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Abstract

This project studies the analytical methods used to model the non-spinning compact bina-
ries in general relativity (GR), scalar-tensor theories, and f(R) theories of gravity. We have
studied the post-Newtonian (PN) approximation methods and effective-one-body (EOB)
formalism to understand the inspiral phase of compact binary coalescence. We have success-
fully reproduced the post-Newtonian dynamics in GR, scalar-tensor theory, and f(R) gravity.
Additionally, utilizing second-order PN results from GR, we have recovered the 2PN conser-
vative dynamics in the EOB framework, which were initially developed by Alessandra Buan-
nano and Thibault Damour. Using the Hamiltonian in the effective framework, we have
described the Innermost stable circular orbit. We have also derived the post-Newtonian
dynamics at second-order for the general f(R) gravity. These 2PN results are helpful in
modelling compact binary dynamics in f(R) gravity. Additionally, we have performed the

conformal mapping between scalar-tensor and f(R) gravity.
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Chapter 1

Introduction

In 1916, Albert Einstein proposed a geometrical treatment of spacetime and its connection
with matter embedded in it, the theory of general relativity. Along with quantum mechan-
ics, general relativity (GR) is one of the fundamental pillars of modern physics. Like all
physical theories, it should be tested against observations and experiments with the highest
accuracy possible. Over time, it has undergone several precision tests. GR has been probed
accurately in the weak-field limit of relativistic gravity. This includes solar system tests, such
as the mercury perihelion precession test [I], gravitational lensing due to the Sun, and grav-
itational redshift [2]. Along with that, the systems sourced by a compact object involving a
strong gravitational field were first tested for the binary pulsar [3]. Observations from such
astrophysical tests constrain possible deviations from GR. However, both experimental and
theoretical evidence shows that modification of GR is inevitable at small and large energy

scales [4].

From a theoretical point of view, GR is purely a classical theory. GR is not perturba-
tively renormalizable and hence cannot be conventionally quantized, and this limitation can
be overcome by accounting for higher-order curvature correction to Einstein-Hilbert action,
making it renormalizable [4, [5]. The higher-order curvature corrections provide correction
to GR at high energies. On the other hand, from an observational perspective, cosmologi-
cal measurements provide evidence for the existence of dark energy (nonzero cosmological
constant). Dark energy is used to describe the unknown form of energy that permeates

through all spacetime and results in the accelerated expansion of the Universe. A form



of dark energy, p/p — 1 (where p is the dark energy pressure and p is the energy density)
is the cosmological constant. The value of the cosmological constant, A, that can be at-
tributed to vacuum energy density, which is a theoretical background energy permeating all
of the spacetime curvature. The theoretically calculated value for vacuum energy density
comes out to be larger (by 120 orders) than the observed value of the cosmological constant.

This discrepancy needs to be solved, and it is called “the cosmological constant problem” [6].

It is worth noting that modifying the aforementioned aspects at both low and high en-
ergy levels can introduce an extra degree of freedom while still being constrained by the
solar system observations and local tests, such that it rules out many candidate theories of
gravity proposed [7]. The work presented in this thesis focuses on the high-energy correction
in GR that can be modelled and constrained by studying strong-field gravity. In order to
detect gravitational waves (GWs) sourced from compact binary coalescence (CBC), which is
one the most important sources of GWs; it is beneficial to know the gravitational waveform
that is emitted by inspiraling and merging compact binaries beforehand. Therefore, we will
workout to establish an analytical model of the GWs generated by the dynamics of CBCs,

with a particular focus on the relativistic two-body problem and its conservative dynamics.

GWs are the distortion in the fabric of spacetime caused by accelerating masses. At present
the detectable GWs are sourced from massive astrophysical objects, providing an excel-
lent opportunity to probe prediction by GR in a strong gravity regime. The first direct
detection of GWs, known as event GW150914, was confirmed by the Laser Interferometer
Gravitational-Wave Observatory (LIGO) and Virgo collaboration [§] from colliding black
holes and ushered a new era of gravitational wave astronomy. The detection opened up op-
portunities for previously impossible astrophysical observations and allowed for the testing
of strong-field gravity. GWs can originate from a variety of astrophysical sources, including
compact binary sources, unmodelled transients from core-collapse supernovae, continuous

waves from pulsars, and stochastic background emitted in the early universe.

The aim is to establish a theoretical framework of CBC dynamics as a test of GR in al-
ternative theories of gravity. In CBC, compact objects, such as black holes on quasi-circular
orbits, radiate energy due to the emission of GWs, causing their orbital separation to shrink
until they plunge, merge and form a Kerr black hole. In general, the dynamics of CBC can

be broadly divided into three phases:



e Inspiral: When the individual black holes are relatively far apart with respect to their
length scales, their orbit gradually shrinks adiabatically. This process takes a very long
time to lose energy and come close by emitting GW in the weak field regime until the

effects due to structure become important.

e Merger: It is the collision phase of two black holes into one. Before the collapse, the

characteristic velocities can reach a significant fraction of the speed of light.

e Ringdown: After the merger, the final deformed BH rapidly emits gravitational waves
to lose the excitations. These oscillation modes of black holes are called “quasinormal
modes”. It encodes the information about the mass, spin, and electric charge of the
final black hole.

Conventionally, the post-Newtonian method is used to model the inspiral phase. It is an
approximation method used in the weak-field and slow-motion region. It expands the motion
of matter or the metric field configuration about a dimensionless parameter € (e ~ v/c where
c is the speed of light, and v is the characteristic velocity). However, this method starts to
lose accuracy significantly towards the late inspiral at strong gravity due to highly non-linear
relativistic effects. Numerical relativity (NR) simulation techniques, which employ Einstein
field equations, are used to model the merger phase. For modelling the ringdown signals,
black hole perturbation theory is used, which is a framework used to analyze and under-
stand the behaviour of small disturbances or perturbations around black holes. Combining
all these techniques makes it possible to produce a single waveform for the signal sourced by

compact binaries [9] [10].

In order to accurately describe the dynamics and radiation of various binaries from in-
spiral to a merger for extreme mass ratio and comparable mass ratio binaries, we will use
effective one-body (EOB) formalism. EOB can synergise with NR, PN and Gravitational
self-force theory, providing an effective method to compute accurate waveform using a sin-
gle formalism. The reason is that one could try to combine PN and NR waveforms and
evolve into a merger. However, this requires too much computation time and still requires
stitching/mapping of waveforms [9] [10]. EOB requires essential inputs from higher-order
PN expanded results. Therefore, this work also focuses on reproducing the existing PN
results till the second order in GR, the first order in scalar-tensor theory, and using these

tools generating second-order PN expanded results in f(R) gravity, which will be essential
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to develop EOB dynamics in f(R) gravity (leading to a possible test of GR).

There are several proposals to test GR using GW for CBCs. Theory-dependent tests look
for signatures of alternative theories, such as scalar-tensor theories, f(R) gravity, etc. How-
ever, gravitational waveform modelling within these alternative theories of gravity are rel-
atively less developed than in GR. Theory-agnostic tests have been proposed, including
parametrized tests of post-Newtonian theory, parametrized post-Einsteinian framework, and
inspiral-merger-ringdown consistency tests. Nonetheless, at present, the bounds derived from
such tests often cannot be mapped onto physically meaningful quantities that describe the
compact binary dynamics. Hence, a possible development in f(R) gravity can be a good
test of GR in strong gravity. Thus, a new extension is proposed, which explicitly extends
the post-Newtonian modelling to the second-order and a conformal correspondence between
f(R) gravity and scalar-tensor theory. The other possible PN and EOB extensions of GR,

such as massive gravity, Horndeski’s theories, etc, are not covered in this thesis.

We will focus on the analytical aspects of CBC in the inspiral phase and late inspiral phase,
accounting for the post-Newtonian approximation methods and effective-one-body formal-
ism in GR, scalar-tensor theory and f(R) gravity. Chapter |l provides an introduction to
the research presented in the rest of the thesis. In Chapter [2] we briefly review what grav-
itational waves (GWs) are and how they arise in general relativity (GR). Chapter [3]is an
introduction to modified theories of gravity and an introduction to scalar-tensor theory and
f(R) gravity. We also show the conformal mapping from between scalar-tensor and f(R)
gravity. Chapter [ explains the analytical methods we have used to explain the inspiral. For
post-Newtonian methods, we have reproduced the Lagrangian till 2PN order in GR and 1PN
in Scalar-tensor theory. We have derived the second-order post-Newtonian dynamics for the
generic f(R) gravity for the first time in this thesis. In Chapter , we have explained EOB
formalism and re-derived the 2PN conservative dynamics. Finally, chapter [6] concludes the

results and the future aspects related to the work done in this thesis.



Chapter 2

Gravitational waves in general

relativity

General Relativity (GR) asserts how the curvature of spacetime acts on matter to manifest
itself as “gravity” and how energy and momentum influence spacetime to create curvature
in spacetime. GR has successfully passed numerous observational tests with flying colours
so far. One of its remarkable predictions is the existence of gravitational waves (GWs),
geometrically which are ripples in spacetime caused by the accelerated motion of massive
objects. The dominant mode comes from the quadrupolar moment, which arises due to the

change in the mass distribution of the massive source.

GR formulation tells us that gravity is the property of spacetime, which is described by
the Einstein field equations (EFEs). It relates the relation between the curvature, R,,,, and

the energy-momentum of the matter distribution given by [11],

1
G,uu = R;w - ig,uz/R + Ag;w = 87TT;W7 (21)

in natural units G = ¢ = 1 where G is the gravitational constant and c is the speed of light.
Here, G, is the Einstein tensor, R, = ¢ R, is the Ricci tensor, R = g"”R,,, is the Ricci
scalar, A is the cosmological constant that can be taken as zero for the Universe without dark
energy contribution, and 7),, is the stress-energy-momentum tensor containing information

regarding matter distribution, which follows the energy conservation relation V, 7" = 0.



The EFEs naturally arise from the action principle. Action is intrinsic to the metric itself
rather than depending on our choice of coordinates. The action is given by Einstein-Hilbert

action [11]

S :/d4m\/_[ R+LM], (2.2)

where Kk = V81, Ly, represents the matter Lagrangian. We have used the signature of

metric as (—, 4+, +, +). Extremizing the action should recover the physical laws

85/6,, = /d4 [E {—R+ LM} + \/_{ + 5LM” (2.3a)

oghv | 2K2 2k20gH  dgtv

o (e o) (S )

2K2 \ dgmv
where the Greek indices pu, v, p,... = 0,1,2,3 denotes the spacetime indices. By imposing
05/6g,,, = 0 we can get the field equations. Now by using ﬁ%ﬁ = —%gW we can get

N SR, SLas
IR+ a6 (s — 25500, 2

variation of Ricci scalar is given as
OR = 0(Ruwgu) = 9" (V,017, — V.61 ) + R,,69", (2.5)

using the gauge condition, the variation of the Ricci scalar can be given as 0R = R,,00,,-

Now we can recover EFEs if we can set the stress-energy momentum tensor as

0L
T, = <gw,LM - 259’“’) ) (2.6)

This definition turns out naturally using this treatment. On the other hand, energy-
momentum conservation arises as the consequence of Lagrangian symmetry under spacetime
translation. Noether’s theorem states that given a physical system, for every infinitesimal
symmetry, there is a corresponding law of symmetry (conserved quantity). Implies, in four
dimension spacetime, the invariance under translation lead to T*” which obeys 0,T"" = 0.
Therefore inserting and into we arrived at the EFEs [11]

1
R/u/ - §guuR = K'ZT;W- (27)



2.1 Linearized gravity

The first step to understanding GWs arising in GR is to study the expansion of EFEs

around the flat Minkowski metric (background spacetime) [12]
Guv = Nuw + huua ’h;w’ <1 (28)

where 7, is the Minkowski metric and h,, is a small perturbation. Expansion up to the
leading order in hy, is called linearized gravity. Using the ansatz and solving for the
EFEs for the perturbative radiation field to the first order in h,, gives the Christoffel as

1
Tpw = 51" Oubur + Ouhyx = Orhw) (2.9)

that gives the I, up to leading order in A,

Ry, = 0.1, — 9,1, + O(h2,)

1 1
B 57704)\(8;1804]1;/)\ + 0y 0ahyx — OaO\hyu) — §nap(8u8uhap + 0 0ahpy — 9uOphap) (2.10)

1
= 5(8,)8“/1’)1, + 0,0,h’,, — 0,0,h — Oh,,)
where h = htj = n""h,,, by using [2.10in to the [2.1| we arrived at

167G
(0,01 + 0,08, — 0,0k — Oy, — 0Dadsh®™ + 1, 0R) = ——T,, (2.11)
C
as it is more convenient to use trace-reversed metric perturbation B;w = hy — %nuyh where

h = n*h,,. Using we can arrive at

167G

ct

Ohy + 10w 0%0%has — 0%y hpe — 0“0,hye = — T (2.12)

The last three terms on the left-hand side of the equation [2.12] serve to keep the expression
gauge-invariant. For a vector field £, the infinitesimal coordinate transformation z#* —

ot =zt + ¢, the perturbation hj,, to h,, can be given as

hl“’ — }_I',qu/ = }_l,uu - ((9“5,, + ayg,u - npu8a§a>7 (213>

7



without loosing generality we can find £ such that the gauge condition is verified
0"hy = 0. (2.14)

The chosen gauge condition is called as Lorentz gauge (also called the harmonic gauge or
the De Donder gauge). Using the and we can derive the Lineraized Einstein’s field

equation [13] in natural units as Oh,, = —167T),, in SI units we get
- 167G
Ohpy = ———T,,,. (2.15)
c

2.2 Gravitational waves and its propagation in space-

time

In vacuum, the energy-momentum tensor is identically zero (7" = 0). Therefore takes
the form of a wave equation, which tells the metric perturbations to propagate at the speed

of light ¢. It can be given as [13]

_ 92\
Oh,, = <v2 - 02(%2) Ry = 0, (2.16)

where the simplest solution for plane waves can be given as

hu = Re(A, expikax®) = Ayycos(kax®), (2.17)

here ‘Re’ represents the real part, A, denotes the constant components and k, wave vector.

Plugging into we give
0 = Ohyy = 170,080, = 1?04 (ikshu) = —1*Pkakgh,,, (2.18)
because all the components of Buv will not be zero everywhere. so we must have
kok* =0, (2.19)

i.e. the wave vector is a null vector, which gives the frequency of the plane wave as w =
VEk? + k2 + k2 = ko, where kq is the time component and the k;’s are spatial component

8



(1 = 1,2,3). Imposing the harmonic gauge condition to the plane wave 8,fL‘“’ will give
k, A" = 0. These four equations will reduce the number of independent components of
tensor A,, from 10 to 6. It can be further reduced by using the Lorentz gauge condition

that will modify the metric perturbation for any transformed component &* as

W = hy — 0,6, — 0,8, (2.20)

here A’/ w Tepresents the new metric perturbation, such that the new coefficients satisfy
Al = 0 and Ag, = 0. So we have a total of four additional constraints that reduce the
number of independent components of tensor A, from 6 to 2. These two degrees of freedom
will correspond to the physical information characterizing of the plane wave in this gauge.
Considering the wave propagation along the z-axis, k3 = w and k, = k, = 0. Therefore, the

rank (0,2) tensor A,, will become

00 0 0
Ay A
I e (2.21)
0 A —An O
00 0 0

from the harmonic gauge condition, we have gone to sub-gauge, which is known as transverse
traceless gauge h\, [13]. Tt is called transverse traceless because the metric perturbation
is traceless and perpendicular to the wave vector. Therefore for the rest frame observer
u® = (1,0,0,0), the gravitational wave propagation along z-direction, and with w frequency
the metric is simply written as [13]

TT TT
h12 _hll

0 0

0 0 0 0
0 hTT hTT 0

hhy = 0 oo ol (2.22)
0 0

conventionally h{;" corresponds to the h, polarization, and hi,y corresponds to the hy po-
larization. Here hy and hy are the free functions of retarded time ¢ — z. It has two degrees of
freedom of the metric. So gravitational waves possess two linearly independent polarization

states.
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Chapter 3

Modified theories of gravity

General relativity can be modified in several ways. However, these modifications are con-
strained by the experiments and cosmological observations. Inherently in GR, spacetime
can have curvature singularities, which could be resolved by a quantum theory of gravity

(as discussed in [4]). Therefore, it is clear that GR needs to be modified at high energy scales.

These possible constrained modifications can be classified based on Lovelock theorem [14].
The theorem states that GR is the only theory of gravity that emerges under certain as-

sumptions, which can be precisely expressed as

“In four spacetime dimensions, the only divergence-free symmetric rank-2 tensor constructed
solely from the metric g,, and its derivatives up to second differential order, and preserving

diffeomorphism invariance, is the Einstein tensor plus a cosmological term.”

The modification of Einstein’s gravity can be broadly categorized into four classes, as shown
in Fig[3.1] The most natural extension to GR is by adding an extra field. It can be dynami-
cal or nondynamical. Nondynamical fields consider the metric and the affine connections as
independent field variables, implying that the background metric is a fixed structure against
which the dynamical field evolves, an example is the Palatini formulation. Whereas in the
case of dynamical field, the metric and the affine connections are dependent field variables
and allow g, to couple with the additional (scalar, vector, tensor) fields. This additional

coupling violates the strong equivalence principle, as it can vary the energy flux in strong

11



lHigher dimensions l WEP violations

Lovelock
theorem _

N

\J l Diffeomorphism )
|

l Extra fields invariance violation

Figure 3.1: An illustration of obtaining modified gravity theories by violating Lovelock
theorem. Adapted from Fig 2.1 of [4]

gravity. Hence, deviation from the geodesic motion. The examples are scalar-tensor, metric
f(R), Einstein-Gauss-Bonnet, Einstein-Aether, TeVeS gravity, etc. In this work, we will

focus on scalar-tensor and f(R) gravity theories.

3.1 Scalar-tensor theory

Scalar-tensor gravity is one of the most natural extensions of GR, in which the scalar degree
of freedom nonminimally couples with the metric, i.e., the Ricci scalar in the Einstein-Hilbert
action is multiplied by a function of the scalar field. The scalar-tensor theory can serve to
explain the accelerated expansion of the Universe [I5]. Scalar-Tensor theories are often re-
garded as potential candidates for unified theories of gravity, which aim to unite gravity
with other fundamental forces of nature, such as electromagnetism and the strong and weak
nuclear forces [4]. By comprehending these theories, we may eventually achieve a more com-

prehensive understanding of the fundamental laws of physics.

In the Einstein-Hilbert action, we add a single massless scalar field, which nonminimally
couples with the curvature. The action is called the Jordan-Brans-Dicke action [16]. It is

given by

- 1671 c / d'zv/=g {SOR - #é’” (8,) (D) | + SuV, G- (3.1)

12



here w(yp) = wpp is a constant, and terms with ‘~’

represent the Jordan frame. The most
general action of scalar-tensor gravity was studied by Bergmann and Wagoner, for a
massive scalar field which can introduce the additional potential term in action [I7]. The
variational principle, with standard topological and surface term assumptions which satisfy

the weak equivalence principle, results in

O / dz*\/—3Sy = 0. (3.2)

The equation can be used to obtain the geodesic equation of a test particle. However, it is
not applicable for an extended particle. When matter interacts with the scalar field through
second-order coupling with the metric, it can lead to deviations from the weak equivalence
principle. We have used the same treatment as GR, see section to obtain the dynamics
in Jordan-Brans-Dicke theory. The variation of the action with respect to the metric field
will give the equation for the gravitational field and matter source

1 w(p 1
Rapp — igaBR‘P =105+ VaVse — gagDe + % (VaSDV[39O - §gaﬂVp90V”¢) , (3.3)

whereas variation with respect to the scalar field will give

w() (2? - V”:;Vp@) - -R. (3.4)

We can make Eq. a minimally coupled action by making a conformal transformation
from the Jordan to the Einstein frame. The conformal transformation of the metric is given
by

G = PG (3.5)
where € is the conformal factor. Let us study the energy-momentum conservation equation,
the curvature tensor and its conservation equation under the conformal transformation [3.5|
It is the rescaling of the coordinate system such that the angle between vectors at any point

remains unchanged so that it preserves the causal structure of the manifold. The Ricci tensor

and Ricci scalar after the conformal rescaling is given by

Rop =Rap — 2V V3InQ — 90597V, V,InQ + 2(V,InQ) V5InQ
— 29089 (V,InQ)V,1In 2, (3.6)
R =072[R — 6¢°°V,V3InQ — 6¢°*(V,InQ)V 5InQ),

13



also given in [I§]. Let us make the conformal transformation using these conformal rescaled
variables [3.6] into the equation [3.1] from Jordan to Einstein frame. Therefore for w(y) = 1/2

we obtain B.1l in the Einstein frame as

16er / d*zv/=g [R — 29" (0u) (0u)] + Su[¥, gy, (3.7)

where S); represents the matter action over ¢ as the matter field and the conformally
transformed metric tensor g, that means the global rescaling of the coordinate is given by
T = Agzx#, where the “0” subscript indicates the quantity evaluates at p(¢g) = @o. Because
at infinity, the system will get imposed by cosmology, and we get the asymptotically constant
value of the scalar field (¢g) that is at a large distance from the source, the scalar field will
approach a constant value. The field equation in the Einstein frame can be obtained by
varying the action with respect to the metric tensor g*” and the scalar field ¢. We have
obtained it as [19]

1
R, — =guwR=20,00,0+ 87T,,,
1 29u nPOLP " (3.8)

Oy + ¢" 0,00, = —4ma(p)T.
where G = ¢ = 1, O, is the d’Alembartian operator with respect to spacetime metric, and

a(p) = dIn2/dyp is the coupling factor.

3.2 f(R) gravity

Over the years, there has been a growing interest in understanding the physical causes be-
hind the observed cosmic acceleration. The accelerated cosmic expansion has postulated the
existence of dark energy, which comprises about 70 per cent of the critical energy density of
the Universe. This has led to the exploration of f(R)-gravity, which is considered a promising
approach to explain cosmic acceleration. Infrared corrections to GR are also often explored
through the prototypical f(R) function, a curvature term in the Einstein-Hilbert action de-

pendent on the Ricci scalar f(R).

In principle, any alternative theory of gravity should recover the positive (well-tested) results
of GR. Therefore, a systematic analysis of such theories is needed on a short scale and within

a low energy limit. In this thesis, section [4.3] we have discussed the short-scale behaviour
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of higher-order (fourth-order) gravity. Meanwhile, any theory of gravity is constrained by
observations in order to be a physical theory. For f(R) gravity, the action is given by [20]

1

Ste = 1620 d'z/=gf(R) + Su [V, gu] (3.9)

the series expansion of the f(R) is given as

p2 | P R R
R A+ =+=-2A+R+—+—+... 3.10
R =+ 22 — 4 (310)
where the coefficients have appropriate dimensions [20]. Extremizing the action by variation
with respect to the metric by using the variations in GR will give the field equation.

Therefore the variation with respect to the metric given as

051/09" = 15— G/ (5 V=g + [(R) (;/u_) (3.11a)
16 G/d4 ( )54 ,w\/_— V0 f (R )) (3.11b)
L [ v (PR — S0l ()= 9,9, 9uBIF(®)) - (110

167rG

where F(R) represents F(R) = df(R)/dR. Demanding 05,/6g" = 0, we get the field

equation as
/ ]‘ !
H,uu =f (R)R,ul/ - §f<R)g/w - [V Vv, — Yuv ]f (R) = ’%2T,Lw (3'12>

where k is V87G as shown in [20]. When f(R) = R, the theory reduces to GR.

3.3 Conformal mapping between scalar-tensor and f(R)

gravity

In scalar-tensor theory, the additional scalar field appears to be coupled in a non-minimal
way to gravity in the Jordan frame. This can be recast in the Einstein frame by using the
conformal transformation such that the scalar field gets minimally coupled with gravity, as

we have shown in section [3.1} In this section, we show the conformal mapping from scalar-
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tensor to f(R) gravity. The conformal transformation is given as g,, = Q?g,,, where is the
conformal factor, the tilde represents the Einstein frame, and the non-tilde represents the
Jordan frame. We considered Jordan’s frame to be a “physical” frame where the curvature
is non-minimally coupled with the curvature term. Though working in Einstein’s frame is
convenient as the additional scalar fields get coupled with the matter. Here we have shown
the conformal transformation from f(R) action to the scalar-tensor action in the
Einstein frame . We can start from the action for f(R) in the Jordan frame by adding
and subtraction a first-order Taylor expansion as expanded in is given by [7]

St =gz | AOVEISER) 4 SRR~ PR+ Sullgn) (313

1
where U = f/(R)R — f(R)/2x% Introducing the new scalar field ¢(z) such that for the

choice of conformal factor Q2 = f/(R) = e "?¥@_ A simple relation can be established

Inf'(R)
B 20k

plr) = (3.14)

Now using the relation [3.6| into the [3.13| we obtain

St = / d*z\/—§ (2—22 (R)Q%(R + 60Inf'(R) — 65" 0,Inf'(R)d,Inf'(R)) — Q—4U)

+ / d*x Ly [V, Q7%G,,]
(3.15)
replace f'(R) with Q2 so that we can write Sy, as Sk which represents the action in Einstein

frame

Sp = / d'x {ifz— GQ@O‘B@M@M — Q‘4U] + / d*w Ly (Gu/f(R), W)  (3.16)

2K 2k2

For the only choice of Q = —1/4/6 we can recover equations of the same form as .

Therefore the action we obtain as

1~ 1
Sp = /d4x {%R — §gaﬁaagoaﬁ¢ — V(@} + /d%LM(Q?gW, V) (3.17)
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where V(y) is the Lagrangian density for the scalar-field ¢ [7], L, = —%f}“”@ugb&,gzﬁ — V().
In the previous section, we have considered a massless scalar field such that no V(¢) term
appeared. For scalar-tensor theory to be physical, it should have a massive scalar field.
Otherwise, the field possesses to be long range, which contradicts the solar system tests. We
use the conformal transformation to go to the Einstein frame so that curvature in the field
equations takes a similar form to Einstein’s curvature. Whereas the additional terms appear
to be in the form of coupling with matter and Lagrangian density. However we transform

back to Jordan to discuss the physical quantities.

Now let’s make the conformal transformation for the field equations using the con-
formal relation ?? such that the conformal relation for the curvature become B.6. So we can

get the relation
R = eV3re {}? + m/éga’yvavw - ff?gmvwvw} (3.18)

in the f(R) can be replaced by using as

f(R) = 2592 + %QQR — % (3.19)

Therefore by introducing the relation and to the f(R) field equations we obtain

the field equation in Einstein frame as

. 1

R — 2V ,pV, 0 = K? <TW — §§WT> ,
k2 0InS)

O:0 = ¢"0,00,p — — T

(3.20)

hence we have recovered the field equations using the conformal transformation [3.5 as we
have derived previously i section [3.8 This conformal relation can now further be used to

construct the first-order conformal mapping between scalar-tensor and f(R) gravity.
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Chapter 4

Analylitical approximation methods

for relativistic two-body system

In the case of the two-body problem, the dynamics (considering the masses to be the point
sources) is characterized solely by their masses and, possibly, their spins, moving under
their mutual, purely gravitational interaction. Numerical solution of non-linear Einstein
field equations in the strong field is obtained through numerical relativity (NR) simulations.
These simulations offer the most precise waveforms for comparable mass binaries within the
LIGO band. These simulations are rooted in the 3+1 decomposition of spacetime within
the Arnowitt-Deser-Misner (ADM) formalism. However, their computational demands are
substantial, requiring weeks to months on supercomputers. This limits their practicality for
fully exploring the parameter space or generating extended waveforms. Hence, efficient an-
alytical waveform models are needed to complement NR simulations. These models provide
fast computational capabilities and contribute to enhancing our understanding of two-body
dynamics and the emission of gravitational waves. Moreover, they support the exploration

of modified gravity theories, assisting the tests of GR.

The work in this thesis is focused on the analytical methods to model the inspiral phase
of binary black hole dynamics, one is post-Newtonian methods, and the other is effective-
one-body formalism. The dynamics corresponding to gravitational self-force (GSF) theory
is not part of this thesis. The possible case when v/c ~ 1 but GM/rc* << 1 called post-

Minkowskian approximation is also not part of this thesis. In this section, we have introduced
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the analytical methods in GR, scalar-tensor theory and f(R) gravity. We have followed the
work by Nathalie Deruelle and Felix-Louis Julie [2I]. Our approach was to learn and de-
rive the first-order post-Newtonian Lagrangian in General Relativity. Then, by adding an
additional scalar degree of freedom, the Einstein-Hilbert action gets modified, and the 1PN

Lagrangian can be obtained.

4.1 Post-Newtonian approximation method in general

relativity

The description of coalescing of compact binary systems, like binary black-hole systems, can
be achieved through the post-Newtonian approximation of general relativity. This approxi-
mation holds true particularly during the early inspiral phase, given the conditions of a weak
gravitational field. In PN, the Einstein field equations are successively approximated by a
series on the expansion about the parameter € ~ v/c ~ (Gm/rc?), where v the magnitude of
their relative velocity and r is the separation between the two point masses. Einstein stud-
ied the post-Newtonian calculations for the first time to explain the perihelion precession
of Mercury’s orbit. [22]. Later, it has been developed for higher orders. The Einstein field

equation for the effective energy-momentum tensor, T,, =T}, — %Tgm, is given by

e 1 G J 8
R = =17 (Tw - éTng) T (T“” “a! 9) = “D)

where 77, = g?%T,, is the trace. From this section, we will use the SI units unless it is

specified.

To develop the post-Newtonian limit, we consider the individual masses in the system to be
point masses, that is, the system is weakly internally stressed (7% << T°), slow-moving
(TY << T%), and weakly self-gravitating (U/c* << 1, where U is the gravitational po-
tential). It is worth noting that in a classical system, the conservative dynamics remain
unchanged under time reversal. Under time reversal, the components goo and g;; exhibit
even symmetry, while go; displays odd symmetry. Thus, goo and g;; can only contain even
powers of velocity, while gg; can only contain odd powers as long as the invariance under time

reversal is preserved. If we expand ggp up to the order of €", then go; must be expanded up
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to €1, and g;; up to €" 2. The perturbation expansion of in metric tensor can be expressed

as
goo = —1+ 629(()(2)) + 649(()3) + 6698?)) + O(Cig)a
goi = €9 + g8 + 0T, (4.2)

Gij = 0ij + ezgg) + 6492(;1) +0(c9)
where the Latin indices i, j, k,[... = 1,2, 3 denotes the spatial indices. For simplicity, in the
rest of the thesis, we omitted the power of €’s, and the superscripts represent the order of €
the individual terms contain unless it is not specified. We have invoked an order of ¢ when it
is necessary to maintain the units. Similar to metric expansion, the perturbation expansion

of the energy-momentum tensor can be expressed as

700 — ()00 | ()00 (00 L (6)00 o
TO — (oI L G0 L G)poi (4.3)
Tii — @i @i ©pis

4.1.1 1PN expansion for non-spinning compact binaries

To obtain the first-order 1PN Lagrangian of a binary system from the Einstein-Hilbert action,
which is also called the first-order post-Keplerian (1PK) approximation, we need to consider
up to the order of 1/c? in the expansion. We can obtain the metric for first-order correction
by using an order-by-order comparison between the Ricci tensor R, and the effective energy-
momentum tensor (T, =T}, — %T"ggw) in EFEs. The metric expansion is considered until

the first order, and it is given as

2 4 _
goo = —1+ géo) + 9(()0) +0(c™%)
3 _
05 = g5 + O(c™) (4.4)
2 _
gij = 0ij + gz(j) +0(c™)

using [4.4] to solve for the Christoffel so that we can determine the Ricci tensors. The Christof-
fels are given in the appendix [A.2] Using these relations of Christoffels we can obtain the
Ricci tensors till the first order. On the other hand, these relations will help us to obtain the
higher-order metric terms using the iteration method. Using the relation g,,g” = ¢;, we can

2 iy 2)\ 2 4 3 i
2)00’ gl(j) _ _g(2)]7 9(4)00 _ (9(()0)> _ 9(()0)7 and 9((%) _ g(3)0

we can impose the gauge condition (g’“’I’fW = 0) to simplify the expressions for the Ricci

obtain the relations g% = —g(
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tensor. The Ricci tensors are given in appendix [A.2]

Using the gauge condition ¢"I',, = 0, it follows that g‘“T/OW and g‘“TiW up to order of

O(c™?) becomes

lagéﬁ) iagfi) B gy _ 0 }3953) n 95 B 139133
2¢ Ot 2¢c Ot oxk ’ 2 0zt oxk 2 Oxt

=0 (4.5)

where £ is the summed up index, taking the covariant derivative of gauge, V,(g""1%,) = 0
will give the orders of O(c=®) and O(c™*) to impose on R and R{Y. Therefore we obtain

the component of the Ricci tensor as

2 2

Rg =~ 5 Va0 (4.6a)

2 y 2) 4 (2

RO _ _ 1v29(4) B i@zgéo) B g7 92¢ 189(()0) 69(()0) (4.6b)

00 2 0 9c2 2 2 Oxidxi 2 Oxt Oxt ’
1

RY =~ Lyrg) (4.6¢)

2 1 2

Now to equate the R,,’s with the T, let’s solve for the expansions in the effective energy-

momentum tensor, where the trace of the energy-momentum tensor is given as
T =T = guT" = gooT™ + 290, 7% + g T". (4.7)

Here we consider the components energy-momentum up to the order O(c™*)

goo T = (=14 53 + g0 ) (VT + BT) (480)

= OO0 _ @700 4 (@00 4 (D@70 4 D)0 | (D@00 (4.8b)
goi T = 295, T = 2¢OV, (4.8c)
9T = (85 + 9 )(PT9) = AT} 4 g7, (4.8d)

As we have defined the effective energy-momentum tensor T is given as T, = T},, — % g =
o Jur (T"T — %Tpp g‘”). Using the expansion of energy-momentum tensor till order of ¢=*

we can write the expansions for the effective energy-momentum tensor. The expansion is
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given as follows
Too = TGy + T 00+O( %),

To; = T + T® g, + O(c™), (4.9)
Tij = TZ;)) + T® ij T O(C_G).
The individual components of effective energy-momentum tensors are given in appendix [A.2]

Whereas for the two body dynamics, the energy-momentum tensor is given by

"
THY — \/%_g ; maci;a Cjif-a 2?_:5 (iL‘ _ $a(t)) (4.10)
where dr,/dt = 1/74, 7, is the lorentz factor for a’* body. In the N-body system, the metric
felt by a particle, labelled as b, is obtained by taking as a source the energy-momentum
tensor of all the other particles, i.e. replacing > with )", - Imposing dr, /dt upto order
O(v?/c?) that is dr,/dt = 1+ ¢ —v?/(2¢*) (where ¢ is the Newtonian gravitational potential
defined by the Poisson’s equation V2¢ = —47G >, m,c25®) (r — r,(t))) in the expression

[4.10 We get as

OT0( @) = " m,6® (@ — a4(1)), (4.11a)
ab

AT, ) =) " m, ( V2 + e ) @ — 4(t)), (4.11b)
ab

W70t x) = chavi(S(?’)(w —x,(t)), (4.11c)
a#b

DT (¢, x) Zma L0163 (@ — x4 (1)), (4.11d)
ab

Using [4.1Tpnd we can simply get the individual components of the effective energy-

momentum tensor. Therefore the individual effective energy-momentum tensors are

1
T(()%) = ~(Op00 Z Mma 0P (r —ry(t)) = émQCQ, (4.12a)

1
T = 5(<2>TOO + 22,070 4 Oy — Zma ( 24 b+ 46+ viv ) 53 (@ — x,(t))
(4.12D)

1 ) (31;3 5¢> 5O (@ — (1)), (4.12c)

2c2 2
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(1) —chav 03 (@ — ,(t)) = —mgcvl, (4.13a)

(0) Zmav V6O (2 — 24(t)) = ma(v))?, (4.13Db)

now we can equate the field equation using and Such that we obtained the

first-order metric components as

(i) g = 26—? (4.142)
(i) g5 = 5@3 f (4.14b)
) ol = 55 F- o T (v o)), (4.140)
@) ol =% - G T (4.144)
where a new potential is defined here as
= _sz:/\x:i—bxﬂ‘ (4.15)

Refer to the appendix section (|A.3)) for detailed calculations to obtain the component values
of metric tensor [4.14a), [4.14b| |[A.24] and [A.26¢| by equating the field equation order by

order. We have also introduced a new potential ¢ given as

10%¢ 4nG )
2 o 2 00 X
vw—gw—F C [()T ()T] (4.16&)
oy —— [T _[1, Q @70, ) +@ T (¢, ' 4.16b
then the defined form of 900 is
2
g0 = 5 (6° + ). (4.17)
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Therefore the final metric for the first-order perturbation as

gm::—&—k%§+7%(¢2+¢0+—Our%, (4.18a)
goi = _40‘5? +0(c™), (4.18b)
= (1+—%§)<Lj+-cxc4) (4.18c)

Let us introduce a quantity V = (¢ + ). So in the form of potentials, we can write

it as

2 2, 1
4 1
goi = —C—3Vi +0O (C—5) ; (4.19b)
2 1
Gij = 0ij + C—2V + 0O 7 (4.19¢)

where V', V;, ¢ are potentials as a function of T"” for some position vector x, of particle a

given as
TOO t Tzz t.ax
V(t,z) ——/ﬁ’ ﬁ_ﬂ<wx (4.20a)
T04(t,
Vi, z) ——/f’ z) (4.20D)
d3x’ 1 G i

we can expand the potentials V' and V; at large distances from the source, i.e. at r << d,

using
1 1 x-a

= — 4.21
lx—x'| r r3 + ( )

The Next step is to estimate all the components of the Ricci tensor, where the Ricci tensor
is given in terms of Christoffel symbols and Christoffels in terms of the metric tensor and

equate them with the effective energy-momentum tensor.

Following this route, using the above metric tensor we obtain the first-order post-
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Newtonian Lagrangian as

dxt dzv
L =—mcy/ e (4.22a)

=— ch\/—goo — 2g0;v7 /¢ — gjpvivk /c? (4.22b)
1 1 Gmym, 1
= §v2ma + §v§mb + . + @mbvﬁ (4.22¢)
Gm, G(ma
+ 'nz i {3(2}3 + v7) — {71)@ “Vp + (Vg - Meap) (Vp - nab)} — —(m +m) }, (4.22d)
2¢%T g Tup

where 1y, is the separation vector between the two particles, ny, = |r|/r the normal along

Tap, and v; is the particle velocity (for i = a, b).

4.1.2 2PN expansion for non-spinning compact binaries

In this section, we have derived the Lagrangian for non-spinning two-body dynamics using
a computational tool, Mathematica. To get 2PN Lagrangian, we have to perturb the met-
ric field and matter field till the order of O((v/c)*). Therefore we will use the expansions
and in the field equation 2.1 By using the results for first-order, as derived in the
previous section, we can obtain the second-order metric correction terms g(()g), g(()?) , and gg-l)
by equating the field equation for second-order. In order to get it, we have used the
harmonic gauge condition g"I"f, = 0 for the metric tensor given in and obtained the

Ricci tensors as shown in appendix

Now we have to equate the components Ricci tensor, with effective energy-momentum
tensor using the Einstein field equations Therefore expanding the expression for energy-
momentum tensor till the order of O(c™*) by imposing dr,/dt upto order O(v?/c?)

as
dr,

1 v? 1 . ‘
Tao g1 (=20} 4 2@+ —avui 4.2
o +02 (qb 2)+C4(¢ + 1) — AVl + dugvt) (4.23)
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Using Mathematica we have obtained the second-order post-Newtonian, 2PN Lagrangian,

which is given as

1 1 Gmgm, 1 1 Gmgmy,
Lopn = Emavz + émbvg + " + gmavg + —I—@mbvé + P [31}2 + 31),3
G?*mgmy 1 6 1 6
—T (v - vp) — (n-vy) (n-vy)] — W(ma + my) + ToozMava t 152
Gmgmy |7 7 11 7 1 5
T (50 Y et = g (v 0d) (v )+ (0w = Sl o)}

5 29 9 Lo 9 3 2 2
2w S ) ) — 2+ 0) () () 200 )]
G*Mmgmy ¢ 4 2 G2maml2; 2 2 2

_ P Mallty — (v, - = el 11802 4+ 1302 — 34(v, - 15(n -
I, [va + v (v vb)} + Sc?, [18v7 + 13v; (Vg - vp) + 15(n - vp)?]
G?*m?my, ) ) 0 G3MPm,my,
+804—Tabz [13v7 + 18v; — 34 (v, - v) + 15 (n - v,)"] +W(1+3V)7

(4.24)
where M = (m, + my) is the total mass, and v := (m,m;)/M? is the symmetric mass ratio.
This has been previously derived in [23]. In the above Lagrangian [4.24] the subscripts a, b

represent the objects, and ng, (n) is the unit vector between a and b.

4.2 Post-Newtonian approximation method in scalar-

tensor theory

The post-Newtonian approximation method for scalar-tensor theory was first formulated
by T. Damour and G. Esposito-Farese [19]. This section considers the field equations as
derived in the previous section, equation (3.8 To achieve the first-order post-Newtonian
limit in scalar-tensor theory, we start by assuming that at spatial infinity, the metric becomes
asymptotically flat, and the scalar field goes to @gy. (Note: for some function f, f© = f, =
f(po) = f°.) In order to analyze the scalar fields and metric in the near zone of matter

source, we utilize an expansion about a parameter € as
@ =00+ P+ (¢). (4.25)

where @y, itself represents e?y;,. By using the metric expansion derived previously 4.19 we

can derive potentials as a function of both the metric and scalar field. The metric will have
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additional terms given as

R 2 - V2 1
gm:_¢+EV—2w—1hz+O(E>, (4.26a)
- 2 1

Goi = —6—3(7 +)Vi+ 0 &) (4.26D)
5 2 1

gi; = 5ij + E’YV +0O g ) (4'26C)

here v and B are the additional parameters defined for the parametrized post-Newtonian
metric as defined in section 3 of [19]. Due to the additional scalar field, equation will

get modified and require additional term

0,V = —4nGo (4.27a)

O,V' = —4nGo' (4.27b)
G

Oy = —4%;5 (4.27¢)

here 0, is the d’Alambertian, a scalar operator which represents [, = ¢*V0,,0,

00y i (0)77(00) 4 (2)(00)  (2)7p(id) 1
o= ( j; ) = i 5 il +0 <—4> , (4.28a)
C C C
] 0 (1)T0i 1
o' = = +0 (—3) , (4.28b)
Cc c C
T 00 _ i @)tid) _ (0)7(00) _ (2)7(00) 1
S=alp)V—95 = —a(go)( 5 ) = 5 +0 (—4) . (4.28¢)
C C C C

To obtain the potentials from we need to us the convolution by retarded greens function

given as R,
(t — |z —2'|/c,a')

4.29
|JI—LL’,| ( )

(é) (4.30)

Rlo](t, ) = / a2

using [4.29| we can write the as

G T
p=wpo+ 3R |alp)V—g5| +0O
c c
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up to linear order of py,. The lowest-order (linearized) solution of is given as

G T 1
Plin = Po T+ gR {04(900)\/ —QE] +0 <g>

! , (4.31)
= Qg — ga(wo)VJr O (g) :

As defined in the previous section, the A(p®) gives the coupling of the scalar to the matter
field such that the metric can be given as (using the rescaling of the metric

ds? = g, (v")dztdz”

~ (4.32)
ds? = g, (2)dztdz” = Q*ds?,
in which the matter is universally coupled such that we can define
2¢ 88 [m, %9,
T o= =€ [ Iu ] (4.33)

i \/g dgwf

Due to the motion of particles and gravitational wave generation by two self-gravitating

objects, let’s fix some auxiliary conditions

o) = aalifz = a(0) + (i) (4.34a)
Balp) = ng@“, (4.34D)
Balp) = Cff; (4.34¢)
i) = (10 D) me e a0 BE T s
o = = nmalie) | ~gu(e) S5 - (4340)

where m, () represents the mass of particle a'* coupled with the scalar field, 2, denotes
the coordinates of the centre of mass of body a, and v, = dz,/dt its velocity, and M, is
the auxiliary mass term. In general relativity, far from infinity, the metric g,, approaches
N, which means that the mass m,(¢o) = mQ remains constant. However, due to matter
coupling with the scalar field in the Einstein frame, masses m,(yp) vary depending on ¢.

The equation measures the effective coupling constant between the scalar fields and

0

. as a known function.

the a'® compact body. For the scalar-tensor case, let us consider m
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At negligible self-gravity region

dln A da , , dp
wra="2S B f=g B f =g (4.35)
the energy-momentum tensor is given as
v (3) (i _ i
T (2, t) ZM o 02/625 (2" = 24(1)), (4.36)
the scalar function S
0 =3 0,069 (x - 2,(1)), (4.37)

where §(3) represents the three-dimensional Dirac delta function. Thereby using o-mainfold

coordinates, which are geodesic at the spatial infinity limit (g, the potentials are given by

OV = —47G >~ M, (£)6P (2 — z(t)) + O <Cl4>

O,V = —47TGZ M, ()0l ()0 (2 — 2,(t)) + O <C—15) , (4.38)
A

O, = —47TC—G2 Z 0a(1)0®) (z — 2, (1)) + O (%)
A

by taking the convolution, we get
GZM ) falt, x +c9( >
Vi=Vi(t,z) = GZM vfatx)+(’)<1) (4.39)
Plin = Pin(t, ) = %"’ ZU (t) fa(t, @) +O< )

Here M,(t) and o,(t) from {4.34d can be simplified up to order of O(c™?), that can be

given as

Mo(t) = mulin) (14 5% = G 1 o),
2 Vi) (4.40)
0ult) = —ay(a)mala) (1 Wl ) +0(c™).

30



In these equations, m,(¢,) can be expanded around the spatial infinity value ¢y = 0. There-

fore the expansion can be given as

" 1

ol + gl0ye ]+O(c6) (4.41)

using in the we can get the simplified auxiliary mass term |4.34d|and o,(t) in

as

+0 (¢, (4.42a)

1212 G m”
0 0 b 4
O'a(t) _——mg)[ ()(1—56—2) —c—2 { ()<1+Oé() ) /6( )Oéb }T—ab:| +O(C )

(4.42D)

To write the potentials in a simpler form we can simplify by equating scalar potential
with the scalar mass. Similarly, in vector potential, ‘vector masses’ and tensorial potential
with ‘tensor masses’. That is the mass M, can be split into three parts, M, = M?>+MY +M7T
where M?J = M, — aQa,(t), MY = M,, and M = M, + a@a,(t). Therefore, we get the

masses as given in [24]

1 0 G 0
M5 =m©® [ (1 + 041(, ) ,(10)) +— 52 <3 - al(, )ag")) V2 — =2 Z { <1 + al() )ago)> (4.43a)

b#a
0 0| md 1
(1 +aPa )> + a4 )} } +0 <—4) : (4.43b)
Tab C
1
MY =m© + O (—2) : (4.43¢)
C
1
MT =m(© (1 - ag%gw) +0 <—2) . (4.43d)
C
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Hence, the potentials can be rewritten in a simple form as

V=GY Mf+0 (é) : (4.44a)

Vi=GY M"uif.+0 (012) : (4.44b)

Vii=G> M]6;f.+0 (é) : (4.44¢)

W =G> QZ Z B(O)ago)aéo)mgo)méo) fafo- (4.44d)
a b

Comparing the equations [4.44] with [4.26), we have absorbed a factor of (¥ 4 1)/2 in the

definition of vector potential [4.44b, Whereas the additional scalar potential w corresponds
to the first-order post-Newtonian metric component correction of post-Newtonian metric
expansion in as 2(3 — 1)V2 = W. Therefore, the metric will become

Joo = —AG exp {—%V + 6—14’147} +0 (%) : (4.45a)

i 4 - 1

Joi = —;AOVZ' + 0 (E) , (4.45b)

9 = A [@j + %%} +0 (14) : (4.45¢)
C C

Lagrangian for the conformally transformed scalar field to Einstein frame can be given as

. dz* dxv
L= —ma(w(ra))C\/—g(m)WEE (4.46a)
L = —ma(p(ra))ey/—(ra) wokies (4.46b)
= _ma(SD("’a))Cz\/—goo — 2Go;v7 /¢ — gjpvivk /c? (4.46¢)
2~ 1~ 4 ~0t 2 ~ | viwd
— —ma(go(ra))CQ\/A% exp |:—§V + EW:| + C_3A%V;€ — A(2) |i5” + g‘/”} C_2 (446d)
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We should note that the scaling factor between Einstein and Jordan frame goes to 1 at

infinity, i.e. Ag = A(yo) = 1, so the Lagrangian will be

2~ 1=~ 8 ~ vt 2~ | vl
2
L= —ma(gp(ra))c \/eXp |:—§V + EW:| + 3 V g |:(52] + — V;j:| C_ (447&)
4 ~ vl 1~
= —ma(go( )) <1 - gv + @W + VU (SZJF - g‘/z‘jv U]> (447b)

After considering the initial order of mass m4 = mY the Lagrangian will become
oo 1 4, 1, | 1,
L——mc+mV——mW——va+ vav] —mdul + —mlv? (4.48)
2c? c? 8¢? 2
Now we can solve for the individual terms in [£.48] solving for the second term in using
4.44a], solving for the third term in using [4.44d], solving for the fourth term in ed4.4§|

using [4.44b| and solving for the fifth term in eq4.48| using eq4.44c| are given in the appendix
[A.4 Using the individual expressions as obtained in [A.29[A.30] [A.31] and [A.32] in eq4.4§]

we have obtained the Lagrangian for the n-body system, the total Lagrangian can be given

L= ZL(1)+ ZZLab+ ZZZLbC3)+O( > (4.49)

a b#a a b#a c#a

as

Whereas we can write (a,a)o = [0, and (afBiac)y = [,B.0,],, at some the spatial

infinity point as ¢y. We get the simplified form of expression as [25]

10— | e (4.50a)
a 2 .
=—mVe? + 1m(o) 2+ im Wt 4+ 0 ! (4.50b)
“ 2 8c? cA
GmOm? 1
Lfi) :T—abb {[1 + (aqap)o] + 202 3 — (aaw)o] (V2 + v7) (4.50¢)
1 1
52 7 — (e )o] (va - vy) — 202 [T+ (aw)o] (ab - Va) (Mt - Ub)} (4.50d)
) 2O, ©
Ly =~ 0 {11+ (aen)o] [1+ (@ate)o] + (anfacic)o} - (4.50¢)

62 TabTac

It is an interesting outcome that Newtonian gravitational coupling (1/r%, matter coupling
with spacetime is given by gravitational constant G) between two bodies with some inertial

masses can be described by now an effective coupling constant in Einstein frame for Ay = 1
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as

Gab = G[l + (ozaab)o]. (451)

Hence, if we write the equations[4.50a} [4.50d] and4.50¢/in terms of Gy, by taking [1+(aaag),]

factor common we will get the first-order post-Newtonian Lagrangian in scalar-tensor theory
[25] as

L:—mg—mg—i—LK—i—LlpK—i—Lng—{—---, (452&)
1 1 GaymOm?
Lx ==m2v? + —mpv} + M, (4.52b)
2 2 Tab
1 1 GapmOm? (3 7 1
Lipk :§m?4v;l + gmgvfj + % (5(2}2 +v7) — 5% T — i(an - U,) (4.52¢)

I L. G?,mdm) - ~
(1ab * Up) + Yap(Va — Ub)2> - % (mg(l +28,) + my (1 + 2&)) (4.52d)
ab

where the auxiliary terms are given as

= T+ {aaai]’ = 2 (1 +alad® * = 21+ alal? '

4.3 Post-Newtonian approximation in f(R) gravity

In this section, we will discuss the post-Newtonian limit of f(R) for the harmonic gauge [26].
We will focus on the limit where the velocity is small, and the field is weak using the metric
approach. It is important to check at any level our modification in the weak-field limit using
f(R) gravity should recover the outcome by GR. We can obtain the scalarized f(R) field

equation by using as

H=g¢"H,, =30f(R)+ f(R)R - 2f(R) = &°T (4.54)

4.3.1 1PN expanded field equations and the metric tensor

In this section, we will consider the first-order post-Newtonian correction in the metric tenor
Gy as . Such that we can write the Ricci scalar as R ~ R® + R + ... and n'* order
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derivative of f(R) as

n+t )
r) ~ ()~ 3 Ty (4.55)
i>0 )
~ f7(0) + f"HO0)R® + RW 4 ... ]+ f;z [R® + RW +...]4 .- (4.55b)

using [3.12 at the lowest order f(0) = 0. If the Lagrangian is developable around a vanishing
value of the Ricci scalar, the relation f(0) = 0 implies y that the cosmological constant
contribution has to be zero for f(R) gravity [26]. So we get simplified as

F(R) ~ f(0) + f/(0) R® + f'(0) R + % £ (0) (R 4. (4.56a)
F(R) ~ £(0) + f"(0)R® + f"(0)R™ + % F(0)(R)? 4 ... (4.56b)
f'(R) ~ f"(0) + - (4.56¢)

Using in we can obtain the field equation for the Newtonian order, i.e., Hég) as
[26]

/ / 0 R(Q) ! / "
HY =f ()R — %gm — 8000 (0)R® + gooD[£(0) + f"(0) R (4.57a)
~rorg + B g proyvee < e (4.57h)

similarly, we can obtain the field equation for first post-Newtonian order, that are, Hi(f),
Héé), and Hé?) as [20]

/
0
Y =Ty = fO)RS + F/(0)RY), (4.58b)
(0 1 (0
1 = ORORY + FO)RY + TV R 1 L poyrer - K0y pe
1
—"(0) {QS)RF? + 9IRS = SV VR — VRO 4 gé%>v2R<2>} (4.59)

+17(0) {(VR + ROVIR®) = 1.
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If we scalarize the particular order we will get
H® .= 3f"(0)V2R? — f(0)R® = x>T©, (4.60)

H(4) — 3f//(O>V2R(4) . f/(o)R(4) + 3]('///(()) [|VR(2)|2 + R(Q)vQR(Q)}
(4.61)

1
+37(0) |-RE) — g2 RE) — QV(g@)—gu) VR® — gP R | = w17

Note that the Ricci Scalar R and Ricci tensor are the same as the ones we have derived in GR.
The simplified expression for components of Ricci tensor in the harmonic gauge (¢"'I',, = 0)
are given in . By introducing the Green function of the field operator G(z, ') = V2 — (?
the solution for the Ricci scalar R [4.60|is given by

m2k>

f'(0)
where ¢ := f/(0)/3f"(0), and Téo as define in . Using in field equation [4.57b| we

have obtain géﬁ) as

2 (0) ' (2) /
(2) K B T’ (t, %) i/d:)’ R, ) 2 R® (¢ 4.63
oo (1) = 27rf’(0)/ o] ) X @ @ (46

RO (t,x) =

/d%’g(:::, 2\ TO(t, ) (4.62)

similarly using |4.58b| and |4.6c| we get g(()?) as

2 (1) ' p©) /
3) K s 1o (t,x)) 1 8/ 5, Vi R¥(t,x')
(T = — d — [ X —— 4.64
%or (1 @) zﬂff(())/ *o—x] Terat) X m—x] (4.64)

similarly using [4.59| and [4.6d| we get g@) as

ij

(2) /
2) 1 s RYT) 2 11 / 3.0 (2) (4
O )= |—— [P0 2 g ey [ PR, 2| 4,
g (@) [ 47r/ * e —x'| = 3¢2 (t,z) 6m¢? [z[* Jqo, r ()} 93

(4.65)
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where €, represents the integration volume with radius |z|. Now, to obtain the géo) we

require R, which is the solution of equation is given as

2
RO(t,x) = / *X'G(x,x) { ;,(gg TO(t.x) = gt x)RY (1. x) = g7 (¢.x')RE) (1,

— RO (t.X) + 2 [V RO (t,x)]? + RO (1, x) VLR (1, x')]

1
5T [d 030 - g 0] - TR 0.x)
(4.66)
where &' := f/(0)/3f"(0). Using and into we can get g(()é) as [20]

4
g(()O) <t7 X) =

27(2)

1 1 2
ZR® d @) 2 (2) (2) 2
T G2 LR (t,x) — R (t,x) V295 (8, %) + g )(t, x')R® ;(t,x') + V2RW(t,x)

1
e {gz‘?’(t, X)gseii (8, X)) — Ghoo(t: X)) — [Vigly) (£, x)[2 = RO (,x) — g5 (t, X ) RP(t, x’ﬂ

47

900 (1, X )V RO (1, %) + g, (1, %) R (8, %) - Vg@)( x') - VRO, x'ﬂ
(4.67)
From the solution of the metric components and curvature |4.63], [4.65] [4.64], [4.67 and [4.66|

we can infer that it is possible to have non zero Ricci tensor even in a vacuum unlike GR be-

cause now curvature itself can mimic the presence of matter even when no matter is present.
Therefore, in theories of gravity in which higher orders of Ricci scalar are included, the cur-

vature can mimic the matter source even in the absence of ordinary matter.

For a sanity check, when f(R) — R the metric components [4.63] [4.65 [4.64] and

corresponds to the metric in GR.

4.3.2 2PN expanded field equations

In this section, we have derived the second-order, 2PN dynamics for compact binaries in
f(R) gravity. In order to derive that, first, we have to obtain the field equation at 2PN
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order. Using the metric expansion the Ricci scalar becomes
R~ R (t,x) + RW(t,x) + RO (t,x) + ... (4.68)
Therefore the f(R) field equations at O(c™*) becomes

1
HY = FORY + fORDRS = 27(0) {RD¢5 + RD5,} = 21"(0) (R?)" 3,

v

4 1 2 2 2 2 2 1 2 2
- f//<0>{R,(ij) 5 <gz(k)] + gj(k)z - gz(])k:) R,(k) + gz(j)v2R(2) + dij { - 59((102,ka/§)

ak,a

+ 98 RY + V2RW 4 gPeBRE, ngg} } — ["(0)3;; [V(R®)? + ROV2RA)]

_ /QZT(z)
ij
(4.69)
where V operator represents the gradient in the flat space, while at the order of O(c™)

1
HE =f (O)RS) + f'O)RDRE) — S (0)g6) R = 25"(0) { RY RY + RORG) }

L0 (o) — D 4 D + 2 = T o
the field equation contracted with metric tensor at O(c™%) becomes
H® =3f"(0)V*R® — £ (0) R + 3f"(0) {v ROVR® L ROV2RA 4 ROTZRW
+ %R@) (VR®)* + % (R®)* V2R® 4 (@0 ( ROR® 1 p® Rg)) ]
L [0 (0l 085 o) REL+ 20 BY 4 R gl

2 4 2 3 4 4
+ <29((),\),o - g(go?x) R,(,\) + <29((),\),o - 9(()03>\> R,(p2) + R,(og]
2 4
~3770) | (RE) + BRG] - 37710) [gRG) + R

n
n fT(O) (R®)’ = w27,
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Now by introducing the Green function of the field operator G(x, ') = (V?—(?) the solution
for the Ricci scalar R®) using 4.71| is

2,2
RO(x) = [ g0 x >{ T + g R (0,) + 5070 R 1.)

1 1 .
— Son(E xRS (6.) + S99 (t,x) (gl (¢

1 2 4 2 1 4
+ B} (29((»),0(7577() géo)x(taxl)) R,(/\)(t>X/) 5 (29((»)0( x') — g((JO?A(t7 X/)> ng) (t,x')
(X ) RE) (1, X))

{(R ) (t,x) +R<2>(t,x')Rf§3(t,x') + VRO (t,X)VR® (t,X)

1
+ 53(5%(?5 x') — g@P(t, x") R (t,x') —
52
C4
+R(4)(t x)V2R (¢, X)+R(4)(t X)V2R (t, %) + = R(2)( x') (VR(Q)(t’X,))Q

i g(g)ij (t, X/) <R(2)(t, X,)R%) (t, X,) + R,(E) (t,x )Rfj)(t, X ))

1
+5 (R (t,x))* V* ROt x')} }
(4.72)
whereas the field equation at O(c™%) becomes

///0 1
H =1 OR + PORYRY + ORORE + TR RG - 2 o) r0

+ 0o+ L0 oy s g ro + LR () + o)

J"(0) 2 2 > 5
SR g[()O),OR,(O) + (29(()k),0 g(go)k> R( ) + (295,20 goo k) R (2) 4 2R 00
—2V2RO — (2950 = 98l ) B = 6P (29500 — i) B

3 2 2 nl (4
+ <2.g(()n),n - g7(m),0> R,(O) - (291(73,%,n - g??r?,m) Rgi) + 2R,00 - 29(2) lR,(nl)

_ g@nl <g<2) o gfj)m> R?) — gg@mt (2 RORP 4+ 2R® R,(iz)) — 2g?0RQ)

mn,l ml,n

mn,n gnn,m

(4.73)
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+ f///(o){ <R(g)>2 + R(Z)R(ga + R(4)V2R(2) —+ R(Z)VZR(4) + QVR(Z)VR(4)

1
# R (VRO + 5 (1) VR - (RYRY + BORG) (71
1
+ 5 (200, = 92.) B + g (VE) + g5 ROV R(z)}‘

Using these field equations [4.69] [4.70] and we can obtain the metric correction at 2PN
order, and by using these metric correction we can obtain the 2PN Lagrangian. To get the
metric component for '), we have to equate the HZ-(f) with Tl-(f) in the field equation m

So we have obtained the ggl ) as

2(2) /
(4) _ 3 1 K Tu (t7 X ) 1 (4) 1 2) (2) 4
9i; (t,x) = _/d XI’X — X,|{ 27 f/(0) + in X'+ 5 (R( )sz‘ + R ))

o [WR (t, ’)|2+R(2)(t,x’)V2R(2)(t,x’)}

1 @ Lo @\ p©@) L o L@
- 62 [Rn'i) D) (2gik)z Gii k:) Ry + gz(z V2 R® 99 G e L

1
+ g mBY + VERW 4 g@mr @) R4 — (R@))ﬂ }

(4.75)

mk,m

where Xg) is the expression appear in the second order Rgl ) as shown in for Xl(f ) |A.35
for X?%), and |A.37| for ng;f). Similarly, we have to equate the Hé?) with To(f ) in the field
equation . We have obtained the g[()‘;-’) as

3) /
i) =[x L) L a0 prong xR )

[QR%B (t,%') — g8 (6, )R (t,X) + o502, (1, X' ) RD (1, %)

+

127€? (4.76)

+ 208 (1, x) VPR (1, x') — 2" (0) RO R (1, x'ﬂ

1
e {ng) (t,x)RP(t,x') + RO (t,x)RG(t, x')} }

where XO(Z-B ) is the expression appear in the second order Ré‘;’) as shown in |A.39| for Xéf ), and
for Xo(f ), Similarly, we can obtain the gég) component by using the [4.73| field equation.
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We have obtained it as

6 1 KizT(4) (t, X/) 1 6
g(()O) <t7 X) = /d3X, ‘X — X" { 270:}/(0) - E Xéo)(t, X/) + R (t, Xl)

+ a5 (6, X ) RO (8, %) + g8 (t, %) (R (8, %)) + 298 (, ) RO, x'>}

4 (2) 1 2 4
671-52 {R ( 7X/) + R( )(ta X,)ROO (ta X/) - 5 |:R( )(ta X/)R( )(ta X/)

~ ghon(tX)RY (1% + (20500(8. %) = gl (t.x)) B (%) + (2052(8. %)

— ot X)) R (t,x') + 2R (t.x) — 2V2RO(t,x) — (291 ,.(t.x)

mn,n

_gnn m( /)) ( ) g(2)mn (t7 X/) (2.97(73%,71 (t’ X/) - gﬁb%z),m (t> X/)) R,(72L) <t7 X/)
+ (29(()n),n(t7 Xl) - gq(ln),O(t7 XI)) R,(g) (tv X,) - (295737)1@@7 X,) - g'r(z2n),m(t7 X,)) Rf’fb) (ta X/)
+ 2R (LX) = 20D (1, xRN (LX) — g (1) (95,4, + g5, (1)

gl (X)) R (1, %) = 2927 (2, %) (2RD (1, x) RD (8,%) + 2R (1,X) R (1,X)))

- 29(2)00(t, X/)ng())(t’ x') — 29(4)nl(t, X/)R,(TQLZ) (t,x') — g((JO)( x) (29(2) (t,x")

g2 (1.%)) BE(1,X) — 2621, X) VPR (1, X') — 26271, )R <t,x'>] }
1 1 2 1 3 2
+ 67T—C4{§R(2)(t, x) Ry (t.%) + & (RP(6.x)" + (B %))
+ RO, xR (t, %) + RY(t,x') V2R (t,x') + R?(t,x) V2 RW(t,x')
1
+2VRO(t,X)VRY(t,X) + R (t,X) (VRO (t,X))" + 5 (RO, X))’ V2RO (£, X')
1
— (RPx)RY (%) + RO x)RE)E X)) + JRG(X) (200, (8.%)

—g@ (t,%X) + g2 (t,x) (VRO(t,x))" + g8 (t,x') R (t,x) V> R <tx>} :

(4.77)
where Xo(g ) are the expression appear in the second order R(()%) as shown in . These second-
order post-Newtonian results are derived for the generic f(R) gravity. We can introduce the
energy-momentum tensors for the two-body system to get the two-body dynamics in f(R)
gravity. We conclude by showing the harmonic gauge condition satisfies the general solution
of f(R) field equations at Newtonian, first post-Newtonian, and second post-Newtonian
limits. Such that we have successfully obtained the metric components 91(3)7 g(()f)7 and gég) for

harmonic gauge at 2PN order in f(R) gravity.
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Chapter 5

Effective-one-body formalism for

non-spinning binaries

In this section, we study the conservative dynamics of non-spinning compact binaries in
the EOB framework. The EOB framework maps the two-body motion onto the motion of
a test mass particle in an effective external metric (deformed Schwarzschild metric). The
total mass of the system is M = mj + ms, which is the background mass, while the mass of
the test body is the reduced mass yu = myms/(m; + msy), with the deformation parameter
v = mimy/(my + mg)?> = p/M. The EOB approach has three parts: conservative dy-
namics, dynamics due to radiation reaction forces by accounting for the energy-momentum
loss, and the gravitational waveform by resumming the EOB coefficients with the NR results.

This work contains the description of the conservative EOB dynamics till 2PN order [27, 28].

In the conservative regime, the effective metric is static and spherically symmetric defor-
mation of the Schwarzschild metric. To get the effective metric, we have to use the non-
perturbative re-summation technique. The mapping to the effective metric can be done
separately for conservative dynamics (time-symmetric gravitational wave solution) and radi-
ation reaction (time-antisymmetric gravitational wave solution). For conservative dynamics,
the mapping can be interpreted in quantum terms. It is a mapping between the discrete
energy spectrum of bound states, equivalent to the electromagnetically interacting quantum

two-body system. This can be found in the work of Damour [29].
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To obtain the 2PN Hamiltonian in EOB, the centre-of-mass frame Hamiltonian in the Arn-
witt, Deser, and Misner (ADM) coordinate system must first be obtained. Further, the real
two-body energy levels are mapped to the EOB energy levels. So that we can get an effective
metric with the re-summed energy level, which allows us to define the dynamics of test mass,

4 motion in an effective metric.

To associate the “real” two-body dynamics with the “effective” dynamics in the external

spacetime, we can use the action given by [27]

Seff = —/mocdso. (5.1)

where mg represents the effective mass of the test particle in the effective metric, and dsg is
the effective metric element. Here, we have discussed how the Hamiltonian for the EOB con-
servative dynamics can be obtained for simplicity in the 2PN order. The effective background

metric is defined as
gomdatda” = —A(R)dt* + B(R)dr* 4+ C(R)r? (d6* + sin® 6d¢?) , (5.2)

in the Schwarzchild coordinates (C'(R) = 1), the metric functions are given by

aq (05} as
AR) =1 .
(R) + an + oy + N +oee (5.3a)
by by
B(R)=1+ -2+ -2 4+..., .
(R) + 2n + oy + (5.3b)

The metric element and the deformed mass-shell (energy constraint) constraint [30] are given

as
= dsj = —gz;ffdx“dc” (5.4a)
2
— _A(R)df* — j(%) —r2(d6? + sin20de?), (5.4b)
= 1’ = — gl Puby, (5.4c)
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where the motion is considered to be planar such that df* = 0. By using and we

can get the expression for the effective Hamiltonian as

1 D
— Mt gt = —w (5.5a)

p2 D
Heg = 4/ A (,u2 + ET + 71—2) (5.5b)

where H.g is the Hamiltonian associated with the test mass motion in the effective frame-
work, p, is the redial momentum, and p, represents the angular momentum. In the limit
v — 0, Heg reduced to the Schwarzchild Hamiltionan (where A =1—2GM/r, B=1/A) is

given as
oM oM P
Hsehw = \/(1 - T) [M2 + (1 - T) P+ T—ﬂ : (5.6)

The two-body Hamiltonian Hgop can be defined by the energy map with the effective Hamil-

Heop = ]\/[\/1 + 2 (}Lff _ 1), (5.7)

where v := p/M is the symmetric mass ratio, as it is shown on [31] the EOB mapping

tonian Heg, one defines

can reproduce the 1PN two-body Hamiltonian when Heg = Hgenw- To obtain the energy
mapping for the order of 2PN, we first have to obtain the Hamiltonian at the 2PN order and

its energy level.

5.1 Conservative Hamiltonian till 2PN

Let us recall the post-Newtonian dynamics of the two-body system. The 2PN truncated
equation of motion defines the time-symmetric dynamics obtained from a generalized La-
grangian, as shown in [32], as a function of harmonic positions, &, x, velocities vy, v, and
acceleration aj, as. In the De Donder coordinate (generic coordinate condition, 9,h*" = 0)
system, the Lagrangian will contain acceleration such that the whole dynamics stays in-
variant under the linear representation of the Poincare group: z* = Alz” + a*. This
Poincare symmetry has been explicitly checked at the 2PN level in [33], which shows the

2PN acceleration-dependent Lagrangian in harmonic condition changed only by total time
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derivative under an infinitesimal coordinate transformation.

The invariance leads to the construction of ten relativistic conserved quantities: linear mo-
mentum P, angular momentum L, energy F, and centre-of-mass constant K = —Pt + G,
where (G is the centre-of-mass position. Because of the freedom to perform the coordinate
transformation, we can go to the centre-of-mass frame such that P = G = K = 0. However,
for the existing restricted class of coordinates system where the 2PN Lagrangian only de-
pends on relative positions and relative velocities but not the acceleration. In particular, the
coordinates were introduced by Arnowitt, Deser and Misner (ADM). More precisely, we can
find the coordinate transformation from De Donder to ADM by a canonical transformation
[34]

Q,(t) = Xa(t) = 67X (2, v), (5.8)

where q,(t) represents the motion in ADM coordinates and x,(t) represents the motion in
the De Donder (Harmonic) coordinates, (a = 1,2). It is not a point transformation (refers
to a transformation that maps points in the configuration space of a system to other points
in that space) but a higher-order transformation (contact transformation, it is a type of
transformation that involves not only points but also higher-order quantities like velocities

or momenta). Such that the action is invariant under this transformation.

To get the ADM Hamiltonian using the above transformation, we need the explicit expres-
sion of N, 1PN, and 2PN contribution to the Hamiltonian in an arbitrary reference frame,
using the Lagrangian in harmonic gauge as a function of position x;, s, velocities, vy, vs,
and acceleration, ai, as of the two objects. In other words, we can not do Legendre trans-
formation directly because the mapping between velocity and momentum is not one-to-one.
Hence, we can use the Lagrange multipliers to make the mapping one-to-one so that the
action becomes linear in the inverse metric (interaction of the test body is somewhat linear
in g metric.) Back to our treatment using for two-particle case (for a = 1). Therefore

the 2PN truncated Lagrangian can be written as

L(z,v,a) = Ly(x1 — T2, v1,V2) + L1pn (X1 — To, V1, 02) + Lopy(T1 — X2, 1, V2, a1, a3).
(5.9)
The Lagrangian of order Ly (21 — @2, v1,v2) + Lipn(T1 — T2, v1,v2) equals and the
Lagrangian of order Lopy (€1 — @2, V1, V2, a1, a3), 2PN derived GR Lagrangian. To obtain

the 1PN Hamiltonian, we need to perform the contact transformation. Using Noether’s
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theorem, the conservation of the linear momentum of the system is given by (till 1PN order,

Prn)

G(EN + ElPN) n a<£N + £1PN)

Ppy = , 5.10
PN 81}1 8’02 ( )
and the relativistic centre of mass position is given by
1mgv: 1 Gmgamy
o= T (s b G, o

a,b#a

where m, is the mass, r, is the position, and v, is the velocity of particle a, (a = 1,2).
Defining the instantaneous relative position as r = r; —ry, and instantaneous relative velocity
as v = vy — vy. Define p := mymsy/(mq + ms) as the reduced mass and M = my + my as the
total mass. The post-Newtonian centre of mass Ppy = Kpy = Gpy = 0 by using Poincare

transformation gives

_ K plme —my) (5 GM
Ta = m—aI‘ + W (’U — T r, (512&)
H plmy —ma) (5 GM
=L B a2 . 12
b mbr + S (v )T (5.12b)

Such that the problem of two-body motion is now reduced to the relative motion of reduced
mass in the centre-of-mass frame. Similarly, we can get the position and the velocities in the
centre-of-mass frame using [5.12] To get the non-relativistic positions and velocity we will

rescale them as

# 1 p 1
TaN := —T, UgN = —V, Tpy = ——T, UpN 1= —V. (5.13)
mg mg my my

By introducing the following linear change of spatial variables in the post-Newtonian La-
grangian (£ = Ly + Lipn), Lipn(r,dry/dt, dry/dt) = (re, 1) — (r,R) with R := (mgr, +

myry) /M, we can write
Ta=Tan + R, 1a=71.v+R, vy=van+V, v=uny+V (5.14)

where V' := dR/dt. We can express L1 = Ly + Lipy as

1 1 GuM
Lpy = =Mv?* + = pv? + —— a

5 5 + Ele (I‘,ﬂ—i-v,—ﬂ—l-V) (515)

mq my
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we have discarded the (1/2)Mwv? term as it does not give any contribution. Taking variation
(1/u)(6Lpx/dr) = 0 one can see that the §/dr does not act on v at the order of O(c™?) but

arise at the order of O(c™) as a consequence we can get the relative Lagrangian as
,CR (I’ V) = l,u'vQ + —+ _ElPN r—,—— (5 16)
PNAD 2 r 2 "myg’ ' '

Therefore, the full Lagrangian rescaled by the factor of Gu and defined in terms of symmetric

mass ratio v := pu/M will be

7 1—3v(. 12 1(#)2 P
T

1 v
R . . . . .\ 2
Lov=30 0t Dh 5o 09 =55 *wk“”)”'”*ﬁ(r'”)}(m)

Now let us do the contact transformation for 2PN Lagrangian using the as given in [35]

L@LQPN 4 iaF(z,v)

0wy = 5.18
o myg 80,1 ms 8’01 ’ ( )
where
1 oL Gmg (7 7 1
Eﬁ == ! - {Z (12 - v2) Vg — M [gvz2 ) (ng - ’02)2} } ) (5.19a)
Gmim 1 7Gm 1Gm
P S 6100

therefore, we get d*@; as [34]

% . Gmg 5 2 1 2 7Gm1 1Gm2 1 7
0, = i {n{Svg 8(n v9) —1—4 7 —1—4 7 }—%(21}1 4v2>(n 'vz)}.
(5.20)

This leads to the transformation where the total Lagrangian L(z,v,a) = L'(z/,v,a’) such

that the action remains numerically invariant. Now, we can use §*x, to transform away the

acceleration terms. Therefore, the 2PN Lagrangian in the ADM gauge is given as

0L 0w, + il
szt Tt dt’

LAPMIg v] = L]z, v, a] — (5.21)

The rescaled 6*x; can be given as
0*x; 1 v’r b m 1 v
- —g{{?— 3 +7(—Z—3I/>}n+7(n-v)} (522)
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by using a formula

n=23=2x+zy=1-—nv,

_3 (5.23)
n:4,5:>x?+x§:1—ny+%y2.

Using the equations [5.22| and [5.19b| to substituting in we obtained [36]

LAPM 2 1 (ot 3wt om fv(n-v)? 3 v m?
(Tl
W R 2 2|8 8 R 2 2 2 2R
N L{v° T N 13v%%  m (32 (n-v)? N v(n-v)*? 512 (n-v)*?
ct | 16 16 16 R 8 2 4
wt o 3vet Rt m? (3v(n-v)*  3v3(n-v)? ) , VP
+ < 2 T g §22) 5 + 5 + 207 —vv® + 5

(5.24)

Now using the rescaled Lagrangian [5.24] we obtain the Hamiltonian by simply performing

In the centre-of-mass frame ADM expression, the total linear momentum P is conserved,
simply P = p; + p,, where p, and p, are the momentum of the particle 1 and particle 2.
which implies

p,—~ P, p,— —P (5.26)

where P = 0S/OR, p, and p, are the positions of individual particle. R is the canonical
momentum associated to the ADM position vector R = q; +q,. The reduced centre-of-mass

2PN Hamiltonian H can be obtain by introducing the reduced variables

q = R _331—332 p—E
- GM GM ~’ ) (5.27)
o= ! = |
- GM’ T
The rescaled Hamiltonian H is given by
Ha.p) = Hola.p) + ZHa(a.P) + 7 Ha(a,p) (5.28)
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where [27]

. 1 1
Ho(q,p) =5p" — 7
Fa(g.p) = — 5 (1= 30)p' — = [+ 1) P +v(n-p)?] +
2 8c? 2¢%q 262q2’
~ 1
Hila.p) =155 (1 — 50+ 507%) pf (5.29)
1
+ S [(5—20v — 3%) p* — 20°p*(n - p)* — 3v*(n - p)*]
c‘q
1 2
T Jeig? [(5+8v)p*+3v(n-p)7] — o (1+3v),

Now, as we have the Hamiltonian, we can write the associated conserved quantities, which
are the reduced centre-of-mass energy and the angular momentum of the binary system
(calling it as real two-body system):

Eom. . Jem

1] — ENR — =4 = )
H(q,p) L 9XP=I= o

(5.30)

The ENR denotes the non-relativistic energy. As the motion of the binary is restricted to the

plane of the relative trajectory so, it is preferred to use the polar coordinates (r, ¢) such that
¢  =rcosp, ¢ =rsinp, ¢ =0, (5.31)
To do this the separation of time £ = ¢/(GM) and angular coordinates ¢, we get the reduced

action for “real” two-body system

a S SNRY | [ oNR
S G EMt+ 7o+ S (r,E7,)) (5.32)

The radial action variable S, (r, ENR ) is given by

S, EN® j) = / dr \JR(r. &% j) (5.33)

where the radial ‘effective potential’ for the radial motion R(r, gNR, j) can be obtained by

solving for p2 = (n - p)%. There H = E as the systems energy is conserved, and
p? = (n-p)?+j%/r?. We get the form of R(r, é'\NR,j) using the Cauchy’s integral formula
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as given in [36]

24, Ay Ay Ay A
{R(T,E,j) A+ =2+ S+ g (5.34)

where the A;’s are given by

(

1 1
A, =2F +3 (1 —3v)E* — gu(1 — 4v)EP,
1 1
A2:1+02(4—I/)E—|— (2 —2v + 1) E?,
1 1
Agz—] + — (6+V)+C415E,
5.35)
1, 1017 5 (
A4:—§V] +— 5 +2I/+21/ —v(1+v)Ej?
1
As = ——v(1+3v)
ct
\AGZ 0441/] :

the E’s can be replaced by the ENR. To obtain the radial action variable I r and 7, we have

to solve the integral of which is given by

: - NR

= G L= / “aryre. (5.362)
2 Tmax Py Rmax dS R SNR

In= —uGM dr\/R(r,ENR j) = —/ apdonE ’”7), (5.36b)
27T 27T Ruin dR

Tmin

where o = uGM = Gmimsy and the rescaling factor are given as ENF = uéA'NR and J = aj.
apl/?

After solving we get
Lot | (15 v\ EN (35 15 3 L\ (€YY
V—2ENR 4  4) pc? 32 16 32 e

o? 15 ENR 35 5 ot
iz (3-) ] (B3

Now, using the action-angle coordinates, Delaunay variables (which are the constant action

IR(SNR7 j) =

(5.37)

variable N = I + J), and the constant radial action variables Ir to obtain the constant
terms in the corresponding angle variables J such that we can obtain the Hamiltonian. The

relativistic energy for “real” two-body system,the relativistic energy E® (superscript denote
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relativistic) is given as

O T N YT Bt s
EW,T) = Me =573 {1%2 (Nj 1 N2)

ot 57—2u+ 27 _335—4y+1145—15y+y2
A\2NT3  N2J2 2 N3T 8 N4 ’

(5.38)

where A denote the Delaunay action variable N' = Ir + J [27]. Here we will set up the
analogy with the quantum two-body system. For the corresponding quantum bound states,
the classical action variables J and Zg approximately become quantized in the units of A.
N = Ir/h becomes the “principle quantum” number and 7 /A as the “total angular momen-
tum” quantum number. However, the degeneracy associated with the spherical symmetry
of the problem implies the energy is independent of the “magnetic quantum number” but

depends only on its magnitude.

5.2 2PN effective-one-body energy levels

In this section, we will map the energy level of the EOB metric with the effective Hamiltonian.
From[5.1jand given the energy relation £ = moc? +ENR we can write the non-relativistic
mass-shell constraint for the test-particle motion in the effective metric as

VaSeff aSeff
o 5o By T mac® =0, (5.39)

the superscript ‘NR’ represents the non-relativistic and ‘R’ represents the relativistic. Whereas
in this section, the ‘0’ subscript/superscript denotes the quantities for the effective frame-
work, so writing ‘ef f” and ‘0’ ar eequivalant. As the dynamics of mg are planar, the effective

action can be split into the action angle variable coordinates
Ser = —Eot + Joww + Sg(R, &, To). (5.40)
Inserting in simply we get

1 & 1 [(dShN\' | 2 2
1 & _ 5.41
AR T BER) < ir ) Tommp T = (5:41)
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we can get the radial action variable and radial ‘effective potential’ for m as

S%(R, 50,%) - /dR Ro(R, 50,%), (542)
the radial motion variable can be written as
B(R) &

_ 2 2 s
Ro(B: &0, T0) =75y 2 — B (mﬂc i W)
1+

( 02R c4R2> 52 bl b2 2.2 ‘702

S (N I . Yo

ety e ( TR T are )\ T R
bl — Cll —albl + CL% — as + b2 52 bl bg ._70
( AR? @ L 2_R * c4R2 e+ R?

Sg 2 9 by —ay 52 2 le by o
=3 i g (P E e R\
2
)

1 —a1b1 +a ag +b25
o (R 08)'
(5.43)
To derive the effective radial action variable I%, which is defined as
2 Rmax
I3 (&0, o) = %/ dR\/Ro(R, Ey, To). (5.44)
Rmin
To solve this we are using -
( 1/2
L [rme 2 n—1
I(Ay, .., Ag) =— dr | Ay 4245 /r + Ag/r® + ) Anfr
Tmin 71,24
1 [ 2B Ay As A5\'?
z—/ dr<A1+—+—§’+—34+—f)
T Jo r r r r
Ay 1A, 3 A4, 15 A%B 14 3 A2
= —V—A3¢1—— Ay — - — As — ——
Navw 3{ zAg[ TYTa, TR A | Tam |t aa,
3 A, 5 A3
\ +4A3 |:A1_§A_3:| A6}+O(A2+A§+A§+AZA5+...)
(5.45)
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So, let’s obtain the I%(Ey, Jo) by using [5.45 we get the coefficients A;’s as

—aib — by &, 50
A, = aiby +a? — as + 2—+j0 _27 A, = jo
4 4 2
C C C R (5 46)
b1—a153 2 251 52 2.2 b2 2 .
By using and substituting into [5.45| we get
b1 a1 2 2b1
( —|—m ) —a1by 4 af —
c2 101 Cl (05} + bg b2
I3(E0, To) = = - \/— ( 014 — + Jé+ 0020—4)
\/— <C—8 + m362>
1 b1—a1 a1 +m2 2b1 3 (b—z%2) <blc}a1 +m2 2b1>
1—- c? —
2 <_albl+(§ a2+b2 0 + \70 + m002b2> c? Rjo 2 w‘% + % + m002
15 (#7)" (2528 + miey) 1 8 1 m2e {b{ﬂ
8 (_a1b1+ii_a2+b2 & _'_j() +m062b2)2 4 <_a1b1+ii_a2+b2 & +'_70 _|_moc2b2>2 cth

(5.47)
we will use a similar treatment as in for the Schwarzschild gauge to derive the I%(Eo, Jo)

3/2 NR NR 2 NR
m bt & & me
I%(& =0 A +A4,2 +A4 A+ A —0 A
R( 0 t70) \/_75(1)\IR 1 + 2m002 + 3 moc t70+ 2% 4 + 5 C4‘70 69
(5.48)
where the coefficients are given as
1 7 a2 a9 a1b1 a1b1 b2 b2
Al =—= Ay =b; — = A=t -—=_—= A =d?—a—— 24 =
1 2611, 2 1 8@1, 475 5 1 5=0] — Qg 5 3 + 5
b 19 1
Ag = Zl - aal, Ag = o [24@‘11 - 48(1%@2 + 8(13 + 16a;as — 8a?b1 + 8ajasb; — a%b% + 4afb2] )
(5.49)

One can check the coordinate independence of the coefficients A; by solving I%(&, Jo) in
Isotropic coordinate where C7(R) = B;(R) (such that the light cones appear round, only
possible when all 3 spatial dimensions are treated same), subscript I denotes the Isotropic
coordinate as shown in [?]. The energy can be obtain by solving [5.48| with respect to
ER = &R — moc2 with the (2PN- accurate result) after rescaling the coefficients A;’s to A;

as ;1\1 = — al, A2 = b1 —al, similarly for others, where the scaling of the Schwarzschild
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gauge is given as

@ = a;/(GM)',  b; = b;/(GM,)’ (5.50)

So, we get

Eo(No, Jo) = moc® — 1 moag {1 _I_OC‘_§ ( Cs i %) +O‘_é ( Cs3 n Cao . Cs1 n 0670)] |

2 M NoJo * NG )~ \NTS NeTg— Nodo N
(5.51)
where the coefficients C,,, are [2§]
Cs1 = 21147 Cio = —1127 Cs3 = 2116,
~ - 1/ ~ N (5.52)
Cio =343 G =—(hA+4), G =7 (5A§ + 2A3>

Now, we have to do the energy mapping between the real and effective framework.

5.3 Relation between real and effective energy levels

and the effective metric

In this section, we want to establish the mapping between the “real” and the “effective”
energy levels. The most general requirement is that one-to-one mapping exists. Such that
the mass of the effective test particle coincides with the reduced mass my = p and the
linearized effective metric coincides with the Schwarzchild metric of mass M = my + mo,
which gives a; = —2GM and b; = 2GM. Therefore, there exists a function dependence for

some function F' as

Eo(No, To) = [ [Ereat (N, T)] (5.53)

such that we can do a Taylor expansion as given in eq (4.11) of [27]

ENR ENR ENR ENR 2
0 _ “real (1 +a real + (Lal) 4o (554)
1

moec®  pc? c? e

inserting the equations for the energy in “real” [5.38 and the “effective” frame in the
relation by replacing the £} with Exg using the relation £f = ENR + M2, That gives

a; =5 and az = 0. Such that we can obtain the relation between the metric coefficients a4,
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131, 1, as, 132, az (rescaled coefficients) in terms of the symmetric mass ratio v, that yields
Gy =0, a3=2v, by=4—06v (5.55)

inserting these rescaled values in the so that we can get the effective metric 5.2 as

2GM GM\*?

AR)=1—- 2f +2y(C2R> +- (5.56a)
2GM GM\*?

B(R) =1+ S p + (4 — 6v) (&R) (5.56b)

5.4 Description of dynamics of Innermost stable circu-

lar orbit

In this section, we briefly want to discuss the orbital motion of the relativistic two-body
system and understand the innermost stable circular orbit (ISCO), which is a strong gravity
effect. Here we consider the orbital motion to be planner such that the radial component
remains constant, i.e., radial momentum p? = 0, r = constant in the equation . There-
fore, the energy relation OH.q/0r = 0 = —p, or OH?%;/Or = 0 satisfies the minima of the
energy. Hence, we have the energy relation as

oM 2v P
Heg = (1 -+ r_g) (M2 + T—f) (5.57)

where pys represents the angular momentum. At r — oo, the 1/r potential, which is the
first expression on the RHS, dominates the 1/r? angular momentum barrier in the second
expression on RHS. As r decreases, H%; decreases. We have shown this in the plot at
symmetric mass ratio v = 1/4 for different values of L. After a certain point, 1/r? potential
barrier dominates over the 1/r angular momentum barrier, creating a local minima (stable
circular orbit) and a local maxima (unstable circular orbit) for some angular momentum p.
For some ps 2 3.4, both local minima and local maxima exist together. However, during
the inspiral due to gravitational wave emission, ps decreases. At r = 6M, the local minima
and the local maxima overlap, giving a saddle point. We call this orbit the Innermost stable
circular orbit (ISCO) because the orbital motion itself becomes unstable. Therefore, the

motion transitions from an adiabatic inspiral to a plunge phase.
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Figure 5.1: The square of effective Hamiltonian (for v = 1/4 at 2PN order) vs the dimen-
sionless radial variable /M (for ¢ = G = 1) for three different values of angular momentum
pg. The stable circular orbit is located at the minima due to the effective potential of each
curve. The maxima represents the unstable orbit. Note that as the angular momentum
decreases due to gravitational wave emission, at »r = 6 M, the local minima and maxima get
overlap, which creates a saddle point at p, ~ 3.4. Where py; corresponds to the innermost
stable circular orbit of of the binary coalescence.
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Chapter 6

Conclusion

The post-Newtonian approximation methods are essential to explain the inspiral of compact
binary coalescence. Therefore, in this thesis, we have reproduced the post-Newtonian results
till 2PN order in GR [34], given in section[4.1] The second-order post-Newtonian corrections
are non-trivial, and it took a lot of time to evaluate each metric correction individually.
Therefore, in order to make the lengthy calculation efficient, we used the computational tool
Mathematica to obtain the 2PN Ricci curvature and the Lagrangian. The post-Newtonian
methods are the basic construct to formulate effective-one-body dynamics. Using the PN
results till the 2PN order, we have re-derived for GR, and we have reconstructed the conser-
vative EOB dynamics in section 5] Extending the conservative dynamics during the thesis,
we have also studied and understood the radiation reaction processes at 2.5PN order, which

we want to study in future.

As general relativity needs to be tested, we have studied and re-derived the post-Newtonian
dynamics in scalar-tensor theory .2 and f(R) gravity till 1PN order [4.3.1] Along with this,
we have reviewed and studied the post-Newtonian dynamics in Einstein-Maxwell-dilaton-
Gauss-Bonnet theory. Because understanding the possible modification to theories available
is necessary. By using the knowledge of post-Newtonian and EOB formalism in GR, we will
construct the EOB dynamics of a compact binary system in f(R) gravity. So, we have worked
on the 2PN order of f(R) gravity and derived the field equation and the metric correction at
the second post-Newtonian order (see section [4.3.2)). We can use these results now to con-
struct the EOB dynamics in f(R) gravity. So that one can synergise the numerical relativity
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results at late inspiral to generate a single waveform using EOB. Such that GR can be tested.

We also wanted to construct a conformal mapping between the scalar-tensor and f(R)
gravity, which we did for the exact form of the field equations and successfully being able
to recover them using the conformal transformation. This establishes that the conformal
mapping between scalar-tensor and f(R) gravity is possible. Because the higher-order post-
Newtonian calculation in scalar-tensor theory is already present in the literature. We wanted
to recover the higher-order post-Newtonian field equation for f(R) by conformal transfor-
mation. To make it plausible, first, we wanted to do a consistency check for the first-order
post-Newtonian field equation that we have derived from both theories. Such that we can
extend this mapping for higher post-Newtonian order. Our calculations and findings were
not successful in being able to establish it. We need to do more work to understand and

check the conformal mapping.
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Appendix A

A.1 Convolution

>> Convolution of some function f for gravitational potential ¢ :
V%ngz—@rGZﬁ:f:—QwGZma|m—ma(t)] (A1)

>> Differentiation with respect to time ¢ and spatial coordinate z° of function f

k df (2 — i
f——§§a:malr—ra|=$%——— r_ra| (A.2)
_ Z —Via) (i = Tia) (% — Tia) (Vi — Via) + (25 — 25a) (v — Vja)]
dtdxZ |r—ra| |r—ra| Ir—r,|°
n (i — Tia) () — Tha) (Vs — Vka)

Ir — ra|3
dtdl’l = Z |I‘ —r | via) - [(Uz - via) : nania]]
R

[Note: this is due to a particle]
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>> Greens function:
Whereas to make it simple we are writing (r — r,) and (x — x,(t)) is equivalently (below K

is some random function)

4 U 1 :
G Z ’m Yo V2K e K = — 607;G Zmavzé(r —r,) (Ada)

r—r,

Where f, is just

1 1 0? 1
fA(t>$)—m+2—62@|93—7’a(t)|+0(g) )
1 1 1 d 1 '
IB(t,re) = — {1 t52 5 [(va - ) = (Nab - Va) (Nap - vb)]} - 2—d—(nab v) + O <C4>
from the time-symmetric solution
O, fa(t,z) = —4mos(x — ra(2)). (A.6)

Here rop = |x4(t)—xp(t)] is the distance between particle A and B, and n_, = (z,(t) — z,(t)) /7.,
is the unit vector along ab. This can be seen in [A.23d| for general relativity.

A.2 Chritoffel, Ricci tensor and energy-momentum ten-

SOor

>> Christoffel symbols are calculated for the metric expansion g,, given in

. 1 om
()T5 2590 (Gogom + Jogom — Omgoo) (A.7a)
1 1 .
25900 (Gogoo) + 5901 (200g0i — Digoo) (A.7b)
@, @% 9g@ (2)0i §(2)
— 1 99 I dg 1 g8 g0y 00 (A.7¢)
2¢Ot 2c ot 2c Ot 2 oxt
1 -89(3) -
= (3)0: Y Ioi 7 A
+ (Cg —875 +0(c) (A.7d)
=000, + 1760, + O(c™™) (A.7e)
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(ii)rgi = gom(aigmo + 0oGmi — OmYoi)
QOi (5ogn')

)
(2) (4) (2)
= _lagoq ) 4 (_18900 I g0 9900 ) + O

2 Oxt 2 Ozt
= T@0, + 7MW, + O™

1 om
(111)F?j = 590 (0iGmj + OjGmi — OmGis)

1 1
= 5900(81‘903‘ + 0j90; — 009ij) + 59%(8@'9@‘ + 0i9ki — OkGij)

(3) (2
1 (agg;) dgy) 109, ) 0

oxd oxt c Ot
= F(g)oi]’ + 0(0_5)

:—5 [

(iv)Too 259 (O0gmo + GoGmo — OmGoo)

1 1
15920 (Oogoo) + 59” (200950 — 9;900)

1 . 1 . 1 ..
:EQZO (Gogoo) + 553 (200g50 — 9;900) + 59” (20050 — 95900)

_ ( 1(‘1%?) N (_18963) 9P agfy) N 1&95?)

2 Or 2 Ox 2 Oz ¢ ot
(3)

L 33i0% o0 | 1 (2)i 9905 O
+ (209 ot + cg ot +0(c™)

— F(2)i00 + F(4)i00 + O(C—G)

63

(A.8a)

(A.8b)
(A.8c)

(A.8d)

(A.9a)

(A.9D)

(A.9c)

(A.9d)

(A.10a)
(A.10b)

(A.10c)

(A.10d)

(A.10e)

(A.10f)



. 1 .
(V)F%)j = —9"" (009m;j + 0jGmo — OmYo;) (A.11a)

2
1 . 1 .
= §gz0 (03900) + 59% (Oogrj + Ojgro — Okgo;) (A.11Db)
1 . 1 1 .
= 5920 (05900) + §5f (Oogr; + 0j9ro — OkGoj) + 59(2)Zk (Qogrj + Oj9r0 — Oko;)
(A.1lc)
1
=3 (Dogi; + D;gi0 — Digo;) + O(c™®) (A.11d)
1 (1097 098 Ot "
2 (E o o " ow | TO) (A-1le)
=T +0(c™) (A.11f)
(VI)ij = 59 (0j9mk + OkGmi — OmGjk) (A.12a)
1 1 )
= 507" (9j9mk + Oxgmj — Omgin) + 59(2)”" (0j9mk + OkGmj — Omgse)  (A.12b)
(o o a2\
=3 e — N A.12
2 ( oxk * O’ ot +0(c™) ( c)
=TR +0(c™) (A.12d)

>> The Ricci tensors till 1PN order:

:airéo — Ol + Féorgo - Féorgo + Fﬁjréo - Féjrgo (A.13b)
:31.[*(2)2‘00 + <8J‘(4)i00 _ @011(3)1'0@. + F(Q)iijr(z)joo _ F(Q)iOOF(Q)OiO (A.13c)

_ P(3)iojp(3)ji0 + F(3)i00[‘(3)000> (A.13d)
—RP) + R + 0(c°) (A.13e)
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1529(2)00 _ 1 (2)

2 : 2
R(()o) =0,r® 00 = 75 or2 9 2goo

R —,r @iy, — 9T ®iy, 4 T@i, 1 @i p@ig p@0o,
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(A.14b)

(A.14c)

(A.14d)

(A.15a)
(A.15b)
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(A.15d)

(A.15¢)

(A.16a)
(A.16b)
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>> The individual components of energy-momentum tensor:

3 oT 1 T
(i) Too = googor (177 — §Tppg ) = Té%) + Tg%)
(60 = 0,7—0)

1
= (T — 5 /fgoo)

— (07700 | (2)700 _ %((O)TOO + (2)T00) _ lg[()g)@(o)Too + (2)T00) . %(Z)T“
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_ %((O)TOO 4 @700 _ QQSO(O)TOO B (O)Tii)
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(A.17a)
(A.17Db)
(A.17c)

(A.17d)

(A.17e)

(A.18a)

(A.18b)

(A.19a)
(A.19b)
(A.19¢)

(A.20a)
(A.20b)

(A.20c)
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A.3 Equating the EFE to obtain the components of

the metric tensor in GR

>> Obtaining g( )

To obtain the metric component gé%) we have use at O(c™*). It can be evaluated as

8tG 1 87TG 2¢
Ry = =T = — 5 Va0 = = (Zma 25 (x <>>>:»gé?=c—2<A.21>

where ¢ is the potential as defined by the Poisson’s equation V2¢ = 471G Y, m,c?6®) (r —

ra(t)).

>> Obtaining gg)

8¢ (0) 1 87TG 2 5“2(;5

2 2
jo) =~ T = —§V2 (») = vy 7135 (T — (1) = g;; = 05— (A.22)
>> Obtaining g( )
3 87TG 1) 87TG ;
REY = — T2 = 2T (w7 (A.23a)
1 1% 8aG
N VAT it ? by (O A.23b
¥ 9o T o 5o A Y ( )
1 3G 1 0%
= -V = A.23
9 ¥ Joi A 203 Ot ( )
167G , 1 0% f
2 (3) _ i £(3) 2
= Vi =3 za:mavaé (@ — @a(t)) + 5V = (A.23d)
using for the first term and for the second term.
= - wa T a " a )lliq
gOz Z‘I‘—I" 203Z\r—ra|v (U n)n )
= gOi - 03 Z |I' — ra‘ 7Um (Ua . na)nm)] <A24)
4V7;
= 9(()?) 3
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>> Obtaining g( )

To solving for g(()o) we have to use , so, we get R((;é) = 8:4GT(%). Using [A.1| we can simplify

N _1v29(4) + 1 829(()(2)) . 9(2)ij 829(2) 00 1(9900 990 (2) _ _SWGT@)

2 0T 92 g2 2 Ozxioxi 2 (99(;Z 8:6’ At T

1 1% g 0%gPy 1095 0 AnG y
T

1 829(()3) (2)ij 829(2)00 agoo 8900) . 8

2 (4) )00 ii (2)~(2)00
= =V =~ on I G ot aet (T T 2 TO)
2 02 4 8tG
R v (()é) _45_75? —4(¢V2¢ _ (ng)2) : (T(Z )00 + T(2)ii + 29( )T(2)00>
1 1 0? 2 4G
= vl = T8 Dgrgr ST (e g gy gg@yem)
2
— %V2 (()4(1]) %% " 24V2gz52 L G e <T(2)00 L@y 29( )T(2)00> ‘
ct
(A.25)
where g( ) can be solve explicitly as
47TG 3?] 5¢a
——V2 gs8 = ( MgC (202 +3 ) I (x —wa(t))> (A.26a)
ArG 29
a G —
> a <202 02> 0 (x — x,(t)) (A.26D)
(4) 2¢2 G ma<3(va)2 + ¢/) A
ek Sl 2
= oo = A 4 - |z — x,(1)] (A.26¢)
here we have replaced ¢, by
/ myp
=-GYy ———. A.27
2 A2
A.4 Lagrangian for 1PN scalar-tensor theory
The Lagrangian for 1PN scalar-tensor theory takes the form
0 1 4 1 1 s 1 4o
L =—-mdc +mV——mW——mVU+ —mVipu'v! + —mdus + -mlv2.  (A.28)
2¢2 c? 8¢? 2
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In this expression, the solution for the individual terms is given by first solving for the second

term in [£.48| using it gives
mlV =m? Z am” (1 + &(0)a(0)> 4 1 (3 _ a(O)a(O)) 02
a a - b a b 9¢2 a b

G o
- { (1+aa?) (1 i ag°>ag0>) +a® 55%9}”;_}
be

- Lib {1 * 21 [(va - v6) = (nab - Va) (M - Ub)]} - 2%2%(%1, vp) + O (6—14” +0 (%)

:;M[(Haw ol?) s {1+ 5h o) (s ) )]

Tab 2¢?
1 ©a®) (12 + 2 1
+55(3-af y%+m L 55 [0 0) = (rat - v0) (s - )
(0)
c ]_
-3 { (1 +aaf )) <1+a(0) §)> +ag°)ﬁ,§°’a§°)}m ] +0 (—4) ,
c;éb Tbe &
(A.29)
solving for the third term in (.48 using [£.44d] gives
1
gl = 5 303 e m
(A.30)
G2m25© ol 0 m{Vm 1
202 Z Z TabTca o <g) ’

solving for the fourth term in eqf4.48| using gives

4 .
—mlViv! = —ngGZ MY vy fy0!

c2

= Z —Gmdm (v, - vy) X * {1 + % [(va = V) = (b Vo) (Nap - Ub)]} (A.31)

Tab

0

2
b C Tab
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and solving for the fifth term in ed4.48 using ed4.44d| gives

~ 1 i
mgvijv v = C—mOGZ MT(Sijfav v/

= OGZmb ( )a§0)> vg X 'riab {1 + % [(Va = V) = (b = Vo) (Nap - Ub)]}

G
ot ) o (2)

A.5 Ricci tensor at 2PN order

(A.32)

In this section, we have obtained the components of the Ricci tensor at 2PN order by using

the harmonic gauge condition ¢TI, = 0. [In this section, the subscripts ‘0’, ‘1’, ‘2’ and ‘3’

represent the time, z, y, and z components.|

>> Obtaining Rﬁ)
(4) loo @) | @
Ry =— §V 911 + X

where the second term on the right hand side, Xl(f ) is

g 1 2 2 2
Xl(l) = 29( )951)33 + 2(952)3 9%3?2) + 951)2(9(()0)3 + 95 : 9&2)3 + 9&333

4
(2) (2) (2) (2) (2) (2) (2)

+ 2923 9) 911 2(2953)3 + ooz T G112 Tt 9222 — Y33, 2) + 4995 911 123 + 2955 911 ,22

(2) (2) (2) (2) (2)

(900 1

(2) (2) (2) (. (2)

2 2 2 2 2
+ 9(()0),11 + 2951311 - 952)11 9:%3?11) + 29&1300
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00 1911 1+ 2911,2912,1 + 4(912,1) + 2913 3913)1 + 4(953)1)2 (922 1
+ 4923 1(912 3T 913 2) 20539 — G331 — 911.1(9oz1 + gz(%s?l) + 2952?2(95131 +2g
+ 2953)3(9&)1 + 29&331) + 29%)(29%13 + 9(()(2)?12 + 9912 + 953?12 - 9%?12 +2g
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(A.33)
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>> Obtaining Rgé)
1
R = - Lo 1 g A3

where the second term on the right hand side, X2(§) is
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(A.36)

>> Obtaining R;(é)
1
Ry = — 5 V75 + X (A.37)

where the second term on the right hand side, XS(;) is
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(A.38)
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>> Obtaining Réi)
1
R = - Lo 1 4 A3

where the second term on the right hand side, Xo(f ) is
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(A.40)
>> Obtaining R((]Z)
R == 5V + X (A1)
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where the second term on the right hand side, XD(S) is
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(A.43)

where the second term on the right hand side, Xo(g) are rest of the term appearing for R(()%).
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