prices and GNIS, while
log-returns remain stationary. Finally, Segment 3 (8 July 2023 to 4 September 2024)
marks the highest average log-prices with relatively lower GNIS compared to Segment
2, showing a moderate decrease in media attention. The volatility in log-returns re-
mains low, while skewness and kurtosis suggest more stabilized market behavior,
almost approaching the normal distribution. While log-returns continue to exhibit
non-normality, the deviations are less pronounced, and there is no autocorrelation or
heteroskedasticity detected. The volatility in GNIS diminishes, and stationarity is

confirmed for log-returns, though trends persist in log-prices and GNIS.

Table 2.6: Descriptive statistics for log-price, returns and GNIS, for the three segments
generated by the detected structural breaks. Segment 1 refers to 1 January 2020 to 7 March
2021, Segment 2 is 8 March 2021 to 8 July 2023, and Segment 3 is from 8 July 2023 until
4 September 2024.

Entire data Mean (SD) Range Quartiles Skewness Kurtosis JB Test LB Test LM Test ADF Test
Log-Price 10.24 (0.64)  (8.50, 11.20)  (9.86, 10.32, 10.75) —0.57 2.37 0.00 0.00 1.00 0.76
Log-Returns  0.00 (0.03) (—0.32,0.16) (—0.02, 0.00, 0.02) —0.60 10.60 0.00 0.41 0.00 0.01
GNIS 28.72 (16.32) (10, 100) (17.82, 22.71, 35.00) 1.79 6.51 0.00 0.00 1.00 0.02
Segment 1 Mean (SD) Range Quartiles Skewness Kurtosis JB Test LB Test LM Test ADF Test
Log-Price 9.46 (0.58) (8.50, 10.95) (9.12, 9.26, 9.78) 1.07 3.10 0.00 0.00 1.00 0.79
Log-Returns  0.00 (0.00)  (—0.36, 0.02) (0.00, 0.00, 0.00) —1.32 18.11 0.00 0.91 0.00 0.01
GNIS 27.67 (22.99) (10, 98) (14.00, 16.93, 28.96) 1.75 4.81 0.00 0.00 1.00 0.56
Segment 2 Mean (SD) Range Quartiles Skewness Kurtosis JB Test LB Test LM Test ADF Test
Log-Price 10.38 (0.40)  (9.66, 11.12)  (10.03, 10.36, 10.72) —0.01 1.80 0.00 0.00 1.00 0.78
Log-Returns  0.00 (0.00)  (—0.02, 0.01) (0.00, 0.00, 0.01) —0.37 6.90 0.00 0.30 0.00 0.01
GNIS 32.16 (14.35) (15, 100) (20.57, 29.71, 39.00) 1.32 5.17 0.00 0.00 1.00 0.01
Segment 3 Mean (SD) Range Quartiles Skewness Kurtosis JB Test LB Test LM Test ADF Test
Log-Price 10.79 (0.35)  (10.13, 11.20) (10.35, 10.72, 11.06) —0.31 1.58 0.00 0.00 1.00 0.92
Log-Returns  0.00 (0.00)  (—0.01, 0.01) (0.00, 0.00, 0.00) 0.06 4.20 0.00 0.41 0.00 0.01
GNIS 22.92 (8.28) (12, 54) (18.00, 20.71, 25.14) 1.64 5.83 0.00 0.00 1.00 0.67
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Following the methodology proposed in the previous sections, we find two structural
breaks in the conditional mean, presented in Figure 2.1. The first break, detected on
7 March 2021, aligns with Bitcoin’s rapid rise to an all-time high in early 2021, when
institutional interest in Bitcoin surged and the cryptocurrency gained widespread me-
dia attention. This period saw companies like Tesla investing in Bitcoin, which drove
significant news coverage and heightened interest in the asset, contributing to the
price surge. The second structural break on 8 July 2023, suggests another structural
shift, possibly linked to market stabilization after major corrections. Before this date,
the market was volatile and the news was largely negative (declining trend), reflecting
uncertainty and regulatory pressures. However, by July, the tone of news coverage
shifted to more positive stories, focusing on institutional adoption, technological ad-
vancements, and market stabilization. This change in sentiment likely contributed to
Bitcoin’s market recovery, with the news acting as a stabilizing factor, reinforcing the
upward momentum in the market. We report no structural breaks in the conditional

variance.

Below, in Figure 2.2, we present the confidence bands for the disparity in mean regres-
sion functions caused by the two structural breaks, as well as the conditional variance
function in the entire time horizon. The top panel of Figure 2.2 indicates a slightly
increasing trend in the effect of GNIS on the mean function. It further highlights that
when news attention is low, there are greater fluctuations in the difference between
the average log-price behavior on either side of the first structural break. However,
as news attention increases, the confidence band narrows and the difference in the
effect on mean log-price diminishes. It implies that lesser news attention has less

impact on the average price in the first segment as compared to the second, whereas
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Figure 2.1: (Top) Bitcoin price (log-transformed) and the detected structural breaks in
the impact of public attention on its average level; (middle) log-return of Bitcoin price;
(bottom) GNIS series for the entire time period.

heightened news attention brings more certainty in the mean price movement sur-
rounding the break. The middle panel of the same plot illustrates a uniformly wider

confidence band of the disparity in the mean function, implying that the estimate of

the difference has more variability around the second structural break.

The bottom panel of the same figure examines the conditional variance function.
The confidence band for the conditional variance is uniformly much narrower than
the bands for the disparity in mean level. This shows that the conditional variance has
been more consistent throughout the time horizon, further justifying the absence of a
structural break. Additionally, we observe a similar trend as in the conditional mean:
lower news attention correlates with greater volatility, as seen by wider fluctuations

in the variance. Conversely, with increased news coverage, the volatility stabilizes,
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Figure 2.2: (Top) Confidence band of the disparity of mean regression functions before

and after the first structural break. (Middle) Confidence band of the disparity of mean

regression functions before and after the second structural break. (Bottom) Confidence
interval of the conditional variance function.

demonstrating that as the media focuses more on Bitcoin, the volatility in its price
becomes more predictable and less prone to sudden changes. Overall, the figure

underscores how news sentiment impacts both the mean and variance of Bitcoin

prices, with greater news attention leading to more stable price behavior.

2.6 Conclusion

In this chapter, we presented a test designed to detect structural breaks occurring
within the middle of a dataset. The theoretical foundations of the test’s asymp-
totic properties are rigorously established. Additionally, the test can be adapted

to identify structural breaks in the conditional mean, conditional variance, or both,
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at unknown points in time. The effectiveness of the proposed test is demonstrated
through a comprehensive simulation study, which covers a wide array of linear and
nonlinear data-generating processes, incorporating various contamination levels (thin-
tailed, moderately heavy-tailed, and heavy-tailed distributions). The simulation re-
sults indicate that our algorithm performs robustly in detecting structural breaks at

unknown locations.

Note that even though in the current work we only focus on detecting structural
breaks in the conditional mean and variance only, the same theoretical idea can be
utilized to extend the method to detect breaks in higher order conditional moment
functions as well. We leave the detailed derivations to a future work. It is also possible
to derive similar results using the local linear [48] or spline [49] estimator instead of a
kernel estimator with slight modifications in the bandwidth conditions. Additionally,
our current study focuses on univariate response series, but one may attempt to extent
the proposed methodology to high-dimensional setting. This approach would enable
the modeling of structural breaks as part of a broader stochastic process, potentially

offering richer insights into the underlying dynamics of financial data.

2.7 Appendix: Prerequisite lemmas

Lemma 2.1. Define

Z(z) = %: {x(x | Fir) = Elfx(x | Foon)]}
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Recall the definition of =, from Assumption 2. Then, for a fited x € R and A > 0

2:o<\/§n).

Proof. The proof follows from Theorem 1 of [50]. O

sup {|Z,(z)[}

lz|<A

Lemma 2.2. Let f; and fy be measurable functions such that fs(eq) € L* and each
of f1(z) and fx(x) belongs to C° (x — &,z + 4) for some § > 0. Further, assume that

f1 and fx do not vanish anywhere on X. Define, for any K € IC,

vi(z) = F1(Xo) [faler) = E(faler))] Ko, (@ — Xt).
fl(:c)\/nan(fQ(eo))qs(K)fX(x)

2

Then, assuming b, — 0,nb, — oo and n=*=, — 0 as n — oo, we have for a fized

r e X,

Sp(z) = %:Ut(l’) 4 N(0,1).

Proof. Due to the independence of {X;} and {¢ }, it is straightforward to show that
{v¢} forms a martingale difference sequence with respect to the filtration {G;}. Now,

define

(@) = [H(X) K, (v — Xo).

Setting Uy = y(x) — E(v(z) | Fio1) and Vi = E(y(x) | Fio1) — E(y:), we can write
YA —EM)}I =X U+ Vi
R R R
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Since {U;} forms a martingale difference sequence with respect to the filtration {F;}

and E(U?) = O(b,), we can write

STU = O,(y/nby).

R

On the other hand, taking advantage of the fact that fi(z) € C°(x — d,xz + d) and

K € IC, Lemma 2.1 implies that

Y Vi

R

=0 (b/Z.).

2

Simple calculations show that since b, — 0, nb,, — co and n 2=, — 0,

O XRUi+Ym Vit Xr E() P
B Gn) == R R wRE " 214

Next, since fi(z) € C%(x — §,z +d) and K is bounded, we must have, for some ¢ > 0

and sufficiently large n,

sup {[f1(u) K, (x = u)[} < e

u€ER

For any s > 0, define d(x) = c‘lsfl(x)\/nan(fg(eo))¢(K)fX(x). Again, exploiting

the independence of {X;} and {¢;}, we deduce

. E (Uf(ﬂﬁ)lﬂut(agn%}) <
R

E (X)) E ([fz(EO) — B(fa(0)))” 1{|f2(60)—E(f2(60))|>d(36)})
bV (fa(€0)) [ (@) 9(K) fx ()

(2.15)
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Finally, combining (2.14) and (2.15), we can conclude that the sequence {v;(z)} sat-
isfies the conditions for martingale central limit theorem, which implies the statement

of the lemma. O]

Lemma 2.3. Let K € K and fy(eg) € £L3. Assume that fx and fi never vanish on
X, and each of fx and fi belongs to C*(X(9)) for some & > 0. Choose the bandwidth
b, such that

(logn)®  E,(logn)* noo,

s 0. (2.16)

4
bi logn +
g nb% 712 bé

Recall S, (x) from Lemma 2.2. Then

lim P (sup {1S,(2)]} < an(z)> =e 2,
n—00 .Z’EHn
where {I1,} and B,(-) are as defined in Section 2.3.2.

Proof. For a fixed # € X, recall the definition of {v;(z)} from Lemma 2.2.

Choose k random points from II, and denote them by zy; ,z o Tt - Set x =

j2?
(a:tjl,xtjz,...,xtjk),, and for each | = 1,2,...,k define Sn(xtjl) = Y ru(xj) and
Snk(x) = (Sn(xtjl),Sn(x%), ...,Sn(xtjk))/. Without loss of generality, we may as-
sume that the first p elements of x are from X_ and rest are from X', , where X_ and

X, respectively denote the ranges of the covariate X in the segments 7_ and 7.. Let

Q be the quadratic characteristic matrix of S, , i.e., for any z € R¥,

Q) =3 F (ve(2)0] (2)|Go-1 )
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Since the support of the kernel K is [—1, 1], it is clear that Q is a diagonal matrix.

The diagonal terms of Q are given by

! SE [ulen,) | Fial,

Q= flz(mtjr)nabn¢(K)fX<xth) R

for each r =1,2,..., k. Now, define,

0i(r) = [R (X)) K}, (flftjr - Xt) —FE [ff(Xt)Kfn (l"tjr - Xt) | Ft—l] 7

o(r)=E [ff(Xt)K,?n (%T - Xt) | ]—“t,l} - E [ff(Xt)Kz?n (%T - Xt)} :

Using an argument similar to that used in Lemma 2.2, it is straightforward to show

that

Z Ut (r)

R

Z 0:(7)

R

=0 <\/7Tbn> and

2

_0 (bn\/gn) | (2.17)

2

On the other hand, using Taylor’s expansion, we can write

=0 (nb}}). (2.18)

S E[X)EE, (v, — X,)] — nbu Oy
R

Combining (2.17) and (2.18), we have,

3
3 1 VEn)®
E(|Qr,r,_zr,r/\3):o(<W+bi+ - ) )vm’, (2.19)

58



Chapter 2. Detection of structural breaks

where 7 is the k£ x k identity matrix. Elementary calculations also show that

_0 (\/;_b) , (2.20)

so that (2.19) and (2.20) together imply

%: ‘Uf(xtn)

Sklw

3 1
= 4+
nb, "

+

5.0

E (|Qr,r’ - Ir,?“’|%> + Z ’Ut(xtjr)
R

Next, let A; be the event { (S, (2. )| = B, (2) and &, = U7 A;.. Under (2.16),
Jr Jr J J

it can be easily verified that, for any fixed x € X,

3

2

1 3 ET4L 4 Biny (2) n— 00
+b,+—5 | {1+ Bn,(2)} e 2 —=0.

nbn nz
Now, using Theorem 1 of [39], we can write

P @IAJ _ <2;_Z>k(1 +o(1).

n

The lemma hence follows using the principle of inclusion and exclusion. O]
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Nonparametric shape-constrained modeling

3.1 Background

Consider a time series dataset denoted as {(Y;, X)}7_,, where ¥; and X; are real-
valued time series. We model this dataset according to the same structure described
in Chapter 2 as:

Y = w(Xy) + o(Xy)er. (3.1)

We assume that the error terms {¢} are independent and identically distributed
with zero mean and finite variance and that they are independent of the covariates
{X;}. Note that in contrast to Chapter 2, we make no smoothness assumptions on
the conditional mean and variance. A common approach is to estimate them by the

usual Nadaraya-Watson kernel estimate as follows.

R B 1 n ‘ z—X; .
P = o, <x>;Y’K< ) ) <R 32

52(z) = ()fhé DK (xh_(n))(>x €R, (3.3)

where b(.) and h(.) are bandwidth parameters (dependent on the sample size n), K(.)
is the kernel function and f,(z) = Lyr K (%) is the estimated density of the
covariate X at point x € R calculated using bandwidth a € R. We assume that the
covariate {X;} is bounded in X C R, and that fi and & are both bounded measurable

lower-semicontinuous functions. Note that all our results hold true if we use the local
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linear estimator (see [51]) instead of the kernel estimator.

Now, consider a scenario where we have prior knowledge about the structural form of
the true conditional mean or conditional variance function. In many financial mod-
eling applications, such prior knowledge may pertain to the shape of the function-
specifically, properties such as monotonicity, quasiconvexity, or a combination of the
two. However, the nonparametric estimators typically employed for these functions
do not inherently satisfy these shape constraints unless they are explicitly enforced. A
number of existing works- such as [52], [53], [54], and [55], have proposed approaches
that impose shape restrictions directly within the estimation procedure. These meth-
ods typically design estimators to satisfy the desired shape properties by embedding
explicit constraints into the estimation process. While effective in ensuring compliance
with the assumed shape, this approach can sometimes compromise the estimator’s
statistical efficiency or interpretability, especially when the constraints are strict or
misaligned with the underlying data structure. In contrast, we propse a methodology
to incorporate shape information in an ex-ante fashion through well-defined shape-
enforcing operators. Instead of constraining the estimation process from the outset,
we begin with an initial unconstrained estimator and subsequently apply a shape-
enforcing operator to project the estimator onto the space of functions satisfying the
specified shape constraint. This two-step approach allows for greater flexibility and
preserves much of the statistical richness of the original estimator while ensuring the
final estimate adheres to the structural assumptions. Moreover, while the majority of
prior literature has focused primarily on monotonicity and convexity constraints, our
framework accommodates more general shape restrictions, such as quasiconvexity or

hybrid constraints, thereby offering a broader and more adaptable modeling paradigm
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for financial data.

Global estimation methods aim to approximate the entire functional form of the con-
ditional mean function using a parametric or semi-parametric basis. For instance,
the conditional mean function might be expressed as a weighted sum of sinusoidal
basis functions, with the weights estimated via least squares. Common approaches
in this category include polynomial regression, trigonometric expansions, and the
Fourier Flexible Form (FFF). For a detailed overview of such global estimation tech-
niques—both nonparametric and semiparametric—the reader is referred to [56] and
[57]. On the other hand, local estimation methods focus on estimating the conditional
mean function pointwise, without requiring specification of the global functional form.
These include techniques such as kernel smoothing and local linear regression, which
offer greater flexibility in capturing localized features of the data. A notable advan-
tage of our proposed framework is its generality: both global and local estimators
can be used as the initial input to the shape-enforcing operators. We also demon-
strate that these operators can yield substantial improvements in adherence to the
desired shape constraints without degrading the underlying statistical properties of

the original estimator.

The rest of the chapter is organized as follows. In Section 3.2, we define some notations
to be commonly used throughout the chapter and revisit some well known definitions
required to develop the theory. In Section 3.3, we define the shape-enforcing operators
and theoretically establish their superiority over common nonparametric estimates
under shape information available for the corresponding population functions. As

specified before, our main focus would be monotonicity and/or quasiconvexity. Finally
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in Section 3.4 we demonstrate the performance of the shape-enforced estimates in

synthetic data, and conclude with some necessary remarks in Section 3.5.

3.2 Notations and definitions

We denote the range of the true function () by B, where B C R. For any set A C R,
the Lebesgue measure of A is denoted by M(.A). The set of all bounded, measurable,
real-valued functions defined on x is denoted by £°°. Within this, we denote by Ly}
the collection of all bounded, measurable, real-valued, and weakly increasing functions
on x. Similarly, £ denotes the set of all bounded, measurable, real-valued, lower-
semicontinuous functions on y, and L3 denotes the set of all bounded, measurable,
real-valued, lower-semicontinuous quasiconvex functions on y. The intersection of
these two classes, denoted by Lgy, is given by L3y = L£g N L. For a function
f:x — R, we define the p-th order Euclidean norm as ||f||p = (f x|/ ()|, dz)"/" for
p € [1,00). The supremum norm is given by || f|[co = sup,, | f(z)|. Correspondingly,
the p-th order Euclidean distance between two functions f and g mapping x to R is
defined as d,(f,9) = ||f — gl|,, for p > 1. For any function f : x — R, the lower-
contour set at level y € R is defined as Z;(y) = x € x | f(z) < y. Finally, for any set
A, we use conv(A) to denote its convex hull, which is the smallest convex set that

contains A.

Definition 3.1 (Shape enforcing operator). Let L and LS° be two subsets of the
space L. An operator O is said to be L°-enforcing on L° with respect to a given
distance or semi-distance function p defined on L, if it satisfies the following four

properties:
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1. Reshaping: For every function f in L, the transformed function O(f) be-
longs to L3°. In other words, the operator O maps functions in L5 into the

shape-constrained class L£3°.

2. Invariance: If a function f already belongs to the shape-constrained class L3°,
then applying the operator O does not alter it. That is, O(f) = f for any f in
L.

3. Order preservation: The operator O respects the pointwise ordering between
functions. Specifically, if two functions f and g in LY satisfy f < g (meaning
f(z) < g(x) for all x in the domain), then the transformed functions must also

satisfy O(f) < O(g).

4. Distance reduction: The application of the operator O does not increase the
distance between any two functions. That is, for any f,g in L5°, the distance

p(O(f),0(qg)) is less than or equal to the original distance p(f,g).

Definition 3.2 (Equimeasurable rearrangement of a function). Define for any mea-

surable function f: FE — R,

Aly) = M ({ : E‘|f(93)| > y}) >0

Note that if M(E) = oo then we additionally assume that \¢(y) < oo for any non-

negative real value of y.

Definition 3.3 (Non-increasing rearrangement). A function f* is said to be the non-

increasing rearrangement of a function f if it satisfies the following two conditions.
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1. The function f* is non-increasing on the interval (0, M(E)), where M(E) de-

notes the Lebesque measure of the set F.

2. The function f* is equimeasurable with the absolute value of f, which means that
for every y > 0, the measure of the set where f* exceeds y equals the measure

of the set where |f| exceeds y. Formally, this can be written as:

Apo(y) = M ({t € (0, M(E)) | (1) > y}) = M ({z € B||f(@)] > y}) = As(w).

Condition (2) above implies that the two distribution functions of the original and
rearranged function are pointwise same. Note that the above definition does not define
the non-increasing rearrangement uniquely, it can take different values at the points
of discontinuities. For definiteness we assume in addition that f* is left-continuous
everywhere in (0, M(E)). Then the relation between the distribution function and

the non-increasing rearrangement is given by

Fr(t) = inf {As(y) <t} .t € (0, M(E)).

This shows that in a certain sense, the non-increasing rearrangement is the inverse of

the distribution function.

The following equivalent definitions of equimeasurable non-increasing rearrangement

is taken from [58] and [59].

Fe) = sup g {If@] e 0.M(E). (34
)=t}

{FCE|M(F TEF
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Similarly, a non-decreasing equimeasurable rearrangement is defined as

RO = it Sl (35)

{FCEIM(F)=t} | z¢

Clearly, f. is non-negative, equimeasurable with |f| on E and non-decreasing on
(0, M(E)). It can be shown that both the supremum and infimum in Equation (3.4)
and Equation (3.5) are attained. Note that the effectiveness of equimeasurable rear-
rangement of functions is the fact that in certain cases they preserve the properties

of the original functions and often has a simpler form.

Another non-increasing equimeasurable rearrangement of f is given by

L) = sup {inf f(x)} e (0, M(E)). (3.6)
F)=t}

{FCE|M( zeF

Note that f; is equimeasurable with f while f* was equimeasurable with |f|, all other
properties of f* and f; (non-increasing, left-continuous on (0, M(E)) etc.) remain

same. Clearly, if f is a non-negative function then f* and f; coincide.

Definition 3.4 (Submodular (discrepancy) functions). For two sets A and B of the
same sample space S such that A C B and for any element x € S\ (AU B), a

submodular function f must satisfy

fAU{z}) — f(A) = f(BU{z}) — f(B).

A submodular function in general is defined as a set function (a function whose domain

is a family of subsets of a given set that usually takes values from the extended real
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line) whose value, informally, has the property that the difference in the incremental
value of the function that a single element makes when added to an input set decreases

as the size of the input set increases.

We finally state the following equivalent definition formally proposed in the works on

[60).

Definition 3.5. Let L : R? — R, be a measurable function. L is called a submodular

function if for each pair (v,t) and (v',t') in R? we have,

L (min{v,v'}, min{¢,t'}) + L (max{v,v'}, max{t,t'}) < L(v,t) + L(v',t").  (3.7)

Equation (3.7) means that a function L measuring the discrepancy between pairs of
vector is submodular if co-monotonization of the pair reduces the discrepancy. A
popular example of such function is the power function i.e. L(v,t) = |v — t|? for some

p > 0. Many other loss functions can also be shown to be submodular.

Definition 3.6 (Quasiconvex functions). A function f: x — R is called quasiconvex

if and only if all its lower-contour sets are conver.

There are many other equivalent definitions of quasiconvexity, we in this document
would mainly work with the above definition only. Note that quasiconvexity is a global
property of a function which is weaker than convexity. A convex function is always
quasiconvex but a quasiconvex function may not always be convex. Quasiconvex
functions are widely used in economics as utility and production functions, see [61]

and [62] for some example applications. They are also preferred in many applications
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because of their good optimization properties.

Definition 3.7 (Compact sets (sequential definition)). A set A is called compact if
and only if every sequence in the set A has a convergent subsequence with respect to

a well-defined metric.

3.3 Mathematical framework

3.3.1 Monotonicity enforcement

Suppose that the true parameter function 6(.) is monotonic and the corresponding
estimate 7'(.) is not monotonic. Rearrangement is a popular method to transform the
original estimate to a monotonic estimate that is potentially better both as a point

and interval estimate with respect to a common metric.

We define,

T*(x) = inf {/ 1{T(U)Sy}du > $} (38)
X

yeR

We can write

z < y}) > x} , (3.9)

Equation (3.9) shows that 7*(x) can be thought of the z-th quantile of T'(z)’s, which

T*(2) = inf {/ i<y du > x} = inf {M ({z cB
X

yeR yE

is by definition a weakly increasing function of x.

Definition 3.8 (M-operator). The monotonicity enforcing operator (M-operator) is

defined as M : T" — T™.
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In fact, when 7'(.) is known to be continuous (in case of a global estimation), we can
think of the M-operator as a sorting operator in the following way. Given the values
of the function 7'(.) at x in a fine enough net of equidistant points, we simply sort
the values in an increasing order to create the rearranged function 7. We begin by

showing that the M-operator is distance contracting.

Theorem 3.1. M-operator is Ly enforcing on L% with respect to d,-metric where

p>1.

Proof.

Let the target function 0 : x — B be a weakly increasing measurable function and let

T : x — Br be estimate of §. We first show that for any p > 1,

T =0, < ||T = 0]l (3.10)

To prove the Equation (3.10), first assume that both 7" and 6 are step functions
taking constant values in the intervals (O, H, (%, %} ,...,(%, 1}, for some fixed integer
r. We denote by 6, and T the values of 6 and T respectively in the interval (%, ﬂ,
s = 1(1)r. We write a step function f as f = (fi, fo, ..., fn) Where f; is the value of
the function f at the i-th step. Clearly if in such case we integrate f over its domain

Dy C R with respect to Lesbegue measure we would have [, ; fdM =371 fi.

We define the operator S as follows. Let k& € {1,2,...,r} be such that T, > T,, for

some m > k. If such k does not exist (i.e. T} is the step with the minimum value)
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then we write S(7') = T'. Otherwise we define

S(T) = (T17T27 "'7Tk717Tm7Tk+17 "'7Tm717Tk7Tm+17 "'7TT)'

Since the true function € is known to be weakly increasing so we must have 6, < 6,,.
Now suppose we have T}, > T,,. Then for any submodular function L. we must have

(using Equation (3.7)),

L (min{Ty, T}, }, min{6y, 0,,, }) + L (max{Ty, T,, }, max{6y, 0, })

=L(Ty,0k) + L(Ty,0,) < L(Tx,0k) + L(T,0) (3.11)

Now note that
S(T) = (Th(z), To(z), ... Tp—1 (), Trn(x), Th1 () o, Trn—1 (), Ti(x), Tipyr ()., T (2))

and 0 = (01(x),02(x),...,0k—1(2), 0k(x), Ops1(2), ..., Op_1(x), O (), Orpyr (), ..., O.(2))

(since 6 is weakly increasing). Therefore using Equation (3.11) we must have,

/X L(S(T(x)), 0(x)dz
— L(T1,00)(2) + . + L(Tor, 0p1) () + L(Tom, 6) (@) + L(Tios1, Ops2) () + oot
LT 1,0 1)(x) + L(Ti, 0,2)(2) + L(Tons 1, Owss) (@) + . L(Ty, 6,) ()

S L(Tl, 91)(1’) + ...+ L(Tk_l, Qk_l)(l’) + L(Tk, Qk)(JZ) + L(Tk+1, 6k+1)(l’) + ...
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FL(Ty1, 0 ) () + L(Tpr, 00)(2) + L(Tst, Oyosr) (@) + ... (T}, 0,) ()

:/XL((Tl,...TT),(Gl,...,Qr))(x)dx:/XL(T,G) (x)da.

Therefore we must have

/X L(S(T), 0)(z)dx < /X L(T, 0)(x)da. (3.12)

Now note that the complete rearrangement of T (denoted as T*) can be achieved

through repeated (but finite number of times) application of S on T, i.e.
T"=8o0..08(T). (3.13)
Therefore repeating the argument in Equation (3.12) we would get

/XL(T*(m),H(:c))dx:/

X

L(So..08(T)(x),0(x))dr < / L(T(x),0(x))dx.

’ (3.14)
Using the fact that M = S o ... oS and taking L to be the power function given by
L(f,g) = |f — g|P for any two functions f, g on the same domain with p € [1,00) we

get the desired result for the step-function case.

Now we prove the result for a general measurable functions 7" and 6. As stated
previously, we assume the domain of both the functions to be [0, 1], so that we can
think of @ to be a quantile function. Using Lemma 3.4 let {T@}, and {69}, be
two sequences of bounded step functions converging to 7" and 6 almost everywhere

respectively. Note that {#(@}, is a sequence of quantile functions. Since {T@}, con-
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verges to T almost everywhere then the quantile functions of {7@}, would converge
to the quantile function of 7" almost everywhere. Now note that by definition the
quantile function of T'(q) is 7@, where T*@ = M(T@). Thus using Equation (3.14)

and taking L to be the power function we would have,

/ L(T"9(x),6(x)) dx < / L(T9(x),0(x)) dz,q > 1

X

= [|T"D(2) — 0(2)|l, < |7 (x) — ()|l p € [1, 00)

Using dominated convergence theorem,
T () = 0(2)[lp < [|T(x) — 0(2)]]p, p € [1,00). (3.15)

This proves our claim in Equation (3.10). Now note that

1. (Reshaping) By construction, M(7T) is weakly increasing. Additionally if 7" is
bounded and measurable then its increasing rearrangement M(7") should also

be bounded and measurable.

2. (Invariance) Since a montonically non-decreasing rearrangement of a weakly
increasing function is nothing but itself, therefore we must have M(T) = T if

the initial estimate 7T is already monotonically weakly increasing.

3. (Order preservation) Clearly, for two (bounded, measurable) estimates of the
true function 6 given by T} and T, with T3 (x) < Ty(x)Vz € x, their correspond-

ing montonically non-decreasing rearrangements 77 = M(73) and 75 = M(T3)
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respectively will also satisfy 77 (z) < Ty (x)Vx € x.

All the above points and Lemma 3.3 together prove that the M-operator is Ly-

enforcing on £ with respect to d,,p > 1. O

We now prove that T* = M(T") works better as a point and interval estimate, provided

that the true function 6 is weakly increasing.

Suppose the confidence interval for T is [T, Ty]. This requires us to prove the fol-

lowing statements.

Lioemers) M)y = L{oer, o)} (3.16)
IM(T) — 8]], < ||T = 6|, p € [1,00) (3.17)
IM(TL) — M(To)llp, < 1T — Tullp, p € [1,00) (3.18)

To show that Equation (3.16) is true, we first show that

Since 6 is known to be weakly increasing therefore M(6) = 0. Thus by order preser-

vation,

{1, <0 <Ty} = {M(Tr) <M(0) <M(Ty)} = {M(TL) <0 <M(Ty)}.

This implies that {1, < 0 < Ty} € {M(T) < 6 < M(1y)}, which directly implies
Equation (3.16).
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Equation (3.17) is a direct consequence of Theorem 1 and Equation (3.18) follows
directly from that. This proves that subjecting the original estimate T to the M-

operator makes it substantially better both as point and interval estimate.

3.3.2 Quasiconvexity enforcement

Define
T'(x) = min {y € R|z € conv(Iz(y))} . (3.20)

Definition 3.9 (Q-operator). The quasiconvezity enforcing operator (Q-operator) is

defined as Q : T — TT.

Theorem 3.2. The Q-operator exists.

Proof. Define

Qr(z) = {y € R‘x € conv (IT(y))} = {y € R)x € conv ({x € X‘T(m) < y})}

To show that T7(z) exists, we have to show that the infimum of Qp(x) exists and
is attained. We start by stating the following lemma which we will frequently use

throughout the proof. We have,

Or(x) = {y € R’T(x) < y and some other elements to make the set convex}
(3.21)
This implies that Qr(z) C {y € R‘T(m) < y} = Zp(y). Using Lemma 3.4 in above
equation we must have

inf (Qr(x)) > inf (Zr(y)) . (3.22)
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Again,

Ir(y) = {z € X|T(2) <y} < {T()|z € x}.

Using Lemma 3.4 in above equation we again have
inf (Zr(y)) > inf{T(x)|z € x}. (3.23)

Using Equation (3.22) and Equation (3.23) we have, inf (Qr(z)) > inf{T(m)’x € x}
Now since we assume 7" is a bounded function i.e. inf {T(x) ‘x € X} > —o00, therefore

we must have inf (Qp(x)) > —oo.

Let 4° = inf (Qr(z)). To show that 4 = min (Qr(x)) we have to show that there

exists a sequence of numbers {y*}, in Qr(x) such that y* — ¢° as k — oo.

Now for each k,

y® € Qr(z) = = € conv ({IT (y(k))}) — 1 € conv ({x € x‘T(x) < y(k)}> :
(3.24)
According to Carathéodory’s theorem, we will then find :ng), xék) € {x € X’T(LE) < y(k)}
and a(lk), aék) € [0, 1] such that x = agk)xgk) —|—oz§k)x§k). Define, X®) = (x(lk), :vgk))T and
ak) = (agk)&gk))T. Consider the sequence {(X(k),(x(k)>}k in y x [0,1]. Since both
x and [0, 1] are compact sets therefore we will find X = (2929)" and a° = ()’

such that X® — X% and a® — o as k — co. Therefore we have,

T = agk)xgk) + agk)xgk) = iMoo [agk)xgk) + ozék)x;k)} =af2) +ad+ 23 (3.25)
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Now assuming 7" is a lower semicontinuous function we must have

T(xf) < lim inf 7)) (3.26)
—00
< lim inf {T(y(k))} =" (3.27)
k—o0

Therefore we have T'(z°) < 3° and similarly T'(z°) < °, which in turn means that

9,29 € {I € X‘T(m) < yo} = Zr(y°).

So for any af,a) € [0,1] we must have af2? + a2 € conv (Zr(y°)). This further
means that y° € Qr(z) i.e. the infimum is attained for any arbitrarily chosen value

of x. Therefore the minimum exists, which proves the existence of the Q-operator.

Theorem 3.3. Q-operator is L enforcing on L wilh respect to ds metric.

Proof. We first argue that Q(7") is quasiconvex. Note that = € conv (Zr(y)) if and

only if Q(T'(x)) < y. The lower-contour sets of Q(7T") can be written as,

Tory(t) = {U‘Q(T(u)) < t} = min {u‘mm{ym € conv(Zr(y))} < t} (3.28)
= {u‘u <tandu€ conV(IT(y))} (3.29)

= {u|T(u) <t and u € conv ({T'(u) < t})} = conv (Zr(t)) . (3.30)

Since conv (Zr(t)) is convex for all values of ¢, therefore Zo(7)(t) is convex for all values

of t. Therefore Q(7") must be quasiconvex.
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Next we show that Q(T) is bounded and lower semicontinuous. Note that

Q(T'(z)) = min {y’x € conv (IT(y))} = min {y‘x € conv ({y|T(z) < y})}

Since {y|T(xz) <y} C Br (where By is the range of T') therefore we must have
inf ({T'(z)|z € x}) < Q(T(x)) < sup ({T'(z)|x € x|}).This implies that Q(7") is bounded.

Now let us assume that Q(7") is not lower semicontinuous. Then there exists a se-
quence {2} in x converging to 2° (the convergence is guaranteed by the fact that

X is a a compact set) with Q(7'(z°)) = yo but due to non lower semicontinuity,
lim inf QT (z™)) < yy — e,

for some € > 0. We denote by

yr = Q(T(2zM)) = min {y|z € conv (Zr(y))} (3.31)
Now for each k, 2®) can be written as ) = agk)xgk) + agk):vgk) where xgk),xgk) € X

and o\, ol € [0,1]. Consider the sequneces {xﬁ’“)}k, {xgk)}k, {agk)}k and {agk)}k.
Again, since x and [0, 1] are compact sets we will find subsequences {xglz)} and {xé’?}

converging to 29 and x9 (29, 29 € x) respectively. We can similarly find subsequneces

0 .0

{agi)} and {agz)} converging to af and of (af, a3 € [0, 1]) respectively. Therefore we

k—o00
have, ) 2% 29 where 2° = o929 + aJa).
Now assuming 7' is lower semicontinuous we must have,

T(29) < n]gglfT(a;g’“’) (3.32)
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Now recall that 2\ € conv (Zr(yx)) = T(:Egk)) < y,. Combining Equation (3.31)

and Equation (3.32) we have,
T(2%) < lim inf T(ngk)) < lim inf g, = liminf Q(T(z™®)) < yo — €. (3.33)
k—o0 k—o0 k—o00

Similarly we would have T (Igo)) < yo — €. From this we can write,

7" = a2+ adr) = T(2°) = T(d2) +adzd) < yo—€ = 2 € Ip(yo—e) (3.34)

Note that the second inequality is taken directly from [63]. Now, since z° € Zp(yo —¢)

therefore we must have,
Q(T(2")) = min {y‘xo € conv (IT(y))} <yo—€< Y. (3.35)

Equation (3.35) implies that Q(7") is lower-semicontinuous, which is a contradiction

0

to our initial assumption. Since z” was arbitrarily chosen therefore we must have

Q(T) is lower-semicontinuous.

Next we want to show that if 7" € L then Q(T) = T. Now if T" is quasiconvex this
means that Zr(y) is convex for all values of y. Then the lower contour set of Q(7') is

given by,

Tom)(y) = {= € X[QT (@) < v}

= {a: € X‘ min{y*‘x € conv(Zr(y"))} < y} = conv (Ir(y)),

which is a convex set. Therefore Zg(r(y) is convex for all values of y, implying that
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Q(T) is quasiconvex. Therefore we must have Q(T) € LY.

To prove the order preservation property, consider two estimates T} and T, of the
parameter function 6 such that 77,7y € £ and T(x) < Tp(z)Vr € x. We want to

show that Q(T}(x)) < Q(Tx(x))Vx € .

Now since T (z) < Ty(z)Vx € x we must have,

{x € X’Tl(x) < y} C {x € X‘T2(75) < y}Vy
- Z’-T1 (y) C ITZ <y>vy

= conv (Zp,(y)) C conv (I, (y)) Vy. (3.36)

Therefore we must have,

Tory(y) = {x € X‘Q(Tl (x)) < y} = {z] all elements of conv (Zr, (y)) which are < y}
(3.37)

C {z| all elements of conv (Zr,(y)) which are < y} = Zgp,)(y). (3.38)

Since Zoer)(y) C Zoer) (y)Vy therefore we must have Q(77)(y) < Q(73)(y)¥y. This

completes the proof.

Next, to prove the distance contraction, we want to show that the Q-operator is
distance contracting with respect to d,, metric. Assume that the true conditional

mean function p € £g. We want to show that [|Q(T') — 0|ec < |[T" — 0]|c-
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Define, § = ||T" — 0||oc = supze,{|T(x) — 6(x)|}. This means,

|T(z) —0(z)| <oVx € x = O(x) — 0 < T(x) <O(x)+ dVx € x. (3.39)

Now following [63] we must have Q(f + ¢) = Q(f) + ¢ for any f € £ and for any

constant c¢. Therefore due to order preservation we have,

QO)(x) — 6 < QT)(z) < QUO)(x) + 0V € x —> |Q(T)(x) — QB)()| < oV €
(3.40)

— supPoey {1Q(T) () = Q(O)(x)[} <6 = [|T — 0| (3.41)

Putting Q(0) = 0 (due to invariance property) in Equation (3.41) we have ||Q(T) —
6||oo§||T_‘9||oo ]

The proof of Q(T) being a better point and interval estimate as compared to 7" can be
done in similar lines with the same proof done in case of the monotonicity constraint.
Details are skipped as no technical difficulties are involved. The implementation of

the operator for practical applications has been illustrated in Algorithm 2.

3.3.3 Joint enforcement of quasiconvexity and monotonicity operator
Define,

T2 (x) = Qo M(T). (3.42)
Definition 3.10 (QM-operator). The joint quasiconvezity and monotonicity enforc-

ing operator (QM-operator) is given by QM : T — T,

Theorem 3.4. QM-operator is Ly enforcing on LI with respect to the d, metric.
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Procedure 2: Enforcement of Q-operator

Input : A point z € X", and an ordered dataset V" = {ya),y2),-- - Ym) }
Output: Estimated quantile value Qy(z)
Function QOperator(x, V"):
Initialize yr, < yq);
Initialize Yy < y(n);
while yy # yr,
Define Yy ={y € V" 1y <y <yu};
Compute median y* < median(Yy);
Compute lower contour set Zy,,(y*) = {z € X" : f.(2) <y*};
if © € conv|Zs,(y*)] then
Set yy < y*

else

| Set yr <y~
end

end
return Qs(z) < yu

Proof. We first deal with the reshaping property of the QM-operator, i.e. we have
to show that QM(T') € L&y where T' € L. Let g = M(T'). Then clearly g is weakly
increasing, and hence also quasiconvex. Due to invariance property of Q-operator,
Q(g) would also be quasiconvex. The other properties of QM-operator (invariance,

order preservation and distance reduction) can be similarly proved using the fact

that Q(g) = g¢. ]

The proof of QM(T") being a better point and interval estimate as compared to 7' can
be done in similar lines with the same proofs done in the last two sections. We skip

the details as no technical difficulties are involved.
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3.4 Simulation study

We evaluate the performance of the proposed shape-enforcing operators through ex-
tensive Monte Carlo simulations under various data generating processes (DGPs),
noise structures, and sample sizes. The population mean function is taken as p(z) =
e”, which is monotonic and quasiconvex. Specifically, we consider three sample sizes:
n € {300,500,1000}. For the DGP, we use three types of processes: White Noise
(where the time series is generated as standard Gaussian), ARMA(1,1) to capture
short-range dependence, SETAR (Self-Exciting Threshold Autoregressive) process to
introduce regime-switching dynamics based on the value of past observations. Each
DGP is simulated under three different noise distributions: standard normal (de-
noted as norm in the simulation tables), ¢-distribution with 3 degrees of freedom (to
model heavy tails), and a power-law noise generated using a Pareto distribution with
shape parameter 2.5. For each combination of sample size, DGP, and noise type, we
compute the percentage gain in both Mean Absolute Error (MAE) and Root Mean
Squared Error (RMSE) obtained using the M-operator relative to a usual nonpara-
metric Nadaraya Watson estimator. The results are averaged over 1000 simulation

replications.

Table 3.1 reveals several consistent patterns regarding the effectiveness of the pro-
posed M-operator across varying sample sizes, data generating processes (DGPs), and
noise distributions. The performance gains—measured in terms of improvements in
Mean Absolute Error (MAE) and Root Mean Squared Error (RMSE)—are most no-
table when the sample size is small. For a sample size of 300, the M-operator yields

substantial improvements, particularly under the ARMA and SETAR processes, and
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Table 3.1: Gain in accuracy upon enforcing M-operator

Sample size DGP Noise % Gain in MAE % Gain in RMSE
300 White Noise norm 2.5686 3.1174
300 ARMA norm 10.2954 11.4295
300 SETAR norm 8.3861 9.1793
300 White Noise t 6.5038 7.0081
300 ARMA t 11.4550 12.1464
300 SETAR t 5.9463 7.0827
300 White Noise power-law —0.0003 0.0959
300 ARMA power-law  0.7757 1.6569
300 SETAR power-law  (0.1924 0.4223
500 White Noise norm 1.9400 2.7310
500 ARMA norm 0.5107 0.6138
500 SETAR norm 0.5596 0.7257
500 White Noise t 2.2581 2.9949
500 ARMA t 2.9566 3.4881
500 SETAR t 5.2912 6.1396
500 White Noise power-law 0.0000 0.0152
500 ARMA power-law  0.0005 0.0240
500 SETAR power-law  0.0112 0.0447
1000 White Noise norm 0.3149 0.6505
1000 ARMA norm 0.6956 0.9443
1000 SETAR norm 2.5490 3.2455
1000 White Noise t 6.2784 6.9865
1000 ARMA t 0.0828 0.1935
1000 SETAR t 6.0066 6.7279
1000 White Noise power-law 0.0000 0.0055
1000 ARMA power-law  0.0470 0.1024
1000 SETAR power-law  0.0006 0.0091
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Table 3.2: Gain in accuracy upon enforcing Q-operator

Sample size DGP Noise % Gain in MAE % Gain in RMSE
300 White Noise norm 30.4182 23.0704
300 ARMA norm 73.0874 60.1088
300 SETAR norm 42.7238 35.3949
300 White Noise t 56.5914 44.7615
300 ARMA t 85.9528 67.5336
300 SETAR t 31.9044 25.7731
300 White Noise power-law -2.4885 —3.0008
300 ARMA power-law  -34.4652 —32.2777
300 SETAR power-law  -9.7912 —10.0112
500 White Noise norm 47.1233 33.4629
500 ARMA norm -5.5351 —3.1960
500 SETAR norm -19.4027 —12.4332
500 White Noise t 59.6190 42.2530
500 ARMA t 73.7085 49.6222
500 SETAR t 47.6229 36.2088
500 White Noise power-law —0.9615 —1.1505
500 ARMA power-law  —1.4650 —1.5278
500 SETAR power-law  —3.2876 —3.4731
1000 White Noise norm 45.0405 28.8704
1000 ARMA norm 55.1561 34.7556
1000 SETAR norm 105.4194 76.7823
1000 White Noise t 247.0137 172.2439
1000 ARMA t 3.4014 3.4634
1000 SETAR t 206.9370 144.7681
1000 White Noise power-law —0.8870 —1.1591
1000 ARMA power-law  —14.3507 —15.1223
1000 SETAR power-law  —2.0085 —2.2033
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Table 3.3: Gain in accuracy upon enforcing QM-operator

Sample size DGP Noise % Gain in MAE % Gain in RMSE
300 White Noise norm 0.3044 0.2321
300 ARMA norm 0.7415 0.6158
300 SETAR norm 0.4315 0.3599
300 White Noise t 0.5721 0.4542
300 ARMA t 0.8711 0.6900
300 SETAR t 0.3200 0.2606
300 White Noise power-law —0.0249 —0.0300
300 ARMA power-law —0.3414 —0.3196
300 SETAR power-law  —0.0979 —0.1000
500 White Noise norm 0.4717 0.3363
500 ARMA norm —0.0554 —0.0320
500 SETAR norm —0.1940 —0.1243
500 White Noise t 0.5966 0.4253
500 ARMA t 0.7373 0.4974
500 SETAR t 0.4773 0.3645
500 White Noise power-law —0.0096 —0.0115
500 ARMA power-law  —0.0147 —0.0153
500 SETAR power-law  —0.0329 —0.0347
1000 White Noise norm 0.4504 0.2891
1000 ARMA norm 0.5516 0.3478
1000 SETAR norm 1.0546 0.7691
1000 White Noise t 2.4732 1.7278
1000 ARMA t 0.0340 0.0346
1000 SETAR t 2.0714 1.4509
1000 White Noise power-law —0.0089 —0.0116
1000 ARMA power-law  —0.1434 —0.1511
1000 SETAR power-law  —0.0201 —0.0220

85



Chapter 3. Nonparametric shape-constrained modeling

these gains are most pronounced when the noise follows a normal or ¢-distribution.
In contrast, under heavy-tailed power-law noise, the performance improvements are
negligible or marginal, especially for white noise DGPs. As the sample size increases
to 500 and then 1000, the gains in MAE and RMSE become progressively smaller
across all settings. This indicates that the advantage offered by the M-operator di-
minishes with more data, likely due to the consistency of baseline estimators in larger
samples. However, even in larger samples, modest improvements persist under ¢-
distributed noise and nonlinear DGPs such as SETAR, suggesting that the operator
continues to offer robustness benefits in challenging scenarios. Overall, the M-operator
demonstrates the greatest utility in small-sample and moderately non-Gaussian en-
vironments, particularly when the underlying process exhibits temporal dependence
or regime switching. Its relative advantage is less evident in settings dominated by
heavy-tailed power-law noise or when the data volume is sufficiently large to offset

the complexity of the DGP.

Similarly, the performance of the Q-operator, as presented in Table 3.2, demonstrates
a sharp contrast depending on the noise distribution and the nature of the data gener-
ating process (DGP). Under both normal and ¢-distributed noise, the operator leads to
substantial improvements in estimation accuracy, especially for smaller sample sizes.
These improvements are particularly prominent for ARMA and SETAR models, with
gains being stronger in settings with heavier-tailed ¢ noise, where the operator ap-
pears to enhance robustness considerably. Even for white noise DGPs, the Q-operator
consistently offers strong gains under these two noise distributions. However, the ad-
vantages of the Q-operator deteriorate notably when the data is contaminated with

power-law noise. In such cases, the operator not only fails to offer improvement but
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actually leads to performance deterioration across all DGPs and sample sizes. This
negative impact is especially stark for ARMA processes and remains consistent even
as the sample size increases. Interestingly, unlike the M-operator, the performance
of the Q-operator does not exhibit a clear diminishing trend with increasing sample
size in the favorable noise settings; instead, it continues to yield strong and even
increasing gains in many of those scenarios, particularly in nonlinear DGPs like SE-
TAR. The Q-operator is highly effective in structured or autocorrelated environments
under light to moderately heavy-tailed noise, but its susceptibility to performance
degradation in the presence of heavy-tailed power-law noise highlights a limitation in

its robustness to extreme distributional deviations.

Finally, we present the relative performance of the QM-operator in Table 3.3. The
QM-operator exhibits a generally stable but modest performance profile. Across all
sample sizes and DGPs; it yields consistently small but positive gains in estimation
accuracy under normal and t-distributed noise. The gains are slightly higher under
t noise, especially for nonlinear DGPs like SETAR, suggesting that the operator re-
tains some degree of robustness to moderate deviations from normality. However, the
improvements are relatively marginal compared to those observed for the individual
M and Q operators. A key strength of the QM-operator lies in its stability. Even under
power-law noise, where both M and Q operators faced more substantial deterioration
in performance, the degradation observed with the QM-operator is minimal. The
percentage losses under this heavy-tailed regime are consistently close to zero, indi-
cating that the operator, while not particularly effective in boosting accuracy, avoids
making the performance worse in challenging scenarios. Unlike the Q-operator, the

QM-operator does not display significant sensitivity to the choice of sample size, with
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its performance largely holding steady as the data volume increases. This consis-
tency makes it a conservative and reliable choice in scenarios where the underlying
data characteristics are uncertain or where robustness across varied noise types is
preferred over aggressive improvement. Overall, the QM-operator provides a balanced
trade-off between accuracy and robustness, though its limited gain magnitude may

reduce its appeal in scenarios prioritizing maximal performance improvement.

3.5 Conclusion

This work introduces a flexible and broadly applicable framework for estimating
conditional mean and variance functions in time series models while incorporating
shape-based prior information. Traditional nonparametric estimators, such as ker-
nel smoothing or local linear regression, offer flexibility and robustness but do not
inherently satisfy structural shape constraints that are often motivated by domain
knowledge, particularly in financial applications. These constraints might include
monotonicity, quasiconvexity, or combinations thereof, which can reflect important
economic theory or empirical regularities. Rather than embedding such constraints
directly into the estimation procedure—which can reduce statistical efficiency or in-
troduce rigidity—our approach proposes a two-step method. We first compute an
unconstrained estimator and then apply a shape-enforcing operator that projects this
estimate onto the space of functions satisfying the desired structural assumptions.
This strategy allows us to preserve the richness of the initial estimator while ensuring
that the final result aligns with known or expected functional behavior. Importantly,
our methodology is compatible with both local and global estimation techniques. This

includes estimators that work pointwise as well as those that approximate the entire
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function using parametric or semi-parametric bases. Through empirical studies, we
demonstrate that the shape-enforcing operators can significantly improve the compli-
ance of the estimates with prior shape knowledge without compromising predictive
accuracy or interpretability. By supporting a wider class of shape constraints than
typically addressed in the literature, our framework offers a powerful and generalizable

tool for nonparametric modeling in time series and financial econometrics.

Building on the contributions made in this work, several exciting directions for future
research can be explored to further enhance the understanding and application of
nonparametric models under shape restrictions. One key direction is the extension
of the setup to incorporate more complex shape restrictions, particularly those that
involve higher-order derivatives or partial derivatives of the regression functions. This
would allow for a deeper understanding of the curvature properties of the functions,
which are crucial in many economic applications. For instance, the ability to model
higher-order sensitivities like gamma and vega would provide more accurate pricing
of derivatives and better risk management in financial markets. This extension would
improve economic models by capturing marginal effects in a more precise manner,

offering a more nuanced understanding of economic and financial systems.

Another important area for future research lies in the detection of structural breaks
within models that enforce shape restrictions. Existing methods for nonparamet-
ric changepoint detection often overlook the shape-related information inherent in
regression functions, such as monotonicity and convexity. Bridging this gap by in-
corporating shape constraints directly into changepoint detection frameworks could

significantly enhance the precision and robustness of structural break detection. This
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would be particularly valuable in financial data, where structural shifts in market
behavior or regime changes are often subtle yet impactful. My future work will focus
on developing methods that integrate shape-enforcing operators into these detection
frameworks, potentially offering improved accuracy in identifying structural breaks

and better understanding shifts in underlying data patterns.

Lastly, it is also an interesting problem to devise methodologies for the shape-enforced
estimation of nonparametric structural functions, an area that, to the best of my
knowledge, has not been fully explored in the literature. This involves developing ro-
bust estimation techniques that respect theoretical shape constraints, such as mono-
tonicity or concavity, while estimating key structural functions in economic models.
These functions, which could represent concepts like demand, supply, or cost curves,
often have clear theoretical shape restrictions that are not typically incorporated into
standard estimation methods. By enforcing these shape restrictions, the resulting es-
timates would be more consistent with economic theory, offering improved accuracy
and interpretability. This line of research would not only fill an important gap in the
literature but also provide valuable tools for applied economists and financial analysts

seeking to model real-world data more effectively.

3.6 Appendix: Prerequisite lemmas

Lemma 3.1. 1. f.(t) = f* (M(E) —t) holds at every point of continuity i.e. al-

most everywhere on (0, M(E)).
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2. For any function 1 that is monotonic on [0, 00),

/OM(E) S (@) = /OME)W*@)MF [ vlf@)d.

9. supgrcir—y Up |F(2)ldr} = i £ (u)du¥t € (0, M(E).

4. infypepir—o {Jp|f(@)ldz} = J5 fo(u)duvt € (0, M(E)).

Proof. Interested readers may refer to [59] for detailed proof. O

Lemma 3.2. Let {fi} be a sequence of positive bounded measurable functions on
(0,1) with corresponding equimeasurable decreasing rearrangement { f;}. The neces-
sary and sufficient conditions for a continuous function ¢(x;uy, us, ..., u,) defined for

0<z<1andu, > 0Vk = 1(1)n to satisfy
[ 005 £i@)s ola)s o fulee < [ 00 50, 50, Sila)de (343)
for any subset of functions fi, fa, ..., fn from {fi} are-
(u; + hyug + h) — @(u; + h,uj) — ¢(ui, uj + h) + ¢(ug, u;) >0 (3.44)

/06 [p(x — t;u; + h) + ¢z +t;u;) — ¢ +t;u; + h) — ¢p(x — tyuy)]dt >0 (3.45)

forallh >0,0<d <z, d <1—xandi # j. In particular, if ¢ has continu-

ous second partial derivatives with respect to all variables then Equation (3.44) and
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FEquation (3.45) respectively become equivalent to

52¢ 52¢

> 0, <
du;0u; dxdu,

Proof. The proof of the above can be found in [64]. Note that the direction of the

inequality in Equation (3.43) alters when we work with increasing rearrangements. [

[65] discuss that when a function L : R* — R, (where R, denotes the set of positive
real numbers) is smooth then submodularity is equivalent to % < 0V(v,t) € R%
It can also be shown that Equation (3.44) and Equation (3.45) hold for un-smooth

submodular functions. Therefore for any submodular function L : R> — R, we must

have

| Ll (@).g" @) < [ Liaw). g(x))do (3.46)

X
where ¢ and g are two functions on x and ¢* and ¢g* are their corresponding increasing

rearrangements.

Lemma 3.3. For any sequence of cumulative distribution functions {F,},, F, ' —

F=Yif and only if F,, — F, where “— " denotes weak convergence.

Proof. See [66] (Chapter 21) for complete proof. O

Lemma 3.4. Given a measurable function f on E C R there exists a sequence of

step functions { fr} which converges to f pointwise almost everywhere.

Proof. See [67] for complete proof. O
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Chapter 4
Test of lack-of-fit in ODE models

4.1 Background

The problem of testing whether data originate from a parametric regression function,
where the alternative hypothesis is a nonparametric model, has been extensively stud-
ied in the statistical literature [see 68, 69, for comprehensive reviews]. However, the
specific case in which the regression function is defined as the solution of a system
of ordinary differential equations (ODEs) has received comparatively less attention.
To the best of our knowledge, this problem has been investigated in only a few stud-
ies, including [70], [71] and more recently, [72] and [73]. In this chapter, we develop
an adaptive nonparametric testing procedure to assess whether the underlying re-
gression function satisfies a fully or partially specified system of ODEs, considering
a nonparametric alternative. Many early contributions in the domain of lack-of-fit
included evaluating the validity of a hypothesized model by examining the discrep-
ancy between the least squares estimate (LSE) and the nonparametric kernel estimate
[74, 75], similar ideas were extended by many future chapters like [76],[77] and [78].
Other parallel approaches to lack-of-fit testing broadly emerged from empirical pro-
cess theory [79], likelihood-ratio based tests [80] or properties of the residuals [81]. In
contrast, the field of lack-of-fit testing for ordinary differential equation (ODE) models
remains largely unexplored despite its wide applicability in a wide range of scientific
fields [82]. Existing methodologies often fall short here because, unlike static models

or regression-based frameworks, ODE systems represent dynamic processes driven
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by latent temporal dynamics, making their underlying data-generating mechanisms
more complex to evaluate. This challenge has also been acknowledged in the recent
review by [83], which underscores the limited attention given to statistical methods
for diagnosing potential model misspecifications in dynamic systems. In this context,
[70] and [71] considered the scenario where the evolution of the system is driven by
a certain ODE with unknown parameter and some external influence modeled as a
nonparametric forcing function. The lack-of-fit test was then done through testing
whether the forcing function is identically zero. However, the authors acknowledged
that their proposed test might be conservative for chaotic alternatives, which could be
mitigated by observing the system over a longer time span with more frequent mea-
surements. Notably, these studies lacked a rigorous theoretical investigation of the size
and power of the test, particularly against both global and local alternatives. Some
related works, such as [84] and [85], focused on regularization methods for parameter
estimation in ODEs. These studies also introduced forcing function perturbations
at the derivative level to account for model misspecification. While their primary
goal was parameter estimation, the authors suggested that such an approach could
be adapted for hypothesis testing, emphasizing that a statistical test at the derivative
level may be more relevant for detecting model misspecifications than one based on
residuals. A more recent nonparametric approach to lack-of-fit testing in dynamic
systems was introduced by [72] and [73]. The authors proposed three different test
statistics, each capturing the discrepancy between the observed data and different
representations of the hypothesized system: one based on trajectory representation,
another on integration representation, and the third on gradient representation. They
highlighted that the trajectory-based statistic fails to test individual components of

the system due to mixed component and parameter effect, while the latter two can-
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not handle partially observed systems. The test’s asymptotic power was theoretically
established for local alternatives, and its performance was shown to be comparable
to that of [70] in terms of power across a wide range of ODE systems. Finally, it is
worth noting the recent contribution by [86], who developed an efficient algorithm for
selecting the best model from a set of competing ODE models. Our work addresses
the same problem of lack-of-fit testing in ODE systems, but takes a fundamentally
different approach from the above-cited chapters. We propose a single test statistic
that is applicable to both fully and partially observed ODE systems, accommodating
model misspecifications in either the entire system or in specific components, as long
as the concerned system is statistically identifiable. To that end, we introduce an
omnibus test of lack-of-fit for a broad class of ODE models. Our contribution in this
chapter is threefold. First, to the best of our knowledge, this study is the first to de-
velop theory and methods for testing lack-of-fit for nonlinear ODEs with a minimax
nonparametric framework. Second, our framework is capable of handling ODEs that
describe a single evolving state, as well as models with multiple states, where one
or more states may remain unobserved due to practical limitations or experimental
costs. This makes our framework a versatile tool for assessing the adequacy of ODE
models in evolving systems. Finally, the proposed test is designed to be adaptive
and rate-optimal, meaning it adjusts to the unknown smoothness of the alternative
model and is uniformly consistent against alternatives whose distance from the para-
metric model converges at the fastest possible rate. By doing this we overcome the
limitation of the traditional nonparametric lack-of-fit tests, the performance of which
are heavily dependent on the regularity of the alternatives [87]. We establish the
theoretical consistency of our test through a minimax approach [88, 89] for a wide

class of alternatives. Our test achieves power performances comparable to [72]. The
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performance of the test is further validated through an extensive simulation study
and applied to a range of real datasets from fields like biology, agriculture, and drug

research.

4.2 Mathematical framework

4.2.1 Assumptions

In this section, we outline the assumptions necessary for ensuring the consistency of
the test. These assumptions primarily concern the properties of the parametric family
Fo, the behavior of the parametric estimators, the nature of noise heteroscedasticity,
the spacing of design points, and other relevant factors. Most of these assumptions
are standard in the literature on model misspecification testing (see [89], [90] among

others).

Assumption 1. Let {0°} be a sequence in © whose limit, if exists, is in © and 63’s
be the heteroscedasticity estimates. Let 57% be the estimate of 6° obtained from the data

generated from the model y*(t;) = z(t;, 00, C) + € where €f ~ N(0,6?7) independently.

n’

Then

lim P (\/ﬁ

n—oo

55—02’>v)<6,

for some & > 0 and sufficiently large v > 0.

This assumption establishes a stability property of the parametric estimator that is
used to justify the simulation procedure for obtaining the critical values of the test

statistic.
Assumption 2. h,,.; > A = 177 for somey € (0, é) and Rumqe = Cr((loglogn) ™)
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for some Cy > 0. Note that imposing this assumption on the structure of H, gives

J, < O(logn) as n — oo.

Assumption 3. There exists constants Cy and Cy such that Cinh < My(t;) <
Conh¥i = 1(1)n where My(t) denotes the number of observed time points falling

in the interval [t — h,t + h].

It can be shown that this assumption holds with a probability approaching 1 as
n — oo if H,, meets the conditions specified in assumption 4, and the sampling time
points t;’s are drawn from a distribution that is absolutely continuous with respect to
the Lebesgue measure, has bounded support, and possesses a density that is bounded
away from 0. However, it is not strictly necessary for the t;’s to be generated from

such a distribution.

Assumption 4. The measurement errors €;’s have up to 4 + p moments finite for

some p > 0.

Assumption 5. The heteroscedasticity and fourth-moment function of the random
noise are Lipschitz continuous. This means if we consider o? = o2(t;) and S; =

E[e}] == S(t;) then

)

0'2 U?‘<V|tl—t]| and |Sl—Sj|<U|tz_tj|vz7]7

2_
for some finite constants v and v. This assumption ensures the consistency of the
heteroscedasticty estimates.

Assumption 6. K is non negative, symmetric about origin with support [—1,1].

In particular we assume K(u) > k when |u| < dx for some known k,0 > 0 and
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K(u) < 1Vu.

4.2.2 Problem setup
Consider a r-dimensional system observed with noise over discrete time points ¢t €
Tg [0,1],T: {tl,tg,...,tn},tl = O,tn =1 as

y(t;) =x(t;) +e,j=12,....,r5i=1,2,....n, (4.1)

where ¢; ~ N (0,0?) for o; > 0,4 = 1,2,...,n independently. Note that we assume
only d(< r) states of the system are observed. We are interested in testing whether

the noisy observations in (4.1) are generated by the system

(4.2)

where the functional form of F(.,0) € Fg is known for a given § € © C R?, ¢ > 1.
Typically, the initial condition ¢ is known in applications; however, if unavailable,
they can estimated alongside the system parameter € using the approach outlined in

the following sections. The testing problem can then be formally stated as

Hy :z(t) = 2(t,0,() for some 0 € O,

where z(.,0,() is the solution of (4.2) either numerically or analytically evaluated.
We assume that, in cases where the system is not exactly solvable, the solution can be

numerically approximated with arbitrarily high accuracy. Therefore, for simplicity, we
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do not account for the numerical error introduced during this evaluation, in addition
to the random noise already present in the model. Nevertheless, we believe extending
the analysis to incorporate such numerical errors is straightforward and leave this
aspect for future work. Note that the hypothesis testing problem described above
is a classic model specification testing problem. However, the main difficulty in this
case is two-fold. One, the misspecification is tested at the derivative level, which we
do not observe and second, even at the derivative level the system is not completely

observed.

4.2.3 Proposed test

To construct the test statistic for (4.2.2) we need to estimate the unknown parameter
¢ in the ODE model (4.2) under the null hypothesis. The estimation of unknown
parameters in dynamical systems is well-studied, with popular methods including
nonlinear least squares [91] and two-step collocation [90, 92, 93]. Theoretical results
on the asymptotic properties of these estimates are also established; see [94] and [83]

for detailed reviews.

We assume there exists an estimator 6 of § that is v/n—consistent for 6y, where 6,
is the true value of 8 under Hy,. We also assume that 0 is a stable estimator. Under
reasonably mild restrictions (see [95]) one can show that most of the usual estimators,
such as least-squares of M-estimators, satisfy these properties. The construction of
the test statistic also requires the estimation of the heteroscedasticity o?’s. Since we
require an estimator that is consistent regardless of whether Hj is true we cannot
use an estimator based on the estimated model residuals from (4.1). We adopt the

heteroscedasticity estimator 67 motivated from the works of [96]. The asymptotic
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properties of this estimate is rigorously established in [89]. In what follows the no-
tations are defined assuming only one of the states in the system (4.1) is observed,
i.e. d = 1. The case for multiple observed states d > 1 can be achieved by a simple
Bonferroni correction. We leave the development of a stronger test to a future work.
For notational simplicity in the d = 1 case, we write (4.1) as y; = z(t;) + ¢; where

i = y(t:).

We now describe the kernel smoothing procedure that is used in our test. Given
an appropriately chosen kernel function K(.) and bandwidth h = h(n), for each

1,7 =1,2,...,n define the weight matrix as

1 K (5h
Wh(i7j> = /O w<tati)w(t7tj>dt’ w(t7ti) = ()

The kernel smoother of nonparametric estimator of the observed process and the

parametric estimator are respectively given as

n n

/I\(t) = Z y(ti)w(ta ti)? 2(t> 0, C) - Z Z(ti7 0, C)w<t7 ti)'

i=1 =1

Denote T = (Z(t1), Z(t2), ..., Z(t,))" and 2(0, ¢) = (2(t1,6,¢), Z2(t2,0,C), ..., Z(tn, 6,0))".
Our proposed test statistic is based on the integrated £2-distance between the non-

parametric and smoothed parametric estimator, defined as,

Sp(0) =™ Wye, e=7—2(0,(), 0€6.

Define N, = E[S;,(6p)] and V;? = Var [S,(6y)]. Consider the standardized version of
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Sn(0) as,
Sn(0) — Ny,

1o)==

Since the values of T),(0) are extremely sensitive to the selected bandwidth h, we

evaluate them over a sequence of possible bandwidths defined as

H, = {hi

hmin < hz < hmaX7 hz — hmaxai7i = 07 1... (Jn - 1)}

where J,, = log1 (};lma ), for some 0 < hApin < hmax < 1 and a € (0,1). The final test

min

statistic is then defined as,

-~

_ Su®) =N

T* = max {Th(é)} v,

heHn,
This approach, first proposed by [89], has been widely adopted in the literature on
lack-of-fit testing to ensure test adaptivity [97, 98]. Note that in the above equations,
Nj, and V;2 can be replaced by their respective consistent estimates. Since the true
value of 6 under Hy, denoted by 6y, is not known, hence evaluating the critical values
of T* analytically is not possible. Alternatively, we suggest a bootstrap algorithm to
evaluate the critical values. Let t, be the a—level critical value which is obtained as
the (1 — a)—th quantile of the bootstrap distribution of the test statistic. The pro-
posed test rejects Hy with asymptotic level v is T* > t,. As highlighted by [75], the
choice of bootstrap procedure is critical in this context. The naive and adjusted resid-
ual bootstrap methods are noted to often produce overly conservative tests, which can
fail even under homoscedastic error structures. To address these issues, the authors
advocate for the use of the wild bootstrap as a more robust alternative. However,

our simulation studies indicate that the naive bootstrap performs adequately and is
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sufficient in practice.

4.2.4 Properties of the test

We assume that the function F(.,6) in (4.2) is smooth and the system (4.2) is struc-
turally identifiable i.e. the solution z uniquely determines the initial value ¢ and the
parameter vector 6, and subsequently the entire system (4.2). Verifying the identifi-
ability of a system in the presence of statistical noise presents significant challenges.
[99] employed differential algebra to assess global identifiability of dynamic models,
whereas [100] developed an eigenvalue-based test for checking the identifiability of
ODE systems. More recently, [93] provided necessary and sufficient conditions for
the structural identifiability of a specific class of separable ODEs. We also require
some assumptions pertaining to the characteristics of the parametric family Fg, the
behavior of the parametric estimators, the nature of noise heteroscedasticity, the
spacing of design points, and other related factors. Most of these assumptions are
standard in the literature on model misspecification testing (see [89], [90], among
others). All the proofs in this section will follow from few prerequisite lemmas, which

have been detailed in the Appendix.

We now establish the asymptotic size and power of the test. In what follows, t,
denotes the (1 — a)—level critical value of the bootstrapped distribution of the test

statistic T™.

Theorem 4.1. Under the previosuly stated, if Hy is true then lim, ., P(T* > t,) =

Q.

Proof. The theorem is a straightforward consequence of Lemma 4.4, Lemma 4.5 and
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Lemma 4.6, which are detailed in the Appendix. We skip the details since there are

no technical difficulties involved. OJ

This theorem ensures the asymptotic size of the test. The proof follows directly
from a probabilistic equivalence established between the behavior of the statistic
Sp(0) constructed with bootstrapped data and its behavior under both the null and

alternative hypotheses.

For any function f, we empirically measure its distance from the parametric class Fg

as,

oco | n =

22, Fo) = inf {1 S (ft) — ¢ — z(ti,e»?}. (43

An asymptotically consistent test should reject Hy if the empirical distance between
the true (unknown) dynamics x and the parametric class Fg is large enough for

sufficient sample size, say if p}(z, Fo) = ¢, for some ¢, > 0.

Theorem 4.2. Under the previously stated assumptions, if there exists a ng = no(c,)

for which p?(x, Fo) = ¢, for all n = ng then lim,, o, P(T* > t,) = 1.

Proof. Define,
¥ = argmin {Zn: (x(t;) — ¢ — 2(t;, 9))2} :

Then according to Lemma 4.9, it would be enough to show that if there exists a

no = no(c,) for which p*(x, Fo) > ¢, for all n > ng then

1n (0)
[ Xl = ¢ = stts o)) ittt = = e (14)
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Since [3 3", [(z(t;) — ¢ — 2(t;,¥)) w(t, t;)]*dt can be seen as the smoothed distance
between the true data generating process and the null hypothesis therefore assuming

the functions z and z to be smooth and the bandwidth h to be small enough we can

write
1 n n
[ Sl = ¢ = st ) wlts )Pt = 3 (a6) = € = 2(6,9))°
i=1 =1
Therefore it would suffice to show that 4V;,#() < n?vVh he,, which follows from assump-
tion 4 and Lemma 4.8 in the Appendix. O]

Next we focus on the power of the test against a sequence of local alternatives.

Formally, the hypothesis testing problem can be formulated as

H()IFGF@
VS

H™ . Fe F§ where F§ = {x, |z, (t) = 2(t,0) + png(t),xz € Xo,0 € O},  (4.5)

where Xg denotes the parametric class of the dynamics of z under null hypothesis,

for some continuous function g and {p,} =% 0 where p, > ki/08lsn
g p p .

for some
k > 0. We assume that ¢(-) is a continuous function that is normalized such that

" g(t:)]? = n. We further assume

” 22 (t;, 0 2o (t3,0) & , "
zkw@—eg R e S S N] TS ol
o’ o' i=1

1=1 j=1,5%#1i

for some §, > 0,0’ € © where By =Y ’%z(ti,e’)

and zg (t,0') = 53;2(,0'). Note
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that these two assumptions only allow us to take functions g(-)’s for which

(SL’n(tl) — ¢ — z(t;, 92))2 > cnp,, for some ¢ > 0.,
1

n
1=
where {0°} is a sequence of points in §, whose limit point, if exists, is in 6. This
further ensures that the rate of convergence of the sequence of alternatives to the null
hypothesis depends solely on how fast the sequence {p,} converges to 0. This, along
with the previously stated assumptions imply that

inf {1 S (ent) — ¢ — 2(t, 9))2} > 5,1 — o(1)).

bco | n =

Theorem 4.3. Along with the previously stated assumptions, if g satisfies the above
described restrictions, then lim,,_,., P(T* > t,) = 1 for each of the alternatives of the

form (4.5).

Proof. Recall the sequence of alternatives defined in (4.5). According to Lemma 4.9
we have to show that if Hl(n) is true then for large enough value of n and for all

heH,,

LS 2 - £(0)
/0 [Z{(x(ti) — ¢ = a(ti, 09)) wit 1)} ] dt > 4;/\;% , (4.6)

i=1

where {0°},6° = argmingq {Z?:l (2(t;) — C — z(ti,ﬁ))z} is a sequence of points

whose limit, if exists, is in . Fix ¢ and define:

@ =3 {(ats) — ¢ — 2(t,0%,)) w(t, 1)}

i=1

b = p2 > KAt wi(t, L),
=1
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where

k(t:) = By |g(ti) (1= 29 (t:,0,€)) — 200 (3, 0, €) Z g(t)ze (t,0',6) ] ,

J=L1j#i

and all symbols are as previously defined in (4.2.4). Then using reverse Minkowski

inequality,

Therefore under H 1(n),

n

[ [ (et < st enn)

=1

dg nloglogn

dt > —=.
2 n

Establishing (4.14) is therefore equivalent to demonstrating that

5, VIO
—~— | -loglogn > =
<2> SO L Vh

which follows directly from Lemma 4.2 and Lemma 4.8. O]

This theorem establishes the rate-optimality of the test, which means that the test
maintains maximum power even when the class of alternatives approach the null at
the fastest rate possible. Interested readers are referred to [88] for more details on
the concept of rate-optimality for nonparametric tests. However, Theorem 4.3 does
not uniformly hold for any choice of continuous function g. The issue of uniform

consistency is what we delve into next.
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Consider the class of Holder continuous functions with smoothness order s € R, s > 2

and finite Holder norm, denoted as H(s). Now for any function f € H(s) we denote

n

Vlog log n) wh }

B(H(s),n) = {f € H(s)|on(f, Fo) = Ca <

for some C, > 0, where the distance p, is as defined in (4.3). Then for any s > 2,

our testing problem can be formulated as
Hy:FeFe vs H™:FeB(H(s),n). (4.7)

Theorem 4.4. Under the alternatives of the form (4.7), when C,, is sufficiently large
then
lim [ inf {P(T" > ta)}] =1

z€eB

o (H(s),m)

Proof. Take

and write d(t;) = z(t;) — ¢ — z(t;,9). By Lemma 4.9 it suffices to show that

2 AVt
/ Zd 2(t, t;) dtz i for some h € H,,,
n

which we will establish by approximating d(.) by a piece-wise polynomial and proving
that each piece satisfies the required condition. Now let m denote the greatest integer

less than s. Since d € H(s) using a Taylor expansion in 7 with center ¢~ and scale h

107



Chapter 4. Test of lack-of-fit in ODE models

we can write,

P = (15) w5 v (15)

The approximation error for the above approximation is given by

d(m—‘rl)(c)
_ 2] ot 1)!’ lu— te| ™ B < O, (4.8)

for some constant C. This means that d(.) can be approximated as P(.) in 7 with

o~

error rate O(h*). Define d(u) = ¥, d(t)w(u,t;) and P(u) = S, P(t:)w(u,t;).

Then clearly ‘af(u) - }A’(u)’ < Ch*. Elementary calculations show

2 ~

> |dw =5 ¥ [P

{i|t;€T} {ilt;€T}

2
- nTCths’

where n is the no. of elements in the set {i|t; € T}. Now let V be a (m+1)x (m+1)

matrix with elements

Vi = ¥ (% ;tcyﬂ.

{kltr€T}
Define an array of numbers {¢(7,75)},i =1,2,...,n,5 = 0,1, ..., m which satisfy the

equation
k

2": (tf—htc)kw(ti,tj) _ (W) for all k.

=1

Let V be another (m + 1) x (m + 1) matrix whose (p, ¢)—th element is given by

Vg = 3 (HRte) (Mgt

{ilti€T}

It can be shown that there exists a constant R, depending on C; and Cs from assump-
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tion 5, for which HVH < R and HV‘lH < R. This is a straightforward application
of the regular design case of [101] and lemma 6.6 of [102]. We can then write,
~ 1
S ld)) > o X ld)” - (1 + ) nrC2h2, (4.9)

{i|t;€T} 4R2 {i|t;€T} 2R2

Now split [0, 1] into L non-overlapping intervals {71, 7s,..., 7.} and apply (4.9) in

each of them. Due to assumption 4, for suitable constants C] and C5 we can write

2 2541
2s

> ‘cf(tl) > Cin' 2 (loglogn) ™ + Cin (loglogn) ™. (4.10)
i=1

Using approximation of an integral as a sum,

/01 {idQ(ti)w2(’%ti>} dt~ o S5ttty ) = O (Z e, 2) |

i=1j=1

The remainder of the proof follows in a straightforward manner. O

This result establishes the uniform consistency of the proposed test against the class
of Holder continuous alternatives. Extending this consistency to broader function
classes, such as Besov or Sobolev spaces, can be achieved through similar reason-
ing, with minor adjustments to the technical assumptions regarding the spacing of
observation time points. We skip the details as there are no significant difficulties

involved.
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4.3 Simulation study

4.3.1 Empirical size and power of the test

This section presents the results of Monte Carlo experiments conducted to evalu-
ate the numerical performance of the adaptive, rate-optimal test. Each experiment
involves specifying a parametric null hypothesis model and an alternative models.
The alternative is formed by introducing a small sinusoidal perturbation to the null.
Monte Carlo simulations are then used to estimate both the test’s rejection probabil-
ity under the null hypothesis and its power against the alternative model. The null

hypothesis is defined as

' (t) = —(ky + ke)x(t) + ker(t),

r'(t) = kpa(t) — kir(t), (4.11)

2(0) = o, 7(0) = 7o,

where z is the observed variable (observed under noise as in (4.1)) and r is the
unobserved/latent variable. Note that (4.11) is widely used to model drug diffusion in
plasma and tissue [103]. Under Hy, the true values of the parameters are taken as k, =
0.98, k. = 0.22, k; = 0.33. This choice is motivated from the real dataset recording the
drug diffusion pattern in different animal subjects, as we will elaborate in (4.4). In the
alternative, we introduce a sinusoidal perturbation of the form A sin(wnt) with A =5
and w = 20. The initial conditions are assumed to be pre-specified as zo = 500, 79 = 0.
All experiments are done for a 5% level of significance. As mentioned previously, all
time points are scaled to be in [0,1]. The null and the alternative is presented in

(4.1).
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Figure 4.1: Null and alternative hypothesis for MCMC experiments

The simulation procedure is as follows. Data is first generated under the null hypoth-
esis (4.11) (to evaluate size) and under the alternative hypothesis (to evaluate power)
for n equispaced time points {t1,%s,...,t,}, with homoscedastic random noise intro-
duced corresponding to signal-to-noise ratios of 10% and 30%, respectively. Consis-
tent with the earlier notation, the observed noisy system output at time ¢; is denoted
as y; for 1 = 1,2,...,n. Parameter estimation for the null hypothesis model is per-
formed using a nonlinear least squares algorithm, while the error variance is estimated
with the Rice estimator [104]. The estimated parameter and the estimated variances
are denoted as 0 = (@b, Ee, @t) and %’s respectively. Nonparametric smoothing of the
data and the parametric solution of (4.11) are implemented using the Epanechnikov
kernel, with bandwidth configurations deliberately chosen to slightly overfit the data

for optimal test performance. The experiments are conducted for sample sizes of 50,
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100, and 250, the corresponding bandwidth grid were chosen to be 10 equispaced
points in the intervals (0.025,0.030), (0.015,0.020) and (0.008,0.015) respectively.
Upon evaluating the test statistic, the critical values were obtained using a naive

bootstrap procedure. The steps of the bootstrap are as follows.

-~

1. For each i = 1,2,...,n, generate yi = ¢ + z(t;,0) + €, where €!’s are sampled

from N(0,52).

2. Use the dataset {y],v3,...,y"} to estimate the parameter # in (4.11) and the

error variance. Denote these as 6* and 62  respectively.

3. Compute the test statistic using the generated dataset and estimated parame-

ters in step 2. Denote the bootstrapped test statistic as T*.

4. Repeat steps 1-3 many times to evaluate the (1 — a)—th quantile of T, denote
it as t,. This is taken as the critical value for a test of 100(1 — a)% level of

significance.

All experiments were conducted in RStudio, using R version 3.6.3. For size computa-
tion, 1000 Monte Carlo replications were performed, while 500 replications were used
for power estimation. This approach ensured sufficient precision in size calculation
while optimizing computational efficiency to maintain an adequate power for the test.
The results for the simulation for different sample sizes and signal-noise ratios (SNR)
are presented in (4.1). The size of the test remains close to the nominal level across
all configurations, demonstrating its reliability. The power of the test increases with
larger sample sizes and lower signal-to-noise ratios. For instance, at n = 50, the

power is 0.396 for an SNR of 10%, while at n = 250, the power rises significantly to
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0.993. Higher SNRs (30%) result in reduced power, as expected, but the test still

exhibits robust performance, particularly with larger sample sizes.

Sample size (n) SNR Size Power
£ 10% 0.064 0.396
30% 0.052 0.174
10% 0.062 0.844
100
30% 0.064 0.305
10% 0.052 0.993
250
30% 0.050 0.576

Table 4.1: Size and power of the proposed test for different sample sizes and signal-noise
ratios (only x is observed)

We further examined whether the test’s performance improves significantly when all
components of the system are observable, i.e. both the dynamics of x and r are
observed. The test procedure remains unchanged, with the only difference being that
the parameter 6 is estimated by minimizing the loss function with respect to both
variables = and r. Simulation results indicate a marginal improvement in both size
and power when the system is completely observed. This underscores the robustness
and efficacy of our test for both fully and partially observed systems. We consider

the same null hypothesis as specified in (4.3):

() = —(kp + ke)z(t) + kyr(),

() = kpx(t) — ker(t),

(0) = o, r(0) = ro,
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where both variables x and r are observed with noise. Similar to the setup described
in (4.3), the true values of the parameters under the null hypothesis are taken as
ky = 0.98, k. = 0.22, k, = 0.33, with the initial conditions specified as o = 500 and

7'0:0.

Under the alternative hypothesis, we introduce a sinusoidal perturbation of the form
Asin(wrt) to the x component, where A =5 and w = 20. Note that although both
components of the system are observed under noise, the testing is performed only on
the x component; hence, the perturbation is introduced solely to the x component.
Simultaneous testing for both x and r components, particularly when the system may
not be structurally identifiable, is also a feasible extension. However, this lies beyond

the scope of the current paper and is left as a direction for future research.

The setup of the simulation is the same, except the least-squares objective function
for estimating the unknown parameter 6 is modified to incorporate the loss in both
the z and r components. The variance of both components are estimated using the
estimator proposed in [96]. The power and size for finite sample size in different noise

intensities is described in (4.2).

The results indicate a slight advantage in terms of both size and power when both
components are observed. Specifically, the size of the test remains below the nomi-
nal level even for small sample sizes (n), demonstrating its robustness under limited
data. Additionally, the power is comparable to the scenario where only one compo-
nent is observed (as shown in (4.1)), with minor gains observed for smaller sample
sizes. However, as the sample size increases, the performance of the test becomes

nearly equivalent regardless of whether all components are observed, suggesting that
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Sample size (n) SNR Size Power
- 10% 0.053 0.401
30% 0.051 0.188
10% 0.050 0.857
100
30% 0.049 0.332
10% 0.049 0.994
250
30% 0.042 0.580

Table 4.2: Size and power of the proposed test for different sample sizes and signal-noise
ratios (both x and r are observed)

the additional information provided by observing both components has equivalent
performance in large-sample settings. This highlights the test’s adaptability to dif-
ferent data availability scenarios, performing well even when some components are

unobserved.

4.3.2 Comparison of the test with other exiting tests in the literature

We now compare the performance of the test statistic with that of [70] and [72]. We

consider the null hypothesis of a linear form as follows.

x)(t) = ata(t)
HO .

7y(t) = 7 (2:1(1) + b (1)),
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where (a,b, 7) are unknown parameters. We consider different forms of oscillating

and low-frequent perturbations in the alternative as follows.

2y (t) = 7 (az1(t) + 0.2 cos (axy(t)))

HY
zh(t) = 7 (az1(t) + bro(t) + 0.2 cos (ax(t) + bxo(t))),
s 2h(t) = 7 (az1(t) + 0.05(az(t))?)
zh(t) = 7 (ax1(t) + baa(t) + 0.05(azy (t) + bxa(t))?),
SO ) (t) = 7 (az1(t) + exp (az1(1)))

xh(t) = 7 (ax1(t) 4+ bao(t) + 2.5 exp (axi(t) + bxo(t))) .

Under the null hypothesis the true parameter values are taken as (7, a, b) = (10, —0.06, —0.24).
The data is generated from the above systems with independent random noise fol-
lowing a A/(0,0.05%) distribution. The sample size is set as n = 300 and all tests are

done at 5% level of significance.

As shown in Table 4.3, our proposed test exhibits comparable power to existing
methods in both fully and partially observed settings. When the entire ODE system
is observed, all tests perform similarly in terms of power. However, in scenarios
where only one component of the system is observed, our test often outperforms the
gradient-matching-based test statistic proposed by [72]. Notably, our test achieves
power levels close to those of [70]. The results remain robust across all choices of

alternatives considered.
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Both Observed

Size Power
O g®  g®
[70] 0.047 1.000 1.000 1.000
[72] (TM) 0.045 1.000 1.000 1.000
Our test 0.052 1.000 1.000 1.000

Only z; Observed

Size Power
Hl(l) H{Q) H1(3)
[70] 0.047  1.000 1.000 1.000
[72] (GM) 0.038 0.270 0.919 0.296
[72] (IM) 0.036 0.499 1.000 0.134
Our test 0.061 1.000 0.934 1.000

Only x5 Observed

Size Power
Hfl) H1(2) H£3)
[70] 0.047 1.000 1.000 1.000
[72] (GM) 0.034 0.193 0.606 0.062
[72] (IM) 0.058 0.998 1.000 0.721
Our test 0.054 1.000 1.000 1.000

Table 4.3: Comparison of size and power for different tests under various completely
and partially observed setting. Here TM, IM and GM respectively denote the trajectory-
matching, integral -matching and gradient-matching based test statistic.
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4.4 Applications

Although the theory presented in this chapter primarily focuses on partially observed
systems of differential equations, we would like to highlight that it is applicable to
a wider range of systems. To demonstrate this, we apply the theory to three real-
world examples. The first example involves testing the dynamics of drug diffusion
between the blood and tissue compartments over time. Here, the concentration of the
drug in tissue is difficult and costly to measure, making it an unobserved variable.
This scenario directly aligns with the partially observed systems discussed in this
chapter. The second example examines the relationship between crop yield and soil
fertilizer, where “crop yield” serves as a proxy for“time” in the system’s evolution.
This is a completely observed system, as data on both the response (crop yield)
and the predictor (soil fertilizer) are available. Finally, we explore predator-prey
dynamics between two pairs of bacterial species. This is another completely observed
system, though it involves multiple responses, all of which are observed. As detailed
in this section, the test yields interpretable results in all three cases. Notably, despite
having a limited number of sample points in each case, the underlying dynamics
are sufficiently captured, allowing for reliable inference. This was achieved through

careful experimental design setups inspired by [105].

4.4.1 Mathematical modeling of drug-diffusion data

The mathematical modeling of drug diffusion in complex systems combines biology,
physics, and computational mathematics to understand the absorption, distribution,
metabolism, and elimination of drugs within biological systems. This research is

crucial for optimizing drug delivery, improving efficacy, and minimizing side effects.
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Models integrate diffusion theory, reaction kinetics, and fluid dynamics to simulate
drug transport, accounting for factors like molecular size, solubility, and biological
barriers, ranging from simple compartment models to more complex partial differ-
ential equations. For a comprehensive introduction, readers may refer to [106] and

[107).

A widely used mathematical framework in this context, known as “compartment mod-
eling” [108], simplifies biological systems by dividing them into functional compart-
ments representing specific physiological regions or tissue groups. This framework
assumes that, after administration, the drug is absorbed into these compartments
through diffusion and elimination. In particular, the two-compartment model [103,
109] considers two compartments: plasma and tissue. The drug is transferred from
the plasma to the tissue at a rate ky, diffuses back from tissue to plasma at a rate
ki, and is eliminated from the system at a rate k.. The dynamics of this system
resemble that described in (4.11), where x(t) represents the drug concentration in
plasma and r(t) in the tissue. As noted in (4.3), due to the high cost of measuring

tissue concentration, we can only observe the drug concentration in the plasma (z).

We test the null hypothesis of (4.11) using experimental data on the decay of a
chemical’s concentration in the plasma over time in a specific species of laboratory
rat. The data is provided by US Department of Health and Human Services, and
can be found here. In this experiment, the rat was administered a dose of 300 ug/kg
of the drug, and its plasma concentration was measured over a 48-hour period. The
measurements were taken at 12 irregularly spaced time points during this period. The

decay of the plasma concentration is illustrated in the below plot.
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Concentration (ng/ml)

0 10 20 30 40 50
Time (hours)

Figure 4.2: Decay of drug concentration in plasma post-intake

Note that the concentration of the drug in plasma at t = 0 was not measured but back
extrapolated, typically it was set to be the first observed. The test was conducted
using the Epanechnikov kernel and the bandwidth grid was taken to be 10 equispaced
points in the interval (0.05,0.07). The test was accepted at 5% level of significance
based on the observed data. The same experiment with 10 other subjects of the
same species. Each of them were injected with the same dose of 300 ug/kg at ¢ = 0,
and were observed over different time spans. The test was conducted for each of
the subjects individually. However, since the number of observation time points was
approximately the same across all subjects, a common bandwidth grid was used for
consistency: 10 equally spaced points within the interval (0.05,0.07). The results of

the test are presented in (4.3).
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Figure 4.3: Decay of drug concentration in plasma post-intake in different subjects. ‘PC’
denotes plasma-concentration. The subjects with dashed-line rejected the null hypothesis.
Our test results indicate that 5 out of the 11 subjects accepted the null hypothesis,
while the remaining 6 rejected it. However, it is important to note that limited data
was available for some subjects, which may impact the reliability of the test results
for those cases. Each subject was tested individually, as outlined in the methodol-
ogy. Nevertheless, simultaneous testing across all subjects could potentially enhance
the accuracy of the test, particularly in scenarios with limited data. Exploring this

approach is beyond the scope of the current study and is left for future research.

4.4.2 Mathematical modeling of agricultural trial data

Understanding the dynamics between crop yield and fertilizer levels is critical for op-

timizing agricultural productivity and sustainability. Properly managing fertilization
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not only maximizes yields but also minimizes environmental impacts, such as soil
degradation and water pollution caused by excessive fertilizer use. A deeper under-
standing of this relationship helps inform data-driven agricultural practices, ensuring
efficient resource allocation and promoting long-term soil health. It also supports
policymakers in designing strategies that balance food security with ecological sus-

tainability, especially in regions with constrained agricultural resources.

We analyze agricultural trial data from the Rothamsted Research field trials to study
the relationship between crop yields and soil fertilization. Specifically, we use the
data provided by [110], which includes the yields of spring barley from 20 fields in
relation to soil phosphorus levels. Let y denote the soil fertilizer level and = the crop
yield. As the null hypothesis, we consider the Mitscherlich model, an exponential
form widely used in the literature to model crop growth dynamics [111, 112]. The
model is given by:

y(x) = on(az — y(@))

y(0) = g
where ag, a1, as are model parameters estimated using nonlinear least squares as
described before. The fitted model is illustrated in (4.4). The test was conducted
using the Epanechnikov kernel the bandwidth grid was taken to be 10 equispaced
points in the interval (0.90,1.00). The data accepts the null hypothesis at 5% level
of significance. This aligns with the findings of [86] which also speaks in favor of the

exponential model sufficiently capturing the yield-fertilizer dynamics.
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Figure 4.4: Dynamics between crop yield and phosphorus fertilizer level

4.4.3 Mathematical modeling of predator-prey dynamics data

Understanding predator-prey dynamics is crucial for studying ecological systems, as
it provides insights into how populations interact and stabilize over time. These
dynamics play a key role in maintaining biodiversity, regulating ecosystem functions,
and informing conservation strategies. Accurate models of predator-prey interactions
allow researchers to predict changes in population sizes under various environmental
conditions, assess the impacts of external factors such as habitat loss or climate
change, and design effective management interventions for endangered or invasive
species. These models also serve as valuable tools in laboratory experiments, helping

to replicate and understand ecological behavior in controlled settings.
We test the predator-prey dynamics data using two different predator-prey pairs
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of microorganisms. The data originates from the lab experiments of [113], which
observed the population counts of the predatory species and the prey species over
time in a controlled environment. As the null hypothesis, we consider the widely
used Lotka-Volterra model, which has been a cornerstone of predator-prey dynamics
research in the existing literature [114], despite its well-documented limitations [115,

116]. The model is given by:

y1(t) = agasyi (t)ya(t) — cayr(t)

Y2(t) = a1ya(t) — oy (t)ya(t)

y1(0) = a1y, y2(0) = ag,

where y; and y, respectively denote the numbers of predators and prey respectively
and aq, g, a3, g, aq,, g, are unknown parameters. The parameters are estimated
using nonlinear least squares as before by minimizing the data loss due to both ob-
served variables. Note that in this setup both y; and ys are to be tested jointly, which
is implemented by a Bonferroni correction. While a more sophisticated way of simul-
taneous testing might be possible we leave it for future work. All tests was conducted
using the Epanechnikov kernel the bandwidth grid was taken to be 10 equispaced
points in the interval (0.07,0.08). We find that both the concerned predator-prey mi-
croorganism pairs Paramecium aurelia (predator) vs Saccharomyces exiguus (prey),
and Paramecium bursaria (predator) vs Schizosaccharomyces pombe (prey) reject the
Lotka-Volterra model at 5% level of significance. This further aligns with the findings
of [86], which favours more sophisticated models over the basic Lotka-Volterra model
in capturing the predator-prey dynamics between microorganisms. The fitted models

for the respective pairs are shown in (4.5) and (4.6) respectively.
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Figure 4.5: Predator-prey dynamics between Paramecium aurelia (predator) and Saccha-
romyces exiguus (prey)

4.5 Conclusion

In this chapter, we introduce a novel lack-of-fit test for systems of ordinary differential
equations (ODEs) that may not have full observability of all their components. Our
proposed test is designed to be adaptive to the smoothness of the alternative model,
making it highly flexible and rate-optimal, ensuring that it remains robust across
a wide range of potential system dynamics. The theoretical framework we provide
guarantees both the size and asymptotic consistency of the test, addressing different
forms of model misspecifications in a comprehensive manner. Importantly, if the
system is found to be misspecified, this framework can pinpoint the component of
the system potentially responsible for the misspecification, provided that the system

is structurally identifiable. This capability marks a significant advancement in the
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Figure 4.6: Predator-prey dynamics between Paramecium bursaria (predator) and the

prey Schizosaccharomyces pombe (prey)

field, as it allows for more targeted diagnostics of model fit.

To validate the practical applicability of the test, we conduct an extensive simula-
tion study that demonstrates its finite-sample performance. Furthermore, we apply
the proposed test to a vast variety of experimental datasets. In each application,
we perform the test under the null hypothesis that each observation is generated
from the same dynamics as specified by Hy. A more complex scenario arises when
we hypothesize that each observation arises from a dynamical system of the same
parametric form but with the parameters subject to random fluctuations around a
baseline unknown value. In this case, direct parameter estimation is not feasible due
to the limited availability of a single output per subject at each time point. This es-

sentially leads to the random design problem, which is more intricate and lies beyond
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the scope of the current chapter. We leave it to future research.

Another promising direction for future research involves extending our approach to
handle systems with multiple observed variables, such as systems of partial differen-
tial equations or ODEs with multiple components observable. Additionally, we aim
to adapt our methodology to stochastic differential equations, which would open new
avenues for applications in fields like financial econometrics, where modeling uncer-
tainty in dynamical systems is of paramount importance. These extensions would
significantly enhance the versatility of our method, broadening its impact across var-

ious domains that require sophisticated model testing and misspecification analysis.

4.6 Appendix: Prerequisite lemmas

L <N, < 22 for all

Lemma 4.1. For some finite constants Cy, and Cy,, NG

h e H,.

Proof. We have,
n 1
Ny =nVhy af/ w?(t,t;)dt.
i=1 0

Recall the constants C; and C5 defined in assumption 5, and df, x defined in assump-

tion 8 of (4.2.4). We have,

1 252 C
2 2 2 2 2 K _ 2
N, <n \/ﬁlg}%})cn {ai}ig%(n{/o w (t,ti)dt} <n \/ﬁzg%(n {Ui} R2C2n%h /R

Again,

2/125}( 220k mini:l(l)n {0-22} _ CNl

1
> 2 g2 / 204 4.)dt > n? in {o7}. -
Ny >tV min {07} [ ul(t. )it > ntVh min (o). 2 C3Vh
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Combining these two equations the proof is complete. O

Lemma 4.2. For some finite constants Cy, and Cy,, % < V2L C—\/‘% for allh € H,.

Proof. We have,

n

V2 =n*h {2271:2”:0 (/ (t, ti)w (t,tj)dt>2+zsi (/Olwz(t,ti)dt)zl )

i=1 i=1

where S; = Flej],i = 1,2,...,n. Recall the constants C} and C5 defined in assump-

tion 5, and dg, ~ defined in assumption 8 of (4.2.4). Denote,

B = 2213 0% (/ (¢ t)w (t,tj)dt>2,

i=1j5=1

2
_thZS (/ )dt> .
Elementary calculations show that

25 max;— 1(1)n{S}

Vi) < SRR

Therefore we can conclude Va(h) = o(1), implying V}, ~ Vi (h) asymptotically. On the

other hand we have,
403 Cn maxi—11yn {0} }

Vi(h) < ,
1() KQC%\/E

where ||W,|,, < Cy for some finite positive constant Cy. The other part of the

inequality similarly follows. m

Lemma 4.3. Denote by(0) = nvVh [} {0, (2(ts, 00) — 2(t;,0)) w(t, t;)}° dt.  Then
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for every & >0

max { sup {bh(é’)}} = o(n)

hetn | {9€0)0—00|<5}

Proof. The proof of this lemma is straightforward. We skip the details as no technical

difficulties are involved. O]

Lemma 4.4. T,(0%) = Tj,(6) + 0,(1) uniformly for all h € H,.

Proof. Let ?7;"2 be the heteroscedasticity estimate from the bootstrap data and €/,7 =

1,2,...,n be independently sampled from A (0,5). Define,

A =

Using Lemma 4.3 we can write,
TW(%) = Th(0)] < A1+ 4

Since 6% is a /n—consistent estimate of § from the bootstrapped data, under the as-
sumptions on the kernel function and the observation points, elementary calculations

show that A; = o, (%) and Ay = 0,(1). This proves the statement of the lemma. [J

-~

Lemma 4.5. T},(0) = T;,(9) + 0,(1) uniformly for all h € H,,.
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Proof. We can write,

S5,(6) = Sy (9 +n\/_/ {i (t;,0) — tl,e))w(t,ti)}Zdt—l—op(l)

=1

Now if Hy is false then 0 is a \/n—consistent estimate of . Then using a similar

argument as in Lemma 4.4 we can write,

n\/_/ {z: (t;,9) — tz,Q))w(t,ti)}gdtzop(l)

Now consider the case where Hy is true. Then 6y = ¢, therefore the statement of the

lemma trivially holds true. O]

Lemma 4.6. If H is true then Tj,(9) = T, (60) + 0,(1) uniformly for all h € H,,.

Proof. Since 6y = ¥ under H, therefore the statement of the lemma trivially holds

true. O

Lemma 4.7. For any z > 1 and sufficiently large n, P (Tn(0) > z) < exp <—§)

uniformly for all h € H,,.

Proof. Let ¥ = diag (07,02, ...,02) be the variance-covariance matrix of € = (e, €3, . . .

Recall W}, from (7?). Then
Sh<90) == ETWhE. (412)

We can write e = IIT, where T is a vector of i.i.d N(0,1) random variables, and

IT =371 Then, (4.12) simplifies to:

Sp(6o) = YTIITW,IIY.
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Now let A = diag (A1, Ag,...,\,) be a diagonal matrix containing the eigenvalues
of II"W,II and let P be an orthogonal matrix such that IITW,II = I[ITAP. Define
Z = PY. Note that the elements of Z are independent N (0, 1) variables. Then we

can write,

e"Whe = Z NZ E[€Wyel =Y\ and Var [T Wye] = 2> A7

1=1 =1 i=1

Denote, v* = 23", A2. The MGF of T},(6y) can be written as the following.

lexp( Z)\ (22—1)” - ﬁexp (—r;\i—;log< 2%)),% <1 (4.13)

i—1 14 14

Now for large enough n, \; < v for an arbitrarily chosen § > 0. Applying the

inequality —log(1 — u) < u + u? (for small enough u) to (4.13) we can write

[exp( ZA (22 - 1))] < exp(r?)

The statement of the lemma then follows due to exponential Chebyshev’s inequality

taking r = 2. O]

Lemma 4.8. Let J, be the length of the user specified bandwidth grid H, and t) be

the (1 — a)—th quantile of Ty = maxpey, {Th(00)}. Then t© < 2/log J, — loga for

sufficiently large n.

Proof. Using Lemma 4.7 we can write

P(Ty>z2) <P ( U {Tn(6o) > z}> S Jnexp <_Z42>

heHn
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Now if z = t(*) is the (1 — a)—th quantile of Ty then P (TO > t&o)) = «, consequently

the statement of the lemma holds. OJ

Lemma 4.9. Define t¥) = max {t&o), \/2 log J,, + v/21og Jn}. If

1z #(0)
[} 1) — ¢ = =) wie ) > ‘fjﬁ (4.14)

for some h € H,, then lim,,_,o, P(T* > t,) = 1.

Proof. Due to the equivalence lemmas Lemma 4.4, Lemma 4.5 and Lemma 4.6 it
would be enough to prove that lim, ., P(T,(¢) > tg?)) = 1 holds for some h € H,,.
Now since

nvh [t
Vh 0

{i (z(ti) — ¢ — 2(t;,9)) w(?ﬁ,ti)}2 dt

=1

Th(9) = Th(0o) +
holds true, (4.14) implies
lim P(T,(9) > t0) > P (T, (6p) > 1 — 470) .

If 19 = ¢ the statement of the lemma follows directly from Lemma 4.8. Alter-

natively, if ) = \/ 2log J, + /2log J,,, the statement of the lemma holds because

2+/log J,, — log a grows asymptotically slower than 4\/2 log J,, ++/2log J,, as n — oo.

O
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