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Abstract

This thesis presents a comprehensive study of the parameterized complexity of several graph-
theoretic problems, with a focus on graph modification, separation, and vertex splitting.
The investigation is primarily motivated by two thematic directions: enforcing structural
properties in graphs via modification operations, and analyzing maximization problems that
seek large minimal solutions under certain constraints (commonly referred to as MaxMin

problems).

We begin with an in-depth analysis of Uniform Cluster Graph Modification problems,
where the objective is to transform a given graph into a disjoint union of equal-sized cliques
using a limited number of edit operations, including vertex deletion, edge deletion, edge
addition, edge editing, and vertex splitting. For various problem variants, we provide im-
proved fixed-parameter tractable (FPT) algorithms and kernelization results, including both
polynomial and linear kernels. Our contributions resolve several open questions posed in the

existing literature on these problems.

Subsequently, we examine a range of MaxMin Problems, such as MaxMin Degree-d-
Modulator and MaxzMin Feedback Vertex Set. We extend known results for special cases,
establish new kernelization bounds, and design FPT algorithms under natural structural
parameters, including vertex cover and treewidth. We also study generalizations of clas-
sical separation problems by introducing and analyzing the MaxzMin Multiway Cut-Uncut,
MaxMin Separator-Unseparator, and MaxMin Subset Feedback Vertexr Set problems, present-

ing both algorithmic results and hardness proofs with respect to various parameterizations.

Finally, the thesis investigates the computational complexity of F-Vertex Splitting for
different graph classes under both inclusive and exclusive splitting models. We provide a

fine-grained complexity classification, proving NP-hardness for several variants.

Overall, this work advances the theoretical understanding of graph modification, sep-
aration, and vertex splitting problems within the framework of parameterized complexity,
offering novel algorithmic techniques, kernelization bounds, and hardness results for a broad

spectrum of combinatorial problems.
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Chapter 1

Introduction

The foundational result establishing the computational intractability of many problems was
presented by Cook in 1971, when the BOOLEAN SATISFIABILITY PROBLEM (SAT) was
proven to be NP-complete [35]. Building on this, in 1972, Karp [82] identified 21 fundamental
problems as NP-complete, marking the beginning of a vast landscape of computationally
difficult problems. Since then, a multitude of problems have been shown to be NP-hard.
Assuming the widely believed conjecture P # NP, these problems are not expected to admit

polynomial-time algorithms in terms of the input size.

To cope with the inherent difficulty of NP-hard problems, several algorithmic frameworks
have been developed, including approximation algorithms, randomized algorithms, and exact
exponential-time algorithms. These approaches often trade off between solution quality and

computational efficiency.

In the early 1990s, Downey and Fellows introduced the theory of Parameterized Com-
plexity, offering a refined lens to analyze computational problems. This framework evaluates
the complexity of a problem not only with respect to the input size but also in terms of an
auxiliary measure called the parameter. The most natural choice for the parameter is often
the solution. However, in many contexts, structural features of the input—such as treewidth,

vertex cover number, or feedback vertex set size—serve as effective parameters.

The central objective in parameterized complexity is to discover meaningful parameteri-

zations under which computationally hard problems can be solved efficiently. Specifically, a



problem is said to be fized-parameter tractable (FPT) if it can be solved in time f(k)-n®®W,
where n is the input size, k is the parameter, and f is a computable function independent

of n.

Not all parameterized problems admit FPT algorithms. To classify their relative dif-
ficulty, a hierarchy of complexity classes known as the W-hierarchy has been developed,
analogous to the role of NP-completeness in classical complexity theory. Demonstrating
that a parameterized problem is W[t]-hard for some ¢ > 1 serves as strong evidence that it

is unlikely to be fixed-parameter tractable.

1.1 Graph Modifications

Graph modification problems, where the goal is to modify a given graph to meet specific de-
sired properties, have gained significant attention in recent decades. These types of problems
have become a rich source of inspiration for developing new techniques in the fields of param-
eterized algorithms and computational complexity. Researchers have focused on exploring
how various modifications, such as adding or removing edges or vertices, can transform a
graph to satisfy certain structural or functional criteria. This has led to important ad-
vancements in both theoretical frameworks and practical algorithms, driving forward our

understanding of graph theory and its applications in computer science.

For a family of graphs F, the F-EDITING takes as an input a graph G and an integer
k, and the objective is to decide if at most k edit operations on G can result in a graph
that belongs to F. Some key graph editing operations include deleting vertices, deleting
edges, adding edges, contracting edges, and splitting vertices. The majority of studies on
F-EDITING have focused on combinations of vertex deletion, edge deletion, edge addition
and edge contraction. It is only recently that vertex splitting as an edit operation has begun
to attract attention. A wvertex split is a graph modification where a vertex v is replaced by
two new vertices, v; and v,. Each edge that was originally incident to v is then reassigned

to v1 or vy. We have some variants of vertex splitting that we will define later.

When the operations are limited to only vertex/edge deletion, the corresponding problem
is referred to as the F~-VERTEX/EDGE DELETION. If we only allow edge addition, then the
corresponding problem is called F-EDGE ADDITION. If we allow edge addition as well as



edge deletion, then the corresponding problem is called F-EDGE EDITING. If we only allow
edge contraction, then the corresponding problem is called F-EDGE CONTRACTION. If we
only allow vertex splitting, then the corresponding problem is called /-VERTEX SPLITTING.

A foundational result in graph modification problems is the work by Lewis and Yan-
nakakis [88], which establishes the necessary and sufficient conditions for vertex-deletion
problems to be solvable in polynomial time, assuming P # NP, for hereditary properties.
However, no similar dichotomy has been established for edge-removal problems. Many pa-
rameterized and kernelization algorithms for vertex deletion problems, including VERTEX
COVER, FEEDBACK VERTEX SET, ODD CYCLE TRANSVERSAL and many others can be
found in the books by Cygan et al. [40] and Fomin et al. [62]. We refer to [27, O8], for an
overview of results regarding the complexity of F~-EDGE DELETION. For F-EDGE MODIFI-
CATION, we refer to a survey [39], which also has some open problems. For the hereditary
graph class, defined by a finite set of forbidden induced subgraphs, a simple branching al-
gorithm shows that F-VERTEX/EDGE DELETION, F-EDGE ADDITION as well as F-EDGE
EDITING are all fixed-parameter tractable [29]. The central idea in getting FPT-algorithms
was to destroy a structure which forbids the input graph from being in . F-EDGE CON-
TRACTION is NP-Hard when F is family of planar graphs, outerplanar graphs, series-parallel
graphs, forests and chordal graphs. We refer to [I07] for an overview of results regarding the
complexity of F~-EDGE CONTRACTION.

This thesis focuses on the parameterized complexity and algorithmic aspects of a col-
lection of important graph modification problems. The problems studied include: Uniform
Cluster Graph Modifications, Mazimum Minimal Cut-Uncut, Mazimum Minimal Separator-
Unseparator, Mazimum Minimal List Allocation, Maximum Minimal Feedback Vertex Set,
Maximum Minimal Degree-d-Modulator, and F-VERTEX SPLITTING. In the subsequent

sections, we provide a detailed, section-wise treatment of each of these problems.

1.2 Uniform Cluster Graph Modification

Many real-world problems require grouping objects or data points into well-defined clusters.
These problems can be modeled using graphs, where nodes represent objects and edges
represent relationships. Graph modification techniques help enforce structural properties,

such as equal-sized or highly similar clusters. Editing a graph—by adding or removing



edges, or deleting vertices—can make clustering more accurate or computationally feasible,

especially when the original data is not well-structured.

A classic problem in this domain is the CLUSTER VERTEX DELETION, where the objec-
tive is to delete at most k vertices from a graph such that the remaining graph becomes a
cluster graph. A cluster graph is defined as a graph in which every connected component is a
clique (i.e., a complete graph). The parameterized version of this problem has been the sub-
ject of extensive study, leading to the development of the best-known FPT algorithm with
a running time of O*(1.811%) [JL08], and a vertex kernel of size O(k?) [2]. Earlier contribu-
tions to this line of work have explored various facets of the problem, including complexity

analysis and algorithmic strategies [23] 29] [7T], [79].

Another well-studied problem in graph clustering is the CLUSTER EDGE DELETION.
The objective of the problem is to determine whether a given graph can be transformed into
a cluster graph by deleting at most k edges. The parameterized complexity of CLUSTER
EDGE DELETION has received considerable attention in the literature [20], 30], BT, 4T, 56, [71)
72, 73, 109]. The problem is solvable in O*(1.404%) time [109], and it admits a kernel with
at most 2k vertices [30, BT].

Another notable problem in clustering is the CLUSTER EDGE EDITING, also known as
CORRELATION CLUSTERING. In this problem, the goal is to decide whether a graph can be
transformed into a cluster graph by adding or deleting at most k£ edges. The problem was
first introduced by Ben-Dor, Shamir and Yakhini [I3], who were motivated by challenges
in computational biology and independently by Bansal, Blum and Chawla, who applied
the problem to document clustering in machine learning. Various parameterized versions of
CLUSTER EDITING and its many variants have since been intensively studied in the literature
[18, 19, 201, 211, 28, 42| 54l [72], [74) [75, 86, [102].

In this thesis, we explore a relatively recent variant of the clustering problem. Our
focus is on a computational problem where the goal is to modify a given graph—through
vertex deletions, vertex splittings, edge deletions, additions, or edits—so that it becomes a
collection of equal-sized cliques, referred to as Uniform Cluster graphs. Specifically, we study
the UNIFORM CLUSTER VERTEX DELETION (UCVD) problem, which asks whether at most
k vertices can be deleted to achieve this structure. We also examine edge-based variants:
UNIFORM CLUSTER EDGE DELETION (UCED), UNIFORM CLUSTER EDGE ADDITION

!The O*(f(k)) notation hides polynomial factors depending on n, where n is the input size.
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(UCEA), and UNIFORM CLUSTER EDGE EDITING (UCEE), where the aim is to apply a

limited number of respective operations to obtain a Uniform Cluster graph.

Recently, Firbas et al. [59] studied a problem called CLUSTER VERTEX SPLITTING
(CLUSTER-VS). The task in this problem is to transform an input graph into a cluster graph
by performing at most k vertex splitting operations. A vertex split is a graph operation where
a vertex v is replaced by two copies, say v; and vy, with the combined neighborhood of the
two copies being equal to the original neighborhood of v. Abu- Khzam et al. [3] propose two
different vertex splitting operations: one (exclusive splitting) where v; and vy are required
to have disjoint neighborhoods and another (inclusive splitting) where they are allowed to
share neighbors (See Figure . Intuitively, given a graph G, the goal is to find cliques
that cover all the edges of the graph with limited overlap between them. It has been shown
that CLUSTER-VS admits a kernel with at most 3k + 3 vertices. Similarly, we consider
the UNIFORM CLUSTER VERTEX SPLITTING (UCVS), where the task is to decide whether

there is a sequence of at most k vertex splits to get a uniform cluster graph.

b a b a b a
(%) V2
U1
¢ d ¢ d ¢ d
G Inclusive VS Exclusive VS

Figure 1.1: Inclusive and Exclusive vertex splitting of vertex v

Now, we formally define some problems that we consider in this thesis.

UNIFORM CLUSTER VERTEX DELETION (UCVD)
Input: An undirected graph G = (V, E)) and a positive integer k.
Question: Is there a subset S C V with |S| < k such that G — S is a collection of

equal-sized cliques?




UNIFORM CLUSTER EDGE DELETION (UCED)
Input: An undirected graph G = (V, E') and a positive integer k.
Question: Is there a subset FF C E with |F| < k such that G — F = (V,E\ F) is a

collection of equal-sized cliques?

UNIFORM CLUSTER EDGE ADDITION (UCEA)
Input: An undirected graph G = (V, E)) and a positive integer k.
Question: Is there a subset F' C (V(f)) with |F| < k such that G+ F = (V,EUF) is a

collection of equal-sized cliques?

UNIFORM CLUSTER EDGE EDITING (UCEE)
Input: An undirected graph G = (V, E) and a positive integer k.
Question: Is there a subset F' C (V(QG)) with |F| < k such that GAF = (V, EAF) is a

collection of equal-sized cliques?

UNIFORM CLUSTER VERTEX SPLITTING (UCVS)
Input: An undirected graph G = (V, E') and a positive integer k.
Question: Is there a sequence of at most k vertex splits that transforms G into a collec-

tion of equal-sized cliques?

Our contributions span kernelization, fixed-parameter tractability (FPT) algorithms, and
structural parameterizations for above mentioned problems. For UCVD, we present a vertex
kernel of size O(k?) and an FPT algorithm with a running time of O*(2¥) , both improving
upon prior work. We show that UCIVS and UCEVS are NP-hard and provide linear vertex
kernels of size 4k for each. In the edge modification category, we obtain a vertex kernel of
size O(k?) for UCEE. For UCED, we provide a vertex kernel of size 6k and an FPT algorithm
with a running time of O*(1.47%). For UCEA, we provide a linear vertex kernel of size 5k.

We also explore parameterizations based on structural measures of the input graph.

For a fixed positive integer r and a given budget k, the r-EIGENVALUE VERTEX DELE-
TION (r-EVD) asks whether there exists a set S C V(G) with at most k vertices such that
the adjacency matrix of the graph G \ S has at most r distinct eigenvalues. Variants of
this problem, including edge deletion, edge addition, and edge editing, are defined analo-

gously. It is known that the adjacency matrix Ag of a graph G has at most two distinct

6



eigenvalues if and only if G is a disjoint union of cliques of equal size. Consequently, the 2-
EIGENVALUE VERTEX DELETION (2-EVD) can be reformulated as finding a set S C V/(G)
of vertices such that the graph G\ S becomes a disjoint union of cliques, each of size ¢,
where 1 < ¢ < |V(G)|. In other words, UNIFORM CLUSTER VERTEX DELETION (UCVD)
and 2-FEIGENVALUE VERTEX DELETION (2-EVD) are equivalent problems for a graph. The

same can be concluded for other editing operations.

1.3 Maximum Minimal Problems

Optimization problems have a well-defined structure: a set of problem instances, denoted
by Z, and for a given instance x € Z, a set of feasible solutions, each feasible solution is
associated with a measure, and the objective is to either maximize or minimize the measure.
The goal of an optimization problem is to find a feasible solution whose measure is either
minimum or maximum among all possible feasible solutions. When the goal is to maximize
the measure, the problem is called a maxzimization problem, and when the goal is to minimize
the measure, it is referred to as a minimization problem. This thesis is concerned with classes
of problems called MaxzMin versions of problems. In the decision version of a minimization
(resp. maximization) problem, usually the goal is to find a set of size at most k (resp. at
least k) satisfying given constraints. In the MAXMIN (resp. MINMAX) version of the same
minimization (resp. maximization) problem, we are interested in finding a minimal (resp.

maximal) set of size at least k (resp. at most k) which satisfies the same set of constraints.

Over recent years, MAXMIN and MINMAX problems have been found to possess an
interesting combinatorial structure of their own and have now become an object of more
widespread study from the perspective of Approximation Algorithms and Parameterized
Complexity. The initial motivation for studying these variants stems from the fact that the
solution size in the MAXMIN versions provides insight into the worst-case performance of
greedy heuristics. Studies have shown that the MAXMIN and MINMAX variants present
significant challenges and are highly resistant to most established methods for addressing
the classical version of the problem. MAXMIN or MINMAX versions of VERTEX COVER |24,
114], DOMINATING SET [I], EDGE DOMINATING SET [69] 03, O6], CUT AND SEPARATIONS
[50, BT [76], KNAPSACK [63], MATCHING [33], and COLORING [12] have been studied.

In the realm of parameterized complexity, Zehavi [I14] and Boria et al. [24] studied

7



MAXMIN VERTEX COVER. We know that a set of vertices X C V(G) of a graph G is
vertex cover if and only if its complement V(G) \ X is an independent set. In other words, if
X is a vertex cover then G— X has degree 0. Now, we define the BOUNDED-DEGREE VERTEX
DELETION (BDD), where the goal is to identify whether it is possible to remove at most k
vertices from an undirected graph G such that the resulting graph has a maximum degree
of at most d where d is a specified degree bound. Note that for d = 0, BDD is the same as
VERTEX COVER. In addition to being a natural generalization of the classical Vertex Cover
problem, the BOUNDED-DEGREE VERTEX DELETION (BDD) has practical applications
in fields such as computational biology and social network analysis. The parameterized
complexity of BDD has already been studied [I5], 38 [55] 07, Q9] extensively. In this thesis,
we will fix d and we will address the problem as DEGREE-d-MODULATOR.

Definition 1. A vertex subset S C 'V is called a degree-d-modulator if G — S has mazximum

degree at most d.

Definition 2. A degree-d-modulator S is called a minimal degree-d-modulator if for any
ve S, S\ {v} is not a degree-d-modulator. In other words, G — (S \ {v}) has a vertex of
degree at least d + 1.

Figure shows an example of a minimal degree-2-modulator.

@ ® ©

Graph G — S (maximum degree = 2).

a b) C
Original graph G.

Figure 1.2: A graph G where S = {z,y} is a minimal degree 2-modulator

We can easily observe that if S is minimal degree-d-modulator, then every v € S either has
at least d + 1 neighbours in G — S or is adjacent to a vertex u € V' \ S, which has exactly d

neighbours in G — S. Now, we will define our problem formally.

MAXMIN DEGREE-d-MODULATOR

Input: An undirected graph G = (V, E') and an integer k € N.

Question: Does G admit a minimal degree-d-modulator of size greater than or equal to
k?




In this thesis, we undertake a comprehensive study of the parameterized complexity of
the MAXMIN DEGREE-d-MODULATOR problem for arbitrary values of d. We begin by
demonstrating that the problem admits a polynomial vertex kernel of size O(dk* + d*k),
thereby extending the known kernelization result for the special case d = 0. Furthermore,
we establish that MAXMIN DEGREE-d-MODULATOR is fixed-parameter tractable when pa-
rameterized by the treewidth of the input graph.

FEEDBACK VERTEX SET (FVS) together with VERTEX COVER are arguably the two
most well studied problems in parameterized complexity. In FVS, we are given an undirected
graph (G, a positive integer k, and the question is to check whether G has a vertex set S of
size at most k such that G — S is a forest (an acyclic graph). The set S is called feedback
vertex set or fvs in short. Several minimization variants of FVS have been studied in the
literature such as finding a set S such that G — S is acyclic and G[S] is connected or G[S]
is an independent set. In this thesis, we consider a maximization version of FVS, namely
MAXMIN FVS.

Definition 3. A set S is called a minimal fvs, if S is an fus and for every v € S, S\ {v}

1s not an fvs. That is, no proper subset of S is an fvs.

Figure [I.3] shows an example of a minimal feedback vertex set.

S =A{a,e, f}

(minimal fvs)

Figure 1.3: The set S = {a, e, f} is a feedback vertex set. It is minimal because no proper
subset of S is a feedback vertex set.

It is not hard to see that if S is a minimal FVS, then every u € S has a private cycle,
that is, there exists a cycle in G[(V(G) \ S) U {u}], which goes through w. It is not surpris-
ing that MAXMIN FVS is known to be NP-complete and is considerably more challenging
than Minimum FVS in various aspects, including its approximability and its suitability for

algorithms addressing special cases. Now we are ready to define the problem formally.

MAXMIN FEEDBACK VERTEX SET (MMFVS)
Input: An undirected graph G = (V, E) and an integer k € N.

Question: Does G admit a minimal FVS of size greater than or equal to k7

9



UPPER DOMINATING SET (which is the standard name for MAXMIN DOMINATING SET)
and MAXMIN VC are well-studied problems, both in the context of approximation and in
the context of parameterized complexity [II, [IT], 24, 25], 34 37, [77, 8T, 114, 115]. MAXMIN
FVS seems to lie in an intermediate space between two more well-studied problems of this
type: MAXMIN VERTEX COVER, for which the best achievable approximation ratio is v/n,
and UPPER DOMINATING SET, which does not admit any n!~¢ approximation. Dublois et al.
[48] have confirmed and quantified this intuition by showing the first non-trivial polynomial
time approximation for MAXMIN FVS with a ratio of O(n%), as well as a matching hardness

€

of approximation bound of ns- , improving the previous known [94] (shown by Mishra and

Sikdar) hardness of nz <.

a
x

b

c
Y

d

Figure 1.4: Graph G with fvs(G) = 1 and opt(G) = 4

Let fvs(G) denote the minimum size of a feedback vertex set of G, and let opt(G) denote
the maximum size of a minimal feedback vertex set of G. Clearly, fvs(G) < opt(G). The gap
between these quantities can be arbitrarily large — as shown in Figure Here, fvs(G) =1,
while opt(G) = |V(G)| — 2. Further, observe that the same example also shows that the
gap between vc(G) and opt(G) can be arbitrarily large. Here, vc(G) = 2, while opt(G) =
|V (G)| — 2. The discussion above implies that for MAXMIN FVS both fvs(G) and vc(G) are

interesting parameters to consider.

We study the MAXMIN FEEDBACK VERTEX SET (MMFVS) problem parameterized by
vertex cover and present several new results. We design an FPT algorithm that runs in
time O*(20(v<(@)logve(@)))  We complement this by proving that MMFVS does not admit a
polynomial compression under this parameter unless coNP C NP /poly. Additionally, we
develop an FPT-approximation algorithm: for any fixed ¢ > 0, there exists an algorithm
with running time 200e(@)/9) . nOW) that outputs a minimal feedback vertex set of size at
least (1 —€) - opt(G).

One must note that for understanding the parameterized complexity of MaxMin versions

of problems such as VERTEX COVER, FEEDBACK VERTEX SET and st-CUT does not require
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any new algorithmic ideas. Though constructing faster and more efficient algorithms does
require non-trivial effort compared to their standard minimization counterpart. The standard
method of treewidth based win-win approach provide an easy way to identify these problems
are in the FPT class. A particularly intriguing problem in this domain is the MAXMIN st-
SEPARATOR, which was posed as an open problem by Hanaka, Bodlaender, van der Zanden
and Oto [76].

Recently Gaikwad, Kumar, Maity, Saurabh and Sharma [66] resolved this open problem of
Hanaka et al. in positive. This work is the first to leverage the concept of highly unbreakable
instances (instances that cannot be separated into two big parts by using a small set of

vertices) to establish the fixed-parameter tractability of MAXMIN (separation) problems.

In this thesis, we generalize the results of Gaikwad et al. [66] by studying MaxMin
versions of several NP-hard generalizations of st-CUT and st-SEPARATOR. One of the most
interesting such generalizations is the MaxMin version of MULTIWAY CUT-UNCUT. In the
MAXMIN MurTiway CUT-UNCUT, given a graph G, a set of terminals 7' C V(G), a
partition (77,...,7,) of the terminals 7" and a positive integer k, the goal is to find if
there exists a set Z of at least k edges whose deletion results in a graph where, for each
i€ {l,...,p}, T; is contained is some connected component (uncut constraint) and for each
i,j € {1,...,p}, i # j, no vertex of T; has a path to any vertex of T} (cut constraints) and the
set Z is inclusion-wise minimal with this property. Note that when for each i € {1,...,p},
|T;| = 1, this corresponds to the MaxMin version of the classic MULTIWAY CUT, which

corresponds to st-CUT in the special case of p = 2.

The previous paragraph focused on generalization(s) of MAXMIN st-CUT, that is on the
edge-deletion variant of disconnecting s from ¢. Gaikwad et al. [66] showed that the MaxMin
version of the vertex-deletion variant of disconnecting s and ¢ in a graph is FPT. So we con-
sider the vertex-deletion generalization, which we call MAXMIN MULTIWAY SEPARATOR-
UNSEPARATOR, to avoid confusion. For this problem, we show that the problem soon be-
comes W|1]-hard and the only FPT case occurs for the special case of MAXMIN MULTIWAY
SEPARATOR, which is the problem where given an undirected graph G, a set of terminals
T C V(G) and a positive integer k, determine if there exists a set X C V(G) \ T such that
G — X has no path between t; and ¢; for any t,,t; € T, t; # t;, and X is inclusion-wise

minimal with respect to this property.

To show that MAXMIN MULTIWAY SEPARATOR is FPT, we show that a more general
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problem MAXMIN SUBSET FEEDBACK VERTEX SET is FPT. MAXMIN SUBSET FEEDBACK
VERTEX SET generalizes two existing problems in the literature: MAXMIN FEEDBACK
VERTEX SET studied by Lampis, Nikolaos and Manolis [87] and MAXMIN st-SEPARATOR
studied by Gaikwad et al. [66].

Now we formally define some of the problems considered in this thesis.

MAXMIN MULTIWAY CUT-UNCUT

Input: An undirected graph G, a set T C V(G) of terminals together with a partition
(T1,...,T,) of T, and a positive integer k.

Question: Does there exist a set X C F(G) of size at least k, such that X is minimal

and in G — X, each T; is entirely contained in a unique connected component?

MAXMIN SEPARATOR-UNSEPARATOR

Input: An undirected graph G, a set T C V(@) of terminals together with a partition
(T1,...,T,) of T, and a positive integer k.

Question: Does there exist a set S C V(G) \ T of size at least k, such that S is minimal

and in G — S, each T; is contained in a unique connected component?

MAXMIN SUBSET FEEDBACK VERTEX SET

Input: An undirected graph G, a set T'C V(G) and a positive integer k.

Question: Does there exist X C V(G) of size at least k, such that X is a minimal set
with the property that in G — X there is no cycle that intersects the set 17

Figure [1.3| shows an example of a minimal subset feedback vertex set.

G‘GGG'@‘Q

Figure 1.5: A connected graph G with terminal set 7' = {¢;,t5} (yellow). The set X = {c, e}
(red) is a minimal subset feedback vertex set of size 2.

Finally, we consider another generalization of the MULTIWAY CUT called the LiST AL-
LOCATION, which was introduced by Kim, Paul, Sau, and Thilikos [85]. In the classical LisT
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ALLOCATION, given a graph G, a positive integer r, a set of non-negative integers o;; for
1 <i<j<r, and a list function for the vertices A : V(G) — 2l the goal is to determine
if there is a partition of vertex set into r parts Vi, Vs, ..., V, such that |E(V;, V)| = «j
and v € V; implies | € A\(v). Kim et al. [85] showed that LiST ALLOCATION is FPT when

parameterized by k = > «;;. Chandrasekaran and Wang [32] studied a variant (with
1<i<j<r
relaxed input that A(v) = [r]) of this problem where the goal is to bound the maximum num-

ber of edges going across two parts by «. This problem turned out to be W|1|-hard when

parameterized by «. The authors provided an interesting FPT approximation algorithm.

In the MAXMIN LIST ALLOCATION (the one that we consider in this work), the goal is
opposite to that of Chandrasekaran and Wang [32], that is, one needs to determine if there
exists a partition of vertices into r non-empty parts such that the number of edges across any
two parts satisfies the given lower bound. Formally, In the MAXMIN LIST ALLOCATION,
given a graph G, a positive integer r, a set of non-negative integers «;; for 1 <1i < j <,
and a list function for the vertices A : V(G) — 201 the goal is to partition V(G) into r
non-empty parts Vi, ..., V, such that |E(V;, V;)| > «a;; for all 1 <i < j <r, and every vertex
v €V} satisfies [ € A\(v).

Here we formally define the problem studied in this thesis.

Input: An undirected graph G, a function X : V(G) — 2" a set of non-negative integers
a;; and a positive integer 7.

Question: Does there exists a partition of V(G) into r non-empty parts Vi, Vs, ..., V.
such that |[E(V;, V})| > ay; for all 1 <i < j <rand v € A(v) for all v € V(G)?

Note that MAXMIN LIST ALLOCATION generalizes the MAXMIN MuLTIwWAY CUT-
UNcur if we enforce the condition that G[V;] is connected for all i € {r}. We consider

two parameters max = max oy, and 7.
1<i<j<r

An application of color coding allows us to construct an FPT algorithm when parame-
terized by r + apax. The problem is NP-hard even when r» = 2. Therefore, the interesting
question remains whether the problem is FPT when parameterized by a., only. Unfor-
tunately, this is not the case. We show that the problem turns out to be W][1]-hard by
providing an FPT reduction from the BICLIQUE problem.
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1.4 Vertex Splitting Problems

A wvertex split is a graph modification that replaces a vertex v with two new vertices, v; and vs,
and assigns each edge previously incident to v to either vy, v, or both. Through a sequence
of vertex splits, a given graph can be systematically transformed to achieve a specific desired
property. This process gives rise to a distinct combinatorial optimization problem and an
associated decision problem for each possible graph property. In this thesis, we explore the
classical computational complexity of this family of problems and also conclude some results
about their parameterized complexity. Vertex splitting was primarily used in the context of

graph planarization, but it is now used in various settings.

Vertex splitting has been applied to the classical cluster editing problem. Now, we will
take an interesting example from [9] to motivate how vertex splitting could be useful in
real-life problems. In real-world networks, clusters frequently overlap. For instance, in social
networks, an individual may be part of multiple communities, such as those related to work,
school, or their neighborhood. Another compelling motivation arises in language networks,
where clustering words based on similar usage can be challenging due to homonyms—words
with multiple meanings, like "bat". Vertex splitting is one natural approach to incorporating
such overlap into cluster editing. There are three distinct variants of vertex splitting that
have been proposed in the literature. Each variant is suited to different types of problems
or scenarios, and the choice of which variant to use depends on the specific context or
requirements of the situation at hand. By carefully considering the characteristics of the

problem, one can select the most appropriate variant to achieve the desired outcome.

For each fixed graph class F, we obtain a separate vertex splitting problem. In this
thesis, we study the classical complexity of F-Vertex Splitting and get some parameterized

complexity results as a consequence for some class F.

F-VERTEX SPLITTING (F-VS)

Input: An undirected graph G = (V, E) and a positive integer k.

Question: Is there a sequence of at most k vertex splits that transforms G into a graph
G’ such that G’ belongs to F7?

This thesis considers several different graph classes. We will begin by providing some

definitions and then listing some of the problems addressed in this thesis.
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Definition 4. A graph G is called bipartite if its vertex set can be partitioned into two subsets
Vi and Vs, such that every edge connects a vertex from Vi to a vertex from Vs.

Definition 5. A complete bipartite graph, or biclique, is a special kind of bipartite graph in
which every vertex of the first set (say Vi) is connected to every vertex of the second set (say
Va).

We say p x ¢ is the dimension of the complete bipartite graph if |Vj| = p and |V5| = ¢. Note

that p x ¢ and ¢ x p are considered the same dimension.

Figure [I.6] shows an example of a complete bipartite graph.

Figure 1.6: The complete bipartite graph K34 has dimension 3 x 4 (or 4 x 3). Each vertex
in the left partition (V7) is adjacent to every vertex in the right partition (V53).

Definition 6. A uniform bicluster graph is a graph where each connected component is a

complete bipartite graph of the same dimension.

Definition 7. A star graph is a complete bipartite graph K ,, where one part has a single

vertex (the central vertex) and the other part contains n vertices (the leaves).
Definition 8. A star forest is a disjoint union of stars.

Definition 9. A cycle graph is a disjoint union of cycles.

Now, we are ready to define our problems formally. One can easily observe that the problems

we define correspond to F-Vertex Splitting problem for some graph class F.

BIPARTITE-VERTEX SPLITTING (BIPARTITE-VS)
Input: An undirected graph G = (V, E)) and a positive integer k.

Question: Is there a sequence of at most k vertex splits that transforms G into a bipartite

graph?
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UNIFORM BICLUSTER-VERTEX SPLITTING (UNIFORM BICLUSTER-VS)
Input: An undirected graph G = (V, E') and a positive integer k.
Question: Is there a sequence of at most k vertex splits that transforms G into G’ such

that G’ is a bicluster graph.

START FOREST-VERTEX SPLITTING (STAR FOREST-VS)
Input: An undirected graph G = (V, E)) and a positive integer k.
Question: Is there a sequence of at most k vertex splits that transforms G into a star

forest?

CYCLE GRAPH-VERTEX SPLITTING (CYCLE GRAPH-VS)
Input: An undirected graph G = (V, E) and a positive integer k.
Question: Is there a sequence of at most k vertex splits that transforms G into a cycle

graph?

UNIFORM CYCLE GRAPH-VERTEX SPLITTING (UNIFORM CYCLE GRAPH-VS)
Input: An undirected graph G = (V, E') and a positive integer k.
Question: Is there a sequence of at most k vertex splits that transforms G into a disjoint

union of equal-sized cycles?

We show that F-VERTEX SPLITTING is NP-complete for both inclusive and exclusive
variants when F is the class of uniform cycle graphs, star forests, and uniform biclusters. For

bipartite graphs, both variants are equivalent to BIPARTITE VERTEX DELETION, inheriting

its known FPT and kernelization results. We show that CYCLE GRAPH-EXCLUSIVE VERTEX

SPLITTING is solvable in polynomial time.

1.5 Literature Survey and Our Contributions
In this section, we review the existing literature on the specific problems studied in this
dissertation.

Uniform Cluster Graph Modifications: Misra et al. [95] examined Uniform Cluster

Graph Modification problem in a different context, investigating the complexity of reducing
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the number of distinct eigenvalues of an input graph by removing vertices or editing edges.
A special case where the number of eigenvalues is reduced to at most two is equivalent to
transforming a graph into a Uniform Cluster graph, as shown in previous works [43] [70]. It
is proved that an adjacency matrix of a graph has at most two distinct eigenvalues if and
only if the graph is a disjoint union of equal-sized cliques. Misra et al. [95] provided various

results for this special case.

Furthermore, Madathil and Meeks [92] recently explored a generalization of this problem
termed BALANCED CLUSTER EDITING, where, given a graph G, and two integers 0 <
n < n and k, we are permitted to edit up to k edges. This editing should yield a cluster
graph where the size difference between any two connected components does not exceed 7.
Notably, when 1 = 0, this problem reduces to the UNIFORM CLUSTER EDITING. Their
paper presented polynomial kernels for BALANCED CLUSTER COMPLETION, BALANCED
CLUSTER DELETION, and BALANCED CLUSTER EDITING. While they provided polynomial
kernels for the general cases, we have achieved better bounds in all considered variants when

1n = 0. Our results were obtained simultaneously and independently from those by Madathil
and Meeks.

Before the work of Madathil and Meeks [92], a closely related variant of BALANCED
CLUSTER EDGE MODIFICATION, termed DIFFERENCE-0 BALANCED CLUSTERING was
studied in the master thesis of Steinvik [I06]. In this variant, ¢ plays the same role as
7 in BALANCED CLUSTER EDGE MODIFICATION. In addition to edge modification, vertex
deletion was also considered in the thesis. Steinvik also introduced a generalization of the
UNIFORM CLUSTER GRAPH MODIFICATION, called FACTOR-a BALANCED CLUSTERING.
In this problem, given a graph G and integers v and k, the goal is to perform at most k edit
operations to obtain a cluster graph in which, for every pair of components C; and Cj, the
inequality a - |[V(C;)| > |V(C})| holds. When « = 1, this problem coincides with UNIFORM
CLUSTER GRAPH MODIFICATION. In his thesis, Steinvik provided a vertex kernel of size
O(k*) for both DIFFERENCE-6 BALANCED CLUSTER VERTEX DELETION and FACTOR-«
BALANCED CLUSTER VERTEX DELETION. We obtain an improved kernel for the special

case when 6 =0 or a = 1.

We prove that UCVD admits a kernel with O(k?) vertices. We present an FPT algo-
rithm that runs in time O*(2¥), improving upon the FPT algorithms given in |95, [106],

which have a running time of O*(3%). In this work, we consider two kinds of vertex split-
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ting operations called inclusive and exclusive vertex splitting. We show that the UNIFORM
CLUSTER-INCLUSIVE VERTEX SPLITTING and UNIFORM CLUSTER-EXCLUSIVE VERTEX
SPLITTING are NP-hard. In the realm of parameterized complexity, we provide a linear ver-
tex kernel of size 4k for UNIFORM CLUSTER EXCLUSIVE VERTEX SPLITTING and a linear
vertex kernel of size 4k for UNIFORM CLUSTER INCLUSIVE VERTEX SPLITTING.

For the problem UCEE, we provide a kernel with O(k?) vertices. Furthermore, we present
linear kernels with 6k and 5k vertices for UCED and UCEA, respectively, improving upon
the quadratic kernel [95] for UCEA. We also give an FPT algorithm with a running time
of O*(1.47%) for UCED, further enhancing the O*(2*) algorithm [106], [95]. We construct a
subexponential algorithm for UNIFORM CLUSTER EDGE DELETION on everywhere-a-dense
graphs.

Maximum Minimal Degree-d-Modulator: The parameterized complexity of DEGREE-
d-MODULATOR has been already studied [15], 38, 55, 07, 99] extensively. But there is no direct
work on MAXMIN DEGREE-d-MODULATOR, except for the case d = 0. As we have already
noted that MAXMIN DEGREE-O-MODULATOR is the same as MAXMIN VERTEX COVER.
Fernau [57] presented fixed-parameter tractable (FPT) algorithms for the MAXMIN VERTEX
CovER (MMVC), along with some results concerning its kernelization when parameterized
by the solution size k. As noted in [57], the problem admits a kernel with at most k?
vertices. Specifically, if there exists a vertex of degree at least k, then we can safely return a
yes-instance. By using a similar technique, we show that MAXMIN DEGREE-d-MODULATOR
admits a vertex kernel of size O(dk? + d*k).

It is worth noting that the MAXMIN VERTEX COVER (MMVC) problem is the dual
of the well-known MINIMUM INDEPENDENT DOMINATING SET. This correspondence arises
from the observation that the complement of any minimal vertex cover forms an independent
dominating set. We note that there exists related work [I7, TT1] on the dual of the MAXMIN
DEGREE-d-MODULATOR problem, although it has not been studied in a parameterized com-
plexity setting.

MAXMIN VERTEX COVER can be solved in O*(c*) time [114]. In route of the attempt
to get a O*(c¥) for MAXMIN DEGREE-d-MODULATOR, we prove that MAXMIN DEGREE-d-
MODULATOR is FPT parameterized by the treewidth of the graph. We prove that MAXMIN
DEGREE-d-MODULATOR can be solved in time O*(¢™). For d € {0, 1,2}, it can be observed

that given a degree-d-modulator of size at most k, one can construct a tree decomposition of
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G with treewidth at most k£ 4+ 2. This implies that tw(G) = O(k). Consequently, using the
greedy algorithm and O*(c™) time algorithm for bounded treewidth, the MAXMIN DEGREE-
d-MODULATOR problem can be solved in O*(c¥) time for the special cases when d € {0, 1,2}.

Maximum Minimal Feedback Vertex Set: The MAXMIN FEEDBACK VERTEX SET
(MMFVS) was first demonstrated to be NP-complete for graphs with a maximum degree
of 9 by Mishra and Sikdar [94]. This result was later improved by Dublois et al. [48],
who showed NP-completeness for graphs with a maximum degree of 6. A polynomial-time
approximation algorithm described in [48] implied the existence of a kernel of size O*(k?).
Further evidence suggesting that this kernel size may be optimal was provided later in [7].
Lampis et al. [87] showed that MMFVS can be solved in time O(9.34%). Additionally, it
is worth noting that the problem is easily shown to be fixed-parameter tractable (FPT)
when parameterized by treewidth, and even by clique-width, as the property of a set being

a minimal feedback vertex set can be expressed in M SO logic.

We consider the vertex cover as a parameter and show some results. First, we show that
MMFVS can be solved in time O* (QO(VC(G) log "C(G))). We complement this result by showing
that MAXMIN FVS parameterized by vc(G) does not admit a polynomial compression unless
coNP C NP /poly. Note that vc(G) can be much larger than opt(G), for example in a cycle.
So O*(c*) FPT algorithm for parameterized by solution size is not implied by our algorithm
for the parameter vertex cover. Finally, we show that if we allow a "small loss" then we
can improve upon our result for vertex cover. That is, we design an FPT-approximation
algorithm for MMFVS parameterized by vc(G). Let € > 0 be a fixed constant. Then, there
exists an algorithm for MMFVS, that runs in time QO(VC(EG))nO(l) and returns a minimal
feedback vertex set of size at least (1 — €)opt(G).

o(1)

Lampis et al. [87] obtained an algorithm running in time tw®®™)n®®  which generalizes

O(ve) O(l)‘

our vc They also showed that the existence of an algorithm running in time

ve?@In®W) is ruled out by the ETH (and hence also the existence of a tw*®)n®1) algorithm).

n

MaxMin Separation with Uncut Constraints: We observe that the MAXMIN MULTI-
WAY CUT-UNCUT generalizes the MAXMIN MULTIWAY CUT, which in turn generalizes the
MAXMIN st-CUT. It is known that MAXMIN st-CUT is NP-hard even when restricted to
planar bipartite graphs [47]. Since both MAXMIN MuLTIWAY CUT and MAXMIN MULTI-
WAY CUT-UNCUT generalize this problem, it follows that they are also NP-hard on planar
bipartite graphs. Similarly, when r = 2 and A(v) = {1,2} for all v € V(G), the MAXMIN
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LI1ST ALLOCATION coincides with the classical MAXIMUM CuUT, which was shown to be
NP-hard even when restricted to graphs of maximum degree 3 by Yannakakis [I13]. Hence,
MAXMIN LIST ALLOCATION is also NP-hard. Furthermore, the MAXMIN SUBSET FVS
generalizes the MAXMIN FEEDBACK VERTEX SET, which has been shown to be NP-hard on
graphs of maximum degree 6 by Dublois et al. [48], who also present an approximation algo-
rithm with ratio n3 and proved that this is optimal unless P=NP. It follows that MAXMIN
SUBSET FVS is NP-hard as well.

We first remark that determining if there is any feasible solution for (MAXMIN) MUL-
TIWAY CUT-UNCUT is NP-hard, even when |T;| = 2 for each ¢ € {1,...,p}. Indeed, the
feasibility question is equivalent to the VERTEX DISJOINT PATHS. Thus, the NP-hardness
of VERTEX DISJOINT PATHS [83] imply that the feasibility version of (MAXMIN) MULTI-
WAY CUT-UNCUT is NP-hard. Therefore, the MAXMIN MULTIWAY CUT-UNCUT is para
NP-hard when parameterized by solution size (as the instance with k£ = 0 is equivalent to

the feasibility question), even when |T;| < 2, for each i € {1,...,p}.

For parameterized tractability, the next interesting parameter is p (or even k + p) as at
least the feasibility question, equivalently, VERTEX DISJOINT PATHS is FPT parameterized
by p [104] T05]. The feasibility version of the problem (that is the case when k = 0) turns
out to be para-NP-hard even with the parameterization p, as already for p = 2, the feasible
version of (MAXMIN) MULTIWAY CUT-UNCUT is equivalent to the NP-hard 2-DISJOINT
CONNECTED SUBGRAPHS [I10]. In the 2-D1sJOINT CONNECTED SUBGRAPHS, the input is
an undirected graph G and two terminal sets 71, To C V(G), Ty N Ty = (), and the question
is to determine if the graph has two vertex-disjoint connected subgraphs, each containing 7}
and T5 respectively. The 2-DI1SJOINT CONNECTED SUBGRAPH is NP-hard even when one of
the sets |T7| = 2 (but |T3| is arbitrarily large). Thus, we conclude that MAXMIN MULTIWAY
Cut-UNcuT is para-NP-hard even with respect to the combined parameter k& + p. This
brings us to the main algorithmic part of our work. We show that MAXMIN MULTIWAY
Cut-UNcuT is FPT parameterized by k + p when max;c(i,. py |T3] < 2.

We establish the para-NP-hardness of MAXMIN MULTIWAY CUT-UNCUT using the no-
tion of feasible solutions of MAXMIN MULTIWAY CUT-UNCUT. A similar technique can
be used to derive hardness results for MAXMIN MULTIWAY SEPARATOR-UNSEPARATOR.
We observe that (G, (T1,73)) is a yes-instance of the 2-INDUCED DISJOINT PATHS if and
only if there is a feasible solution to MAXMIN MULTIWAY SEPARATOR-UNSEPARATOR. It
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is known that 2-INDUCED DISJOINT PATHS is NP-hard |16, 53]. Consequently, deciding if
there is a feasible solution to MAXMIN MULTIWAY SEPARATOR-UNSEPARATOR is NP-hard
even if p = 2, k = 1 and |T7| = |T»| = 2. Hence we conclude that MAXMIN MULTIWAY
SEPARATOR-UNSEPARATOR is para-NP-hard parameterized by p and k combined even if
Th| = |T3| = 2.

We show that MAXMIN SUBSET FVS is fixed-parameter tractable parameterized by k.
We provide a parameterized reduction from MAXMIN MULTIWAY SEPARATOR to MAXMIN
SUBSET FVS, which shows that MAXMIN MULTIWAY SEPARATOR is fixed-parameter
tractable parameterized by k. This generalizes the result provided by Gaikwad, Kumar,
Maity, Saurabh & Sharma [66] who showed that the MAXMIN st-SEPARATOR is FPT.

The L1ST ALLOCATION was introduced by Kim, Paul, Sau, and Thilikos [85], who showed
that it is fixed-parameter tractable (FPT) when parameterized by k = >, _,, a;;. Chan-
drasekaran and Wang [32] studied a relaxed variant of the problem, where the list assignment
is uniform (i.e., A(v) = [r] for all vertices), and the objective is to bound the maximum num-
ber of edges crossing between any two parts by a global threshold a. They proved that this
variant is W|[1|-hard when parameterized by «, but also designed an FPT approximation
algorithm for the problem. We show that MAXMIN LIST ALLOCATION is W|1]-hard param-
eterized by apax = . Sr??]xg e by providing a parameterized reduction from the BICLIQUE.
We note that MAXMIN LIST ALLOCATION generalizes the MAXIMUM CuUT for the case
r = 2. We know that MAXIMUM CUT is NP-hard. Hence MAXMIN LIST ALLOCATION
is para-NP-hard parameterized by r. Therefore, the interesting questions remain whether
the problem is FPT when parameterized by ap.x only. We provide an FPT algorithm

parametrized by 7 + amax by using color coding technique.

Vertex Splitting Problems: PLANAR GRAPH-INCLUSIVE VERTEX SPLITTING is known
to be NP-complete [52]. Nollenburg et al. [I00] gave an FPT algorithm to solve PLANAR
GRAPH-INCLUSIVE VERTEX SPLITTING. Baumann et al. [I0] showed that F-INCLUSIVE
VERTEX SPLITTING is FPT parameterized by the number of splits when either restricted to
input graphs of bounded treewidth and properties characterizable by monadic second-order
graph logic, or alternatively, for minor-closed class F. It is also known that PATHWIDTH-
ONE INCLUSIVE VERTEX SPLITTING is FPT [I0]. s-CLUB CLUSTER-INCLUSIVE VERTEX
SPLITTING [4] is NP-complete and is shown to be FPT. Very recently, Abu-Khzam and
Thoumi [5] showed that CLAW-FREE EXCLUSIVE VERTEX SPLITTING is NP-complete in
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general, while admitting a polynomial-time algorithm when the input graph has maximum

degree four.

There are some interesting results for /-INCLUSIVE VERTEX SPLITTING for some graph
classes F in the thesis [58] of Alexander. F-INCLUSIVE VERTEX SPLITTING is NP-complete
[60, 58] for various hereditary graph classes, including, but not limited to, cluster graphs,
bipartite graphs, perfect graphs, graphs free of finite sets of (induced) cycles, graphs free of
a single biconnected forbidden (induced) subgraph, graphs free of a set of triconnected for-
bidden (induced) subgraphs with bounded diameter, and graphs free of a set of 4-connected
forbidden (induced) subgraphs. FOREST-, SPLIT-, AND THRESHOLD- INCLUSIVE VERTEX
SPLITTING can be solved in polynomial-time [58]. CLUSTER-INCLUSIVE VERTEX SPLIT-
TING [59] 58| is NP-hard and admits a linear kernel.

We investigate the classical complexity of F-VERTEX SPLITTING for different F. We
observe that F-DECOMPOSITON and F-VERTEX SPLITTING are closely related. By us-
ing this observation, we show that CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING is
polynomial-time solvable. The complexity of CYCLE GRAPH-INCLUSIVE VERTEX SPLIT-
TING remains open. By giving a reduction from K3-DECOMPOSITION to UNIFORM CY-
CLE GRAPH-INCLUSIVE VERTEX SPLITTING, we prove that UNIFORM CYCLE GRAPH-
INCLUSIVE VERTEX SPLITTING and UNIFORM CYCLE GRAPH-EXCLUSIVE VERTEX SPLIT-
TING are NP-complete. We prove that STAR FOREST-INCLUSIVE VERTEX SPLITTING and
STAR FOREST-EXCLUSIVE VERTEX SPLITTING are NP-complete on cubic graphs and even

in planar graphs of degree at most 3.

Firbas and Sorge [58, 60] showed that BIPARTITE-INCLUSIVE VERTEX SPLITTING is
NP-hard by giving a reduction from 2-SUBDIVIDED CUBIC VERTEX COVER. We prove
that BIPARTITE-INCLUSIVE VERTEX SPLITTING and BIPARTITE VERTEX DELETION are
equivalent problems. This gives an alternate approach to prove N P-hardness of BIPARTITE-
INCLUSIVE VERTEX SPLITTING. So, the existence of a kernel and FPT algorithm for
BIPARTITE VERTEX DELETION provides the existence of a kernel and FPT algorithm
for BIPARTITE-INCLUSIVE VERTEX SPLITTING. We conclude the same for BIPARTITE-
EXCLUSIVE VERTEX SPLITTING as we show that BIPARTITE-EXCLUSIVE VERTEX SPLIT-
TING and BIPARTITE VERTEX DELETION are equivalent problems.

BICLUSTER-VERTEX SPLITTING has been stated as an open problem in [I4]. We consider

a slightly different problem, where the objective is to get a uniform bicluster graph instead of
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a bicluster graph. In this thesis, we prove that UNIFORM BICLUSTER-INCLUSIVE VERTEX
SPLITTING and UNIFORM BICLUSTER-EXCLUSIVE VERTEX SPLITTING are NP-complete.
We provide a partial proof of a conjecture proposed in Alexander’s PhD thesis [58]. Establish-
ing this conjecture could aid in proving the NP-completeness of the F-VERTEX SPLITTING
problem for various classes F. In the process of attempting to prove the conjecture, we
established the NP-completeness of the SIGMA I'-COVER problem for a specific class, which

may be of independent interest.

1.6 Overview of the Thesis

In Chapter [2, we establish the foundational terminology and notational conventions used
throughout this thesis. We begin with a brief introduction to classical and parameterized
complexity theory. In the context of parameterized complexity, we formally define param-
eterized problems, fixed-parameter tractable (FPT) algorithms, and kernelization. We also
present several key techniques used to demonstrate that a problem belongs to the class FPT
and introduce the W-hierarchy to illustrate intractability within this framework. A dedi-
cated section focuses on structural graph parameters considered in this thesis. Subsequently,
we provide a formal definition of Monadic Second-Order logic (MSO). Finally, we explore

various variants of vertex splitting with an example.

In Chapter [3, we investigate the parameterized complexity of the UNIFORM CLUSTER
GRAPH MODIFICATION problems. This chapter is based on the articles [64] [65]. We obtain
kernels with O(k?), 4k, 4k, O(k?), 6k, and 5k vertices for UCVD, UCEVS, UCIVS, UCEE,
UCED, and UCEA, respectively. We design FPT algorithms with running times O(2*) for
UCVD and O(1.47%) for UCED, and give a subexponential-time algorithm for UCED on
everywhere-a-dense graphs. Parameterized by vertex cover, we present kernels of size 3vc(G)
and 2vc(G) for UCVD and UCED, respectively. We also provide a kernel of size 3fvs(G) + 1
for UCED when parameterized by feedback vertex set. Furthermore, we show that UCVD,
UCEA, and UCEE are FPT when parameterized by vertex cover, and that UCEE admits

an XP algorithm when parameterized by treewidth.

In Chapter[d] we study DEGREE d-MODULATOR. We show that DEGREE d-MODULATOR
has a kernel with O(dk? + d?k) vertices. We show that the DEGREE-d MODULATOR can be

solved in O*(c™) time using a dynamic programming algorithm over a tree decomposition.
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In Chapter o we focus on MAXMIN FEEDBACK VERTEX SET parameterized by vertex
cover number. This chapter is based on the article [67]. We show that MAXMIN FV'S can be
solved in time O*(20(v<(&)logve(@)) - We prove that MAXMIN FVS parameterized by vc(G)
does not admit a polynomial compression unless coNP C NP /poly. Finally, we propose an

FPT-approximation scheme parameterized by vc(G).

In Chapter [6 we investigate the parameterized complexity of three MaxMin separation
problems: MAXIMUM MINIMAL MULTIWAY CUT UNCUT (MAXMIN MULTIWAY CUT UN-
CUT), MAXIMUM MINIMAL LIST ALLOCATION (MAXMIN LIST ALLOCATION) and MAXI-
MUM MINIMAL SUBSET FEEDBACK VERTEX SET (MAXMIN SUBSET FVS). We first give
a technical overview of some of the proofs given in the chapter. We prove that MAXMIN
MurTIWAY CUT-UNCUT is para-NP-hard parameterized by solution size even when |T;| < 2.
Then we observe that MAXMIN MULTIWAY CUT-UNCUT is para-NP-hard parameterized by
p and k combined. In contrast, we prove that MAXMIN MuLTIWAY CUT-UNCUT is FPT
parameterized by p + k when |T;| < 2 Vi € [p]. We also observe that MAXMIN MULTIWAY
SEPARATOR-UNSEPARATOR is para-NP-hard parameterized by p and k combined even if
|T1| = |T3| = 2. Then we show that MAXMIN SUBSET FEEDBACK VERTEX SET is FPT
parameterized by solution size. The last section of the chapter is dedicated to MAXMIN
L1sT ALLOCATION. We first show that there exists a randomized algorithm that, given an
instance of MAXMIN LIST ALLOCATION, in time r(2)omes . 00) cither reports a failure or
finds a r-colorful certificate of correctness of the given instance. Moreover, if the algorithm
is given a yes instance, it returns a solution with constant probability. Finally, we prove that
MAXMIN LiST ALLOCATION is W[1|-hard parameterized by qpax.

In Chapter [7] we analyze the classical complexity of F-VERTEX SPLITTING for various
graph classes F. This chapter is based on the article [68]. We show that CYCLE GRAPH-
EXCLUSIVE VERTEX SPLITTING is solvable in polynomial time. In contrast, we prove that
the inclusive and exclusive variants of /-VERTEX SPLITTING are NP-complete for the fol-
lowing classes: uniform cycle graphs, star forests, uniform biclusters, and bipartite graphs.
Additionally, we establish the equivalence between BIPARTITE-EXCLUSIVE VERTEX SPLIT-
TING and BIPARTITE VERTEX DELETION. Finally, we provide a partial proof of a conjecture
from Alexander’s PhD thesis [58].

In Chapter [§ we summarize our findings and present several open problems that emerge

from our study.
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Chapter 2

Preliminaries

This chapter introduces the notations and definitions used throughout the thesis. We begin
by outlining the notations relevant to graph theory. Next, we present the key definitions and
primary results from the field of classical and parameterized complexity theory. We then
provide a brief overview of Monadic Second Order Logic on graphs, followed by a discussion
of some of the structural parameters considered in this thesis. Finally, the last section of

this chapter introduces the notion of vertex splitting.

2.1 Graph Theory

In this thesis, we focus on simple graphs with a finite number of vertices. For standard
notations and definitions in graph theory, we refer to [I12]. For an undirected graph G,
V(G) represents the set of vertices and E(G) represents the set of edges of the graph G.
Two vertices u and v in V' (G) are said to be adjacent if there exists an edge uv in E(G). The
neighborhood of a vertex v, denoted by Ng(v), is the set of vertices adjacent to v, and its
degree dg(v) is defined as |Ng(v)|. The subscript in the neighborhood and degree notation

may be omitted when the graph being referenced is clear from the context.

Let U C V be a subset of vertices of G and F C (g) be a subset of pairs of vertices of
G. The subgraph induced by U C V is denoted by G[U]. We define G — U = G [V \ U],
G—-F = (V,E\F), G+ F = (V,EUF) and GAF = (V,EAF). Here, EAF is the
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symmetric difference between E and F. If U = {u} and F' = {e} then we simply write
G—u, G—eand G+efor G—U, G- F and G + F, respectively. For a set of edges F,
the set V(F') refers to the collection of all endpoints of the edges in F'. For a fixed graph H,
Free~(H) := {G | no induced subgraph of G is isomorphic to H}.

A graph G is d-regular if every vertex has degree d. The graph on n vertices in which
every vertex is adjacent to every other vertex is called the complete graph and denoted by
K,. Note that K, is (n — 1)-regular. A graph G is called bipartite if its vertex set can be
partitioned into two subsets V; and V5, such that every edge connects a vertex from V; to a
vertex from V5. If each vertex in V; is adjacent to every vertex in V5, the graph is referred

to as complete bipartite and is denoted by K, ,, where m = |V;| and n = |V5].

A path P = (v1,vq,...,vp) is a sequence of distinct vertices where every consecutive pair
of vertices is adjacent. A path with ¢ vertices is denoted by P,. A cycle is a sequence
(v1,v9,...,vp,v1) of vertices such that (vq,vs,...,v,) is a path and v,v; is an edge. A cycle
with ¢ vertices is denoted by C,. A graph is said to be connected if there exists a path
between every pair of vertices. If a graph is not connected, it is referred to as disconnected.
The maximal connected subgraphs of a graph are known as components. A tree is a connected
graph with no cycles. A rooted tree is a tree where one vertex is specifically designated as
the root. The height of a rooted tree is the length of the longest path from the root to any
vertex. A vertex of degree one is called a pendant vertex. A pendant vertex in a tree is called
a leaf. A star graph is a complete bipartite graph K ,, where one part has a single vertex
(the central vertex) and the other part contains n vertices (the leaves). A forest is a graph

containing no cycles.

A clique is a subset of vertices in an undirected graph where every pair of distinct vertices
is adjacent. In contrast, an independent set is a subset of vertices in which no two vertices
are adjacent to each other. A cluster graph is a graph where every component is a clique.
Observe that a graph is a cluster graph if and only if it does not have an induced P;, that

is, an induced path on three vertices.

A graph on n vertices is a-dense if it has an?/2 edges. It is everywhere-a-dense if the
minimum degree is an. We abbreviate (1)-dense as dense and everywhere-{2(1)-dense as

everywhere-dense.

For two positive integers ¢ and k, a graph G is said to be (g, k)-unbreakable if no vertex
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set of size at most k can separate two vertex subsets of size at least ¢ each. In other words,
for every separation of GG of order at most k, at least one side of the separation has fewer than
q vertices outside the separator. We say that a graph is unbreakable if it is (g, k)-unbreakable

for some values of ¢ and k.

A pair (X,Y), where X UY = V(G), is called a separation of G if there are no edges
between X \ Y and Y\ X, i.e,, E(X \Y,Y \ X) = ). The order of the separation (X,Y) is
defined as |X NY|.

We note that if there exists a separation (X,Y") of order at most &k such that | X \ Y] > ¢
and |Y \ X| > ¢, then G is (q, k)-breakable, and the separation (X,Y) is called a witnessing
separation for the (g, k)-breakability of G. Otherwise, G is (q, k)-unbreakable.

The adjacency matriz Ag of G, with respect to a listing of the vertices, is the n x n
zero-one matrix with 1 as its (4,j) entry when v; and v; are adjacent, and 0 otherwise.
Adjacency matrices of undirected graphs are always symmetric. It means the adjacency
matrix of a graph with n vertices has n number of real eigenvalues. It is known [43], [70] that
the adjacency matrix Ag has at most two distinct eigenvalues if and only if G is a disjoint

union of equal-sized cliques.

2.2 Classical and Parameterized Complexity Theory

We assume a foundational understanding of computational complexity theory, including
familiarity with the complexity classes P and NP, polynomial-time many-one reductions,
and the concepts of problem hardness and completeness for a given class. We will address
some of the mentioned topics very briefly. For a thorough introduction to classical complexity
theory, refer to [30].

Problems in the set P are those problems that have polynomial time algorithms, and are
computationally the easiest problems to solve. The NP-complete problems are the "poly-
nomially hardest" problems in the class NP, and are all polynomially intractable, making
them a special focus in the theory of classical complexity. Let us understand the concept of
hardness between problems. Consider two decision problems, A and B, and an algorithm A

that can convert an instance of A into an equivalent instance of B in polynomial time. If B
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can be solved in polynomial time, then it follows that A can also be solved in polynomial
time: we first use algorithm A to transform the instance of A into an equivalent instance of
B, and then we solve B, with both steps taking polynomial time. However, the existence of
a polynomial-time algorithm for A does not necessarily imply the existence of a polynomial-
time algorithm for B. Thus, we say B is polynomially harder than A, denoted as A <p B.
The algorithm A is referred to as a polynomial-time reduction from A to B. We consider
the problems A and B to be polynomially equivalent if both A <p B and B <p A hold true,

which is represented as A =p B.

The time required by an algorithm is a key factor in determining its efficiency. For
many problems, there are algorithms with a time complexity that is polynomial in the
input size. Many real-world problems are NP-Hard, which means they are very difficult
to solve efficiently, and we do not expect to find fast algorithms to solve them for large
inputs. Parameterized complexity provides a special approach to deal with these challenging
problems. The area of parameterized complexity theory was first systematically explored by
Downey and Fellows [46] in 1999. Parameterized Complexity theory provides a more detailed
view of the computational complexity of problems. Central notions in this paradigm are fized-
parameter tractability and kernelization. For a comprehensive introduction to parameterized

complexity theory, we refer to [40].

A parameterized problem is a classical problem with an additional integer associated with

each instance of the problem. Formally, we define it as follows.

Definition 10. A parameterized problem is a language 11 C ¥* x N, where ¥* is a fixed,
finite alphabet. For an instance (I,k) € ¥* x N, the integer k is called the parameter.

The parameter is expected to be smaller than the entire input. A common parameter is

a bound on the size of an optimal solution to the problem instance.

Definition 11. A parameterized problem II C ¥* x N is called fixed-parameter tractable
if there exists an algorithm A (called a fized parameter tractable algorithm), a computable
function f : N — N, and a constant ¢ such that, given (I,k) € ¥* x N, the algorithm A
correctly decides whether (I,k) € I in time bounded by f(k) - (|I]| + k)°.

The complexity class containing all fixed-parameter tractable problems is called FPT.
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Kernelization is a method used to simplify problems by reducing their size while still keeping
the main characteristics intact. It is also used to show that a parameterized problem is in
FPT.

Definition 12. A kernelization algorithm, or simply a kernel, of a parameterized language
IT C ¥* x N is an algorithm that takes as input an instance (I, k) € ¥* x N, and in time

polynomial in |I| + k, returns another instance (I', k") such that:

o |I'| + K < g(k) for some computable function g(-), and

o (I.k) eIl if and only if (I', k') € 11

Two instances (I, k) and (I’ k) are said to be equivalent instances of IT when (I,k) € II
if and only if (I’,k") € II. Depending on whether the function g(-) is linear, polynomial,
or exponential, the problem is said to have a linear, polynomial, or exponential kernel,

respectively.

If we have a kernelization algorithm for a problem for which there is some algorithm
(with any running time) to decide whether (I, k) is a yes-instance, then clearly the problem
is FPT, as the size of the reduced instance I’ is simply a function of & (and independent of

the input size). Interestingly, the converse is also true. So, we have the following theorem.

Theorem 1. [[0] A parameterized problem admits a kernelization algorithm if and only if

it is fived-parameter tractable.

Any FPT problem admits an exponential kernel [40]. So a natural question for any FPT
problem is whether it admits a polynomial kernel. However, not every problem that is FPT

with respect to a specified parameter necessarily has a polynomial kernel.

We discuss the concept of polynomial compression, which serves as a generalization of
the notion of kernels in parameterized complexity. Unlike kernels, which specifically aim to
reduce the instance into the same language, polynomial compression allows reduction into a

potentially different target language.

Definition 13. A polynomial compression of a parameterized language (Q C X* x N into a
language R C 3* is an algorithm that takes as input an instance (z,k) € ¥* X N, works in

time polynomial in |x| + k, and returns a string y such that:
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e |y| < p(k) for some polynomial p(-), and

e y € R if and only if (x,k) € Q.

Note that a polynomial kernel is also a polynomial compression by treating the output
kernel as an instance of the unparameterized version of Q).

Definition 14. Let II;,II, C X* x N be two parameterized problems. An algorithm A is
called a polynomial parameter transformation from Iy to Iy if, given an instance (11, k1) of

IT;, A works in polynomial time and outputs an instance (I, ko) of Iy such that:
o |ko| < p(ky1) for some polynomial p(-), and
o (I, ky) €Iy if and only if (12, ko) € 1.
Let 11, be a problem known to not admit a polynomial compression. Then polynomial

parameter transformation would help to transfer this hardness to 1ls.

Theorem 2. [[0] Let I1; and Iy be two parameterized problems in 3* x N, and suppose
there exists a polynomial parameter transformation from Ily to Ily. If 11y is known to not

admit a polynomial compression, then Ily does not admit a polynomial compression.

Theorem [I| demonstrates that a kernelization algorithm is a powerful technique for de-
signing a fixed-parameter tractable (FPT) algorithm. In the following, we will explore the
concept of parameterized reduction, which is another important method used to establish
that a problem is in FPT.

Definition 15. Let II;,Il; C ¥* X N be two parameterized problems. A parameterized
reduction from problem 11y to 1y is an algorithm that, given an instance (x, k) of Ily, outputs
an instance (', k") of Iy such that

o (z,k) is a yes instance of Il if and only if (2, k") is a yes instance of s,

o k' < g(k) for some computable function g, and

e the running time is f(k) - |z|°Y for some computable function f.
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In classical complexity theory, we have seen the notion of polynomial-time reduction.
We have seen that if there is a polynomial-time reduction from problem A to a problem B
then if problem B can be solved in polynomial time then problem A also admits a polyno-
mial time algorithm. Analogously, in parameterized complexity, the idea of parameterized
reduction serves a similar purpose. A parameterized reduction ensures that the parameter
in the transformed instance remains bounded by a function of the original parameter. This
preservation is crucial, as it guarantees that the computational hardness associated with the
parameter is maintained. Parameterized reductions thus provide a rigorous framework for
analyzing and comparing the complexity of problems within the parameterized complexity
theory. The following theorem is a straightforward consequence of the definition of parame-

terized reduction

Theorem 3. [0/ If there is a parameterized reduction from problem Il to Iy and Iy is
FPT, then 11y is FPT as well.

Another widely used technique to demonstrate that a parameterized problem is fixed-
parameter tractable (FPT) is the branching technique, also known as bounded search tree.
Branching algorithms systematically explore a search tree, where each node represents a
partial solution to the problem instance. At each branching point, the algorithm makes
decisions based on the current state and the values of additional parameters, generating
subproblems that correspond to alternative choices. This recursive process continues until
a complete solution is found or the entire search space has been traversed. Despite their
simplicity, branching algorithms often exhibit exponential worst-case time complexity due
to the combinatorial explosion of choices at each decision point. The efficiency of such
algorithms is heavily influenced by both the branching factor (i.e., the number of subproblems

generated at each node) and the depth of the search tree.

We have presented the most fundamental algorithmic techniques for showing the fixed-
parameter tractability of parameterized problems. Now our focus shifts to the complemen-
tary perspective, examining techniques for providing evidence that certain parameterized
problems are unlikely to admit fixed-parameter tractable algorithms. We have already noted
that if there is a parameterized reduction from problem II; to I and the problem Il is FPT,
then problem I1; is also FPT. The existence of a parameterized reduction from problem II;
to problem II, tells that problem II; is at least as hard as problem II,. We note that if we
assume that the problem II; is not FPT then the problem II; is not FPT as well.
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Assuming, as a working hypothesis, that the CLIQUE is not fixed-parameter tractable, a
parameterized reduction from CLIQUE to another problem provides evidence that the latter
problem is also unlikely to be fixed-parameter tractable. There are different levels in the
parameterized complexity of hard problems. We will not go into the details of levels as in
this thesis, we are mainly interested in knowing whether a given problem admits an FPT
algorithm or not. We refer to [40] for more details on the W-hierarchy. CLIQUE, which is
not tractable by a fixed parameter, is equivalent to FPT # W [1].

Typically, for a parameterized problem with parameter k, k reflects some structural prop-
erty of the instance. In the next section, we will discuss some of the structural parameters

that we consider in this thesis.

2.3 Structural Graph Parameters

In this section, we recall the definitions of the structural graph parameters discussed in this

thesis.

Definition 16. (Vertex Cover): A set S C V(G) is a vertex cover of a graph G = (V, E)
if each edge in E has at least one endpoint in S. The size of the smallest vertex cover of G

is called the vertex cover number of G, denoted by vc(G).

Figure shows an example of a graph G with vc(G) = 2.

Figure 2.1: A simple graph G in which {b, ¢} forms a minimum vertex cover. Every edge is
incident to at least one of b or ¢, hence ve(G) = 2.

Definition 17. (Feedback Vertex Set): A feedback vertex set of a graph G is a set of
vertices whose removal leaves G acyclic (without cycles). The minimum size of a feedback

vertex set in G is called the feedback vertex set number of G, denoted by fvs(G).
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Figure [2.2 shows an example of a graph G with fvs(G)=2.

Figure 2.2: A graph G containing multiple cycles. Removing vertices b and e eliminates all
cycles, leaving a tree. The set {b, e} forms a minimum feedback vertex set, hence| fvs(G) = 2.

The concept of tree decomposition was introduced by Robertson and Seymour [103].

Treewidth is a measure of how “tree-like” the graph is.

Definition 18. A tree decomposition of a graph G is a pair T = (T, {X:}tev(r)), where T
is a tree whose every node t is assigned a vertex subset Xy C V(G), called a bag, such that

the following three conditions hold:

(T1) Usey(ry Xt = V(G). In other words, every vertex of G is in at least one bag.

(T2) For every uv € E(G), there exists a node t of T such that the bag X; contains both u

and v.

(T3) For every u € V(G), the set T,, = {t € V(T') : uw € X,}, that is, the set of nodes whose

corresponding bags contain u, induces a connected subtree of T'.

The width of tree decomposition T = (T, {X; }+ev(r)) equals maxsey () | X;| — 1. Figure

shows an example of a tree decomposition of width two of Cj.

To distinguish between the vertices of the decomposition tree T" and the vertices of the graph
G, we will refer to the vertices of T" as nodes. Note that we can always assume that no two
consecutive bags of a tree decomposition are equal since removing one of such bags does not

violate any property of a tree decomposition.
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Graph G @

Tree decomposition 7 = (T, { X }ev (1)

Figure 2.3: A tree decomposition of G satisfies the following conditions: (T1) every vertex of
G appears in at least one bag, (T2) every edge of G is contained in some bag (for example,
(c,d) lies in Xs, (d,e) lies in X3), (T3) for each vertex, the set of bags containing it (for
example, the bags containing d are X, X3) forms a connected subtree.

Definition 19. (Treewidth): The treewidth of a graph G, denoted by tw(G), is the minimum

possible width of a tree decomposition of G.

For a tree decomposition 7 = (T, { X, }scv (1)), we distinguish one vertex r of 7" which will be
the root of T. This introduces natural parent-child and ancestor-descendant relations in the
tree T. We now introduce a "canonical" form of a tree decomposition, which will be helpful

for the dynamic programming algorithms discussed in later chapters.

Definition 20. A rooted tree decomposition (T,{X;}iev(r)) is called nice if the following

conditions are satisfied:

o X, =0 and X, =0 for every leaf ¢ of T. In other words, all the leaves as well as the

root contain empty bags.
o Fvery non-leaf node of T is of one of the following three types:

— Introduce node: A nodet with exactly one child ty such that Xy = X3, U{v} for

some vertex v ¢ Xy,. We say that v is introduced at t.
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— Forget node: A node t with exactly one child ty such that X; = Xy, \ {w} for

some vertex w € Xy,. We say that w is forgotten at t.

— Join node: A node t with two children t; and ty such that X; = X3, = X4,.

It is known [40)] that if a graph G admits a tree decomposition of width at most tw, then it

also admits a nice tree decomposition of width at most tw, that has at most O(n - tw) nodes

2.4 Monadic Second Order Logic (MSO)

Monadic Second Order Logic (MSO) is a logical language used to express properties of graphs
and their components, such as vertices, edges, and subsets thereof. A formula ¢ in MSO is
essentially a string composed of specific logical symbols and syntactic constructs defined by
the formal grammar of the language. The syntax of Monadic Second-Order Logic (MSO)
for graphs includes the standard logical connectives V (disjunction), A (conjunction), —
(negation), = (implication), <= (logical equivalence); variables representing vertices,
edges, sets of vertices, and sets of edges; the quantifiers V (universal quantifier) and 3

(existential quantifier); and the following five types of atomic predicates:

1. w € U, where u is a vertex variable and U is a vertex set variable;
2. e € I/, where e is an edge variable and E is an edge set variable;
3. inc(e, u), indicating that the edge e is incident to the vertex u;

4. adj(u,v), indicating that the vertices u and v are adjacent;

5. Equality between variables of the same type (i.e., vertices, edges, vertex sets, or edge

sets).

Counting Monadic Second-Order Logic (CMSO) extends MSO by incorporating atomic for-
mulas that express modular cardinality constraints on sets. Specifically, CMSO includes

atomic formulas of the form:
card, . (S),
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which evaluates to true if and only if |S| = ¢ (mod r), where S is a set variable (either of

vertices or edges), and ¢, r are integers such that 0 < ¢ < r and r > 2.

A detailed study of Counting Monadic Second-Order (CMSO) logic on graphs can be found
in [40]. We now present a fundamental result from [91] that elegantly bridges the notions

of fixed-parameter tractability (FPT), (¢, k)-unbreakability, and Counting Monadic Second-
Order logic (CMSO).

Theorem 4 (|91]). Let ¢ be a CMSO formula. For all ¢ € N, there ezists s € N, such that
if there exists an algorithm that solves CMSOf)| on (s, c)-unbreakable graphs in time O(n?)

for some d > 4, then there exists an algorithm that solves CMSO[p] on general graphs in
time O(n?).

2.5 Vertex Splitting

A wvertex split is a graph modification where a vertex v is replaced by two new vertices, v,

and vy. Each edge that was originally incident to v is then reassigned to v; or wvs.

Abu-Khzam et al. [3] proposed two different vertex splitting operations:

o Inclusive Vertex Splitting: N(v1) U N(vg) = N(v).

e Exclusive Vertex Splitting: N(v1) U N(vg) = N(v) and N(v1) N N(vq) = 0.

The key difference between these two modifications lies in their treatment of vertex neigh-
borhoods. In Inclusive Vertex Splitting, v; and vy are allowed to share neighborhoods, while

in Exclusive Vertex Splitting, v; and v, must have disjoint neighborhoods.

A significant limitation of both existing variants of vertex splitting is that they require
N(v1) U N(vg) = N(v). Bentert et al. [14] introduced a variant of vertex splitting where we
do not have the restriction N(v1) U N(vy) = N(v):

e Permissible Vertex Splitting: N(v) C N(vy) U N(vg) and N'(v) € N'(vy) U N'(vg).
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Figure 2.4: Variants of Vertex Splitting

Figure [2.4] shows an example with different vertex splitting operations.

If v is split into v; and vy, then v; and vy are called the descendants of v. Conversely, v

is called the ancestor of v and vs.

Every vertex split increases the number of vertices in a graph by exactly one. Typically,
we are interested in carrying out more than one vertex split. To facilitate this, we introduce

the concept of a splitting sequence.

Definition 21. A splitting sequence of k splits is a sequence of graphs Gy, Gy, ..., Gy, such
that G;y1 is obtainable from G; via a vertex split for i € {0,..., k—1}.

The notion of descendant vertices (resp. ancestor vertices) is extended in a transitive and

reflexive way to splitting sequences.
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Chapter 3

Uniform Cluster Graph Modifications

In clustering, many real-world challenges involve grouping objects or data points into well-
defined clusters. By representing these challenges as graphs, where nodes represent ob-
jects and edges represent relationships, we can utilize graph modification techniques to en-
force structural properties, such as equal-sized clusters or clusters containing highly similar
elements. The ability to edit graphs—by deleting or adding edges, or by removing ver-
tices—facilitates more accurate or computationally feasible clustering, particularly when the

initial data does not naturally conform to ideal clusters.

In this thesis, we study a relatively new variant of clustering problem. We focus on
computational problems where the goal is to modify a given graph through vertex deletions,
vertex splittings, edge deletions, edge additions, or edge edits to transform it into a collection
of equal-sized cliques, which we refer to as Uniform Cluster graphs. Specifically, we investi-
gate the UNIFORM CLUSTER VERTEX DELETION (UCVD) problem, where the task is to
delete at most k vertices to achieve this transformation. Similarly, we consider the UNIFORM
CLUSTER VERTEX SPLITTING (UCVS) problem, where the task is to decide whether there
is a sequence of at most k vertex splits to get a uniform cluster graph. Additionally, we con-
sider the edge-based variants: UNIFORM CLUSTER EDGE DELETION (UCED), UNIFORM
CLUSTER EDGE ADDITION (UCEA), and UNIFORM CLUSTER EDGE EDITING (UCEE),
where the objective is to apply a bounded number of these operations to yield a graph that
becomes a Uniform Cluster graph. This chapter is based on the articles [64] [65]. We formally
define the problems studied in this chapter below.
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UNIFORM CLUSTER VERTEX DELETION (UCVD)
Input: An undirected graph G = (V, E') and a positive integer k.
Question: Is there a subset S C V with |S| < k such that G — S is a collection of

equal-sized cliques?

UNIFORM CLUSTER INCLUSIVE VERTEX SPLITTING (UCIVS)
Input: An undirected graph G = (V, E)) and a positive integer k.
Question: Is there a sequence of at most k inclusive vertex splits that transforms G into

a collection of equal-sized cliques?

UNIFORM CLUSTER EXCLUSIVE VERTEX SPLITTING (UCEVS)
Input: An undirected graph G = (V, E)) and a positive integer k.
Question: Is there a sequence of at most k exclusive vertex splits that transforms G into

a collection of equal-sized cliques?

UNIFORM CLUSTER EDGE EDITING (UCEE)
Input: An undirected graph G = (V, E)) and a positive integer k.
Question: Is there a subset F' C (V(QG)) with |F| < k such that GAF = (V, EAF) is a

collection of equal-sized cliques?

UNIFORM CLUSTER EDGE DELETION (UCED)
Input: An undirected graph G = (V, E') and a positive integer k.
Question: Is there a subset F' C E with |F| < k such that G — F = (V,E\ F) is a

collection of equal-sized cliques?

UNIFORM CLUSTER EDGE ADDITION (UCEA)
Input: An undirected graph G = (V, E') and a positive integer k.
Question: Is there a subset F' C (V(QG)) with [F| < k such that G+ F = (V,EUF)isa

collection of equal-sized cliques?
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3.1 Kernelization and FPT algorithm for UCVD param-

eterized by solution size

In this section, we provide kernelization and fixed-parameter tractable (FPT) algorithms for

the Uniform Cluster Vertex Deletion (UCVD).

Theorem 5. The UCVD parameterized by solution size admits a kernel of size O(k?).

Proof. A cluster graph is a graph in which every connected component is a clique. Note that
a graph is a cluster graph if and only if it does not contain an induced P;. The first step of
the kernelization process is to compute a maximal set Ps of vertex-disjoint induced Pss in

(. This can be accomplished using the greedy algorithm shown below:

Algorithm 1
Require: A graph G = (V. E).
Ensure: A maximal set Ps of vertex-disjoint induced Ps in G.
: Pg - @
while G has an induced P; do
Identify an induced Ps = (u,v,w) in G
Ps =Py U{(u,v,w)}
G =G —{u,v,w}
end while
return Ps

At the end, if |P;| > k, we have a no-instance. So we assume that |Ps;| < k, and let S
be the vertices of Ps. We have |S| < 3k. Let us denote the set of cliques of G — S by C.

We begin with the following reduction rule, which provides two sufficient conditions for a

vertex s € S to be included in a solution.

Reduction Rule UCVD 1. Let s € S be a vertex such that one of the following conditions
hold:

e s has neighbors in at least k + 2 distinct cliques in C, or

e s has at least k + 1 neighbors in a clique C € C and more than k neighbors in cliques
other than C.

41



Then, delete s from G and decrement the parameter k by 1. The new instance becomes

(G —s,k—1).
Lemma 6. Reduction Rule UCVD[]] is safe.

Proof. Let X be a uniform cluster vertex deletion set of GG of size at most k. For the sake
of contradiction, assume that s ¢ X. In all cases outlined by Reduction Rule |1} the graph
G — X will contain a P3 containing s, violating the structure of a (uniform) cluster graph.
This contradicts the assumption that X is a valid uniform cluster vertex deletion set. Hence,

s must belong to any solution for (G, k), and it is safe to delete s and decrement k by 1. [

Next, we partition the set of cliques in C based on whether they have neighbours in S or
not. We define:

Co = {C € C : no vertex in C has a neighbour in S}

and
C, = {C € C : some vertex in C' has a neighbour in S}.

An r-clique is a clique of size r. Now, we have the following simple rule.

Reduction Rule UCVD 2. [f for somer € {1,2,...,n} there are more than k+1 r-cliques

in Co, then remove all but k + 1 r-cliques from G.

Lemma 7. Reduction Rule UCVD[Z s safe.

Proof. Suppose (G, k) is a yes-instance and X is a uniform cluster vertex deletion set of G
of size at most k. If for some r € {1,2,...,n} there are more than k£ + 1 r-cliques in Cy,
then we claim that r is the size of all cliques in G — X. For the sake of contradiction, let us
assume that r’ < r is the size of all cliques in G — X . In that case, we need to delete at least
one vertex from each r-clique. This means we would have to add at least k + 1 vertices in
X, which contradicts the assumption that X is of size at most k. Thus, we conclude that
r is the size of all cliques in G — X. Since the solution size is at most k, this allows us to

remove all but £ + 1 r-cliques from G. n

Reduction Rule UCVD 3. If Cy contains cliques of more than k + 1 distinct sizes then

return a no instance.
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This is correct because by deleting at most k vertices we can alter the sizes of at most &
cliques. Therefore, in this case, there can not exist a uniform cluster vertex deletion of size

at most k.

Lemma 8. After applying Reduction Rules[1],[3 and[3, the set C = CoUCy contains at most
O(k?) cliques.

Proof. Due to Reduction Rule [2[ and [3, we know that |Cy| < (k+ 1)(k + 1). After the
exhaustive application of Reduction Rule[l] each vertex of S can have neighbours in at most
k+1 cliques of C;. Since |S| < 3k and each vertex of S can have neighbours in at most k+1
cliques of Cy, there are at most 3k(k + 1) cliques in C;. Therefore, we have |C;| < 3k(k + 1).

Combining the two, we get
IC| = |Co| + |C1| < (k+1)(k+ 1)+ 3k(k + 1) = 4k* + 5k + 1.
O

Now, we consider two cases based on the maximum size of a clique in C. Let w(C) =

max{|C|}.

ceC

Case 1: w(C) < 8k

In this case, we obtain a kernel of size:

S|+ > |C| < 3k + 8k(4k> + 5k + 1) = O(k?).
ceC

Case 2: w(C) > 8k

Let Cy be a clique in C such that w(C) = |Cy|. Then Cy becomes a clique of size at least
|Co|l — k > 7k in G — X, where X is a solution of size at most k. In this case, the resulting
graph G — X must be a collection of r-cliques, where r > |Cy| — k > Tk.

Reduction Rule UCVD 4. If there exist Cy and Cy € C such that |Cy| — |Cq| > 4k, then
delete all the vertices in Cy and decrement the parameter k by |Cs|. The new instance is

(G — Oy k—|Cy).
Lemma 9. Reduction Rule UCVD[]is safe,
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Proof. For the sake of contradiction, let us assume that v € C5 does not belong to some
solution X of size at most k. First, since Cy is a clique, v has at most |Cy| — 1 neighbours
in C5 in the resulting graph. Second, v can have at most 3k neighbours in S. Thus, v can
be part of a clique of size at most (|Cy| — 1) + 3k + 1 = |Cs| + 3k.

On the other hand, there always exist a vertex u € (4 such that u is not contained in
X. Clearly, u will have at least |C}| — k — 1 neighbours in G — X. Therefore, v must be
contained in a clique of size at least |Cy| — k > |Cy| + 4k — k = |Cy| + 3k. Therefore, u
and v can never be contained in equal-sized cliques. This contradicts the fact that G — X
is a collection of equal sized-cliques. Therefore, we must include all vertices of Cy in every

uniform cluster vertex deletion set X of G of size at most k. OJ

Observation 3.1.1. After applying Reduction Rule UCVD we get that réug |C| > 4k.
€

This is true because we have assumed that w(C) > 8k.

We now introduce the concept of a heavy neighbour of a vertex s € S in C, which is a key

element for explaining the forthcoming reduction rules.

Definition 22. A clique C' € C is called a heavy neighbour of s € S if s is adjacent to at
least max{|C| — 4k, k + 1} vertices in C.

The next reduction rule helps to show that each vertex s has a unique heavy neighbour in

C.

Reduction Rule UCVD 5. If s € S has no heavy neighbour, remove s from G, and

decrement the parameter k by 1. The new instance is (G — s,k — 1).

Lemma 10. Reduction Rule UCVD[] is safe.

Proof. For the sake of contradiction, let us assume that s € S has no heavy neighbour
and does not belong to some solution X of size at most k. It means s must belong to
some clique in G — X. Since s has no heavy neighbour in C, s is adjacent to at most
max{|C| — 4k, k + 1} — 1 vertices in some C' € C. Additionally, s can have at most 3k — 1

neighbours in S. Now consider two cases:
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1. If max{|C| —4k,k + 1} — 1 = |C| — 4k — 1, then s can be part of a clique of size at
most (|C| —4k—1)+ (3k—1)+1 = |C| — k — 1. This contradicts the fact that G — X

is a collection of r-cliques, where r > |C| — k.

2. If max{|C| — 4k,k + 1} — 1 = k, then s can be part of a clique of size at most
k+ (3k — 1)+ 1 = 4k. This contradicts the fact that G — X is a collection of r-cliques,
where r > 7k.

Therefore, s must be part of every solution of size at most k. n

Lemma 11. After applying the Reduction Rules[1] and [5 ezhaustively, each s has ezactly

one heavy neighbour.

Proof. The condition 2 in the Reduction Rule [1| makes sure that s has at most one heavy
neighbour. On the other hand, the Reduction Rule [5| makes sure that s has at least one

heavy neighbour. Therefore, it shows that each s has exactly one neighbour. O]

Let S¢ C S denotes the set of vertices in S whose heavy neighbour is C'. For each C' € C,

we define

re) = (C\N(s)) u U <N(s)ﬁ0) and T(C) = | T(C).

seSc seS\Sc cecC

Next, we show that the vertices of C'\ I'(C) are true twins.

Lemma 12. For each C € C, every pair of adjacent vertices x and y in C \ T'(C) are true
twins, that is, N[x] = Ny].

Proof. By the definition of I'(C'), note that for any vertex v € C'\ I'(C), we have N(v)NS =
Sc. Recall that for the vertices in S¢, C' is their heavy neighbour. Since v € C' and C'is a

clique, v is adjacent to all other vertices of C'. Therefore, for every v € C'\ I'(C'), we have
N[v] =CU Se. O

Reduction Rule UCVD 6. If rélelg{]C\F(C)\} > k41, then arbitrarily delete exactly one
vertez from each C\T'(C) for every C € C. The new instance is (G — W, k), where W is the

set of vertices deleted from G.
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Lemma 13. Reduction Rule UCVDI[q is safe.

Proof. Let I' = (G', k) be an instance of UCVD obtained from I = (G, k) by exhaustively
applying Reduction Rule [f, We will show that I is a yes-instance if and only if I’ is a

yes-instance.

Let X C V(G) be a solution of size at most k for the instance I. We will construct a
solution X’ of the same size as X for the instance I’. We know G — X is a collection of
equal-sized cliques @1, Qo, ..., Q,. We observe that there is no clique @); such that ); C S.
This is true because otherwise |Q;| < 3k as |S| < 3k, and we have already observed that the
size of cliques must be at least 7Tk. We construct X’ from X as follows: if u € X N(C'\T'(C))
for some C' € C and u is deleted during the execution of Reduction Rule [f] then remove u
from X and include u’s true twin v ¢ X. We have to show that G’ — X’ is a collection of
equal-sized cliques. It is easy to see that G’ — X’ is a collection of cliques @) = Q; \ {u}
where u € ); is a vertex deleted by Reduction Rule |§| As Qi = [|Qj], we get |Qi] = |Q}| for
all ¢ # j. This shows that I’ is a yes-instance.

In the other direction, let us assume that X’ is a solution of size at most k for the
instance I’. Let us denote the equal-sized cliques in G’ — X’ by @}, @5, ..., Q... We claim
that X := X'’ is a solution for the instance I. Note that G — X is again a collection of
cliques Q1,Qa, ..., Q, where Q; = Q. U {u} where u is a vertex deleted by Reduction Rule
|§|. Clearly, we have |Q;] = |Q;] as we know that |Q;| = |Q}| for all i # j. O

Lemma 14. After the ezhaustive application of the above reduction rules, we have max |IC| <
€

O(k?).

Proof. We begin by providing an upper bound on |T'(C)|.

Claim 3.1.1. We have |T(C)| = O(k?).
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Proof. Let us assume that Cs denotes the unique heavy neighbour of s. We have

re) = [U (C\N(s)) v U (N(smc)

CeC LseSe seS\Sc
- (C \ N(s ) U (N(s)mc)
ses CeC\Cs

Note that by Reduction Rule[l} for any fixed s € S, we have

g <N(s)ﬂ0)‘ < (k+1).

CeC\Cs

Also, for each s € S, we have

|IC\N(s)| < |C| = (IC| — 4k) = 4k if max{|C| — 4k, k + 1} = |C| — 4k
<|C| = (k+1) < 4k if max{|C| —4k,k+1} =k +1

As there are at most 3k vertices in S, we get that |T(C)| < 3k[k + 4k] = 15k* = O(k*). >

After exhaustively applying Reduction Rule[6 we know that there exists a clique, say C, € C,
such that |C,| — [['(C,)| < k + 1. Note that max |C| — |C,] < 4k due to Reduction Rule
S

UCVD . Therefore, we get Iélaé{|0| — I(C,)| < bk + 1. Since |T'(C,)| = O(k?), we get
€

max |C| < O(k?). O

ceC

Note that

=sulJo=sul]J@@uE\T(C)=surE)u | JC\T())

cecC cecC cec

To get a cubic kernel, it is enough to show that the size of the set |J (C'\I'(C')) is bounded
cec

by a cubic function of the parameter. To see this, we partition the set of cliques in C into
two parts: H = {C € C | C is a heavy neighbour of some s € S} and £ = C\ H. As we
have seen, every vertex s € S has exactly one heavy neighbour, which implies that |H| < 3k.

Therefore, we get that |J |(C'\ T(C))| = O(k?) as max |C| < O(k?). Now, let us focus on
Cer €
the set L. Let us denote £' = {C € L | |[C\T'(C)| > k+ 1} and £” = L\ L. Tt is clear
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that U [(C\T(O))| < O(k?) as [£"] < |C| < O(k?*). We can assume that |£'| > 2k + 1;
CecL”

otherwise, we achieve the required cubic kernel.

Lemma 15. If|L'| > 2k+1 then in polynomial time we can determine the size ¢ of equal-sized

cliques obtained after deleting the vertices in a solution, assuming the input is a yes-instance.

Proof. Let us denote £ = {C1,CY,...,C]}, where [ > 2k + 1. Let X be a solution of size at
most k of the input instance. As |C!\ I'(C!)| > k + 1, at least one vertex will survive from
each set C/\ I'(C!) in G — X. Because the vertices in C/ \ I'(C?) do not have any neighbours
in S, the deletion of at most k vertices can change the degree of vertices in at most k sets
CI\ T(C!). This implies that vertices in all but at most k distinct sets C} \ I'(C?) must have
same degree. If this is not the case, we can return a no-instance. If it is the case, then let us
say the degree is d. One can easily see that ¢ = d + 1. It is important to note that having
|L'| > 2k + 1 is necessary; otherwise, identifying d is not possible. O

The following set of reduction rules are only applicable when |£'| > 2k + 1.

Reduction Rule UCVD 7. If there is a vertex v such that d(v) < d, then add it to the

solution. The new instance is (G — v,k —1).

Note that the degree of every vertex in G — X must be equal to d. Since d(v) < d and we
cannot increase the degree of v through vertex deletion, v must be added to the solution.

Due to Reduction Rule [7} we can assume that all the cliques in £’ have size at least c.

Reduction Rule UCVD 8. If there is a clique C' € L' such that |C"| = ¢, then delete all
the vertices in N(C") from the graph G. The new instance is (G — N(C"),k — |[N(C")]).

Lemma 16. Reduction Rule[§is safe.

Proof. Note that at least one vertex u € C'\ I'(C") must survive after deleting the vertices
in a solution. This vertex must be part of a clique of size ¢. Therefore, the clique C" must

appear unchanged in the resulting graph. Hence, we must delete all the neighbours of C’. [
Let us denote by L, . the set of isolated cliques of size ¢ in £’ obtained after applying
Reduction Rule|8| Similarly, denote by L%, the set of cliques of size more than c in £'. Note
that, we have £' = L] .U L. .

150,C

Observation 3.1.2. Due to application of Reduction Rule@ we get |L:. | < k+1.

is0,c
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Reduction Rule UCVD 9. If |L. .| > k, then conclude that we are dealing with a no-

mstance.

If |£ .| > k, it implies we need to delete more than k vertices to ensure that each clique in
L, becomes a clique of size ¢ in the resulting graph. However, since we are constrained to

finding a solution of size at most k, achieving this is not feasible. Therefore, |£. | < k.

Observation 3.1.3. After applying Reduction Rules[7, [§ and[9 the size of L' is bounded
by 2k + 1.

We know that £' = L], .ULL .. Therefore, |L'| < |Ll, .|+ < (k+1)+k < 2k+1.

150,C 150,C

Clearly, due to Observation [3.1.3), we have |J |C\T'(C)| < O(k?). This completes the proof

cecl’!
of Theorem [l

Theorem 17. The UCVD problem parameterized by solution size k can be solved in 2F-n®M)

time.

Proof. We utilize an algorithm from [I08] to find a cluster vertex deletion set X of size at
most k in O*(1.811%) time. If this algorithm determines that no such set exists, conclude
that we are dealing with a no-instance. Otherwise, this algorithm returns a cluster vertex
deletion set X of size at most k. To decide whether G contains a uniform cluster vertex

deletion set S of size at most k, we proceed as follows:

e We guess the intersection of S with X, that is, we guess the set X;, = X N .S, delete
X, from G and reduce parameter k by |X;,|.

e For each guess of X;,, we set X, = X \ Xj, and solve Di1sjoINT UCVD on the
instance (G — Xy, Xouw, & — | Xin])-

For each guess Xj,, we try to find a uniform cluster vertex deletion set S’ in G — X;,, of
size at most k — | X;,| that is disjoint from X,,;. This problem is called DisJoINT UCVD.
If for some guess X;,, we find a uniform cluster vertex deletion set S’ in G — X, of size
at most k — | X;,| that is disjoint from X, then we output S = X;, U.S’. Otherwise, we
conclude that the given instance of the DiSJOINT UCVD problem is a no-instance. The
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number of all guesses is bounded by 2*. Therefore, to obtain an FPT algorithm for UCVD,
it is sufficient to solve D1SJOINT UCVD in polynomial time.

An algorithm for DisjoINT UCVD: Let (G — Xj,, Xou, k) be an instance of DISJOINT
UCVD, and let H = G — X, where X = X, U X,;. We denote G' = G — Xj,.

Reduction Rule Disjoint-UCVD 1. If G[X,] is not a disjoint union of cliques or G—X

is not a disjoint union of cliques, then return that (G', Xou, k) is a no-instance.

Reduction Rule Disjoint-UCVD 2. [f there is a vertex v in G — X which has neighbours
in two distinct cliques in G| X, then delete v from G and decrement the parameter k by
1. The new instance is (G' — {v}, Xow, k — 1).

The previous reduction rule is correct because we will get an induced P3; where the only

vertex that we are allowed to delete is v. Therefore, we must add v to the solution.

So from now onwards, we assume that G[X,,] is a disjoint union of cliques and H = G — X
is a disjoint union of cliques. We also guess the exact size of the solution as &’. The possible
guesses for k' range from 1 to k. This will be helpful in the final part of the algorithm. We
will solve this problem by guessing the size ¢ of cliques in the resulting graph. At the end,
we will compare the solution sizes for each ¢ and return the minimum one. The possible

guesses for ¢ ranges from 1 to n.

Reduction Rule Disjoint-UCVD 3. If there is a clique of size exactly ¢ in G[ X,y then
delete N(C) and add all the vertices of the set N(C) to the solution. The new instance is
(G/ - N[C]7Xouta k— |N<C)|)

Observation 3.1.4. If there is a cliqgue C of size larger than c¢ in G[X,y|, then we can

discard such a guess for c.

Observation 3.1.5. Every clique in G[ X,y of size less than ¢ must utilize vertices from
exactly one clique in G — X to form a clique of size c.

Due to Observation 3.1.5] for every clique C of size less than ¢ in G[X,], there is a unique

clique in G — X that helps to form a clique of size ¢ containing vertices from C.
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We now construct a bipartite graph with bipartition (A, B) in the following way. For a
given guess (K, c¢), observe that the number of equal-sized cliques in the resulting graph is
p= w We need a total of p vertices in A. Suppose the number of cliques in G[ X, is
p1- We add a vertex a € A corresponding to each clique in G[X,y]. If p1 < p, we add p — py
dummy vertices in A to ensure the number of vertices in A equals p. Similarly, we add a
vertex b € B corresponding to each clique in G — X. Due to Reduction Rule Disjoint-UCVD
and Observation m, it follows that every clique in G[X,,] has size less than ¢. We add
an edge between a € A and b € B if the clique corresponding to a can be transformed into
a clique of size ¢ using some vertices from the clique corresponding to b. Additionally, some
cliques in G — X can be transformed into cliques of size ¢ by deleting the necessary number
of vertices from the respective cliques. We make b € B adjacent to all dummy vertices in
A if the clique corresponding to b can be transformed into a clique of size ¢ by deleting the

necessary number of vertices.

Lemma 18. There exists an A-saturated matching if and only if there is a set of p disjoint
cliques, each of size exactly c, obtained by deleting exactly k' vertices from G — X, such that

the graph induced by these cliques forms a uniform cluster graph.

Proof. In the forward direction, suppose there exists an A-saturated matching. We can

identify p cliques in the resulting graph as follows:

- If (a,b) € M and a is not a dummy vertex, the clique corresponding to a € A will be
transformed into a clique of size ¢ using some vertices from the clique corresponding to
be B. -1f (a,b) € M and a is a dummy vertex, the clique corresponding to b € B will be

adjusted to a clique of size ¢ by deleting the necessary vertices from that clique.

Thus, we can identify the exact cliques in the final graph. Since p-c = |V(G')| — k', we

know exactly which &’ vertices need to be deleted to form these cliques of size c.

In the backward direction, assume there is a set of p disjoint cliques, each of size exactly
¢, obtained by deleting exactly &’ vertices from G — X, and that the induced subgraph on
these cliques forms a uniform cluster graph. By our construction, we can obtain an edge in
the bipartite graph (A, B) corresponding to each clique, forming a matching. Since there are

p cliques, this matching will be A-saturated. O
We now try to find an A-saturated matching in this bipartite graph. This can be done in
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polynomial time. Due to the previous claim, if an A-saturated matching does not exist, we
discard such a guess (k’,¢). Otherwise, we find an A-saturated matching M of size p and

return a yes instance. This finishes the proof of Theorem

3.2 Kernelization algorithm for UCVS parameterized by

solution size

Suppose G is a graph with an isolated vertex. If (G,k) is a yes-instance, then the size of
the equal-sized cliques in the resulting graph must be 1. Therefore, if (G, k) is yes-instance,
G itself must be a disjoint union of isolated vertices. This means,we can solve (G, k) in
polynomial time if G contains an isolated vertex. Hence, in this section, we consider only

graphs that do not contain any isolated vertices.

In the example below, we demonstrate that inclusive vertex splitting is a stronger opera-
tion than exclusive vertex splitting. In the following graph, we can obtain a disjoint union of
triangles by performing just two inclusive vertex splitting operations. However, if we allow
only exclusive vertex splitting, then at least four vertex splitting operations are required to

transform G into a uniform cluster graph.

¢ d
G

In this section, we prove that UCIVS and UCEVS are NP-hard. Our proof is based on a
reduction from a problem known as the K;-EDGE PARTITION problem.

Definition 23. A graph G = (V, E) is said to admit a Kgy-edge partition if there erists a
partition of the edge set E into subsets P = {Py, Ps,..., P}, such that the subgraph G|P;]

induced by the edges in each P; is isomorphic to a clique of size d.

The following problem was shown to be NP-complete by Ian Holyer 78| for every d > 3.
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K4-EDGE PARTITION
Input: An undirected graph G.
Question: Does there exist a Kj-edge partition P of G7

To make the explanation easier, we introduce the notion of the cost of a partition.

Definition 24. Let P be a K4-edge partition of a graph G = (V, E). The cost of P, denoted
by cost(P), is defined as:

cost(P) = ZmaX(O, freqp(v) — 1),

veV

where freqp(v) == {P € P | v € V(G[P])}].

WEIGHTED K4-EDGE PARTITION
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Does there exist a K -edge partition P of G such that cost(P) < k?

We present a few lemmas to simplify and clarify the NP-hardness proof.

Lemma 19. Let G = (V, E) be a graph with no isolated vertices, and let P be a Kg-edge
partition of G with costg(P) = k. Then, there exists a vertexu € V' such that by performing

an exclusive vertex splitting of u in G, we obtain a new graph Gy = (Vi, Ey) satisfying:

1. Gy admits a Kg4-edge partition, say P’,

2. costg, (P')=k—1.

Proof. If G is not already a disjoint union of d-sized cliques, without loss of generality
there must exist P; and P such that V(G[P]) N V(G[P]) # 0. In this case, let u €
V(G[P])) N V(G[Py]). We define G’ as the graph that is obtained when u is split into the

two vertices u; and uy such that

Ng,(u1) :== Ng(u) NV(G[P)),
Ne, (uz) := Ne(u) \ V(G[P1]).
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Furthermore, we obtain a Kj-edge partition of Gy as P = { P}, Py, ..., P/} such that

Hz,y} € P ué{z,y}} U {{us,v} | {u,v} e P} ifi=1
{z,y} e Bilud{x,y}y U{{ug, v} [{u,v} € B} i1 <i<l

(2

Note that freqp(u) = freqp (u1) + freqp (ug). In particular, we have freqp (u1) = 1 and
freqp (usg) = freqp (u) — 1. Therefore, we get costg, (P') = k — 1. O

Lemma 20. The instance (G, k) is a yes-instance of UCEVS if and only if it is a yes-
instance of WEIGHTED K4-EDGE PARTITION for some d.

Proof. Let I = (G, k) be a yes-instance, that is, there exists a sequence of at most k exclusive
vertex splittings in G such that the resulting graph G’ is a cluster graph consisting of disjoint
cliques, each of size d. Since we are performing exclusive vertex splitting, for every edge
u'v' € E(G'), there exists a unique edge uv in E(G) such that either v’ = u or «' is a
descendant of u, and similarly v" = v or v’ is a descendant of v. Therefore, each K4-cliques
in G’ corresponds uniquely to a Ky-clique in G. This yields a Ky-edge partition of G.
Since at most k vertex splittings are performed, the total number of vertices in G’ is at
most |V(G)| + k. Hence, (G, k) is a yes-instance of the WEIGHTED K,;-EDGE PARTITION

problem.

For the reverse direction, suppose P is a K4-edge partition of G with cost(P) < k. By
applying Lemma (19| iteratively at most k times, there exists a sequence of exclusive vertex
splittings that transforms G into a disjoint union K4-cliques. Therefore, (G, k) is also a

yes-instance of the original problem. O]

Theorem 21. UNIFORM CLUSTER INCLUSIVE VERTEX SPLITTING is NP-complete.

Proof. 1t is clear that the problem is in NP. To show that the problem is NP-hard, we
provide a reduction from K3-EDGE PARTITION. The problem asks whether a given graph
can be edge-partitioned into subgraphs isomorphic to the complete graph K3 (triangles).
Ian Holyer proved that this problem is NP-hard [7§]. Given an instance I = G(V, E) of K3-
EDGE PARTITION, we construct an instance I’ = (G', k") of UNIFORM CLUSTER INCLUSIVE
VERTEX SPLITTING. To construct the graph G’, we start with G and add m —n + 1 disjoint
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triangles, where |V(G)| = n and |E(G)| = m. We set k' = m — n. Next, we prove that the

instances I and I’ are equivalent.

Assume that [ is a yes-instance, that is, there exists a partition P of the edges of G such

that the subgraph induced by each part is isomorphic to K3. We denote this partition as
. m
P= {Pl,Pg,...,P% | G[P] = Ka, Vi € {1,2,...,5}}.

If such a partition exists then each vertex in G must have an even degree. For each vertex

v € V(G), the number of triangles containing v is [ = @, since each triangle contributes 2

to the degree of each of its vertices. Therefore, the number of vertex splits required is

cost(P) = Y _ (@— ):m—n.

veV(Q)

Now by repeatedly applying Lemma (19 with K; = K3, we can perform vertex splittings to
transform G into a disjoint union of triangles. Note that the total number of vertex splittings

required is exactly m — n.

Now assume that I’ is a yes-instance, that is, there exists a sequence of at most m —n
vertex splittings in GG’ that results in a uniform cluster graph G”. We first argue that G”
must be a disjoint union of cliques of size 3. Since G’ includes m — n + 1 disjoint triangles
and only m — n vertex splittings are allowed, at least one of these triangles must remain
unaltered. Therefore G” contains at least one disjoint triangle. As G” is a uniform cluster
graph, and it contains at least one triangle, all its components must be isomorphic to Kj.

We can assume without loss of generality that no vertex in V(G’) \ V(G) is split.

Claim 3.2.1. For every edge u"v" € E(G"), there exists a unique edge uv in E(G’) where
either v’ = w or u” is a descendant of vertex u and similarly v" = v or v" is a descendant

of vertex v.

Proof. Note that after m — n vertex splittings, the graph G” can contain at most n + 3(m —
n+1)+ (m—n) =m+ 3(m —n+ 1) many vertices. Since G” is disjoint union of cliques of
size 3, |[E(G")| = %G")l = |V(G")| <m+3(m—n+1) =|E(G")|. Since G” is obtained
by vertex splitting operations on G’, we must have |E(G")| > |E(G’)|. This implies that
|E(G")| = |E(G")|. Therefore, for every edge u”v" € E(G"), there exists an unique edge uv

in E(G"). >
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The above claim shows that, for every triangle in G”, there exists a unique corresponding
triangle in G’. As |E(G")| = |E(G")|, this gives a partition of edges of G', where each part
induces a K3. Given such a partition of GG', one can easily obtain a corresponding partition
of the edges of G as well. This completes the proof of Theorem O

Note that the above proof also applies to exclusive vertex splitting, as all the vertex splittings

performed in the backward direction of the proof are exclusive.

Corollary 3.2.1. UNIFORM CLUSTER EXCLUSIVE VERTEX SPLITTING is NP-complete.

3.2.1 A Kernelization Algorithm for UCEVS

Now, we will present a linear vertex kernel for the UCEVS.

Theorem 22. UNIFORM CLUSTER EXCLUSIVE VERTEX SPLITTING parameterized by so-

lution size admits a kernel with at most 4k vertices.

Proof. Let Gy, Gy, Gs, ...G) be a splitting sequence of length [ for G. Let S = {vy,va,..., 0}
denote the set of vertices that were split to obtain G, from Gy = G. Observe that for every
vertex © € V' \ 9, the degree of z remains unchanged throughout the splitting sequence.
That is, dg(x) = dg,(x) = d for some fixed integer d. We assume that G has at least 2k + 1
vertices. Otherwise, the graph itself forms a kernel of size at most 2k and we are done. If the
input instance is a yes-instance, then all but at most £ vertices must have the same degree
in the original graph . Therefore, we first check whether all but at most k& vertices in G
have the same degree. If not, we can safely conclude that the instance is a no-instance. If
the input instance satisfies this condition, we can compute the common degree d in linear
time. Assuming that the input is a yes-instance, let ¢ be the size of equal-sized cliques in

G,. It follows that each clique must be of size d + 1.

Reduction Rule UCEVS 1. If any of the following conditions hold, we conclude that the

mstance 1s a no-instance:

1. {v e V(GQ) | da(v) > d}| > k,
2. There exists a vertex v € V(G) such that dg(v) < d,
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3. There ezists a vertex v € V(G) such that dg(v) = d and G[N[v]] is not a clique.

Lemma 23. Reduction Rule[d is correct.

Proof. We justify the correctness of each condition in Reduction Rule [I] as follows:

1. Condition 1: If [{v € V(G) | dg(v) > d}| > k, then there are at least k + 1 vertices
whose frequency must be at least two in any K4, 1-edge partition. This implies that the

cost of any such partition must exceed k. Therefore, the instance must be a no-instance.

2. Condition 2: If there exists a vertex v € V(G) such that dg(v) < d, then clearly
G[N|[v]] does not contain a clique of size d + 1. This means that v cannot be part of

any clique in a Ky, 1-edge partition. Therefore, the instance is a no-instance.

3. Condition 3: If there exists a vertex v € V(G) such that dg(v) = d and G[Nv]] is
not a clique, then G[N[v]] does not contain a clique of size d + 1. This means that
v cannot be part of any clique in a K4 1-edge partition. Therefore, the instance is a

no-instance.

Since all three conditions correctly identify invalid instances, the reduction rule is sound.
O

We make two cases based on the value of d.

Case 1. Let d > 2k.

In this case, we provide a polynomial-time algorithm to solve the problem. Specifically, due
to Lemma [20, we determine whether there exists a weighted Ky -edge partition of G with

cost at most k.
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Algorithm 3.2.1: Weighted K ,,-Edge Partition

10:
11:

12:

13:

Require: A graph G = (V, E) and an integer k.
Ensure: A weighted Ky, 1-edge partition P of cost at most k, or conclude that no
such partition exists.
1: Initialize an empty partition: P < ()
2: while G # () do
3:

Find a vertex v € V(G) such that dg(v) =d
if no such vertex exists then
return "No instance."
end if
Let C = G[N|[v]], the subgraph induced by the closed neighborhood of v
if C' is not a clique then
return "No instance."
end if
Add the edges of C' to P:

P+~ PU{EC)}

Check Consistency of P:

e If any two elements P;, P; € P share an edge (i.e., P, N P; # 0), return "No
instance."

e Compute cost(P) = max(0, freqp(v) — 1). If cost(P) > k, return "No in-
stance."

Update G and k:

V(G) < V(G) \{u € N[v] | dg(u) = d},
k + k — cost(P)

14: end while
15: return P

Lemma 24. The Weighted K4.1-Edge Partition Algorithm (Algorithm correctly out-
puts a weighted Kq.1-edge partition of cost at most k, or conclude that no such partition

exists.

Proof. The correctness of the algorithm is established as follows:

1. Initial If Conditions: The first two if conditions (lines 4 and 7 of the algorithm)

o8




directly follow from Reduction Rule

e If no vertex v exists with dg(v) = d, then it is impossible to construct a valid K4, 1-edge

partition, as per Condition 1 of the reduction rule.

e If G[N[v]] is not a clique for a vertex v with dg(v) = d, then v cannot belong to any

Kgi4-clique, as per Condition 3 of the reduction rule.

2. Partition Update: When a vertex v with dg(v) = d is found, all edges adjacent
to v must belong to the same part of the partition . This is guaranteed by the definition
of a K4y 1-edge partition, which requires that G[N[v]] form a clique. Therefore, adding
E(G[Nv]]) to P is a valid and safe update.

3. Consistency Checks:

e The first consistency condition holds because P is explicitly defined as a partition

of the edge set, ensuring that no two parts overlap.

e The second consistency condition holds due to Lemma [20] which guarantees that

cost of the partition cost(P) does not exceed the allowed budget k.

4. Graph Updates: Since all edges adjacent to the vertices in the set {u € N[v] |
dc(u) = d} have been included in P, it is safe to delete these vertices and their incident
edges from G. Additionally, the budget k is correctly reduced by the amount cost(P),

reflecting the edges already accounted for in the partition.

5. Termination: The algorithm terminates when G becomes empty, at which point
all edges have been successfully partitioned into K4, 1-cliques. If any condition fails during
execution, the algorithm correctly concludes a no-instance. Since d > 2k, every vertex of
degree greater than d is adjacent to a vertex of degree d otherwise Reduction Rule UCIVS
could have been applied. Note that after each iteration, if G is not empty, we will either
have a vertex of degree d or all vertices have a degree not equal to d. In the latter case, we
return no-instance by Reduction Rule[I] and in the former case, since we have a vertex with
degree d, we execute the line 3 of the algorithm. This means that either G' becomes empty

or any condition fails during execution.
Thus, the algorithm is correct. O
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Case 2. Let us assume d < 2k.

There is a subtle difference between the two cases. In Case 1, after each iteration of
updating G, one of two outcomes occurs: either the graph G becomes empty, or |V(G)| >
2k+1. In the former case, we can output the partition directly. In the latter case, Reduction
Rule [1] guarantees that at least k& + 1 vertices (and all but k) have degree d. This ensures
that if the reduced instance is a yes-instance, the equal-sized cliques in the final graph must

be of size d 4+ 1, which is consistent with the original instance.

In Case 2, we must ensure that after each update of GG, the graph either becomes empty
or it contains at least 2k + 1 vertices. Here, Reduction Rule [1|similarly ensures that at least
k + 1 vertices (and all but k) have degree d. Since d < 2k, the graph must have at least
4k + 1 vertices to satisfy these conditions. Therefore, we apply the Weighted K, i-Edge
Partition Algorithm (Algorithm only if |V(G)| > 4k.

Reduction Rule UCEVS 2. If |V(G)| > 4k, then run the Weighted K41-Edge Partition
Algorithm (Algorithm on the graph G, but terminate the algorithm if the size of the
vertex set becomes |V (G)| < 4k.

The correctness of the Reduction Rule [2f follows from correctness of Weighted K, 1-Edge
Partition Algorithm (Algorithm [3.2.1)) as established by Lemma This completes the
proof of Theorem [22] O

3.2.2 A Kernelization Algorithm for UCIVS

We will present a linear kernel for the UCIVS. We first provide some lemmas given by Firbas
et.al [61].

Lemma 25. [67)] Let G be a non-empty graph and G' be obtained from G by splitting some
vertex w € V(Q) into wy,wy € V(G'); furthermore let vi,vy € V(G). If vive ¢ E(G), then
for all descendants v, vy € V(G') of v1 and vy respectively, it holds that vivy ¢ E(G').

Lemma 26. [61] Let G be a non-empty graph and G' be obtained from G by splitting some
vertez w € V(G) into wy,wy € V(G'); furthermore let vi,ve € V(G). If vyvy € E(G), then

there are two descendants vy, vy € V(G') of v1 and vy respectively, such that vivy € E(G').

60



Note that in the previous subsection, we saw correlation between the problems UCEVS
and K ,1-EDGE PARTITION. Here, we see a similar trend. We correlate the UCIVS and a
problem called SIGMA UNIFORM CLIQUE COVER (SUCC).

Definition 25. A family C of cliques in G is called an Sigma uniform clique cover if

1. for each e € E, there exists C' € C such that e € E(G[C]) and

2. all the cliques in the family C have the same size.

Definition 26. A Sigma uniform clique cover where cliques are of size s is called a Sigma

s-clique cover.

Definition 27. Let C be a Sigma uniform clique cover of G. The weight of C, denoted by
wgt(C), is defined as:
wgt(C) = > freqe(v),

veV

where freqe(v) :== [{C € C | v € V(G[C])}.

A similar definition of weight of C is given in [6I]. We also define a cost of C. The definition

of cost of C will be useful in the explanation of kernelization result.

Definition 28. Let C be a Sigma uniform clique cover of G. The cost of C, denoted by
cost(C), is defined as:

cost(C) = Z max(0, freqq(v) — 1),

veV

where freqe(v) :== [{C € C | v € V(G[C])}.

The following two lemmas are closely related to lemmas proved in [61]. Lemmas given in
[61] dealt with the problem CLUSTER INCLUSIVE VERTEX SPLITTING relating it to SIGMA
CLIQUE COVER. Here, we see that the same idea works while working with the UCIVS as
well by taking SIGMA UNIFORM CLIQUE COVER instead of SIGMA CLIQUE COVER.

Lemma 27. Let G = (V, E) be a graph and let G' = (V', E') be obtained from G by splitting
u € Viintov,w € V'. IfC' is a Sigma uniform clique cover of G', then there exists a Sigma

uniform clique cover C of G with wgt(C) =wgt(C’).
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Proof. Using
(©\ fo,wh) U} i €70 {o,w) # 0

C’ otherwise

F(C) =

we define

C={f(C)|C ecC}.

Note that f gives a bijection over the domain C’. We claim that C satisfies the conditions
of this lemma. First, we establish that C is a Sigma uniform clique cover of G. We note that
the map f is the same as the map given in the proof of Lemma 4.1 of [61]. So, we can conclude
that C' € C induce cliques in G and all edges of G are covered by C. If C' N {v,w} # 0, then
since (' is a clique, it can not have both v and w, it means C’ contains exactly one vertex
from v and w. Therefore |f(C")| = |C'| when C" N {v,w} # 0. It is clear that |f(C")| = |C|
when C"'N{v,w} = . Hence f ranging over C’ does not change the cardinality of any image
it maps, this observation says that all cliques in C are of the same size. It is also clear that

wgt(C) = wgt (C). O

Lemma 28. Let G = (V, E) be a graph with no isolated vertices and let C be a Sigma uniform
clique cover of G with wgt(C) < |V|+ a € N. Then, either G is already a uniform cluster
graph or there is u € V' such that u can be split in G to obtain G' = (V', E') satisfying

1. G’ has a Sigma uniform clique cover C',
2. wgt (C') < |V'|+a—1,

3. @' does not contain isolated vertices.

Proof. If G is not already a cluster graph, there must exist C; # Cy € C such that C1NCy # 0.
In this case, let u € C; N Cs.

We define G’ = (V’, E') as the graph that is obtained when w is split into the two vertices

Uin and Ugy obeying:

Ngl(uin ) = NG'(U) N Cl,
Ner(tow ) == (Ng(u) \ C1) U{v € Ng(u)NCy | IC € C\ {C4} : u,v € C}.
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Furthermore, using the map

(C\{u}) U{un} ifC=0C
f(C) =< (C\{u}) U{uow} ifuecCACH#Cy

C otherwise

we can define

¢ = {f(C)| CecC)

Note that f gives a bijection between C and C’. Thus, C’ is a sigma clique cover of G'.
We note that all the construction that we did above is the same as the construction given
in the proof of Lemma 4.2 of [61]. So we can conclude, that C’ is a sigma clique cover of G’
with wgt (C') < |V/|+a—1 and G’ does not contain any isolated vertices. The way we have

defined f, it is clear that all cliques of C" are of the same size. O

Lemma 29. An instance (G, k) is a yes-instance of UCIVS if and only if the corresponding
instance (G, |V |+ k) is a yes-instance of SIGMA UNIFORM CLIQUE COVER.

Proof. Let Gy,...,G; be a sequence of graphs with Gy = G and [ < k such that each
graph, except (G, is obtained from its predecessor via a vertex split, and G, is a uniform
cluster graph. By identifying all connected components of G; with their vertex sets, we can
construct a Sigma uniform clique cover C; of G with wgt(C;) = |V (G,)|. Each split used in
the construction of Gy, . .., G; introduces exactly one new vertex, therefore |V (G)| = |V|+1.
Combining this with the fact that [ < k, we derive wgt(C;) < |V| + k. Using the sequence
G, ..., G, in reverse order, we iteratively apply Lemma [27] 1 times using C; and G, as base
case and obtain Cy,...,C;. In particular, it follows that Cy is a Sigma uniform clique cover
of G satistying wgt(Cy) < |V|+ k. Thus, (G, |V]+ k) is a yes-instance.

For the reverse direction, let C be a Sigma uniform clique cover of G with wgt(C) < |V|+k.
By iteratively applying Lemma for a number of times, call it [, either until a uniform
cluster graph is obtained as a direct result of the lemma, or alternatively, stopping after
[ = k iterations, we can obtain a sequence of graphs Hy, ..., H; and their corresponding

sigma uniform clique cover Cy, ..., C; respectively.

We shall now verify that also in the latter case where | = k, H; must be a uniform cluster
graph. As a consequence of the k applications of Lemma we get wgt(C;) < |V(H))|.
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By considering the fact that for each vertex v € V (H,;) there exists C' € C;, with v € C
(since C; is a sigma clique cover of H;), we derive wgt(C;) > |V (H,;)|.Thus, we have that
wgt(C) = |V(H,;)| and it follows that C; forms a partition of V (H;). Using this partition
property and the fact that C; is a Sigma uniform clique cover of H; allows us to directly
conclude that H; is a uniform cluster graph. Thus, H; is a uniform cluster graph in both

cases.

]

Theorem 30. UNIFORM CLUSTER-INCLUSIVE VERTEX SPLITTING parameterized by solu-

tion size admits a kernel with at most 4k vertices.

Proof. Let Gy, Gy, Gs, ...G be a splitting sequence of length [ for G. Let S = {vy,va,..., 0}

be the collection of vertices that were split to obtain G; from Gy = G.

Claim 3.2.2. Let a vertex v; be split into v;1 and vi. Define Sy = {v € G : v € N(v;1) N
N(’UZ‘Q), 1 S 1 S l} Then S() g S.

Proof. For the sake of contradiction, let us assume that v € Sy but v € S. Since v € Sy, there
exists some v; € S such that v € N(v;;1) N N(v;2) for some 1 < i < [. By Lemma , there
exist descendants of v;; and v;2, say v}; and v}y, such that v,;v € E(G)) and vi,v € E(G)).
Since vjvie € E(G)), it follows from Lemma [25| that there is no edge between v}, and vl,.
Therefore, G[v};,v,v},] induces a path P in G, contradicting the fact that G, is a cluster
graph. Hence S, C S. >

Next, we observe that if there exists a split sequence of length at most k, then the vertices
in V'\ S have equal degrees in both G and G;. In other words, for every x € V'\ S, we have
de(z) = dg,(x). We assume that G has at least 2k + 1 vertices; otherwise, we already have
a kernel of size at most 2k. We know that if the input is a yes-instance, then at least k£ + 1
vertices have the same degree, say d, while at most k vertices have degree different from d.
Therefore, we first check whether the input instance (G, k) satisfies this condition. If it does
not, we can conclude that the instance is a no-instance. If it does, we can compute the exact
value of d in polynomial time. Assuming that the input is a yes-instance, let ¢ be the size of

the equal-sized cliques in G;. One can observe that ¢ must be equal to d + 1 in G.
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Since the graph has no isolated vertices, every vertex must belong to some clique in any

Sigma Clique Cover.

Reduction Rule UCIVS 1. If any of the following conditions hold, we conclude that the

mstance 1S a no-instance:

1. v e V(Q) | dg(v) > d}| >k,
2. There exists a vertex v € V(G) such that dg(v) < d,

3. There exists a vertex v € V(G) such that dg(v) = d and G[N[v]] is not a clique.

Note that the correctness of this reduction rule follows from arguments similar to those used

in the proof of Lemma [23]

Lemma 31. Reduction Rule[d is correct.

Proof. We justify the correctness of each condition in Reduction Rule [I] as follows:

1. Condition 1: If [{v € V(G) | dg(v) > d}| > k, then there are at least k + 1 vertices
whose frequency must be at least two in any sigma (d + 1)-clique cover. This means
for any sigma (d + 1)-clique cover of G cost must be greater than k. Therefore, the

instance must be a no-instance.

2. Condition 2: If there exists a vertex v € V(@) such that dg(v) < d, then clearly
G[N[v]] does not contain a clique of size d + 1. It means v can not be part of a clique

in a sigma (d + 1)-clique cover. Thus, the instance is a no-instance.

3. Condition 3: If there exists a vertex v € V(G) such that dg(v) = d and G[N[v]] is
not a clique. It means G[N[v]] does not contain a clique of size d 4+ 1 and v can not be

part of a clique in a sigma (d + 1)-clique Cover. Thus, the instance is a no-instance.

Since all three conditions correctly identify invalid instances, the reduction rule is sound.

]
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Now, we make two cases based on the values of d.

Case 1. Let us assume d > 2k

In this case, we provide a polynomial time algorithm to solve the problem, that is, due to

Lemma 29] we determine whether there exists a sigma (d + 1)-clique cover of G with cost at

most k.

Algorithm [3.2.2: Sigma (d + 1)-Clique Cover

Require: A graph G = (V, F) and an integer k.
Ensure: A sigma (d + 1)- clique cover C of cost at most k, or conclude that no such

1:
2:
3:

10:
11:

12:

13:

14:
15:

sigma cover exists.
Initialize an empty sigma cover: C < ()
while G # () do
Find a vertex v € V(G) such that dg(v) =d
if no such vertex exists then
return "No instance."
end if
Let C = G[N|[v]], the subgraph induced by the closed neighborhood of v
if C' is not a clique then
return "No instance."
end if
Add C to C:

C+CcucC

Check Consistency of C: Compute cost(C) = > ., max(0, freqc(v) —1). If
cost(C) > k, return "No instance."
Update G and k:

V(G) = V(G)\ {u € N] | dg(u) = d},
k < k — cost(C)

end while
return C

Lemma 32. The Sigma (d+ 1)-Clique Cover Algorithm (Algom'thm correctly outputs

a sigma (d + 1)-clique cover of cost at most k, or conclude that no such clique cover exists.

Proof. The correctness of the algorithm is established as follows:
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1. Initial If Conditions: The first two if conditions (lines 4 and 7 of the algorithm)
directly follow from Reduction Rule

e If no vertex v exists with dg(v) = d, then it is impossible to construct a valid (d + 1)-

sigma clique cover, as per Condition 1 of the reduction rule.

e If G[N[v]] is not a clique for a vertex v with dg(v) = d, then v cannot belong to any

Kg,1-clique, as per Condition 3 of the reduction rule.

2. Cover Update: When a vertex v with dg(v) = d is found, all edges adjacent to v
must belong to the same part of the partition C. This is guaranteed by the definition of a
(d + 1)-sigma clique cover, which requires that C' = G[N[v]] is a clique. Therefore, adding
C' = G[N[v]] to C is a valid and safe update.

3. Consistency Check: The consistency condition holds due to Lemma [29] which
guarantees that cost of the partition cost(C) does not exceed the allowed budget k.

4. Graph Updates: Since all edges adjacent to the vertices in the set {u € N[v] |
de(u) = d} have been included in C and any vertex in the set {u € N[v] | dg(u) = d}
can be in only one clique, it is safe to delete these vertices. We delete edges vu for all
u € N(u) because edge vu can be part of only one clique. If w and x are vertices with degree
d and wzr € E(G), then we delete wzx, because edge wx can be part of exactly one clique.

Additionally, the budget k is correctly reduced by the amount cost(C).

5. Termination: The algorithm terminates when GG becomes empty. If any condition

fails during execution, the algorithm correctly concludes a no-instance.

Since d > 2k, every vertex of degree greater than d is adjacent to a vertex of degree d
otherwise Reduction Rule UCIVS [I| could have been applied. Note that after each iteration,
if G is not empty, we will either have a vertex of degree d or all vertices have a degree not
equal to d. In the latter case, we return no-instance by Reduction Rule [1| and in the former
case, since we have a vertex with degree d, we execute the line 3 of the algorithm. This

means that either G becomes empty or any condition fails during execution.

Thus, the algorithm is correct. ]

Case 2. Let us assume d < 2k.
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There is a subtle difference between the two cases. In Case 1, after each iteration of
updating G, one of two outcomes occurs: either the graph G becomes empty, or [V (G)| >
2k+1. In the former case, we can output the partition directly. In the latter case, Reduction
Rule [1] guarantees that at least k + 1 vertices (and all but k) have degree d. This ensures
that if the reduced instance is a yes-instance, the equal-sized cliques in the final graph must

be of size d + 1, which is consistent with the original instance.

In Case 2, we must ensure that after each update of GG, the graph either becomes empty
or contains at least 2k 4 1 vertices. Here, Reduction Rule 1| similarly ensures that at least
k + 1 vertices (and all but k) have degree d. Since d < k, the graph must have at least
4k + 1 vertices to satisfy these conditions. Therefore, we apply the Sigma (d + 1)-Clique
Cover Algorithm (Algorithm only if |V/(G)| > 4k.

Reduction Rule UCIVS 2. If |V(G)| > 4k, then run the Sigma (d + 1)-Clique Cover
Algorithm (Algorithm on the graph G, but terminate the algorithm if the size of the
vertex set becomes |V (G)| < 4k.

The correctness of the Reduction Rule [2| follows from correctness of Sigma (d + 1)-Clique
Cover Algorithm (Algorithm [3.2.2)) as established by Lemma [29] This completes the proof
of Theorem [B30L O

3.3 Kernelization algorithm for UCEE parameterized by

solution size

In this section, we study the following problem: Given a graph G, can we transform G into
a uniform cluster graph by editing at most k& adjacencies, where editing consists of adding
or deleting at most k edges? More formally, let G = (V, E') be a graph. A set F CV x V is
called a uniform cluster editing set for G if GAF is a uniform cluster graph. In this section,

we prove the following theorem.

Theorem 33. UCEE parameterized by solution size admits a kernel of size O(k?).

Note that many preprocessing rules applied in the case of UCEE are also applicable to

the cases of UCEA and UCED. To maintain conciseness, we will refer to the following
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preprocessing step as the preparation step, which begins here. This preprocessing step forms

the core idea behind the kernelization algorithms for UCEE, UCED and UCEA.

A graph is a cluster graph if and only if it does not have an induced Pj. It is straightfor-
ward to compute a maximal set Ps of vertex-disjoint induced Pss in G. If |P3| > k, then we
have a no-instance. Therefore, we assume that [P3| < k, and let S be the vertices of P3. We
have |S| < 3k. Let C denote the set of cliques of G — S. Let F' be a uniform cluster editing
set of size at most k for G, and let Vr be the vertices of F. Then we have |Vp| < 2k.

We observe that if there indeed exists a uniform cluster editing set F' of size at most
k, then the vertices in V' \ Vp have equal degree in both G and GAF. In other words, for
any two distinct vertices z,y € V' \ Vi, we have dg(z) = dg(y) = doar(z) = doar(y). We
assume that G has at least 4k + 1 vertices; otherwise, we would have a kernel of size 4k. It is
known that if the input is a yes-instance, then at least 2k + 1 vertices have the same degree
d, and at most 2k vertices have degrees not equal to d. Therefore, we first check if the input
instance (G, k) satisfies this condition. If the input instance does not satisfy this condition,
then conclude that we are dealing with a no-instance. If the input instance satisfies this
condition, we can calculate the exact value of d in polynomial time. Assuming that the
input is a yes-instance, let ¢ be the size of equal-sized cliques in GAF. It follows that ¢
must be equal to d+1 in GAF. This implies that the minimum degree of G is at least d — k,
because executing k edge editing operations can increase the degree of a vertex by at most
k. Similarly, the maximum degree of G is at most d + k, because executing k edge editing

operations can decreases the degree of a vertex by at most k. The preparation step ends here.

Next, we provide some Reduction Rules.

Reduction Rule UCEE 1. If §(G) < d—k or A(G) > d + k then conclude that we are

dealing with a no-instance.

Reduction Rule UCEE 2. If the number of vertices in V(G) with degrees not equal to d

exceeds 2k, then conclude that we are dealing with a no-instance.

We will consider two cases based on the value of d.
Case 1: Let us assume that d > 6k.
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Lemma 34. If (G, k) is a yes-instance, then for each C' € C, we have |C| > 2k.

Proof. If there is a clique C' € C such that |C| < 2k, then every vertex v € C has a degree
at most bk — 1. This is because v has at most 2k — 1 neighbours within C' and at most
3k neighbours in S. Given d > 6k, we have 5k — 1 < d — k. This implies §(G) < d — k.
Accordingly to Reduction Rule , if 0(G) < d — k, then we conclude that we are dealing

with a no-instance. Therefore, we must have |C| > 2k. O

Reduction Rule UCEE 3. If s € S is adjacent to at least k+1 vertices of a clique C' € C,
then add all missing edges between s and C' and decrement the parameter k by |W|, where W
is the set of all missing edges between s and C. The resulting instance is (G + W, k — |[W]).
If W] >k + 1, then conclude that we are dealing with a no-instance.

Lemma 35. Reduction Rule[3is safe.

Proof. The vertices of C' must belong to the same connected component in the edited
graph. Since s has at least k£ + 1 neighbours in C, s must be in the same connected
component as the vertices in C. Otherwise, to place s in a separate component, we
would need to delete at least k + 1 edges between s and C, which contradicts our as-

sumption that |F| < k. Therefore, we should add all the missing edges between s and C. [

Reduction Rule UCEE 4. If s € S is not adjacent to at least k + 1 vertices of a clique
C € C, then delete all edges between s and C, and decrement the parameter k by |W|,
where W is the set of edges between s and C. The resulting instance is (GAW, k — |W|). If

|W| >k + 1, then conclude that we are dealing with a no-instance.

Lemma 36. Reduction Rule[{] is safe.

Proof. All the vertices of C' must belong to the same connected component in the edited
graph. Note that s cannot be in the same connected component as the vertices in C as it

would require adding at least k + 1 edges. Therefore, we must delete all the edges between
s and C. ]
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Observe that exhaustive application of reductions UCEE [B] and UCEE [ ensures that for
each s € § and each C € C, either s is adjacent to every vertex of C' or s is adjacent to no

vertex of C.

Reduction Rule UCEE 5. If s € S has neighbours in two distinct cliques Cy,Cy € C, then

conclude that we are dealing with a no-instance.

Lemma 37. Reduction Rule[] is safe.

Proof. Due to Reduction rules UCEE [3] and UCEE [ s must be adjacent to every vertex of
C7 and Cy. This implies that the graph contains at least 2k + 1 edge disjoint induced Pss.

Therefore the input instance is a no-instance. ]

Reduction Rule UCEE 6. If s; and sy are two non-adjacent vertices of S and have a
neighbour in C' € C, then add the edge (s1,$2) and decrement the parameter k by 1. The
resulting instance is (G + (s1,52), k — 1).

Lemma 38. Reduction Rule[q is safe.

Proof. Due to reductions UCEE [3] and UCEE [, s; and s, are adjacent to every vertex of
C. Thus, s; and s, must be in the same connected component as the vertices in C' in the

edited graph. Therefore, we must add the edge (s1, $2) to the solution. ]

Reduction Rule UCEE 7. If s; and sy are two adjacent vertices of S and have neighbours
in C1 € C and Cy € C respectively, then delete the edge (s, s2) and decrement the parameter
k by 1. The resulting instance is (G — (s1, $2), k — 1).

Lemma 39. Reduction Rule[7 s safe.

Proof. The vertices of C and the vertices of Cy must be in different connected components
in the edited graph. Therefore, s; and s; must also be in different connected components in

the edited graph. Therefore, we must delete the edge (s, s2) and add it to the solution. [

Lemma 40. If (G, k) is a yes-instance and none of the reduction rules UCEE to UCEE
[1 are applicable to G, then G is a disjoint union of cliques, each of size d + 1.

Proof. When none of the reduction rules UCEE [I[| to UCEE [7] are applicable to G, then G is

clearly a disjoint union of cliques. Now, we show that these cliques are of size d + 1. If there
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exists a clique of size more than d + 1, then there would be more than 2k vertices whose
degree is not equal to d. Similarly, if there exists a clique of size less than d + 1, then there
would be more than 2k vertices whose degree is not equal to d, because as shown in Lemma
all cliques C' € C have size at least 2k 4+ 1. This scenario contradicts Reduction Rule
UCEE m

In Case 1, we obtain a kernel of size O(1).
Case 2: Let us assume that d < 6k — 1.

We partition C = G — S into four parts as follows:

e C.={CeC:|C|<d+1}
e Coar1 ={C €C:|C| =d+ 1 and no vertex in C has a neighbour in S}
e Ci 411 ={C €C:|C|=d+1 and some vertex in C' has a neighbour in S}
e C.={CeC:|C]>d+1}
Lemma 41. If (G, k) is a yes-instance and Reduction Rule UCEE@ 1s not applicable to G,

then |J |V(C)| < 2k.

CceCs

Proof. Note that every vertex in |J V/(C) has degree more than d + 1. Due to Reduction
CeCs
Rule [2| the number of vertices with degree more than d 4 1 is bounded by 2k.

Reduction Rule UCEE 8. If [Cy 41| > 2k, then retain only 2k +1 cliques from Cy 441 and

discard the rest.

Lemma 42. Reduction Rule[§ s safe.

Proof. An edge editing set of size at most k& can change degrees of at most 2k vertices in
Co,d+1- In other words, an edge editing set of size at most k can affect at most 2k cliques in
Co,d+1- There will still exist at least one clique of size d + 1 in the final graph. Therefore, we

can retain only 2k + 1 cliques. O]

Lemma 43. |Cl,d+1’ S 2k.
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Proof. Each clique C € C; 441, by definition, contains at least one vertex that has a neighbour
in S. This implies that every clique in C; 441 contains at least one vertex whose degree is
more than d. Due to Reduction Rule UCEE[2] there are at most 2k such vertices. Therefore,
Cy.a41| < 2k. O

Therefore, we get

U V(C)‘ S (4/{? + 1)(6]{3 - 1) = 24k’2 + 2k — 1, where Cd+1 = CO,d-H U

CECd+1
Cl,d+1 .

Lemma 44. If (G, k) is a yes-instance and Reduction Rule UC’EE s not applicable to G,

U V(C’)‘ < 212 4 5k
CeCc

then we have

Proof. Since Reduction Rule UCEE [1|is not applicable to GG, every vertex in GG has a degree

at most d+ k < 7k — 1. For the sake of contradiction, assume that |J |V (C)| > 21k*+ 5k.
Ccec<
Each clique C' € C. has size less than d + 1, hence the vertices in C' have degree less than d.

As (G, k) is a yes-instance, G has a uniform cluster edge editing set of size at most k that
can increase the degree of at most 2k vertices. Therefore, at least 2152 + 5k — 2k vertices in

U V(C) have neighbours in S. Since |S| < 3k and S has at least 21k* + 3k neighbours in
CeCc
G — S, by the Pigeonhole principle, there is a vertex s € S with at least 7k 4 1 neighbours

in G — S, which contradicts the fact that dg(v) < 7k — 1 for all v € V. Therefore, we

conclude that |J |V(C)| < 21k? + 5k. O
CeCc

Applying the above reduction rules and results, we find that:

V()] =IS[+ [V \ S|

=1s/+| U V(C)‘ + U V(C)’ + U V(C)'
CeCe CeCyy1 cecs

< 3k + (21k* + 5k) + (24k* + 2k — 1) + 2k

= 45k* + 12k — 1.
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3.4 Parameterized Complexity of UCED and UCEA

In this section, we see a number of parameterized complexity results regarding the complexity
of both the UCED and UCEA.

3.4.1 A Kernelization Algorithm for UCED

In this section, we provide kernelization algorithms for UCED.

Theorem 45. The UCED problem parameterized by solution size admits a kernel with at

most 6k vertices.

Proof of Theorem [45] We start with the same preparation step as designed above.
However, in this preparation step, we apply edge deletion operations instead of edge editing

operations.

Reduction Rule UCED 1. If§(G) < d or A(G) > d+k, then conclude that we are dealing

with a no-instance.

Reduction Rule UCED 2. If the number of vertices in V(G) with degrees not equal to d

exceeds 2k, then conclude that we are dealing with a no-instance.

Reduction Rule UCED 3. If there exists a vertex u of degree d in G such that the subgraph

induced by N[u] is not a clique, then conclude that we are dealing with a no-instance.

Lemma 46. Reduction Rule[3 is safe.

Proof. Note that if the input is a yes-instance, then every vertex u of degree d must be part
of a clique of size d+ 1 after deleting the edges of the solution. Since the degree of u is d, this
can only happen if the closed neighborhood of u (denoted Nu|) forms a clique. Therefore,

if the subgraph induced by Nfu] is not a clique, the instance is a no-instance. ]

Reduction Rule UCED 4. Let u € V(G) be a vertex with degree d. If u has a neighbour
v with a degree strictly greater than d, then delete all the edges (v,w) € E(G) such that w
1s neither u nor a neighbour of w. The set of edges deleted is denoted as W. The resulting
instance is G = (V(G), k — |W|). Also if |[W| > k+ 1 then conclude that we are dealing with

a no-instance.
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Lemma 47. Reduction Rule[]] is safe.

Proof. As we have seen from the proof of Lemma N[v] must form a clique component in
the final graph. Therefore, we must delete the edges (v,w) € E(G) such that v € Nu| but
w € V(G) \ Nu|. It is also worth noting that the condition |V (G)| > 4k + 1 ensures that
the resulting graph, obtained by deleting the edges in the solution, must be a cluster graph,

where every clique is of size exactly d + 1. O]

Reduction Rule UCED 5. If there are multiple cliques of size d + 1, then we retain only
x cliques of size d+1 where z(d+1) > 2k+1 and remove the remaining cliques of size d+1.

Lemma 48. Reduction Rule[] is safe.

Proof. The condition z(d + 1) > 2k + 1 in Reduction Rule UCED [5| ensures that at least
2k + 1 vertices have degree exactly d, which in turn ensures that the size of cliques, after
deleting at most k edges, remains exactly d + 1. Therefore deleting the extra cliques does

not change the size of a solution. O]

We consider two cases based on the size of d.

Case 1: d > 2k

Lemma 49. After applying Reduction Rules exhaustively, we obtain a uniform cluster
graph.

Proof. First we will show that every vertex in the reduced graph has degree d. For the sake of
contradiction assume there exists a vertex v with a degree of at least d+ 1. If N(v) contains
a vertex with degree d, then Reduction Rule UCED W could have been applied. Therefore,
we assume that all vertices in NV (v) have a degree of at least d + 1. As a result, the number
of vertices with degrees not equal to d is at least d 4+ 2 > 2k + 2 as d > 2k. However, in this
scenario, Reduction Rule UCED [2] could have been applied because the number of vertices
with degrees not equal to d exceeds 2k. Consequently, in a reduced graph, every vertex has a
degree exactly d. After exhaustively applying Reduction Rules UCED [3] [4] and [5], we obtain

a clique of size d + 1. This is a uniform cluster graph. O
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Therefore in the case 1, we obtain a kernel of size O(1).

Case 2: d < 2k

After exhaustively applying Reduction Rules UCED [3] and UCED the components
containing a vertex of degree d must form a d + 1-sized clique. After applying UCED [
the cliques of size d + 1 collectively contain at most 4k vertices. According to Reduction
Rule UCED [2] we have at most 2k vertices that do not have degree d. Therefore, we have
V(G| < 6k.

This completes the proof of Theorem

3.4.2 A Kernelization Algorithm for UCEA

In this section, we provide kernelization algorithms for UCEA.

Theorem 50. The UCEA problem admits a kernel with at most 5k vertices.

Proof of Theorem We start with the same preparation step. However, in this prepa-

ration step, we apply edge addition operations instead of edge editing operations.

Reduction Rule UCEA 1. If§(G) < d—k or A(G) > d, then conclude that we are dealing

with a no-instance.

Reduction Rule UCEA 2. If the number of vertices in V(G) with degrees not equal to d

exceeds 2k, then conclude that we are dealing with a no-instance.

Reduction Rule UCEA 3. If there is a path between two nonadjacent vertices u and v,

then make u adjacent to v and decrease k by 1. The new instance becomes (G + (u,v), k—1).

Lemma 51. Reduction Rule[3is safe.

Proof. Since there is a path between u and v, they must belong to the same clique in the

edited graph. Therefore, we must connect u and v by an edge. O]
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Observe that exhaustive application of Reduction Rule UCEA [3| ensures that the new graph

is a collection of disjoint cliques.

Reduction Rule UCEA 4. If there are multiple cliques of size d + 1, then we retain only
x cliques of size d+1 where z(d+1) > 2k+1 and remove the remaining cliques of size d+1.

Lemma 52. Reduction Rule[{] is safe.

Proof. Note that Reduction Rule UCEA 4] ensures that at least 2k 4+ 1 vertices have a
degree exactly d, which in turn ensures that the size of cliques remains exactly d + 1 after
adding at most k£ edges. Therefore, deleting the extra cliques does not change the size of the

solution. []

Casel: d>k+1

Reduction Rule UCEA 5. If there is a clique of size less than d+ 1 in G, then conclude

that we are dealing with a no-instance.

Proof. Let us assume that we have a clique C' of size x < d + 1. To obtain a clique of size
d+ 1 from C, we would need to add at least x(d + 1 — ) edges. However, this exceeds the
allowable number k of edge addition operations, as z(d + 1 — z) > k. O]

Note that due to Reduction Rule UCEA |1} there cannot be a clique of size more than d + 1.
Hence applying Reduction Rules UCEA [I] to UCEA [ all cliques are of size d + 1.

In Case 1, we obtain a kernel of size O(1).

Case 2: d <k

After applying Reduction Rule UCEA [ the cliques of size d+ 1 collectively contain at most
3k vertices. Accordingly to Reduction Rule[2] there are at most 2k vertices with degrees not
equal to d. Therefore, we have |V(G)| < 5k.

This completes the proof of Theorem [50]
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3.4.3 An FPT Algorithm for UCED

Baécker and Damaschke [20] provided an FPT algorithm for the CLUSTER EDGE DELETION
problem. This algorithm is based on branching technique. The core idea is to apply a
branching rule to eliminate all induced P; in the graph. Once no further applications of the
branching rules are possible, the remaining instance can be solved in polynomial time. Since
the UNIFORM CLUSTER EDGE DELETION problem also requires elimination of all induced
Pj’s, the same branching rules can be applied in our case as well. Once the branching rules
are no longer applicable, we again solve the remaining instance in polynomial time. For
completeness, we explain the terminology and branching rules introduced by Bocker and
Damaschke. The score of an edge e is defined as the number of induced P; in which e
appears. A graph is said to be score-s if every edge in the graph has a score of at most s.
The score of a graph is the maximum score among all its edges. Branching on an edge e
means either (i) deleting the edge e, or (ii) deleting all other edges that, together with e,

form an induced Ps.

The operation of doubling a vertex x in a graph refers to inserting a new vertex that
is adjacent exactly to = and all its neighbors. The result of doubling multiple vertices is
independent of the order in which the vertices are doubled. Below are definitions of several

special graphs on six vertices, where only the explicitly mentioned edges exist.

e 3-asterisk: a K3 where each vertex is adjacent to one additional (distinct) vertex.

e 3-sun: a K3 where each pair of vertices shares an additional adjacent vertex.

e fat P, : A path on four vertices (P;) where both inner vertices have been doubled.

e fat P5: A path on five vertices (P5) where the central vertex has been doubled.
The disjoint union G + H of two graphs G and H is the graph consisting of disjoint copies
of G and H. The notation pG denotes the disjoint union of p copies of G. The join of two
graphs G and H, denoted by G x H, is obtained by taking G + H and adding all possible

edges between vertices of G and vertices of H. Now, we state the theorem provided by
Damaschke [41].

Theorem 53. [/1] The following graphs (with arbitrarily large positive n, q,p) and their con-

nected induced subgraphs comprise the complete list of connected score-2 graphs: 3-asterisk,
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3-sun, fat Py, fat Ps; C,, forn >4, K,xCs, K, x K, K, * (Ky+ K3), and (¢, + pK»)© for
p = 2.

Lemma 54. If an induced Cy exists, we can apply a 1.415 rule for Uniform Cluster Edge

Deletion.

Proof. 1f we delete at most one edge from each pair of opposite edges in an induced C} then,
obviously, some induced P; remains. Thus we must delete some pair of opposite edges, which
yields the branching vector (2,2). O

In [20] Bocker and Damaschke gave an FPT algorithm for cluster editing. The idea
of the FPT algorithm was to first branch on the edge of a score larger than 2. Then in
the graph of score-2, use the classification given by the Theorem [53] and deal with each
connected component separately. Our algorithm will also start with branching on the edge
of a score larger than 2. But for our problem, we will have to be careful about the size of
each component. To deal with our problem, we will first guess the size of equal-sized cliques

and deal with each component according to the guessed size.

Theorem 55. UNIFORM CLUSTER EDGE DELETION is solvable in O(1.47%) time.

Proof. We know that deleting the vertices of any solution results in a disjoint union of equal-
sized cliques (say, of size ¢). We start with guessing the size c¢. Note that the possible guesses
for ¢ range from 1 to n. If ¢ is a valid guess, then the number of vertices in G must be a

multiple of c.

As long as possible, take an edge e of score larger than 2, and delete e or all edges forming
a P3 with e. The branching number is 1.47. Once the graph is score-2, every component is
one of the graphs from the Theorem Now we deal with each component to get a union

of c-sized cliques.

e Note that the problem can be solved in polynomial time on 3-asterisk, 3-sun, fat Pj,
fat Ps,bC,,(n > 4).

e In (¢K; + pK>5)¢, we note that if p > 2, then we have an induced Cy. In this case,
we can apply the 1.415 branching rule in Lemma [54] Therefore, we only need to deal
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with the case when p = 1. If p = 1, then then the component is actually an induced
subgraphs of K, * K.

e The other graphs in the theorem consist of one clique K of size ¢, joined with at most
five other vertices. Suppose our connected component is K, * H where |V (H)| < 5.

We note that ¢ + |V (H)| is a multiple of ¢. Otherwise we can return a no instance.

Suppose F' be our desired solution. Then G — F must be disjoint union of c-sized

cliques, say C1,Cs, ..., Corjvm, .

We guess a partition P = {Py, Ps, ..., P} of vertices of H. We say a partition P =
{P, Py, ..., P} corresponds to a solution F' if P, = V(C;)NV (H) and G[P;] is a clique.
Otherwise P is a wrong guess. For each part P, there must exist U; C V(K,) such
that G[P; U U;] = C;. We can easily find U; in polynomial time. This is because the

vertices in K, are true twins.

Note that [ < 5. We take any arbitrary partition of V(K,), say U = {Uy,Us,...,U,}
such that |U;| =c—|P| for 1 <i<land |Uj] =cforl+1<i< w.

Define
, PUU forl1 <:<l
P =
Ui for [ +1 < i < ¢V
Now we have P’ = < P/, Py, ..., Pl ¢ apartition of vertices of the connected component.

If for some i, G[P/] is not a clique, we discard the partition P. If every G[F/] is a clique, we
say that P is a wvalid partition. For a valid partition, we find the number of edge deletions
required to get the partition P’ such that there is no edge between G[P/| and G[F/] for i # j.
Suppose kp denotes the number of edges deleted to get the partition P’ for partition P. Note
that once we fixed ¢, the number kp is also fixed. For a guess ¢, We do the above process

for all partitions of V(H). Therefore, we solve the problem in polynomial time. O
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3.4.4 A Subexponential algorithm for UCED on Dense Graphs

In this section, we will provide a subexponential algorithm for UCED on everywhere a-dense

graphs. Let us begin by recalling the definition of everywhere a-dense graphs.

Definition 29 ([8, 84]). A graph on n wvertices is a-dense if it has an?®/2 edges. It is
everywhere-a-dense if the minimum degree is an. We abbreviate )(1)-dense as dense and

everywhere-C)(1)-dense as everywhere-dense.

We will use the subexponential algorithm of Lochet et al. for the d-WAY CuT problem
on everywhere a-dense graphs as a subroutine in our algorithm. Specifically, they proved

the following:

Theorem 56. [0/ The d-WAy CuUT problem, parameterized by the size of the solution,
. . . o INO((1/a)?) 5 o( glog(g))
admits an algorithm with running time (5) -n”-2 on everywhere-a-dense

graphs.

We now state the main result of this section.

Theorem 57. The UCED problem, parameterized by the size of the solution, admits an

a)3 Eog(E
algorithm with running time (é)o((l/ ") n2. 20( ol g(a)) on everywhere a-dense graphs.

Proof. We will assume that (an)? > 49k. If not then n < %E allowing us to try all possible

vertex partitions and solve the problem in the required time.

Let the input instance be a yes-instance of UCED. Suppose that the graph G can be
transformed into a uniform cluster graph by deleting a set F© C F(G) of size at most k,
resulting in cliques of size h + 1. We begin by guessing h, which has at most n possible

values. Assume h has been correctly guessed. We distinguish between two cases:

Case 1: h+1 < an— Vk.
Since every vertex v € V(G) has degree d(v) > an, it must be adjacent to at least vk edges
in F' to reduce its degree to h. Thus, we must have %ﬁ < k, which implies n < 2vk. In this
case, we can solve the problem within the required time by exhaustively checking all vertex

partitions.
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Case 2: h+1 > an — Vk.
Since an > 7\/%, we conclude that h + 1 > 6vk. Let us denote by L the set of vertices
which are adjacent to at least vk edges in F. We have L = {v € V(G) | d(v) > h + Vk}.
Therefore |L| < 2v/k because M < k.

We have G — F as a uniform cluster graph containing %5 cliques of size exactly h + 1.
Denote by C’l,Cg,...,ChLH the cliques in G — F with |C] = h+ 1 for all 1 <7 < ;5.
Define C! = C; \ L. Now, construct an instance I' = (G — L,d, k) of d-WAY CUT, where
d = 345 Since [ is a yes-instance of UCED, I is a yes-instance of d-WAY CUT. To apply
the algorithm in Theorem we need to make sure that the graph G — L is everywhere
dense. We can assume that an — 2vk > % Otherwise, we get n < %E. In this case, we
can try all the partitions and solve the problem in required time. Also, each vertex in G has
degree at least an. Therefore, the degree of every vertex in G — L is at least an — 2k > R
Therefore, we can assume that G — L is everywhere 5-dense. Using the algorithm in Theorem
we obtain a set of edges £’ C E(G — L) of minimum size k' < k such that G — L — F’

has exactly d connected components.

Lemma 58. The d connected components obtained by deleting E' from G — L are precisely
c,Cy, ..., O

Proof. Let Ay, A,, ..., Ay denote the connected components obtained by removing E’ from
G — L. Each C} satisfies |C!| > 4v/k since |C;| = h 4+ 1 > 6VE and |L| < 2vE. As we are
deleting at most k' < k edges in G — L, all but at most vk vertices in C! are in the some
connected component A; for some 1 < j < d. Suppose C; has all but at most Vk of its

vertices in a component A;.

Claim 3.4.1. C] C A;

Proof. Assume for contradiction that there exists x € C! with x € A; for some | # j.
Construct a new partition By, By, ..., By by moving = from A; to A;. Let us denote by Ep
the set of edges needed to delete to get the connected components as By, ..., By. Note that
Ep = (E'\{(z,w) | we A;}) U{(z,u) | v € Ai}. Therefore, |Eg| = |E'| — da,(x) + da,(z).
Note that as © € L, we know that z has less than vk neighbors outside C;. Therefore, we
have du,(r) < vk. We also know that  has at least 3v/k neighbors in A;. Therefore, We
have d4; () > 3v/k. This implies that da,(z) > da,(z). Hence, we get |Ep| < |E’|. This is

a contradiction to minimality of E’. Therefore, we know that for every i € [d], there is an
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unique j € [d] such that C} C A;. O

Since all the connected components A;’s are non-empty, for every ¢ € [d], there is an unique
J € [d] such that C} = A;. This finishes the proof of the lemma. O

Due to the previous lemma, we exactly know the partition of all the vertices in graph

G except the vertices in L. But as we know that |L| < 2v/k, we can guess for each

. . o . . 9 _ L n n 2 . .
vertex in L its position in A;’s. As d = < ot S (a)n < 2. This requires at

h+1 —

most ( %) vk guesses. By trying all the possibilities, we can solve the problem in required time.

This completes the proof of Theorem [57] n

3.5 Structural Parameterization

Apart from considering the solution size as a parameter, we also investigate several struc-
tural parameters of the input graph, including feedback vertex set, vertex cover, and treewidth.
These parameters capture different aspects of the graph’s structure and have been widely
used in the parameterized complexity literature to obtain more fine-grained insights into hard
problems. Our analysis along these lines provides a natural starting point for a broader ex-
ploration of the problem from the perspective of structural parameterizations. Importantly,

this line of inquiry is far from exhaustive.

3.5.1 Structural Parameterization of UCVD

Theorem 59. UCVD parameterized by vertex cover admits a kernel of size 3vc(G).

Let C denotes a minimum vertex cover of G which is of size vc(G). We know that the size of
an optimal solution is upper bounded by vc(G) as deleting all vertices in C' from G creates

cliques of size exactly one. Let I = G — C be an independent set.
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Reduction Rule UCVD 10. If I contains at least 2vc(G) + 1 vertices then return ve(G).

Lemma 60. Reduction Rule UCVD[1( is safe.

Proof. Let us assume that [ contains at least 2vc(G) + 1 vertices. Let S be any solution.
Clearly, every vertex of I\ .S must be in distinct clique in G —S. Therefore, the size of cliques
in G — S must be bounded by one as optimal solution size is at most vc(G). Therefore, we
must delete minimum number of vertices to get a cliques of size exactly one. Clearly, we

return the solution of size vc(G). O

Due to Reduction Rule UCVD we can assume that I contains at most 2vc(G) many
vertices. Therefore, we get a kernel of size 3vc(G). This completes the proof of Theorem .

Given that UCVD has a kernel of size 3vc(G), one can run a greedy algorithm to solve

the problem, which results in the following corollary.

Corollary 3.5.1. UCVD parameterized by vertex cover can be solved in time 20V¢(&).n00),

3.5.2 Structural Parameterization of UCED

Theorem 61. UCED parameterized by vertex cover admits a kernel of size 2vc(G).

Let C denotes a vertex cover of G which is of size at most vc(G). Let I = G — C be an

independent set.
Reduction Rule UCED 6. If I contains at least ve(G) + 1 vertices then return |E(G)|.

Lemma 62. Reduction Rule[q is safe.

Proof. Let us assume that I contains at least vc(G) + 1 vertices. Let S be any solution.
Clearly, every vertex of I must be in distinct clique in G — S. Therefore, the size of cliques
in G — S must be bounded by 1. Therefore, we must delete all the edges to get a cliques of

size exactly one. O]

Due to Reduction Rule [ we can assume that I contains at most vc(G) many vertices.

Therefore, we get a kernel of size 2vc(G).
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Theorem 63. UCED parameterized by feedback vertex set admits a kernel of size 3fvs(G)+2.

Let Z denotes a feedback vertex set of G which is of size at most fvs(G). We denote the
forest obtained by deleting the vertices in Z as F'.

Reduction Rule UCED 7. Let us assume that F' contains an independent set I of size at
least fvs(G) + 1. If G contains a perfect matching then return |E(G)| — @ or else return

|E(G)].

Lemma 64. Reduction Rule[7 is safe.

Proof. Let S be any solution. Clearly, every vertex of I must be in a distinct clique in G—S.
As there are more than fvs(G) + 1 vertices in I, there exists at least one clique in G — S
which contains vertices only from F'. Clearly, size of such a clique must be bounded by 2.
This implies that all the cliques in G — S must have size exactly one or two. Note that the
latter case is only possible when the graph contains perfect matching. We can determine
whether the graph contains perfect matching or not in polynomial time. If such a perfect
matching exists then we get a solution of size |E(G)| — @ Otherwise, the size of cliques
must be one. In this case, we must delete all the edges. Therefore, we can return a solution

of size |E(G)|. O

As we know that every tree on n vertices contains an independent set of size at least |7 .
After applying the above reduction rule, we know that F' contains at most 2fvs(G) + 2

vertices. Therefore, we get a kernel of size 3fvs(G) + 2.

3.5.3 Structural Parameterization of UCEA
Theorem 65. UCEA can be solved in time O(vc*e)

Proof. We find a vertex cover C of size at most vc(G). Adding the edges of the solution
results in a disjoint union of equal-sized cliques. Suppose vertices of C' are parts of ¢ different
cliques after adding the edges of the solution. We guess a partition P = { Py, B,..., P,} of
C. If G[P, U P;] is a connected graph, then P is a wrong guess. So, we assume that every
vertex of G — C is adjacent to atmost one P; € P. There are at most vc(G)*(¢) candidates

for P and we try out all guesses. O]
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3.5.4 Structural Parameterization of UCEE

Theorem 66. UCEE parameterized by vertex cover admits an FPT algorithm with running

time vc(G)OMe(@?) . pOM),

Proof. First, we note that any graph whose vertex cover is vc(G) contains at most ve(G).n
edges. Let F' be any solution of minimum size. We make a simple yet important observation
that |F'| < vc(G).n. This is because deleting all the edges in the graph G contains equal

cliques of size exactly one.

Claim 3.5.1. The equal-sized cliques in GAF' are of size at most 4.vc(G).

Proof. For the sake of contradiction assume that the cliques in GAF are of size 4.v¢(G) + 1.
In this case, let us denote the total number of edges in GAF by I.

‘2 (4‘%((2;) : 1) X 4.VZG)

4.vc(G)(4.ve(G) + 1) n
= 2 . 4.vc(G)
> (4.vc(C2¥) +1)

X n.

Clearly, this suggests that

|F| > 1 —vc(G).n

> w x n —vc(G).n

> (2.vc(62¥) +1)
> ve(G) x n.

Xn

This is a contradiction. This finishes the proof of claim.

]

Let us denote by H the graph induced by vertices in cliques in GAF that contain the
vertices from the vertex cover. The size of cliques in GAF' is denoted by ¢. We will start by

making a guess for the value of ¢q. If ¢ does not divide n, we discard such a guess. According
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to the previous claim, |V (H)| < 4vc(G)?. Therefore, we can make at most 20(ve(G)?)

guesses
for the graph H. For each guess, we can determine in polynomial time whether H is indeed
an induced subgraph of GG or not, with the vertices in the vertex cover of G mapped to
themselves. If not, we discard such a guess. If yes, we calculate the minimum number of
edges needed to be edited in order to turn H into equal-sized cliques of size ¢ by guessing the
partition of H in polynomial time. This process requires at most vc(G)O("C(G)Q) many guesses.
Once that is accomplished, we can select an arbitrary partition of vertices in I \ V(H),
where each part contains exactly ¢ vertices. Again, we can calculate the minimum number
of edges needed to be edited to convert it into a graph of ¢-sized cliques in polynomial
time. Therefore, for each guess, we can solve the problem in polynomial time. In the end,
we output the minimum number of edges needed to be edited in order to convert it into a

uniform cluster graph. O

Theorem 67. UCEE parameterized by treewidth admits an XP algorithm with running time
0@ o(1)
n n®Wm,

Proof. We know that any graph with treewidth tw(G) contains at most tw(G).n edges. As
proved in Theorem we can see that any optimal solution F' has size at most tw(G).n.
Also the size of cliques in GAF is upper bounded by 4tw(G). We begin the algorithm by
guessing the size of cliques. Let us denote it by ¢q. Note that ¢ must divide n otherwise it is
an incorrect guess. Let us denote the partition of vertices in GAF by P = { Py, P, . .. ,P%}.
Let us denote by Fjy; C F the edges that are deleted from G in the solution. Note that,
every connected component in G — Fj,; must be of size at most q. We know that the the
maximum number of graphs on ¢ vertices is at most 2¢°. Let us denote the possible graphs
using X1, X, ..., Xy2. Therefore, we can guess the structure of the graph G[P;| in G — Fyq
for all 7 as there are at most n©@) choices . For every choice, we can easily calculate the

number of edges need to be edited in order to get uniform cluster graph. We just need

to check whether the graph H = |J G[P;] is a subgraph of G or not. It is easy to see
=1

1=
that one can easily construct a standard dynamic programming algorithm running in time
f(tw(G@)).n®D to check whether H is a subgraph of G or not where f is some computable
function. For all valid choices, we return the minimum number of edges required to edit in

order to get a uniform cluster graph. O]
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3.6 Conclusions and Open Problems

In this chapter, we studied the problem of modifying a given graph so that the resulting graph
becomes a collection of equal-sized cliques. We provided polynomial kernels for various types
of modification problems along with FPT algorithms for few variants. While we have made
significant progress in understanding the parameterized complexity of the problems studied

in this chapter, several intriguing questions remain open for future research:

e Does there exist a linear or quadratic vertex kernel for UCVD?
e Can we design a (2 — €)* - n®W algorithm for UCVD?
e Is there a 200 . nOM) zlgorithm for UCEVS and UCIVS?

e Does a sub-exponential algorithm for UCEVS and UCIVS exist on everywhere dense
graphs?

e Does there exist a linear vertex kernel for UCEE?
e Construct an efficient FPT algorithm for UCEE and UCEA?

e Does a sub-exponential algorithm for UCEE exists on everywhere dense graphs?

These questions represent exciting challenges in the parameterized complexity landscape

and provide avenues for further exploration.

While our work provides initial insights into the complexity of the problem under vari-
ous structural parameters such as feedback vertex set, vertex cover, and treewidth, it only
scratches the surface of what is possible within this framework. Given the richness of struc-
tural graph parameters in the literature, future investigations could consider other measures
such as clique-width, modular-width, or neighborhood diversity, potentially leading to new
algorithmic strategies or complexity classifications. Thus, our work serves as a foundation
for further exploration and highlights the value of structural parameters in advancing the

understanding of this problem.
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Chapter 4

Maximum Minimal Degree-d-Modulator

In this chapter, we investigate the MAXMIN DEGREE-d-MODULATOR, a natural general-
ization of the well-studied MAXMIN VERTEX COVER. Given a graph G = (V, E) and an
integer d > 0, a degree-d-modulator is a subset S C V such that the removal of S from G
results in a graph where every remaining vertex has degree at most d. A degree-d-modulator
is said to be minimal if no proper subset of it is a degree-d-modulator. In other words,
G — (5 \ {v}) contains at least one vertex of degree d + 1 or higher. It is easy to observe

that if S is a minimal degree-d-modulator, then for every v € S, one of the following holds:

e v has at least d + 1 neighbours in G — S, or

e v is adjacent to some vertex u € V' \ S that has exactly d neighbours in G — S.

Note that if d = 0, then the DEGREE-d-MODULATOR. problem coincides with the well-
known VERTEX COVER problem. If S is a degree-1-modulator, then G — S is a disjoint
collection of isolated vertices and isolated edges. Similarly, if S is a degree-2-modulator, then
G — S consists of isolated vertices, paths and cycles. The minimization version of DEGREE-
d-MODULATOR has been studied previously. Here we are interested in the maximization
version of DEGREE-d-MODULATOR. We now define our problem formally.

MAXMIN DEGREE-d-MODULATOR
Input: An undirected graph G = (V, E') and an integer k € N.

Question: Does G have a minimal degree-d-modulator of size at least k7
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While the DEGREE-d-MODULATOR problem has been studied extensively in the literature
from both algorithmic and parameterized complexity perspectives [15, B8, B3], 97, 9], the
maximization variant that seeks minimal modulators of large size has received comparatively
little attention. Notably, the case d = 0 corresponds to the well-known MAXMIN VERTEX
CoVER (MMVC) problem, which has been previously explored by Fernau [57], who provided
fixed-parameter tractable (FPT) algorithms and kernelization results. In particular, it was
shown that MMVC admits a kernel with at most k? vertices and can be solved in O*(c*)

time [L14].

In this work, we initiate a broader investigation into the parameterized complexity of
MAXMIN DEGREE-d-MODULATOR for general values of d. We first establish that the prob-
lem admits a polynomial kernel of size O(dk* + d?k), generalizing the kernelization result
known for the case d = 0. We also show that MAXMIN DEGREE-d-MODULATOR is FPT
when parameterized by the treewidth tw of the input graph.

4.1 Kernelization Algorithm

Lemma 68. Let (G, k) be an instance of MAXMIN DEGREE-d-MODULATOR. If G contains

a vertex v of degree at least k + d, then (G, k) is a yes instance.

Proof. Observe that V(G) \ {v} is a degree-d-modulator of graph G, since removing
all vertices except v leaves v with degree zero, which is at most d. Therefore, there
exists a minimal degree-d-modulator S C V(G) \ {v}. We claim that S contains at
least k£ neighbours of v. Suppose, for the sake of contradiction, that S contains at most
k — 1 neighbours of v. Then, in the graph G — S, vertex v would have degree at least
dlv) —(k—1) > (k+d) — (k—1) = (d + 1), which contradicts the assumption that S is a
degree-d-modulator. Therefore, S must contain at least k& neighbours of v, implying that

(G, k) is a yes-instance. O

We give a few reduction rules that simplify the input instance.

Reduction Rule 1. If G has an isolated vertex v, delete v from G. The new instance is

(G — v, k).
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Reduction Rule 2. If GG contains a vertex v of degree at most d such that all the neighbours

of v are also of degree at most d, then delete v from G. The new instance is (G — v, k).

Lemma [68| allows us to claim the final reduction rule that explicitly bounds the size of
the kernel.

Reduction Rule 3. If G has a vertex v of degree at least k + d, then conclude that we are

dealing with a yes-instance.

It is easy to see that Reduction Rules [T 2] and [3] are safe and that they produce an
equivalent instance. Furthermore, all the reduction rules can be applied in polynomial time.

Now we are ready to state the main theorem of this section.

Theorem 69. MAXMIN DEGREE-d-MODULATOR admits a kernel of size dk? + d°k.

Proof. Given an input instance (G, k), we greedily find a minimal degree-d-modulator S of G.
If |S| > k, then (G, k) is a yes-instance. Otherwise, we have a minimal degree-d-modulator
S of size at most k — 1. Let A C V' \ S be the set of vertices that are not adjacent to any
vertex in S, and let B C V'\ S be the set of vertices that are adjacent to at least one vertex
in S. Clearly V' \ S = AU B. Now, we would like to bound the size of V' — S by analyzing
the sizes of A and B. Since we cannot apply Reduction Rule [3] anymore, every vertex of G
has degree at most k + d. Furthermore, each vertex in B has a neighbor in S, and there are
at most k vertices in S. Therefore, the total number of vertices in B is at most (k + d)k.
Because S is a degree-d-modulator, every vertex in A has degree at most d. If there exists
a vertex u € A that does not have any neighbor in B, then by Reduction Rule 2] we can
safely delete u. Thus, we can assume that every vertex in A has at least one neighbor in
B. Additionally, since every vertex in B has at most d neighbor in A, the total number of
vertices in A is at most d - |B| < d - k(k + d). O

Using the above theorem, we obtain a polynomial kernel of size dk?+d?k, which allow us to
design a fixed-parameter tractable (FPT) algorithm for MAXMIN DEGREE-d-MODULATOR
with running time O*(29°+%*) as follows: For every vertex subset S of size at least k, we
test whether S is a minimal degree-d-modulator. If we find such an S, then (G,k) is a
yes-instance, otherwise, it is a no-instance. We improve this running time for the cases when

d=0,1 and 2.
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4.2 MaxMin Degree-d-Modulator parameterized by
Treewidth

Theorem 70. Given a nice tree decomposition of a graph G with treewidth
tw, one can determine the size of maximum minimal degree-d-modulator in time
O 4™ - (d+2)™-2™ . (d+2)™ - n?), where n is the number of vertices of G.

Proof. Let (T, {X;}iev(r)) be a nice tree decomposition rooted at node 7 of the input graph
G. For any node t in T, let V; denote the union of all bags in the subtree of T" rooted at
t, including X; itself. We denote G; as the subgraph of GG induced by V;. In our algorithm,
we not only distinguish whether a vertex is included in the solution or not, but also, for
those included, we further differentiate between those that are adjacent to a vertex of degree
exactly d outside the solution and those that have at least d + 1 neighbors outside the
solution. Similarly, among the vertices not included in the solution, we differentiate between
those that are of degree exactly d after solution vertices are removed and those that are of

degree less than d after solution vertices are removed.

A coloring of the bag X is a mapping f : X; — {r, g,y, b}, which assigns one of the four
colours to each vertex in the bag. We give the intuition behind the meaning of these four

colours.

e Red, represented by r. All red vertices must be excluded from the final solution and

must have less than d neighbors outside the final solution.

e Grey, represented by g. All grey vertices must be excluded from the final solution and

must have exactly d neighbors outside the final solution.

e Yellow, represented by y. All yellow vertices must be included in the final solution

and must have at least one grey neighbour.
e Blue, represented by b. All blue vertices must be included in the final solution and

must have at least d + 1 neighbours outside the final solution.

For each node t, we construct a table dp,(f, C,Y,B,ro,71, 90, 91, Y0, Y1, bo, b1) € {true, false}

where f is a colouring of X;; and C,Y and B are vectors of length n. Let m be a positive
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integer and m> be a symbol representing any integer value greater than or equal to m. We

define
ms>+1=m>and (m—1)+1=m>.

The ith coordinate of C and B takes values from the set {0,1,...,d,(d + 1)>} if and
only if v; is in X;; otherwise it takes the symbol . Similarly, the ith coordinate of Y
takes values from the set {0,1>} if and only if v; is in Xj; otherwise, it takes the sym-

bol x. Let rg, 71, g0, 91, Yo, Y1, bp and by be integers taking values in the range 0 to n, inclusive.

We set dp;(f, C,Y,B, 70,71, 9o, 91, Yo, Y1, bo, b1) =true if and only if there exists a set X C V;
such that

—_

. fﬁl{yvb} = XﬂXta

2. the ith coordinate of vector C is

l, if v; € X; and v; has [ (with [ < d) red or grey neighbours in G,
C(i) = (d+1)s, ifv; € X, and v; has at least d + 1 red or grey neighbours in G;

* otherwise

3. the ith coordinate of vector Y is

0, if v; € X; and v; has no grey neighbours in Gy
Y(i) = 1>, ifv; € X, and v; has at least one grey neighbour in G,

* otherwise

4. the ith coordinate of vector B is

l, if v; € X; and v; has [ (< d) red neighbours in G
B(i) = ¢ (d+1)s, ifv; €X; and v; has at least d + 1 red neighbours in G
* otherwise

5. 1o is the number of red vertices in G;.

6. ry is the number of red vertices in G;— X; that have at most d—1 red or grey neighbours.
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10.

11.

12.

. go is the number of grey vertices in Gy.
. g1 is the number of grey vertices in Gy — X; that have exactly d red or grey neighbours.

. Yo is the number of yellow vertices in Gj.

y1 is the number of yellow vertices in Gy — X; that have at least one grey neighbour.
by is the number of blue vertices in G;.

by is the number of blue vertices in G; — X; that have at least d + 1 red neighbours.

Now we will show how each entry dp;(f, C,Y,B, 70,71, g0, 91, Yo, Y1, bo, b1) can be computed,

assuming that the entries corresponding to the children of ¢ have already been computed.

Leaf node: For a leaf node ¢, we have X, = (). Thus dp,(f, C,Y,B, 79,71, 90, 91, Yo, Y1, bo, b1)

is true if and only if f =0,C=%Y =%B=x179=0,7=0,90 = 0,91 =0,y = 0,91 =

07b0

:O,blz().

Introduce node: Suppose ¢ is an introduce node with child ¢’ such that X; = X U {v;}

for some v; ¢ Xy. Let f be any coloring of X;. We consider the following cases:

Case (i): Let f(v;) = r. In this case, dp,(f,C,Y,B, 70,71, 90,91, Y0, Y1, bo, b1) is true if and
only if dpy (f',C', Y, B', 74,11, 95, 95, Yo, Y1, by, b)) is true, where

1.

flxogoy = 15

C/(Z)—Fl, if v; € N(’Uj)ﬂXt
l if v; = v; and v; has | (< d) red or grey neighbours in X;
(d+1)>, if v; =v; and v; has at least (d + 1) red or grey neighbours in X,

C'(4), otherwise
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0, if v; = v; and v; has no grey neighbours in X,
Y(i) =< 15, if v; = v; and v; has at least one grey neighbour in X,

Y'(i), otherwise

4.
(B'(i)+ 1, ifv; € N(v)NX,
B(i) = [, if v; = v; and v; has [ (< d) red neighbours in X,
(d+1)s>, if v; =v; and v; has at least d 4 1 red neighbours in X;
| B'(7), otherwise
5. ro =1(+1;
6. ™ =rl;
7. 9o = 9o
8. g1 =di;
9. Yo = Yo;
10. y1 = yy;
11. by = bf;
12. by = b].

Case (ii): Let f(v;) = g. In this case, dp(f,C,Y,B,ro, 71,90, 91, Yo, Y1, bo, b1) is true if and
only if dpy (f', C', Y, B', 74,71, 96, 91 Y6, Y1, U, ) is true, where

1' f‘Xt\{’UJ} = f’?

C/(Z)—Fl, if v; € N(’Uj)ﬂXt
l if v; = v; and v; has | (< d) red or grey neighbours in X;
(d+1)>, if v; =v; and v; has at least (d + 1) red or grey neighbours in X,

C'(4), otherwise
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1>, if v; € N(v;) N X,

Y(i) = 0, if v; = v; and v; has no grey neighbours in X;
1s, if v; = v; and v; has at least one grey neighbour in X,
Y'(i), otherwise

4.
l if v; = v; and v; has [ (< d) red neighbours in X;
B(i) = { (d+1)s, if v; =v; and v; has at least d + 1 red neighbours in X
B'(4), otherwise
5. 19 = 1{;
6. m =rl;
7. 90=9o+ 1L
8. g1 = gi;
9. Yo = Yo
10. y1 = yy;
11. by = bf;
12. by =b).

Case (iii): Let f(v;) =y. In this case, dp:(f, C,Y,B,ro, 71, 9o, 91, Yo, Y1, bo, b1) is true if and
only if dpy (f',C", Y, B’ ry, 1, 9, 91, Yh, Y1, by, Uy) is true, where

L flxaguy = 5

[, if v; = v; and v; has [ (< d) red or grey neighbours in X
C(i) = q (d+1)s, ifv; =v; and v; has at least (d + 1) red or grey neighbours in X,
C'(4), otherwise
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0, if v; = v; and v; has no grey neighbours in X,
Y(i) =< 15, if v; = v; and v; has at least one grey neighbour in X,

Y'(i), otherwise

4.
[, if v; = v; and v; has | (< d) red neighbours in X
B(i) = { (d+1)s, if v; =v; and v; has at least d+1 red neighbours in X
B'(i), otherwise
5. 1o = 14;
6. m =rl;
7. 9o = 9p;
8. g1 = gi;
9. yo=yo+ 1
10. y1 = yy;
11. by = bg;
12. by =b).

Case (iw): Let f(v;) =0b. In this case, dp,(f, C,Y,B, 70,71, 90, 91, Y0, Y1, bo, b1) is true if and
only if dpy (f', C', Y, B’ 74,11, 95, 95, Yo, Y1, by, b)) is true, where

1‘ f‘Xt\{UJ} = f’?

[, if v; = v; and v; has [ (< d) red or grey neighbours in X
C(i) = (d+1)s, ifv; =v; and v; has at least (d + 1) red or grey neighbours in X,
C'(4), otherwise
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0, if v; = v; and v; has no grey neighbours in X,
Y(i) =< 15, if v; = v; and v; has at least one grey neighbour in X,

Y'(i), otherwise

4.
[ if v; = v; and v; has [ (< d) red neighbours in X;
B(i) = ¢ (d+1)s, if v; = v; and v; has at least d + 1 red neighbours in X,
B'(4), otherwise
5. 1o = T4;
6. m =rl;
7. 90 = 9o;
8. g1 =g;
9. Yo = Yo
10. y1 = yy;
11. by = b+ 1;
12. by =1

It is  straightforward to  observe that for an  introduce node ¢,

dp(f,C,Y,B,ro, 71,90, 91, Yo, Y1, bo, b1) can be computed in O(n) time.

Forget Node. Suppose t is an forget node with child ¢ such that X; = Xy\{v,}
for some v; € Xy. Here dp(f,C,Y,B,r0,71,90,91,Y0,Y1,b0,b1) is true if and only if

dpt’(f/7 Cl? Yla Bl? 7ﬁé)a rlla 967 gi? y67 yia b67 bll) is true, where f/ = fvjﬁrv fvj~>97 fvj%y or fvjﬁb
and the remaining values are determined according to the behavior of f’:

Case (i): When f" = f, .,
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10.
11.

12.

Case (ii): When f' = f, 4

ARS!

/
1,

. To =Ty,

.1 =

- o = 9o;

. 91291;

- Yo = Yoi
Y=Y
by =V}

Otherwise

ifC'(j)<d-1

ci)=4
C'(d)
Yi) =4
Y'(2)
B(i)={
B'(i)
ci)=4
C'(1)
Yi) =4
Y'(2)

if Uy = Uy

otherwise

if Uy = Uy

otherwise

if Uy = U5

otherwise

if Uy = Uy

otherwise

if Uy = Uy

otherwise



*
B(i) =
B'(i)
5. 19 = 1{;
6. = 1];
7. 90 = 90;
gi+1, ifC()=d
8. g1 =
a1, Otherwise
9. Yo = Yp;
10. y1 = yy;
12. by = b}
Case (iii): When f' = f,
2.
cl)=14"
1) =
C'(i)
3.
*
Y(i) =
Y'(i)
4.
*
B(i) =
B'(i)
5. 1o = 1{;
6. m =rl;
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if Uy = U5

otherwise

if Uy = Uy

otherwise

if Uy = Uy

otherwise

if Uy = U5

otherwise



7. g0 = 9;

8. g1 =g
9. Yo = Yo;
yi+ 1, ifY'(5) =1
10. Y1 = N
v1, Otherwise
12. by = b}

Case (iv): When f" = f,

2.
cl)=4"
Z o
C'(i)
3.
Y(i) =4
Z =
Y'(i)
4.
B(i) =4
’L g
B'(i)
5. 19 = 1{;
6. 1 =rl;
7. 9o = 9o;
8 g1 = gia
9 Yo = y(/)a
10. y1 = y5;
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if Vi = vy

otherwise

if Uy = Uy

otherwise

if V; = Vj

otherwise



by+1, ifB'(j)=(d+1
1“1{1 it B'(j) = (d+ 1)>

O

b, Otherwise
Join Node. Suppose t is a join node with children ¢; and ¢t
such that X, = X, = X,. Then dpi(f,C,Y,B, 70,71, 90, 91, Yo, Y1, bo, b1)

is true if and only if  dp,(f1,C1, Y1, By, g, gk gt vd, vl 0, 01)  and
dptz (f?a CQa Y2a B27 T(%) T%7 g(%a g%: y(%v y% b(%7 b%) are truev where

L. f = f1 = f2
2.
* if V; ¢ Xt
Cli) = q(d+1)s, ifv, € X;A((Ci(i) = (d+1)5) V (Ca(i) = (d +1)3))
lo Otherwise.
where
l l if C1(7) + Ca(i) — [N(v) N (fHr)U fHg)NXy|=1land | <d
c =

(d+1)>, if Ci(i) + Cali) — [N(vi) N (fTH(r) U fHg)) N Xe| > d

3.
* if v; ¢ X,
Y(Z) = 0, if v; € Xt and Yl(l) = YQ(Z) =0
s, ifv; € Xy A((Y1(0) = 15) V (Ya(i) = 13))
4.
* if v; ¢ X,
B(i) =< (d+1)s, ifv;€ XA ((B1(d) = (d+1)s) V (Ba(d) = (d + 1))
lp Otherwise.
where
i if By(i) + Bo(i) — |[N(v;) N f1(r) N X,| =Land [ < d
U @+ 1)s, B +Bali) — [N(w) N N (r) N Xy > d
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5. 1o =15+ 15— |f7H(r)]
6. 1 =7ri+7r?
7. 90=90+95— 1/ (9)l
8. g1 =91 +9}
9. yo =y + 5 — If (¥l
10. y1 = yi + ui
11. by = b + b2 — | f~1(0)]

12. by = b} + b3

The number of nodes in the tree decomposition is O(tw-n). If the treewidth of the graph
is tw then the number of possible tuples is O (4™ - (d + 2)™ - 2™ . (d + 2)™ - n®). Each entry
dpi(f,C,Y,B, 10,71, 90, 91, Yo, Y1, bo, b1) can be computed in O(1) time, assuming that the
entries corresponding to the children of ¢ have already been computed. The correctness of

the recurrence relations follows directly from the definitions and case analysis for each node

type.

At the root node r, we look at all records such that dp,(0, x, *, *, 79,71, go, 91, Yo, Y1, bo, b1 )=
true, ro = 11,90 = g1, Y0 = y1 and by = b;. Here % is a function such that *(v) = xVv € V(G).
The size of a maximum minimal degree-d-modulator is the maximum 7 + ¢; satisfying

dpr(wa *, %, %, 70,71, 9o, 91, Yo, Y1, b()?bl): true) To=T1,90 = 91,Y0 = U1 and bO = bl'

]

By applying Theorem[70, we show that the MAXMIN DEGREE-d-MODULATOR can be solved
in time O*(c*) for d = 0,1, and 2. We begin by using a greedy algorithm to compute a
minimal degree-d modulator X of the input graph G. If | X| > k, we immediately return a

yes-instance. Otherwise, we may assume that | X| < k.

Observe that for d € {0,1,2}, given a degree-d modulator of size at most k, one can
construct a tree decomposition of G with treewidth at most k + 2. Therefore, we conclude
that tw(G) = O(k). Then, by invoking the algorithm from Theorem we can solve the
MAXMIN DEGREE-d-MODULATOR in O*(c¥) time.
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4.3 Conclusions and Open Problems

In this chapter, we investigated the parameterized complexity of the MAXMIN DEGREE-
d-MODULATOR. We presented both kernelization and fixed-parameter tractability results
for fixed values of d. We first established that MAXMIN DEGREE-d-MODULATOR admits a
polynomial kernel of size O(dk? + d?k). We developed a dynamic programming algorithm
based on tree decompositions to solve the problem. By invoking our treewidth-based algo-
rithm, we showed that the problem is fixed-parameter tractable (FPT) and can be solved in

time O*(c*) for some constant ¢ when d < 2.

The problem of designing an O*(c¥)-time FPT algorithm for d > 3 remains open. More-
over, for d € {1,2}, although we obtain an O*(c¥)-time algorithm, the constant ¢ is quite

large. Thus, it would be interesting to investigate whether smaller constants can be achieved.
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Chapter 5

Maximum Minimal Feedback Vertex Set

In FEEDBACK VERTEX SET (FVS), we are given an undirected graph G, a positive integer
k, and the question is to check whether GG has a vertex set S of size at most k such that G—.5
is a forest (an acyclic graph). The set S is called feedback vertez set or fus in short. Downey
and Fellows [45], and Bodlaender [22] proposed the first two fixed parameter tractable (FPT)
algorithms with the running time O*(20* 2RI After a long series of improvements, the
current champion algorithms are as follows. The fastest known randomized algorithm is
given by Li and Nederlof [89] and runs in time O*(2.7%), and the fastest known deterministic
algorithm, given by Iwata and Kobayashi [80], runs in time O*(3.460%). Several minimization
variants of FVS have been studied in the literature, such as finding a set S such that G — S
is acyclic and G[S] is connected, or G[S] is an independent set. In this chapter, we consider
a maximization version of FVS, namely MAXMIN FVS. A set S is called a minimal fvs, if
S is an fvs and for every v € S, S\ {v} is not an fvs. That is, no proper subset of S is an
fvs. It is not hard to see that if S is a minimal fvs, then every v € S has a private cycle,
that is, there exists a cycle in G[(V(G) \ S) U {u}], which goes through u. Now we are ready
to define the problem formally.

MAXMIN FEEDBACK VERTEX SET (MAXMIN FVS)
Input: An undirected graph G = (V, E) and an integer k € N.

Question: Does G admit a minimal fvs of size greater than or equal to k7

!The notation O* hides the polynomial factor in the running time.
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Lately, finding a large-size minimal solution has attracted a lot of attention from the per-
spective of the Approximation Algorithms and Parameterized Complexity. Boria et al. [24]
proved that for any constant € > 0, the optimization version of MAXMIN VERTEX COVER

is inapproximable within ratios O(n°°7¢)

, unless P=NP. They complement this result by
proving that MAXMIN VERTEX COVER is approximable within ratio O(n%%) in polynomial
time. This is in sharp contrast to the approximability of the classical VERTEX COVER, for
which an easy factor 2-approximation exists. This becomes even more interesting when we
consider the optimization version of MAXMIN FVS. MAXMIN FVS was first considered by
Mishra and Sikdar [94], who showed that the problem does not admit an n%®~¢ approxima-
tion (unless P=NP), and that it remains APX-hard even when the input graph is of degree
at most 9. Dublois et al. [48] improved upon this by showing the first non-trivial polynomial
time approximation for MAXMIN FVS with a ratio of (’)(n%), as well as a matching hardness

of approximation bound of ns—e.

In the realm of parameterized complexity, Zehavi [114] studied MAXMIN VERTEX COVER
— find a munimal vertex cover of size at least k, if it exists — and designed an algorithm
with running time O*(2'<(%)), which is "almost optimal" unless Strong Exponential Time
Hypothesis fails. For MAXMIN FVS, Dublois et al. [48] obtained a polynomial kernel of size
O(k?). This result is the starting point of our work. There are results about kernelization
of MAXMIN VERTEX COVER and MAXMIN FVS in [7]. In particular, they proved that
MAXMIN VC parameterized by vertex cover number does not admit a polynomial kernel.
This result is related to the kernelization of MAXMIN FVS parameterized by vertex cover

of our work. This chapter is based on the article [67].

5.1 FPT algorithm parameterized by vertex cover num-
ber

In this section we prove that MAXMIN FVS is FPT when parameterized by vertex cover

number vc(G).

Theorem 71. MAXMIN FVS can be solved in time O*(20(ve(@)logve(G)))

Proof. 1t G = (V, E) has a vertex v of degree at most 1, remove it from the graph. We find
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a vertex cover C' of size at most vc(G) of the reduced graph G. For our purpose, a standard
branching algorithm with O(2'“(“)n) running time is sufficient (see e.g. [40]). We denote by
I the independent set V' \ C. We next guess Cj, = SN C, where S is a largest minimal fvs.
There are at most 2'(%) candidates for Cj, as each member of C has two options: either in
Ci =SNCorCh =SNC. Clearly, C,y: = SN C contains the vertices of C' which are
outside the solution. If G[Cyy] is not a forest then return that Cj, is a wrong guess, and we
reject the guess. So, from now on, we assume that G[C,,| is indeed a forest. Next, we check
the minimality of Cj,, that is, for each v in Cy,, whether G[(V \ Cy,) U {v}] has a cycle

containing v. If the minimality of Cj, is not satisfied, then return that Cj, is a wrong guess.

Outline of the algorithm: Given a guess Cj,, our goal is to find a largest minimal fvs
containing Cj,. We look for a set Z C I of vertices which can be added to C,,; so that
G[Cout U Z] remains a forest and every vertex v € I \ Z has at least two neighbours in
some component of G[Cyy: U Z]. This is why every vertex in I \ Z must be included in the
solution. Finally the algorithm outputs C;, U (I \ Z).

Algorithm to find Z: It G — Cy, has a vertex v of degree at most 1, remove it from the
graph. If there is a vertex v in I such that G[Cy,; U {v}] contains a cycle, then include v in
the solution. Suppose S’ is a minimal fvs such that C;, C S’. We know G — S’ is a forest
F. Suppose F has exactly ¢ trees T1,T5,...,T,. Note that the number of trees in F is at
most vc(G), that is, ¢ < ve(G). We guess a partition P = {Py, Pa, ..., P,} of Cou. We say
the partition P = {P, P», ..., P,} corresponds to trees of F, if P, = Cyy NV (T;). For each
part P; there must exist a set Z; C I of vertices such that G[P, U Z;] = T;. Otherwise P is a
wrong guess. Note that Z = [, Z;. There are at most vc(G)'““) candidates for P and we

try out all guesses.

Algorithm to find Z;: Consider ith part P; of P. Note that G[P;] is a collection of trees.
Given P;, we want to have a set Z; C I of vertices such that G[P; U Z;] is a tree. This
can happen in different ways. For example, it may be the case that only one vertex z
of I connects all trees of G[P;] to form a single tree. It may be the case that we need
s; > 1 vertices of I to connect all trees of G[P;] to form a single tree. We further guess a
partition P; = { Py, P, ..., Py, } of P; into s; parts. For each P, there are at most vc(G)‘Pi|
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possible partitions. Given a partition P; = {P;1, P, ..., Pis,} of P, we want to have a set
Z; = {21, zi2, . . ., zis; } Of vertices such that z;; € I is adjacent to exactly one vertex of every
tree in P;;. Thus, G[z;; U P;;] forms a tree. Next, we guess how these s; trees are joined to
form a single tree. We need s; — 1 cross edges of the form (z;;,v;;) where vy, € Py, j # k

to join s; trees (See Figure . There are s;(s; — 1) cross edges of the form (z;;, v;x) where

P, P, P Py

T

Zil Zi2 Zi3 Zi4

Figure 5.1: An illustration for partition of P; into four parts P, Pi, P;3, Py; cross edges
(zi1,vi2), (2i1, Via), (zi4, vi3) are shown in orange. For simplicity trees in each part are single-
ton.

Vik € Py, j # k. Thus s; — 1 edges can be selected in at most (s?)* many ways. So the total
number of selections of cross edges for all P;’s together is at most JT%_, (s?)% < vc(G)?<(@),
Thus there are total vc(G)*<(¢) guesses for the structure of trees involving vertices V (P;)U Z;
and cross edges for all i combined. A selection of s; — 1 cross edges is a valid selection if
the chosen cross edges can join s; trees to form one tree. For example, three cross edges
(orange) in Figure can join four trees to produce one tree; so these three orange edges
form a valid selection. Note that the vertices in Z; are abstract; now we look for candidates
of z;; € Z; for all j, in the input graph. For a given guess, a vertex x € I is a candidate for
z;; if and only if x is only adjacent to exactly one vertex from each tree in P;; and also it is
adjacent to a vertex in Py, when (z;;,v;;) is a cross edge in the given guess. For a particular
guess there could be several candidates for z;;. We claim that only one of the candidates
of z;; can go to Z; and the rest go to the solution. Suppose there are two candidates
and xp for z;;. Without loss of generality assume that x; goes to Z;, that is, x; does

not go to the solution. Then we prove that x, must go to the solution. We consider two cases:

Case 1: Assume that P;; contains at least two trees. Then there is a cycle C' containing x5
where the remaining vertices of C' are outside the solution; see Figure (a). Therefore x4

must go to the solution in order to destroy C.

Case 2: Assume that P;; contains exactly one tree. Recall that if G — Cj, has a vertex

v of degree at most 1, then we remove it from the graph. Therefore z; and x5 have
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Py P,

@ QD%

1?1 1?2 I.l 15.2 1;3
Zij <ij ik
(a) Case 1 (b) Case 2

Figure 5.2: Ilustration of Case 1 and Case 2.

degree at least two. Since d(x;),d(z3) > 2, both of them must have a neighbour in some
Py, where j # k, and (z;;,vi) is a cross edge in the given guess. Therefore, the graph
GV (P;) UV (Py) U{z1,z2,x3}] has a cycle C containing xs where z3 is a candidate vertex
for z;; and z3 is outside the solution (See Figure (b)). Note that C' contains x5 where
the remaining vertices are outside the solution. So x5 must be inside the solution in order

to destroy C'; this proves the claim.

So while choosing a candidate for z;;, we only make sure that the remaining candidates which
are going to the solution do not disturb the minimality of Cj,. If there is no such candidate
then we return that it is a wrong guess. Clearly, it takes polynomial time to check if Z;
exists for all ¢. For a given guess Cy,, if Z = |J!_, Z; exists in I then we see that C;, U(I'\ Z)

forms a minimal feedback vertex set containing Cj,.

Given Cj,, in order to compute Z we consider at most vc(G)4VC(G) guesses. Thus given

el@ o) Given Cin the above algorithm returns

Cin we can compute Z in time vc(G)
either a minimal fvs containing Cj, or returns Cj, is a wrong guess. Finally we consider the
maximum size solution obtained over all guesses. As there are 2ve(G) candidates for Cin, we

can solve the problem in ve(G)™““nO® time.
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Figure 5.3: Hlustration of the PPT reduction from MAXMIN VERTEX COVER to MAXMIN
FEEDBACK VERTEX SET.

5.2 No polynomial kernel parameterized by vc(G)

We proved that MAXMIN FVS is FPT when parameterized by vertex cover number vc(G),

and in this section we show kernelization hardness of the problem.

Theorem 72. MAXMIN FVS parameterized by vc(G) does not admit a polynomial com-
pression unless coNP C NP /poly.

Proof. We give a polynomial parameter transformation (PPT) from the MAXMIN VERTEX
COVER. Given an instance (G, k) of MAXMIN VERTEX COVER, we construct in polynomial
time an instance (G', k') of MAXMIN FVS as follows. We start with the graph G. We add a
new vertex = and make it adjacent to every vertex of G. We add a set V,, = {z1, xa,..., T3}
of new vertices and make x adjacent to every vertex of V.. Furthermore, we add a new vertex
y and make y adjacent to every vertex of V.. This completes the construction of G’ (See
Figure [5.3)). It is easy to see that vc(G') < vc(G) + 2. Finally, we set k' = k +n + 2. We
claim that GG contains a minimal vertex cover of size at least k if and only if G’ contains a

minimal feedback vertex set of size at least &'
Suppose C' is a minimal vertex cover in G such that |C| > k. We observe that the set
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C U (Vp \ {z1}) forms a minimal feedback vertex set of size at least &’ in G'. Conversely,
suppose that G’ has a minimal feedback vertex set S of size at least k’. First, we see that
x ¢ S. This is true because if z € S then (V,U{y})NS = 0 as the vertices in V, U{y} are not
part of any cycle in G’ —x. This implies that |S| < n+ 1, which is a contradiction. Similarly,
we can argue that y € S. As we know that {z,y} NS = ), we must have |[SNV,| =n + 2.
This implies that |S N V(G)| > k. Now, we show that C' = SN V(G) is a minimal vertex
cover of G. It is easy to see that C' = SNV(G) is a vertex cover of G; otherwise, S will not
be a feedback vertex set of G’. For the sake of contradiction, assume that C'\ {z} is also a
vertex cover of GG. In this case, we observe that x is not part of any cycle in G' — (S'\ {z}),

which is a contradiction. Therefore, C' is a minimal vertex cover of size at least k in G. [

5.3 An fpt-AS for MAXMIN FVS parameterized by vc(G)

An fpt-approzimation scheme (fpt-AS) with parameterization x is an algorithm whose input
is an instance € I and an € > 0, and it produces a (1 — €)-approximate solution in time
fle, k(z)) - |2|°D for some computable function f.

Theorem 73. Let € > 0 be a fized constant. Then, there exists an algorithm for MAXMIN

ve(G)
FVS, that runs in time 90(*3) . %W and returns a minimal feedback vertex set of size at

least (1 — €)opt(G).

Proof. We present an f(e, ve(G)) - n®WY time algorithm that produces a (1 — ¢)-approximate
solution for the problem. We assume that we have a minimum vertex cover C' of size vc(G)
of the input graph G = (V, E). We denote by I the independent set V' \ C. Our goal here
is to find a largest minimal fvs S with C;, = SN C, where C;, C C is given. That is, we
guess the intersection of S with vertex cover C. There are 2'°(%) possible guesses. Clearly,
C,ut = S N C contains the vertices of C' which are outside the solution. If G[C,,] is not a
forest then return that C, is a wrong guess and reject it. So from now onwards we assume

that G[Cyy is indeed a forest. We give some reduction rules to simplify the input instance.

Reduction MMFVS 1. If there is a vertex v € [ with at most one neighbour in C,;,

delete u.

Reduction MMFVS 2. If there is a vertex u € I such that G[C,,: U{u}] contains a cycle,

then include u in the solution and delete wu.
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Qe
(=l

oW
Qe

Figure 5.4: Here Q(a) = {C1,C3, C3}, Q(b) = {C1,C2,C4f, Q) = {C1,C5}, Qd) =
{Cs, C3,C4}. Note that S, = {b, ¢, d}.

The algorithm first applies Reductions MMFEVS [1] and MMFVS [2] exhaustively. Every
vertex u € [ has at least two neighbours in C,,;, otherwise Reduction MMF VS |1| would have
been applied. Since Reduction MMFVS 2] cannot be applied, we have that no two neighbours
of u € I belong to the same connected component of G[Cpy]. On the reduced instance, we
run the following greedy algorithm. Suppose that C,,; has connected components C, Cs, . . ..
We say a connected component C; is a neighbour of u € I, that is C; € Q(u), if G contains

an edge (u,v) for some v € C;. pick an arbitrary vertex u € [ and define S, = {xl €

I\ {u} : |Q(u) NQ(z;)] > 2}. Note that if w is not included in S then all the vertices of
S, must be included in S. The intention is that if |S,| > 2, then we prefer not to include
u in S, and hence include all the vertices of S, in S as it is a maximization problem. But
while including the vertices of S, in the solution, we need to be careful about whether the
inclusion of S, in the solution, disturbs the minimality property of C;,. This can be verified
by checking if each vertex in Cj, still has a private cycle after the inclusion of S, in the
solution. Based on the above observations, we propose the following algorithm. We pick
an arbitrary vertex u € I, compute S, and check the minimality of C;,, assuming S, is
included in the solution. If the minimality of C}, is preserved, then we set S = S U S,
I =1\ (S,UA{u}), and Coyy = Cyyy U {u}, that is, we include S, in the solution and move
u to Cuyr. As u has neighbours in at least two connected components of G[Cyy], when we
move u to Cyy, the number of components in G[C,,] drops by at least 1. The algorithm
again applies Reductions MMFVS [[]and MMFVS [2] exhaustively as C,,; has been modified.
On the other hand, if the minimality of Cj, is not preserved then we set S = S U {u} and
I =1\ {u}. We repeat the above until / becomes empty.

There are 2'(%) candidates for C;,; for each guess the above algorithm returns a minimal
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fvs and finally, we consider the maximum size solution obtained over all guesses. Suppose the
algorithm outputs S. Let S, be an optimum solution. We claim that |S| > [Sou| — ve(G).
Let Cj, = C N Sppe. Clearly, we have [Sop| < |Cin| + |I|. Recall that the greedy algorithm
adds all vertices from I to the solution except the ones that are moved to C,,;. We claim
that there are at most vc(G) vertices from I that are moved to C,,; and therefore not added
to the solution. Every time a vertex is moved to C,,;, the number of connected components
in G[Cyy] drops by at least one. After moving vc(G) — 1 vertices, the number of connected
components in G[Cyy] becomes one. Therefore, we have moved at most vc(G) vertices to
Cout- This proves that |S| > |Cin| + 1 — ve(G) > |Sopt| — ve(G).

Next, we propose an FPT approximation scheme. Given an input graph G, we first ask

—VC(GG). Note that this can be answered in time

whether G' has a minimal fvs of size at least
(9.34)@ -n°W using the FPT algorithm proposed in [87]. If this is a no-instance, then
we can find opt(G) in the same time by repetitively using the FPT algorithm. If this is a
yes-instance, then obviously opt(G) > VC(E—G) Hence the value of the constructed solution S

is at least
opt(G) — ve(G) ve(@)

opt(G) ~ opt(G)

times the optimum. That is, the constructed solution S is a (1 —¢€)-approximate solution. [

>1 >1—c¢€

5.4 Conclusions and Open Problems

In this chapter, we have studied MAXMIN FVS parameterized by the vertex cover num-
ber of the input graph. We gave a O*(20(ve(G)logve(@)) time algorithm parameterized by

vc(G). Finally, we proposed an fpt-AS parameterized by vc(G) with better running time

ve(G)
20( € )no(l). We list some nice problems that emerge from the results here: can our algo-

ve(@))

rithm parameterized by vc(G) be made ¢ time algorithm, for a fixed constant ¢? It
would be interesting to see if the idea in Theorem [/1| can be extended to study MAXMIN

FVS parameterized by fvs(G).
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Chapter 6

MaxMin Separation with Uncut

Constraints

In this chapter, we investigate the parameterized complexity of three MaxMin separation
problems: MAXIMUM MINIMAL MULTIWAY CUT UNCUT (MAXMIN MULTIWAY CUT UN-
CUT), MAXIMUM MINIMAL LIST ALLOCATION (MAXMIN LIST ALLOCATION) and MAXI-
MUM MINIMAL SUBSET FEEDBACK VERTEX SET (MAXMIN SUBSET FVS). A notable as-
pect of these problems is that they generalize some of the well-known classical MaxMin graph-
cut problems, including MAXMIN st-SEPARATOR, MAXMIN MULTIWAY CUT, MAXMIN
FEEDBACK VERTEX SET and MAXIMUM CUT.

In the MAXMIN MULTIWAY CUT-UNCUT problem, the input is an undirected graph G,
a set ' C V(G) of terminals together with a partition 7 = (T1,...,T,) of T, and a positive
integer k. The goal is to determine if there exists a minimal set Z of edges of size at least
k with property that, in the graph G — Z all the terminals in 7} are contained in a single
connected component for each ¢ € [p], and for each i, j € [p], ¢ # j, the connected component

containing 7; is distinct from that containing 7}.

In the MAXMIN SUBSET FVS problem, the input is an undirected graph G, a set of
terminals 7" C V(G) and a positive integer k. The goal is to determine if there exists a
minimal set X C V(G) of size at least k with the property that, G — X do not contain a

cycle intersecting the vertices in T
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Finally, in the MAXMIN LIST ALLOCATION problem, the input is an undirected graph
G, a positive integer r, a set of non-negative integers o;; for 1 <¢ < j <r , and a function
A V(G) — 2l we want to determine if there exists a partition of V(G) into 7 non-empty
parts Vi,...,V, such that |E(V;, V)| > «; for all 1 < i < 57 <r and for all v € V; implies
[ € \w).

Here we formally define the problems studied in this chapter.

MAXMIN MuLTiwAy CuT-UNCUT

Input: An undirected graph G, a set T C V(@) of terminals together with a partition
(T1,...,T,) of T, and a positive integer k.

Question: Does there exist a set X C F(G) of size at least k, such that X is minimal

and in G — X, each T; is entirely contained in a unique connected component?

MAXMIN SEPARATOR-UNSEPARATOR

Input: An undirected graph G, a set T C V(G) of terminals together with a partition
(Ty,...,T,) of T, and a positive integer k.

Question: Does there exist a set S C V(G) \ T of size at least k, such that S is minimal

and in G — 9, each T; is contained in a unique connected component?

MAXMIN SUBSET FEEDBACK VERTEX SET

Input: An undirected graph G, a set T'C V(G) and a positive integer k.

Question: Does there exist X C V(G) of size at least k, such that X is a minimal set
with the property that in G — X there is no cycle that intersects the set 17

MAXMIN LIST ALLOCATION

Input: An undirected graph G, a function \ : V(G) — 2" a set of non-negative integers
a;; and a positive integer 7.

Question: Does there exists a partition of V(G) into r non-empty parts Vi, Vs, ..., V.
such that |E(V;,V;)| > ayj for all 1 <i < j <randv e A(v) for all v € V(G)?

Our main contribution is a comprehensive parameterized complexity classification of

MAXMIN MULTIWAY CUT-UNCUT in both edge- and vertex-deletion variants. A key chal-

lenge arises from the uncut constraint, which introduces substantial algorithmic difficulties.
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Unlike the problems addressed by Gaikwad et al. [66], even finding a feasible solution for
MUuLTIWAY CUT-UNCUT is non-trivial and is equivalent to the well-known NP-hard problem
of VERTEX-DISJOINT PATHS. A common strategy for tackling MaxMin problems involves
greedily constructing a feasible solution and converting it into a minimal one. However, in
MAXMIN MULTIWAY CUT-UNCUT, constructing even this initial feasible solution is highly
non-trivial. We present an FPT algorithm that carefully builds a solution while preserving
the uncut constraints (details appear in the overview section). In the vertex-deletion setting,
the only FPT case corresponds to MAXMIN MULTIWAY SEPARATOR with undeletable ter-
minals. To prove it is FPT, we reduce it to the more general MAXMIN SUBSET FEEDBACK
VERTEX SET problem and show that this too is FPT.

Our investigation also includes the MAXMIN LIST ALLOCATION, which generalizes MUL-
TIWAY CUT and was introduced by Kim, Paul, Sau, and Thilikos [85]. In this problem, we
are given a graph G, a positive integer 7, a set of non-negative integers o;; for 1 <i < j <r,
and a function A : V(G) — 2U'l. The goal is to partition V(G) into r non-empty parts
Vi,..., V. such that |E(V;,V;)| > a;; for all 1 < i < j < r, and every vertex v € V; sat-
isfies | € A(v). For this problem as well, we establish a complete FPT versus W]1]-hard
dichotomy. Interestingly, the FPT algorithm for MAXMIN LIST ALLOCATION turns out to
be significantly simpler than those required for the separation problems discussed earlier.

Now we will discuss some theory that will be helpful in this chapter.

For two positive integers ¢ and k, a graph G is said to be (q, k)-vertez unbreakable if no
vertex set of size at most k£ can separate two vertex subsets of size at least ¢ each. We say
that a graph is unbreakable if it is (g, k)-unbreakable for some values of ¢ and k. In a similar
way, one can define the notion of (¢, k)-edge unbreakable and unbreakable graphs. It is not
hard to prove that if G is (g, k)-edge unbreakable and G’ is obtained from G by subdividing

every edge once then G’ is (¢, k)-vertex unbreakable.

We refer to [40] for the formal definition of Counting Monadic Second Order (CMSO)
logic. We will crucially use the following result of Lokshtanov et al. [91] that allows one to
show that a CMSO-expressible graph problem is FPT by designing an FPT algorithm for
the problem on (g, k)-vertex unbreakable graphs, for any k and a sufficiently large ¢ that
depends only on k.

Theorem 74 ([91]). Let ¢ be a CMSO formula. For all ¢ € N, there exists s € N such that

if there exists an algorithm that solves CMSOfp] on (s, c)-vertex unbreakable structures in
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time O(n?) for some d > 4, then there exists an algorithm that solves CMSOf)] on general

structures in time O(n?).

Next, we state the Sunflower Lemma which is used in this chapter. We first define the
terminology used in the statement of the next lemma. Given a set system (U, F), where U
is a set and F is a family containing distinct subsets of U, a sunflower with k petals and a
core Y is a collection of sets S1,Ss,..., S, € F such that S;NS; =Y for all ¢ # j. The sets
S; \ 'Y are called the petals of this sunflower. If the sets in F are distinct and & > 2, then
none of the petals of the sunflower are empty. Note that a family of pairwise disjoint sets is

a sunflower (with an empty core).

Theorem 75 (Sunflower Lemma, [40, 49]). Let F be a family of distinct sets over a universe
U, such that each set in F has cardinality exactly d. If |F| > d!(k — 1), then F contains
a sunflower with k petals and such a sunflower can be computed in time polynomial in |F|,

|U|, and k.

We observe that the MAXMIN MULTIWAY CUT-UNCUT generalizes the MAXMIN MUL-
TIWAY CUT, which in turn generalizes the MAXMIN st-CUT. It is known that MAXMIN st-
Curt is NP-hard even when restricted to planar bipartite graphs [47]. Since both MAXMIN
MurTiwAy CUT and MAXMIN MULTIWAY CUT-UNCUT generalize this problem, it fol-
lows that they are also NP-hard on planar bipartite graphs. Similarly, when r = 2 and
A(v) = {1,2} for all v € V(G), the MAXMIN LIST ALLOCATION coincides with the classical
MaxiMuM CuUT, which was shown to be NP-hard even when restricted to graphs of maxi-
mum degree 3 by Yannakakis [I13]. Hence, MAXMIN LIST ALLOCATION is also NP-hard.
Furthermore, the MAXMIN SUBSET FVS generalizes the MAXMIN FEEDBACK VERTEX
SET, which has been shown to be NP-hard on graphs of maximum degree 6 by Dublois et
al. [48], who also present an approximation algorithm with ratio ns and proved that this is
optimal unless P=NP. It follows that MAXMIN SUBSET FVS is NP-hard as well.

We show in Theorem [76] that MAXMIN MULTIWAY CUT-UNCUT is FPT parameterized
by k + p when |T;| < 2 for each ¢ € [p]. In this case, the feasibility question (the case of
k = 0) can be reduced to the VERTEX DISJOINT PATHS, which admits an FPT algorithm
parameterized by p [104,105]. This algorithm forms an important black-box of our algorithm.
Since the exponential parts of the running time of this algorithm is tremendous, and we

further use the meta-theorem of Lokshtanov et al. [91] (as explained later) which results
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in not explicit bounds on the exponential function, the running time of Theorem [76] is not

explicitly stated. We list down some of the main theorems proved in this chapter.

Theorem 76. MAXMIN MULTIWAY CUT-UNCUT is FPT parameterized by p + k when
T3] <2 Vi e [p].

As a subroutine, we also construct an FPT algorithm running in time 2°0(10gk) . ,00) for
the MAXMIN MULTIWAY CUT problem.

Theorem 77. MAXMIN SUBSET F'VS is FPT when parameterized by solution size.

Theorem 78. There exists a randomized algorithm that, given an instance of MAXMIN LIST
ALLOCATION, in time r()omas 00 cither reports a failure or finds a r-colorful certificate
of correctness of the given instance. Moreover, if the algorithm is given a yes instance, it

returns a solution with constant probability.

6.1 Technical Overview

To prove Theorem [76| and Theorem we rely on the result by [9I] Lokshtanov et al.,
who showed that, in order to show fixed-parameter tractability of CMSO definable problems
parameterized by the solution size (say k), it is enough to design FPT algorithms for such
problems when the input graph is (g, k)-unbreakable, for some large enough ¢ that depends
only on k£ and the problem. Therefore the first step to show that MAXMIN MULTIWAY
CuTr-UNcUT and MAXMIN SUBSET FVS are CMSO definable.

In particular, to prove Theorem [76] and Theorem it is enough to prove Theorem
and Theorem [80] respectively.

Theorem 79. For positive integers ¢,k > 1, MAXMIN MULTIWAY CUT-UNCUT when
|T:| < 2 for all i € [p], on (q,k)-unbreakable graphs on n vertices can be solved in time

f(q, k) -n®WY for some function f that depends only on q and k.

Theorem 80. For any positive integers q,k > 1, MAXMIN SUBSET FVS on (¢, k)-

unbreakable graphs on n vertices can be solved in time (@)@ p o),
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MAXMIN MULTIWAY CUT. We begin by proving that any minimal ¢;¢;-cut in the graph can
be extended to a minimal 7T-multiway cut. This structural insight allows us to generalize
the algorithm proposed by Duarte et al. [47] for the MAXMIN st-CUT problem, which they
refer to as the LARGEST st-BOND.

Duarte et al. showed that, given a 2-vertex-connected graph G and terminals s,t € V(G),
one can either conclude that G contains a minimal st-cut of size at least k, or compute a
tree decomposition of a reduced graph G’ of width O(k) such that G has a minimal st-cut
of size at least k if and only if G’ does. Their approach begins by constructing the block-cut
tree of GG in linear time and identifying the blocks By and B, containing s and ¢, respectively.
All blocks not lying on the unique path between B, and B; can be safely removed, yielding
an equivalent instance. Moreover, they show that every block on this path either contains a
K 9, minor or has treewidth O(k). In the former case, one can guarantee the existence of
a minimal st-cut of size at least k; in the latter, the bounded treewidth enables the use of

dynamic programming.

In our generalization, we follow a similar line of reasoning. First, we observe that if a block
B does not lie on any unique path between blocks By, and By, for any distinct 7, j € [p], then
it can be removed without affecting the minimal T-multiway cut structure. Furthermore, if
any block on a path between two such terminal blocks contains a K 9, minor, then by the
result of Duarte et al., the graph admits a minimal #;¢;-cut of size at least k, which can be
extended to a minimal T-multiway cut. Otherwise, each such block has treewidth O(k), and

the resulting graph G’ consisting only of relevant blocks has bounded treewidth.

Finally, we design a dynamic programming algorithm over a tree decomposition of G,

which solves the problem in FPT time.

MAXMIN MuLTIwAY CUT-UNCUT when |7T;| < 2 for all i € [p], on (g, k)-unbreakable
graphs.

To prove Theorem [79, we develop a branching algorithm. The key observation behind the
algorithm is that if there exist sets Ay, As, ..., A, such that a; € A; for alli € [p], AiNA; =0
and E(A;, A;) = 0 for i # j, each G[A;] is connected, and b; ¢ A; when 1 < i # j < p, then
we can consider the graph G’ obtained by contracting each A; into a single vertex a;. That
is, we contract all edges with both endpoints in A;. We define T/ = {a}, b} where 0; = b; if
b; ¢ A;, and b, = a; otherwise.
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For every minimal (77, ..., T,)-multiway cut-uncut, there exists a 7T-multiway cut-uncut
of the same or larger size in G, which can be obtained in polynomial time. Since we are
working on (g, k)-unbreakable graphs, if at least two of the sets Ay, ..., A, have size at least
¢, then every minimal 7-multiway cut-uncut has size at least k. Thus, the goal of the

algorithm is to construct such sets.

The algorithm starts with A; = {a;} for all i € [p]. We first check whether a feasible
solution exists. If not, we return a no-instance. If a feasible solution exists, we can greedily
construct a minimal 7-multiway cut-uncut contained within it. If this minimal 7-multiway
cut-uncut has size at least k, we return a yes-instance. Therefore, we assume it has size
less than k. Deleting such a set yields exactly p connected components, each containing
terminals from exactly one T;. Since the graph is (g, k)-unbreakable, at most one of these
components can have size more than ¢q. We now focus on those T;’s that lie in connected

components of size less than q.

Suppose b; € A;. Let Z be a solution. Then in G — Z, there must be a path between a;
and b;, which implies that some edge between A; and N(A4;) is not in Z. Otherwise, such
a path cannot exist. Hence, we branch on which neighboring vertex of A; lies in the same
connected component as 7T; in G — Z. Since the component has size less than ¢, we have

IN(A;)| < g+ k, and thus make at most g + k guesses, increasing the size of some A; by one.

If this rule is not applicable, then either b; € A; for all ¢ € [p], or there exists a unique
i € [p] such that b; ¢ A;, with |Ucp i N(Aj)‘ < g+ Fk and |A;| < ¢ for all j # 1.
In the former case, the instance reduces to a standard MAXMIN MULTIWAY CUT on the
contracted graph G’. We separately construct an FPT algorithm for MAXMIN MULTIWAY
CuUT on general graphs. As MAXMIN MULTIWAY CUT is FPT, we solve this new instance
on graph G’ in FPT time as well.

In the second case, we proceed as follows. Since b; € A; for a unique ¢, the set | J i 0 (A))
is a (not necessarily minimal) 7-multiway cut-uncut. One can greedily compute a minimal
T-multiway cut-uncut contained in this set in polynomial time. If this cut has size more
than k, we return a yes-instance. Otherwise, there must be an edge in this set that is not in
7, as Z is a minimal T-multiway cut-uncut of size at least k. We branch on which such edge
is excluded from the solution and grow the corresponding A; by including the other endpoint
of that edge. In each branching step, the size of some A; increases. Moreover, once |A4;| = ¢

for some 7, the branching rules does not allow to increase its size any further. Hence, we can
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bound the depth of the search tree by (¢ + 1)p.
MAXMIN SUBSET FVS on (¢, k)-unbreakable graphs.

As discussed earlier this algorithm is inspired from the algorithm for MAXMIN ODD
CYCLE TRANSVERSAL on (g, k)-unbreakable graphs. In this algorithm, we provide two
sufficient conditions for the existence of yes instance. The first sufficient condition is that
given positive integers ¢, k if G is (g, 2k)-unbreakable and there exists an induced cycle in
G of length at least 2¢ + 2 intersecting 7" then G has a minimal T-subset feedback vertex
set of size at least k. The proof of this condition relies on the branching algorithm for the
MAXMIN st-SEPARATOR problem on (g, k)-unbreakable graphs. The second condition is
that if there exists a family F of distinct induced cycles intersecting T of G of length at
most d and |F| > d(d')(k — 1)¢ then G has a minimal T-subset feedback vertex set of size
at least k.

We also make an important observation. If there exists a vertex v € V(G) that does
not participate in any induced cycle of GG intersecting T" then v is an irrelevant vertex. Also

removing such a vertex from graph returns an equivalent instance.

Note that although the two above conditions are sufficient, we cannot use them as stop-
ping criteria as verifying this sufficient conditions cannot be done efficiently. Although this
is the case, we provide a branching algorithm that given a graph on large number of vertices,
either outputs one of these conditions, in which case we can return a yes instance or returns
an irrelevant vertex. In the latter case, we can reduce the size of the graph by removing the
found vertex. Because of deleting such vertices, the new graph may no longer be unbreakable,
in which case we start solving the problem on the reduced graph completely from scratch.
This result finally allows us to bound the number of vertices in the graph by (qk)o(‘”. We

can then solve the problem using a brute-force algorithm on this graph.
MAXMIN LIST ALLOCATION parameterized by r + ayay.

Surprisingly, it is much easier to construct a randomized FPT algorithm for MAXMIN
L1ST ALLOCATION when parameterized by r + apax compared to the above problems. Note
that as r and ay,.x are both bounded, so we can find a certificate of bounded size which is
a subgraph of GG containing at most (g) max Whose vertices can be partitioned into r parts

such that there are at least a;; between part V; and V. Therefore, such a set can be easily
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detected by color coding the vertices with r distinct colors. The rest of the vertices (not in

a certificate) then can be partitioned arbitrarily.

6.2 MAXMIN MULTIWAY CUT-UNCUT

In this section, we study the MAXMIN MULTIWAY CUT-UNCUT problem.

Definition 30. A feasible solution to the MAXMIN MULTIWAY CUT-UNCUT problem is a
minimal set Z C E(G) such that in G — Z, each terminal set T; is entirely contained within
a single connected component, and for all i # j, the connected components containing T; and

T; are distinct.

In the VERTEX-DISJOINT PATHS, given an undirected graph G, and a collection of
terminal pairs T; = {a;, b;} for ¢ € [p], the goal is to determine whether there exist p pairwise
vertex-disjoint paths Py, P, ..., P, in G such that each path P; connects s; to ¢; for all i € [p].

Theorem 81. Let G(V, E) be a graph and T; = {a;,b;} C V(G) fori € [p|. Then I =
(G, (T, Ty, ...,T,)) is a yes-instance of the VERTEX-DISJOINT PATHS if and only if there
1s a feasible solution to MAXMIN MULTIWAY CUT-UNCUT.

Proof. In the forward direction, let us assume that I is a yes-instance of the VERTEX-

DISJOINT PATHS. It means G has pairwise vertex-disjoint paths Py, Ps, ..., P, such that
T, CV(P,) for i € [p]. It is clear that E(G)\ |J E(P;)is a T-multiway cut-uncut.
1<i<p

In the backward direction, let us assume that there exists a 7T-multiway cut-uncut F.
We note that the condition that F'is a T-multiway cut-uncut is a guarantee of a partition of
V(@) into subset Sy, Ss, ..., S such that 7; C S; for some j € [¢] and G[S,]’s are connected
for j € [¢]. Since G[S;] is connected, there exists a path P’ contained in S; such that
T; C V(P"). Tt is also clear that P"s are pairwise vertex-disjoint because {S1, S, ..., S} is
a partition of V(G). Hence I is a yes-instance of the VERTEX-DISJOINT PATHS. O

Theorem 82 ([105]). VERTEX-DISJOINT PATHS is FPT parameterized by p.

Note that in Theorem [B1], a; = b; is allowed. Hence for each i € [p], we have |T;] < 2.
The combination of NP-completeness [83] of the VERTEX-DISJOINT PATHS and Theorem
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implies that determining if there is a feasible solution to MAXMIN MuLTIWAY CUT-UNCUT
is NP-hard even when |T;| < 2. It is easy to see that feasible solution of MAXMIN MULTIWAY
CuT-UNCUT exists if and only if (G, (11,15, ...,T,),k = 1) is a yes instance of MAXMIN
MurTiwAy CuT-UNcUT. Hence, MAXMIN MULTIWAY CUT-UNCUT is NP-hard for fix k.

Therefore we get the following corollary.

Corollary 6.2.1. MAXMIN MULTIWAY CUT-UNCUT s para-NP-hard parameterized by so-

lution size even when |T;| < 2.

In the 2-D1sjoINT CONNECTED SUBGRAPHS, given a graph and two disjoint terminal
sets T, Ts, the goal is to find disjoint connected sets Sy, S5 such that 77 € S; and T, C Ss.
By adapting the proof technique of Theorem one can easily show that (G, (T1,T3)) is a
yes-instance of the 2-DI1SJOINT CONNECTED SUBGRAPHS if and only if there is a feasible
solution to MAXMIN MULTIWAY CUT-UNCUT. It is known that 2-DISJOINT CONNECTED
SUBGRAPHS is NP-hard [I10] even if |T}| = 2. Hence determining if there is a feasible
solution to MAXMIN MULTIWAY CUT-UNCUT is NP-hard even if p = 2. It means MAXMIN
MurLTiwAy CUT-UNCUT is NP-hard for p = 2 and k£ = 1. Therefore we get the following

theorem.

Theorem 83. MAXMIN MULTIWAY CUT-UNCUT s para-NP-hard parameterized by p and

k combined.

In the MAXMIN MULTIWAY SEPARATOR-UNSEPARATOR, given an undirectered graph
G, T C V(G), a partition (T3,T5,...,T,) of T and a positive integer k, the goal is to
determine if there exist X C V(G) of size at least k, such that X is a minimal set with the
property that in G — X, for each i € [p], T; is contained in a connected component, and for
each i,j € [p], i # j, the connected component containing T; is distinct from that containing
T;. We established the para-NP-hardness of MAXMIN MULTIWAY CUT-UNCUT using the
notion of feasible solutions of MAXMIN MULTIWAY CUT-UNCUT. A similar technique can
be used to derive hardness results for MAXMIN MULTIWAY SEPARATOR-UNSEPARATOR.
We observe that (G, (71,73)) is a yes-instance of the 2-INDUCED DI1SJOINT PATHS if and
only if there is a feasible solution to MAXMIN MULTIWAY SEPARATOR-UNSEPARATOR. It
is known that 2-INDUCED DISJOINT PATHS is NP-hard [16] 53]. Consequently, deciding if
there is a feasible solution to MAXMIN MULTIWAY SEPARATOR-UNSEPARATOR is NP-hard
even if p =2, k=1 and |T}| = |T»| = 2. This leads to the following theorem.
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Theorem 84. MAXMIN MULTIWAY SEPARATOR-UNSEPARATOR. s para-NP-hard parame-
terized by p and k combined even if |T1| = |Tz| = 2.

6.2.1 FPT algorithm for MAXMIN MULTIWAY CUT-UNCUT parame-
terized by k + p when |T;| <2

In this section, we show that MAXMIN MULTIWAY CUT-UNCUT admits an FPT algorithm
parameterized by the solution size and p combined, in the special case where each terminal
set satisfies |T;| < 2.

Theorem 76. MAXMIN MULTIWAY CUT-UNCUT s FPT parameterized by p + k when
T3] <2 Vi€ [p].

Let I be an instance of MAXMIN MULTIWAY CUT-UNCUT where |T;| < 2 for all i € [p].
We will assume that T; = {a;, b;} where the vertices a; and b; may not be distinct. The goal
is to reduce the task to designing an algorithm for (g, k)-unbreakable graphs. For this we
first show that the problem can be expressed in CMSO (in fact in MSO).

Lemma 85. MAXMIN MULTIWAY CUT-UNCUT is CMSO-definable with a formula of length
O(p*k).

Proof. The instance (G, T, k) is a yes instance of MAXMIN MuLTIwAY CUT-UNCUT if and
only if there exists Z C E(G) of size at least k such that G — Z has at least p connected
components Uy, Us, ..., U, where h > p such that T; C V(U;), and there are at least k
distinct edges e, ..., e in Z such that for each | € [k], the two endpoints of e; are in two
distinct connected components U; and U; for some 1 < ¢ < j < p. These properties of Z
can be incorporated as a CMSO formula ¢ as follows, where conn(U) is a CMSO sentence
that checks whether a vertex set U induces a connected graph. The CMSO description of

conn(U) can be, for example, found in [40].
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¢:HZQE(G)<3€1a62a"'76kEZ( /\ ei?éej)

1<i<j<k

p
A N\ 3Ui € V(G) (a; € Us Ab; € U A conn(U;))

i=1

/\ (ﬂsameCCG_Z(ai, a;) A ~sameCCg_z(a;, b))

1<i<j<p

A ﬁsameCCG_Z(bi, a]‘) A ﬁsameCCG_Z(bi, b]))

!
A /\ Ju,v € V(G) (inc(eg, u) Ainc(eg, v) Au # v

(=1

A\ ((uEUi/\UEUj)\/(UEUj/\UEUi))>)

1<i<j<p

Note that we define same CCq_z(u,v) = U C V(G)((u e UyN@w e U)A
connG_Z(U)>. O

Theorem 79. For positive integers ¢,k > 1, MAXMIN MULTIWAY CUT-UNCUT when
|T:| < 2 for all i € [p], on (q,k)-unbreakable graphs on n vertices can be solved in time

f(q, k) -n®W  for some function f that depends only on q and k.

Proof. We can assume that the input graph G is connected. Note that our goal is to decide
if there exists a minimal 7-multiway cut-uncut of size at least k. We begin our algorithm
by checking if there is a feasible solution for the input instance. Due to Theorem this
can be done in FPT time. If there is no feasible solution then we can return no instance for
our problem as well. Let us assume that we obtain a feasible solution Z’. Then we can find
a minimal 7-multiway cut-uncut Z that is contained in Z’ in polynomial time. If we get
|Z| > k then we can return a yes instance. In the other case, we can assume that |Z| < k. If
Z is a minimal 7T -multiway cut-uncut of size less than k then we know that G — Z contains at
most k£ connected components. In turn, this implies that p < k. Since Z is minimal, we must
obtain exactly p connected components in G — Z where each connected component contains

vertices from exactly one T; for each ¢ € [p]. As the input graph G is (g, k)-unbreakable,
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there is exactly one connected components in G — Z whose size is at least gq. We further

develop notations that will be helpful in understanding the final branching algorithm.

We design an algorithm that maintains a tuple (G, (A1,01), (A2, b2),...,(A4,,b,),¢, k)
based on the branching technique where G is a (g, k)-unbreakable graph, ¢, k are positive
integers and for each i € [p], A; C V(G). Additionally, A;’s satisfy the following properties.

1. For each i € [p], a; € A;,

[\

. AiﬂAj:@fori%j,

4. G[A;] is connected for each i € [p] and

ot

. b ¢ Ay when 1 <i,j <pandi#j.

Let G’ be the graph obtained by contracting each set A; into a vertex a}, i.e., by contract-
ing all edges with both endpoints in A;. Define T! = {a}, b}, where b = b; if b; ¢ A;, and
b; = a} otherwise. The weight of T is defined as wt(7T}) = |A;| if b; € A;, and wt(T)) = |A;|+1
it b, & A,;.

Given an instance I where the A;’s satisfies conditions 1-5 and also admits a feasible
solution for the partition 7' = (77,T5,...,7,) in G’ is called a valid instance. We design a
branching algorithm that outputs a minimal 7-multiway cut-uncut in G, which is disjoint
from (J!_, E(G[A;]), and has size at least k, if it exists. For a valid instance I, we define
its measure p(I) = ¢ — Maxy (wt(77), ..., wt(T})) where Max,(-) denotes the second largest

value in the given set of values.

Lemma 86. Let (G, (A1,b1),(As,b2),...,(Ap,b,),q.k) be a walid instance. If I; =
(G, (T1,13,...,T)),k) is a yes instance of MAXMIN MULTIWAY CUT-UNCUT in G then
L = (G, (1", Ts,...,T,), k) is a yes instance of MAXMIN MULTIWAY CUT-UNCUT.

Proof. Recall that G’ be the graph obtained from G by contracting each set A; into a single

vertex a, that is, by contracting all edges with both endpoints in A;. Define a vertex map
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¢:V(G) - V(G) as follows:

a, ifve A forsomeie{l,...,p},

v otherwise.

Now, define a map f : E(G) \ U, E(G[Ai]) — E(G’), which maps each edge e = uv to
the edge f(e) = ¢(u)p(v) € E(G’). In other words, the edge e in G, with endpoints u and
v, is mapped to the edge between the images of v and v under the contraction operation,
with each vertex v € A; replaced by the contracted vertex a, and vertices outside all A;
remaining unchanged. Note that f may be a many-to-one function; that is, multiple edges
in E(G) \ U/, E(G[A;]) may be mapped to the same edge in E(G’) if they are incident to
vertices that are merged during the contraction. For an edge ¢/ € E(G’), the preimage under

f is given by

p
() = {e € E(G)\ UE(G[Az]) such that f(e) = e'} ,
i=1
which represents the set of edges in G that are contracted or merged into the edge ¢’ € E(G’)
in the contracted graph.

Let Iy = (G', (11,13, ...,T,), k) be a yes instance of MAXMIN MULTTWAY CUT-UNCUT.
This means that we have a minimal 7'-multiway cut-uncut in G’, say Z,, of size at least
k. We note that Z; := {f7'(¢/) | ¢ € Z,} is a minimal T-multiway cut-uncut in G. Since
|Z5| > k, the minimal 7-multiway cut-uncut obtained from the preimage of Zs must have size
at least k. Therefore, I, = (G, (11,Ts,...,T,),k) is a yes instance of MAXMIN MULTIWAY
Cur-UNCUT. N

Lemma 87. Let I = (G, (A1,b1), (A2,ba), ..., (Ap,by),q, k) be a valid instance. If u(I) <0,
then every T -multiway cut-uncut, disjoint from \Ji_, E(G[A;]), has size at least k.

Proof. If u(I) < 0, then ¢ < Max, (wt(77),wt(T3), ... ,wt(7})). For the sake of contradic-
tion, let us assume that there exists a 7-multiway cut-uncut Z in G, which is disjoint from

" E(G[A;]), and has size strictly less than k. Note that G\ Z contains at least two dis-
tinct connected components containing A; U {b;} and A; U {b;} of size at least ¢. This is a

witnessing separation that G is (g, k)-breakable, which is a contradiction. O
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The safeness of Reduction Rule M is immediate from Lemma

Reduction Rule 4. If u(I) < 0, then report a yes instance.

The Algorithm initializes A; = {a;} for each i € [p]. To solve an instance I =
(G, (A1,b1), (A2,bs), ..., (A, by), q, k), we provide the following branching rules.

Branching Rule 1. Let I = (G, (A1,b1),...,(A4,,b,),q,k) be a valid instance. If there
exists i € [p] such that b; ¢ A;, |A;| < q, and |[N(A;)| < g+ k, then for each x € N(A;), we
recursively solve the instance (G, (A1,b1),..., (A, U{z},b:),..., (4, bp),q,k), provided it is

valid.

Lemma 88. The Branching Rule|l] is correct.

Proof. Let us assume that Z is a minimal 7-multiway cut-uncut of size at least k such that
Z is disjoint from (Ji_, E(G[A;]). Note that G \ Z contains a connected component U; that
contains the vertices A;U{b;} such that b; ¢ A;. Therefore, there must exist an edge in 6(4;)
which is not contained in Z. Otherwise, a; will not be reachable to b;. Let the endpoint of
that edge not in A; is x. As the edge is not contained in Z, we must have x € U; in G \ Z.
Therefore, Z is also a minimal 7-multiway cut-uncut of size at least k such that Z is disjoint
from  |J (E(G[Aj]) U E(G[A; U {x}])).
i=1, g

In the backward direction, let (G, (A1, b1), (A2, b2), ..., (A, U{z},b:), ..., (A4, bp). q, k) re-

ports a solution Z. Since Ay, Ao, ..., A; U {x},..., A, satisfies the desired properties of a

valid instance, Z is also a minimal 7-multiway cut-uncut. O]

Lemma 89. If Reduction Rule[] and Branching Rule[1] are not applicable, then one of the
following holds:

(1) b; € A; for alli € [p]; or

(2) There exists a unique i € [p] such that b; ¢ A;, and moreover, |U;cpp iy V(4))| < g+Fk
and |A;| < q for all j € [p]\ {i}.

Proof. We begin by finding a minimal 7’-multiway cut-uncut in G’ say Z. We note that
7" = {f"Ye) | ¢ € Z'} is a minimal T-multiway cut-uncut in G, which is disjoint from

T E(GA)]). If |Z"| > k, then we are done. So we assume |Z | < k. Since Z' is a
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minimal 7-multiway cut-uncut, removing Z~ from G separates each T} into its own connected

component. For each j € [p], let C; be the connected component containing 7; in G —

Z". Note that no two of the components C; can have size at least ¢, due to the (q,k)-

unbreakability of the graph G. We also note that A; C V(C};) for each j € [p]. Therefore, we

may assume that exactly one of the components has size at least ¢. Without loss of generality,

assume that |V (Cy)| > ¢ for some ¢ € [p]. We also note that the (g, k)-unbreakability of the
P

graph G makes sure that > [V(C;)| < ¢. For each j € [p], we know A; C V(C}), hence

J=1, j#t
by the condition that Y |V(C})| < g, we conclude |A;| < ¢ for j € [p] \ ¢. From the
=1 g
p
conditions > |V (Cj)| < g and |Z"| < k , we have |N(C})| < ¢+ k for all j € [p] \ {¢}.
=1 g

Hence we have |N(4;)| < |N(Cj)| < ¢+ k for all j € [p]\ {¢}. For all j € [p]\ {¢}, b; € A;,
otherwise the branching rule [1| could have been applied. Now, if b, € A, then the first

condition is true; otherwise, the second condition is true. O

Lemma 90. If b; € A; for all i € [p] then one can use the FPT algorithm for MAXIMUM
MINIMAL MULTIWAY CUT to solve this instance.

Proof. Note that if b; € A; for all i € [p] then determining if there is a 7-multiway cut-uncut
of size at least k reduces to the MAXMIN MULTIWAY CUT problem as |T}| = 1 for all i € [p].
One can use the FPT algorithm in Subsection [6.3.2] to solve the problem in FPT time on
the graph G’. H

Branching Rule 2. Given an instance I = (G, (A1, b1), (A2,b2), ..., (Ap,by),q. k), if there
exists a unique i € [p] such that b; ¢ A; then for each vertex x € N(A;) with ¢ # i, we
recursively solve the instance (G, (A1, b1), (Az,b2), ..., (AU {x}, be), ..., (A, by),q, k) if it is

a valid instance.

Lemma 91. The Branching Rule[3 is correct.

Proof. Let us assume that [ is a yes instance, that is, there exists a minimal 7-multiway cut-

p
uncut Z of size at least k in G, that is disjoint from | J!_; E(G[A;]). Wenote that |J d(4;)
=1, j#i
is a T-multiway cut-uncut. We can construct a minimal 7-multiway cut-uncut contained in

this set in polynomial time. Lets call it Z’. If |Z’| > k then we can return a yes instance.

If not then there exists an edge e in Z’ that is not in Z. Let the edge e has an endpoint
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p
outside |J A, is denoted by z. Let v € N(A,) for some ¢ # i then Z is also a minimal
i=1, j#i

P
T-multiway cut-uncut such that 7 is disjoint from [ J (E(G[A]])) U E(G[A, U {z}]).
J=1, j#t
In the backward direction, let Z be a T-multiway cut-uncut such that Z is disjoint from

p
U (E(G[Aj]) U E(G[A; U {x}])) Then clearly Z is a minimal 7-multiway cut-uncut
J=1, gt

such that Z is disjoint from (J!_, E(G[A;]). O

Lemma 92. The branching algorithm runs for at most (q + 1)p iterations.

Proof. Note that each time we apply a branching rule, the size wt(7}) increases by one for

some i € [p]. In the Branching Rule [I} wt(7}) increases only for those ¢ for which we have
b; ¢ A;, |A;| < g and |[N(A;)| < ¢+ k. Note that the conditions that b; ¢ A; and |A;] < ¢
makes sure that wt(7}) < ¢ before we apply the branching rule and wt(7}) increases by 1
in each iteration. Similarly in the Branching Rule [2| wt(7}) increases only for those ¢ for
which we have b, € Ay, |A¢| < gq. Note that the conditions that b, € A, and |A4;| < ¢ makes
sure that wt(7}) < ¢ before we apply the branching rule and wt(7}) increases by 1 in each
iteration. Hence in each branching rule, for any j € [p], wt(7}) changes only if wt(7}) < ¢.
In other words, once the wt(7}) takes the value ¢ + 1, wt(7}) stops increasing. Algorithm
initializes with wt(77) < 2 for each j € [p]. After (¢ + 1)p iterations, there must exist j € [p]
such that wt(7}) = ¢ + 1. Without loss of generality, we assume that wt(7]) = ¢ + 1. We
have already noted that each iteration increases wt(7}) for atleast one j and the maximum
value wt(77]) can take is ¢ + 1. Because of remaining (¢ 4+ 1)p — (¢ + 1) iterations, values of
wt(Tj) changes for j € [p] \ {1}. Hence there must exist j € [p] \ {1} such that wt(T}) = q.

This implies after (¢ + 1)p iterations, u(1) < 0. O

6.3 MAXMIN MULTIWAY CUT

A cut, denoted by [Si,Sa,...,S, is a partition of the vertex set V(G) of a graph G into
disjoint subsets Si, S, ..., S; such that V(G) = U§:1 S;. For any two parts S; and S}, let
0(S;,5;) denote the set of edges with one endpoint in S; and the other in S;. The set

U 9(5:,5;) is called the cut-set associated with the cut [S1,Ss,...,S:. Given a graph

1<i<j<t
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G and a terminal set T' = {t1,%s,...,t,} C V(G), a nonempty set of edges F' C E(G) is a

minimal T-multiway cut if and only if there exists a cut [S1,Ss,...,S,] of G such that:

e foralli e [p], t; €5
e cach subgraph G[S;] is connected, and

o« F= U 0(S,5)).

1<i<j<p

In this case, we say that [Sy, Sa, ..., S, is the cut defined by F. To prove our theorem, we
will use some lemmas given in [47]. Note that they refer to a minimal st-cut as an st-bond.
For convenience, we will use the term minimal st-cut instead of st-bond throughout this

chapter.

Lemma 93 (J47]). Let G is a 2-vertex-connected graph and s,t € V(G). There is a
polynomial-time algorithm that either concludes that G has minimal st-cut of size at least k,

or outputs a tree decomposition of G of width O(k).

Now, we give a lemma which concludes that if a graph G and T' = {t1, s, ...,t,} C V(G) are
given, then the existence of minimal ¢;¢;-bond of size at least & for some ¢; # t; guarantees

the existence of minimal T-multiway cut of size at least k.

Lemma 94. For a graph G and T = {t1,t2,...,t,} CV(G), if G has a minimal t;t;-cut of

size at least k for some t;,t; € T, then G has a minimal T-multiway cut of size at least k.

Proof. Let G has a minimal ¢,t;-cut, say F', of size at least k for some ¢;,¢; € T. Let [S;, S;] be
the cut defined by F. Note that G[S;] and G[S;] must be connected and 9(S;) = 9(S;) = F.
Suppose S; and S; contains o and 8 number of terminals of 7', respectively. Let the terminals
in S; be relabeled as t;,,t;,,...
T, = {ti,, tip, ..., ti, } and T := {t;,, t

cut, say F; in the subgraph G[S;], and similarly, a minimal T;-multiway cut, say F; in the

,ti,, and those in S; as tj,t;,,...,1;,, respectively. Let

jar- > tj, - We then compute a minimal T;-multiway

subgraph G[S}], using a greedy approach.

We claim that F'U F; U Fj is a minimal T-multiway cut in G. It is clear that F'U F; U F}
is a T-multiway cut in G. Let [S;,,S;,,...,5,] and [S},,S},,...,S;,] be cuts defined by
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F; and F}, respectively. Observe that each part of these cuts are connected and con-
tains exactly one terminal from 7. It is clear that F' U F; U Fj is a cut-set with the cut
[Siys Sigy ey Sias
distinct terminal of T, [S;,, Si,, ..., Si,, Sji, Sjys - - -, Sj,] s cut defined by FF'U F; U F;. Hence,
F U F; U Fj is a minimal T-multiway cut of size at least k. m

Sj1,Sjy, -+ 9js). Since all components are connected and each contains a

We now state a theorem that generalizes a result (see Corollary 3) presented in [47]. The

proof technique we use is also closely aligned with the one given there.

Theorem 95. Given a graph G, T = {t1,ts,...,t,} CV(G), and an integer k, there exists
a polynomial-time algorithm that either concludes that G' has a minimal T-multiway cut of
size at least k or outputs a subgraph G’ of G together with a tree decomposition of G' of width
O(k), such that G' has a minimal T-multiway cut of size at least k if and only if G has a

manimal T-multiway cut of size at least k.

Proof. We begin by computing the block-cut tree of G in linear time [36]. Let B; denote
the block of G that contains the terminal ¢;. We remove each block that does not lie on any
path between a pair (B;, B;) for ¢ # j in the block-cut tree of G. Let G’ be the resulting
subgraph of G.

Note that every block of G’ must lie on the path between some pair (B;, B;) for ¢ # j.
Let B be a block that lies on the path from B; to B; in the block-cut tree. Consider the
vertices ¢} and ¢, in B that are closest to t; and ¢, respectively. Using Lemma we can, in

/

polynomial time, either conclude that B has a minimal ¢

ti-cut of size at least k, or compute
a tree decomposition of B of width at most O(k). In the former case, since G contains a
titi-cut of size at least k, it also contains a #;t;-bond of size at least k, and by Lemma it

follows that G admits a minimal T-multiway cut of size at least k.

We now describe how to construct a tree decomposition of G'. We start by taking the
union of the tree decompositions of all blocks in GG’. For each cut vertex u of G’; we introduce
a bag {u}. Then, for every cut vertex u and each block B containing u, we connect the bag
{u} to some bag in the tree decomposition of B that contains u. This results in a tree

decomposition of G’ in which every bag has size at most O(k).

Finally, we show that G’ has a minimal T-multiway cut of size at least k if and only if

G has a minimal T-multiway cut of size at least k. Suppose G has a minimal T-multiway
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cut, say Z of size at least k. Since G’ is an induced subgraph of G, Z must be T-multiway
cut in G'. Let e € Z, then in G — (Z \ {e}, there is a t;t;-path for some ¢;,t; € T. Observe
that such a path must pass through the block of GG that contains e, and since G’ includes
all blocks on paths between terminal-containing blocks B; and Bj, this path also exists in
G’ — (Z \ {e}). Therefore, Z is also a minimal T-multiway cut in G'.

Suppose G’ has a minimal T-multiway cut, say Z’ of size at least k. We first show that
7' is also a T-multiway cut in GG. For the sake of contradiction, let us assume that Z’ is not
a T-multiway cut in G, that means, in G' — Z’, there exists a ¢;t;-path for some t;,t; € T
Note that such a path must contain a sub-path that contains edges only appearing in the
blocks that are in the B; — B, path in the block-tree. Hence in G' — Z’, there is a t;t;-path
in G, which is a contradiction. Hence Z’ is a T-multiway cut in G. Since Z’ is a minimal
T-multiway cut in G, for each ¢’ € Z', in G' — (Z'\ {€’} there must exist a t;t;-path for some
ti,t; € T, say P'. Since G is a supergraph of G’, the same path P’ also exists in G—(Z’\ {€'}.

This implies Z’ is a minimal T-multiway cut in G.

6.3.1 MAXMIN MULTIWAY CUT parameterized by Treewidth

In the following, let T be a tree decomposition of a graph GG. We refer to a node of T by ¢,
and denote by X, the bag associated with node t. Without loss of generality, we assume that
T is an extended nice tree decomposition, which means that it has a designated root node r
with X, = (), and all edges in the decomposition tree are directed towards r. Moreover, each
node t falls into one of the following five categories: Leaf, Introduce vertex, Introduce edge,
Forget vertex, or Join. For each node ¢, we define GG; as the subgraph of GG that includes all

vertices and edges introduced at ¢ or at a descendant of ¢ in the tree T.

Theorem 96. Given a nice tree decomposition of a graph G with width tw, one can find a
mazimum size minimal T-multiway cut in time 20WI8™W) . tw . n_ where n is the number of

vertices of G.

Proof. Let F be a minimal T-multiway cut of G, and [Sy, Sa, ..., Sp] be the cut defined by F'.
Set Sf = S; N X, for i € [p]. The removal of F' partitions G¢[S;] into a set C},; of connected
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components. Note that C% . defines the partition of S?, denoted by p!, where the intersection
Fyi i Y P;

of each connected component of Cf; with S} corresponds to one part of pf.

We define a table for which an entry c[t,Uy,Us,..., Uy, p1,p2,...,pp| is the size of a
largest cut-set (partial solution) with p parts of the subgraph G;. Each U; C X, denotes
the set of vertices assigned to the i part. Each p; is a partition of U; induced by the
connected components in G; after removing the partial solution. We require that for all

i € [p], the terminal ¢; does not appear in |J U;. If there is no such partial solution
J€lpl.j#i
then c[t,Uy,Us, ..., Uy, p1,p2,...,pp] = —00. In particular, if ¢; € U; for some i # j, then

clt, U, Us, ..., Uy, p1, pa, - .., pp) = —00.

For the case that U; is empty, two special cases may occur: either S; NV (G;) = 0, in
which case there are no connected components in Cf;, and thus p; = 0; or Cf; has only
one connected component which does not intersect X, i.e., p; = {0}, this case means that
the connected component in Cf; was completely forgotten. Note that we do not need to
consider the case {0} C p; since it would imply a disconnected solution. Then the value of
a maximum-size minimal 7-multiway cut in the connected graph G corresponds to the root
entry c[r,0,0,...,0,{0},{0},...,{0}]. To describe the dynamic programming algorithm,
it suffices to present the recurrence relations corresponding to each node type in the tree

decomposition.

Leaf node : In this case, X; = (). Since for this case G; is empty, there can be no

connected components, so having p; = () V 7 is the only feasible choice.

0 ifUi=0,ps =0V
c[t7U17U2a"'7Up’p17p27""pp] =
—o00  otherwise

Note that the recurrence relation can be solved in O(p) time

Introduce vertex node : In this case, v is in exactly one part, say U;. If v = t; for
J # 1, then c[t,Uy,Us, ..., Uy, p1,p2, ..., pp] = —00. Since v got introduced in this step, v is
an isolated vertex. Thus, a partial solution on ¢ induces a partial solution on t', excluding v

from its part U;.
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C[t,Ul,...,UZ’,...7Up,p1,...7pi7...,pp]:

clt,Up, ..., U\{v},....Up, p1,- ... p\{{v}}, .-, pp] {0} €p;
—00 if {v} ¢ U;pi

Note that the recurrence relation can be solved in O(tw) time.

Introduce edge node : In this case, either the edge {u,v} that is being inserted is
incident with one vertex of two different parts, or the two endpoints are at the same part. In
the former case, a solution on t corresponds to a solution on ¢’ with the same partitions, but
with value increased. In the latter case, edge {u, v} may connect two connected components

of a partial solution on t'.

C[taU17U27'"7Up7p17p2a"'7pp] =

c[t, U, Usy ..., Up, p1,p2, .-, ppl + 1 if w € U; and v € U; for i # j,
max, {[t', U1, Us,s ..., Up, p1y. s phy ooy ppl} if {u, v} C U for some i € [p]

Here, p. spans over all refinements of p; such that the union of the parts containing u

and v results in the partition p;.

Note that we are considering all refinements of p;. Let us assume that p; contains «
number of elements of X;. In the worst case (when the partition is single block of size «),
the number of refinements is B,. Since B, = 2920 and o < tw + 1, the number of

refinements is 2°®logw)  Hence the recurrence relation can be solved in 20(®wlogtw) i,

Forget node : In this case, the forgotten vertex v is in exactly one (say i*") part of the
cut for a partial solution induced on ¢. Thus, v must be in the connected component which

contains some part of p;. We select the possibility that maximizes the value
C[ta U17U27' . '7Up7p17p2a s 7pp] =

max c[t' Uy, ..., Ui U{v},. ... Up, p1yees Plhyeees ppl

1<i<p,p),
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Here, p) spans over all partitions obtained from p; by adding v in some part of p; (if

pi = {0} then p; = {v}). Note that the recurrence relation can be solved in O(tw) time.

Join node: This node represents the join of two subgraphs Gy and Gy and X; = Xy =
Xy By counting the cut-set edges contained in Gy and in Gy, each edge is counted at least

once, but edges in X; are counted twice. Thus

clt,Un,Usy ..., Up, p1,p2, ... pp) =

e (e (6,00 Vs U tho oo y] ¢[00 U Uy o)
pipy| i€

— {{u,v} € E|u e Usv e Ujfori#j}|}

We say p. and p are compatible given p if transitive closure of the union of p and p!
is equal to p;. In the join node, for i € {1,2,...p}, we consider combinations of p with p!
such that p} and p! are compatible given p;. If p; = {0} then either p; = {0} and p} = 0;
or pi = 0 and pf = {0}. Also, if p; = 0 then p; = () and p! = (). Note that to solve the
recurrence relation at join node, given any tuple c[t, Uy, Us, ..., Uy, p1, p2, ..., pp], We need
to consider the tuples in the children node such that p; and p! must form a finer partition of
p; for all i € [p] and the transitive closure of the union of p} and p! is equal to p;. Therefore,

it would take at most 20(®lostw) ,O) time to get the value corresponding to any tuple.

The number of nodes in the tree decomposition is O(tw-n). Note that we are partitioning
X, into p parts. Then, for each ¢, rho; is a partition of U;. Basically, each p; is refinements
of U;. In the worst case, we are considering all partitions of X;. Since |X;| < tw + 1. The
number of partitions is at most By,1 < 2°®Ws™)  Hence, the total size of the dynamic
programming table is at most 20t1°s™) .ty . . The correctness of the recurrence relations

follows directly from the definitions and case analysis for each node type.
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6.3.2 MAXMIN MULTIWAY CUT parameterized by Solution size

By using Theorem [95 we can, in polynomial-time either conclude that G has a minimal 7-
multiway cut of size at least k or get a subgraph G’ of G together with a tree decomposition
of G’ of width O(k), such that G’ has a minimal T-multiway cut of size at least k if and
only if G has a minimal T-multiway cut of size at least k. In the former case, we can return
a yes-instance. In the latter case we proceed by applying Theorem [96] which allows us to
find the maximum size minimal T-multiway cut in G’ in time 2°let™) . tw . n. Note that
this gives an upper bound on running time of our FPT as 2°0(lgk) . L. n. If maximum
size minimal T-multiway cut in G’ is greater than or equal to k, then return yes instance,

otherwise return no instance.

6.4 MAXMIN SUBSET FEEDBACK VERTEX SET

In this section, we prove Theorem[77 To prove Theorem[77} we first show that the problem is
CMSO definable (Lemma@. Using Proposition one can reduce to solving this problem
on (g, 2k)-unbreakable graphs. On (g, 2k)-unbreakable graphs, we then list and prove two
sufficient conditions (Lemmas and which always imply a yes instance (in fact the
second one implies a yes instance even when the input graph is not (g, 2k)-unbreakable).
We also make an observation about irrelevant vertices that can be deleted without changing
the solution of the instance (Observation . Even though checking whether any one
of these sufficient conditions hold or finding these irrelevant vertices, may not be efficient,
nonetheless we design an FPT algorithm that correctly concludes that at least one of the
sufficient conditions is met, or outputs the set of all the irrelevant vertices, whenever the
number of vertices in the graph is strictly more than a number with is a function of ¢ and &
(Theorem . In the case when the irrelevant vertices are outputted, deleting them reduces
the size of the graph but the resulting graph may not be (g, 2k)-unbreakable. In this case,
we start from the beginning and solve the problem from scratch (on general graphs). If none
of the above hold, then the number of vertices in the graph is bounded, and we can solve

the problem using brute-force.

Lemma 97. MAXMIN SUBSET FEEDBACK VERTEX SET is CMSO-definable by a formula
of length O(k?).
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Proof. Let (G,T, k) be an instance of the problem. We seek a set Z C V(G) of size at least
k such that no cycle in G — Z contains a vertex from 7', but for each v € Z, removing vertex

v from Z results in the existence of a cycle containing a vertex from 7.

Alternately, suppose there exists a set Z C V(@) that may be arbitrarily large. This set
Z must satisfy the following conditions. First, it contains at least k distinct vertices, which
we denote as vy, vs, ..., V5. Second, no cycle in the graph G — Z includes any vertex from
T. Finally, for each i € [k], if we remove v; from Z, the resulting graph G — (Z \ {v;}) must
contain a cycle that includes at least one vertex from 7. Then Z may not be a minimal
T-subset feedback vertex set but it always contains a minimal T-subset feedback vertex of
size at least k. In fact, (G, T, k) is a yes instance if and only if such a set Z exists. These

properties of Z can be incorporated as a CMSO formula 1 as follows.

We now translate these conditions into a CMSO formula.

=37 CV(G) (Elvl,vg,...,vk ez ( /\ v; #vj)
1<i<j<k
AVC C V(G) (IsCyele(C, G — Z) » CNT =)
k
A /\ aC; CV(G) (IsCycle(C,», G—(Z\{vu}))ANC;NT # @))
i=1

Here, IsCycle(C, H) is a CMSO formula that expresses that C' is a cycle in the subgraph
induced by H. We define it explicitly as follows:
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IsCycle(C, H) = (C # 0)
A Yu,veC: Eluv)— (ue HAvEH)
ANYueC: Fvwel, v#wAE(u,v) A\ E(u,w)
AN YueC, Va,y,z€ C: (E(u,x) N E(u,y) A E(u, z))
= (r=yVy=zVzr=2z)
A conn(C).

This formula ensures that:

e Every vertex in C'is contained in H.
e Each vertex in C has exactly two neighbors in C', enforcing the cycle condition.

e The set C is connected in H, ensuring that it forms a single cycle.

It is clear that the size of the above formula 1) depends only on k. O]

Because of Lemma [97] we can invoke Proposition [74 We invoke Proposition [74] with
¢ = 2k. Let ¢q be the s from this proposition that corresponds to this choice of c¢. We
conclude that to prove Theorem [77] it is enough to prove Theorem [80}

Theorem 80. For any positive integers g,k > 1, MAXMIN SUBSET FVS on (¢, k)-

unbreakable graphs on n vertices can be solved in time (@)@ p o),

We prove Theorem [80] in Section [0.4.1f Next we define a certificate for minimality of
subset feedback vertex set for a vertex set /. The existence of such certificates guarantees

the existence of a minimal T-subset feedback vertex set which contains V.

Definition 31. Given a graph G and a set of vertices V' C V(G), we say that an induced
subgraph G' of G is a certificate for the T-subset feedback vertex set-minimality of V', if no
cycle in G intersects T and for every v € V', G[V(G") U {v}] contains a cycle containing at
least one vertex from T.
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Lemma 98. Given a graph G and a set of vertices V', if there is a certificate for the T -subset
feedback vertex set-minimality of V' then there exists a minimal T-subset feedback vertex set

of G that contains all the vertices in V'.

Proof. Let G’ be a certificate for minimality of V. First observe that V'NV(G’) = () because
no cycle in G’ intersects T', but G[V(G’) U {v}], for any v € V', contains a cycle containing
at least one vertex from 7. We now construct a minimal T-subset feedback vertex set of GG,
say Z, iteratively as follows. Initialize Z = (). Fix an arbitrary ordering of the vertices in
V(G)\ V(G") (note that V' C V(G) \ V(G")). Traverse the vertices of V(G) \ V(G') in this
order. For any vertex v € V(G) \ V(G’) in the chosen order:

e if no cycle in G[V(G") U {v}] intersects T, update G’ := G[V(G") U {v}], that is add v

to G', otherwise

e G[V(G') U {v}] contains contains a cycle containing at least one vertex from 7', in
which case add v to the set Z.

When all the vertices in V' (G) \ V(G’) have been processed as stated above, then the set
Z is a minimal T-subset feedback vertex set of G. Moreover, one can observe that if we start
with G’ which a certificate for minimality of V'’ then V' C Z. O

6.4.1 MAXMIN SUBSET FEEDBACK VERTEX SET on (q,2k)-
unbreakable graphs

The goal of this section is to prove Theorem Let (G, T, k) be an instance of MAXMIN
SUBSET FEEDBACK VERTEX SET. A vertex v € T is called irrelevant if (G, T, k) is equiva-
lent to (G — v, T\ {v}, k). To prove Theorem it is enough to prove Theorem

Theorem 99. For positive integers q,k > 1, given as input a graph G which is (q,2k)-
unbreakable on at least (2q + 1)(2q + 2) - (2¢ + 2)! - (k — 1)2772 vertices, there exists an
algorithm that runs in time (qk)°@ - n®Y  and either returns a minimal T-subset feedback

vertex set of G of size at least k or, outputs an irrelevant vertex v.
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To see the proof of Theorem [0 assuming Theorem observe that if the number of
vertices is at most (2¢ +2)%(2¢ + 2)!(k — 1)**2, then the problem can be solved using brute-
force. Otherwise, the algorithm of Theorem either reports a yes instance, or finds an
irrelevant vertex v, in which case, delete v from the graph and solve the problem on G — v
(which is not necessarily (g, 2k)-unbreakable). The rest of the section is devoted to the proof
of Theorem Q9

Observation 6.4.1. Let (G,T,k) be a MAXMIN SUBSET FEEDBACK VERTEX SET in-
stance. If there exists a vertex v € V(G) that does not participate in any induced cycle of G

intersecting T then v is an irrelevant vertex. That is, the instance (G, T, k) is equivalent to

the instance (G — v, T\ {v}, k).

Proof. To prove a vertex v € V(G) is irrelevant vertex we will have to show that (G, T, k) is
equivalent to (G — v, T \ {v}, k). For the forward direction, let Z be a minimal 7T-subset fvs
in G of size at least k. Then G — Z does not contain a cycle containing 7". Additionally, for
any z € Z, the graph G — (Z \ {z}) contains a cycle which goes through z and intersect T,
implying the existence of a cycle C, containing z such that V(C,) N T # 0. As the cycle is
an induced cycle, we know that the vertex v does not lie on this cycle. We will show that Z
is a minimal (7"\ {v})-subset fvs in G — v. Clearly, G — (Z U {v}) does not contain a cycle
intersecting 7'\ {v}. For any vertex z € Z, there is an induced cycle C, intersecting 7"\ {v}
in G — (ZU{v}). Therefore, Z is also a minimal (7" \ {v})-subset fvs in G — v.

For the other direction, let Z be a minimal (7" \ {v})-subset fvs in G — v with |Z| > k.
Then, G — (ZU{v}) does not contain a cycle intersecting 7'\ {v}. For each z € Z, the graph
G — ((Z\ {z}) U{v}) contains an induced cycle C. intersecting 7"\ {v}. Since v is not part
of any induced cycle intersecting T, G — (Z \ {z}) contain an induced cycle intersecting 7.

Hence Z is a minimal T-subset fvs in G. O]

Lemma 100. For any positive integers q, k, if G is (q,2k)-unbreakable and there exists an
induced cycle in G of length at least 2q+2 containing a vertex from T, then G has a minimal

T-subset feedback vertex set of size at least k.

Proof. Let C' be an induced cycle of length at least 2¢g + 2 in G containing a vertex, say t,
from T. Let z,y € V(C)\ {t} be arbitrarily chosen vertices such that C'\ {z,y} contains
exactly two paths P; and P, each of length at least g each and either P,NT # () or P,NT # (.
Let Z, := {z} and Z, := {y}.
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Below we define a procedure that iteratively grows the sets in (P, P», Z,, Z,) while main-

taining the following invariants.

e The sets P, P, and Z, U Z, are pairwise disjoint.

e G[P] is connected and does not contain any cycle that contains a vertex from set T
and |Py| > gq.

e (G[P,] is connected and does not contain any cycle that contains a vertex from set T
and |P| > g.

e G[P,UP,U{y}| is a certificate for the T-subset feedback vertex set-minimality for Z,
(and in particular, G[P; U P, U {y}] does not contain any cycle that contains a vertex
from set T').

o G[P,UP,U{x}] is a certificate for the T-subset feedback vertex set-minimality for Z,
(and in particular, G[P; U P, U {x}] does not contain any cycle that contains a vertex
from set T').

Observe that the starting sets (P, P, Z,, Z,) defined earlier satisfy these invariants. Note
that in invariants 4 and 5, the sets G[P, U P, U {y}] and G[P, U P, U {z}], which serve as
a certificate of minimality for Z, and Z, respectively, rely on the fact that C' is an induced
cycle. Since the iterative procedure grows these sets, the last property always hold. Also
G[PLU P, U{z} U{y}] contains a cycle which contains a vertex from 7". The idea is to grow
these sets until Z, or Z, has size at least k. If this happens, then we can use Lemma to

conclude that GG has a minimal T-subset feedback vertex set of size at least k.

Since G is (g, 2k)-unbreakable and |Py|,|P2| > ¢, we have that every P, Py-separator in G
has size at least 2k + 1. In particular, |N(P;) UN(FP)| > 2k + 1. Thus, if we guarantee that
(N(P)UN(P,)) C (Z,U Z,), then |Z, U Z,| > 2k + 1. Hence either |Z,| > k or |Z,| > k.

Towards this we grow the sets in (P, P, Z,, Z,) as follows. Let us call the vertices in
PLUP,UZ,UZ, as marked.
Claim 6.4.1. Let v € N(P,) N N(P,) be an unmarked vertex. Fither G[P U Py U {y,v}| or

G[PL U Py U {z,v}| contains a cycle containing a vertex from T
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Proof. Without loss of generality, we assume that t € P, NT. Let 2o € P,NV(C) N N(x)
and yo € P, NV (C)N N(y). Let P,; be a arbitrary path from v to ¢ in G| U {v}]. The
C C is not empty because t belongs to both paths.
C C. Then it is

2,Y2 =

intersection between paths P, ; and P, ,,

Let vy be the first point of intersection between the path F,; and P,

clear that either vy € Py, or vy € Py, ;.

We claim that if v, € P, C C, then G[P; U P, U {y,v}] contains a cycle containing a

vertex t € T'. To construct the cycle, we consider the following sequence of paths and edges:

1. The subpath of P, from v to vy, which lies entirely within G[P, U {v}].

2. The subpath of the cycle C' from v to y», lying within P,, ,, € C, since v, € F,,; and
y2 € P,NV(C) N N(y). This subpath contains t.

3. The edge yoy, which exists by the assumption that y, € N(y).

4. A path from y to v, which lies in G[P; U{v,y}]. This type of path exists because G|P]
is connected and v,y € N(P;).

Similarly, if v, € P,,; C C, then G[P, U P, U {x,v}| contains a cycle containing a vertex
tel. >

Let v be an arbitrarily chosen unmarked vertex.

Case 1: v € N(P) N N(P,). From Lemmal[6.4.1] either G[P, U P, U {z,v}] or G[PLU P, U
{y,v}] or both contain a cycle containing a vertex from 7". If G[P,UP,U{x, v}] contains
a cycle containing a vertex from 7', then update Z, := Z, U {v}. If G[P, U P, U {y, v}]
contains a cycle containing a vertex from T, then update Z, := Z, U {v}. If both are
true then update Z, := Z,U{v} and Z, := Z, U{v}. The sets P, P, remain the same.

Observe that in either case, the updated sets satisfy all the invariants.

Case 2: v € N(P,)\ N(P). In this case, if G[P, U{v}] does not contain a cycle containing
a vertex from 7', then update P, := P U {v}. The other sets P, Z,, Z, remain the
same. Note that the updated sets (in particular P;) maintain the invariant. Otherwise

G[P, U {v}] contains a cycle containing a vertex from 7". In this case update Z, :=

Z,U{v} and Z, := Z, U {v}.
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Case 3: v € N(P,) \ N(P;). This case is symmetric to Case 2.

We repeat the above process until we have sets (P, P, Z;, Z,) such that all vertices in
N(Py) U N(P,) are marked. In particular, in this case (N(P;) UN(P)) C (Z, U Z,). As
argued earlier, this implies either |Z,| > k or |Z,| > k. In both cases, we report that G has

a minimal T-subset feedback vertex set of size at least & from Lemma O]

Lemma 101. Let (G, T, k) be an instance of MAXMIN SUBSET FEEDBACK VERTEX SET.
Let d be any positive integer. If F is a family containing distinct induced cycles intersecting
T of G of length at most d and |F| > d(d!)(k — 1)? then G has a minimal T-subset fvs of

size at least k.

Proof. From the Sunflower Lemma (Theorem , we can conclude that there exist at least
k induced cycles {Fy, F, ..., Fi} C F such that V(F;) NV(F;) =Y for all i, j € [k]. As the
cycles in F are induced cycles, the graph induced by the set of vertices in Y must be acyclic.
Note that Y could possibly be empty. We claim that G has a minimal T-subset fvs of size
at least k. Such a minimal T-subset fvs can be obtained by the greedy algorithm described
in the proof of Lemma We start with the induced subgraph G[Y]. Clearly, any minimal
T-subset fvs obtained by this algorithm will contain at least one vertex from V' (F;) \ Y for
each i € [k]. Since the sets V(F;) \ Y for each i € [k] are disjoint, the minimal T-subset fvs

must have a size of at least k. O
Lemma 102. Given a graph G, and positive integers d, k, there is an algorithm that runs
m (qk)O(Q) -nPW) time, and correctly outputs one of the following:

1. an induced cycle of length at least d intersecting T,

2. a family F of distinct induced cycles intersecting T, each of length at most d — 1, such
that |F| > d-d!- (k—1)9,

3. a set of all the irrelevant vertices in graph G.

LVG) < (d-1)d-d - (k—1)%—1

Proof. We design a branching algorithm with a branching factor and depth bounded
by a function of d and k. We input a family F of induced cycles intersecting T of
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length at most d — 1 in G. In the beginning, we take F = (). In each of the itera-
tion, we either find an induced cycle intersecting T distinct from all the induced cycles in

F or output F as a family of all the induced cycles intersecting T" of length at most d—1 in G.

Case 1: Let us assume that there exists an induced cycle F” intersecting T that is
distinct from all the cycles in F. We guess the intersection of F” with each cycle in F and
delete the vertices which are not in F' but are there in V(F) = gz V(F). Assuming the
guess is correct, two possibilities arise. Either the newly found induced cycle F” is of length
at least d in which case, we can just return this cycle or the length of this cycle is at most
d — 1 in which case we update F := F U {F’}. Note that we iterate this algorithm at most
d-d!'-(k—1)¢ times as after this iteration we have |F| > d-d!- (k — 1)%. Note that since all
the cycles in F are of size at most d — 1, the branching factor at the ith iteration is at most
2(4=1i - Ag we are doing at most d - d! - (k — 1)¢ many iterations, the depth of the branching

tree is bounded by a function of d and k.

Case 2: If there is no induced cycle F” intersecting T distinct from cycle in F then in
all the guesses we will fail to find a new induced cycle intersecting T'. In this case, we return
F as a family of all the induced cycles intersecting T of length at most d — 1 in G. Note
that if at some iteration, we get F as a family of all the induced cycles intersecting 7' of
length at most d —1 in G then any vertex that is not in V(F) is irrelevant. One can see that
if there is no irrelevant vertex then V(G) = V(F). Therefore, we get |V(G)| = |[V(F)| <
(d—1)d-d'-(k—1)% O

Proof of Theorem[99. The algorithm for Theorem proceeds as follows. We run
Lemma on input (G,T,2q + 2,k). As we are assuming that [V(G)| > (2¢ + 1)(2¢ +
2)) - (2¢ +2)! - (k — 1)%7*2, the Lemma [102| must output one of the first three conditions. In
the first and second condition, we can return a minimal 7T-subset feedback vertex set of size
at least k due to Lemma [I00] and Lemma [I0T] respectively. If condition three is returned, we
get a set of all irrelevant vertices. Then we can delete them from G and solve the problem
on the reduced graph. This is safe because of Observation [6.4.1, This finishes the proof of
Theorem If the fourth condition is outputted then we can solve the problem by brute
force in FPT time. O]
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6.5 MaxMin List Allocation

In this section, we deal with the MAXMIN LIST ALLOCATION problem.

Definition 32. Given an instance I of MAXMIN LIST ALLOCATION, we say that A C V(G)
is a certificate of correctness for instance I if there ewxists a partition of A into r non-
empty parts Ay, As, ..., A, such that in the graph G[A|, we have |E(A;, Aj)| > «; for all
1 <i<j<r. The size of the certificate A is |A|.

Lemma 103. If I is a yes instance, then there exists a certificate of correctness for instance

I of size at most (;) Olpnax -

Proof. Let I be a yes instance. This implies that there exists a partition of V(G) into r
non-empty parts Vi, Va, ..., V, that respects the function A such that |[E(V;, V;)| > «;; for all
1 <i < j <r. Note that for every pair V;,V;, we can arbitrarily choose o;; edges between
them and add their endpoints to set A. It is clear that due to construction of set A, it forms

a certificate of correctness for instance I and the size is bounded by (g) Omax - ]

Definition 33. Let x : V(G) — [r] be a coloring of the vertices of graph G with r colors.
We say that the coloring given by x respects the function X if x(v) € A\(v).

Let x : V(G) — [r] be a coloring of V(G), chosen uniformly at random that respects
the function A, that is, each element v of V(G) is colored with one of the A(v) colors with
probability |A(v)|~!. Given a coloring ¥, we say that a certificate of correctness for instance
I, assuming it exists, is r-colorful if y(v) =i for all v € A; and i € [r]. We say that x is a

good coloring if some certificate of correctness for instance I is r-colorful.

hosen uniformly at

)Oémdx

Lemma 104. Given an instance I, and a coloring x : V(G) — [r]

c
random that respects the function X is good with probability at least (%)(

Proof. Let us assume that the given instance [ is a yes instance. Due to Lemma [I103] there
exists a certificate of correctness for instance I of size at most ( )amax Note that an element
v of A, that is in A; is colored with color ¢ by probability at least [A(v)|™* > L. Therefore,
the probability that the certificate of correctness A is r-colorful with probability at least
7= (3)amax. u
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Given a coloring of V(G), chosen uniformly at random that respects the function A, it

O if it is a good coloring. Also it returns a certificate of correctness for

can be checked in n
instance I of size at most (;) Qmax 1N the same time. Following the standard techniques, we

provide the following lemma.

Theorem 78. There exists a randomized algorithm that, given an instance of MAXMIN LIST
ALLOCATION, in time r()omas 00 cither reports a failure or finds a r-colorful certificate
of correctness of the given instance. Moreover, if the algorithm is given a yes instance, it

returns a solution with constant probability.

Proof. We show an algorithm that runs in time TG)O"“‘”‘.nO(I), and, given a yes-instance, re-
turns a solution with probability at least = (8)em due to Lemma Clearly, by repeating
the algorithm independently p(3)omax—r times, we obtain the running time bound and success

probability guarantee promised by the theorem statement.

Given an input instance, we uniformly at random color the vertices of V(G) that respects
the A function. That is, every vertex v is colored independently with one color from the set
A(v) with uniform probability. Denote the obtained coloring by x : V(G) — [r]. We can
check in polynomial time whether we have a good coloring. If yes, then we return this

partition as a solution. Otherwise, we report failure.

Clearly, any partition returned by the algorithm satisfies the required conditions. It

remains to bound the probability of finding a partition in the case input is a yes-instance.

To this end, suppose G has a certificate of correctness on at most (;) Omax Vertices due
to Lemma By Lemma certificate of correctness becomes r-colorful in the coloring

T

x with probability at least =5

Jamax Tf this is the case, the algorithm finds an r-colorful

certificate of correctness, and the algorithm returns a valid partition of V(G). This concludes
the proof of the theorem. O

Theorem 105. The MAXMIN LIST ALLOCATION is W/[1/-hard parameterized by cumax even

when

e input graph is bipartite,
e \v)={1,2,...,r} forallv e V(G),
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e all but one ayj is zero, that is, Qumax = Zl§i<j§r a;; and

e cach G[V;] is an independent set.

Proof. To prove the W|1|-hardness of the MAXMIN LIST ALLOCATION parameterized by
Qmax, We provide a parameterized reduction from k-BICLIQUE to MAXMIN LIST ALLOCA-
TION. It is known that k-BICLIQUE is W|[1|-hard even on bipartite graphs. Given a graph
G and an integer k, the k-BICLIQUE asks whether GG contains a complete bipartite sub-
graph with k& vertices on each side. Given an instance I = (G, k) of the k-BICLIQUE with
G = (AU B, E), we construct an instance I’ = (G',r, A\, (@ j)1<i<j<r) of MAXMIN LIST
ALLOCATION. Note that we can assume that |A| = |B| = n by adding required number
of vertices in G. We define G' = G, r = 2(n — k) + 2, \v) = {1,2,...,7} Yv € V(G)
and «;; = k* when (4, 7) = (1,2), a;; = 0 otherwise. Now we prove that I = (G, k) is a yes
instance of k-BICLIQUE if and only if I' = (G, 7, A, (2vij)1<i<j<r) is a yes-instance of MAXMIN
LIST ALLOCATION.

Let I = (G, k) be a yes instance of k-BICLIQUE. This means that there exists a biclique
Ky i as a subgraph of G. Note that |V (G)| — |V (K x)| = 2(n—k). We arbitrarily enumerate
the vertices in the elements of V(G) \ V(Kyx) as vs,vy,...,v,. We give an r-allocation
V=A{V,Va,...,V;}, where Vi = V(K x)NA, Vo = V(K ,)NBand V; = {v;} Vi € [r]\{1,2}.
It is easy to see that V; # ) for all i € [r]. Since K} is a biclique, we have |E(Vy, V5)| = k2.
Hence |E(V1,V2)| > ana. E(V;,V;)| > «ayj is obviously true when (7, j) # (1,2). Since A and
B are independent sets and V; C A, V5, C B, G[V;] and G[Vs] are independent sets. Also
since V; is a singleton set for i € [r] \ {1,2}, G[V;] is an independent set for i € [r] \ {1,2}.
Hence I’ is a yes instance of MAXMIN LiST ALLOCATION.

Let I' = (G,r, A\, (2vij)1<i<j<r) be a yes instance of MAXMIN LIST ALLOCATION. This
means there exists an r-allocation, say V = {V;, V5, ..., V,;} such that |E(V;, V})| > «a; for all
1 <i < j <randVjisnon-empty for each i € [r]. Since r = n(k—2)+2 and V; is non-empty
for each i € [r], we must have |Vi| + |V2| < 2k. Suppose |Vi| = ¢, then |V, < 2k — ¢. Note
that |E(V1, V)| can be at most £(2k — £). We also know that |E(Vi,Vs)| > k. Tt is easy to
see that ¢(2k — ¢) is at least k? only when ¢ = k. Hence we have |V;| = |V5] = k. Note that
|E(V1, V)| > k? is possible only when every vertex of V; is adjacent to every vertex of V.
Therefore G [V} U V3] is k-biclique in G. Hence [ is a yes instance of k-BICLIQUE. O
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6.6 Conclusions and Open Problems

In this chapter, we studied the parameterized complexity of three MaxMin separation prob-
lems and established a range of complexity results. While problems like MAXMIN MULTI-
WAY CUT-UNCUT, MAXMIN MULTIWAY SEPARATOR-UNSEPARATOR and MAXMIN LIST
ALLOCATION are para-NP-hard or W[1]-hard under natural parameters, we identified FPT
results under combined or restricted settings. Although we established fixed-parameterized
tractability in various cases, developing more efficient or explicit FPT algorithms remains

an open and significant challenge.
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Chapter 7

Classical Complexity of Vertex Splitting

Problems

A wvertex split is a graph modification in which a vertex v is replaced by two new vertices, v,

and vy. Each edge originally incident to v is reassigned to either v; or wvs.

Abu-Khzam et al. [3] proposed two types of vertex splitting operations:

o Inclusive Vertex Splitting: N(vi) U N(vy) = N(v).

e FExclusive Vertex Splitting: N(v1) U N(vg) = N(v) and N(vy) N N(vg) = 0.

The key difference between these two operations lies in the treatment of vertex neighbor-
hoods. In Inclusive Vertex Splitting, v; and vy are allowed to share neighborhoods, whereas

in Exclusive Vertex Splitting, their neighborhoods must be disjoint.

Vertex Splitting was originally used in the context of graph planarization, but now it is
applied in a variety of settings. For each fixed graph class F, we define a distinct vertex

splitting problem.

F-VERTEX SPLITTING (F-VS)

Input: An undirected graph G = (V, E') and a positive integer k.

Question: Is there a sequence of at most &k vertex splits that transforms G into a graph
G’ such that G’ € F?
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Now we develop the theory of I'-decomposition, which will be helpful for explaining the

reductions in this section.

Let T" be a family of graphs. A I'-decomposition of a graph G is a set {H;, H, ..., H;}
of subgraphs of G such that the sets F(H,),..., E(H;) form a partition of E(G), and each
H; is isomorphic to a graph of I'. If I' contains only one graph, say H, we refer to a

['-decomposition as an H-decomposition for simplicity.

Since I'-decomposition partitions the edge set of a graph, it is commonly assumed in
most contexts, that I' contains only connected graphs. Throughout this work, whenever
we refer to a I'-decomposition, we assume that I' is a collection of connected graphs. Let
{Hy, Hs, ..., H;} be a I'-decomposition of GG, where each H; is connected. In such cases,
knowing the edge set of H; suffices to determine its vertex set, since the vertices are simply
the endpoints of the edges in H;. Therefore, it is convenient to describe each H; by its edge
set alone. Let E; = E(H;) for each 1 < i < [. Then, for notational convenience, we write
{FE1, Es, ..., E} instead of {H;, Ha, ..., H}.

Formally, we assume that all graphs under consideration have no isolated vertices. This
assumption implies that every vertex of G must be included in at least one subgraph of the

decomposition.

Definition 34. For a T'-Decomposition P = {Hy, Hs, ..., H;} of G, the weight of P is defined

as

wgts(P) = Z #P(v),

veV

where #P(v) == |{i | v € V(H;) € P}| counts the number of sets in P that contain the

vertex v.

If G is a graph with no isolated vertices, then one can observe that

wgto(P) = Y #P(v) = Y |[V(H))|.

veV 1<i<i

Lemma 106. Let G = (V,E) be a graph without isolated vertices, and let P be a I'-
decomposition of G such that wgt,(P) < |V(G)|+ a. Then, either G is already a disjoint
union of graphs of I or there exists a vertexr w € V' such that u can be exclusively split in G

to obtain a graph G' satisfying:
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1. G' admits a T'-decomposition, say P’,

2. gt (P) <|V(G)|+a—1,

3. ' has no isolated vertices.

Proof. Suppose P = {Hy, H, ..., H;}is a I'-decomposition of G. If G is not already a disjoint
union of graphs of I', there must exist H; and H; such that V(H;) NV (H;) # 0. Without
loss of generality, we assume H; = Hy and H; = H,. In this case, let u € V(H;) NV (H,).

We define G’ as the graph obtained by splitting « into two vertices uy, and g, as follows:

NG/(uin ) = Ng(u) N V(Hl),
NG/(uout ) = NG(’LL) \ V(Hl)

x
L X))
®d
Y
Uout
Uin
/\ ,
1
coe———eof
G G’

Figure 7.1: On the left: a graph G with a I'-decomposition where I' = {K3}. The subgraph
H; is shown in blue. On the right: the graph G’, obtained by splitting u into u;, and gy,

along with a corresponding I'-decomposition of G.

We construct a I'-decomposition of G, denoted by P' = {Hj, H), ..., H]}, where:
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Hi lf H’L - H]_
H{:={ Huy, ifucV(H)NA(H;#H)

H; otherwise

Here, we define

Hiy = ((V(H1) \ {u}) U{uin}, {unv [ wo € E(Hy)} U{zy | zy € E(H1), (z # u) Ay #u)})
Houei = (V(H:) \ {u}) U{tout}, {toutv | wv € Hi} U{zy | vy € E(H;), (x # u) A (y #u)})
Informally, H;, is the same as H;, except the vertex u is relabelled as wu;,.

We now verify that P’ = {H}, H), ..., H]} is indeed a I'-decomposition of G'. We first verify
that each H is isomorphic to H;, and hence belongs to I'.

For Hy, define the map ¢, : Hy — Hj by:

o(v) = u, fv=u

) otherwise

Clearly, ¢ is an isomorphism from H; to H/, hence H] = H;.

For any ¢ # 1 such that u € V(H;), define ¢out; : H; — H] by:

Uopyy 1V =1u
(bout,i =

v otherwise
This defines an isomorphism from H; to H;, and thus H] = H;.
For all ¢ such that v ¢ V(H;), we have H; = H, so trivially H, = H,.

Now we have to verify that all the edges of G’ are covered by P’. Note that the splitting
operation does not change the total number of edges. Since each H! = H;, we have |E(H;)| =

|E(H!)|. The construction ensures that the H/ are edge-disjoint. Therefore, the total number
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of edges covered by P’ is:
Y |E(H)| =) |E(H)| = |EG)| = |E(G).

Thus, P’ is a valid I'-decomposition of G’.

We now examine the weight of the decomposition P’ and prove Condition 2. We have

wgt(P) = > #P'(v)

VeV (GY)

- > #P' (0) + #P" (uin) + #P' (tou)

vEV (G")\{Uin,Uout }

- > #P () + 1+ (#P(u) — 1)

vEV (G)\{Uin,Uout }

= D #PW)

veV(Q)

< |V(G)|+ «

=|V(G")|+a-1

Finally, since G’ is obtained from G by splitting a vertex, it follows that if G has no isolated

vertices, then G’ does not either. O

7.1 Cycle Graph-Vertex Splitting

We say a graph is a cycle graph if it is a disjoint union of cycles.

Definition 35. A cycle decomposition of a graph G is a set of cycles in G such that every
edge of G belongs to exactly one cycle.

We note that if ' = {C3,C4, Cs, ...}, where C) denotes a cycle of length [ for all [ > 3,

then a I'-decomposition and a cycle decomposition are the same notions for a graph.

The following known result will be relevant to our discussion:

Lemma 107. ([51, [101]) A graph G has a cycle decomposition if and only if every vertex

of G has even degree.

155



Now, we formally define our problem.

CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING (CYCLE GRAPH-EVS)
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Is there a sequence of at most k£ exclusive vertex splittings that transforms G

into a cycle graph?

Lemma 108. If (G, k) is a yes-instance of CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING,

then every vertex of G has even degree.

Proof. Let Gy, ...,G; be a splitting sequence such that Gy = G and G, is a cycle graph.

Since we perform only exclusive vertex splittings, we have

da(v) = > de, (V).

v’:v’ is a descendant of v in G
Here, we say v’ is a descendant of v if v’ is obtained by splitting v. Since G, is a cycle graph,

every vertex in (G; has even degree. Therefore, every vertex in GG has even degree. O

By application of Lemma [I08] we get the following corollary.

Corollary 7.1.1. If G has a vertex with odd degree then (G, k) is a no-instance of CYCLE
GRAPH-EXCLUSIVE VERTEX SPLITTING for any k > 0.

Theorem 109. Let G be a graph where every vertex has even degree. then (G, k) is a yes-
instance of CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING if and only if k > m—n, where
IV(G)| =n and |E(G)| =m.

Proof. For the forward direction, suppose (G, k) is a yes-instance. For the sake of contradic-
tion, assume that &k < m —n. Let Gq,...,G; be a splitting sequence such that Go = G, G,
is a cycle graph and ¢ < k. So we have |V(Gy)| = |[V(G)|+t<n+k<n+(m—n)=m.
Since Gy is a cycle graph, it satisfies |E(Gy)| = |V (G;)| < m. But since we are doing ex-
clusive vertex splitting, the number of edges remains constant throughput the sequence, so
|E(G)| = |E(G¢| = m, which is a contradiction. Hence k > m — n.

For the backward direction, let £ > m — n. By assumption, every vertex of G has even

degree. By Lemma [I07] we have a cycle decomposition, say P, of G. Note that every cycle
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contributes 2 to the degree of the vertices it passes through. Hence every vertex with degree
d(v) will be part of exactly @ elements of P. Therefore, we have wgt(P) = > oo @ =
m. By iteratively applying Lemma [L06| m — n number of times, we can obtain the sequences

Go, ey Gm—n and 7)0, . ,Pm_n.

We claim that G,,_,, is a disjoint union of cycles (i.e. a cycle graph). As a consequence
of the applications of Lemma [106], we get wgt(Py—n) < |V(Gp-n)|. By considering the
fact that for each vertex v € V (G,,—,) there exists H; € P,,_, with v € V(H;), we derive
wgt(Pm_n) > |V(Gpm_n)|- Thus, we have that wgt(P,,_,) = |V(Gm_n)| and it follows that
Gum—n is a disjoint union of cycles. Hence (G,m — n) is a yes-instance of CYCLE GRAPH-
VERTEX SPLITTING. So it is obvious that (G, k) is a yes-instance. O

We note that Corollary deals with graphs that have at least one vertex with odd
degree and Theorem [I09] deals with those graphs where all vertices have even degrees. There-

fore, by combining Corollary and Theorem [109] we obtain the following final result.

Theorem 110. The CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING is solvable in poly-

nomial time.

7.2 Star Forest-Vertex Splitting

A disjoint union of stars is known as a star forest. In this section, we prove that both
STAR FOREST-INCLUSIVE VERTEX SPLITTING and STAR FOREST-EXCLUSIVE VERTEX
SPLITTING are NP-hard. To do so, we establish the following chain of polynomial-time
reductions, starting from the classical NP-hard VERTEX COVER problem :

VERTEX COVER <p WEIGHTED STAR DECOMPOSITION

<p STAR FOREST-INCLUSIVE VERTEX SPLITTING

We formally define the STAR FOREST-INCLUSIVE VERTEX SPLITTING problem below.
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STAR FOREST-INCLUSIVE VERTEX SPLITTING (STAR FOREST-IVS)
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Is there a sequence of at most k inclusive vertex splitting that tranforms G

into a star forest?

If I" is a collection of all star graphs, we will use the term Star-decomposition to refer to
a I'-decomposition. For the sake of completion, we now define the notion of weight for a

Star-decomposition.

Definition 36. For a Star-decomposition P of G, the weight of P is defined as

wgta(P) = Z #P(v),

veV

where #P(v) := |[{P | v € P € P}| denotes the number of sets in P that contain v.

Now, we formulate the associated decision problem:

WEIGHTED STAR-DECOMPOSITION
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Does there exist a Star-decomposition P of G such that wgt(P) < k7

Theorem 111. WEIGHTED STAR DECOMPOSITION is NP-complete on cubic graphs and

also on planar graphs of mazximum degree 3.

Proof. Tt is easy to see that WEIGHTED STAR-DECOMPOSITION is in NP. It is known that
VERTEX COVER is NP-complete on cubic graphs and also on planar graphs of maximum
degree 3. To prove that WEIGHTED STAR-DECOMPOSITION is NP-hard on cubic graphs
and also on planar graphs of maximum degree 3, we give a reduction from VERTEX COVER.
We prove that (G, k) is a yes-instance of VERTEX COVER if and only if (G,m + k) is a
yes-instance of WEIGHTED STAR-DECOMPOSITION.

For the forward direction, we assume that (G,k) is a yes-instance of VERTEX COVER.
Suppose X = {vy,v9,...,v;} is a vertex cover of G with [ < k. Now, we define £; = {vjw :
w € N(v)} and E; = {vyw : w € N(v;) \ {v1,v2,...,v,_1}} for 2 < i < [. We claim that
P ={FE1, Es,...,E} is a star decomposition with wgt(P) < m + k.
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Clearly, each Ej; is a star with center vertex v;. Note that G — X is an independent set so all
the edges of graph G are either between X and G — X or between the vertices of X. The
way the construction of F; is done and X is a vertex cover make it clear that P covers all
edges of G. It is also clear that E; N E; = () whenever i # j.

Note that if E; has p; edges then the number of vertices in E; is p; + 1. Hence

vgt(P) = > [V(E) =Y (mit+1) =Y pitl=m+l<m+k

1<i<l 1<i<l 1<i<l

For the reverse direction, we assume that there exists a star decomposition, say S of G with
wgt(S) < m+k. Suppose S = {51, 52,...,9}. Define C = {ci, s, ..., ¢,} where ¢; is center
of star S;. Suppose a star with center ¢; contains p; number of edges then the number of
vertices is p; + 1 in that star. Now we see that wgt(S) = >, (ni +1) =D, ,Pi +q=
m + q. Since wgt(S) < m + k, we have ¢ < k.

We claim that C' = {c1,ca,...,¢,} is a vertex cover of G. Let uv be an edge of graph G.
Since S is a sigma star cover of G, uv must be in 5; for some 7. Since S; is a star graph either
u or v must be ¢;. The edge uv is covered by C' because C' contains ¢;. So we have proved
that C' is a vertex cover of size at most k, hence (G, k) is a yes-instance of the VERTEX
COVER. O

Now we aim to prove that STAR FOREST-VERTEX SPLITTING is NP-hard by giving a
polynomial-time reduction from WEIGHTED STAR DECOMPOSITION. But we first prove a

few lemmas.

Lemma 112. Let G = (V, E) be a graph, and let G' = (V',E") be obtained from G by
inclusive vertex splitting of a vertex uw € V into two vertices v,w € V'. If P’ is a star

decomposition of G', then there exists a star decomposition P of G with wgt(P) < wgt(P’).

Proof. Let P = {E{, E), ..., E/} be a star decomposition of G’. Then using

(BI\ {vz,wz | z€ V(E)}) U{uz | z € V(E) \ {v,w}} HV(E)N{v,w}#0D

E! otherwise
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we define
P = {E1>E277Et|f(EZ/):EZ fOI'lSZSt}

Note that f gives a bijection over the domain P’. We claim that P satisfies the conditions
of this lemma. First, we establish that P is a star decomposition of G.
We begin by proving that all E; € P are stars.

Let E; € P. Assume f~}(FE;) = E;. Observe that E; N {v,w} = (. Clearly, E; is a star.

Conversely, assume f~'(E;) # E;. Then two cases can occur.

Case 1: f~!(E;) contains both v and w. By assumption, f~'(E;) is a star. Suppose f~(FE;)
contains both v and w. By definition of vertex splitting, it follows that v and w can not be
the center of the star f~'(F;). Let r be the center of f~'(F;). Then we see that F; is also a

star with center r and contains w.

Case 2: f~!(E;) contains exactly one of v and w. Without loss of generality, we assume that
ve fYE) andw ¢ fTH(E;). Then E; = (E}\{vz | vz € V(E)})U{uz | z € V(E))\ {v}}.

It is clear that £ is isomorphic to E;. Hence F; is a star.

Now, we prove the second property, that is, all edges of G are covered by P. Let vy, vy €
V(G) with vy # v,.

Case 1: {v1,v3}N{u} = 0: The edge v,y is not affected by the split, therefore viv, € E(G').
Hence there is some E! € P’ such that vyvy € E]. Thus v1vy € E; = f(E)).

Case 2: {v,v9} N {u} # 0 : Without loss of generality, assume v; = u. The definition
of vertex splitting tells that either vvy € E(G’) or wvy € E(G') must hold. Without loss
of generality, assume the former. Since P’ is a star-decomposition of G there exist some
E’ € P’ such that vvy € Ej € P'. Thus, we find that u,v, € E; = f(E)) € P.

Therefore, P is a sigma I'-cover of G. We observe that f ranging over P’ does not increase

the cardinality of any image it maps. Hence we have, wgt(P) < wgt (P’). ]

Since exclusive vertex splitting is also inclusive vertex splitting, so above proof works

when we do exclusive vertex splitting of w.

Theorem 113. Let G = (V, E) be a graph. Then (G, k) is a yes-instance of STAR FOREST-
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INCLUSIVE VERTEX SPLITTING if and only if (G, |V (G)|+k) is a yes-instance of WEIGHTED
STAR DECOMPOSITION.

Proof. Let (G, k) be a yes-instance of STAR FOREST-VERTEX SPLITTING, that is, there
exists a sequence of at most k vertex splittings in G such that the resulting graph G’ is a

disjoint union of stars.

Let Gy, ..., G be a sequence of graphs with Gp = G and [ < k such that each graph,
except Gy, is obtained from its predecessor via a vertex split, and G; is a disjoint union of
stars. By identifying all connected components of GG; with their vertex sets, we can construct
a star decomposition P; of G; with wgt(P;) = |V(G;)|. Each split used in the construction
of Gy, ..., G introduces exactly one new vertex, therefore |V (G;)| = |V(G)| 4+ [. Combining
this with the fact that I < k, we derive wgt(P;) < |V|+ k. Using the sequence Gy, ..., G|
in reverse order, we iteratively apply Lemma [I12]] times using P, and G, as base case and
obtain Py, ..., P;. In particular, it follows that Py is a star decomposition of G satisfying
wgt(Po) < |V(G)| + k. Thus, (G, |V(G)| + k) is a yes-instance.

Let (G,|V(G)| + k) be a yes-instance of WEIGHTED STAR DECOMPOSITION, that is,
there exists a star decomposition, say P = {H;, H, ..., H,} with wgt(P) < n+ k. By
iteratively applying Lemma for a number of times, call it [, either until star-forest is
obtained as a direct result of the lemma, or alternatively, stopping after k iterations, we can

obtain the sequences Gy, ...,Gy and Py, ..., Px.

We shall now verify that G; must be a disjoint union of stars. As a consequence of the
applications of Lemmal[l06] we get wgt(Px) < |V (Gy)|. By considering the fact that for each
vertex v € V (G},) there exists HF € P), with v € EF, we derive wgt(Py) > |V(Gy)|. Thus,
we have that wgt(Py) = |V (Gy)| and it follows that Gy, is a disjoint union of stars. Hence
(G, k) is a yes-instance of STAR FOREST-VERTEX SPLITTING. O

Theorem 114. STAR FOREST-INCLUSIVE VERTEX SPLITTING is NP-complete on cubic

graphs and also on planar graphs of mazimum degree 3.

Proof. 1t is easy to see that STAR FOREST-INCLUSIVE VERTEX SPLITTING is in NP, be-
cause a certificate of STAR FOREST-INCLUSIVE VERTEX SPLITTING can be guessed and
checked in polynomial time. By Theorem [113| we conclude that deciding (G, k) instance
of STAR FOREST-INCLUSIVE VERTEX SPLITTING is equivalent to deciding the instance
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(G, k —|V(GQ)|) of WEIGHTED STAR DECOMPOSITION. Since WEIGHTED STAR DECOM-
POSITION is NP-complete on cubic graphs and even on planar graphs of maximum degree 3,
STAR FOREST-INCLUSIVE VERTEX SPLITTING is NP-hard on cubic graphs and also on pla-
nar graphs of maximum degree 3. Consequently, we conclude that STAR FOREST-INCLUSIVE
VERTEX SPLITTING is NP-complete on cubic graphs and also on planar graphs of maximum
degree 3. O]

Note that the proof of Theorem also applies to the case of exclusive vertex splitting.
In the forward direction of the proof, we used Lemma [I12] and as observed, Lemma [I12]
works for exclusive vertex splitting as well. Hence, there is no issue in the forward direction
of the proof of Theorem In the backward direction, we used Lemma [106] which involves

exclusive vertex splitting. Based on this, we now define the following problem

STAR FOREST-EXCLUSIVE VERTEX SPLITTING (STAR FOREST-EVS)
Input: An undirected graph G = (V, E), and a positive integer k.

Question: Is there a sequence of at most k exclusive vertex splitting that tranforms G

into a star forest?

Then, we have the following two results.

Corollary 7.2.1. Let G = (V,E) be a graph. Then (G,k) is a yes-instance of STAR
FOREST-EXCLUSIVE VERTEX SPLITTING if and only if (G, |V (G)|+ k) is a yes-instance of
WEIGHTED STAR DECOMPOSITION

Corollary 7.2.2. The STAR FOREST-EXCLUSIVE VERTEX SPLITTING problem is NP-

complete on cubic graphs and also on planar graphs of maximum degree 3.

7.3 Bipartite-Vertex Splitting

In this section, we prove that BIPARTITE-VERTEX SPLITTING is NP-complete. Firbas and
Sorge [58, 60] showed that BIPARTITE-VERTEX SPLITTING is NP-hard by providing a reduc-
tion from 2-SUBDIVIDED CUBIC VERTEX COVER. We establish that BIPARTITE-VERTEX
SPLITTING is NP-complete by presenting a reduction from BIPARTITE VERTEX DELETION.
The advantage of our reduction is that it demonstrates the equivalence between BIPARTITE-

VERTEX SPLITTING and BIPARTITE VERTEX DELETION. So, the existence of a kernel-
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ization or an FPT algorithm for BIPARTITE VERTEX DELETION implies the existence of
the same for BIPARTITE-VERTEX SPLITTING. Moreover, our proof is comparatively easy to

understand.

We first define our problems formally.

BIPARTITE-INCLUSIVE VERTEX SPLITTING (BIPARTITE-IVS)
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Is there a sequence of at most k inclusive vertex splittings that transforms G

into a bipartite graph?

BIPARTITE-EXCLUSIVE VERTEX SPLITTING (BIPARTITE-EVS)
Input: An undirected graph G = (V, E), and a positive integer k.

Question: Is there a sequence of at most k exclusive vertex splittings that transforms G

into a bipartite graph?

Theorem 115. Let G be a graph. Then (G, k) is a yes-instance of BIPARTITE-INCLUSIVE
VERTEX SPLITTING if and only if (G, k) is a yes-instance of BIPARTITE VERTEX DELETION.

Proof. For the forward direction, we assume that (G,k) is a yes-instance of BIPARTITE-
INCLUSIVE VERTEX SPLITTING. Let S be the set of vertices of GG that are split to obtain
a bipartite graph, with |S| < k. Suppose that applying inclusive vertex splitting to the
vertices in S transforms G into a bipartite graph G’. We claim that G — S is a bipartite
graph. Note that G — S is an induced subgraph of G’ because splitting the vertices in S
does not affect the adjacency between the vertices in G — S. Since G’ is bipartite and G — S
is its induced subgraph, it follows that G — S is also bipartite. So we conclude that S is a
bipartite vertex deletion set of size almost k. Hence, (G, k) is a yes-instance of BIPARTITE
VERTEX DELETION.

For the reverse direction, we assume that (G, k) is a yes-instance of BIPARTITE VERTEX
DELETION. Suppose S = {vy,va,...,u} is a bipartite-vertex deletion set of G with | < k.
Suppose GG — S is a bipartite graph with bipartition V; and V5. We treat S as an ordered

set.
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Now we construct a sequence G = Gy, Gy, G, ..., Gy where (G is obtained by splitting of
vertex v; in the graph G,;_;. Note that the construction of G; is done inductively. Now, we

will see how the vertex splitting is done to get G; from G;_1.

For 1 <1 <[, we split v; into two vertices v;; and v;y such that
NGi(Uil) = (NGi_l(vi) N ‘/2) U {Uj 1V € NG¢_1<'U1'> when j > Z}

Ng, (vi2) = (Ng,_, (v;) N V1) U{vj1 s vj1 € Ne,_, (vi)}

We see that Vi U {v11,v91,... 01} and Vo U {vi9, veg, ... vjp} is a bipartition of the graph Gj.
Hence, (G, k) is a yes-instance of BIPARTITE-INCLUSIVE VERTEX SPLITTING. O

It is easy to see that BIPARTITE-INCLUSIVE VERTEX SPLITTING and BIPARTITE-
EXCLUSIVE VERTEX SPLITTING are in NP. Since we know that BIPARTITE VERTEX
DELETION (popularly known as ODD CYCLE TRANSVERSAL) is NP-complete, BIPARTITE-
INCLUSIVE VERTEX SPLITTING is NP-hard. We note that in the reverse direction of the
proof, all the vertex splittings that were done are exclusive vertex splittings. There is no
problem in the forward direction if we allow only exclusive vertex splittings. It is easy to

conclude the following results from the above discussion.
Corollary 7.3.1. BIPARTITE-INCLUSIVE VERTEX SPLITTING s NP-complete.

Corollary 7.3.2. Let G be a graph. Then (G, k) is a yes-instance of BIPARTITE-EXCLUSIVE
VERTEX SPLITTING if and only if (G, k) is a yes-instance of BIPARTITE-VERTEX DELE-
TION.

Corollary 7.3.3. BIPARTITE-EXCLUSIVE VERTEX SPLITTING s NP-complete.

7.4 Uniform Cycle Graph-Vertex Splitting

A uniform cycle graph is a disjoint union of equal-sized cycles. We have seen that CYCLE
GRAPH-EXCLUSIVE VERTEX SPLITTING is polynomial-time solvable. See Theorem [110]
In CYyCLE GRAPH-EXCLUSIVE VERTEX SPLITTING, we aimed to get a disjoint union of
cycles. Now, if we put a restriction that all cycles must be of the same size, then we get

UNIFORM CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING. It turns out that UNIFORM
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CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING is NP-hard. Proving the NP-completeness
of UNIFORM CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING also motivates us to work on

the problem considered in the next section.

Let us define our problems formally.

UNIFORM CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING (UCG-EVS)
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Is there a sequence of at most k exclusive vertex splittings that transforms G

into a uniform cycle graph?

UNIFORM CYCLE GRAPH-INCLUSIVE VERTEX SPLITTING (UCG-IVS)
Input: An undirected graph G = (V, E), and a positive integer k.

Question: Is there a sequence of at most k inclusive vertex splittings that transforms G

into a uniform cycle graph?

Theorem 116. UNIFORM CYCLE GRAPH-INCLUSIVE VERTEX SPLITTING is NP-complete.

Proof. 1t is clear that UCG-IVS is in NP. To show that the problem is NP-hard, we provide
a reduction from K3-DECOMPOSITION. The problem asks to determine whether the given
graph has a Kj3-decomposition. Ian Holyer proved that K3-DECOMPOSITION is NP-hard
[78].

Given an instance I = G(V, E) of K3-DECOMPOSITION, we construct an instance I’ =
(G', k") of UNIFORM CYCLE GRAPH-INCLUSIVE VERTEX SPLITTING. To construct the
graph G’, we start with G’ and add m —n + 1 disjoint triangles to it, where |V(G)| = n and

|E(G)| = m. We set k' =m — n. We now prove that the instances I and I’ are equivalent.

Suppose [ is a yes-instance, that is, there exists a K3-decomposition of G. Let P =
{P, P, ..., P%} be a Ks-decomposition of GG. If such a decomposition exists, then each
vertex in G must have an even degree. For each vertex v € V(G), the number of triangles

in P that includes v is [ = @. Therefore, we have

wgt(P) = Y (@—1) =m—n.

veV(G)
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We now iteratively apply Lemma [106] with I' = K3 until we obtain a disjoint union of
triangles. The total number of vertex splittings required is exactly equal to m — n. Note
that no operations are needed on the connected components corresponding to the added
disjoint triangles in G’, as they are already K3’s. Hence I’ = (G', k') is a yes-instance of

UCG-IVS.

Suppose I’ is a yes-instance, that is, there exists a sequence of at most m — n inclusive
vertex splittings in G’ that results in a uniform cycle graph G”. We first argue that G”
must be a disjoint union of triangles (that is, K3’s). Since G’ contains m — n + 1 disjoint
triangles and only m —n vertex splittings are allowed, at least one of these triangles remains
untouched. Because G” is a uniform cycle graph and it contains at least one triangle, all
components of G” must be triangles. Thus G” is a disjoint union of K3’s. We can assume
that no vertex from the added triangles (that is, vertices in V(G’) \ V(QG)) is split.

Claim 7.4.1. For every edge u"v" € E(G"), there exists a unique edge uwv in E(G') such
that either u” = u or u” is a descendant of vertex u, and similarly, either v" = v or v” is is

a descendant of verter v.

Proof. Note that after m — n vertex splittings, the graph G” can contain at most n + 3(m —
n+1)+ (m—n) =m+ 3(m —n+ 1) many vertices. Since G” is disjoint union of cliques of
size 3, |[E(G")| = %G”)l = |V(G")] <m+3(m—n+1) = |E(G")|. Since G” is obtained
by vertex splitting operations on G’, we must have |E(G")| > |E(G’)|. This implies that
|E(G")| = |E(G")|. Therefore, for every edge u"v” € E(G"), there exists an unique edge uv

in E(G"). O

We also note that no two vertices of a triangle in G can have the same ancestor. The above
claim shows that, for every triangle in G” there exists a unique corresponding triangle in G'.
As |[E(G")| = |E(G")|, this gives us a partition of edges of G’ where each part induces a K.
Since G is an induced subgraph of G’, G has a K3-decomposition. n

Note that the above proof also hilds for exclusive vertex splitting, as one can see that in the

backward part of the proof, all vertex splittings performed are exclusive.

Corollary 7.4.1. UNIFORM CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING s NP-

complete.
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7.5 Uniform Bicluster-Vertex Splitting

A uniform bicluster graph is a graph in which each connected component is a complete
bipartite graph of the same dimension. The BICLUSTER-VERTEX SPLITTING problem, where
the objective is to transform a given graph G into a bicluster graph using at most k vertex
splits, remains an open problem [I4]. In this chapter, we consider a slightly different problem,
where the goal is to obtain a uniform bicluster graph instead of a general bicluster graph.

We prove that UNIFORM BICLUSTER-VERTEX SPLITTING is NP-complete.

Interestingly, related problems show contrasting complexity results. For instance, CYCLE
GRAPH-EXCLUSIVE VERTEX SPLITTING is polynomial-time solvable (see Theorem [110)),
while its uniform version, UNIFORM CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING is
NP-complete (see Section . For the general graphs, both CLUSER-INCLUSIVE VERTEX
SPLITTING [59] and UNIFORM CLUSTER-INCLUSIVE VERTEX SPLITTING are NP-complete
(see Theorem . However, in the special case of graphs with isolated vertices, CLUSTER-
INCLUSIVE VERTEX SPLITTING is NP-complete, while UNIFORM CLUSTER-INCLUSIVE
VERTEX SPLITTING is polynomial-time solvable. These examples highlight that we can-
not directly infer the complexity of UNIFORM BICLUSTER-VERTEX SPLITTING from that of
BICLUSTER-VERTEX SPLITTING. Therefore, UNIFORM BICLUSTER-VERTEX SPLITTING is

a problem of independent interest.

We define our problem formally

UNIFORM BICLUSTER-INCLUSIVE VERTEX SPLITTING (UNIFORM BICLUSTER-IVS)
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Is there a sequence of at most k inclusive vertex splittings that transforms G

into a bicluster graph?

UNIFORM BICLUSTER-EXCLUSIVE VERTEX SPLITTING (UNIFORM BICLUSTER-EVS)
Input: An undirected graph G = (V, E), and a positive integer k.

Question: Is there a sequence of at most k exclusive vertex splittings that transforms G

into a bicluster graph?

Now, we will prove that UNIFORM BICLUSTER-INCLUSIVE VERTEX SPLITTING is NP-

complete. The proof technique is very similar to that used in the proof of Theorem [116]
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Theorem 117. UNIFORM BICLUSTER-INCLUSIVE VERTEX SPLITTING s NP-complete.

Proof. 1t is clear that UNIFORM BICLUSTER-INCLUSIVE VERTEX SPLITTING is in NP. To
show that the problem is NP-hard, we provide a reduction from K; ;-DECOMPOSITION. The
problem asks to determine whether the given graph has a K o-decomposition. Dor and Tarsi
[44] proved that K; 5-DECOMPOSITION is NP-hard.

Given an instance I = G(V, E) of K 5-DECOMPOSITION, we construct an instance I’ =
(G', k") of UNIFORM BICLUSTER-INCLUSIVE VERTEX SPLITTING. To construct the graph
G’, we begin with G and add || — n + 1 disjoint copies of K to it, where [V/(G)| = n
and |E(G)| = m. We then set &’ = | 22| — n. We now prove that the instances I and I’ are
equivalent.

Suppose [ is a yes-instance, that is, there exists a K s-decomposition of G. Let P =
{P, P, ..., P%} be a K s-decomposition of G. Each P, is isomorphic to K; 3 and hence

contains exactly 3 vertices. Therefore

3m
wgt(P) = -

We now iteratively apply Lemma up to k' times, either until a disjoint union of K
graphs is obtained, or we reach GGy, resulting in a sequence of graphs Gy, ..., Gy and corre-

sponding decompositions Py, . .., Py .

We now verify Gy is a disjoint union of K ». By applying Lemma k' times, we get
wgt(Py) < |V(Gp)|. Since each vertex v € V (Gy) is contained in some part P¥ € Py
with v € V(PF), we also have wgt(Py) > |V(Gy)|. Combining both inequalities, we have
wgt(Pr) = |V(Gy)|. This implies that each part of Py is disjoint and fully covers the vertex
set. Since each part is a K, Gy is a disjoint union of K;,. Note that we do not perform
any operations on the connected components of G’ that were already K » subgraphs. Hence

(G', k) is a yes-instance.

For the reverse direction, we assume that there exists a sequence of at most m—mn inclusive
vertex splittings in G’ such that the resulting graph G” is a uniform bicluster graph. We first
argue that G” must be a disjoint union of K. This follows from the fact that G’ contains
L?’ij —n + 1 connected components that are each isomorphic to K; 5. Since only L%”J -n
vertex splittings are allowed, at least one K7 5 component remains untouched in G”. Because
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G" is a uniform bicluster graph, all its components must be isomorphic to the same complete
bipartite graph, and thus it must be a disjoint union of K;» components. We may assume
that none of the vertices in V(G’) \ V(G) are split.

Claim 7.5.1. For every edge u"v" € E(G"), there exists a unique edge uv in E(G’) where
either u” = u or u” is a descendant of vertex u and similarly v = v or v” is is a descendant

of vertex v.

Proof. Note that after L‘Q’ij — n vertex splittings, the graph G” can contain at
3m 3m 3m 3m

most n + 3(1%) —n+1) + (]-n) = 3(1%)-n+1) + %] many ver

tices. Since G” is disjoint union of Kj,, number of components in G” is at most

% (3 (L?’T’”J —n+ 1) + [%”j) Since each component in G” has exactly two edges, we have

BE <3 G() -+ 1)+ 5] =2(8] —na )+ 313) <2([%) -+ 1)+

m = |E(G")|. Since G” is obtained by vertex splitting operations on G’, we must have
|E(G")] > |E(G")|. This implies that |E(G")] = |E(G’)|. Therefore, for every edge
u"v" € E(G"), there exists an unique edge uv in E(G’). O

The observation that |E(G")| = |E(G")| implies all the vertex splitting performed are exclu-
sive. Since we are only applying exclusive vertex splitting, no two vertices in a connected
component K; o of G” can have the same ancestor. This ensures that each connected com-
ponent Ko in G” corresponds uniquely to a K- in G'. As |E(G")| = |E(G")|, this gives us
a K o-decomposition of G'. Because G is an induced subgraph of G, it follows that G also

admits a K o-decomposition. O

Note that the above proof also holds for exclusive vertex splitting, as we observed that in
the backward part of the proof all the vertex splittings performed are exclusive. Therefore,

we have the following corollary.

Corollary 7.5.1. UNIFORM BICLUSTER-EXCLUSIVE VERTEX SPLITTING is NP-complete.

7.6 Conjecture

Alexander proposed the following conjecture (see Conjecture 3.10 in [58]) in his PhD thesis
[58]:

169



Conjecture 7.6.1. Let II and I' be classes of graphs such that the following conditions hold:

o A graph G belongs to 11 if and only if every connected component of G belongs to T'.

e For each graph G € T', any graph G’ obtained from G by merging two non-adjacent

vertices of G is also in T'.

Then, SIGMA I'-COVER <, [I-VERTEX SPLITTING.
If additionally Ky € T', and I is closed under both deletion and addition of universal vertices,
then NODE I'-COVER <, SIGMA I'-COVER.

In this section, we will prove the second part of the conjecture. To prove CLUSTER-VERTEX
SPLITTING is NP-hard, Alexander at el. [59] gave a polynomial-time reduction from NODE
CLIQUE COVER to SIGMA CLIQUE COVER and a polynomial-time reduction from SiGMA
CLIQUE COVER to CLUSTER-VERTEX SPLITTING. So, we also believe that this technique
can be generalized to work with other vertex splitting problems associated with different
graph covering problems. In the thesis [58], it is mentioned that SicGMA CLIQUE COVER
and COMPACT LETTER DISPLAY-Y are (disregarding minor technical complications involv-
ing isolated vertices) equivalent problems. Thus SIGMA I'-COVER may be of independent

interest.

We first define some notions.

Definition 37. Let P(V) denote the power set of V. A family of sets i C P (V) is called a

node I'-cover if the following conditions hold:

1. for each U € U, the induced subgraph G[U] belongs to the class I'.

2. for each vertex v € V(G), there exists a set U € U such that v € U.

The corresponding decision problem is defined as follows:

NoODE I'-COVER
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Does there exist a node I'-cover U of G with [U| < k7
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Definition 38. A family of sets S C P (V) is called a sigma I'-cover if the following condi-
tions hold:

1. for each S € S, the induced subgraph G[S] belongs to the class T’

2. for each edge e € E, there exists a set S € S such that e € E(G[S5]).

The weight of a sigma I'-cover S, denoted by wgt(S), is defined as

wgt(S) = Z S|

Ses

The corresponding decision problem is defined as follows:

SIGMA I'-COVER
Input: An undirected graph G = (V, E), and a positive integer k.
Question: Does there exist a sigma I'-cover S of G such that wgt(S) < k7

Definition 39. For a graph G, a newly added vertex is called a universal vertex if it is

adjacent to every vertex in G.

We are allowed to add more than one universal vertex. Given a graph G, if r universal

vertices are added, then the resulting graph, denoted by G", can be defined as follows:
G":=V(G)U{uy,...,u.} ,E(G)U{uw |1 <i<rveV}).

In words, the new graph G" consists of the original graph G together with r new universal
vertices, each adjacent to every vertex in G. We now have sufficient notions to prove the

second part of the conjecture.

Theorem 118. If Ky € T', and ' is closed under the deletion and addition of universal
vertices, then NODE I'-COVER <,, SIGMA I'-COVER.

Proof. Let (G, k) be an instance of NODE I'-COVER. We construct an instance (G, k") of
SIGMA I'-COVER as follows:

G = (V(G) U{ur,us, ... ugmir}, B(G) U{uw | 1 < i < 2m+1,v € V(G)})
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and
K =n+k@2m+1)+2m.

We now show that (G, k) and (G, k) are equivalent instances. For the forward direction,

suppose U is a node I'-cover of G with |U| < k. Define
A = {UU {Ul,UQ,...7U2m+1} | U e Z/{}

B := {{vi, v} : vyvy € E(G)}

We claim that AU B is a sigma ['-cover of G’ with wgt(AUB) < n+k(2m+ 1) +2m. Each
element of B is a Ky and by assumption Ky € I'. Furthermore, since U € I" and T is closed
under the addition of universal vertices, it follows that U U {uy, ug, ..., ugmy1} € I for every
U eU. It is clear that AU B covers all edges of G’. We now compute the weight:

ugt(A) = Z U U{ur,ug, ... uzmir ]

veu

=) (U +2m+1)

veu

<> U+ k@2m + 1)

veu
=n+k(2m+1)

and wgt(B) = 2m. Therefore, wgt(A U B) = wgt(A) +wgt(B) < n+ k(2m+ 1) + 2m.

For the reverse direction, suppose S is a sigma I'-cover of G’ with wgt(S) < n + k(2m +
1) 4+ 2m. We claim that there exists a vertex u* € {uy,us,...,usns1} that belongs to at
most k elements of S. For the sake of contraction, assume that each u; belongs to at least
k + 1 elements of S. Then we have
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wgt(S) = Z vals(v)

veV(G")

= Z vals(v) + Z valg(v)

veV(Q) veE{U1,U2,...,U2m 41}

> Y 1+ > (k+1)

veV(Q) vE{U1,u2, s U2m 41}
>n+(k+1)(2m+1)
=n+k2m+1)+2m+1
> wgt(S) +1

which is a contradiction. Hence, there exists some u* € {uy,us, ..., usn+1} that belongs to

at most k elements of S.

Now, define N = {S'\ {u1,u, ..., ugms1} | u* € S € S}. We claim that A is a node I'-cover

of G of size at most k.

For each S € S, we have S\ {uy,ug, ..., ugmyi1} € I because I' is closed under deletion of

universal vertices. This implies that all elements of A are in T

Let v € V(G). Since S is sigma ['-cover of G' and vu* € E(G’), there is some S in S such
that {u*,v} C S. This implies that v € S\ {uy,ug, ..., usm+1} € N. Hence all vertices of
G are covered by N. Moreover, we have already established that |N| < k. Therefore, we

conclude that A is a node I'-cover of size at most k. O

Let H be a fixed graph, then we define
Free~(H) := {G | no induced subgraph of G is isomorphic to H}.

In other words, Free~(H) is the set of all graphs G such that H is not an induced subgraph

of G (under isomorphism).

NoODE I'-COVER has been shown to be NP-complete [6, 26] for I' = Free~(H) where
|V(H)| > 2. By applying Theorem and NP-completeness of NODE I'-COVER for I' =
Free.(H) with |V (H)| > 2, we can conclude that SIGMA I'-COVER is NP-hard for the same
class I'. It is easy to observe that SIGMA I'-COVER is in NVP. Therefore, we obtain the
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following corollary.

Corollary 7.6.1. The SIGMA T-COVER problem is NP-complete for I' = Free~(H) such
that Ky € I',T' is closed under deletion and addition of universal vertices and |V (H)| > 2.

7.7 Conclusions

In this chapter, we investigated the classical complexity of the F-VERTEX SPLITTING prob-
lem for various graph classes F, under both inclusive and exclusive variants of vertex split-
ting. These two variants capture fundamentally different structural requirements, and our

results provide a nuanced understanding of their algorithmic behavior.

We showed that the CYCLE GRAPH-EXCLUSIVE VERTEX SPLITTING problem admits a
polynomial-time algorithm, identifying a notable tractable case. However, the complexity
of the corresponding inclusive variant remains unresolved. On the intractability side, we
established several NP-completeness results. In particular, we proved that STAR FOREST-
INCLUSIVE VERTEX SPLITTING is NP-complete, even when restricted to planar graphs of
maximum degree three. This hardness result extends to more structured graph classes, such
as Uniform Cycle Graphs and Uniform Bicluster Graphs. Furthermore, we demonstrated
that both BIPARTITE-INCLUSIVE VERTEX SPLITTING and BIPARTITE-EXCLUSIVE VERTEX
SPLITTING are computationally equivalent to the well-known ODD CYCLE TRANSVERSAL

problem.

Finally, we addressed a conjecture posed in [58], and established the second part by
proving that under suitable closure properties of the class I', the NODE I'-COVER problem
polynomially reduces to the SicGMA I'-COVER problem. The first part of the conjecture,

however, remains open and presents an intriguing direction for further research.
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Chapter 8

Conclusions and Open Problems

In this thesis, we have conducted an in-depth study of the parameterized complexity of several
graph-theoretic problems. The problems investigated include UNIFORM CLUSTER GRAPH
MODIFICATIONS, MAXMIN DEGREE-d-MODULATOR, MAXMIN FEEDBACK VERTEX SET,
MAXMIN MULTIWAY CUT-UNCUT, MAXMIN SEPARATOR-UNSEPARATOR, MAXMIN SUB-
SET FEEDBACK VERTEX SET, MAXMIN LIST ALLOCATION, and F-VERTEX SPLITTING.
For the majority of these problems, the primary parameter considered is the solution size.
However, in certain cases, we have also explored the parameterized complexity with respect
to structural graph parameters such as vertex cover number, feedback vertex set number, and
treewidth. Our contributions include both fixed-parameter tractable (FPT) algorithms and
hardness results, thereby enriching the parameterized complexity landscape of the studied

problems.

In Chapter [3| we addressed several open problems posed by Misra, Mittal, Saurabh, and
Thakkar [95] concerning the complexity of the UNIFORM CLUSTER GRAPH MODIFICATION
problem. Our contributions not only resolve these questions but also yield improvements in

both time complexity and kernel size over existing results, including those in [92, 95, 106].

Chapter [4] focuses on the relatively unexplored MAXMIN DEGREE-d-MODULATOR prob-
lem, which can be viewed as a natural generalization of the work by Zehavi [114]. We provide

the first fixed-parameter tractability and kernelization results for this problem.

In Chapter [, we examined the parameterized complexity of the MaxMin variant of the
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classical FEEDBACK VERTEX SET problem. Our results build upon traditional approaches
and provide new algorithmic insights, particularly when parameterized by the structural

parameter vertex cover.

Chapter [6] extends several known separation problems to their MaxMin variants. Specif-
ically, we introduced and analyzed MAXMIN MULTIWAY CUT-UNCUT, which generalizes
results by Duarte et al. [47], and MAXMIN SEPARATOR-UNSEPARATOR, which extends the
work of Gaikwad, Kumar, Maity, Saurabh, and Sharma [66]. Additionally, we studied the
MAXMIN LIST ALLOCATION problem, a generalization of the well-known MULTIWAY CUT
problem, originally introduced by Kim, Paul, Sau, and Thilikos [85].

Finally, in Chapter [, we investigated the classical complexity of the F-VERTEX
SPLITTING problem, which has recently attracted significant attention in the litera-
ture |41 5 @, 10, [14], 59, 611 [70]. Our analysis distinguishes between inclusive and exclusive
variants and provides a fine-grained complexity classification for several important graph

classes.

While this thesis advances the understanding of several graph modification and separation
problems through the lens of parameterized complexity, many compelling questions remain
open. We list below some of the key open problems that arise directly from our work, as

well as a few promising directions for future research:

e Does there exist a linear or quadratic vertex kernel for UNIFORM CLUSTER VERTEX
DELETION (UCVD)?

e Can we design a (2 — €)* - n°M-time algorithm for UCVD?

o Are there 290 . n©®(_time algorithms for UNIFORM CLUSTER INCLUSIVE VER-
TEX SPLITTING (UCIVS) and UNIFORM CLUSTER EXCLUSIVE VERTEX SPLITTING
(UCEVS)?

e Does UNIFORM CLUSTER EDGE EDITING (UCEE) admit a linear vertex kernel?
e Ford € {1,2}, can the constant c in the O*(c*)-time algorithm be significantly reduced?

e Can we get an FPT algorithm for MAXMIN DEGREE-d-MODULATOR with running
time O*(c*) for d > 37

176



e Can FPT algorithms be designed for MAXMIN MuLTiwAay CUT-UNCUT, MAXMIN
SEPARATOR-UNSEPARATOR, and MAXMIN LIST ALLOCATION under restricted set-
tings?

e What is the classical complexity of the inclusive variant of CYCLE GRAPH-VERTEX
SPLITTING?

e Can structural parameters like modular-width, neighborhood diversity, or clique-width

lead to improved FPT algorithms or kernelization results for the studied problems?
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