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Abstract

This thesis investigates the existence and construction of torus equivariant Poisson structures
on a class of manifolds with torus action that includes all quasitoric manifolds. This is
achieved through the study of reducible Poisson structures on C™ with respect to suitable
torus actions using the Poisson reduction theory of Marsden and Ratiu. We also study the

symplectic foliation and Poisson cohomology associated to these Poisson structures.
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List of Notations

Throughout this thesis, we adhere to standard mathematical conventions. The following is

a list of frequently used symbols and notations for easy reference.

N The set of natural numbers {1,2,3,...}

Z The ring of integers

R The field of real numbers

C The field of complex numbers

R™ Real n-dimensional Euclidean space

cm Complex m-dimensional space

R7 The non-negative orthant in R™

St The unit circle in the complex plane, {z € C | |z| = 1}
T The compact n-dimensional torus, (S*)™

P An n-dimensional simple convex polytope

F; A facet (Face of codimension -1) of P

ia The affine embedding map is(z) = Ax + b

Zp, The moment-angle manifold associated to the polytope P
L The moment map (21, ...,2m) = (|21% ..., |2m|?)

Q4 A symplectic 2-form

X7 The fundamental vector field generated by X € g

g The Lie algebra of a Lie group G

xiil



The dual vector space to the Lie algebra g

Note: Specific notations introduced within indiwidual chapters will be defined locally where

they first appear.
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Introduction and Motivation

There exists a canonical symplectic structure on C™ and a natural action of T™ on it which
is Hamiltonian with respect to the canonical symplectic structure. Delzant ([Del]) uses sym-
plectic reduction theory on C™ with T™ action and constructed a special class of symplectic
manifolds with Hamiltonian torus action called symplectic toric manifolds. He goes on to
show a one-to-one correspondence between symplectic toric manifolds and a special class of

polytopes called Delzant polytopes.

All symplectic structures have a non-degeneracy condition, but to study the dynamics in
some systems, we do not need such a strong condition. For that purpose, Poisson structures
are developed that are allowed to be degenerate, and symplectic structures are simply a
special case of them. One could think of a Poisson structure as a bivector (called the Pois-
son bivector) on a Poisson manifold satisfying a condition called the Jacobi condition. So
a Symplectic structure is a non-degenerate Poisson bivector satisfying the Jacobi condition.
Seminal foundational work was done by Weinsten [Wei] on Poisson manifolds that imply
the existence of a (possibly singular) symplectic foliation on a Poisson manifold. Using the
relaxation of non-degeneracy, Marsden and Ratiu ([Mar]|) developed Poisson reduction the-
ory. It states under what conditions we could induce a Poisson structure (from an existing
Poisson structure on a Poisson manifold) on a smooth orbit space that was obtained from
a free group action on a submanifold of the given Poisson manifold. So one could think of
degenerate Poisson structures on C™ that, under some constraints, can be reduced using

Poisson reduction theory.
In Delzant’s paper, he constructed a submanifold of C” and a subtorus of T™ corresponding

to a Delzant polytope such that the action of the subtorus on the submanifold is free. He

concluded that the orbit space of the subtori action on the submanifold adopts a smooth
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structure induced from the submanifold and a symplectic structure from C™. But what if
we ignore the need for an induced symplectic structure and focus on studying the subman-
ifolds of C™ with free torus action and its smooth orbit space (called quasitoric manifold)
corresponding to a polytope? Quasitoric manifolds (under the name toric manifolds ) were
first introduced by Davis and Januskiewicz [Dav]| and Buchstaber and Panov elaborated on
their work. Buchstaber and Panov explained the theory in their book Toric topology ([Buc]).
They defined such submanifolds of C™k as moment angle manifold Zp, (corresponding to
a simple polytope Pa) with T™ action on it. But they only studied the family of subtori of
T™ with a certain dimension that act freely on Zp,, and the dimension depends entirely on
the polytope. They defined the orbit space corresponding to the free action of these subtori
on Zp, as Quasitoric manifolds. What if we relax the dimensionality and explore exactly
when any subtorus of T™ acts freely on Zp,? As a result, we get a much larger family of

orbit spaces that have a smooth structure and contain the Quasitoric manifold as a subfamily.

Cain and Arlo, in their paper [Canl], examine certain invariant real Poisson structures
on smooth complete toric varieties. They constructed quadratic Poisson structures on C™
that are algebraic torus invariant and induce a Poisson structure on toric varieties. They
also studied its symplectic leaf and Poisson cohomology structure. They published another
paper [Can2], in which they examined real T¢- invariant Poisson structures on complex
toric manifolds and studied their Poisson cohomology. Hong and Wei [Hon] also studied
Poisson geometry of toric varieties, especially the Poisson cohomology of holomorphic toric
varieties. Poisson manifolds. A holomorphic toric Poisson manifold is a smooth toric vari-
ety X, equipped with a holomorphic Poisson structure, which is invariant under the torus
action, and they computed the Poisson cohomology groups for all holomorphic toric Poisson
structures on X = CP". Here we don’t explore such cases and only focus on constructing

and studying reducible Poisson structures.

In this thesis, we answer the above posed questions by first constructing new and degenerate
Poisson structures. The canonical Poisson structure is a non-degenerate bivector that pairs
radial directions with their corresponding angular directions. An obvious question is whether
we could pair angular with other angular directions and radial with other radial directions.
In Section 2.4, we constructed 4 such families of degenerate Poisson structures on C™ and
computed the constraints induced by the Jacobi condition on the coefficient function of the

terms in the bivector using simple computational methods (Python).
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In general, the newly constructed structures are not reducible under Marsden and Ratiu’s
reduction theory. We needed additional constraints on the way the terms of the Poisson
bivectors look like. In Section 3.4, we first studied the tangent space of a general moment
angle manifold Zp, corresponding to a simple polytope Pa. Theorem 3.4.2 states the basis

of the tangent space of any point p in Zp,.

Whether the action of any subtori T4 of T™ on Zp, entirely depends on the combino-
torial data of the polytope Pa. Section 3.3 explores why and how the freeness depends only
on the combinatorial structure of the polytope. Theorem 3.3.1 and Proposition 3.3.2 state
the exact condition under which the action of T4 on Zp, is free, and the subtorus that gives

us quasitoric manifolds is just a special case.

Finally, in Chapter 4, we list reducible Poisson structures and study their symplectic leaf
structure and Poisson cohomology. We start by listing 4 families of Poisson bivectors on C™
that have the same structure as the Poisson bivectors in section 2.4 and are reducible under
Poisson reduction theory. Theorem 4.0.1 states and proves that these bivectors are invariant
under the natural action of T™ and satisfy the condition needed for reduction. In section
4.1, we analyse the symplectic leaf structure of these Poisson bivectors on moment angle
manifold which can be extended to C™, and in section 4.2, we analyse Poisson cohomology

of C™ paired with the Poisson bivectors in section 2.4.
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Chapter 1
Symplectic Manifold

In Hamiltonian mechanics, given R?*™ with position and momentum coordinates (qi, .., Gm, P1, - - - » Pm)
and Hamiltonian function H : R*™ — R, the trajectory of the particle governed by the given
Hamiltonian is (q;(t), .., ¢m(t), p1(t), . .., pm(t) such that

. _OH 0H
=9 VT T,

0 —I
Let z = (q1,...,pm) and Jy = (I 0 ),then

z = —J()VH(Z)

Basically, if there is a particle with starting point z; and Hamiltonian function H, then it

will follow along the trajectory z(t) such that,
2(0) =2 2(t) = —JyVH(2(t))

Definition 1.0.1. - Giwen H : R™ — R, Hamiltonian vector field Xy is a vector field

generated by H such that
Xy =—-JWH

As we know, the gradient of a scalar field gives a vector field such that at each point the

vector is perpendicular to the level set of H to which the point belongs. The action of —.J,



rotates it. It gives a vector field that is along the level set of H (The trajectory of the particle

is such that its total energy or Hamiltonian remains constant along the motion).

Now, this vector field generates a flow, which in turn gives rise to a one-parameter sub-
group of diffeomorphisms. These diffeomorphisms are special and belong to a class called
symplectomorphisms. Basically, if a path is a solution to a Hamiltonian, then the pushfor-
ward of the path by that symplectomorphism will be a solution to the pushforward of the
Hamiltonian function. So a symplectomorphism maps trajectory to trajectory. To define it
rigorously,

Definition 1.0.2. - A diffeomorphism 1 : R*™ — R?*™ s a symplectomorphism if

d(2) Jodip(2) = Jo V2 € R*™

We can describe the above Hamiltonian mechanics using a special 2-form, or bivector.

Definition 1.0.3. - wgzm = ), dg; A dp; and Igem =), a% A 8%_

So the Hamiltonian vector field Xy is such that

Hgem(dH,.) = Xy or ix,wgem =dH

1.1 Symplectic vector space

Definition 1.1.1. - A vector space A is a symplectic vector space if it comes with a bilinear

map w such that it 1s skew-symmetric and nondegenerate.

A symplectic vector space is always even-dimensional, since if it is odd, the kernel of the
bilinear form will be non-trivial.

Definition 1.1.2. - Given a linear subspace B C A, its symplectic compliment
BY ={a € Alw(a,b) =0 Vbe B}

The subspace is

1) Symplectic if BN BY = {0}
2) Coisotropic if BY C B

3) Isotropic if B C BY

4) Lagrangian if B = B¥



Lemma 1.1.3 ([Mc|[Ana]). - Given any subspace B C A,

dim(B*) + dim(B) = dim(A) and (B“)” =B

With the help of this lemma, we can show that there exists a special kind of bases of the

symplectic vector space A such that w.r.t. to those bases,

0 I
@- (5
Or in other words,

Theorem 1.1.4 ([Mc][Ana]). - Given (A, Q) with dimension 2m, there exist basis ¢y, ..Cop, d1, . .., dpy,
such that
Q(Ci, dj) = 5ij Q(Ci, Cj) = Q(dz, d]) =0

and they are called a symplectic basis of A.

In the next section, I will mention the Darboux theorem, which states that given any point in
a symplectic manifold, there exists a neighbourhood of that point with coordinate functions
such that the basis tangent vectors of the tangent space at each point in the neighbourhood
induced by the coordinate functions are a symplectic basis of the symplectic form in a smooth

manner.

1.1.1 Linear Symplectic Reduction

Given a Symplectic vector space (A, €2), we can construct new symplectic vector spaces from
it. More specifically, if we have a coisotropic subspace of A, its quotient with its symplectic
complement has a canonical symplectic form on it derived from 2.

Lemma 1.1.5 ([Mc|[Ana]). - Given (A, Q) and a coisotropic subspace B C A, B = B/B*
has a unique symplectic structure Q such that its pull back with projection map P: B — B

equals to Q| p.

We use this concept and generalise it to manifolds. What we do is, given a symplectic mani-
fold with a coisotropic submanifold, if there exists an isotropic regular involutive distribution
on it, then the quotient manifold will have a unique symplectic structure induced from the

symplectic structure on the given manifold



1.2 Symplectic manifold

We can define a symplectic manifold in two equivalent ways:-
Definition 1.2.1. - A Symplectic manifold is a manifold A with a nondegenerate 2-form
Q4 such that,

Ay =0

Q4 15 called a symplectic structure.
Definition 1.2.2. - A Symplectic manifold is a manifold M with a nondegenerate bivector
field 11 such that.

S T, i) = 3 o fi) =0 Vi, fa, fy € C(M)

cyclic
IT us called a nondegenerate Poisson structure.

These two structures are equivalent, i.e., given a manifold with a symplectic structure, there
exists a nondegenerate Poisson structure on it such that they are inverse of each other, and

vice versa. Inverse of each other means,
QU((a,—), =) =a VYac Q' (M)
M(Qalx, =), =) =x Yx € X'(M)

There is a one-to-one correspondence between €24 and II such that they satisfy the above

conditions.

1.2.1 Symplectomorphism

Suppose we have 2 symplectic manifolds. The idea of symplectomorphisms is that they are

functions that map trajectories to trajectories.

More specifically, given 2 symplectic manifolds (A,4) and (C,€¢) and a diffeomorphism
p:A—C,

Definition 1.2.3. - ¢ is a symplectomorphism if for any H € C*(A), if z(t) is a trajectory
(solution) of Xy, then ¢(2(t)) is a trajectory (solution) of X pop—1.

A more straightforward way to determine whether a diffeomorphism is a symplectomorphism



is to check whether it preserves the symplectic structure.

Definition 1.2.4. - ¢ is a symplectomorphism if ¢*Qc = Q4

Theorem 1.2.5 (Darboux’s Theorem). [[Ana/] Let (A,Q4) be a 2n-dimensional symplectic
manifold, and let p € A be any point. Then there exists a coordinate chart (U, x1, ..., Tn, Y1, Yn)
centered at p such that on the neighborhood U, the symplectic form ), takes the standard

form:

Quly = dz; Ady,.
i=1

So, unlike a Riemannian structure, there is no local invariant of a symplectic structure.

1.3 Symplectic and Hamiltonian Vector Field

Given what we have discussed so far, it’s evident that symplectic vector fields and symplectic
group action provide us with maps that preserve symplectic structure. One interesting as-
pect is that on R*™ or any general vector space, the concepts of symplectic and Hamiltonian
are the same, but on a general symplectic manifold, they can differ.

Symplectic vector fields on (A, 24) are vector fields such that the one-parameter diffeomor-
phisms produced by these vector fields are symplectomorphisms. Suppose x is vector field,
then let qb; be the one parameter diffeomorhism group with open set O¢§< C A as its domain
such that,

0
Xocﬁ; = Cl(bi< (a) Vp € Oyt

Then the vector field is a symplectic vector field if and only if the one-parameter subgroup

of diffeomorphism preserves the symplectic structure
() (@) =0 vt
equivalently y is symplectic if the Lie derivative of €2 along y is zero,
L, (Q)=0

And by Cartan’s formula,(Since d2 = 0) this is true if and only if,

doi,(Q) =0



i.e the one form 4,(£2) we get by interior multiplication of x on € is closed.

Hamiltonian vector field are the symplectic vector field x ¢ that we get from a smooth function
f € C(A) such that it satisfies,
Z.X f (Q> - df

In other words, a vector field x is Hamiltonian if and only if 4,(2) is exact.

As one can see, if the first De Rham cohomology class (H'(A)) is zero, which is true for
vector spaces, then the concept of symplectic and Hamiltonian vector field is the same, but

it can differ when H'(A) is non-zero.

1.4 Symplectic and Hamiltonian Group Actions

Suppose we have a symplectic manifold with a Lie group action. What if the fundamental vec-

tor fields produced by the Lie algebra of the Lie group are symplectic or Hamiltonian?

Let (A,4) be a symplectic manifold, and G be a Lie group acting smoothly on A. We
denote the action of a group element g € G on a point p € A by g - p, and the corresponding
diffeomorphism on A by ¥, : A — A, where ¥,(p) =g - p.

Associated with the action of G on A, there is a natural Lie algebra homomorphism from
the Lie algebra g of G to the Lie algebra of vector fields on A. For each element X € g, we
define the fundamental vector field X# on A pointwise by taking the derivative of the action
along the one-parameter subgroup exp(tX) C G:

d
# _
X7 = pr tzoexp(tX) -p forpe A

1.4.1 Symplectic Actions

Definition 1.4.1 (Symplectic Action). An action of a Lie group G on a symplectic manifold
(A,Qa) is called a symplectic action (or an action by symplectomorphisms) if the action

preserves the symplectic form:

WiQs=Qy forallged.

Each of the fundamental vector fields X# produced by the symplectic group action will be

6



symplectic in nature, since for X7, Werpex) Will be the one-parameter subgroup of symplec-

tomorphisms.

1.4.2 Hamiltonian Actions and the Moment Map

A stronger condition than the action being symplectic is that the action is Hamiltonian.
More precisely, each X7 is a Hamiltonian vector field, and there Hamiltonian function varies
smoothly with X7 in some sense. This requires that the closed 1-forms ty#$4 are exact,
and that the chosen Hamiltonian functions piece together to form an equivariant map to the

dual of the Lie algebra, g*.

Definition 1.4.2 (Hamiltonian Action and Moment Map). A symplectic action of a Lie
group G on a symplectic manifold (A,Q4) is called a Hamiltonian action if there erists
a smooth map u @ A — g*, called a moment map (or momentum map), satisfying the

following two conditions:

1. Hamiltonian Condition: For each X € g, let u* : A — R be the component of
along X, defined by uX(p) = (u(p), X). Then u* is a Hamiltonian function for the
fundamental vector field X*. That is,

dLLX = LX#QA.

2. Equivariance Condition: The map p is equivariant with respect to the given action
of G on A and the coadjoint action of G on g*. That is, for all g € G and p € A,

(g - p) = Adg(u(p)),

where Ady is the coadjoint representation of G.

The existence of a moment map is deeply tied to the topology of the manifold A and the
algebraic structure of the Lie group G. For example, if the Lie algebra g is semisimple,
or if the first de Rham cohomology group H'(A;R) = 0, then every symplectic action on
A admits a moment map. When G is a torus T", the coadjoint action is trivial, and the
equivariance condition simplifies to the moment map p being strictly invariant under the
Tm-action: u(t-p) = p(p) for all t € T™.



1.5 Symplectic Reduction

As we have seen in symplectic reduction in case of symplectic vector spaces, we will gener-
alise the concept to manifolds. But the problem is that the quotient of a given coisotropic
submanifold of a symplectic manifold with any isotropic distribution won'’t necessarily result

in a symplectic manifold.

Let (A, 4) be the symplectic manifold and C' be a coisotropic submanifold of it. Let I be

the isotropic distribution on C,
I, =T,C% C TpC

For the quotient space to be a manifold, we first need the distribution to be integrable to
have leaf submanifolds from which we define our equivalence classes as points in the quotient
space. It turns out that any such isotropic distribution, as described above, is integrable on
its coisotropic submanifold C.

Lemma 1.5.1 ( [Mc]). For every coisotropic submanifold C' C A, the isotropic distribution

I is integrable.

Now we will define an equivalence class on C' where p and ¢ belong to the same class, denoted
by [p], if and only if there exists a smooth path joining them such that the tangents to the

path lie in the distribution, or in other words, they lie on the same leaf.
70, =C A0)=p (1)=q )€ Ly =TynC™

So we have a quotient map from C' to the set of equivalence classes C'.

Q:C—=C

Next, we want our Q to be a submersion and C to be a smooth manifold. A sufficient
condition is that the isotropic distribution be regular on C'. By regularity, we mean that
around every point p € C there exists a slice submanifold S which cuts the leaf submanifold

at most once and transversely (1,C' = I, & 1,S) and the quotient space is Hausdorff.

This is a sufficient condition for C' to have a unique smooth structure such that Q is a
submersion. Under this smooth structure, S = {[p]|p € S} is the open set of C' where S is a
slice as described above. If one notices, S is the set of all leaves that pass through the local

slice S. Also, the tangent space at each point of S and thus C can be canonically identified



with the quotient of the tangent space of C' with the isotropic subspace we get from the
isotropic distribution.
TipC = 1,C/1,

Now comes the induced symplectic structure Q¢ on C. We describe it pointwise by Lemma
2.1.7, Mc Duff[Mc]|, and the collection of these pointwise skew symmetric bilinear map defines

a unique symplectic structure such that its pull back by @ equals Q4l¢

Q*Q = Qulc

The Marsden reduction theorem is more concerned with Hamiltonian group action on a
symplectic manifold. The gist is that every Hamiltonian group action provides us with a
coisotropic submanifold and a very nice isotropic distribution that satisfies all the above

conditions.

1.6 Delzant construction

Theorem 1.6.1 (Marsden-Weinstein-Meyer). [[Ana/] Let (A,Q4) be a symplectic manifold
equipped with a Hamiltonian action of a Lie group G, and let jn : A — g* be the corresponding
moment map. Let 0 € g* be a regular value of p. If the action of G restricted to the level set

= 1(0) is free and proper, then the orbit space (the symplectic quotient):
Ared = M_I(O)/G

1s a smooth manifold. Moreover, A,.q inherits a natural symplectic form Q4 . satisfying:

red

i*QA = W*QA

red

where i : u1(0) < A is the inclusion map, and 7 : u=1(0) = A,eq is the quotient projection.

The theorem guarantees that if we restrict to a regular level set of the moment map, the
resulant submanifold is coisotropic and the directions generated by the group action provide

us with an isotropic distribution.

A special class of symplectic manifolds with a Hamiltonian action is when the Lie group



acting is a torus.
Definition 1.6.2 (Symplectic Toric Manifold). A symplectic toric manifold is a compact
connected symplectic manifold (A,Q4) of dimension 2n, equipped with an Hamiltonian action

of an n-dimensional torus T".

When the Lie group is torus, the dual of its Lie algebra is canonically isomorphic to euclidian
space.

Theorem 1.6.3 (Atiyah-Guillemin-Sternberg Convexity Theorem). [[AnaJ] Let (A,4) be
a compact, connected symplectic manifold equipped with a Hamiltonian action of a compact
torus T™. Let p: A — R™ = (£*)* be the moment map where (£*)* is dual of the Lie algebra
of the Lie group T". Then:

1. The level sets of u are connected.
2. The image of the moment map, A = p(A), is a convex polytope in R™.

3. Furthermore, A is precisely the convex hull of the images of the fixed points of the torus
action: A = conv(u(A™)).

Delzant classified compact symplectic toric manifolds using a special class of polytopes called
delzant polytopes.
Definition 1.6.4 (Delzant Polytope). A convezr polytope A C R™ is called a Delzant
polytope if it satisfies the following conditions:

1. Stmple: There are exactly n edges meeting at every vertex.

2. Rational: The edges meeting at the vertexr v are of the form v + tu;, where t > 0 and
u; € Z".

3. Smooth: The primitive integer edge directions uq,...,u, at any vertex form a basis
for the lattice 7.

Delzant established a one-to-one correspondence between symplectic toric manifolds and

Delzant polytope.

Theorem 1.6.5 (Delzant Classifiaction). [[Ana]] Symplectic toric manifolds are classified
up to equivariant symplectomorphism by their moment polytopes. Two symplectic toric man-

ifolds are equivariantly symplectomorphic if and only if their corresponding Delzant polytopes

10



differ by a translation. Furthermore, every Delzant polytope arises in this way.
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Chapter 2
Poisson manifold

In symplectic geometry, we have a non-degenerate bivector satisfying the Jacobian condition,
but what if we relax the condition of non-degeneracy?
Definition 2.0.1. - A Poisson manifold P is a manifold with a bivector called the Poisson

bivector.

I ={,}:C0%P)x C%(P) — C=(P)

that satisfies the Jacobi condition

{fAg.h}y +{nAf g3} +{9.{h. f}} =0

Now this bivector provides us with a bundle map and encodes an infinitesimal action of the
Lie group (C*(P),{,}) on P.
In:7P—TP

Ly:exP) = (P) [—=X;

And at each point, the tangent vectors belonging to the image of II,, are called Hamiltonian
directions. For each smooth function f € C*°(P), Xy is called a Hamiltonian vector field.

The whole concept is similar as we get in symplectic geometry but more general.

The Jacobi identity makes the map {, } a Lie algebra anti-homomorphism.

13



{{fv g}v} = X{fvg} = _[Xf7Xg]

and it makes the set of Hamiltonian vector fields (Ham(X(M))) a Lie sub-algebra of the

algebra of vector fields.

Now, similar to symplectic vector fields that preserve the symplectic structure, we have
Poisson vector fields that preserve the Poisson bivector.
Definition 2.0.2. - X € X(P) is a called a Poisson vector field if

Ly (II) = 0

Equivalently
X{f. gy ={Xf. g} +{f Xg} V[ geC™(P)

By simple calculation, one can show that the set of Poisson vector fields (Pois(X(M))) is a
Lie sub-algebra of X(M) and Ham(X(M)) lie inside it as a Lie sub-algebra.

Ham(X(M)) C Pois(X(M)) C X(M)

Since the bivector II can be degenerate, there may exist non-constant functions whose dif-
ferentials lie entirely in the kernel of IIf : T*P — TP. These functions are called Casimir
functions.

Definition 2.0.3 (Casimir Function). A smooth function C' € C*°(P) on a Poisson manifold
(P,11) is called a Casimir function if its Poisson bracket with every other smooth function

on P vanishes:

{C, f}y=11(dC,df) =0 for all f € C*(P).
equivalently Xo =0

If f and g are two Casimir functions, then f.g and obviously II(f, g) are also Casimir func-
tions. Thus, the set of Casimir functions is a sub-algebra of the algebra of smooth functions
on P. Let’s denote this subalgebra as C'(P,II).
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2.1  Symplectic Foliation

Theorem 2.1.1 ([Cran]). -(Weinstein splitting theorem)-Let (P, 1) be a Poisson manifold of
dimension (2n+r). For each point p € P there exist an open chart (Uy, X1, .., Tny Y1y -y Yn, G1s -5 Gr)

such that q(p) = (¢1(p), - .., q-(p)) =0 and

“~ 0 0 0 0
11 = — : A —
‘Up ; 3:61 A ayl + Z ’/Tjk(q) aqk A aqj

1<j<k<r

where 7, are smooth functions of ¢;’s. such that 7,,(0) = m(¢(p)) = 0. This is the
generalisation of Darboux charts of a symplectic manifold.
So if needed, we could shrink U, such that it is diffeomorphic to V' x W where V' and W are

open neighbourhoods around the origin in R?" and R", respectively.

DU, =V xW

Let S, C U, = {s € Uylq(s) = 0}. Thus S, = D™*(V x {0}) and on this submanifold,

"0 0
s, = Z oz, A o
i=1 '

Thus S, is a regular submanifold of P such that the Poisson bivector restricted to .S, is non-
degenerate and induces a symplectic form on it. So for each p € P there exists a submanifold
with an induced symplectic structure containing p. Now to get the maximal immersed sub-
manifold such that the Poisson bivector restricted to it is non-degenerate and p lies inside

of it, we have two use equivalent methods

First, we can define an equivalence class of points in P. x ~ y if and only if there exists a
piece-wise smooth path between them such that tangent vectors to the path are made up of

Hamiltonian directions.
r~y <= dg1,.,9r € C*(M) suchthat ¢y, o---0¢x, (v)=y

where the ¢x, is the flow produced by the Hamiltonian vector field X,,. The equivalence

class, often called orbits, provides us with the maximal immersed connected submanifold
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with induced symplectic structure containing x.

Second is by foliation. The distribution produced by the Hamiltonian directions is involutive
and thus integrable. The integrability allows us to foliate the entire manifold into maximal
connected immersed submanifolds, and the Poisson structure on P induces a symplectic

structure on these immersed submanifolds. Let’s call it symplectic foliation.

Definition 2.1.2. - A symplectic leaf is an orbit S of M together with an induced symplectic
structure wg. The foliation with symplectic leaves as its foliated submanifold is called a
symplectic foliation.

Fr = {(S,ws)|S is a sympletic leaf}

2.2 Schouten Bracket

Some concepts in Poisson geometry can be studied using poly-vector fields and a Lie bracket
defined on the algebra of poly-vector fields. This bracket is called the Schouten bracket,
which is when restricted on the Lie algebra of vector fields is same as the Lie bracket on
X(P)

Firstly, the way we define a poly-vector field or a multivector field is very similar to the
way we define a differential form. A k degree form a € QF(P) = T'(A¥(T*P)) is a C°(P)

multilinear alternating map on X(P).
a:X(P)x---xX(P)— C™(P)

Similarly a k degree multi-vector field X* € X*(P) = ['(A*(TP)) is a C*°(P) multilinear

alternating map on Q!(P) the space of one form

XE QY P) x -+ x QYP) — C=(P)

It can also be identified as an alternating multiderivation on C'*°(M)

Lyt : C=(M) x - x C%(M) — C®(M)
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Ly (f1, - fu) = X5 (dfy, .dfy)
Lk (1, oy Frbr oos f&) = FoLxcn (Frs oo Grs oos £2) F GeLixer (F1s ooy fro s fr)

Basically, there is a one-to-one correspondence between a multivector fields and alternating

derivatives.

From this, we can define the Schouten bracket over the graded commutative algebra of

multivector fields.
(M) = &, X (M)

Definition 2.2.1. - Given o € X**1 (M) and € X*Y(M), then [a, 8] € XFHY(M) is
(k + 1+ 1) order multivector field such that

Liog = LaoLg— (-1)"Lgo L,

where

La o L,B(fl: SR fk+l+1) = Z (_1)0La(fo(1)7 ) fa(k)7 Lﬁ(fo(k+1)7 ) fcr(k+l+1)))

TESK 141

The definition is inspired by the ways we define the Lie bracket over vector fields
Lixy)=LxLy — LyLx

where X and Y are vector fields

So we can redefine a few things.
Define Jacobi map J : C°(C™) x C°(C™) x C*°(C™) — C>=(C™)

J(fr9:0) = {f:{g,h}} +{h{f, 93} + {9, {h, F}}

By simple calculations, %J (f,g,h) = [ILII](f, g,h). So the condition of Jacobi identity is to
[II, 1] = 0.
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A Vector field X is Poisson if and only if [ X, II] = 0.

2.2.1 Poisson Cohomology

Let (P,II) be a Poisson manifold, where IT € X?(P) is the Poisson bivector field satisfying
[IT, IT] = 0 with respect to the Schouten bracket.

The Poisson structure II induces a differential on the graded algebra of multivector fields
X*(P) = @, I(\" TP). This differential, called the Poisson coboundary operator, is denoted
by di: X*(P) — XF*1(P) and is defined by taking the Schouten bracket with the Poisson

bivector:

du(P) = [IL, P (2.1
for any X € X*(P).
By the graded Jacobi identity of the Schouten bracket and the integrability condition [IT, IT] =
0, taking the differential twice yields:
1
Thus, d4 = 0, making (X*(P),dn) a cochain complex, which is known as the Lichnerowicz-
Poisson complex.

The cohomology of this complex is the Poisson cohomology of (P,II), denoted by Hp(P).
The k-th Poisson cohomology group is formally defined as:

 ker(dp: X*F(P) — XM(P))
~im(dn: XMH(P) = XH(P))

HE(P) (2.3)

The lower degree Poisson cohomology groups have important geometric interpretations:

e H{(P) consists of Casimir functions, which are functions that commute with all smooth

functions under the Poisson bracket.

e H}(P) is the quotient of the space of Poisson vector fields by the space of Hamiltonian

vector fields, measuring the non-trivial symmetries of the Poisson structure.
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2.3 Reduction Theory of Poisson Structure

Similar to Symplectic reduction, we have a more generalised theorem for Poisson reduction.
Let (P,{}p) be a Poisson manifold, M C P a submanifold and i : M — P the inclusion.
Let G be a lie group acting on P and g be the lie algebra of G. As explained in Section 1.4,
each element X € g generates a fundamental vector field X# pointwise. Thus at each point

p € P, we get X# € T,P corresponding to X. The set
V, = {X]|X € g}

is a subspace of T),P. One can also thing of V,, as the subspace of tangent vectors at p that
are tangent to the orbits produced by the action of G on P. Let E be the distribution
constructed by such tangent vectors. More precisely, F is a distribution on P such that
E, =V,. We want the following assumptions to be true to state the condition to reduce the

Poisson structure:

e (Al) ENTM is an integrable distribution on 7'M, and thus it defines a foliation ¢ on
M.

e (A2) The space of orbits (O = M/®) is a manifold with projection map 7 : M — O =

M /® a submersion, or in other words, the foliation ® is regular.

e (A3)For K,L € C*(P), if dK and dL vanishes on E, then d{K, L}p also vanishes on
E.
Theorem 2.3.1 ([Mar]). - Assuming (A1)-(A3), M/® assumes a unique Poisson structure
induced by {}p if and only if

B.(EY)CcT,M+E, VYreM (2.4)

where E° = {a, € T!P|a,(E,) = 0}, B, : TXP — T,P is the linear map induced by the
bundle map {}p : T*(P) — T(P).

Now the Poisson structure induced on (O, {}0) is defined function-wise. For f,g € C*(O)
(or locally defined), we have a smooth extension (or locally defined extension) F, G of for =
7(f) and gom = 7*(g) with differential vanishing on E. In other words, we will have smooth

extensions F' and G that are G-invariant. So {f, g}o is smooth function uniquely defined
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as,

m{f, 9o =i{F.G}p

Intuitively speaking, the condition mentioned in the theorem makes the way we define {}o
independent of what smooth extension we do, as long as the differential of the extended
smooth function vanishes on E or it is G-invariant. Now let’s see what constraints assump-
tions (A1)-(A3) put on the group action.

Since E is produced by a Lie group action, F is integrable, and since M is a submanifold,
TM as a distribution on M is also integrable. Therefore, E N TM is integrable and (A1)
is true for any distribution produced by a group action. The foliation produced by an inte-
grable distribution is regular if the group is free, so (A2) is true if the action is free.

Now what about (A3)? Let f € C*°(P) be a smooth function such that df vanishes on E,
i.e, df|p = 0. This is true if df,(v) =0 Vv €V, pe P. Thusdf(Y) = 0 for each section Y’
of the distribution(a vector field with tangent vectors lying in the distribution). Since each
fundamental vector field X# is a section of E, df(X#) = X(f) =0 VX € g. Now this

becomes an if and only if statement since V), as a subspace is generated by X;f.
df,(v) =0 YveV,pe P < df(X*)=X#(f)=0 VX eg

Thus (A3) can be stated as, if K, L € C*(P) and X#(K) = X#(L) =0 for all X € g then
X#({K,L}p) =0 for all X € g. Let IIp be the bivector field of the Poisson structure {}p,
then (A3) is true if,

LyslI=0 VX cg (2.5)

Since (Lx#I)(e, h) = [X# TI](e, h) = X#(I1(e, h))—T1(X#e, h)—TII(e, X#h)(Schouten braket
of X# and TI) for all e,h € C*(P). (2.5) is true if and only if X# is a Poisson vector field
on P for each X € g. If for each g € G, ¥, is a Poisson diffeomorphism

d,(I1) = II (2.6)

then exp(tX) are Poisson diffeomorphism for all ¢ exponential map is defined for and for all
X eg.

Lemma 2.3.2. - ¥, being a Poisson diffeomorphism for all g € G is a sufficient condition
for (A8) to hold true.

If any Poisson bivector on a Poisson manifold satisfies (2.6) under a group action on the

Poisson manifold, then the bivector is said to be invariant under the group action.
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2.4 Poisson Structures on C™

We have a standard Poisson structure on C™ which is non-degenerate.

) i~ O
I, = — N=— == — N — 2.7
=2 axq Ve 2 Z 9z, 8zq (2.7)
q :

Take CJ' = {p € C™|3i € {1,..,m} suchthat r;(p) = 0}, where r; is the i’th radial
coordinate. Basically, Cf' contains all those points where at least one z; = 0 or equivalently

at least one radial coordinate r; = 0. Take C{* = C™ — Cf.

st‘(Cm — 22_ N =—

q=1 Py

Here x; and y; are standard euclidean coordinates on C™ and p; = 7?2

= 27 4+ y? and 6; are
radial and angular coordinates on C}". We also have complex coordinates on C™ given as
z = x; + wy; and zZ; = x; — Ly;.

Now we will construct several Poisson structures that will be useful in the following sec-

tions. Below is a list of bivector fields and the constraints on them by the Schouten bracket

0 0 0 0
ML= ) a <yzf)_xz - Iza—y) A (?Jga—x] - %a—y]> (2.8)

1<i<j<m

0 0
Mlep = > aigg A gy,

1<i<j<m

condition.

where each a;; € C*(C™) and (yk% - xkaiyk)(aij) =0 VI <k <m. In other words each

a;; is a function of only pj, where k € {1,..,m}.
y = Il + 11y

Let’s first change the symbol for coefficient functions.

0 0 0
et 2 b (v (v o) 0

1<i<j<m
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=0 0 0 0
HZ(CYLzzz_/\a_Qq—i_ Z 6”8_91/\8_9]

q=1 Pq 1<i<ji<m

here b;; € C*(C™) are smooth functions such that (yka%k — xka%k)(bij) = 0 for all k €
{1,..,m} and there are some additional condition. For simplicity, we will take a smaller
subset of the solution space satisfying the Schouten bracket condition. So here we will only
take those b;;’s such that for each ij pair, b;; is a C*™ function that depends only on p; = r?

and p; = T]Z or only on z? 4 y? and m? + y?.

bij = by (] + 7, 27 + 4
Cij 0 0 0 0
M. — VA N . L L 2.1

0 0
II3|cm = Z CbiPi g - A o
i j

1<i<j<m
Again, we will have a differential equation from the Schouten bracket condition, but we will

only take a subset of the solution space. So here ¢;; are constant functions.

Iy = II3 + I,
Tm 3 (o ) G«% +yj8%>
1<i<j<m ; ] , g (2.11)
o 5 (o ) M v gy
hler = 1<zz<j:<m €sz¢pja%i " aipa ' 1<7“<25<m drs@%f " 38‘95

where e;; and d,s are constant functions

II5 TI4 contains some terms with only radial directions, but as per the theory explained in
toric geometry, there exist no additional constraints on ¢;;’s and e;;’s such that (2.8) becomes
reducible under Marsden-Ratiu reduction theory[Mar] with P = C™ and M = Zp, (moment
angle manifold assiociated to Pa).

There exists another such pair of bivector field containing radial terms that could become

reducible and induce a Poisson structure on the quotient space containing a smooth structure.
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Start by choosing atmost 3 distinct numbers iy, 49,43 € {1,...,m}. Let R = {iy,is,i3} be

the set containing the chosen numbers. Define 2 bivector fields II5 and IIff on C™,

k. B B ) B
15 = Z ;k (901]%4-%3% N\ iy, F D +y’lka (2.12)

1<k<j<3 ik

0 0

R _ R
Mflep = ) CiPiPing — N g
15 (2%

1<k<j<3
In this case, the sufficient condition on the coefficient functions to satisfy the Schouten

bracket condition is,
= cR_ik (z7 +y?) € C=(C™)

150k 15

wherel € {1,...,m} and [ # i;, . In other words, (xij —83 + Yi, —85, ) ck = (%k _aa. + yi, —85 ) =
ij i J Tiy, if 7
0 for all pairs (k,j) € {(1,2),(2,3),(1,3)}.

R
R Cijiy 0 0 0 0

1<k<;<3

0 0 0
+ Z drs (yr - rayr) A <ysa_xs - xsa_ys>

1<r<s<m
0
v g Mg

1<r<s<m

Rl _ R 0
= |Cl 1§§jg3 Conliuligp 8p 8ka
In this case, the sufficient condition on the coefficient functions to satisfy the Schouten
bracket condition is,

e eR.l-k(:zcl2 +y7) € C=(C™)

150k 15

wherel € {1,...,m} and ! # i;, iy. In other words, (xija% + ¥, 83 ) el = <xik8% + yik%> el =
'Lj Z]' Zk Zk

150k 151k

0 for all pairs (k,7) € {(1,2),(2,3),(1,3)} and d,s are constant functions.

Proof. The proof is done computationally using Python. The code computed the conditions
on coefficient functions when the trivector ([T}, II}]) is restricted on C3. We do it to use
radial and angular coordinates. By smoothness, under the same conditions on coefficient

functions, the trivector field ([T}, I1}]) is zero on the entire C*. We can easily generalise the
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entire result for C™. Similar computation was also done for C* and C®. I have attached the
Github link of the code below.
https://github.com/Lexion-god /Diffrential-Geometry /tree/main
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Chapter 3

Toric Geometry

3.1 Convex Polytopes

Let Pn C R™ be an n-dimensional simple polytope with m facets Fi,..., F,,. We present

PA as the intersection of m closed half-spaces in R™:
Pn={zeR"|(aj,z)+b;>0 fori=1,...,m}

where a; € R” is the inward-pointing normal vector to the facet F;, and b; € R. We can also

write this as a matrix inequality:

Pr={zxe€R"| Az +b >0}

where A is the m x n matrix whose rows are ay, ..., a,, and b € R™.
ax
A: .. a; = (ail,..,am)
am

Consider the affine map i4 : R® — R defined by:

ZA(LL’) = Az + b.
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Since Pa has non-empty interior and normal vectors to its facets span R™, the matrix A has
full column rank n. Thus, i4 is an affine embedding. The image i4(R") is an n-dimensional

affine plane traversing R™.

The condition Az + b > 0 interprets that the intersection of non-negative orthant R’ and
the n dimensional plane i4(R™) is the embedded Pa in R™.

Pa & is(R") NRY.

Intuitively, instead of looking at P as bounded by flat walls in R™, we lift Py into a higher-
dimensional space R™, where it is simply a flat, n-dimensional diagonal ”slice” through the
corner of a room (the positive orthant).

Definition 3.1.1. A convex polytope P of dimension n is stmple if every vertex is the

intersection of exactly n facets.

Basically, at each vertex, n facets meet and from now on, we assume the polytope we deal

with to be simple.

3.1.1 Gale Dual

How do we describe an n-dimensional affine plane i4(R™) inside R™? Any subspace of R™
can be described by specifying its orthogonal complement. An n-dimensional plane in R™ is

defined by exactly £ = m — n linearly independent normal directions.

These normal directions are precisely what the Gale dual captures. Let [ be a k x m matrix

whose rows form a basis for the left null space (cokernel) of A.

A1
P:(% S 7m>:

That is, I' is a matrix of full rank k£ = m — n satisfying:
FrA=0=A"T".

Geometrically, the rows \; of I' are orthogonal to the column space of A. Since the column
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space of A gives the directions of our affine plane i4(R"), the rows of I' are exactly the

normal vectors perpendicular to the embedded plane in R™.

Let y € R™. When does a point y lie in our affine plane? It belongs to the plane if and
only if its projection onto this orthogonal normal space is a specific constant. Specifically, if

y = Ax + b, multiplying by I' yields:
I'y=TAx+Tb=0+Tb=c.

where ¢ = I'b € R™™",

So we have redefined our polytope while it is embedded in R™.

ia(Pa) = {y € R} | Ty =c}. (3.1)

The columns of I', denoted 7, ..., 7, € R™™", forms the Gale dual A.

3.2 Moment-Angle Manifolds: Spinning in Complex
Space

We have situated our polytope as a slice i4(Pa) = {y € RZ, | I'y = c} of the positive

orthant.

Now, consider the space C™. The map = : C™ — RT' defined by taking the squared

magnitude of each coordinate:
(21, zm) = (|25 |2

"folds” complex space down onto the positive orthant. To visualize this: over every point
y strictly interior to the orthant (y; > 0), the preimage 7~ '(y) is an m-dimensional torus
(S')™, where the radius of the i-th circle is \/y;. If a coordinate y; = 0 (meaning we hit a

wall of the orthant), the corresponding circle collapses to a point.

The moment-angle manifold Zp, is simply the preimage of our polytope slice i4(Pa) under
this map:
ZPA = 7T71<’L'A<PA)).
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ZPA —l> cm

A m
Py —4 5 R™

Intuitively, we take the flat n-dimensional polytope slice P C R’ and "spin” it in complex
space by restoring the m independent phase angles over every point. Where the polytope
hits a facet F; (y; = 0), the corresponding circle pinches off, creating a smooth, closed
topology.

By combining the Gale presentation of Px with the map p, we substitute y; = |z;]? directly
into the linear equations I'y = c.

Theorem 3.2.1 (Buchstaber-Panov). [[Buc/] The moment-angle manifold Zp, is exactly
the intersection of m—n real homogeneous quadrics (Hermitian quadrics) in C™, determined

entirely by the Gale transform I and translation vector c:

m
ZPA = z ¢ C" ZFi\ziP:c
i=1

Because P, is a simple polytope, these quadrics intersect transversally, guaranteeing that
Zp, is a smooth closed manifold of dimension m + n. Furthermore, the m-dimensional
compact torus 7™ acts naturally on Zp, by rotating the phases of the coordinates z;, and

the orbit space modulo this action is exactly the original polytope PAa.

3.2.1 Quasitoric Manifolds and Symplectic Reduction

Having constructed the moment-angle manifold Zp, with its natural 7™-action, we can con-
struct a class of manifolds known as quasitoric manifolds. This is achieved by taking the

quotient of Zp, by a freely acting (m — n) subtorus.

Let Po C R™ be a simple n polytope with m facets Fi,..., F,,. A quasitoric manifold
over Pp is a 2n-dimensional compact smooth manifold with a locally standard action of the
n-dimensional torus T", such that the orbit space modulo this action is diffeomorphic, as a

manifold with corners, to Pa.

The combinatorial data required to build ) is captured by a characteristic map. We

28



assign to each facet F; a primitive vector 7; € Z™. This assignment extends to a surjective

homomorphism of tori:
¢:T™ — T

where the standard basis vectors e; of the Lie algebra of T™ are mapped to 7;. For the

resulting torus action on the manifold to be locally standard, the characteristic vectors must
F,

satisfy the smoothness condition: if n facets F; 5., intersect at a vertex of Pa, their

172
corresponding vectors 7;,,...,n;, must form a Z-basis for Z". The n x m integer matrix 7

formed by these column vectors is called the characteristic matrix.

The kernel of the characteristic map ¢ defines a closed subtorus H C T™ of dimension
k=m—n:
H = ker(¢) =2T™™™.

The smoothness condition guarantees that the m — n dimensional subtorus H acts freely

on the moment-angle manifold Zp, .

Because the action of H on Zp, is free and proper, the orbit space is a smooth manifold
of dimension (m +n) — (m —n) = 2n. We define the quasitoric manifold directly as this

quotient:
Q= Zp,/H.

The residual torus 7" /H = T™ naturally acts on (), and the orbit space is simply (Zp, /H)/(T™/H) =
Zp, JT™ 2 Py,

Marsden-Weinstein-Meyer theorem (symplectic reduction) allows us to induce symplectic

structure on many quasitoric manifolds (with a valid characteristic map).

3.3 Free Torus Action

In toric geometry, we construct action of m — n torus T™~" on the moment-angle manifold

Zp, such that it is free. The freeness leads the quotient map

7 Zpy =0 =Zp, JT""
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to be a smooth submersion. We will explore the family of subtorus of T (with a natural

action on Zp, ) that are free on Zp,. Now, any d-dimensional subgroup of T looks like

TdA — {(627ri<§1,d>>7 o 7627ri<§m,(;$>) c Tm}
where ¢ = (¢1,...,¢q) € R? is an d dimensional parameter and A = (dy, .., d,,) is a set of m
vectors in R?. Denote any element of T} as g(¢) = (e2™<019>  ?mi<om¢>)

Now T4 is a subtorus if the set of m vectors satisfies the following equivalent condition :
Define the linear map,
L:R*—R"
01

L] = |~ :[ul Md]

1) There exist R-linearly independent 2y, .., zqg € Z™ such that each z; € Im(L)
2) There exist linearly independent vectors vy, ..., vy € R™ such that they form the basis of

L(R?) and each vector lies in Q™.

Now comes the freeness part. It turns out that the freeness of the group action of T4 on
Zp, does not depend on the geometric realisation of the polytope, or in other words, the
normal vectors to the facets of our moment polytope. It only depends on the combinatorics

of the polytope, or in other words, which edge meets where.

So the idea is suppose we have z € Zp, such that z = (0,..,0, 2,41, .., 2;) With z; 0 Vr+
1 <i < m and T} is acting on it. Now, given any g € T4, no matter what g looks like, the
first » components of g will act trivially on the first » components of z. So how g will act on
z depends only on its last m — r components, and thus it will act trivially on z if and only
if the latter m — r components are identity, regardless of what the first » components are.
For T4 to act freely on z, if there is an element g such that its later m — r components are
zero, then necessarily its first r component needs to be zero. So that only identity will act

trivially on z.
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Suppose, there exist a ¢ such that < d;,¢ >€ Z Vm > j > r+ 1. So for freeness whenever
there exist such ¢, then < §;, » > must be an integer for all 1 <1 < r.

Now we will expand the idea for each m € Zp,.
We define a stratification of Zp, with the help of the moment polytope:

ZPA —l> cm

Py —2 5 R™
Let Pa be an n-polytope in R™ described my m equations,
Prn:{z e R"| <z,a; > +b; > 0,1 <i<m}

Define a stratification of Pa by its faces. Let F' be a face of Px with dim /' =n — r. Then

F' is characterized (as a subset of Pa) by r equations

<x,ai>+bi:O, i:il,...,ir.

We write F' = Fr where [ = (iy,...,4,) and 1 <iy <iy... <4, < m. One can also think of
ia(Fr) as the face we get from the intersection of i4(Pa) and the plane Pl; = {y € RT7|y; =
0 iel}. Let z = (21,...,2m) € M such that z € 7w !(ia(interior(Fy)) = N;. Since
for all such Fj, N; are closed under 7™ action, and so the stratification of Zp, is just the

stratification of Zp, into T4 orbit types. More specifically, the stabilizer of Ny is
Stabilizer(z) = Ty = {(e*™, ... e*™m) | ™ = 1 Vs & I}

since if z € Ny then z;, =0 < i€ [

So T4 will act freely on Zp, <= T4 NT;=(1,...,1) =e VI such that F} is a face of Pa.

For I = (iy,...,4,), define J as its compliment or more precisely let J = (j1,..., jm—_r) and
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1 <j; <..< Jmr < m such that no j; lies in I. Define two matrices with certain J;’s as

column vectors.

w1y
A= (6 o i) =
Wq
Uy
Ar=(6, o 6) =
Ug

Theorem 3.3.1. - TANT; = (1,...,1) = e if and only if , whenever there exist (¢1, ..., dq) €
RY such that ", ¢piw; € Z™" then >, piu; € 7.

Proof. - Assume T4 NT; = (1,...,1) = e and suppose there exist ¢ such that . ¢;w; €
Z™~". Now this is equivalent < ¢,0;, >€ Z for all j, ¢ I. That means the corresponding
g(¢) € T4 also belongs in T;. By the above assumption, g(¢) = e and thus < ¢,8;, >€ Z
for all 4, € I which is equivalent to ), p;u; € Z".

Now assume the latter and let g(¢) € T4 N T;. Since g(¢) € Ty, the j, & I component of
g(¢) will be identity and thus < ¢,0,, >€ Z for all j, & I. This implies ), ¢;w; € Z™ " and
by assumption ) . ¢;u; € Z". At last we get < ¢,6;, >€ Z for all i}, € I and so g(¢) =e. O

T; is largest when Fj is a vertex because T; C Ty is true if and only if F; C F;. Let v

be the vertex face and T, be the stabilizer subgroup of N; corresponding to the vertex face v.

Proposition 3.3.2. T} is free if and only if TA NT? = (1,...,1) =e V vertices v in Pa.

Proof. If the action of T} is free then its intersection with each stabilizer subgroup T; must
be trivial. If the latter is true then since each stabilizer subgroup T lies within a stabilizer
subgroup of a vertex, the intersection of T4 with each stabilizer subgroup will be trivial and
thus the action of T4 will be free. O
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3.4 Tangent Space of Zp,

Given the polytope Pa, let vi,...,7n € R™™™ be the gale dual of the normal vectors
ai,...,a, € R" and polytope constant b = (by, .., b,,) € R™. Here

al = (ai, ., @) %‘T = (15> Vom—n);)

Let’s define two matrices,

AT:(al P am> Fz(fyl S ’ym> ATTT =0

So AT : R™ — R" and I' : R™ — R™ " are two linear map and the rows of matrix A’ spans

the ker(I') = I'ye and vice versa. Then

Zp,={2€C™ Tz)*=Tb=c}
where (|27 = (|21]%, .., |2m|?). Let

TSR p(z) = TP

So Zp, = pu~*(c) and T,Zp, = ker(du,) C T,C™ for p € Zp,.

I will explain the tangent space by stratifying the manifold, and I will use a similar method
as | have explained in Appendix B

Define the face E as interior of F; and Ny = 7 '(i4(E;)) where I = (iy,...,7,) and
1 < i <i9... < i < m. When [ is the null set, then r = 0 and E; = Ej is the
interior of the polytope Pa. Let J = (41, .., jm—r) such that 1 < j; < jo... < jm—r < m and
ji £I. By construction

Nr={z€i(Zp )|z =0,20#£0 kel leJ}

From now on, we will assume Zp, is canonically embedded in C™, and we will use the natural

global chart of C™. So at p = (z1,Y1, -, Tm, Ym) € Zpy,
29111 2vayr o 2mny 2vy; o 2%1mTm 2Y1mYm

(duy,) = .. . :
2rY(m—n)lajl 27(m—n)1y1 cee 2’7(m—n)j$j 27(m—n)jyj cee 27(m—n)mxm 27(m—n)mym
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Define a family of linear maps indexed by I,

L;y:R™" — R™™

(L) = (% ST wmq>

where the column vectors are the specified Gale dual vectors.

By choice of the polytope Pa, if F is a face of P then the set of vectors {a;,, .., a; } are
linearly independent. So by theorem 1.2.4 of [Buc|, the set of vectors {vj,, .., Vj,._ r} spans
R™=". By rank-nullity theorem, dimension of K; = ker(L;) is (n—r). Let {{, ... } be
the basis of K; where (v])" = (1], ..,(n—r v} ). Construct vectors i, ..., p}; . € R™,

? n s

(i)™ = (1tfys -om 117,)

where ; p, =0, jup =p v{ and 1 < a <r,1 < 3 < m —r. Basically, we are adding zeros

in the coordinate places with index number belonging to I, and the rest is from yj[ arranged
in the same order.
Proposition 3.4.1. Tpl =0 Vk . Basically span{ul,... ul_} C Tpe.
Proof. - The proof is simple.

m T m—r m—r

Dpp =Y (ik7i) = D Gabtivia) + O Gabthvis) = > (s74%55)
i=1 a=1 p=1 p=1
m

Construct vectors {x1,..,x2, pl, ..., p0 ¢l ... ¢ ot ... ¢l .} € T,C™ where p € Ny (we

will assume the derivatives below are at p unless specified otherwise),

0 0 — x; 0 y;, O 0 0
I _ I_ I_ 1 %X O Yi I _ A
Xk 6$Zk Pk aym Ck Z o (pjz asz T oa Py ayjz ) ¢k <yjk axjk e ayjk)

=1

Theorem 3.4.2. -{x1{,...xL,pl,....pL ¢l ..., ¢l . oL, ..., 0L _.} forms the basis of T),Zp, .
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Proof. - First, I will show that each of them belongs to the kernel of dj,.
0+0+..+2y2, +04+..+0+0 0
diy(Xh) = - =1.
0+0+..+2’Y(m,n)ikxik+O+..+0+0 0

Since i, € [ = x;, = 0 Similarly du,(pl) = 0. For the next type,

i (22 +y3) /ps) > wir) 0
Ay () = = = Z(ﬂ/ﬁjz) =
WY m—nys (25, + 43 /P50) S (Wi m—nyi) : 0
for last
0+0++271]kx]ky]k _271jky]kx]k++0+0 0
diiy(d1) = e =1.
0404 .. + 2Ym—n)j Ti Yjx. = 2Vm-n)jr Y5 Tj, +--+0+0 0

It’s easy to show that the tangent vectors are linearly independent, and since the dimension

of Zp, is m + n, the set of tangent vectors spans the tangent space of Zp, . O

In the construction of our moment angle manifold, one can see that we only take points with
modular vector (|z| € R™) lying in the polytope. Hence, in the inverse image, the entire
angular part that corresponds to that modular/radial part belongs to it.

Proposition 3.4.3. Let K be a tuple like I such that K C I and Fk is a Face. Then
Er C Fx and span(¢{,..,¢! ) C T,Zp, for all p € Ng.

Proof. - Well, the proof is similar to the above theorem, and one needs to just plug it in. [

Proposition 3.4.4. Span(¢y, .. .., ¢m} is a subspace of T,Zp, Vp € Zp, where ¢; = yia%i_

0

Proof. -1fIshow that ¢; € ker((du,)) Vp € Zp, thenitsenough. Soforp = (x1,y1,...,Tm, Ym) €

35



A

i) (1) = . - .

If one notices,
m—r 8
G=> 2| wiz
lz:; Ip;,
So if one labels (py,...pn) as your standard coordinate in R™, then this construction is the

same as constructing the tangent space of points in HC}. Since Ej is a submanifold of HC}

in R™, the common points will have the same tangent space.
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Chapter 4
Reducible Poisson Structure on C™

Finally, we will construct Poisson bivectors on C™ that are reducible under Marsden-Ratiu
reduction theory[Mar| with P = C™ and M = Zp, (moment angle manifold assiociated to
PA). So to that they are reducible, as mentioned in section 2.3, we need to prove condition
(A3) and condition (2.4) in theorem 2.3.1. Let, Px be the moment polytope with normal
vectors ay, ..., a, € R™ polytope constant b = (by,..,b,) € R™ and 71,...,7n € R™" be
the gale dual. Let Zp, be the corresponding moment angle manifold. Firstly we will con-
struct 4 families of bivector fields(IT}, [Ty, TT&, & TTE) corresponding to Pa that are Poisson
by theorem 2.4.1. Let

TdA — {(627Ti<(51,(]5>, N e?ﬂ'i<5m,¢>) c Tm}

°

be a d-dimensional subtorus of T™ acting freely on Zp, and E = E% be the distribution
produced by the group action of T4 on C™ as mentioned in section 2.3. As we have already
seen in section 2.3 that this distribution satisfies conditions (A1) and (A2). By lemma 2.3.2,
to satisfy condition (A3), its enough to show that for each ¢’ € T%

dVy(I) =1 dWy (1) =TT, dVy(xIly) =x 15 dPy(xIL) =x 1Y (4.1)

In theroem 4.0.1 stated below, the first part of the proof will prove (4.1).
In the second part of the proof, I will show under what additional constraints on the polytope

Pa and the subtorus T4 will these bivector fields becomes reducible.
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0 0 0 0
Ir = § oy — — i 4.2
1 Oézj (yz axl X4 33/@) A (y] 833'j xﬂ ay]) ( )

1<i<j<m

where each a;; € C*°(C™) and (yk% - xkaiyk)(aij) =0 V1 <k <m. So the conditions
on ay;’s are same as a;;’s. In other words each «;; is a function of only p, where k €

{1,..,m}.

"9 0 0 0
/ — PR— . — — + —
= q:zl Jz, ayq * Z B <yz Z; Zayi) A (yj Oz v ayj> (4.3)

1<i<j<m

here 8;; € C*°(C™) are smooth functions such that (ykg - :L’kay )(Bi;) = 0 for all k €
{1,..,m} and there are some additional condition. For simplicity, we will take a smaller
subset of the solution space satisfying the Schouten bracket condition. So here we will only
take those f3;;’s such that for each ij pair, §;; is a C*> function that depends only on p; = r?
and p; = 77 or only on z7 +y7 and 7 + y3.

Bij = 5@'(%2 +y7, 933 + ?/32)

. So the conditions on 3;;’s are same as b;;’s.

To describe the other 2 families, we will only focus on those I = (iy,...,4,.)(1 <i; <iy... <
i, < m) such that Fj is a r codimension face of Py and m —r < 3. Let the set of such I’s for
Pa be I}, . For each K = (ky,... k) € I}, let L = (ly,...,l,_,) be the set of tupels such
that 1 <l < ... < lp_r <mand LN K = (. So for each such K, define P¥ = | J

and two Poisson bivector fields

(I = > PRl Ak (4.4)
1<i<j<(n—r)

K

where 0;; are constant functions.

0 0 0 0
e = E PEy K K K4 § oy —— — p—— e 4.
Klly /\C Tij (yz 0951 Z; ayl) A (y] &cj Z; ay]) ( 5)

1<i<j<(n—r) 1<i<j<m

where v i and 7;; are constant functions.
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Theorem 4.0.1. - The above construction defines a family of Poisson structures that can be
reduced as per the reduction theory of Poisson structures with P = C™ and M = Zp, (moment

angle manifold assiociated to Pa) and E = E$ corresponding to free torus action T4

Proof. - Part — 1

To show that (A3) is satisfied, it is sufficient to prove (4.1) for each element ¢’ € T%. T
will prove (4.1) for each element in T™ with its canonical action on C™, and since T4 is a
subtorus of T™ with action induced from the canonical action of T™, it easily follows that
(4.1) is true for each ¢’ € T}.

Suppose we have a point p € C™ such that r;, =0 <= i € I. Without loss of generality,
let’s shuffle the coordinates for our own convenience and assume that only the first s radial

parts are zero.

1270541 i27r0m)
5 -

p=1(0,.,0,rs e o Tme

so for any element g = (€™ . ¢?™m) € T™ g.p = (0, .., 0, 7o e Osittsrt) -y o127 (Omttm)
So the group action doesn’t change the radial data of p (r;(p) =ri;(g.p) V1<i<m g€
(7). Since these radial and angular coordinates are not defined everywhere, I will show some

results in standard coordinates (x1, Y1, .., Tm, Ym) of C™,
G- (T1, 915 s Tny Ym) = Vo T1, Y1y oy T, Ym) = (21 cos(t1)—yy sin(ty), z1 sin(ty)+y1 cos(tr), . . ., T cos(tm) —Yn

By simple computation, d¥, is a block-diagonal matrix,

R(t) = (cos(ti) —sin(ti)>

sin(t;)  cos(t;)

R(t1)
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) : 0 0
let’s first see how it acts on 8_9¢|P and pia_m|P'

0 0 0
10, () = % ()l + o))

= () cos(t) = o) snt)) Ly + (310 sinfts) + ) cos(t)) 5o )

2 3

0 0
= —?Ji(g-P)a—%b-p + i’fi(g-p)a—yib.p
0
= a_ei|g-p
With similar calculations, one can show that.

0 0
d¥, (Pia—p\p) = Pia—p’g.p

So for a bivector,
0 0 0 0
dv, (aij(p)%ko N %h}) = ay;(p) (dlpg%h)) A (dwgwlp)
7 7 7 J
0 0
= a;;(p) %b.p A @b.p
i J
0 0
al](g p) 60 | /\ %b-p
J

Since the group action preserves the radial data and «;; ’s are functions of p;’s only, so

a;;(p) = a;i(g.p) V1 <i,57 <m,ge T™. Since d¥, are linear on bivectors,

, B B B )
wl) = Y vy (au) (ul >ax,|p—xi<p>a—y|p)A<yj<p>%|p—xj<p>a—y\p> -,

1<i<j<m v v J J

Now if we were to simplify xII

0
KHR = Z 77” <p1 pj 8}9 )

1<i<j<m

where 7;; are polynomial functions of p;’s where k # 4, j. So if we do similar calculations
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as above, under this Poisson structure, the T™ action is also Poisson in nature. And since
I = II} +x % so by linearity of d¥,, this will also make T™ action a Poisson group

action.

To prove (A3) for I}, we could use a similar method as above.

o 0 . 9
av, (a—xl|p) = Cos(ti)a_xib-p + Sm(ti)a_yib'p

) 9, : 0
dv, (a—%|p> = COS(ti)a—in —sin(ti) g -l

7

By simple computation,

PR 0 0 0 0
¥, (o g ) = % (o) s (1) = o gyl

So by linearity and the fact that coefficient functions of II/, are either constants or functions
of p;’s, it will also make the action Poisson. So (4.1) holds true for each g € T™ and thus for
each ¢’ € T} .

Remark: A very similar proof can be done to show that in general, the Poisson bivectors

constructed in section 2.4 are invariant under the standard T™ action.

Part — 2

Now comes the fourth condition (2.4) we need for reduction
B(E®) CTZp, + E

In case of 1T}, x 1% and gI1E, for all p € Zp,, I}],,x 1], and xI1%|, are made up of tangent
vectors that lie in 7,Zp,. So no matter what ES is, Bp(ES) C T,Zp, (I have explained
this properly in Lemma 4.1.3). Thus, no matter what TXis, the fourth condition is always
satisfied for these Poisson structures.

In case of 1T}, additional constraints need to be put on Pa and T4. The conditions that

Delzant[Del] imposed on the polytope and the subtorus is sufficient enough for IT}, to reduce.
O
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4.1 Symplectic Leaves of Reducible Poisson Structure

To study the symplectic leaf structure of our quotient manifold with the induced Poisson
structure, we first study the symplectic leaf structure of the induced family of Poisson bivec-
tors on the Moment angle manifold Zp,. We will use the methods mentioned in Section
2.1 that uses Weinstein splitting theorem 2.1.1 to show that we get a symplectic leaf by
integrating along the hamiltonian directions.

Lemma 4.1.1. - Zp, admits Poisson structures induced from 11},x TIE and g1

Proof. We just need to take T4 as the zero dimension torus (d = 0), or in other words, T%
is the trivial group containing only the identity element. In that case the orbit space will be
Zp,. O

A

We will study each of the T}, IT2 and I Poisson structures individually, but before that,
let’s discuss some properties of an arbitrary bivector field x? on a manifold N of dimension
n. Assume the distribution produced by it (as the image of x? acting as bundle map from

cotangent bundle to tangent bundle) is integrable, and at any point g € N, xﬁ looks like

Xzz Z w; N w;

1<i<j<n

where w; are tangent vectors in T,(N).

Definition 4.1.2. - v € T,N is called field vector at p if v € Im(xg). T,(x?) is the subspace
of T,N spanned by the field vector at p and is called the field space at q. The distribution
A(x?) produced by it is called the field distribution.

So, in our case the bivector field is Poisson and field vectors are called Hamiltonian vec-
tors.

Lemma 4.1.3. - If v is a field vector at q, then v is a linear combination of w;’s
v = Z a; W;
i

where a; are constants.

Proof. Assume any dual basis vectors of T;(N). Since for each dual basis vector, its image
under the linear map X?I is a linear combination of w;’s, therefore if z is any linear combination

of dual basis vectors, then x>(z) is a linear combination of w;’s. O
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Let I be the foliation produced the field distribution of x? and S be a submanifold of N
such that,
T,(x*) = A(x*), CT,S VpeS

So the distribution A(x?)|r(s) induced by A(x?) is equal to
AN s (p) = AKX (p) YpES

Since [A(?), AGR)] € AGR) s true = [AGGlzsr AN rs] € ANz, We get a
foliation Fg of S such that Fg C F. In other words, one can think of S as a union of a

collection of leaves that is a sub-collection of F'.

Moving forward, for our purpose, I will give an idea on how to think of the complex plane
C™ and what kind of submanifolds we get in the foliation of an integrable distribution made

of either angular directions or radial directions.

Let W = (w{,..,w?) be a tuple of m real numbers such that each w; > 0, i.e W € R7.

Denote,
T = {(w ™, ... ... W™ty b, € RY

So Ty is a subset of C™ and it contains all those points p whose radial coordinates equals
to that of W (r;(p) = w; pi(p) = w? V1 < i < m). Think of C™ as a disjoint union of

different radius tori T7.
C™ = {(w ™, . ... .. W™ wy, . wy, € Ry and  ty, ., L, € R}

So I associate to each point ¢ € C™, the tori T}, (with w; =r;(¢) 1 <i <m) it lies in and

for each point there exist only one such torus.

Given an integrable distribution Ig on C™ that is made up of only angular directions, i.e let

d be a tangent vector at ¢ € C™ then if it lies in the subspace induced by the distribution

0

Then one can see that if we integrate along these directions, then each integral submanifold

lo at q then,

lying in the foliation will lie inside a single torus and will not spill or be part of any other

tori. To be more precise, given any point, the integral submanifold it lies in will lie inside
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the tori Ty}, associated to the point.
Remark - Depending on «;’s, the integral submanifold need not be a subtorus of T}, and

might wraps around T} in a wild manner. It might just be a non compact subgroup of

™.

Similarly if the integrable distribution I, is made up of radial directions, i.e let d be a tangent

vector at ¢ € C™ then if it lies in the subspace induced by the distribution/, at ¢ then,
d=> 5 O ypecn
= : iDi Op; p

It’s like the trajectory of the point is moving from a point of one torus to the point of another
torus with the same angular coordinates but of a different radial coordinates. In other words,
a submanifold belonging to the foliation will intersect each torus T’ at most one, and the
points in the submanifold will have the same angular coordinates wherever it is defined. It
will also preserve the zeros of the points, i.e if z;(p) = 0 where p € C™ ,then for all the points
lying in the integral submanifold in which p belongs to will have the ith z coordinate equal

to zero

4.1.1 Leaf structure of I} on Zp,

Based on this, let’s first analyse II)

0 0 0 0
R SR (LA A Y A ]
1<i<zj<m J 81’1 8yz J al'j J Gyj
where each a;; € C*(C™) and (yk.a%k - xka%k)(o‘ij) =0 V1 <k <m. So the conditions on
a;;’s are same as a;;’s. In other words each «;; is a function of only py where k € {1,..,m}.

The first thing to notice is that our bivector is made up of angular directions only, and the

second is that «;; are smooth functions that only depend on the radial coordinates.
aij = i (p1y- -+ Pm)
0 0
— —xp— | () =0 VI<k<m
(g = 15 ) ) <k<
w

ij -
Since at each point of Ty, the Hamiltonian directions lie in the tangent space of Tiy, the

So, within a torus T7}, o;; will remain constant on it, so let’s call these constant values «
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symplectic leaves we get in foliation will lie inside these tori. In addition, the leaves will be

subgroups that are immersed(not necessarily embedded) in T},

So if we took N = C™, S = T and x? = II} then we get a foliation of the torus, let’s call

it Frp and the foliation produced is just the disjoint union of Frm for all R € RY'

Fen= | Frp

WeRT

FZPA: U FTTV?/
REiA(P)

4.1.2 Leaf structure of xIIf on Zp,

Now let’s analyse gII%
Wllf= ) PRofdtact
1<i<j<(n—r)
K
ij
Here we will analyse it face by face. The reason is,

where o;; are constant functions.

Theorem 4.1.4. If p € 7 Y(E;) and L, is the symplectic leaf in which p lies in, then
m(L,) C E;r (where m : C™ — R is quotient map we defined in the commutative square in
section 3.2).

Proof. Suppose for some p € 77 !(E;) there exist [ and K such that I C K, E; and Ex are
faces and, m(L,) N E; and m(L,) N Ex are not null set. Thus as mentioned in section 2.1,
there exist a point ¢ € 7' (Ex) and g1, .., g € C*(C™) such that ¢x, o---0dx, (p) =q.
Thus p ~ ¢ and rank of fI1¥|, = rank of 11|,

Let 7,5 € K — I, then the radial coordinate functions p; and p; take non zero value on each
point in 7~ '(E;). Thus on each point in 7~ '(Ey), 6; and 6; as coordinate functions are
defined and, a%- and % are non zero tangent vectors. The opposite is true for each point in
7 1(Ek). Construct a bivector field II¥ on C™,

g 0 0
(- R .
II KH3+<3(9i/\00j>

45



This is Poisson and reducible since it is of the form KHf. Let’s denote KH?“ by Ra;; and
<a% A %) by An;; So for any function f € C*(C™), IT¥( f) has radial terms at one side due
to Ra;;(f) and angular terms at other side due to An;;(f). Tangent directions in Ra;;(f)
coincides with the tangent directions we get in xITIE(f).

Now for each g, we get I1¥(gy.), and by the choice of gi’s to show p ~ ¢, when we intergrate
along Ra;;(gr) and Ang;(gr), we get to a point ¢’ in N = 7 !'(Ek). Basically what is
happening is the Ra part integrates similarly to xIIf and the points in the integrated paths
we get will have the same radial coordinates. This is true Since the An part is only changing
the angular coordinate of the points along the path. Thus under the Poisson structure II;;,
p ~ ¢ and the rank of the structure must be same. Also the radial coordinates of ¢’ equals
to that of ¢ (pi(q) =p(¢’) V1 <1< m).

Now since the image of Ra;; and An,; are linearly independent (properly explained in 4.1.3)
and disjoint, at any point p € Zp,, the rank of II¥ equal to rank of Ra;; plus rank of An,;.
Now since the coefficient function of Ra;; =g I only depend on the radial coordinate
functions and using the main assumption, the rank of Ra;j|y= rank of Ra;;|, = Rajlp.
By construction, rank of An;;|, equal to zero and that of p is non zero. Here we get a
contradiction that rank of IT1¥|, = rank of II|,. Thus our original assumption cannot hold
true. [

It means the set of r;’s that are zero remains the same throughout a symplectic leaf. That
means each symplectic leaf lies within the submanifold that is inverse of a face (77!(Ey)).
To get an intuitive idea, let’s take the interior of the polytope, i.e Ey. Since for each point
in Fy all p; are non zero, each angular coordinate 6; is well defined and 71 (Ey) € C™ is
diffeomorphic to Ey x T™. So it’s like in the moment angle manifold, we will get a product
group bundle with base Ej, where each slice of the bundle is diffeomorphic to Fy and the
points in that slice have fixed angular coordinates 6 € T™. Now this will happen with each
7~ 1(Er), which is diffeomorphic to E; x T™™", and each slice in this bundle is diffeomorphic
to Ej.

What the Poisson structure on the moment angle will do is foliate each slice of each stack
that we get from the interior of faces into symplectic leaves. And the union of these sym-

plectic leaves is the foliation that is produced by the given Poisson structure.
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4.1.3 Leaf structure of xII¥ on Zp,

Now let’s analyse the g IT%

0 0 0 )
R _ K, K+ K n +K N N v Y
xll = E PR Gh NG+ E Tij (ylax xlayi) A (yj oz, x; 8yj>

1<i<j<(n—r) 1<i<j<m !

where Ug and 7;; are constant functions.
Now in this case we have the radial part collectively at one place and the angular part in

second place. So lets denote it as

KHR = Ra + An

Now, based on the above analysis, the image of the radial part and the angular part are

linearly independent as defined in Appendix A3.

At each point p € M, gIIff|, as a linear map from T (M) to T,(M) is the sum of two
linearly independent linear maps IT}|, and xIIZ|,. Since the image of II}|, is made up of
only angular directions and that of xIIZ|, are only made up of radial directions, thus the
images are disjoint and so the image of xII%|, is the direct sum of the images of II}|, and

Kﬂglp'

Intuitively, we can get the leaf submanifold by first integrating along the angular direction

and then the radial directions or reverse the order.

Suppose p € Ny and pu(p) = (r1,...,7m) = R, € F;. So if we integrate along the angular
directions that are Hamiltonian, by previous analysis of II}, we get a subgroup (may not
be a Lie sub group of T},) of T}, as submanifold of the symplectic leaf that p belongs to.

Denote this subtorus as T

Let Fr, be the foliation produced by Ra as an individual Poisson bivector and Z be the leaf

in which p lies.

So if we integrate each point in T along the radial Hamiltonian directions, its like every
point in this subtorus belongs to a slice diffeomorphic to N; and when we integrate along
radial directions, it is independent of the angular coordiantes of the point will integrate in

the similar manner within their own slices. Let Z x T% be the symplectic leaf belonging to
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foliation produced by gIIf such that p lies in it. Then

ZxTp =Tk

qEZ

Another way to look at it is if we first integrate along the radial directions, we will get Z.
Then at each point of Z, when we integrate along the angular directions, its like we attach

the subtorus T to each point of Z and thus we get Z x T .

Remark - Z x Ty, is actually diffeomorphic to the product manifold we get as a product
Z and T . This is true since when we get Z by integrating along the radial Hamiltonian
direction, T% looks the same for each point ¢ € Z. This is true because each 7;; (constant

functions) does not vary along any radial direction.

4.2 Poisson Cohomology

Before studying the Poisson cohomology of the newly constructed Poisson structure on C™,

let’s see the commutative relation between radial and angular vector fields. Define,

Y})-sz‘iz %i-i—yzi I<i<m
' Ip; Oz; 0y,

v, = 9 [, 0N i
0 8v9j - yj &cj ]8yj =7=

Lemma 4.2.1. - Lie bracket of radial and angular vector fields defined above is zero.

Vo Yol =0 ¥, Y5 =0 %, %] =0 VI<ijki<m

It means for any smooth function g € C*(C™),

Yo (Y (9)) = Yo, (Yo (9)) - Yo, (Yo, (9)) = Yo, (Yo, (9)) Y5 (Ye,(9)) = Yo, (Y2, (9))

V1<4,5,kl<m
Proof. 1 will proof the lemma for [Y,,,Y,,] = 0 and the similar proof can be done for the
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other two cases. For any function h € C*°(C™),

Y, Y, h=uz; 0 < 8h> 4—31:-i (yk%) + i 0 <xk%> —l—y'i <ykﬁ)
bt b "0 \F oy, " Ox; Oy Oy Oxy, Oy Oy
0 oh 0 oh 0 oh 0 oh

+
0 0 0 0
= (fka—k + Yk 8yk) ( 8x, yza—%) (h)

= YZIJkY;’ih

Thus [V, ¥y, = (i + gt ) (onas + wate ) 0= (wgle + gl ) (wials + wigly ) () =
0 O

Now what about the angular vector fields that are preserved along a radial direction? Define
2 vector fields on C™,

0 0 :
fpz‘Y@j:fpia_ej and fpi}/;’k:fpia_pk 1<jk<m

where f,, is a smooth function such that pia% fp = 0.
Lemma 4.2.2. - f,.Yy. and [, Yy, commutes with Y.

Yo, Yo ] =0 or f,¥5,(Y,,(9)) = Y3, (/5. Y0,(9))
[fpz Pk pl] =0 or fPiY;?k(YZDi(g)) = }/Zﬂi(fpi}/;?k(g))
for all g € C>*(C™)

Proof. Again the proof will be for 1st case only and 2nd case will follow similar proof. So
for any function g € C*(C™),

[fpi}/@j?}/pi](g) - fpi [}/937}/171](9) - (Y;Jz(fpz»(}/l% (g))

By lemma 4.2.1, f,, [Yb’]a m](g) = 0 and since pia%ifpi =0 = (Y;h(fp))(y% (9))=0
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So if we have two bivector fields defined below,
fpiYGj,k = fpi}/bj N Yo,

fptij,k = fpiypj N Y:vvk

such that f,, is same as defined previously, then the bivector fields are preserved along pia%
direction,

Lemma 4.2.3. The Schouten bracket ofpl-a% and [y, Yy, and pia% and f,.Y,. . are zero

Jk

0

0
Yy g =0 and |£,Y, pi—]| =0
|:sz ejyk7p ap1:| an |:sz Pj.k p ap1:|

Proof. Since The Schouten bracket satisfies the graded Leibniz rule:
[P,QAR =[P.QIAR+(-1)""Q A [P, R]

for P € X*(P), Q € X(P), and R € X"(P) for any manifold P then by using lemma 4.2.2,

we can easily proof the above lemma.

O

To further study the Poisson cohomology class, suppose we have a Poisson vector field X on
a Poisson manifold (P, II), then under what conditions on f € C*(P) will fX will also be

a Poisson vector field.

Since X is a Poisson vector field,
(X, (g, h) = X(Il(g, h)) = 1I(Xg, h) = TI(g, Xh) =0 Vg,h € C=(P)
Lemma 4.2.4. Under above assumption, fX is a Poisson vector field if and only if
X(g)II(f,h) + X (h)I(g, f) =0 Vg,h € C*(P) (4.6)

Proof. fX is a Poisson vector field if and only if [fX,II] = 0. So for any function g,h €
ce=(P),
(X, 1](g, h) = f([X,1](g, h)) + X (g)IL(f, h) + X (h)I(g, [)

Since X is a Poisson vector field, [fX,II] =0 < X(g)II(f,h) + X(R)I1(g, f) = 0. O
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Suppose we have a Casimir function cx € C*(P) such that X(cx) is non-zero almost
everywhere. Then if we substitute g = ¢, then the necessary condition for fX to be Poisson
is X(ex)II(f,h) =0 Vh € C*(P). Since X (cx) is non-zero almost everywhere, thus I1(f, h)
needs to be zero almost everywhere and by smoothness II(f, h) needs to be zero everywhere.
And so f must be a Casimir function. Also by above equation, if f is a Casimir function

then fX is a Poisson vector field. Thus if cy exists
fX is Poisson <= f is a Casimir function

If no such cx exist, then one side of the implication is not garaunted and f being a Casimir

function is sufficient for fX to be Poisson
f is a Casimir function = fX is Poisson

Suppose there exist another Poisson vector field Y then

€Y + £X,11)(g,h) = Y (g)TI(e,h) + Y (A)L(g.€) + X ()II(f, k) + X(W)TI(g, f)  (4.7)
So if there exist cx and ¢y such that it the above mentioned conditions plus
X(ey)=Y(cx)=0
then substituting them one by one in (4.7) will prove
eY 4+ fX is Poisson <= e, f are Casimir functions

Theorem 4.2.5. Let X; (1 < i < n) are n Poisson vector fields on (P,11) and if there

exist cx, satisfying above conditions then

n
5 fiX; is Poisson <= f;’s are Casimir functions
i=1

Proof. Using a similar expression as (4.7) and substituting cx, one by one, the proof easily
follows from that. O]
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4.2.1 Poisson cohomology classes on C”

As proven in theorem 4.0.1, The standard torus action of T™ on C™ is Poisson for all 4
Poisson structures. Thus any vector field produced by the action will be Poisson for all 4

Poisson structures. let’s study each structure individually

Poisson cohomology of II;

0 0 0 0
= 2w (W@V(”?@)

1<i<j<m

0 0
0 | om — A
lep = D augg A gy
1<i<j<m
where each a;; € C*°(C™) and (y;52 — xi%)(aij) = (yj52= — xjaiy)(aij) = 0. In other words

a;; is only a function of p, where k # 4, j and k € {1,..,m}.

For this Poisson structure, all p;’s as smooth functions on C™ will belong to the algebra
of Casimir functions and thus polynomials with p;’s as variables will also belong to the
algebra and each such polynomial will belong to its unique class in Oth Poisson cohomology
Hyj (C™).

To analyze Hjy, (C™), we will use above lemmas.
Theorem 4.2.6. If there exist | € {1,..,m} such that pla%(aij) = (a:la%l + yla%l)(aij) =0
for all1 <i < j <m, thenY,, is a Poisson vector field on (C™ II;)

Proof. The proof is easy. It includes lemma 4.2.3 and linearity of Schouten bracket. [

Since p; is a Casimir function such that Y, (p;) = p; is non zero almost everywhere, thus
pi satisfies the conditions of cx for X = Y,. So fY, will be a Poisson if and only if

fecCmIl).

1

Suppose there exist lj,ls € {1,..,m} such that plla%(aij) = pba%(aij) =0 for all 1 <
1 < j < m, then since pjand p;, are the Casimir functions that satisfies the conditions
of €Y, and Yy, thus f1Y,, + f2Y}, is a Poisson vector field on (C™, 1) if and only if
fi, fo € C(C™,IL).

Proposition 4.2.7. If each a;; is a constant function, then the vector field fX, =", iy,
is a Poisson vector field on (C™ 11;) if and only if f; € C(C™ 11;) for all 1 <1 < m.
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Proof. 1f each a;; is a constant function, then pla%l(aij) = (xla%l + yla%l)(aij) =0 V1<I<
m. Thus each X, is a Poisson vector field. So for any Casimir function f; € C(C™,1I,),
f1Yy, is a Poisson vector field and sum of them will also be a Poisson vector field.

The reverse implication easily follows from theorem 4.2.5. O]

So each of the radial Poisson vector field of the form fX, =", fiY,, fi € C(C™,1I;) lie
in there unique class of H'y; (C™). This is true since every Hamiltonian vector field only
contains angular terms and no two distinct radial Poisson vector fields differ by an angular

vector field.

Poisson cohomology of II; and IT%

Cij 0 0 0 0
II. = - , o L _
3 Z 2 (mlaxl tYi ayl) A <l’] &cj +y] 83/])

1<i<j<m

0 0
Mlep = Y CiliPig, A o
? J

1<i<j<m

where ¢;; are constant functions

R
R Cijiy, 0 0 0 0
m= 2 (axﬂ/w Mgy TV,

1<k<j<3 i

0 0
H;I;|<C;" = E Cﬁikpz']-pik— A
1<k<j<3 ’ 3]%]. api’“

civ, = cig (o +yp) € C2(C™)

ijik Qi

o 0 o \ R _ 0 o\ .R _
wherel € {1,...,m} and [ # i;, ). In other words, (xww + Yi; 5, ) . = (xzk% _’_yikﬁ) i =

0 for all pairs (k,j) € {(1,2),(2,3),(1,3)}.

For general case, no such simple Casimir function exists but under special conditions they

can exist.

Lemma 4.2.8. p; is a Casimir function of (C™ 1l3) if and only if ¢;; =0 V1 <j <m.

Proof. T3(p) = — 22;11 L p; 8?)1- + > i %’“pka%k. So for p; to be Casimir, the vector field

needs to be zero. Since each term pj% of this vector field is linearly independent with each
J

other almost everywhere, each ¢;; need to be zero. O
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Lemma 4.2.9. p; where 1 <1< m and | # iy, 1,13 is a Casimir function of (C™, 11%)
Proof. The proof is similar to lemma 4.2.8 [

The same proof can used to show that p;; where i; € R is Casimir function of (C™, %) if

and only if cfjik = Csiz = 0 where 4y, € R and 4; # i # .

Now we will study Hj;,(C™) and H.(C™). The condition under which the vector field Y,
3

will be Poisson or not is same as in case of II;.

Theorem 4.2.10. If there exist I € {1,..,m} such that pla%(cij) = (xla%l + yla%l)(cij) =0

for all1 <i < j<m, thenY,, is a poisson vector field on (C™, Il3)
Proof. The proof is same as theorem 4.2.6 n

Since each ¢;; is a constant function, each Y}, is a Poisson vector field on (C™, 1I3)
Theorem 4.2.11. If there exist | € {1,..,m} such that pla%l(cg) = (a:la%l + yla%l)(cﬁ) =0
for all1 <i < j <m, thenY,, is a poisson vector field on (C™, IIL)

Proof. The proof is same as theorem 4.2.6 O

Remark - Here we have an example of a function that is not Casimir but still produced

Poisson vector field. Take the Poisson bivector field

Tep 2 Ap 9
_plapl p28p2

By theorem 4.2.8, Y, is a poisson vector field for this bivector and by lemma 4.2.7, ps is not a

Casimir function. Since po satisfy the condition in lemma 4.2.4, p,Y,, is a Poisson vector field.

Proposition 4.2.12. Since each c;; s a constant function, then the vector field fY, =
S fiYy, is a Poisson vector field on (C™,113) if f € C(C™,1I3) for all 1 <1 <m.

Proof. The Proof is similar to that of proposition 4.2.7. O]

Similar proposition is for ITZ.
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Unlike IT;, in case of [13 and IT%, the Hamiltonian vector field contain only radial terms. Thus
any two distinct radial Poisson vector field of the form fX, = >>" fiV,, fi € C(C™ 1)

may lie in the same 1st Poisson cohomology class in case of both I3 and IT£.

Poisson cohomology of 11, and IT#

N AN AN )
M= 2 3 (xl(?wﬁy’ayi)A( Yoz, Yoy, ) 2 d”(yra:c,« "y ) "\Vor, ~ "oy

1<i<j<m 1<r<s<m
0 8
H4|(C71" = § €ijPiPj = — P + § drs
1<i<j<m pi 1<r<s<m 0

The Schouten bracket condition implies, e;; and d,, are constant functions.

eft; 0 ) ) 0
HR — itk - L -
4 Z 9 (:CZ] s, + i ayij> A ('rlk oz, + Yiy By,

1<k<j<3

0 0 0 0
PR (?“”axr “”"Tay)A(ysa_xs‘“’“Sa_y)

1<r<s<m

Iy’

cr = Z fj@kplp] aa + Z drs 8

1<k<j<3 1<r<s<m 0

ery, = eiy, (af +y7) € C%(C™)

z]zk zjzk

wherel € {1,...,m} and [ # i;, ). In other words, (xij% + i, 0 ) et = <:czk D, + Yin g, > el =
Zj Z

8yij A 1k

0 for all pairs (k,j) € {(1,2),(2,3),(1,3)} and d,s are constant functions.

The results are simply the combination of the results we got in II;, IT3 and TIZ.
Lemma 4.2.13. p; is a Casimir function of (C™,Ily) if and only if e;; =0 V1 <j <m.

Proof. The proof is same as Lemma 4.2.8 O]

Lemma 4.2.14. p; where 1 <1 < m and | # iy,1is,13 is a Casimir function of (C™, 1)

Proof. The proof is similar to lemma 4.2.8 [l
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The same proof can used to show that p;, where ¢; € R is Casimir function of (C™,II¥) if
and only if efjik = ‘ffjn = 0 where it, 7 € R and ; # iy # 4.

Now since each d,., are constant functions,

Theorem 4.2.15. If there ezist a l € {1,..,m} such that pla%l(eij) = (xla%l +yla%l)(eij) =0

forall1 <i < j <m, thenY,, is a poisson vector field on (C™, I14)

Proof. The proof is same as theorem 4.2.6. O
Since each e;; is a constant function, each Y}, is a Poisson vector field on (C™,1Il,)
Theorem 4.2.16. If there exist | € {1,..,m} such that pla%(ef}) = (:Ela%l + yla%l)(eR) =0

(]
for all 1 <i < j <m, thenY,, is a poisson vector field on (C™, II)

Proof. The proof is same as theorem 4.2.6 O]

Proposition 4.2.17. Since each e;j is a constant function, then the vector field fX, =
Sy fiYy, is a Poisson vector field on (C™,11y) if f € C(C™,1Ly) for all 1 <1 <m.

Proof. The Proof is similar to that of proposition 4.2.7. O]

Similar to IT3 and I, since there exist Hamiltonian vector field containing only radial terms,
any two distinct radial Poisson vector field of the form fY, = >, fiY,, fi € C(C™,ILy)

may lie in the same 1st Poisson cohomology class of (C™,I1). Same is for (C™, 1)
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Appendix A

Skew Symmetric Maps

A.1 Skew Symmetric Bilinear Form

Suppose we have a vector space V' and a bilinear Skew symmetric form B
B:VxV =R

B(v,w) = —=B(w,v)

Then w.r.t to any basis of (V, ), the matrix of B will be skew symmetric

If 8={p,...,0m} then the dual basis will be 5* = {f5, ..., 5’} and B will look like,

B= Y afiAB;

1<i<j<m

where a;; are constants determined by
aij = B(Bi, Bj)
This skew symmetric bilinear map induces a canonical linear map

BV V*
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B*(v) = B(v, -)

We have a few convenient results to get an idea of rank of B* often called rank of B.

Now in case of skew symmetric matrices M, square of its pfaffian is equal to its determi-

pf(M) = /det(M)

If the dimension of the matrix is odd then pf(M) is always zero and in case of even, it can

nant

be non zero. Also the rank of a skew symmetric matrix is always even.

Suppose we have a bivector field B? on a Manifold M. Then it will induce a bilinear skew

symmetric map at each point of M on its cotangent space
Bg:TI’SMxT;M%]R

and a linear map
(Bz); TPM — TpM

In other words, it will induce a bundle map,
B?*:T*M —TM
such that at each point w.r.t any basis, B? will give a skew symmetric matrix

In case we have 2 form, it will do the same except cotangent space and tangent space will

exchange places

A.2 Image of skew symmetric map

Suppose we have a Injective linear maps between finite dimension vector spaces V' and W

with basis {vy, ..U} and {wy, .., w,}
[V =W
Then it will induce a dual map on dual space

r-w-—=vr"
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Suppose we have a skew symmetric form II on V*, then it will look like

II = Z Q55 AN (%

1<i<j<m-n
We want to look at its image as a linear map,
m:v-—v
Since [* is a surjective map, V* = [*(W*), thus
I: (W) xI*(W*) =R
and for any a,b € W*

O (@), @)= > ay(l(v:) Al(v))(a,b)

1<i<j<m—n

thus II can be realized as a skew symmetric bilinear map [(II)on W* which will induce a
map

I(ID) - W™ = (V)

And its easy to that there will be an isomorphism between
Im(IT")=Im(I(IT)")

and the isomorphism is given by the linear map [
Now we can do it at a vector bundle level. The case we want to study is when we have a

submanifold N (with bivector field IT) of a manifold M with an inclusion map,
i:N—-M di:TN—->TM ¢ :T"M —T*N

So if we do the above analysis pointwise, I1|,(7,yN) is isomorphic to (di,(I1|,))(T; M).
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Appendix B

Planes in R™

A plane H R™ of codimension r can be realised as a intersection of r hyperplanes (codimension
= 1) given by
Hi={yeR"| <y,y>=c¢} 1<i<r

where v; € R™ and ¢; € R or a solution of r linear equations given as

IM(y)=C

where I' = (fyl fyr> and CT = <01 cT> such that the I' is an injective linear

map.

Since +; is normal to H; and H = (), H; so each ~; is normal to H. So any vector that is
perpendicular to each ~; is parallel to H or in other words if a = (ay, .., a,,) is perpendicular
to each 7, and p € H then p+at € H Vt € R.

So if we treat H as a manifold then at point p € H
o= Z a~i e T,R”
P Z@mi P

is a tangent vector of pin H, o € T,,H. Since the dim of A (subspace of vectors perpendicular

to ~;) and dim of tangent space of H is equal, so the above method gives an isomorphism
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between them. Also A is the kernel of the matrix transformation I' with ; as its row
r=1.. .. .|=16 .. on|:R"=>R"

Now we will only consider planes H such that no coordinated axis is perpendicular to it or
in other words no coordinate axis is parallel to it. Let

be the hyperplanes with one coordinate zero (x; axis is perpendicular to it), called coordinate
hyperplane. Then HC; = H N C; is a plane of co dimension r + 1. There are two ways to
get the subspace A; of A that is parallel to HC};.

First is to take intersection of vector subspaces A and D; of R™ where
D; ={v e R"|e}(v) =0}
Basically vectors with ¢ th coordinate zero. Then
A;=AND;

Second is to construct a matrix transformation I'; whose matrix is I' with ¢th column re-

moved.
I, = (51 . 51'_1 5i+1 . 5m R — R"
Define linear transformation O; that maps R™~! to R™ with ith coordinate zero

Oz(b - (bl, ey bmfl)) — (bl, ey bl',l, 0, bl', ooy bmfl)

Its easy to see that if v € A; and ¢ € HC; then ¢ + vt € HC; and A; and T, HC; are

isomorphic.
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Similarly if we take further intersection of HC; with another coordinate hyperplane, we
will do the similar technique as above to get its tangent space as a vector subspace of R™.
For convinience, if I = {iy,..,7,} are r tuples in increasing order between 1 and m then
define
HC = () HNC,
ijel

In further sections, we will be taking intersection of H with R as to get a polytope P
immersed in it and the faces of the immersed polytope will be its intersection with coordinate
hyperplanes. I will label RT' N HCT as Iy
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Appendix C

Sum of Linear Maps

We dont have much theory on the image of sum of two linear maps with respect to there
individual theory but here I will explain a special case.
Let say we have two linear maps

Li:V—->W Ly:V—>W

between finite dimension vector spaces with basis {v,..v,}, and {wy, .., wy,}.
Let I = {iy,..,i,} and J = {j1,...,Js} be set of tuples in increasing order such that
they range between 1 and n and I NJ = ¢ and Let V; = span{v,,...,v;.} and V; =

span{vj,,...,v;, }. let’s also assume that v, € ker(L,) <= k ¢ [ and v, € ker(Ly) <=
r & J. We assume that V. So by assumption, V;(V; = 0, V; C ker(L,) and V; C
ker(L,).

Definition C.0.1. The pair of linear maps satisfying above hypothesis are called linearly

independent by domain.

Define a linear map L = Ly + Ly : V. — W. Normally, it’s hard to analyse the image of
such a linear map. But when the linear maps are linearly independent from domain then its
easy to prove that the image of the sum of the linear maps is sum of the image of the linear
maps.

Lemma C.0.2. Im(L) = Im(L;) + Im(L,)
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