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Abstract

Complex networks have emerged as a powerful tool for studying the real world complex
systems, comprising of many similar interacting units. The behavior of such a complex
system is decided by the properties of these individual units and the pattern of interac-
tions between them. The examples of such systems include human society, World Wide
Web, chemical reactions happening inside a living cell, human languages, economics and
human brain. When such systems are represented as networks, the individual units which
make up the bigger system are represented as nodes while interactions between them are
represented as links between them. The two important aspects of the study of complex
networks are their structure and their dynamics. The structural aspect tries to quantify
the interaction patterns of the individual nodes while the dynamical aspect is concerned
with the effect of interactions on the dynamics of individual nodes.

For many natural and engineered complex systems, control of their dynamical be-
havior is often very relevant and required. For example, the interaction between the
neurons in human brain can give rise to unwanted patterns of excitations in the brain
which may lead to pathological situations. Similarly, chaotic behavior in extended en-
gineering systems might lead to degradation in their performance. In this thesis, we
investigate a relatively less explored issue of control in extended systems like lattices and
networks of dynamical systems and propose a new scheme to achieve such control. We
also investigate the mechanisms which possibly shape the structure of real networks and
propose a ‘mediated attachment’ model to explain the empirically observed structure of
real networks. Finally, we use the theory of complex networks to probe the structure of
divisibility patterns of natural numbers and show that this approach leads to interesting
insights about natural numbers.

The thesis is organized as follows. In Chapter 1, we briefly review the important
literature related to the structural aspects of complex networks. Here we talk about
different types of networks, various measures to quantify their structure and important
generative models of complex networks. In Chapter 2, we provide a short overview of the
isolated and coupled nonlinear systems. We start by the formal definition of a dynamical
system, continuous and discrete systems and attractors of the dynamical system. We
then briefly talk about the stability theory for few of these attractors. We discuss few
standard continuous and discrete chaotic systems and then introduce the concept of
Lyapunov exponents to quantify the behavior of chaotic systems. In the same chapter,
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we then move on to nonlinear systems coupled in the form of a complex network and
discuss several emergent behaviors like synchronization, amplitude death and chimera
states that can occur in them. At the end, we review various methods that have been
developed over the years to control the dynamics of isolated and interacting dynamical
systems.

In Chapter 3, we talk about a novel coupling scheme that we introduced to control the
dynamics of extended systems like lattices and complex networks. This scheme involves
coupling an external network to the system network with a feedback type of coupling.
We start with the control mechanism for coupled discrete dynamical systems. The nodal
dynamics in this case is taken to be a chaotic logistic map and Henon map. We analyze
the stability of the controlled states for a single unit analytically and isolate the regions
of effective control in various parameter planes. These analytical results are then verified
using extensive numerical computation. We then move on to 1d lattices of such discrete
systems and perform stability analysis using properties of circulant matrices. In this con-
text, the randomized connections between the system network and the external network
are then shown to work effectively. As an application of the scheme, we then show how an
experimentally realizable chimera state in a non-locally coupled 1d coupled map lattice
can be controlled to various periodic and steady states. We then move on to a control
scheme for 2d lattices and using Rulkov map as a system dynamics, we show how the
unwanted excitations on such lattice can be suppressed using the proposed scheme. We
extend the control scheme to random networks. In this case, we analyze the stability of
controlled steady state using a master stability formalism and relate the largest eigen-
value of the Laplacian of the network to its stability. We also show the validity of the
control scheme when the controller network is not topologically identical to the system
network. We also study the scheme for the case of continuous time dynamical systems.
Taking Rössler system and Hindmarsh-Rose neuron model as typical examples, we show
how the rings of these systems can be controlled to various periodic or steady states.

In Chapter 4, we introduce a generative model of network formation called a ‘mediated
attachment model’. The model considers a growing network without a direct preferential
attachment in which links are also created internally by the process of triadic closure. We
argue that this process is less likely for hubs in the network as compared to low degree
nodes. This principle, which we phrase as “hubs are weak mediators” is then shown to give
rise to a network that is scale-free and also has a hierarchical community structure. We
show that the local clustering coefficient of a node in the network decreases with increase
in its degree. This is a necessary condition for the existence of hierarchical community
structure in the network. We then use a community detection algorithm and show that
a “mediated network” is modular on multiple scales confirming the existence of hierar-
chical community structure. We also calculate other important structural characteristics
like clustering coefficients, path lengths and assortativity coefficients of the networks so
generated and compare these characteristics with the real world networks. This network
is seen to have an average path length that varies logarithmically with size and it also has
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a high value of clustering coefficient. Thus, such network is also a small-world network
in addition to being scale-free. We also show that as the size of the network increases,
the assortativity coefficient of the network settles to a positive value. This is important
since the social networks, where a triadic closure mechanism is dominant, are known to
have positive degree correlations.

In Chapter 5, we study the divisibility relations between natural numbers using a
paradigm of complex networks. For this, we construct an undirected network in which
natural numbers are nodes and the connections between them are defined using a simple
divisibility relation. We use rigorous methods from the field of statistical inference to
show that the network exhibits a non-stationary power-law degree distribution and hence
is scale-free. We also show that the local clustering coefficients for this networks are not
randomly distributed and show a very interesting pattern that is stretched on a global
scale if the size of the network is increased. Hence, we call this property exhibited by
natural numbers a ‘stretching similarity’. We find analytical expressions for the average
degree of the network and the local clustering coefficients of nodes in the network and
also discuss the relation between average and global clustering coefficients with the help
of analytical and numerical arguments.

In the concluding chapter, we present the important conclusions that have come out
from all the different aspects of research presented in this thesis. We also indicate the
future directions of research that have opened up from our work and their relevance in
understanding the intricacies in the dynamics of complex systems.
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Chapter 1

Complex Networks

1.1 Introduction
The paradigm of complex networks has become one of the most important and powerful
approaches to the study of complex systems [1,2]. Systems belonging to diverse fields like
social sciences [3, 4], biology [5–9], ecology [10], neuroscience [11], technology [12, 13],
economy [14], climate [15, 16] and transport [17–19] can be modelled as complex
networks. They have also been applied to several problems from pure mathematics [20,
21]. In essence, complex networks are mathematical abstractions of complex systems
comprising of many identical units interacting with each other. The individual systems
in the bigger system are represented as nodes of the complex networks and the interactions
or connections between them are represented by links connecting these nodes (Fig. 1.1(a)).
The real world complex systems are then modelled using random networks where only
the statistical pattern of connections between various nodes is important. Over the last
fifteen years, this field has become one of the most active fields of study in interdisciplinary
sciences and there has been a flurry of research addressing various aspects.

Networks can be classified in various ways. They can either be regular or random ,
undirected or directed and weighted or unweighted . The number of links a node has in the
network is called its degree . The networks in which every node has the same degree (like
lattices) are called regular networks whereas networks in which connections between nodes
are made randomly (like Erdös-Rényi network ) are called random networks. The links
in the directed networks have directions that represent the direction of the interaction
between the two nodes in the network. In weighted networks, links also have weights
representing the strength of the interaction between a given pair of nodes. A small
weighted and directed network is shown in Fig.1.1(b). We will look at this classification
scheme in more detail in the following section.

The empirical observations about the networked systems in real world have made
it clear that they are neither completely regular nor completely random and lie some-
where in the middle of these two extremes. These observations also show that connection
topologies of networked systems belonging to diverse fields like biology, social sciences
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Figure 1.1: (a) Graphical representation of a small network with 7 nodes and 9 links.
The circles in the figure are nodes and are representative of individual systems which
constitute the bigger complex system. The lines connecting the nodes are called links
and represent the interactions or connections between the individual systems. (b) A small
weighted and directed network with 7 nodes and 9 links. The arrows are used to show
the directions of links and thickness of links corresponds to their weights.

and technology share many striking similarities and universal features. These findings
imply that the evolution of the structure of these networks is governed by robust orga-
nizing principles which are largely system independent. To distinguish such networks
from completely regular and completely random networks, they are termed as “Complex
Networks”.

The whole study of complex networks can in general be divided into two distinct
parts. The first part deals with the characterization of their structure and finding the
mathematical models to explain the structure of real world networks while the second
part deals with the study of processes and dynamics taking place on them. From the
point of view of both these aspects of study, it is important to first characterize the
structure of networks. Over the years, many quantifiers or measures have been developed
to characterize the structure of networks, important ones of which will be presented in
later sections.

Another very important problem in the study of networks is to find out the phys-
ical mechanisms which lead to empirically observed structure of real world networks.
Mathematical models based on such mechanisms are expected to produce networks with
structures similar to the real networks. This is important since it allows us to understand
the temporal growth of networks and hence leads to better insights into many universal-
ities observed in real networks. In the following sections, we review a few such models.
These models are termed as generative models since they try to generate the networks
similar to real networks by incorporating the underlying physical mechanisms.

The functions of complex physical systems, when they are represented as networks,
are best understood by considering various processes on networks. For example, when a
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city is viewed as a network of sub-regions connected by roads, the transportation in the
city can be viewed as a random walk on the corresponding network. This in turn allows
one to study problems like traffic jams in the city. When human society is viewed as
a network of human connected by acquaintance or other interactions , the propagation
of epidemics in the society can be seen as a diffusion process taking place on this social
network and so on. The topic of processes on networks is thus extremely important from
a practical point of view and many important results have been reported in this context.

Finally, a very important area of study in the theory of networks is the study of
deterministic dynamical systems coupled on networks. Such a representation finds ap-
plications in modeling a large number of complex physical systems like human brain ,
power grid network , human heart , coupled LASERs and so on. The coupling between
the dynamical units on networks gives rise to many interesting emergent phenomena like
synchronization , amplitude/oscillation death and chimera states. We will describe these
phenomena in detail in the next chapter.

1.2 Classification of networks
In this section we describe the various ways in which networks are classified based on
their structure. As mentioned above, the complex networks can be classified in a very
broad sense, in the following three ways.

1.2.1 Regular and random networks
The networks in which all the nodes have the same degree are called regular networks.
Infinite lattices in 1-d and 2-d are examples of regular networks. The networks in which
connections between the nodes are made at random are known as random networks .
Fig. 1.2 shows typical regular and random networks.

1.2.2 Directed networks
In many physical systems, the interactions between the nodes are unidirectional. For ex-
ample, when the World Wide Web is represented as a network of websites, the hyperlinks
represent the links between the individual nodes. Generally it is possible to navigate
from one web-page to other but not the other way round since hyperlink to the previous
page may not be present in the second page. Such information about directions in the
connections or interactions can be represented by directed links and networks in which
such directed links are present are known as directed networks. On the other hand, if the
interactions between the nodes are bidirectional, the links are undirected and networks
with undirected links, are called undirected networks.
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Figure 1.2: Graphical representation of regular and random networks. (a) An
infinite 2-d lattice is an example of a regular network since every node in the lattice has
same degree of 4. (b) In random networks, since the connections are made randomly, the
degree values of different nodes are usually different.

1.2.3 Weighted networks
When real world systems are represented as networks, the links represent the interactions
between the subsystems which form the bigger system. In most cases, the strength of
the interaction varies from one pair of nodes to others. For example, in social networks,
some relations like family membership or close friendship are much stronger than relation
of mere acquaintance. It is possible to encode this information of the strength of the
interactions between individual nodes by assigning different weights to different links in
the network. Usually this is done by representing the stronger interactions by links with
higher weights. Networks in which links are weighted, are then called weighted networks.
If all the links in the network have the same value of the weight, the network is called
unweighted.

In many real world networks, these three aspects overlap so that many networks like
social networks are in fact random, directed and weighted simultaneously though many
times one or more of these features may be ignored while studying a particular aspect.

1.3 Characterization of networks
In this section, we describe the main quantifiers used to characterize the structure of
complex networks. The characterization is restricted mainly to undirected networks since
such networks are most important from the point of view of the present thesis.

Mathematically, a network is usually represented by a matrix called adjacency matrix
A. For an undirected and unweighted network, an adjacency matrix is a binary square
matrix with Aij = 1 if i and j are neighbors of each other and Aij = 0 otherwise. The
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adjacency matrix for the network represented in Fig. 1.1(a), is as follows:

A =


0 1 0 0 0 0 0
1 0 1 0 0 1 1
0 1 0 1 1 0 0
0 0 1 0 1 0 0
0 0 1 1 0 1 1
0 1 0 0 1 0 0
0 1 0 0 1 0 0

 (1.1)

Also, since the number of links a node has in the network is called its degree, the
degree of node i is equal to the sum of the elements in ith row (or column) of the adjacency
matrix.

Another important matrix for a network apart from adjacency matrix is its Laplacian
matrix . It is defined as follows. Consider a simple, unweighted and undirected network
with adjacency matrix A and let k1, k2, · · · kN be the degree values of nodes in this net-
work. The degree matrix D of this network is defined as a diagonal matrix with these
degree values on its diagonal. The Laplacian of the network is then defined as the matrix:

L = D − A (1.2)

This matrix arises while studying the problem of diffusion on a network but turns
out to have a much wider scope in the study of networks in general. One of the impor-
tant things which make this matrix special is related to its spectrum i.e. the set of its
eigenvalues. It turns out that all the eigenvalues of this matrix are non-negative and the
smallest eigenvalue is always equal to zero. Because of this, the spectrum of a Laplacian
matrix is written as:

λ0 = 0 ≤ λ1 ≤ · · ·λN (1.3)

It can be easily shown that the multiplicity of zero eigenvalue of the Laplacian is equal
to the number of connected components that a network contains.

The important measures and concepts used for the characterization of complex net-
works are given below.

1.3.1 Degree distribution
When two nodes in the network are connected by a link, they are said to be neighbors
of each other. Thus, the number of neighbors of a given node will be the degree of that
node. A very important network measure related to degree is its degree distribution. The
degree distribution p(k) of the network is defined as the fraction of nodes of the network
which have degree k or equivalently, the probability that a randomly chosen node from
the network has degree k.
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1.3.2 Paths and path lengths
A path in a network is a sequence of nodes such that every consecutive pair of nodes in
the sequence is connected by an edge in the network [1]. The length of a path is the
number of edges traversed along the path. In general, there can be more than one path
connecting the given two nodes in the network. The distance between two nodes in the
network is defined as the length of the shortest path connecting them. The average of
these distances over all pairs of nodes is called the average path length or characteristic
path length of the network. The diameter of the network is defined as the maximum of
the distances over all pairs of the nodes.

In directed networks, it may not be possible to traverse the same path in a reverse
way since the links are directed. This also has to be considered while defining paths in
directed networks. [1]

1.3.3 Clustering coefficients
Clustering coefficients quantify the density of triangles in the network and are defined
in three different ways: Local clustering coefficient (defined for individual nodes in the
network), average (Watts-Strogatz) clustering coefficient (defined for the whole network)
and global clustering coefficient (defined for the whole network).

1. Local clustering coefficient: A node i with degree k in the network can have
at most kC2 links among its neighbors. In reality, all of these links are not usually
present. If Ei is the actual number of links present among the neighbors of i, then
its clustering coefficient (also known as local clustering coefficient) is defined as the
ratio:

ci = Ei/
kC2 (1.4)

It is clear that the value of ci always lies between 0 and 1.

2. Average clustering coefficient: The average clustering coefficient of the network
(also known as Watts-Strogatz clustering coefficient) is defined as the average of all
ci over all the nodes of the networks:

Cave = 1
N

N∑
i=1

ci (1.5)

3. Global clustering coefficient: The global clustering coefficient of a network is
defined to be the ratio of the number of closed triplets to the number of connected
triplets in the network:

C = Number of closed triplets
Number of connected triplets (1.6)
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The path of length 2 is called a connected triplet in the network since this path
contains three vertices connected to each other by a continuous path. A path
i → j → k can be closed i.e. the nodes i and k could also be connected by a link
in the network. Such path is called a closed triplet. In fact, every triangle in the
network counts as three closed triplets, one centered at each of the vertices of the
triangle. Hence the above formula can also be written as:

C = 3× Number of triangles
Number of connected triplets (1.7)

The values of the two quantities Cave and C are in general different with C < Cave.

1.3.4 Community structure
In the context of networks, a community is defined as a set of nodes which are densely
connected to each other than to the rest of the network. Many real networks are found to
be divided into communities of various sizes [22,23]. Existence of community structure in
the network provides important information about the function of the underlying system
represented as the network. For example, in case of protein interaction network, such
communities represent the various functional groups of proteins which act together [9].
Similarly, in social networks, such communities may represent the group of people working
in the same field or having similar interests [24]. Many methods for the detection of
communities are being developed over the years [1, 23].

1.3.5 Degree correlations
A well studied topic in network theory is about the correlation between the degree values
of the two nodes connected by a link in the network. In general, the correlation of the
values of a quantity or property on nodes other than degree can also be considered. The
networks in which similar nodes tend to connect each other are called assortative networks
while those in which dissimilar nodes tend to connect each other are called dissortative
networks. The strength of assortativity is usually calculated using the assortativity co-
efficient when the quantity in question takes continuous values on nodes. Examples of
such quantities are age of people or their wealth in social networks. On the other hand,
when the quantity is allowed to take only finitely many discrete values, the strength of
assortativity is calculated using a quantity called modularity [1]. The assortativity coeffi-
cient is derived from Pearson’s correlation coefficient. In particular, degree is considered
as a continuous variable in networks and the degree-assortativity for a given network is
defined as follows [1]:

r =

∑
ij

(Aij − kikj/2m)kikj∑
ij

(kiδij − kikj/2m)kikj
(1.8)
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Here, Aij is (i, j)th element of an adjacency matrix of the network, m is the number
of links in the network, ki is the degree of node i and δij is the Kronecker delta whose
value is 1 when i = j and is 0 otherwise. Empirically, it has been observed that except
social networks, all other real networks exhibit negative degree correlations [4, 25].

1.4 Processes on networks
The various examples of the processes happening on networks include the dynamics of
action potentials in the neurons [26–28] of the human brain, spreading of rumors in the
city [29], a computer virus spreading over the World Wide Web [30–32], epidemics spread-
ing through a population [33, 34], traffic jams on high-ways [35, 36], synchronization of
dynamical systems [37,38], network resilience [39] and so on.

This regime of the study is centered about understanding the effect of structure of
underlying network on the processes that happen on it. This is important since it allows
one to control these processes simply by changing the structure of the network. The
spreading processes like rumor spreading, epidemics and computer viruses are usually
modelled using simple random walk models on the networks [40,41]. On the other hand,
processes in which every node is always active, for example neuron activity or power
grids, are modelled by putting a deterministic dynamical system (continuous or discrete)
on each of the nodes of the network and making them interact along the edges of the
network. Also, when dynamical systems are coupled in the form of a network using
diffusive type of coupling, the eigenvalues of the corresponding Laplacian determine the
stability of the synchronized state of these systems.

1.5 Generative network models
The generative network models in general try to explain the empirically observed structure
of real networks based on a set of small number of underlying hypotheses. The most
important empirically observed features of real networks include scale-free nature, small
average path length, high clustering, finite degree correlations and simple or hierarchical
community structure. We present below three most important network models, Erdös-
Renyi model, Watts-Strogatz model and Barabási-Albert model.

1.5.1 Erdös-Renyi model
In this model, we start with a set of fixed N number of nodes and then every pair of nodes
is connected with a fixed probability p. The degree distribution of the Erdös-Renyi model
in the limit N →∞ with a fixed average degree λ is given by the Poisson distribution:

p(k) = e−λ
λk

k! (1.9)
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Figure 1.3: (a) Graphical representation of a typical Erdös-Rényi network. (b) Degree
distribution of a big Erdös-Rényi network. The distribution can be seen to be close to a
binomial distribution.

This model, however, turns out to be a poor representation for real networks. Many
real networks have a degree distribution that follows an approximate power-law asymp-
totically instead of a Poissonian distribution. Also, the global and average clustering
coefficients of Erdös-Renyi network decay to zero in the limit of an infinite size and it
has zero value for the assortativity coefficient. Despite these drawbacks, this model has
an important place in the theory of networks since it is the first random network model
that was proposed and also because it provides insight into the small average path length
of real networks. Moreover, because of its simplicity, it is possible to solve this model
exactly for many of its properties like connectivity. This provides insight into the connec-
tivity properties of other network models which are more accurate at representing real
networked systems.

1.5.2 Watts-Strogatz model
The Erdös-Renyi model provides insight into the small average path length of real net-
works but fails to explain another important property of real networks, the high value of
the clustering coefficient. The Watts-Strogatz model tries to overcome this drawback by
changing the conceptual paradigm of Erdös-Renyi model. The main observation that mo-
tivates the construction of Watts-Strogatz model is that the completely regular networks
like lattice and completely random networks like Erdös-Renyi network stand at opposite
extremes. Regular lattices with very high clustering coefficients can be easily constructed
but their average path length is usually very large. On the other hand, completely ran-
dom networks like Erdös-Rényi network have low average path length but also have low
values for their clustering coefficients. The Watts-Strogatz model lies somewhere between
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these two extremes and exhibits low average path length with high clustering.
The construction of the Watts-Strogatz network starts with a ring of n vertices and

k links at each vertex which are connected to k nearest neighbors. Then each link
is rewired at random with a probability p. This construction tunes the parameter p
between regularity (p = 0) and disorder (p = 1). The network thus constructed shows
both high clustering and small average path length. However this model fails to explain
the fat tailed degree distribution seen in many real networks and hence cannot be used
as a model for many real world networks. The graphical representation of constructing a
Watts-Strogatz model is depicted in Fig. 1.4

Figure 1.4: Construction procedure of Watts-Strogatz network. Starting with a regular
network, in which each node is connected to few nearest neighbors, each link in the
network is rewired with a given probability p. Intermediate values of p give rise to Watts-
Strogatz network while increasing p to 1, we get completely random network. (Taken
from Watts and Strogatz [42])

1.5.3 Barabási-Albert model
In many real networks, the distribution of degrees of nodes exhibits a fat tail. This
means that the probability of very high degree nodes being present in the network is not
practically zero. In fact, in many cases the degree distribution is an approximate power
law, at least asymptotically. The existence of very high degree values in the network
as compared to the average degree has profound consequences for the structural and
dynamical features of the network. For example, very high degree nodes (also called hubs)
can act as drivers for many nodes simultaneously and influence the other nodes easily.
Similarly, removal of such high degree nodes can break the network into disjoint parts
and hence stop its functioning. Spreading processes like epidemics, rumors or information
also get affected because of the presence or absence of such high degree nodes. Thus,
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it is of utmost importance to find out the hypotheses that lead to the existence of such
high degree nodes in real networks. Such hypotheses should also explain the observed
universality in the degree distribution of real networks pertaining to diverse physical
systems.

The Barabási-Albert model explains the observed power-law degree distributions in
real networks using two generic mechanisms: growth and preferential attachment. Almost
all real networks are not static in size and keep increasing their sizes by the addition of
nodes. The typical time span over which such growth happens can vary drastically from
system to system. For example, social networking sites like Facebook increase their size
by thousands of users every day whereas the protein interaction network present inside
living cells might take several generations for the addition of a single node. However,
increase in size seems to be the universal feature of real networks. Secondly, when new
node enters the network, it joins to some of the previously present nodes. These nodes,
to which a new node gets attached are selected by the new node randomly but the nodes
with higher degree have higher probability to get selected. This is called ‘preferential
attachment’. At least for some real networks, existence of preferential attachment is
obvious. For example, in World Wide Web , a newly created page would usually connect
to famous pages like Google, Yahoo or Amazon which already have quite high degree
values. Similarly, a highly cited scientific paper is more visible to researchers and hence
gets cited even more resulting in the rapid increase in its degree.

In concrete terms, the Barabási-Albert model starts with a small number (m0) nodes
and at every time step a new node is added to the network. The new node connects to m
(< m0) different vertices present previously such that the probability Π(k) of connecting
to a node with degree k is proportional to k. This model gives rise to a network that has a
power-law degree distribution asymptotically. Almost all of the more accurate generative
models of real networks use the basic features of this model directly or indirectly. A
small Barabási-Albert network is shown in Fig. 1.5(a) and the degree distribution of such
networks is shown in Fig. 1.5(b).

1.6 Summary
In this chapter we describe various aspects in the study of complex networks. The two
themes that arise in this study are structure of complex networks and processes on net-
works. We describe the classification of networks based on the structure and introduce
various quantifiers that have been developed to quantify the structure of complex net-
works. In the next chapter we describe the nonlinear dynamical systems and their col-
lective behavior when they are coupled on complex networks. In the same chapter we
also describe the importance and various methods that are used to control the dynamics
on networks. In chapter 3, we present a novel coupling scheme proposed by us for con-
trolling the dynamics on lattices and networks. In chapter 4, we discuss the generative
model that we developed to explain the structure of real world networks and finally in
chapter 5, we talk about the application of the framework of complex networks to the
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Figure 1.5: (a) Graphical representation of a small Barabási-Albert network withN = 40.
Node 3 can be seen to be the biggest hub in this network. (b) Degree distribution of a
large Barabási-Albert network (N = 10000). The distribution can be seen to be following
a power-law with index α.

problem of divisibility patterns of natural numbers. The thesis ends with a summary of
the important results of our work and scope for further study in the concluding chapter.
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Chapter 2

Dynamical Systems on Networks

2.1 Introduction
A very important subfield of the theory of complex networks is the study of nonlinear
dynamical systems coupled in the form of a complex network. Many interesting behaviors
emerge in such coupled systems which are otherwise absent in isolated nonlinear systems.
Before looking at these emergent behaviors in detail, let us first describe the framework
of dynamical systems briefly.

A dynamical system is an abstract mathematical construct that is used to model a
deterministic physical situation involving time evolution of one or more physical quantities
like population, atmospheric temperature or a phase of an oscillator. In particular, the
nonlinear dynamical systems are of great relevance since many physical processes are
inherently nonlinear. Many nonlinear dynamical systems show a rich variety of dynamical
behavior including the very interesting dynamics called chaos. In the chaotic state, the
system’s variables evolve in an apparently irregular fashion even though their evolution
equations themselves are completely deterministic.

The discovery of chaos in nonlinear systems has led to the complete and correct un-
derstanding of the systems which were otherwise thought of as having an element of
randomness in them and has enabled us to develop many new theoretical and concep-
tual tools which can be used to understand the complicated behaviors occurring in these
systems. Despite the complex behaviors shown by these systems, the dimensionality of
these systems is usually found to be surprisingly small. Also, the chaotic behavior in
nonlinear systems is seen to be quite universal and appears in many different systems like
planetary motion, mechanical pendulums, optical systems, electrical circuits, chemical
reactions, human heart, earth’s atmosphere, nerve cells, ecology, lasers and so on. More
importantly, the qualitative and quantitative features shown by these systems are remark-
ably similar and this makes the study of nonlinear dynamical systems very important as
well as interesting. Because there exist such universal features which are independent
of the details of the particular system, often the study of a particular nonlinear system
provides insights into the behavior of other similar nonlinear systems.
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Almost all nonlinear systems show a sudden qualitative change in their behavior as
one or more parameters controlling them are varied. This phenomenon, called bifurcation,
has many features that show a quantitative similarity across a diverse range of dynamical
systems. Thus, it is important to quantify the types of bifurcations that can occur in
nonlinear dynamical systems and hence a very big part of the theory of dynamical systems
is devoted to the study of such bifurcations.

As mentioned above, nonlinear dynamical systems occur in many biological and tech-
nological contexts and many times their chaotic behavior is undesirable. In such situa-
tions, it becomes important to control them and make them behave in accordance with a
desired dynamics. Several methods of control have been addressed over the years and now
well suited techniques exist to bring chaotic systems to periodic or steady state behavior.

2.2 Nonlinear Dynamical Systems
A dynamical system represents time evolution and interdependence of several variables
in a deterministic fashion. The variables in the dynamical systems can represent any
physical quantity like population of a given species, temperature at a particular location,
level of a particular enzyme in the human body or phase of an oscillator. Given the
initial values of variables in the dynamical system, their values in the future are then
deterministically determined by the relationships included in the dynamical system’s
equations. Dynamical systems can either be continuous or discrete.
A continuous dynamical system represents the relationships among its variables in the
form of a set of coupled ordinary differential equations each one of which is of first order.
Mathematically such continuous dynamical system is represented as follows.

ẋ = f(x) (2.1)

where the vector x ∈ Rm and f : Rm ⇒ Rm and ẋ represents the derivative of x with
respect to time t. The function f is assumed to be at least C1 which means that it is
differentiable and its first derivative is continuous.
A discrete dynamical system is represented by an iterated map as follows.

xn+1 = f(xn) (2.2)

where n represents the discrete time and xn is the vector at time n.

2.2.1 Phase space, attractors and basins
A mathematical space with a separate independent direction for each of the variables
of the given dynamical system is called its phase space or state space. At any given
moment, the state of the dynamical system can be represented by a single point in the
system’s phase space and as the state of the system evolves in time, this point traces a
trajectory in the phase space. A very large number of nonlinear systems are dissipative,
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meaning that the volume of the set of initial conditions decreases under the system’s time
evolution and asymptotically the set of all those initial conditions settles to a region of
phase space with a dimension smaller than the original dimension. This is guaranteed by
Liouville’s theorem [43]. The set of points in the phase space to which initial conditions
of the dissipative system settle to is called an attractor of the system corresponding to
those initial conditions. A system can have multiple coexisting attractors in the phase
space.

The types of attractors occurring in dissipative systems are fixed points, limit cycles,
quasiperiodic attractors, strange chaotic attractors, strange non-chaotic attractors and
hyperchaotic attractors. Let us briefly have a look at all these attractors.

1. Fixed point: A fixed point of a dynamical system is defined as the point in phase
space such that if the system starts with that point as its initial condition, it would
remain there forever. In other words, the fixed point maps to itself under the time
evolution of the system.
For continuous systems, fixed point satisfies:

ẋ∗ = 0 =⇒ f(x∗) = 0 (2.3)

For discrete systems, it satisfies:

x∗n+1 = x∗n =⇒ x∗n = f(x∗n) (2.4)

Thus, the fixed points of a given dynamical system can be found out by solving
these equations. In cases where it may not be possible to solve them analytically,
numerical methods can be used.
Also, it is perfectly plausible for a dynamical system to have no fixed point at all.
For example, a one dimensional system ẋ = x2 + 1 does not have any fixed point
since the equation x2 + 1 = 0 does not have any real solution.

2. Limit cycle: A limit cycle in the phase space of a dynamical system is the set of
points which form a closed loop in the phase space such that if the system starts
with one of the points in the set as its initial condition, it would keep traversing
the same loop with a periodicity.

3. Quasiperiodic attractor: In certain cases, the oscillations of a nonlinear system
can be a combination of two or more frequencies which can be inherent to the
system itself or some of which might come from the external periodic forcing of the
system. In such systems, if the ratios of all these frequencies is a rational number,
asymptotically the system locks itself to the periodic behavior or limit cycle. On
the other hand, if the ratio of two frequencies is irrational numbers, the motion of
the system never exactly repeats itself but comes arbitrarily close to the previously
traced trajectory in the phase space. Thus, the motion in this case seems like a
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periodic case even though in the strict sense it is not periodic. Hence the attractor
corresponding to such behavior is called quasiperiodic attractor. [44,45]

4. Strange chaotic attractor: This attractor corresponds to the most complicated
motion a dynamical system can exhibit. This type of attractor is bounded, usually
has fractional dimensionality and any two infinitesimally close points on the attrac-
tor diverge exponentially from each other under system’s time evolution. This is
also known as sensitivity to initial conditions since any two slightly different initial
conditions in this case lead to very different future states of the system. We will
look at the chaotic behavior more closely as we go along.

In addition, higher dimensional systems can exhibit strange nonchaotic states
where the attractor exhibits fractal nature without sensitivity to initial conditions. [46]
So also, attractors can be hyperchaotic if there exist two or more independent directions
in phase-space in which trajectories of the system diverge from each other. [47]
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Figure 2.1: Plot showing different attractors for a typical nonlinear system. (a) Fixed
point (including transients), (b) Limit cycle, (c) Quasi-periodic attractor, (d) Chaotic
attractor

2.2.2 Basin of attraction
For certain dynamical systems, two or more attractors can coexist in the phase space.
When multiple attractors coexist, which attractor the system would settle to depends on
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the initial condition of the system. The set of initial conditions in the phase space which
eventually settle to a given attractor is called the basin of that particular attractor. The
structure of a basin ranges from very simple to extremely complicated one depending
upon the system. The complicated structure of the basin is not correlated with the
complicated structure of the corresponding attractor and even fixed points can have very
complicated basin structures like basins with fractal boundaries [48, 49].

2.2.3 Stability of the attractors
Stability refers to the robustness of the motion of the system on attractors against any
perturbation. While the system is on the attractor, if the system is displaced slightly, its
trajectory may or may not return to the attractor. If it doesn’t and either reaches to an-
other attractor or flies off to infinity, the attractor is said to be unstable. If the trajectory
remains in the vicinity of the attractor or asymptotically settles back to attractor, the
attractor is said to be stable. Below we discuss stability of fixed points and limit cycles.

• Stability of a fixed point: Consider am−dimensional continuous time dynamical
system ẋ = f(x) with x∗ as its fixed point. The stability of this fixed point can be
checked by considering the evolution of a perturbed state x∗ + δx where δx is an
initial perturbation vector. Thus, we have:

ẋ∗ + δẋ = f(x∗ + δx) (2.5)

Expanding the L.H.S. into Taylor series, we get:

ẋ∗ + δẋ = f(x∗) + df
dx

∣∣∣∣∣
x∗
δx +O(δx2) (2.6)

where, the derivative in the second term represents the Jacobian df
dx

∣∣∣∣∣
x∗

evaluated at

x∗:

J =


df1
dx∗1

df1
dx∗2

df1
dx∗3

. . . df1
dx∗m

df2
dx∗1

df2
dx∗2

df2
dx∗3

. . . df2
dx∗m

. . . . . . . . . . . . . . . . . . . . . . .
dfm

dx∗1

dfm

dx∗2

dfm

dx∗3
. . . dfm

dx∗m

 (2.7)

where fi and xi are ith components of vectors f and x and dfi

dx∗j
represents the deriva-

tive of fi with respect to xj evaluated at the fixed point x∗ = [x∗1 x∗2 . . . x∗m]T .
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Neglecting the higher order terms in Eq.(2.6) and noting that ẋ∗ = f(x∗), we get a
linear system:

δẋ = Jδx (2.8)

The perturbation δx would go to 0 if real parts of all the eigenvalues λi of Jacobian
matrix J are negative. If any one of them is positive, the perturbation would grow
in time and hence the fixed point would not be stable. Thus, the stability of a fixed
point, can be analyzed by calculating all the eigenvalues of the Jacobian matrix
of the corresponding dynamical system evaluated at the that fixed point and fixed
point is stable only if:

Re(λi) < 0 for i = 1, 2, . . .m (2.9)

The fixed point for which all the eigenvalues of the corresponding Jacobian are non-
zero is called an hyperbolic fixed point. If the fixed point x∗ is not hyperbolic,
the stability cannot be analyzed only by looking at the spectrum of the Jacobian
and one must consider the contribution of the higher order terms.
In a similar way, the stability of the fixed point of a discrete dynamical system can
be analyzed in terms of the eigenvalues of the Jacobian. Again, consider a discrete
dynamical system xn+1 = f(xn) with x∗ as its fixed point. Thus, f(x∗) = x∗. To
check the stability, let us consider the time evolution of a perturbed state x∗ + δx.
If δxn is the perturbation vector at time n, then we have:

x∗ + δxn+1 = f(x∗ + δxn)

x∗ + δxn+1 = f(x∗) + df
dx

∣∣∣∣∣
x∗
δxn +O(δx2

n)
(2.10)

Here, similar to the continuous system case, the derivative in the second term on
R.H.S. represents the Jacobian of the system evaluated at the fixed point. Again,
noting that f(x∗) = x∗ and neglecting the higher order terms, we get a linear
system:

δxn+1 = Jδxn (2.11)

However, unlike the case of continuous systems, the perturbation vector δx would
vanish with time only if the absolute values of all the eigenvalues λi of the Jacobian
J evaluated at fixed point are less than 1. Thus, the stability conditions for the
fixed point for discrete systems can be represented as:

|λi| < 1 for i = 1, 2, . . .m (2.12)
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• Stability of a limit cycle: Similar to the case of a fixed point, the stability of
the limit cycle of the continuous time system can be analyzed by perturbing it
slightly and then observing the behavior of the perturbation. If the perturbation
dies off in the course of time, the limit cycle is stable; otherwise it is unstable. The
stability analysis for the limit cycle is more complicated and is done by calculating
the Floquet multipliers of the system [43]. Or in a simpler way, one constructs a
discrete system called a Poincare map corresponding to the limit cycle motion.
The stability of the fixed point of the Poincare map then implies the stability of
the limit cycle [43].

2.2.4 Chaotic systems
Many nonlinear systems show chaotic behavior at least for some ranges of values of
their parameters. As mentioned above, such behavior is characterized by a sensitive
dependence on the initial conditions and apparently random trajectories in the system’s
phase space though the equations of motion themselves are completely deterministic.
These systems are found in nature ubiquitously. Some typical examples of such systems
are Belousov-Zhabotinsky reaction (chemistry) [50], lasers (nonlinear optics) [51], MLC
circuit (electronics) [52], Rayleigh-Bénard convection (fluid dynamics) [53], neurons in
brain (biology) [54], chaotically pulsating stars (astrophysics) [55] and so on. Two of
the most famous and well studied mathematical models of continuous time dynamical
systems that exhibit chaotic behavior are Lorenz system and Rössler system. Similarly,
the prototypical discrete dynamical systems that exhibit chaos include logistic map and
Hénon map [43]. We present their characteristics briefly below.

• Lorenz system: The Lorenz system is an oversimplified model for the atmospheric
convection [56]. The model equations are developed from the Navier-Stokes equa-
tions for fluid flow and the equation describing thermal energy diffusion [43]. It
consists of a set of three coupled first order nonlinear differential equations as given
below:

ẋ = σ(y − x)
ẏ = x(ρ− z)− y (2.13)
ż = xy − βz

In this set of equations, σ, ρ and β are the parameters whose values depend on
the physical situation. Depending on their values, the Lorenz system exhibits fixed
point, limit cycle or chaotic behavior. The same set of equations also arise in the
simplified models of lasers [57], chemical reactions [58] and chaotic water wheel
[59]. A typical limit cycle and chaotic attractor of the Lorenz system are shown in
Fig. 2.2.
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Figure 2.2: Limit cycle and chaotic attractor for Lorenz model (Eq.(2.13)). The param-
eter values are: σ = 10, β = 8/3, ρ = 100.5 (periodic attractor) and σ = 10, β = 8/3, ρ =
28 (chaotic attractor).

Rössler system: Rössler system is another prototype system exhibiting chaos and
is represented by the following equations [43].

ẋ = −y − z
ẏ = x+ ay (2.14)
ż = b+ z(x− c)

Similar to Lorenz system, depending upon the values of parameters a, b, c the
Rössler system exhibits periodic or chaotic motion. These attractors for Rössler
system are shown in Fig. 2.3.

• Logistic map: The logistic map is a one-dimensional discrete system represented
by the following equation:

xn+1 = rxn(1− xn) (2.15)

where r ∈ [0, 4] is a parameter that controls the nonlinearity and x is restricted to
the interval [0, 1]. This map shows a diverse range of behaviors depending upon the
value of r. These behaviors include fixed points, cycles and chaotic behavior. This
map arises in population dynamics and can model several other physical situations
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Figure 2.3: Limit cycle and chaotic attractor for Rössler model (Eq.(2.14)). The param-
eter values are: a = 0.2, b = 1, c = 5.7 (periodic attractor) and a = 0.2, b = 0.2, ρ = 5.7
(chaotic attractor).

[43, 59]. The time series of the logistic map is represented in Fig. 2.4 for r = 4
which corresponds to chaotic regime.
The whole range of behaviors of this map can be visualized succinctly using a
bifurcation diagram. The bifurcation diagram shows the asymptotic values of a
given variable of a dynamical system as a function of a parameter of the system.
The bifurcation diagram of the logistic map as the parameter r is varied, is shown
in Fig. 2.5. It can be seen that as the parameter r is varied, the map becomes
chaotic at ' 3.56 via a period doubling sequence. It can also be seen that there
exists windows of periodic behavior inside chaotic regime.
Hénon map: This map is a two dimensional discrete dynamical system and is
represented by the following equations:

xn+1 = 1− ax2
n + yn (2.16)

yn+1 = bxn

It exhibits chaotic behavior for the parameter values a = 1.4 and b = 0.3. The
attractor in phase space for Hénon map for these parameter values is shown in
Fig. 2.6(a) and a corresponding bifurcation diagram in Fig. 2.6(b).
Rulkov map: This is a two-dimensional discrete system that is used to model a
biological neuron. In its simplest form, the model can be written in the following
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Figure 2.4: Time series of a logistic map for r = 4 exhibiting chaotic behavior.

form [60–62]:

xn+1 = α

1 + x2
n

+ yn

yn+1 = yn − βxn − γ
(2.17)

In this set of equations, the time evolution of the variable x is fast as compared to
that of the variable y. This is because the variables β and γ have much smaller
values as compared to parameter α. The map exhibits different types of dynamical
behaviors for different values of the parameter α as shown in Fig. 2.7.

2.2.5 Lyapunov exponents
The signature of chaotic behavior is the exponential divergence of trajectories which start
from initial conditions that are very close to each other. However, since the trajectories
on the attractor always remain bounded, the divergence is only local and the rate of
divergence varies from one region of the attractor to the other. Hence, one always talks
in terms of average value of the divergence for a given attractor. A nice way to quantify the
local divergence of the system is to define a set of quantities called Lyapunov exponents.
In technical terms, if two trajectories start from two points on the attractor separated
by an infinitesimal separation |δX(0)|, the magnitude of the separation vector evolves in
time as [43,63]:

|δX(t)| = eλt|δX(0)| (2.18)

The quantity λ in this equation is called a Lyapunov exponent which measures the rate
of separation of nearby trajectories. The value of λ in general depends on the orientation
of the initial separation vector and hence the dynamical system has as many Lyapunov
exponents λi as the dimensionality of the system. The maximal Lyapunov exponent of
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Figure 2.5: Bifurcation diagram of a logistic map as the parameter r is varied. The
diagram is shown for values of r which are greater than 2.4 below which only the fixed
point behavior exits. Y−axis shows the asymptotic values that variable x takes for a
given value of r.

the system is defined as follows:

λm = lim
t→∞

lim
δX0→0

1
t

ln |δX(t)|
|δX(0)| (2.19)

The limit δX0 → 0 ensures that the linear approximation is valid.
The nature of the attractor is linked to its Lyapunov exponents’ spectrum. In par-

ticular, the necessary condition for the attractor to be chaotic is that at least one of
the exponents should be positive since there should be divergence of trajectories at least
in one direction. For systems that are chaotic, there would be maximum divergence in
the direction of the maximal Lyapunov exponent λm. Thus, this exponent affects the
predictability of the system most since the effect of the other exponents is obliterated
in the course of time. Also, in case of continuous time dynamical systems, at least one
Lyapunov exponent must be 0 since along the trajectory there is no divergence. Finally,
since no trajectory can leave the attractor (fixed point, limit cycle or chaotic attractor)
and the attractor is always bounded, at least one Lyapunov exponent must be negative.

The typical spectrum of Lyapunov exponents for various types of attractors is given
below in Table 2.1 with the convection that λ1 ≤ λ2 ≤ · · · ≤ λm where m is the dimen-
sionality of the system.
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Figure 2.6: (a) Phase space plot for the Hénon map represented by Eq.(2.16) for a = 1.4
and b = 0.3 (chaotic regime) (b) bifurcation diagram for Hénon map with b = 0.3 and
varying a.

There are specific algorithms for numerically calculating these exponents [43, 63].
In addition, the geometry of the attractor is characterized using fractal dimensions and
multifractal spectrum. In general, even in cases where modelling equations are not known,
these measures can be computed from an observed data of one of the variables of the
system using the techniques developed in nonlinear time series analysis [64,65].

2.3 Emergent dynamics on complex networks
When nonlinear systems are coupled to form a network, they affect each other’s evolution.
Such interactions between the nonlinear systems many times give rise to dynamics which
are not present in isolated systems. Such emergent collective behaviors, apart from being
very interesting in their own right, also provide explanation of complex behaviors observed
in many natural systems. Such dynamical units coupled on networks can be represented
by the following equation.

ẋi = f(xi) +D
∑
j

Aijg(xi,xj) (2.20)

Similarly, the discrete time dynamical units coupled in the form of a network can be
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Figure 2.7: Time series of x variable of Rulkov map for three different values of the
parameter α with β = γ = 0.004: (a) For α = 2.2 the map exhibits a limit cycle
behavior, (b) at α = 3.2 map develops slight irregular bursts on top of spikes, (c) for α
= 4.2 map shows a fully chaotic burst behavior.

represented in the following way.

xi(n+ 1) = f(xi(n)) +D
∑
j

Aijg(x(n)i,x(n)j) (2.21)

Here the function g is a coupling function, Aij is an element of the adjacency matrix
andD is a coupling strength. We describe some of the most important emergent behaviors
exhibited by such coupled nonlinear systems.

2.3.1 Synchronization
Synchronization refers to the coordinated dynamics of the interacting units forming the
network and is observed in a large number of natural and man made systems. Some of the
typical systems which exhibit synchronization under suitable conditions are neurons in
human brain connected by synapses, power grids connected by high voltage lines, coupled
pendulums, cardiac cells in heart, fireflies flashing in synchrony and so on. This has found
several engineering applications like secure communication [66]. Out of many different
types of synchronizations that exist, two important ones are complete synchronization
and phase synchronization [38].
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Table 2.1

Sr.No. Lyapunov exponents Type of an attractor
1 λi < 0 ∀ i Fixed point
2 λ1 = 0, all other λi < 0 Limit cycle
3 λ1,2 = 0, all other λi < 0 Quasiperiodic attractor
4 λ1 > 0, λ2 = 0, all other λi < 0 Chaotic attractor
5 λ1,2 > 0 (at least), λ3 = 0, all other λi < 0 Hyperchaotic attractor

Complete synchronization: In case of complete synchronization, all the systems
in the network oscillate in unison even though they start with different initial conditions.
In such a state, the values of corresponding variables of all the subsystems are exactly
same. As an example of this, the time series of two x variables of two Rössler systems
coupled on a network is shown in Fig. 2.8. It can be seen that even though the systems
start with different initial conditions, they eventually completely synchronize and their
trajectories fall on top of each other.
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Figure 2.8: Complete synchronization: The time series of two interacting Rössler systems
from a network of 10 systems. They start with different initial conditions, but because
of coupling they become completely synchronized with time.

If there areN systems in the network, we can define a synchronization index as follows:

S(t) = 1
N

√∑
i

(〈x〉t − xi(t))2 (2.22)

where,
〈x〉t = 1

N

∑
i

xi(t) (2.23)

When asymptotically complete synchronization occurs for all the systems on the net-
work, S(t)→ 0.
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Apart from complete synchronization, many other types of synchronization occur
in a network of coupled nonlinear systems like lag synchronization, phase synchroniza-
tion, anti-phase synchronization, anticipatory synchronization, generalized synchroniza-
tion and so on. Some of these are illustrated using time series in Fig. 2.9.

-10

-5

 0

 5

 10

 15

 0  10  20  30  40  50  60  70  80  90  100

(a)

x
1
,x
2

-10

-5

 0

 5

 10

 15

 0  10  20  30  40  50  60  70  80  90  100

(b)

x
1
,x
2

-10

-5

 0

 5

 10

 15

 0  10  20  30  40  50  60  70  80  90  100

(c)

x
1
,x
2

t

Figure 2.9: Time series of two coupled systems showing various types of synchronizations:
(a) lag synchronization, (b) phase synchronization, (c) anti-phase synchronization.

2.3.2 Amplitude death and Oscillation death
When nonlinear dynamical systems are coupled together, under suitable conditions, all
of them can go to a fixed point state of the coupled system. Various terms have been
coined to describe this phenomenon depending upon the characteristics of the final fixed
point state and the type of dynamical systems which are coupled [67, 68]. When the
fixed point state of the coupled system is such that each of the subsystems reaches to
the same value of the steady state, the phenomenon of cessation of oscillations is termed
as Amplitude death. On the other hand, if in the asymptotic fixed point state each
subsystem reaches to different values of the steady state (though some of them can be
same), the phenomenon is called Oscillation death [68].
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Figure 2.10: Amplitude death and Oscillation death: In case of amplitude death, the
steady states of all the systems have the same value. In oscillation death, the systems
generally go to the different steady states.

2.3.3 Chimera states
An extremely interesting behavior reported recently occurring in identical nonlinear sys-
tems coupled in an identical way, is the chimera states. This state characterized by
spontaneous breakup of a population of identical oscillators into clusters of synchronized
and desynchronized behavior [69,70].

Existence of chimera states has been reported in many different types of systems
including non-locally coupled identical nonlinear oscillators [71–73], globally coupled os-
cillators [70], discrete maps [74,75], phase oscillators on complex networks [76] and so on.
The unihemispherical sleep in many animals provides a natural example of chimera state
where the awake side of the brain shows desynchronized electrical behavior whereas the
sleeping side is synchronized [77, 78]. Recently, they have also been realized experimen-
tally [79, 80] and have appeared in SQUID metamaterials [81]
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Figure 2.11: Graphical representation of the chimera state in a ring of nonlocally coupled
limit cycle oscillators with oscillator indices on X−axis and phases φ of those oscillators
on Y−axis.(from [69])

2.4 Control of dynamics in spatially extended sys-
tems and on networks

In many of the nonlinear systems, the chaotic behavior is undesirable and a periodic or a
constant output from the system may be required. To achieve this, many strategies have
been suggested which can suppress the chaos in the system.

There exists an infinite number of unstable periodic orbits (UPOs) inside a chaotic
attractor [82]. Initial methods suggested to control chaos take advantage of the existence
of these periodic orbits and stabilize one of them. Thus, these methods turn the chaotic
motion in the system into an advantage since one can obtain an infinite number of periodic
motions from the same system. The initial strategy suggested by Ott, Grebogi and Yorke
uses a small time-dependent perturbations of an available system parameter [83]. It was
shown by Ott et al that using such parametric perturbation, one can bring the initial
chaotic trajectory of the system to a desired periodic trajectory. A different method
of control to stabilize the UPOs was suggested by Pyragas which consists of a delayed
feedback to the system [84].

Also, various other methods to eliminate chaos from the system were suggested around
the same time. For example, it was shown that starting from a chaotic regime, a small
parametric perturbation of suitable frequency can bring the system to a regular regime
[85]. The another approach that was proposed was to use a small external periodic forcing
to the system to suppress chaos [86].

The methods mentioned above have also been extended to control spatio-temporal
chaos in spatially extended systems [87, 88] and networks [89]. This is relatively a more
challenging task since the system to be controlled usually has many more degrees of
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freedom all of which need to be controlled. These methods are useful in many applications
like controlling the dynamics in plasma devices and chemical reactions [90, 91] and to
reduce intensity fluctuations in laser systems [92,93].

The method of pinning control of spatio-temporal chaos has turned out to be a very
powerful tool. In this method, only few nodes in the lattice of dynamical systems are
pinned and the control of the spatio-temporal chaos on the whole lattice is achieved
[87, 94]. Also, local tiny perturbations have been shown to be effective in controlling
spatio-temporal chaos [95].

A method of controlling dynamics on networks that has become quite popular in recent
years is that of environmental coupling [89]. This method uses a common environment
like external system that is connected to all the systems in the network. The external
system has a dynamics of over-damped oscillator and under a linear feedback to the
network, this external system is able to quench the dynamics on the nodes of a complex
network to a steady state. This model can be represented as follows [89]:

ẋi = f(xi) +D
∑
j

Aijg(xi,xj) + εeγw

ẇ = −kw − εe
N
γT
∑
i

xi
(2.24)

where γ is a column matrix with elements 0 or 1 and decides which components of
the system xi get feedback from the external variable w. This method of controlling the
dynamics on complex networks has been shown to be effective for diverse range of network
topologies as well as for many different nonlinear systems. Also, it has been shown that
there exists a universal relation between the largest eigenvalue of the coupling matrix and
the critical value of the coupling at which the amplitude death happens in the network.

Another method of controlling the dynamics on networks is that of mean-field diffusion
[96]. In this type of coupling scheme, each oscillator is coupled to a mean-field which is
simply an average value of a dynamical variable on the nodes. Thus, the evolution of
dynamics on ith node is given by:

ẋi = f(xi) +Dβ(Q〈x〉 − xi) (2.25)

where as before,

〈x〉 = 1
N

N∑
j=1

xj (2.26)

Also, β is m × m matrix and Q is an adjustable parameter describing the influx of
the mean field in the individual systems. It has been shown that such coupling gives
rise to amplitude death for all the systems in the network and the transition is via
synchronization as the coupling strength is increased [96]. The same scheme has also
been extended to cover the case of dynamical systems with intrinsic time-delay [97].

Another popular scheme which gives rise to amplitude death in a network of nonlinear
systems is the coupling with various types of delays in the coupling [67]. For example, it
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has been demonstrated that when there is a mixing of instantaneous coupling and time-
delayed coupling in the network of oscillators, amplitude death occurs for sufficiently
large value of coupling [98]. Similarly, it has been shown that time-varying delay in the
coupling can give rise to amplitude death in the network of dynamical systems [99]. So
also, local repulsive links have been shown to give rise to oscillation death in a network of
nonlinear oscillators [100]. Likewise, many other methods involving time delayed feedback
to control dynamics have been invented [99,101,102]. Similar to the method of control in
spatio-temporal chaos, pinning control, where only few nodes of the network are made to
have a desired constant value has been shown to be effective in controlling the dynamics
of all the nodes of the network [103].

2.5 Summary
In this chapter we describe various aspects of nonlinear dynamical systems and the emer-
gent behavior which occur in them when they are coupled on a network. Dissipative
nonlinear systems possess attractors, the set of points on which a system would eventu-
ally settle to and there exist several types of attractors like fixed points, limit cycles and
chaotic attractors for nonlinear systems. We discuss the stability theory for fixed points
and discuss the characterization of chaotic attractors in terms of Lyapunov exponents.
Later in the chapter, we discuss the issue of control of dynamics in spatial extended
systems and networks and various major schemes which have been developed over the
years to achieve such a control. In the next chapter, we plan to describe a novel coupling
scheme that we propose to achieve control of dynamics on random networks as well as in
spatially extended systems.
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Chapter 3

Novel coupling scheme to control
dynamics of coupled systems

3.1 Introduction
As discussed in the previous chapter, dynamical systems can give rise to many different
emergent behaviors like synchronization and amplitude death when they interact with
each other on a complex network. In fact, many spatially extended systems can be
modelled using simple two dimensional lattices where only the local interactions between
the subsystems are enough to explain the behavior of the extended system. The examples
of this include reaction-diffusion systems [104], crystal growth [105], excitable media [106,
107], heart [108], pancreas [109], boiling [110] and cloud dynamics [111]. As mentioned
in the previous chapter, in many cases of interest, it is necessary to control the spatial as
well as temporal dynamics of such extended systems which is much more difficult since
the number of degrees of freedom is very large. The methods developed so far to achieve
such control usually need to continuously monitor the system in question, take output
from it and then change the amount of control depending upon the output.

In the present work, we introduce a novel control scheme which can be used to effec-
tively control the dynamics of spatially extended systems like lattices as well as complex
networks. The effectiveness of the scheme is evident from the fact that it does not need
any prior information of the system’s dynamics and hence can be applied to a wide va-
riety of dynamics. This scheme can be thought of as a generalization of the scheme of
environmental coupling introduced in [112] and [89] in two different directions. The envi-
ronment or the external medium is now spatially extended which is a much more realistic
view in case of spatially extended systems or an external medium. Secondly, the scheme
can now control discrete dynamics also which is a non-trivial extension of the continuous
time case.

We start by analyzing the scheme for controlling the dynamics in single units with
logistic map and Hénon map and present the exact stability analysis of the steady states
achieved by control. Then we apply the scheme to control the collective dynamics of a
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ring of such discrete time dynamical systems and using the theory of circulant matrices
and the stability theory for discrete dynamical systems, analytically prove the existence
of steady states in this case. In all these, we verify the analytical results by direct
numerical simulations and show that the agreement is excellent in each of these cases.
This allows us to isolate the regions of effective control in various parameter planes and
we find that the scheme provides a sufficiently large range of parameter values for which
the control can be achieved. We also present a generalization of this scheme with random
interconnections between two rings. As an application, we demonstrate the effectiveness
of the scheme for two physical situations: control of excitation patterns in neurons and
control of experimentally realizable chimera states.

We also show that the proposed scheme works even for random networks and we find
the stability of the steady state in this case using master stability method and verify the
same with direct numerical simulations. The main result in this case is that the stability
of the steady state as a function of the control parameter is directly related to the largest
eigenvalue of the Laplacian of the network. We also generalize the scheme by considering
the case of non-identical networks and demonstrate the validity of the scheme for such
cases.

Further, we extend the scheme to coupled continuous dynamical systems and illustrate
control using standard systems like Rössler system and Hindmarsh-Rose neuronal model.

The majority of the work presented in this chapter is published in Commun. Nonlinear
Sci. Numer. Simulat. 25 (2015).

3.2 Control scheme for 1-d coupled map lattice
In this section we introduce our scheme for controlling a 1-d CML of size N by coupling
with an equivalent lattice of damped systems. The dynamics at the ith node of the
system lattice constructed using them-dimensional discrete dynamical system, x(n+1) =
f(x(n)), with time index n, is given by:

xi(n+ 1) = f(xi(n)) +Dζ(f(xi−1(n)) + f(xi+1(n))− 2f(xi(n))) (3.1)

Here x ε Rm is the state vector of the discrete system, f : Rm → Rm is the nonlinear
differentiable function. Also, D represents the strength of diffusive coupling and ζ is am×
m matrix, entries of which decide the variables of the system to be used in the coupling.
The dynamics of a damped discrete map z(n) in the external lattice is represented as:

z(n+ 1) = kz(n) (3.2)

where k is a real number with |k| < 1. Thus for positive values of k, this map is
analogous to over-damped oscillator while for negative values of k it is analogous to
damped oscillator. The dynamics at the ith node of the 1-d CML of size N of these maps
with diffusive coupling can be represented by the following equation:
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zi(n+ 1) = g(zi(n)) +De(g(zi−1(n)) + g(zi+1(n))− 2g(zi(n))) (3.3)

We have, g(z) = kz and De represents the strength of diffusive coupling among the nodes
of the external lattice. We consider periodic boundary conditions for both the lattices.
When the system lattice is coupled to the lattice of external systems, node to node, with
feedback type of coupling, then the resulting system can be represented as:

xi(n+ 1) = f(xi(n)) +Dζ(f(xi−1(n)) + f(xi+1(n))− 2f(xi(n))) + ε1ξzi(n)
zi(n+ 1) = g(zi(n)) +De(g(zi−1(n)) + g(zi+1(n))− 2g(zi(n))) + ε2ξ

T xi(n)
(3.4)

Here ξ is the m× 1 matrix which determines the components of the state vector x which
take part in the coupling with external system. Fig. 3.1 shows a schematic of the control
system represented by these equations.

Figure 3.1: Schematic of a system ring coupled (upper) to an external ring (lower). The
arrows between two rings represent the feedback coupling connections between the two
rings.

In the next section we start with the analysis of control for one unit of this coupled
system. Then we study the case of 1-d CML and 2-d CML and extend the scheme to
random networks. In all these cases, for direct numerical simulations, the typical discrete
systems considered are the logistic map and the Hénon map. As a typical application, we
then show how the proposed scheme can be applied to control experimentally realizable
chimera states as well as various types of patterns produced in the neuronal systems.
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3.2.1 Analysis of control in a single unit of the model
The dynamics of a single unit of the model introduced in Eq.(3.4) is given by a discrete
system coupled to an external system in a feedback loop as:

x(n+ 1) = f(x(n)) + ε1ξz(n)
z(n+ 1) = g(z(n)) + ε2ξ

Tx(n)
(3.5)

To proceed further we consider logistic map as system dynamics to get:

x(n+ 1) = rx(n)(1− x(n)) + ε1z(n)
z(n+ 1) = kz(n) + ε2x(n)

(3.6)

The parameter r whose value determines the intrinsic nature of dynamics of logistic
map is chosen as r = 3.6, so that the map is in the chaotic regime. Time series x(n)
obtained from Eq.(3.6) numerically is plotted in Fig. 3.2 for two different values of cou-
pling strength with ε1 = −ε2. The control is switched on at n = 50 and we find that
depending on the coupling strength, the chaotic dynamics can be controlled to periodic
or steady state.
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Figure 3.2: Time series, x(n) of the system in Eq.(3.6) for 2 different values of feedback
coupling strength with k = 0.5 and ε1 = −ε2. Initially the logistic map is in the chaotic
regime with r = 3.6 and the coupling with external system is switched on at time n =
50.(a) For ε1 = 0.3, chaotic dynamics is controlled to periodic dynamics. (b) For ε1 = 0.4,
the controlled state is a fixed point.

We find that there are 2 fixed points for the system in Eq.(3.6) given by the following
equations:

x∗ = 0, z∗ = 0 (3.7)

and

35



x∗ =
(1
r

)(
−1 + r + ε1ε2

1− k

)
;

z∗ = ε2

1− k

(1
r

)(
−1 + r + ε1ε2

1− k

)
(3.8)

To analyze the stability of these fixed points, we consider Jacobian of the system in (3.6)
evaluated at the fixed point.

J =
(
r − 2rx∗ ε1

ε2 k

)
(3.9)

The characteristic equation for this matrix is given by:

λ2 + c1λ+ c2 = 0 (3.10)

where

c1 = −(r − 2rx∗ + k)
c2 = (r − 2rx∗)k − ε1ε2 (3.11)

The corresponding fixed point will be stable if the absolute values of all the eigenvalues
given by Eq.(3.10) are less than 1. Using Routh-Hurwitz’s conditions for discrete systems,
this would happen when the following conditions are satisfied [113]:

b0 = 1 + c1 + c2 > 0
b1 = 1− c1 + c2 > 0 (3.12)
4 = 1− c2 > 0

Using these conditions, we find that the fixed point (x∗, z∗) = (0, 0) is unstable. The other
fixed point given by Eq.(3.8) is stable for a range of parameter values and these ranges
can be obtained using the analysis described above. The numerical and analytical results
thus obtained are shown in Fig. 3.3. From Fig. 3.3(a) it is clear that the steady state
region (black) is symmetric about the line ε1 = ε2 and the line ε1 = −ε2. Fig. 3.3(b)
shows the region of steady state behavior in ε-k plane where ε1 = −ε2 = ε. These
plots also show regions of different dynamical behavior including 2-cycle, 4-cycle, other
higher cycles, chaotic regime as well as regions of unstable behavior. It is clear that the
boundaries of the regions that correspond to steady state, obtained analytically using
Eq.(3.12), agree well with the results of numerical analysis.

We observe that the transition to steady state behavior for this system, for a given
value of k as ε is varied, happens through reverse doubling bifurcations as shown in
Fig. 3.4. This would mean that by tuning ε, it is possible to control the system to any
periodic cycle or fixed point.
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Figure 3.3: Parameter planes for a chaotic logistic map (r = 3.6) coupled to an external
map showing regions of different dynamical behavior. Color coding is as follows, 0: steady
state, 1: 2-cycle, 2: 4-cycle, 3: higher cycles, 4: chaos and 5: instability (a) ε1-ε2 plane
for k = 0.3, (b) ε-k plane where ε1 = −ε2 = ε. The red boundary surrounding the region
of steady state behavior (black region) in both the plots is obtained analytically.

As a second example we consider the Hénon map as the site dynamics. It is a 2-d
map given by:

x(n+ 1) = 1 + y(n)− ax(n)2

y(n+ 1) = bx(n) (3.13)
Then the dynamics of the coupled system is given by:

x(n+ 1) = 1 + y(n)− ax(n)2 + ε1z(n)
y(n+ 1) = bx(n) (3.14)
z(n+ 1) = kz(n) + ε2x(n)

The intrinsic dynamics of Hénon map is chaotic with parameters chosen as a = 1.4 and
b = 0.3. It is clear from time series given in Fig. 3.5 that the coupled system in Eq.(3.14),
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Figure 3.4: Bifurcation diagram for a single logistic map with r = 3.6 coupled to an
external map with k = 0.3 as the control parameter ε is varied. As the plot shows, the
map reaches a steady state through a sequence of reverse period doubling bifurcations.

can be controlled to periodic state or fixed point state by varying the parameters ε1, ε2
and k.

The 3-d dynamical system in (3.14) has a pair of fixed points given by:

x∗ = 1
2a
[
−c±

√
c2 + 4a

]
y∗ = b

2a
[
−c±

√
c2 + 4a

]
(3.15)

z∗ = ε

2a(1− k)
[
−c±

√
c2 + 4a

]
where,

c = 1− b− ε1ε2

1− k (3.16)

The stability of these fixed points is decided by the Jacobian matrix J evaluated at that
fixed point:

J =

 −2ax∗ 1 ε1
b 0 0
ε2 0 k

 (3.17)
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Figure 3.5: Time series, x(n) of the system in Eq.(3.14) for 2 different values of coupling
strength with ε1 = −ε2 and k = 0.5. Initially Hénon map is in the chaotic regime and
the coupling with external system is switched on at time n = 50. (a) ε1 = 0.7, chaotic
dynamics is controlled to periodic dynamics of period two, (b) ε1 = 0.8, the system is
controlled to a fixed point.

The characteristic polynomial equation for the eigenvalue λ, in this case, is given by:

λ3 + c1λ
2 + c2λ+ c3 = 0 (3.18)

where

c1 = 2ax∗ − k
c2 = −(b+ 2akx∗ + ε1ε2) (3.19)
c3 = bk

Similar to the case of logistic map, the absolute values of all eigenvalues given by Eq.(3.18)
are less than 1 if the following conditions are satisfied [113]:

b0 = 1 + c1 + c2 + c3 > 0
b1 = 3 + c1 − c2 − 3c3 > 0 (3.20)
b2 = 3− c1 − c2 + 3c3 > 0
b3 = 1− c1 + c2 − c3 > 0

Here also, one of the solutions in Eq.(3.15) (with negative sign) is unstable while the
other is stable for regions in parameter planes ε1-ε2 and ε-k as shown in Fig. 3.6. The
color codes and details are as given in Fig. 3.3. For any particular value of parameter k,
the nature of transition in this case is also through a sequence of reverse period doubling
bifurcations as shown in Fig. 3.7

39



-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

ε
1

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

ε
2

 0  1  2  3  4  5

(a)

 0  0.2  0.4  0.6  0.8  1  1.2  1.4

ε

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

k

 0  1  2  3  4  5

(b)

Figure 3.6: Parameter planes for a coupled system of Hénon map and external map.
(a)ε1-ε2 plane for k = 0.5, (b)ε-k plane. Color coding is same as that for Fig. 3.3

3.2.2 Analysis of control in 1-d coupled map lattice
In this section, we consider control of dynamics on a ring of discrete systems. For this, as
mentioned in section 3.2, we construct a ring of external maps which are coupled to each
other diffusively and then couple it to the ring of discrete systems in one-to-one fashion
with feedback type of coupling. With logistic map as on-site dynamics, the dynamics at
the ith site of the coupled system is given by:

xi(n+ 1) = f(xi(n)) +D(f(xi−1(n)) + f(xi+1(n))− 2f(xi(n))) + ε1zi(n)
zi(n+ 1) = g(zi(n)) +De(g(zi−1(n)) + g(zi+1(n))− 2g(zi(n))) + ε2xi(n)

(3.21)

where

f(x) = rx(1− x) (3.22)

Numerically, we find that the system in Eq.(3.21) can be controlled to a periodic state
and a state of fixed point or amplitude death by adjusting the coupling strengths ε1 and
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Figure 3.7: Bifurcation diagram for a Hénon map coupled to an external map as the
control parameter ε is varied. As the plot shows, transition to the steady state is through
a sequence of reverse period doubling bifurcations.

ε2. Fig. 3.8 shows two such cases, where in (a) lattice is controlled to a temporal 2-cycle
and in (b) temporal fixed point state.

To analyze the stability of the controlled and synchronized fixed point, we consider
the system in Eq.(3.21) as a 1-d lattice of single units considered in section 3.2.1 coupled
diffusively through x and z. Because of the synchronized nature of the fixed point and
periodic boundary conditions, Jacobian of this system is block circulant matrix as given
below.

J =


a0 a1 0 . . 0 a1
a1 a0 a1 . . . 0
. . . . . . .
. . . . . . .
a1 0 . . . a1 a0

 (3.23)

For the case of logistic maps, a0 and a1 are 2×2 matrices and 0 denotes 2×2 zero matrix.
In explicit form, these matrices are given by:

a0 =
[

(1− 2D)r(1− 2x∗) ε1
ε2 (1− 2De)k

]
(3.24)
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Figure 3.8: Space-time plots for a ring of logistic maps coupled to an external ring. The
coupling is switched on at time 60. Parameter values of the system are: r = 3.6, D = 0.1,
De = 0.1, k = 0.3. (a) For ε1 = −0.3; ε2 = 0.3, the dynamics is controlled to a 2-cycle
state and (b) for ε1 = −0.5; ε2 = 0.5, the dynamics is controlled to a fixed point state.
The color code is as per the value of x(n)

and

a1 =
[
Dr(1− 2x∗) 0

0 Dek

]
(3.25)

Following the analysis given in [114] for eigenvalues of the general block circulant matrix
as given below: 

a0 a1 a2 . . aN−2 aN−1
aN−1 a0 a1 . . aN−3 aN−2
aN−2 aN−1 a0 . . aN−4 aN−3
. . . . . . .
. . . . . . .
a1 . . . . aN−1 a0


(3.26)

We construct N blocks each of order 2× 2 as follows :

Hj = a0 + a1ρj + a2ρ
2
j + ....+ aN−1ρ

N−1
j (3.27)

j = 0, 1, ..., N − 1

where ρ is a complex N ’th root of unity:

ρj = exp
(2πj
N

i
)

(3.28)

with i =
√
−1

For our problem, a1 = aN−1 and a2, a3, ..., aN−2 = 0. Thus we get,

Hj = a0 + a1(ρj + ρN−1
j ) = a0 + 2θja1 (3.29)
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where
θj = cos

(2πj
N

)
Thus, in this case, Hj is given by:

Hj =
(
a11 a12
a21 a22

)
(3.30)

where,

a11 = (1− 2D + 2Dθj)r(1− 2x∗)
a12 = ε1 (3.31)
a21 = ε2

a22 = (1− 2De + 2Deθj)k

Now we make use of the fact that eigenvalues of Jacobian when evaluated at the synchro-
nized fixed point are the same as eigenvalues of these Hj matrices since the Jacobian is
block circulant matrix [114]. This means that, to check the stability of the fixed point
of the two coupled rings, instead of directly calculating eigenvalues of Jacobian matrix
of size 2N × 2N , we can calculate eigenvalues of all Hj matrices, each of which is 2 × 2
matrix, which is a much simpler task. The characteristic equation for Hj is given by:

λ2 + c1λ+ c2 = 0 (3.32)

where

c1 = −(a11 + a22) (3.33)
c2 = a11a22 − a12a21 (3.34)

In this case, the corresponding fixed point with coordinates given by Eq.(3.7) or Eq.(3.8)
is stable when the conditions given in Eq.(3.12) are satisfied for eachHj. These conditions
then give us the regions in parameter space where the fixed point state of the whole system
is stable i.e. the regions where the control of the original dynamics to the steady state
is possible. Similar to the case of single unit, the fixed point with coordinates given by
Eq.(3.7) turns out to be unstable for all values of control parameters. The other fixed
point is stable for a range of parameter values. These amplitude death regions obtained
numerically in ε-k and D-De planes for this system of coupled rings are shown in Fig. 3.9.
In each of these plots, the steady state region is shown with black color while the red
boundary around that region is obtained analytically. From Fig. 3.9(b), it is clear that
the amplitude death can happen even when the logistic maps are not coupled to each
other directly (corresponding to D = 0) or when external maps are not coupled to each
other (corresponding to De = 0).
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Figure 3.9: Parameter planes for a ring of logistic maps coupled to an external ring: (a)
ε-k plane when D = 0.3 and De = 0.3, (b) D-De plane when ε = 0.6 and k = 0.3. We
find that in the chaotic regime, the maps are in desynchronized state. Color coding is
same as that for Fig. 3.3

As our next example, we illustrate the control scheme for a ring of Hénon maps. The
coupled system in this case can be represented as follows:

xi(n+ 1) = f(xi(n), yi(n)) +D(f(xi−1(n), yi−1(n)) + f(xi+1(n), yi+1(n))− 2f(xi(n), yi(n)))
+ ε1zi(n)

yi(n+ 1) = bxi(n)
zi(n+ 1) = g(zi(n)) +De(g(zi−1(n)) + g(zi+1(n))− 2g(zi(n))) + ε2xi(n)

(3.35)
where

f(x, y) = 1 + y − ax2 (3.36)

Here also the system can be controlled to a synchronized fixed point and because of
the periodic boundary conditions and because of the synchronized nature of fixed point,
Jacobian becomes block circulant as given in Eq.(3.23). In this case, a0 and a1 are 3× 3
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Figure 3.10: Schematic showing the two extreme cases of control. (a) with De = 0
and D 6= 0 individual systems are coupled to each other while external systems are not
connected to each other (b) with D = 0 and De 6= 0, the external systems are coupled to
each other while systems to be controlled are not coupled among themselves.

matrices and 0 represents 3× 3 zero matrix. In explicit form, a0 and a1 are given by:

a0 =


(1− 2D)(−2ax∗) (1− 2D) ε1

b 0 0

ε2 0 (1− 2De)k


and

a1 =


D(−2ax∗) D 0

0 0 0

0 0 Dek


Let

1− 2D + 2Dθj = η1

1− 2De + 2Deθj = η2
(3.37)

Then,

Hj =

 η1(−2ax∗) η1 ε1
b 0 0
ε2 0 η2k

 (3.38)

The characteristic equation for Hj is given by:

λ3 + c1λ
2 + c2λ+ c3 = 0 (3.39)
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where

c1 = 2ax∗η1 − η2k

c2 = −(bη1 + 2ax∗kη1η2 + ε1ε2)
c3 = bkη1η2

(3.40)

Using these parameters c1, c2, c3, we define b0, b1, b2, b3 and 4 as in the case of single
unit in Eq.(3.20). This allows us to check stability for each of the Hj matrices which in
turn gives us regions in parameter space where the control of the dynamics is possible
for a ring of Hénon maps. In Fig. 3.11 we show these regions in ε-k parameter plane, for
De = 0 and for D = 0. The schematic for these cases is shown in Fig. 3.10.
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Figure 3.11: ε-k parameter planes for a ring of Hénon maps coupled to an external ring:
(a) when D = 0.3, De = 0, (b) when D = 0, De = 0.3. Similar to the case of ring of
logistic maps, in the chaotic regime, the maps are in the desynchronized state. Color
code is same as that for Fig. 3.3

3.3 Control with random inter-connections
In the control scheme described so far for a ring, we considered only a very regular type
of interconnections between the system ring and the external ring. It is an interesting
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question to ask whether the control can still be achieved even if the interconnections are
randomized so that the node i in the system ring does not necessarily interact with the
node i in the external ring. In such random topology of interconnections, nodes which
are neighbors of each other in the external ring in general would try to control nodes in
system ring that are not neighbors of each other. Hence, it is not a priori obvious that
external ring would be able to control the system ring’s dynamics.

To address this, we simulate an ensemble of 100 random realizations of interconnec-
tions with logistic map as the nodal dynamics. The logistic map is kept in a fully chaotic
regime (r = 4) in this case. This system can be represented mathematically in the
following fashion.

xi(n+ 1) = f(xi(n)) +Dζ(f(xi−1(n)) + f(xi+1(n))− 2f(xi(n))) + ε1ξ
N∑
j=1

Xijzj(n)

zi(n+ 1) = g(zi(n)) +De(g(zi−1(n)) + g(zi+1(n))− 2g(zi(n))) + ε2ξ
T

N∑
j=1

Xijxi(n)

(3.41)
where Xij is the (i, j)th element of the adjacency matrix of interconnections which we

take to be a random matrix such that inter-degree of every node is equal to 1.
We find that in each of these realizations, system ring gets controlled to a desired

steady or periodic state depending upon the value of the control parameter. This shows
that the applicability of the proposed method of control is quite general. To characterize
the control in this randomized case, we calculate a quantity 〈A〉r which we define as
follows:

〈A〉r =

∑
i,j

(xj,max − xj,min)

nrN
(3.42)

where the index i runs over the realizations in the ensemble of random interconnections
and the index j runs over the individual systems in the given ring. The quantities
xj,max and xj,min respectively represent the maximum and the minimum values among
the asymptotic values of the individual systems in the ring. Also, N is the number of
systems in one ring and nr is the number of realizations in the ensemble. When the
steady state is achieved, the average amplitude 〈A〉r should become zero. We plot 〈A〉r
as a function of control parameter ε which is shown in Fig. 3.12. As we can see from this
figure, steady state is achieved for a sufficiently high value of control parameter ε. Also,
as is clear from the same figure, there is a sufficient range of values of ε for which control
can be achieved.

3.3.1 Control of chimera states in non-locally coupled 1-d lattice
As an application of our scheme, we present the control of chimera states produced on
a 1-d lattice with non-local couplings. The chimera states have been observed in many
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Figure 3.12: Controlling the dynamics on a ring of logistic map using external ring with
random interconnections. The logistic maps are fully chaotic with r = 4. The figure
shows the asymptotic average amplitude (Eq.(3.42)) as a function of control parameter ε
with k = 0.3. Zero value of 〈A〉r corresponds to the controlled steady state for the ring.
For every value of ε, averaging is done over 100 random realizations.

spatially extended systems and coupled oscillators with non-local couplings [115–117].
These states, which correspond to the coexistence of spatial regions with synchronized
and incoherent behavior, may not be desirable in many systems like power grids. Here
we specifically consider the chimera states experimentally realized using liquid-crystal
spatial light modulator [80]. This system corresponds to a 1-d lattice with each node
diffusively coupled to R of its nearest neighbors. In this case the phase of each node φi is
the dynamical variable whereas a physically important quantity is the output intensity
I, related to phase as:

I(φ) = (1− cosφ)/2 (3.43)

The coupled map lattice is then represented by the following set of equations [80]:

φn+1
i = 2πa

I(φni ) + D

2R

R∑
j=−R

[
I(φni+j)− I(φni )

] (3.44)

For the coupling radius r = R/N = 0.41 and D = 0.44 as shown in [80], the spatial profile
of φ has two distinct synchronized domains which are separated by small incoherent
domains confirming the existence of chimera states as shown in Fig. 3.13(a). When
chimera state exists in the lattice, individual maps exhibit a 2-cycle behavior. However,
the dynamics of two maps taken from two different domains are different as shown in
Fig. 3.14(b).
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Figure 3.13: (a) Chimera state developed in a 1d coupled map lattice of size N = 256
represented by Eq.(3.44) shown with a dotted black line. The yellow regions in the
plot highlight the regions of incoherent behavior. (b) Plot showing last 100 values after
discarding the transients for each map in the lattice. From this, it is clear that because
of the coupling, each map individually goes into 2-cycle state but the values of 2-cycle
are different for different maps in the lattice.

To control this chimera state, the coupling with external lattice is done as:

φi(n+ 1) = 2πa

I(φi(n)) + D

2R

R∑
j=−R

[I(φi+j(n))− I(φi(n))]


+ε1zi(n)

zi(n+ 1) = kzi(n) +De(zi−1(n) + zi+1(n)− 2zi(n)) + ε2φi(n)

(3.45)

We find that with this control scheme, spatial as well as temporal control of chimera
state can be achieved. To illustrate it, we plot the time series of a typical node from
the lattice in Fig.3.14(a). In Fig. 3.14(b), we also plot 100 post-transient values for each
of the maps in the system for two high values of control parameter ε. This plot is thus
analogous to the bifurcation diagram of a dynamical system except that the horizontal
axis is now a 1-d space instead of a parameter of the system. From this plot, it is seen
that the initial spatial heterogeneity depicted in Fig. 3.13(b) disappears and all the maps
oscillate between same values.

To study the control of chimera state in this case as a function of control parameter ε,
we calculate synchronization index S for the lattice and plot it as a function of ε as shown
in Fig. 3.15. As it shows, just below ε = 0.3 all the maps in the lattice get synchronized.
Thus, at this point, chimera state in the lattice present initially completely disappears
resulting in a state of chimera death.

The complete nature of transition from chimera state to uniform state can also be
visualized by plotting the two types of bifurcation diagrams shown in Fig. 3.16. In the
first diagram, we plot the usual bifurcation diagram for one of the nodes in the system as
the control parameter is varied. We see that the transition to a fixed point state happens
through a reverse period doubling route. In the second diagram, we plot all the values
on each of the nodes in the ring after discarding the transients as a function of ε. This
spatial bifurcation diagram shows the inter-relation between the values of the various

49



 2.6

 2.8

 3

 3.2

 3.4

 3.6

 3.8

 4

 4.2

 0  50  100  150  200  250

(b)

φ
i

i

 2.8

 2.9

 3

 3.1

 3.2

 3.3

 3.4

 3.5

 3.6

 3.7

 3.8

 3.9

 0  50  100  150  200  250

(c)

φ
i

i

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 5

 0  20  40  60  80  100  120  140

(a)

φ
i

t

Figure 3.14: (a) Time series of a typical node of the CML. When chimera state is present,
individual node is in 2-cycle state. At time n = 50 control is switched on with k = 0.5,
ε1 = −ε2 = −0.5 which results in the shortening of the 2-cycle for a map. Further increase
in coupling with ε1 = −ε2 = −0.7 at time n = 150 results in a stabilization of a fixed
point of the system. (b) Plot showing 100 post-transient values for ε1 = −ε2 = −0.41
(with each map in the similar 4-cycle) and (c) for ε1 = −ε2 = −0.5 (with each map in
the similar 2-cycle).

nodes in the system for a given value of the control parameter.

3.4 Control of dynamics on a 2d-Lattice
Now we consider controlling the dynamics on 2-d lattice of discrete systems by coupling
to an external lattice as follows:

xi,j(n+ 1) = f(xi,j(n)) +Dζ(f(xi−1,j(n)) + f(xi+1,j(n)) + f(xi,j−1(n)) + f(xi,j+1(n))− 4f(xi,j(n)))
+ε1ξzi,j(n)

zi,j(n+ 1) = g(zi,j(n)) +De(g(zi−1,j(n)) + g(zi+1,j(n)) + g(zi,j−1(n)) + g(zi,j+1(n))− 4g(zi,j(n)))
+ε2ξ

T xi,j(n)
(3.46)

Here, ξ is the m× 1 matrix which determines the components of state vector x which
take part in the coupling with an external system. In Fig. 3.18, we show the numerically
obtained time series from a typical node of a 100×100 lattice of logistic maps coupled to
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Figure 3.15: Synchronization index S for maps in the lattice as the control parameter
ε is varied with k = 0.5. Just before ε = 0.3 maps get completely synchronized which
marks the point of chimera death.
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Figure 3.16: Nature of the transition to the controlled state from the chimera state as
the control parameter ε is varied keeping k = 0.5 fixed. (a) bifurcation diagram for one
of the nodes in the system showing a reverse period doubling route to a controlled state
(b) spatial bifurcation diagram for the whole system. For every value of ε, values of all
the nodes in the system are plotted on the y-axis after neglecting the transients. It can
be seen that for sufficiently high value of ε, all maps become completely synchronized
and the chimera state disappears.

an external lattice for 3 different coupling strengths ε. In all three cases, coupling with
an external lattice is switched on at time 50.

In Fig. 3.19, we show space-time plots of 2-d lattice of logistic maps with and without
coupling with an external lattice. Here the time series from nodes along one of the main
diagonals of the lattice are plotted on the y-axis and time on the x-axis. The coupling
strength with the external lattice is adjusted so that lattice of logistic maps is controlled
to a 2-cycle state temporally.

The stability of the synchronized steady state of coupled 2-d lattices can be analyzed
in exactly similar fashion to the coupled rings discussed in detail in previous section by
re-indexing lattice site (i, j) with a running index l defined as l = i + (j − 1)N . Then
Jacobian for the whole system becomes N2×N2 block circulant matrix with each block’s
order being (m+1)×(m+1). The intersection of regions satisfying the stability conditions
for all the Hl matrices will then give the region of amplitude death in the corresponding
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Figure 3.17: Schematic of a system lattice coupled to an external lattice. The black
arrows between the lattices represent feedback coupling.

parameter planes. The results thus obtained are qualitatively similar to the case of the
ring and therefore not included here.

3.4.1 Control of patterns in coupled neurons
In this section we show how the present scheme can provide a phenomenological model
for the role of external medium in controlling the dynamics of coupled neurons. It is
established that neurons can cause fluctuations in the extra cellular medium which when
fed back to the neurons can affect their activity via ephaptic coupling [118]. In this
context, we take the 2-d control lattice as the discrete approximation to the medium
and the dynamics of individual neuron, to be the Rulkov map model [61] given by the
following equations:

x(n+ 1) = α

1 + x(n)2 + y(n)

y(n+ 1) = y(n)− βx(n)− γ
(3.47)

Here x, represents the membrane potential of the neuron and y is related to gating
variables. α , β and γ are intrinsic parameters of the map. We take β = γ = 0.004 and
for α < 2, there exists a stable fixed point for the map given by x∗ = −1 and y∗ = −1− α

2 .
In the range α = 2 to α = 3.1, the map shows periodic behavior. We model the system
of coupled neurons as a 2-d lattice which is in a feedback loop with the external lattice
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Figure 3.18: Time series x(n) of a typical node from a 100× 100 lattice of logistic maps
coupled to an external lattice when ε1 = −ε2. Parameter values are: D = 0.1, De = 0.1
and r = 3.6. In all the cases coupling with external lattice is switched on at time n = 50.
(a) For ε2 = 0.2, the chaotic dynamics is controlled to 4-cycle state. (b) For ε2 = 0.3,
it is a 2-cycle state. (c) For ε2 = 0.5, the dynamics is quenched to fixed point state or
amplitude death state.

as given by:

xi,j(n+ 1) = αi,j/(1 + xi,j(n)) + yi,j(n) +D(xi−1,j(n) + xi+1,j(n) + xi,j−1(n) + xi,j+1(n)− 4xi,j(n))
+ε1z

i,j(n)
yi,j(n+ 1) = yi,j(n)− βxi,j(n)− γ
zi,j(n+ 1) = kzi,j(n) +De(zi−1,j(n) + zi+1,j(n) + zi,j−1(n) + zi,j+1(n)− 4zi,j(n)) + ε2x

i,j(n)

For a realistic modeling of the system, we take the values of the parameter α distributed
uniformly and randomly between 2.1 and 2.3 among all the maps and the extra cellular
medium as the external lattice of same size with a spread in k values distributed randomly
in [0.2 : 0.4]. In the absence of coupling with medium, the neurons can form dynamical
patterns of the type shown in Fig. 3.20(a) obtained by iterating the lattice for 50000
time steps with D = 0.04 and initial conditions for x and y randomly and uniformly
distributed in [−2 : 2]. When coupling with the external lattice is switched on, the
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Figure 3.19: (a) Space-time plot of patterns formed on 2-d lattice of logistic maps when
the individual maps are in chaotic regime, r = 3.6 and D = 0.1 (b) When this lattice
is coupled to the external lattice with ε1 = −0.3, ε2 = 0.3, De = 0.1, the dynamics is
controlled to a 2-cycle state temporally. Also, spatially pattern on the lattice becomes
regular. Color coding in the plot is according the values of x(n).

patterns get suppressed giving steady and synchronized states. In Fig. 3.20(b) we show
the space time plot for the lattice with and De = 0.1, ε1 = −0.5 and ε2 = 0.5 and the
coupling is switched on at time 49000. The horizontal axis represents the systems on
the main diagonal of the lattice and vertical axis is time. As is clear from the plot, the
external lattice suppresses the pattern on the lattice.

We note that dynamical spatio-temporal patterns can arise in the neuronal lattice
because of defect neurons that are different from others. We illustrate this by considering
a lattice of neurons in which all neurons have α in the range 1.95 to 1.98 except one
neuron which is in the excited state with α = 2.2. The patterns produced are shown
in Fig. 3.21(a). Such patterns of propagating excitation waves can be pathological un-
less suppressed. The coupling with the external medium presented here can effectively
suppress them as shown in Fig. 3.21(b),(c),(d) which display the snapshots of the lattice
after coupling with the external lattice.

3.5 Control scheme for random networks
Now we generalize the control scheme given above to control the dynamics on random
networks of discrete systems. As a first instance, we construct external network with the
same topology as the system network and then we couple these networks in one to one
fashion with feedback type of coupling. This coupled system of two networks, when the
coupling between the nodes of the same network is of diffusive type, can be represented
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Figure 3.20: (a) Typical pattern formed on 100 × 100 lattice of Rulkov neurons at
D = 0.04 for α = [2.1 : 2.3] starting from random initial conditions shown after 50000
time steps. (b) Space time plot for the same lattice with horizontal axis representing the
main diagonal of the lattice. Here coupling with external lattice is switched on at time
step 49000 and the pattern gets suppressed.

by:

xi(n+ 1) = f(xi(n)) +D
N∑
j=1

Bijζ(f(xj(n))− f(xi(n)) + ε1ξzi(n)

zi(n+ 1) = g(zi(n)) +De

N∑
j=1

Bij(g(zj(n))− g(zi(n))) + ε2ξ
Txi(n)

(3.48)

In this equation, intrinsic m-dimensional dynamics on the nodes of the network is given
by xi(n+1) = f(xi(n)) and the same function f(x) is used to couple nodes in the network
diffusively. Also, Bij is the (i, j)th entry of the adjacency matrix B of the network, ζ is
the m×m matrix which determines the components of state vector x to be used in the
coupling with the other nodes and ξ is them×1 matrix which determines the components
of state vector x to be used in the coupling with nodes of the external network. Fig. 3.22
shows a schematic of the system represented by these equations.

We perform numerical simulations for a network of 50 nodes for 5 different random
topologies which include three realizations of Erdős-Rényi network with average degree
equal to 4 and two realizations of Barabási-Albert scale-free network. The dynamics on
the nodes is of logistic map in all these simulations with ε1 = −ε2 = ε. We find that for all
topologies, as the coupling strength ε is increased both networks reach synchronized fixed
point of the single unit given in Eq.(3.6). This synchronized steady sate or fixed point
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Figure 3.21: (a)Excitation waves generated on Rulkov lattice after iterating for 50000
time steps with periodic boundary conditions when all maps are in fixed point state and
only one of them (here (20, 20)) is active (α = 2.2) which acts as a defect. (b),(c) and
(d) show the state of lattice after 250, 500 and 750 time steps respectively with coupling
with external lattice is switched on. In this case, De = 0.1, ε1 = −0.15 and ε2 = 0.15.
The values of k are distributed uniformly randomly in [0.2 : 0.4].

can be considered as amplitude death state of the network and to analyze its stability,
we invoke the master stability analysis for this fixed point [119].

Since the external network has exactly the same topology as the original network and
since nodes of two networks are coupled in one to one fashion, this system of two coupled
networks can be considered as a single network of the single units considered in section
3.2.1. Then if εiµ(n) represents µ’th component of perturbation to the synchronized fixed
point of the network at node i, we expand this perturbation as:

εiµ(n) =
∑
r

crµ(n)vir (3.49)

where vir is ith component of r’th eigenvector of Laplacian matrix of the network. Fol-
lowing the analysis given in [1] we then get:

cr(n+ 1) = [α+ λrβ]cr(n) (3.50)

for logistic map as nodal dynamics and for diffusive coupling among the nodes, matrices
α and β are given by:

α =
(
r(1− 2x∗) ε1

ε2 k

)
(3.51)

and

β =
(
−rD(1− 2x∗) 0

0 −Dek

)
(3.52)

56



Figure 3.22: Schematic of a random network coupled to an external network. The arrows
represent the feedback coupling connections between the two networks.

This gives,

α+ λrβ =
[
r(1− λrD)(1− 2x∗) ε1

ε2 k(1− λrDe)

]
(3.53)

Then for the synchronized fixed point state of the system of coupled networks to be
stable, for every eigenvalue λr of the Laplacian matrix of the network, absolute values
of all the eigenvalues of the matrix (α + λrβ) should be less than 1. We now consider
λr in (α + λrβ) as a parameter λ and for a range of λ, find eigenvalue with largest
absolute value and use this eigenvalue as master stability function (MSF). The results
are shown in Fig. 3.23 where for 3 different values of ε, the master stability curves are
shown. We see that all the curves are continuous over the whole range of λ. The region
of the curve for which −1 ≤ MSF ≤ 1 is the stable region for that curve. If all the
eigenvalues of Laplacian matrix for a given topology fall inside this region, then the state
of synchronized fixed point is stable. Since the smallest eigenvalue of Laplacian matrix
for unweighted and undirected network is always 0, we need to worry about the largest
eigenvalue only. Hence if both MSF (λ = 0) and MSF (λ = λmax) are inside this region
then fixed point for the network is stable.

The red curve in Fig. 3.23 is for ε = 0.41 which is the minimum coupling strength
required for any topology for fixed point of the whole network to be stable. For any
coupling strength less than this, absolute value of MSF (λ = 0) is greater than 1 and
hence fixed point of the network cannot be stable. To illustrate this, we plot the master
stability curve for λ = 0.3 shown in the figure as a violet curve. The third curve (black) is
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for ε = 0.5. In the figure we mark largest eigenvalues of Laplacian matrices of 5 different
networks for which numerical simulations are performed.
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Figure 3.23: Master stability functions for a network of logistic maps coupled to an
external network for three values of coupling strengths ε with D = 0.05 and De = 0.1.
The red curve (thick) is for critical value of ε = 0.41 which is the minimum coupling
strength necessary for the fixed point state of the network to be stable when all other
parameters are kept constant. The violet curve is for ε = 0.3 and it is clear from the
figure that for all topologies, fixed point state is unstable at this coupling strength. The
black curve is for ε = 0.5. For a network of 50 nodes, with different random topologies
(3 Erdős-Rényi topologies and 2 Barabási-Albert topologies), the largest eigenvalue is
marked on the graph.

To support the master stability analysis, we present numerical results for one partic-
ular realization of Erdős-Rényi network. We calculate an index 〈A〉 to characterize the
synchronized fixed point by taking the difference between global maximum and global
minimum of the time series of x at each node of the network after neglecting the tran-
sients and averaging this quantity over all the nodes. For parameter values corresponding
to the controlled state of amplitude death, this index has value 0 [112]. In Fig. 3.24, we
show variation of 〈A〉 with ε and it is clear that 〈A〉 goes to 0 at ε = 0.41 indicating that
amplitude death happens as predicted by master stability analysis.
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Figure 3.24: Index 〈A〉 obtained numerically as a function of coupling strength ε for a
system of logistic network coupled to an external network. The topology of both networks
in this case is of Erdős-Rényi type. For ε ∼ 0.41, control to steady state happens.

3.6 Control of a network using structurally different
networks

In the previous section, we discussed how the dynamics on a random network can be
controlled using an external network, having exactly the same structure as that of the
system network. This allows one to apply the master stability formalism to this system
of two coupled networks. However, in a general case, the external network need not be
identical to the system network for controlling the dynamics on the later.

We start with two structurally non-identical Erdős-Rényi networks each with N = 100
nodes. For both networks, the connection probability is p = 0.3. The interconnections
between these two networks are then made in such a way that exactly one node in the
external network is connected to one node in the system network. This system of two
coupled networks is represented by the following equations:

xi(n+ 1) = f(xi(n)) + D

ksi

N∑
j=1

Bs
ijζ(f(xj(n))− f(xi(n)) + ε1ξzi(n)

zi(n+ 1) = g(zi(n)) + De

kei

N∑
j=1

Be
ij(g(zj(n))− g(zi(n))) + ε2ξ

Txi(n)
(3.54)
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This equation is identical to Eq.(3.48) except for the fact that the adjacency matrices
Bs and Be of the system network and external network are not in general identical and
we divide the total input received by a given node by its degree (ksi in system network
and kei in external network). We find that even in such a system of two non-identical
networks, control of the system network can be achieved for sufficiently high value of the
control parameter ε.

We repeat the same analysis with non-identical Barabási-Albert networks grown in
such a way that a new node joining the network connects to two of the different existing
nodes preferentially. We find that here also, the control is achieved for a sufficiently high
value of control parameter.

To characterize these results about non-identical networks, for every value of ε, we
generate such 100 random realizations of two networks and then calculate the index 〈A〉r
given in Eq.(3.42). The plots of 〈A〉r as a function of ε for both types of networks are
shown in Fig. 3.25.
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Figure 3.25: Index 〈A〉r as a function of control parameter ε for coupled non-identical
networks: (a)Erdős-Rényi network coupled to Erdős-Rényi network and (b)Barabási-
Albert network coupled to Barabási-Albert network. For every value of control parameter
α, 100 random realizations of two networks each with size 100 have been taken. Nodal
dynamics in each case is that of fully chaotic logistic map (r = 4) and intra-coupling
strengths for two networks are: D = 0.1 and De = 0.1. The damping parameter k is kept
fixed at value 0.3.
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3.7 Control scheme for continuous time dynamical
systems

We now briefly demonstrate how the control scheme described so far can be extended
to control the continuous time dynamics on networks. We consider a ring of continuous
time dynamical systems and use external ring to control it similar to the case of ring of
discrete systems. The resulting system can be represented by the following equations.

ẋi(t) = f(xi(t)) +Dζ(xi−1(t) + xi+1(t)− 2xi(t)) + ε1ξwi(t)
ẇi(t) = −kwi(t) +De(wi−1(t) + wi+1(t)− 2wi(t)) + ε2ξ

Txi(t)
(3.55)

where xi ∈ Rm is a state vector of the ith node in the system ring, wi is the state
variable of the ith node in the external ring, k ∈ [0,∞) is the damping parameter, D is
the coupling strength among the nodes of the system ring, De is the coupling strength
among the nodes of the external ring, ε1 and ε2 are the control parameters, ζ is an m×m
matrix which decides which variables from the system vectors are coupled to each other
inside the ring and ξ is am×1 matrix which selects appropriate variables from the system
dynamics to be coupled to the dynamics in the external ring.

3.7.1 Control of coupled Rössler systems
We start with Rössler system in the chaotic regime as the nodal dynamics for a system
ring. The resulting system of two coupled rings then takes the following form:

ẋi = −yi − zi +D(xi−1 + xi+1 − 2xi) + ε1wi

ẏi = xi + ayi

żi = b+ zi(xi − c)
ẇi = −kwi +De(wi−1 + wi+1 − 2wi) + ε2xi

(3.56)

The parameters of Rössler system are chosen to have values a = 0.2, b = 0.2 and
c = 5.7 so that the intrinsic dynamics of the system is chaotic. Also, we take ε = −ε1 = ε2
henceforth.

We find that the ring of chaotic Rössler systems can be controlled to a fixed point
state when the coupling parameter ε is sufficiently high while for smaller values of ε,
Rössler system gets controlled to various limit cycle behaviors through reverse period
doubling sequences. The phase plots of one of the nodes in the ring for different values
of control parameter ε are shown in Fig. 3.26

We also explore the behavior of the system in Eq.(3.56) in the ε− k parameter plane
and find that there exists a significant region of control in this parameter plane. This
plane is shown in Fig. 3.27

The transition to amplitude death in this case can be observed in a better way by
looking at the bifurcation diagram of x variable of one of the nodes in the ring as ε is
varied as shown in Fig. 3.28.
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Figure 3.26: Phase plots for one of the nodes in the ring of Rössler systems coupled to
an external ring represented by Eq.(3.56). For various values of control parameter ε with
k = 3 fixed, different controlled states are observed: (a)ε = 0, (b)ε = 0.42, (c) ε = 0.5
and (d)ε = 0.6

3.7.2 Control of coupled Hindmarsh-Rose neurons
As our second example, we apply the control scheme to a ring of Hindmarsh-Rose neuron
model (HR model) which is given by the following set of equations.

ẋ = y − ax3 + bx2 − z + I

ẏ = c− dx2 − y
ż = r[s(x− xR)− z]

(3.57)

The system of ring of HR neurons coupled to an external ring is then given by:

ẋi = yi − ax3
i + bx2

i − zi + I +D(xi−1 + xi+1 − 2xi) + εwi

ẏi = c− dx2
i − yi

żi = r[s(xi − xR)− zi]
ẇi = −kwi +De(wi−1 + wi+1 − 2wi)− εxi

(3.58)

The various parameters in this model have these values: a = 3, b = 5, I = 2, r =
0.005, xR = −8/5 and s = 4. These values correspond to the bursting behavior of the
neuron. We find that similar to the case of Rössler system, for a certain value of ε, all the
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Figure 3.27: ε− k parameter plane for a ring of Rössler systems coupled to an external
ring (Eq.(3.56)). Direct coupling strength values are D = 1 and De = 0.5 and with these
values, all systems in the ring remain completely synchronized for all values of ε. The
color coding is as follows, 0: amplitude death, 1: one-cycle, 2: two-cycle, 3: higher-limit
cycles, 4: chaos, 5: instability

systems in the ring go from bursting behavior to spiking behavior. When ε is increased
further, the system gets controlled to a fixed point state. This behavior is shown in
Fig. 3.29 which shows the time series of one of the systems in the ring for different values
of ε.

The behavior of the system as the control parameter ε is varied can be visualized by
plotting the bifurcation diagram shown in Fig. 3.30(a) for one of the systems in the ring. It
can also be seen that from Fig. 3.30(b) that when these systems are controlled to a periodic
state, they synchronize even though without control their dynamics is desynchronized.

3.8 Conclusion
The suppression of unwanted or undesirable excitations or chaotic oscillations in systems
is essential in a variety of fields and therefore mechanisms for achieving this suppression
in connected systems are of great relevance. In the specific context of neurons, it is known
that exaggerated oscillatory synchronization or propagation of some excitations can lead
to pathological situations and hence methods for their suppression are very important.
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Figure 3.28: Bifurcation diagram for one of nodes in the ring of chaotic Rössler systems
(Eq.(3.56)) as the control parameter ε is varied with damping parameter k = 3. Direct
coupling strengths are D = 1 and De = 0.5.

Methods to avoid oscillations by design of system controls such as power system stabilizers
are important in engineering too.

In this chapter, we present a novel scheme where suppression of dynamics can be
induced by coupling the system with an external system. Our study is mostly on extended
systems like rings and lattices in interaction with similar systems with different dynamics.
However the method is quite general and is applicable to other such situations also where
control and stabilization to steady states are desirable. Even in the case of single systems,
as illustrated here for Hénon and logistic maps, this method can be thought of as a control
mechanism for targeting the system to a steady state.

We develop the general stability analysis for the coupled systems using the theory
of maps and circulant matrices and identify the regions where suppression is possible in
the different cases considered. The results from direct numerical simulations carried out
using two standard discrete systems, logistic amp and Hénon map, agree well with that
from the stability analysis. Our method will work even with a single external system as
control; however, extended or coupled external system enhances the region of effective
suppression in the parameter planes. Our study indicates that by tuning the parameters
of the external control system, we can regulate the dynamics of the original system to
desired periodic behavior with consequent spatial order. We also show the generality of
the scheme for rings by randomizing the connections between the two rings and showing
that the control is still achieved.

We also report how the present coupling scheme can be extended to suppress dynamics
on random networks by connecting the system network with an external similar network
in a feedback loop. In this context the stability analysis using Master stability function,
gives the critical strength of feedback coupling required for suppression. We also show
that same scheme works even when the two networks in question are structurally non-
identical.

Finally, we extend the scheme to coupled continuous systems and show that ring
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Figure 3.29: Time series of one of the systems from a ring of HR systems coupled to
an external ring (Eq.(3.58)). Initially ε = 0. Around t = 500, control is switched on
with ε = 1 and then systems go to spiking behavior. When ε is further increased to 1.4,
system ring goes to fixed point state. The damping parameter k is kept fixed at value 1
while direct coupling strengths are D = 1 and De = 0.5.

of chaotic systems like Rössler system and Hindmarsh-Rose system can be controlled
to periodic or steady state using this scheme. Our analysis leads to the interesting
result that control to steady state occurs even when the systems are not coupled among
themselves but coupled individually to the connected external systems. So also, individual
external systems, which are not connected among themselves but each one connected to
one node in the system, can suppress the dynamics of the connected nodes in the system.
This facilitates flexibility in the design of control through connected or isolated external
systems depending on the requirement.

The scheme of external and extended control, introduced here, has relevance in un-
derstanding and modeling controlled dynamics in real systems due to interaction with
external medium. We illustrate this in the context of coupled neurons where the suppres-
sion of dynamical patterns is achieved by coupling with the extra cellular medium. We
also indicate how the same scheme can be applied to control chimera states in non-locally
coupled systems. Until recently, CML was considered as an idealized theoretical model
for studies related to spatio-temporal dynamics. However the recent works on a physi-
cally realizable CML system using liquid-crystal spatial light modulator [80] and based
on digital phase-locked loop [120] have opened up many interesting possibilities in study-
ing their control schemes also experimentally. In this context we note that the scheme
presented in the paper is suitable for a physical realization using optical instruments or
electronic hardware.
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Figure 3.30: (a) Bifurcation diagram for one of the systems in the ring of HR neurons
in burst regime with k = 1, D = 1 and De = 0.5. As is clear from the diagram,
for sufficiently high value of ε, systems go to spiking and fixed point behavior. (b) The
corresponding plot of the synchronization index S. Systems are seen to synchronize when
they are controlled to a periodic state.
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Chapter 4

Mediated attachment in complex
networks

4.1 Introduction
One of the most important topics of study in the theory of complex networks is related to
understanding the physical mechanisms which give rise to various structural features seen
in real-world networks [1,2,42,121,122]. The analysis of empirically observed data of real
networks reveals a very interesting fact that apart from system dependent details, there
exist structural features in these networks which are common in large number of systems
[1,2]. This universality suggests that robust organizing principles which are almost system
independent must be at work in these systems [121]. The generative network models use
such principles or physical mechanisms to simulate networks [39, 42, 121, 123]. If the
networks so constructed have similar structural features as that of the real networks,
then this suggests that similar mechanisms could be at work in real networked systems
also [1].

The most important structural features of real networks which set them apart from
completely random networks like Erdös-Rényi graph, include their scale-free structure
[2,121], small-world nature [2,42], modularity or community structure [22,124] and non-
zero degree correlations [1, 25]. Many generative models have been proposed to explain
the structure of real networks [39,42,121,123,125,126]. The real networks are essentially
random since it is not always possible to say whether given two nodes will be connected
to each other with certainty. Hence the first step in modelling real networks is to model
them as random networks. Such a model for random networks or random graphs was
put forth by Erdös and Rényi [127] and the networks constructed using this model are
called as Erdös-Rényi networks or simply ER networks. To explain the high clustering
and small average path length of real networks, Watts and Strogatz proposed what is
now known as the Watts-Strogatz model or WS model [42]. The more important issue of
emergence of power-law in the degree distribution of real networks was first addressed by
Price [128] and then by Barabási and Albert [121]. These models fall into the category
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of preferential attachment models where network keeps growing by the addition of new
nodes and new node connects to old nodes preferentially with respect to their degree
values. Thus, the probability that a new node will connect to an existing node i ki is:

Π(ki) = ki∑
j
kj (4.1)

To explain specific cases of scale-free networks in real world systems, many modifica-
tions of basic preferential attachment have been suggested. For example, creation of links
between the pre-existing nodes has been considered in [129]. In preferential attachment
models, the effect of removal of nodes while the network is growing has been shown to
have no effect on the scale-free structure of the network when there is a net increase in
the size of the network [130]. When vertices of varying intrinsic fitness or attractiveness
are considered, the model may or may not lead to power-law type of degree distribution
depending upon the details [131,132].

More general models with nonlinear preferential attachment have also been studied.
In one such model [133], the connection probability is taken to be:

Π(ki) = kγi∑
j
kj (4.2)

such that the Barabási-Albert model is then a special case of this model with γ = 1. It
has been shown that for γ < 1, this model produces networks with a stretched exponential
type of degree distribution while for γ > 1, the networks produced contain a super-hub
with almost all other nodes connected to this particular node.

The preferential attachment models usually employ global mechanisms to develop
a network and hence the local properties like clustering and finite degree-correlations
are not explained well by these models. Also the mechanisms behind the emergence of
modular structure of networks is not explained by these models. Thus, it is important
to investigate the local mechanisms responsible for the emergence for these structures
along with scale-free structure. An important mechanism in this respect that has been
proposed is that of “triadic closure” [123,125,126,134] that results in scale-free networks
with modular structure as well as finite degree correlations.

In the present chapter, we introduce a generative network model based on “triadic
closure” with an additional principle that “Hubs are weak mediators”. We call this model
as “mediated attachment model” to distinguish it from the other models involving triadic
closure. We show that the networks generated with this mechanism exhibit both scale-
free nature and hierarchical community structure. The work has been published in Eur.
Phys. J. B (2015) 88:227.
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4.2 Triadic closure in real networks
The triadic closure is proposed as one of the local processes that seem to be present
in many real networks [126, 134]. This involves the formation of links between a pair of
nodes of the networks which share one or more neighbors in the network (See Fig. 4.1(a)).
We now indicate the existence of mechanisms analogous to triadic closure in various real
networks.

4.2.1 Social networks
Nodes in social networks are human beings or their user accounts on social networking
sites like Facebook. The acquaintance is usually considered as a definition of a link
in these networks; however, the definition of acquaintance itself varies such that one can
define various social networks like simple acquaintance, friendships, co-authors, Facebook
etc. Social networks present perhaps the most prominent example where the process of
triadic closure is at work because people get to know each other through other people or
common neighbors.

4.2.2 Networks in linguistics
Various relations existing in human languages can be used to construct complex networks
in linguistics where individual words are nodes. For example, significant co-occurrence of
words in a sentence has been used to construct a network of words from British National
Corpus [135]. Similarly, dependency grammar formalism has been used to construct and
analyze networks of words from corpora in Czech, Romanian and German languages [136].
During the evolution of a particular language, when words A and B start appearing
together in a sentence and if the same happens for words B and C, with a fairly high
probability words A and C would appear in the same sentence. Thus, there exists triadic
closure connecting words A and C through word B.

4.2.3 World Wide Web
World Wide Web is a man made network in which individual webpages are nodes con-
nected by hyperlinks [12,137]. Most web pages keep evolving by the addition and modifi-
cation of their content and hence new hyperlinks are usually added to the page. Suppose
a web page A has hyperlink to another page B, which itself contains hyperlink to page
C, then A can know about C through B and can connect to C.

4.2.4 Scientific Papers
The network of scientific papers, also known as citation network, consists of research
articles as nodes [138, 139]. Two nodes in this network are said to be connected if one
article cites the other article. Most of the time, researchers come to know about other
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research articles through bibliographies of the articles they are reading and hence might
cite those articles. This phenomenon is very analogous to the triadic closure mechanism
[123].

4.3 Internal links in the triadic closure models
All the network growth models involving triadic closure models assume that no direct
preferential attachment is present while network is growing and preferential attachment
is only an outcome of local process of triadic closure [123, 126, 140]. Such triadic closure
models have been proved to be extremely successful in producing highly clustered scale-
free networks.

However, most of the triadic closure models reported have restricted themselves to
“external links”. This means that in these models, only the new node is usually considered
as a source of a triadic closure [123, 125, 126, 134]. This in some sense is unsatisfactory
since it is obvious that many links generated in the network actually come from existing
nodes. The “mediated attachment model” presented here tries to rectify this by including
internal links created by triadic closure. However, as we will see in the next section, the
inclusion of such internal links in these models actually leads to networks that are highly
dense and do not possess scale-free structure as well as community structure. We save
the situation by identifying a fundamental property of nodes of complex networks called
“mediating capacity” and argue that its behavior is almost system independent. We
show that this property can potentially explain the simultaneous existence of scale-free
structure and hierarchical modularity even with inclusion of internal links.

4.4 Hubs as weak mediators
We now make an important observation about the nodes of all complex networks, espe-
cially scale-free networks. The capacity to mediate a triadic closure is a degree dependent
property such that high degree nodes or hubs are weak mediators. We present a following
argument in support of this. Usually hubs in scale-free networks are considered as most
important nodes. At the same time, it is easy to see that the high degree nodes or hubs
in complex networks have capability to interact with nodes of a wide range of properties.
For example, if we consider Google web page which is a hub in World Wide Web, the
web pages which link to it are related to very diverse topics like mathematics, history,
sports, music and so on. Similarly, a hub in social network i.e. the person with many
more friends than an average number, usually has interest in wide variety of topics and
hence develops the connections to people from highly diverse fields. In the network of
words of a particular language. In this network, hub is usually a word that is capable
of appearing with words belonging to diverse range of contexts. For example, the word
“THE” in English can appear with many different words. In the jargon of network theory,
we can thus say that hubs are usually connected mostly to nodes that are dissimilar to
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each other. On the other hand, a low degree node (a Wikipedia page about a technical
topic from mathematics) would have links only to nodes similar to it and hence usually
its neighbors are also similar with each other.

In all these cases the probability that such diverse or dissimilar nodes will get con-
nected is very low. This leads to the observation that hubs should function as weak
mediators in such networks. For example, a hub in social network may introduce two
of his contacts with each other but those two contacts would usually share different in-
terests and hence the link may not get established between them. This implies that the
mediating capacity of a node decreases with increase in degree. As we will see, this in-
sight naturally unifies the emergence of hierarchical community structure with scale-free
nature in such networks.

4.5 Mediated attachment model
We present a generative mechanism in the growth of networks with the property of
mediating capacity for the nodes as discussed in the previous section. To incorporate
this, we conjecture that the average number of links mediated by a node with degree k
decreases with k. Therefore we take the probability that a node i with degree ki connects
two of its neighbors at a given time to be 1/kni where n is a parameter. For a node of
degree k, maximum kC2 ∼ k2 links are possible among its k neighbors. Hence a node
with degree k will form approximately k2(1/kn) = (1/kn−2) links at any given time. Thus
we must have n > 2 if hubs are to behave as weak mediators. However, we also describe
the effect of n < 2 (i.e. the effect of hubs not being weak mediators) later in the section.

Since real networks operate locally, usually what happens in one part of the network
doesn’t directly affect the processes like addition of links and nodes in the other part of
the network. This means that both the number of links and number of nodes that join
the network is an increasing function of the size of the network. To incorporate this type
of increase in the number of nodes, at each discrete time t we add approximately pN(t)
number of nodes to the network where p is the parameter with value between 0 and 1
and N(t) is the number of nodes in the network at time t. The case of addition of fixed
number of nodes at a time would then correspond to p value that decreases with time.

The growth of the network in this model thus involves two processes:

1. Starting from two connected nodes at time t = 0, dpNe number of nodes are added
to the network at each discrete time t where de denotes the ceiling function. Each
new node connects to one of the old nodes randomly with uniform probability.

2. At the same time, every existing node i of degree ki(t) (> 1) connects every pair of
its neighbors with probability:

wi(t) = A

ki(t)n
(4.3)
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where A and n are adjustable parameters with n > 2. The quantity wi(t) reflects
the mediating capacity of node i at time t.

A small network generated under these processes is shown in Fig. 4.1(b).

Figure 4.1: (a) Graphical representation of triadic closure process: node i acts as a
mediator for nodes j and l and tries to connect them. (b) Mediated network at time
t = 25 with p = 0.1, A = 8 and n = 3. The sizes of nodes are proportional to their
degree values and the color of each node is graded according to its clustering coefficient,
the darkest being the lowest.

It can be easily seen that since each node is allowed to connect its neighbors with
each other, the number of new links added to the network is an increasing function of
the network size. If the rate of increase of network size is low, this would produce a
highly dense network whose average degree 〈k〉 would increase with time. However, in
the present model, the total number of nodes also increases quite fast and as we will see
below, these two factors can stabilize 〈k〉 of the network.

In general 〈k〉 of the network must stabilize if the degree distribution is to be stationary
asymptotically. In Fig. 4.2, 〈k〉 is plotted as a function of time for different values of n.
With p = 0.1, the results shown are for 100 realizations of the growth process. The values
for n = 1.5 are divided by 5 for better visualization. Clearly, for n < 2, 〈k〉 is a very
rapidly increasing function of time and hence the degree distribution is not stationary in
this case whereas for n > 2, it always stabilizes leading to a stationary degree distribution.

Fig. 4.3 shows the behavior of average degree as a function of parameter n at two
different times. The rapid increase in average degree with time (and hence the existence
of non-stationary degree distribution) is evident. This behavior is understandable because
for small n, the process of creation of links overtakes the process of creation of nodes.
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Figure 4.2: Average degree of the network as a function of time for various values of n
with A = 4 and p = 0.1. For better visualization, for n = 1.5 the plotted values are
equal to actual values divided by 5. For n < 2, 〈k〉 is a rapidly increasing function of
time and hence leads to a non-stationary degree distribution. All cases with n ≥ 2 lead
to a stabilized averaged degree. In each case, network is grown up to size N = 9525 and
results are averaged over 100 realizations.

For the mediating capacity chosen as in Eq.(4.3) from n = 2 onwards these two effects
balance each other stabilizing 〈k〉.

Also when n < 2, the network is so dense that there are too many nodes with very
high degree and hence the network does not exhibit a scale-free structure. To see this,
we plot the degree distributions of the network for n = 1.5 and n = 2.5 in Fig. 4.5. For
n = 1.5, there exists a peak in the tail and hence the network in this case is not scale-free.

4.6 Simultaneous occurrence of scale-free structure
and hierarchical modularity

Many real networks are both scale-free and hierarchically modular. The simultaneous
occurrence of scale-free structure and hierarchical modularity is a less explored topic in
the context of generative network models. As we now show, the mediated attachment
model based on the conjecture that the hubs are weak mediators naturally gives rise to
networks with both these properties. To establish the scale-free structure of the resulting
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Figure 4.3: Average degree 〈k〉 as a function of parameter n at two different times t = 50
(a continuous line) and t = 70 (a solid line). It can be seen that when n < 2, 〈k〉 has
tendency to increase rapidly while for n > 2 average degree saturates. The results are
averaged over 100 random realizations.

network, in Fig. 4.5 we plot the degree distributions of the network for various values of
n with n > 2 and all of them can be seen to follow a power-law behavior with a scaling
index close to 3. Most of the real networks are usually seen to have scaling indices in the
range (2, 4) [1, 2] and hence the parameters of the model like A and n can be tuned to
produce the actually observed distributions satisfactorily.

A necessary (but not sufficient) indicator of existence of hierarchical modularity in the
given network is the dependence of local clustering coefficient on the degree (Eq.(1.4)).

For the networks with hierarchical modularity, ci shows a systematic decrease with
degree k with c(k) ∼ k−1 [141]. For the model presented here, we compute the local
clustering coefficient for different values of n using Eq.(1.4) and plot it as a function of k
in Fig. 4.6. The decrease of c(k) with degree is clear in all cases. This happens because
the mediating capacity of a node decreases with increase in its degree and which in turn
reduces its clustering coefficient when degree is large.

To confirm that the mediated network does possess the hierarchical modularity, we
use hierarchical Infomap (http://www.mapequation.org/code.html). We find that for all
n > 2, the mediated network is hierarchically modular but the number of modular levels
depends on the value of n and in fact is an increasing function of n. Thus, for the network
size N = 9525 used here, for n = 2.5, the generated network has 4 to 5 levels of hierarchy

74



10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

10
0

10
1

10
2

10
3

p
(k

)

k

n = 1.5
n = 2.5

Figure 4.4: Comparison of degree distributions for mediated network with n < 2 and
n > 2. Here for n < 2 (n = 1.5 in this case), the distribution completely deviates from
the power law in the tail and is also non-stationary as shown in Fig. 4.2. Both cases
correspond to N = 9525 and results are averaged over 100 realizations.

while for n = 4, it has 8 to 9 levels of hierarchy.

4.7 Characteristics measures and their scaling
Now we look at the various important network characteristics like clustering coefficient,
path length and degree correlations for the mediated network.

4.7.1 Clustering coefficient
!Clustering coefficient!of mediated network

In the present context, we use Watts-Strogatz clustering coefficient CWS (also called
as average clustering coefficient) defined in Eq.(1.5) as the quantifier for the clustering
in the network. Fig. 4.7 shows the Watts-Strogatz clustering coefficient of the mediated
network as a function of time for various values of n. It can be seen that all CWS

values settle asymptotically to values in the range (0.4, 0.7). Almost all the real networks
like film actors, coauthorships, citations, Internet, WWW, metabolic networks, protein
interactions, ecological food webs and neural networks show such high values of CWS [122].
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Figure 4.5: Degree distributions of mediated network of size N = 9525 for different values
of n with A = 8 and p = 0.1. A logarithmic binning is used to plot the histograms. The
dotted line in each plot has slope −3 which is close to the actual scaling indices of real
networks. All the results are averaged over 1000 random realizations.

This agreement with the empirical observations further supports the relevance and utility
of the model presented here.

4.7.2 Degree correlations
Apart from the properties discussed so far, many real networks show non-zero degree cor-
relations. Assortative or dissortative nature of networks can be quantified by calculating
the assortativity coefficient defined in Eq.(1.8)

Interestingly, social networks are always seen to possess positive degree correlations i.e
they are assortative [25]. In Fig. 4.8 we show the assortativity coefficient of the mediated
network as a function of time for different n. It is clear that our model with n > 2 leads
to positive degree correlations.

Though the present model doesn’t reproduce networks with negative value of the
correlation coefficient, modifications are possible. For example, the model doesn’t include
the fitness for the nodes which has been considered as an important quality of the nodes in
the previous works [131,132]. We think that such important modifications of the present
model would lead to even more realistic model of the network formation and would allow
one to tune the degree correlations.
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Figure 4.6: Local clustering coefficient c as a function of degree k for mediated network.
The parameters are same as for Fig. 4.5. The black dotted line has slope −1. Results are
averaged over 1000 random realizations.

4.7.3 Average path length
Most of the real networks are found to have a small-world property which means that the
average path length < l > of these networks varies very slowly with size and also they
have high clustering coefficient [42]. We also calculate the < l > of mediated network as a
function of its size for different n. It is clear that < l > increases logarithmically with size
(see Fig. 4.9). Such logarithmic scaling with size has been reported earlier for many real
networks [2]. This along with the observed high clustering, makes the mediated network
a small-world network.

4.8 Conclusion
Understanding the physical mechanisms which lead to the emergence of various structural
properties seen in real networks is an important aspect of the network science. Since
the discovery of small-world nature and scale-free nature of various real networks, several
models of network formation have been proposed over the years. It has been observed that
many real networks exhibit both scale-free nature and hierarchical modularity. However,
the generic mechanisms which lead to their simultaneous occurrence in real networks are
not yet very clear. In the present work we show that the weakness of hubs in mediating
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Figure 4.7: Watts-Strogatz clustering coefficient CWS of the network as a function of time
for various values of parameter n. All the parameter values are same as in Fig. 4.6

the connections between their neighbors is the underlying property that produces both of
these structures simultaneously. This property in fact follows from the more fundamental
fact that hubs are usually connected to dissimilar nodes in the network. We feel that a
more careful use of this idea in the context of specific networks will lead to many novel
insights into the structure and function of various real networks like social network, World
Wide Web and citation networks.

The model presented here comes with tunable parameters p,A and n that can be
adjusted to get desired values of network characteristics. For n > 2 we show that the
average degree of the network stabilizes and can be tuned to a desired value by tuning
parameters A and n. Apart from scale-free nature and hierarchical modularity, we also
show that the mediated network is highly clustered and its path length scales logarith-
mically with size. This shows that the small-world nature is also an emergent property
of this model. These networks show positive degree correlations as observed in case of
social networks. We anticipate that detailed investigations to understand the intrinsic
mechanisms that generate this property in different cases, can reveal interesting processes
underlying the complexity of such systems.
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Chapter 5

Complex network of natural
numbers

5.1 Introduction
Apart from being used as an important tool to model physical complex systems, complex
networks can also be used to understand interesting results from pure mathematics by
constructing appropriate networks of mathematical objects based on their mathematical
relations [142–147]. In most of these networks, usually the deterministic rules give rise to
apparently irregular structure and such irregular deterministic networks can be treated
as complex networks.

In the present work, we discuss the analysis for a particular deterministic network
that resembles real networks in many aspects. This network consists of natural numbers
1, 2, 3, · · · as nodes and if a given number divides another, then their corresponding nodes
are connected by an undirected link. In this context we note that, a similar network
with nodes as composite numbers has already been studied [20]. A network of natural
numbers with decomposition by primes as the definition of the link has also been studied
and analytical results have been obtained [142, 143]. Also, a directed network of natural
numbers based on the divisibility which includes only the multiples in the pattern has
been reported by Ding-hua et al [148]. A network with prime numbers with links created
with the help of Goldbach’s conjecture has been studied in [144]. Finally, a bipartite
structure separating composite and prime numbers with weighted links between them
based on divisibility has been analyzed by García-Pérez et al [147].

Here we consider a more general set up where we put all the natural numbers on
a complex network with their divisibility relations as the underlying deterministic rule
of connections. This network is undirected with links to both divisors and multiples.
As compared to other complex networks, this network is unique since each node has an
identity which is the natural number on it resulting in a specific ordering of the nodes in
the network.

Using tools from statistical inference, we confirm that this network is scale-free and
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show that average degree, global clustering coefficient and assortativity coefficient vary
smoothly with the size of the network. This is surprising in view of the fact that dis-
tribution of primes is quite irregular in the sequence of natural numbers. We provide
analytical results for the asymptotic behavior of average degree and global clustering co-
efficient for this network. In particular, we show that the global clustering coefficient of
this network decays to zero whereas average degree increases logarithmically. We also re-
port an interesting and novel similarity exhibited by local clustering coefficients of nodes
in this network which we call “stretching similarity”. The work presented in this chapter
is published in Scientific Reports, 5:14280.

5.2 Construction of the network
The nodes of the present network are natural numbers 1, 2, 3, · · · and there is a link
between two nodes if either divides the other. We avoid self-links and all the links are
undirected. Since the sequence of natural numbers has natural ordering, it is helpful to
view this network as a growing network with the addition of a new node at each discrete
time as follows:

1. At time t = 1 network starts with a single node n = 1 and at every time t, a node
with the number n = t is added to the network.

2. This node connects to all the existing nodes whose numbers divide it.

The network thus constructed is shown in Fig. 5.1 at two different times t = 16 and
t = 32 which would correspond to networks of size N = 16 and N = 32 respectively.

5.3 Scaling properties of the network

5.3.1 Degree distribution
We start by growing the network till the size reaches N = 225 = 3, 35, 54, 432. To plot
the degree distribution, we use logarithmic binning as advised in [149] in which the bin
widths of successive bins are taken to be successive powers of 2 and the count in each bin
is normalized by diving by the bin width. The resulting distribution is shown in Fig. 5.2.

The shape of the degree distribution of the network in Fig. 5.2 indicates the existence
of asymptotic power law in the distribution (p(k) ∼ k−α for k ≥ kmin). However a visual
inspection to find kmin and least square fit and related methods to find the exponent α of
the power law are known to produce very poor estimates [150]. Hence we use the method
of maximum likelihood for the degree sequence of the network to find scaling index α of
the power-law distribution [151]. For this, we initially assume that the sequence is drawn
from a distribution that follows a power law k−α for all k after k ≥ kmin. To find this
kmin, we use the approach proposed by Clauset et al. [152]. The idea behind this method
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Figure 5.1: Network of natural numbers with two different sizes. (a) t = 16
nodes and (b) t = 32 nodes. In each panel, the size of each node is proportional to its
degree and color of each node is graded according to its clustering coefficient with more
white nodes as nodes with higher value of local clustering.

is to choose that value of k as kmin which makes the probability distribution of the data
and best-fit power-law model as similar as possible above kmin where we use Kolmogorov-
Smirnov statistic as the distance between two distributions [151]. After finding kmin using
this method, the best estimation for scaling exponent α̂ is given by [1, 151]:

α̂ = 1 +N

[
N∑
i=1

ln ki
ki − 1

2

]−1

(5.1)

where ki, i = 1, · · · , N are values of k such that ki ≥ kmin. For the network of size
215, the value α is obtained here as ∼ 2.

Using the method of maximum likelihood we find that the scaling-index α ∼ 2. The
standard error in the value of α in this case is given by [151]:

σ = α̂− 1√
N

+O(1/N) (5.2)

Thus the error in the estimation of the scaling index rapidly goes to zero and is
negligible for the network size that we consider here.

However, this type of estimation does not “prove” that the distribution really follows
a power-law and hence we need to rigorously establish that the distribution is most
probably a power-law. We establish the existence of power-law in this distribution (and
hence the fact that this network is scale-free) using the approach described in Clauset et
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al [151]. In this approach, we generate many synthetic data sets from a true power-law
distribution and measure how far they fluctuate from the power-law type of behavior. We
then compare the results of similar measurements on the observed data. If the observed
data set is much further from the power-law form than the synthetic one, the power-law
is rejected. The p−value is defined as the fraction of the synthetic distances that are
larger than the empirical distance. A large p−value is indicative of existence of power
law in the data. In the present work we calculate the p−values for three different sizes
of the network: N = 256, N = 512 and N = 1024. For this, we generate 2500 synthetic
data sets which gives p−values accurate up to two decimal places as 0.62, 0.95 and 0.98
respectively. The existence of power-law degree distribution for this network is thus
confirmed by the fact that p−values rapidly converge to 1 as the network size increases.
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Figure 5.2: Degree distribution of network of natural numbers with logarithmic
binning. Sizes of successive bins are equal to successive positive powers of 2 and count
in each bin is normalized by dividing by a bin width. The dotted line in the graph
has slope α = −2 and it is calculated using the method of maximum likelihood [151].
The existence of the underlying power law is established by calculating p-value using
Kolmogorov-Smirnov statistic for smaller sizes of the same network.
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5.3.2 Local clustering coefficient
We also study the scaling behavior of the local clustering coefficient as given in Eq.(1.4)
with degree. In Fig. 5.3 we show the dependence of local clustering coefficient of nodes
in the network on the degree. It can be seen that the asymptotic behavior is compatible
with a power law with exponent 1. This behavior is similar to one that is usually observed
in real networks [141]; however when tested with Infomap, this network does not exhibit
hierarchical community structure.
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Figure 5.3: Dependence of local clustering coefficient on degree. The plot is
created using a logarithmic binning. Asymptotically, the local clustering is seen to follow
a power law with exponent ∼ 1.

5.4 Stretching similarity of local clustering
We now discuss an interesting behavior that sets network of natural numbers apart from
other complex networks. In the network presented here, each node has an identity which
is the number attached to it and this defines a natural order on the nodes. This means
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that we can study various properties of nodes as a function of their labels. This is not
possible for other networks because no such unique labeling exists for the nodes. Here
we specifically consider local clustering coefficient of nodes and study its behavior as a
function of node index. We find that the clustering coefficient ci of node i varies seemingly
irregularly. However, when ci is plotted against i, a global pattern is seen. In Fig. 5.4 we
show this pattern for three different network sizes. For better visualization, the plots are
shown only for relatively small network sizes.
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Figure 5.4: Local clustering coefficient as a function of node index for three
different sizes of network. (a) N = 213, (b) N = 214 and (c) N = 215. In any
local region of the plot, the values ci seem to be scattered irregularly. However, with the
increase in the network size, the whole pattern is stretched on a global scale. We call this
similarity as “stretching similarity”.

From the figure, it is clear that the global pattern of the local clustering coefficient
gets stretched as the size of the network increases such that the nature of the pattern
remains the same. We call this new kind of similarity as “stretching similarity” and
this seems to be a unique feature of this network, not so far reported for any other
complex network. We note from plots in Fig. 5.4 that for a network with size N some
discontinuous vertical steps occur approximately at values N/2, N/3, N/4, · · · . Also, we
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observe a band of numbers with clustering coefficient 1 between N/3 and N/2 and these
numbers correspond to prime numbers and their powers in that range. This can be seen
by the following argument. Consider any prime number p in the interval (N/3, N/2). On
the lower side, it is connected only to 1 while on the upper side, it would be connected
only to its multiples. However, all the numbers in this range would have only one multiple
2p up to N . Thus, three numbers 1, p, 2p form a triangle and hence clustering coefficient
of number p must be 1. A similar argument for prime powers in this range tells that
they also have clustering coefficient 1. There is another band of numbers with clustering
coefficient exactly 0 between N/2 and N which are also prime numbers. This is because
all the primes in this range are connected only to 1 making their clustering 0.

Now we discuss the local clustering coefficient for the composite numbers between
N/2 and N . For a vertex n, the only neighbors are the proper divisors of n i.e. m such
that 1 ≤ m < n and n is divisible by m.

Let n =
k∏
i=1

pjii be the factorization of n as the product of (distinct) prime powers.
The fundamental theorem of arithmetic states that such a factorization is unique up to
a reordering of the primes pi’s [153]. Thus, the number of neighbours or degree of n is
equal to its number of divisors which is equal to:

s = (j1 + 1)(j2 + 1) · · · (jk + 1) (5.3)

Let E(n) be the set of all edges among the neighbors of node n. Then this set is given
by:

E(n) = {(m,m′) : m divides m′, m′ divides n, m divides n} (5.4)

If |E(n)| is the size of this set, then the local clustering coefficient of node n is given
by:

cn =
(
s− 1

2

)−1

|E(n)| (5.5)

To find out the size of this set, we observe that every divisor m of n is of the form
m =

k∏
i=1

p`ii where 0 ≤ `i ≤ ji for every 1 ≤ i ≤ k.

Any two neighbors m =
k∏
i=1

p`ii and m′ =
k∏
i=1

p
`
′
i
i such that m < m′ are adjacent to each

other if and only if `i ≤ `
′
i for all i.

Thus the clustering coefficient of n in the network of size N is given by,

cn =
(
s− 1

2

)−1
 j1∑

`1=0

j2∑
`2=0
· · ·

jk∑
`k=0

[(`1 + 1)(`2 + 1) · · · (`k + 1)− 1]
− [s− 1]

 . (5.6)

where we subtract the quantity (s−1) because we are only counting the proper divisors
of n.
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Since the individual sums in the above expression are independent, we can write the
sums of the product as the product of the individual sums:

∴ cn =
(
s− 1

2

)−1 ( k∏
i=1

(
ji + 2

2

)
− 2s+ 1

)
(5.7)

From the above expression it follows that value of cn depends only on the number of
distinct prime factors of n and the powers ji’s which appear in the prime factorization of
n; but not on the actual primes which appear there. Thus for any given j1, j2, . . . jk, the
value cn is constant for every n in the range N/2 < n ≤ N such that n =

k∏
i=1

pjii for some
set of k distinct primes p1, p2, · · · pk. This explains the occurrence of horizontal dotted
lines in the plot for local clustering coefficients.

Similarly, the clustering coefficients for other n can be computed and it can be ob-
served that they depend on the powers and the number of distinct prime factors of n as
well as the range in which n belongs that is r such that N/(r + 1) < n ≤ N/r. Here
one has to also consider the number of multiples of n in the range 1, 2, · · · , N . This
leads to possibly different values of clustering coefficients. This explains the occurrence
of demarked regions like N/2 to N , N/3 to N/2, N/4 to N/3 etc in the plot for local
clustering coefficients. For any N there will be sufficient number of primes in the range
[1, N/2] and choices for ji such that the pattern of horizontal lines between N/2 to N
remains the same. Also, the demarked regions have similar structures. This provides a
possible explanation for the observed stretching similarity in the clustering coefficients as
N is changed (Fig. 5.4).

We also observe an interesting pattern when we plot the difference 4c = ci − ci+1 as
a function of i in Fig. 5.5. We find that this pattern is symmetric about 4c = 0 which
can be quantified by finding the local density of values in the plot. With increasing size
of the network, this pattern also shows stretching similarity.

To establish the global symmetry of difference in local clustering values 4c around
the horizontal axis 4c = 0 (Fig. 5.5) for any value of N , we calculate the local density of
points in the plot. For this, we divide the horizontal axis into 27 = 128 cells and vertical
axis into 200 cells. The whole plot then gets divided into pixels of dimension 0.01×2N−7.
We define density ρ(x, y) of a particular pixel (x, y) as the ratio of the number of points
present in the pixel to the maximum number that can be there which is equal to 2N−7

(all the points on y-axis with difference less than 0.01 are to be considered same so the
vertical dimension of each pixel is just 1). For each x we calculate the absolute difference
between the corresponding pixels on each side of the line 4c = 0. If the pattern is
symmetric then these absolute differences are expected to be small. We calculate the
average of such differences as:

φ(x) = 1
100

100∑
y=1
|ρ(x, y)− ρ(x,−y)| (5.8)

In Fig. 5.6 we show φ(x) as a function of x and as is clear from the figure, all φ values
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Figure 5.5: Difference in clustering coefficients of successive nodes i and i + 1
as a function of index i. (a) N = 213, (b) N = 214, (c) N = 215. This pattern is
symmetric about the line 4c = 0 and also shows stretching similarity as is evident from
these plots.

are very close to 0 confirming that the pattern is indeed symmetric.

5.5 Topological characteristics of the network.
In the present section, we discuss how three of the most important quantities average
degree, global clustering and assortativity coefficient vary with the size of the network.

5.5.1 Average degree
Here we derive an approximate expression for the average degree of the network as a
function of its size. By definition, the average degree of the network is given by:

〈k〉n = 2m
n

(5.9)
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Figure 5.6: Symmetry quantifier for Fig. 5.5 as given by Eq.(5.8). The values
of φ are very close to zero for all horizontal pixel indices establishing the approximate
symmetry for the pattern.

where m is the total number of edges in the network and n is the size of the network.
The value of m is also equal to the sum of the elements in lower (or upper) triangular part
of the adjacency matrix. To find this sum, we interpret the second index of element Aij
of adjacency matrix to be the divisor of first index if Aij = 1. In other words, let Aij = 1
if and only if i > j and j|i. Then the sum of the elements in the lower triangular part
of the matrix is equal to the number of integers of the form kj with k ≥ 2 and kj ≤ n.
However, whenever j > n

2 all the entries in the jth column of the lower triangular part of
A are zero. Let bxc denote the greatest integer ≤ x. Then m is given by:

m =
n/2∑
j=1

(⌊
n

j

⌋
− 1

)

=
n∑
j=1

⌊
n

j

⌋
−

∑
n/2<j≤n

⌊
n

j

⌋
− n

2

(5.10)
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Figure 5.7: Average degree of the network as a function of size. The solid dots
represent the actual values calculated by direct numerical simulations while the solid line
is plotted using the analytic expression (5.14).

It is well known that the first term on the right satisfies an estimate as follows [154]:
n∑
j=1

⌊
n

j

⌋
= n lnn+ n(2γ − 1) +O(

√
n) (5.11)

where γ is Euler-Mascheroni constant. Also we observe that:⌊
n

j

⌋
= 1 ∀ n2 < j ≤ n (5.12)

From Eqs.(5.9),(5.10),(5.11),(5.12), it follows that:

〈k〉n = 2 lnn+ 2(2γ − 1)− 2 +O( 1√
n

) as n→∞ (5.13)

Since γ ≈ 0.5772, in the limit of large n, we get,

〈k〉n ∼ 2 lnn− 1.6912 (5.14)
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This means that the average degree of the network increases logarithmically with the
size and this variation is plotted in Fig. 5.7 (solid line) using Eq.(5.14). We calculate this
numerically by growing the network up to N = 225 and the results obtained, shown by
solid dots in Fig. 5.7, are found to agree exactly with analytic expression (5.14). Since the
average degree of the network increases with size, the degree distribution of the network
is not stationary though as shown in the previous section, the network is scale-free at
each stage.

5.5.2 Global clustering coefficient
The global clustering coefficient of the network quantifies the density of closed triplets
in the network. A connected triplet in the network is the set of 3 nodes connected to
each other with exactly 2 links. A closed triplet is the set of 3 nodes connected to each
other with exactly 3 links. A triangle in the network counts as three closed triplets (one
centered at each node of the triangle). The global clustering coefficient of the network is
then defined as:

C = 3× Number of triangles
Number of connected triplets (5.15)

We estimate the number of triangles Tn in the network using the following strategy. Let
us fix a vertex i and calculate the number of triangles in which i is the smallest vertex.
The number i has

⌊
n
i

⌋
− 1 proper multiples in the range [1, n]. Each of them is of the

form ki where k = 2, 3, ...,
⌊
n
i

⌋
. Thus, Tn is given by:

Tn =
n∑
i=1

bn
i c∑

k=2

⌊
n

ki

⌋
(5.16)
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Figure 5.8: Global clustering coefficient as a function of size of the network.
The global clustering coefficient (see Eq.(1.7)) decays to 0 as the size of network increases.

Using the integral approximation for the above:

Tn ∼ n
n∑
i=1

n/i∫
x=2

1
ix
dx ∼ n

n∑
i=1

1
i

(
ln n
i
− A

)
(5.17)
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The above is bounded by,

n
n∑
i=1

1
i

(√
n

i
− A

)
∼ n
√
n

n∫
x=1

dx

x3/2 − An
n∫

x=1

dx

x
∼ Bn− An lnn (5.18)

Here A and B are constants. Hence we see that:

Tn ≤ O(n) +O(n lnn) + o(n2) (5.19)

Here, f = O(g) implies that asymptotically, the quantity f is of the order of g while
f = o(g) implies that asymptotically, the quantity g dominates f .

In particular,
Tn = o(n2) (5.20)

Let U(n) be the the number of connected triplets in the network after nth stage. Then
U(n) is given by:

Un =
n∑
i=1

(k2
i − ki) = n

〈
k2
〉
− n 〈k〉 ∼ O(n

〈
k2
〉
) (5.21)

Since we have (Fig. 5.2) observed that the degree distribution of the network follows
a power law k−α with α ∼ 2, we see that the proportion p(k) of nodes with degree k is
∼ k−2.

Thus, the expectation of the variable k2 satisfies:
〈
k2
〉

=
n∑
k=1

k2p(k) ∼ n

Hence we see that
Un ∼ n

〈
k2
〉

= O(n2) (5.22)

From Eqs.(5.15), (5.19) and (5.22), the global clustering coefficient, which is propor-
tional to the ratio of Tn and Un, decays to zero as the network size goes to infinity. We
verify this by numerically computing the global clustering coefficient and this is shown
in Fig. 5.8.

5.5.3 Average clustering coefficient as a function of size of the
network

In Fig. 5.9 we show the variation of average clustering coefficient CWS as a function of a
network size n and as can be seen from the figure, the average clustering coefficient for
this network has very high value as compared to the global clustering coefficient which
goes to zero asymptotically. This is clear from Fig. 5.4 since the pattern repeats with
stretching similarity as the network size increases. To the best of our knowledge, there
is no other network in which CWS saturates to a high non-zero value but the global
clustering coefficient decays to 0.
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Figure 5.9: Watts-Strogatz clustering coefficient CWS of the network of natural numbers
as a function of its size n.

5.5.4 Assortativity coefficient
The correlation of degrees in the network is an important quantifier of the network struc-
ture [25]. All the real networks except social networks are seen to be dissortative [25]
and this has been explained using the fact that the dissortative state is the most likely
state of scale-free networks [155]. The assortative/dissortative nature of networks can be
quantified using the assortativity coefficient [1]:

r = S1Se − S2
2

S1S3 − S2
2

(5.23)

with,

Se = 2
∑

edges(i,j)
kikj

S1 =
∑
i

ki

S2 =
∑
i

k2
i

S3 =
∑
i

k3
i

(5.24)

We use this expression to calculate r instead of Eq.(1.8) since we don’t need adjacency
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matrix to calculate it.
In Fig. 5.10 we show the dependence of r on the size of the network and in spite

of irregularity in the divisibility pattern, r has a smooth behavior with n. It can be
seen that r always remains negative though asymptotically it seems to reach the value
0 implying that the network is dissortative. The dissortative nature of the network of
natural numbers is understandable from the following argument. For any link in this
network, the one end of the link is divisor (node A) and other is multiple (node B).
Hence node A is also connected to all the nodes which are multiples of B but the reverse
is not true. This means that the degree of node A always tends to be very high as
compared to degree of node B for a given size of the network giving the negative value
for the overall correlation coefficient.
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Figure 5.10: Assortativity coefficient r (see Eq.(1.8)) seems to reach 0 asymptotically
though it always remains negative.

5.6 Number network with high degree nodes removed
The present network contains a succession of star motifs. For example, the number 1 is
connected to all the remaining nodes in the network, the number 2 is connected to all
the even numbered nodes in the network and so on. The natural question is whether the
properties like scale-free structure and stretching similarity exist because of the existence
of these very high degree nodes. To answer these questions, we calculate the statistical
properties of the network by successively removing biggest hubs like numbers 1, 2, 3, · · · .

We simulate the network of natural numbers removing numbers 1 to 4 step by step.
When number 1 is removed from the network, all the prime numbers between N/2 and
N become isolated and these remain as the only isolated nodes. This means that in this
case the network consists of a giant component along with many isolated nodes. We
find that such a removal does not affect the degree distribution and clustering-degree
correlation too much and qualitatively the network remains scale-free with the same
power-law index as for the original network. The other properties like average degree,
clustering coefficients and assortativity do change to some extent by this removal but
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Figure 5.11: Degree distributions of the network of natural numbers after removing
nodes from 1 to 4. The distributions follow a power-law similar to the original network.

qualitatively remain the same. The plot of degree distributions after removing hubs is
shown in Fig. 5.11.

Thus, all the important statistical properties of the network like stretching similarity,
degree distribution, clustering-degree correlation etc. are very robust to the removal
of even these biggest hubs. This shows that the global divisibility pattern of natural
numbers does not depend only on the few nodes but instead is built by contributions
from all the nodes.

5.7 Conclusion
The deterministic network of natural numbers constructed using divisibility relations
looks like real networks in many characteristics like degree distribution, clustering and
degree correlations. We show how insights into the divisibility patterns of natural num-
bers can be obtained using the framework of complex networks, where we consider both
composite and prime numbers in a single undirected network with links generated using
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both multiples and divisors. Some of the interesting results that we get are the scale-free
nature of the network with a non-stationary distribution and the existence of stretching
similarity. We validate the existence of power-law in the distribution and estimate the
corresponding power-law index using rigorous techniques from statistical inference ad-
vocated by Clauset et al [151]. We find that the average degree of the network grows
logarithmically with the size of the network and we find the exact formula for its behavior
analytically. We also find that the global clustering coefficient of the network reaches to
the value 0 while the average clustering coefficient CWS saturates to a high value. All
these results are validated by extensive numerical calculations for network up to size 225.

We also find that there exists a pattern in the local clustering coefficients that reflects
universality in the organization of natural numbers in terms of their prime constituents.
We observe that this pattern has a stretching similarity which is a reflection of the
nature of prime factorization of natural numbers. Also, the behavior of characteristics
like average degree, global clustering and assortativity coefficients for this network vary
quite smoothly and hence may help us to understand better the divisibility relations
between natural numbers. In conclusion, the work presented here describes an interesting
perspective on the divisibility relations of natural numbers and has potential to become
an important tool in the investigation of related properties of natural numbers.
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Chapter 6

Conclusion

The study reported in the thesis was set out to explore two key aspects of complex
networks, namely, their structure and dynamics. Both these aspects turn out to be very
important for real world complex systems that can be modelled as networks. Since many
natural and man made complex systems are meant to perform specific functions, it is
important to be able to control them, analyze their structural and functional aspects and
find the physical processes which shape these aspects. The function of a complex system
as a whole is determined by the individual components or nodes which constitute it. The
complex interactions between these nodes can give rise to a variety of emergent behaviors
in complex systems and in situations where some of these behaviors may be undesirable,
they need to be modified or controlled in an appropriate way. These emergent behaviors
and the corresponding control mechanisms are almost always dictated by the structure
of the underlying network. Thus, an equally important issue in this context is to find
out the mechanisms which are responsible for the emergence of the existing structures
of these systems. This framework of complex networks originally developed to probe the
behavior of complex systems has turned out to be important to address many interesting
problems from pure mathematics also and several important insights can be gained with
this approach.

In the first two chapters of the thesis, we present a brief but comprehensive intro-
duction to complex networks, then consider dynamical systems and possible emergent
states of such systems on networks. In chapter 3 of the thesis, we study a mechanism of
control of dynamics on networks and lattices proposed by us using a coupling scheme in
which external network is used as a controller. We show that under appropriate condi-
tions, such interaction can lead to a regularization or suppression of the possible chaotic
behavior in the system. The actual implementation of this scheme does not need any a
priori knowledge about the dynamics of the system or its parameter values. Thus, from
an engineering point of view this provides a practically suitable control method that can
be implemented easily since it is completely external to the system and works for several
different dynamics and topologies without any modification. Also, for many extended
systems, such external network provides an approximation of the external medium with
which the system is interacting. This raises an interesting possibility that possibly such
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control mechanism might already be at work in real systems like neuronal networks to
control unwanted or harmful excitations.

We first analyze this control scheme for single units of the system using logistic map
and Hénon map. Using properties of circulant matrices and Routh-Hurwithz conditions
for discrete systems, we then analyze the stability of controlled states for 1d lattice
or ring of these systems. This leads to the identification of the regions of control in
various parameter planes and we verify all these results by direct numerical simulations
of the corresponding systems. We also show that randomization of connections between
controller and the system does not hamper the control and hence that the scheme is much
more general. We also extend the scheme to 2d lattices and random networks and showed
that the scheme works for very different types of topologies like scale-free networks and
completely random networks. We analyze the case of networks using master-stability
approach and show that the stability of the controlled steady state in this case is related
to the largest eigenvalue of the Laplacian of the network. We also show that even when
the topology of the controller is different from that of the system network, the control
can be achieved indicating the wide applicability of the scheme.

Also, we successfully apply the scheme to regular networks of continuous time systems
like chaotic Rössler system and Hindmarsh-Rose system in burst regime. In the case of
Rössler system, by extensive numerical computation, we isolate different regions of vari-
ous dynamical behaviors like amplitude death and periodic behavior in a corresponding
parameter space. In case of both of these systems, we show how a desired periodic or
a steady state behavior can be obtained by adjusting the coupling strength between the
system and the controller.

As an application of the proposed method, we show how the experimentally realizable
chimera state can be controlled to synchronized periodic or steady state. In this case, we
discuss the nature of transition to chimera death and to a controlled state of amplitude
death in detail with the help of several quantifiers. We also show how a similar mechanism
can suppress the unwanted patterns on the 2-d lattice of neuronal dynamics represented
by a Rulkov map.

In chapter 4, we turn to the related topic of an understanding of the mechanisms which
shape the structure of the real world networks. In this context, we propose a new model,
called the ‘mediated attachment model’, of a growing network. This model incorporates
two basic principles namely, triadic closure and weak mediating capacity of hubs. We
argue that in the absence of a direct preferential attachment, these two principles in
a growing network can reproduce many structural features observed in real networks
including scale-free structure and hierarchical community structure. This is important
since very few generative network models are known to produce both these important
features seen in real networks. The networks so produced also have high clustering,
low average path length and non-zero degree correlations. All of these properties are
not reproduced by most of the preferential attachment models and hence the mediated
attachment model reveals the importance of the local processes in the formation of real
world networks.
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In chapter 5, we apply the paradigm of complex networks to study the problem of
divisibility patterns of natural numbers. This is considered as a very important problem in
Mathematics because of its close association to the prime numbers. For this, we construct
a growing network in which the natural numbers are nodes connected by undirected edges
based on the divisibility. Using the rigorous methods from the area of statistical inference,
we show that the resulting network has a non-stationary power-law degree distribution.
We also find a very interesting similarity in this network which we call a “stretching
similarity”. We also derive some of the numerically observed results using analytical
arguments in this case.

We note that the work presented in this thesis has opened several new directions for
further investigations. Some of these directions are the following:

1. The control scheme presented here is sufficiently general and it would be interesting
to look for the systems in nature in which this scheme is already prevalent as
a mechanism for regularization. As an example, neurons in the brain interacting
through extracellular fluid could be one such system and the role of such interactions
on the dynamics of neurons could be investigated along the directions suggested
here.

2. In the present work, the control scheme is applied to a particular type of chimera
state. It would be interesting to see whether the coupling scheme can suppress
all types of chimera states in general and the transition to chimera death can be
analyzed for each such case.

3. Mediated attachment model presented in this thesis is still a very general model
and does not take into consideration the specific system dependent properties. The
more realistic models of real networks like social networks should include many more
factors like age and fitness values apart from principles of mediated attachment
model. It would be interesting to see the way the processes like random walks and
synchronization are affected by a structure of the mediated network. This will open
up number of interesting topics for further study.

4. For the natural number network presented in this thesis, no complete explanation
of the numerically observed “stretching similarity” pattern is evident now. Such an
explanation might reveal some of the interesting underlying properties of natural
numbers. The investigation of spectral properties of natural number network is
underway currently to understand this structure in a better way.

In conclusion, we report our research on three important aspects of the study of com-
plex networks namely, control of emergent dynamics, structure and growth of networks
and extending network theory to deterministic networks. We are confident that these
studies will inspire further studies on similar and varied directions to unravel many of
the intricacies observed in real world complex systems.
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