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Abstract

Let GLyx be the algebraic group over a number field F. We are interested in a subspace
(known as cuspidal cohomology) of the sheaf cohomology of locally symmetric adelic space
in the coefficient system of a finite-dimensional representation M) of Resp;g G Ly with the
highest weight A. Our study focuses on establishing a non-vanishing property of cuspidal
cohomology. We prove the non-vanishing of a Lefschetz number to prove the non-vanishing
of cuspidal cohomology for SLy when F' is Galois over maximal totally real subfield and the
highest weight is strongly pure. It also proves the non-vanishing of cuspidal cohomology for
GLy.

Given an irreducible representation of SLy(FF,) for an odd prime ¢, we find the dimension
of the space of cusp forms with respect to the full modular group taking values into certain
representation spaces. The dimension equals the multiplicity of the representation in the

space of classical cusp forms with respect to the principal congruence subgroup of level q.

The arXiv links for papers:

e Cuspidal cohomology for GL(n) over a number field,
https://arxiv.org/abs/2407.10859

e On the dimensions of certain spaces of vector-valued cusp forms,
https://arxiv.org/abs/2407.21664
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Chapter 1

Introduction

1.1 Cuspidal Cohomology

The question of the existence of cusp forms is related to the non-vanishing of cuspidal co-
homology in the context of algebraic groups over number fields. Consider the algebraic
group Gy = GLy/F over a number field F', and let M, be an algebraic irreducible finite-
dimensional complex representation of Gy with the highest weight A\. The cuspidal cohomol-
ogy of GGy in the coefficient system M, is defined in Section 8.3.2. The key question then
is whether we can find an open compact subgroup K; C Go(Apy) such that the cuspidal
cohomology does not vanish, i.e., ngsp(Sfcéf, M,) # 0.

For instance, when N = 2 and F' = Q, any finite-dimensional algebraic irreducible
representation of Gg is Vo4 = Sym®1(C?) ® (det?) for @ > 1 and d € Z. In this case,
cuspidal cohomology for open compact subgroup K is isomorphic to the parabolic or Eichler

cohomology H,,,(I', Vo) where I' = Ky N GL3 (Q) is a discrete subgroup of GL3 (R). The

latter cohomology is isomorphic to S,41(I") ® S,41(I") via the Eichler-Shimura Isomorphism.

Thus, the existence of cusp forms is equivalent to the non-vanishing of the cohomology.

Similarly, for N = 2 and F' a totally real number field of degree d, then any finite-
dimensional algebraic irreducible representation of Gy is V4, 4,) = ®[Sym®»~1(C?) @ (det™)],
the question about the existence of cusp forms translates to the existence of Hilbert cusp

forms. The cuspidal cohomology for congruence subgroup T is isomorphic to @ jcx,S; (T)
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through the Eichler-Shimura Isomorphism.

1.1.1 Literature Survey

In the context of a totally imaginary quadratic extension F' = @(\/ﬁ) where D < 0, consider
the ring of algebraic integers Op. Grunewald and Schwermer proved the non-vanishing of

cuspidal cohomology for the trivial coefficient system in [16].

Theorem 1.1.1. (F. Grunewald, J. Schwermer) Let I' C SLy(OF) be a subgroup of
finite index, and let n be a positive integer. There exists a subgroup I C T' with the finite

index such that the dimensions of the cuspidal cohomology groups satisfy dim Hg_ (I",C) > n
forq=1,2.

Rohlfs showed the following result by estimates for the trace of the linear map induced

by complex conjugation on the first cohomology group, in [32].

Theorem 1.1.2. (J. Rohlfs) For I' C SLy(Or)/+1 with a finite index subgroup, it holds
that dim HY,_ (T\SLy(C)/SU(2),C) > 5=¢(D) — + — thp, where hp is the class number and

cusp 24 4 2
¢ denotes Fuler’s totient function.

Let K be a totally real number field and F' be a number field such that F'/K is a solvable
extension, i.e., K = Fy C Fy C --- C F; = F such that F;/F,_; is an extension of the prime

degree for 1 < ¢ <. Then Labesse and Schwermer proved the following result in [23].

Theorem 1.1.3. (J.P. Labesse, J. Schwermer) The cuspidal cohomology of SLx/F with

the trivial coefficient system is non-vanishing for N =2 and N = 3.

Clozel proved the following result in [10] by using the construction of Hecke-Maass-
Jacquet-Langlands associating cusp forms to Grossencharakterer on a quadratic extension
of F'.

Theorem 1.1.4. (L. Clozel) The cuspidal cohomology of SLan over a number field F' with

the trivial coefficient system is non-vanishing.

Let F' be a totally real number field. Let Gy be the connected, semi-simple algebraic
group over F' and G' = Resp oGy x E for the cyclic Galois extension £//F. Then Rohlfs and
Speh proved the following theorem in [33].



Theorem 1.1.5. (J. Rohlfs, B. Speh) If G(R) contains a compact Cartan subgroup then
there exists Gal(E/F) stable subgroup T' such that HS, (T, C) # 0.

Borel, Labesse, and Schwermer proved the following result using the Lefschetz number

and twisted trace formula in [5].

Theorem 1.1.6. (A. Borel, J.P. Labesse, J.Schwermer) Let K be the totally real
number field and F be a number field such that F/K is a solvable extension. Then the

cuspidal cohomology of SLy/F in the trivial coefficient system is non-vanishing.

Let G = SLy(D) be the algebraic group over F, where D is quaternion division algebra
over the number field £. Let M be a locally symmetric space associated with G. Let
do = ¢1 + q2, where ¢ (resp. 2¢z) is the number of real (resp. complex) Archimedean places

of E at which D splits. Rajan proved the following theorem in [30].

Theorem 1.1.7. (C.S. Rajan) If E is a subfield of a solvable extension of some totally real
number field then there exists a congruence subgroup I' C G(E ®R) such that the cohomology
group H®(I'\M, C) # 0.

Let G = SLy(D) be the algebraic group over QQ, where D is quaternion algebra over Q
such that D does not split at the Archimedean place. Grobner proved the following theorem

in [15].

Theorem 1.1.8. (H. Grobner) Let M be a finite-dimensional, self-dual, irreducible, com-
plex representation of G then the cuspidal cohomology H?, . (G, M) # 0.

Bhagwat and Raghuram proved the following result using Arthur’s endoscopic classifica-

tion and Mok’s classification of discrete spectrums in [2].

Theorem 1.1.9. (C. Bhagwat, A. Raghuram) Let F' be either totally real or CM field
extension of Q. Let G = Respo(GLN/F) and X be a pure weight (see Section 8.5) (with
purity weight 0 if F' is a CM field). Then the cuspidal cohomology with the coefficient system

My is non-vanishing.



1.1.2 Our Contribution

Let A be a strongly pure weight, and M, be the finite dimensional irreducible representation
of Respjg GLy/F. Let M1 is a restriction of representation to Resp/g SLy/F. We show
that the cuspidal cohomology for GLx/F with the coefficient system M) does not vanish
if the cuspidal cohomology for SLy/F with the coefficient system M1 does not vanish
(see Theorem 8.4.1). We show that if F' is a Galois over its maximal totally real subfield
then there exists an admissible unitary irreducible representation Jy: such that the Lefschetz
number does not vanish for the representation M1 ® Jy1 (see Proposition 8.6.2). It implies
that the cuspidal cohomology of SLy/F does not vanish in the representation space My
(Theorem 8.6.3) and also for GLy/F (Corollary 8.6.4).

1.2 Dimension of S;(SLy(Z), p)

For an odd prime ¢ > 5, let F denote the finite field of order q. Consider an irreducible
representation (p, V,) of the group SLy(F). This induces a natural irreducible representation
of SLy(Z), which we also denote by (p,V,):

SLo(Z) — SLy(F) — GL(V,).

Now, considering the normal subgroup I'(¢) of I'(1) = SLs(Z), we have a natural homo-

morphism:

o : SLy(Z) — GL(S,(I(q))),

defined as [0(g)f](z) = j(g7 ', 2) % f(g7'2), where j is the automorphy factor. This repre-

sentation extends naturally to SLs(F) since the kernel of o is I'(¢). Thus, we can express o

0= @mppa

where the sum runs over the inequivalent classes of irreducible representations p of SLy(F),

as a direct sum:

and m, denotes the multiplicity of p.

In Chapter 5, we establish that the dimension of S;(SLy(Z), p) is equal to the multiplicity

of p for any irreducible representation p (Lemma 5.1.2). Moreover, we compute dimension
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formulas when p is a parabolically induced or a cuspidal representation, see Theorem 5.4.1
and Theorem 5.5.1.

1.3 Introduction to Thesis

Chapter 2 covers fundamental concepts in Lie algebras, including the classification of irre-
ducible finite-dimensional representations of semisimple Lie algebras and their cohomology.
In this chapter, we compute the root system and Cartan decomposition for sly(R) ®r C and
sly(C) ®g C. In Chapter 3, we discuss the affine algebraic groups, real reductive groups,
torus, parabolic subgroups, and related definitions. Chapter 4 introduces the notion of au-
tomorphic forms and those on GLy are induced from those on SLy, setting the stage for
the proof of Theorem 8.4.1.

Chapter 6 covers the notion of admissible representations and their differential cohomol-
ogy. Specifically, we define the Lefschetz number and compute it in the case of SLy(C)
(Theorem 6.6.10) and SLy(R) (Theorem 6.7.9). Those results are important to derive our

main theorem 8.6.3.

Chapter 7 provides a comprehensive review of the seminal work of Borel, Labesse, and
Schwermer. It covers the decomposition of uniformly moderate growth functions on I'\Gg
and cohomology groups of S-arithmetic groups, culminating in a proof of the non-vanishing
of cuspidal cohomology. Terminology in Chapter 7 is defined in Chapters 2 and 3, allowing
readers to navigate this chapter independently of Chapters 4 and 5.






Chapter 2

Lie Algebras

This chapter is an introduction to the basics of Lie algebras. We focus on the classification of
finite-dimensional representations of semisimple Lie algebras and computations about their
cohomology. Throughout this chapter, we assume that a Lie algebra is a finite-dimensional
vector space over an algebraically closed field with characteristic 0. The discussion is based
on the references [19], [21], and [38]. We will also compute the explicit Cartan decomposition
of 5[y (C) ®g C and sly(R) ®g C in Section 2.6 and 2.7, respectively.

2.1 Introduction

Consider a vector space L over a field F' equipped with an operation |, | : L x L — L.
This structure is called a Lie Algebra if the operation is bilinear, [z, 2] = 0 for all z € L,
and [z, [y, z]] + [y, [z, z]] + [z, [z,y]] = O for all z,y,z € L. The operation is called the Lie
bracket.

Example 2.1.1. Any associative F'-algebra A admits a natural Lie algebra structure under
a bracket operation defined as [x,y] = x -y —y-x, i.e., any algebra homomorphisms between

associative algebras are Lie algebra homomorphisms.

Example 2.1.2. Consider a vector space V' over a field F. The set of all endomorphisms
of V', denoted as End(V'), forms an associative F-algebra. If we equip End(V') with the Lie
algebra structure defined in Example 2.1.1, it is denoted by gl(V').

7



Example 2.1.3. The adjoint Lie algebra homomorphism ad : L — gl(L) is defined as
ad(z)(y) = [z, y].

The derived Lie algebra, denoted as [L, L], of L is the Lie subalgebra generated by
[z,y] for all z,y € L. Note that derived Lie algebra is an ideal of Lie algebra. The derived
series of L is defined as L® = L and L% = [L0~D L(G-1] A solvable Lie algebra is a
Lie algebra such that L™ = 0 for some n > 0. The radical of a Lie algebra, denoted as
Rad(L), is the maximal solvable ideal of L. If Rad(L) = 0, then L is called a semisimple
Lie algebra.

A descending central series of L is defined by L® = L and L = [L, L*"!]. A Lie algebra
is called a nilpotent Lie algebra if L™ = 0 for some n > 0. An element z € L is called
ad-nilpotent if ad(z) (defined in Example 2.1.3) is a nilpotent endomorphism. Similarly,

an element x € L is called ad-semisimple if ad(z) is a semisimple endomorphism.

For any Lie algebra L, the Killing Form is defined as k. (z,y) = Tr(ad(x) ad(y)). This
gives rise to a symmetric bilinear form on L. Additionally, for any ideal I, the Killing form
on Iis k; = kr|rx;. The Killing form is called nondegenerate if, for every z € L, there exists
y € L such that kp(x,y) # 0.

Theorem 2.1.1. A Lie algebra is semisimple if and only if the Killing form is nondegenerate.

If L is a semisimple Lie algebra, it possesses a non-trivial subalgebra consisting of semisim-
ple elements, known as a toral subalgebra. Let H be a maximal toral subalgebra. In this

case, L undergoes a root space decomposition or Cartan decomposition expressed as

L=Ho L.
acd(L,H)

where L, = {z € L : [h,z] = a(h)x for all h € H} for any o € H* := Hompg(H, F), and
a€®(L,H)if L, # 0. The set & := ®(L, H) is called the root system.

A subset A C @ is called a base if A forms a basis for H* and for each root o = Y kgf3,
BeA
the coefficients kg are either all non-negative integers or all non-positive integers. When a

base is fixed, we can define sets of positive and negative roots denoted by ®*(A) and &~ (A),
respectively. Consequently, an order on ® can be defined such that a > g if « — 3 € ®T(A).
Each a € ® determines the hyperplane P, = {5 € H* : (o, 8) = 0}. An open connected

8



component of H* — Uyeo P, is called a Weyl Chamber. Let o, represent a reflection on
H* for any o € H*. The group generated by o, for all « € ® is known as the Weyl group,
denoted by W.

Lemma 2.1.2. The Weyl group is generated by {o, : « € A} for any base A C .
A self-normalizing nilpotent subalgebra of L is called Cartan Subalgebra. When L is
semisimple, Cartan subalgebras of L are the same as the maximal toral subalgebras of L.

Theorem 2.1.3. Let L be a semisimple Lie algebra with Cartan subalgebra H and the
corresponding root system ®. Let A = {ay,...,aq} be a base and o;(h;) = % with the
standard set of generators x; € Ly, yi € L_o,, and h; = [z;,y;]. Then L is generated as a

Lie algebra by {xz;,y;, h; - 1 <1 <1} satisfying the following relations:

o [hi,hj] =0 forany 1 <i,j <.

o [z, yi| = h; and [z;,y;] =0 forall 1 <i# 35 <lL.

[hi, z;] = aj(hi)x; and [hi,y;) = —aj(hi)y; for all 1 <i,5 <.

(ad ;)P () = 0 and (ad y;) =BT (y;) = 0 for all 1 <i # j <.

The vector space S; over C spanned by vectors x;,y;, h;, is isomorphic to the simple
Lie algebra sly(C).

2.2 Representations of Lie Algebras

2.2.1 Universal Enveloping Algebra

A universal enveloping algebra of L, denoted as 4L, is an associative algebra equipped with
a Lie algebra homomorphism ¢ : L — 3L, such that for any associative algebra A and any
Lie algebra homomorphism j : L — A, there exists a unique algebra morphism J : 4L — A
such that Jor = j. Recall that the algebra ${L naturally inherits a Lie algebra structure (see
Example 2.1.1). Let TL be the tensor algebra over the vector space L then every morphism
j: L — A can be extended to the algebra morphism TL — A. Let I be the two-sided ideal

9



of TL generated by x-y—y-z—[x,y] for all ,y € L. Since j is a Lie algebra homomorphism,
the extended morphism factors through ¥L/I — A. Hence, the quotient algebra TL /I serves
as a universal enveloping algebra, equipped with a natural map ¢ : L — TL = TL/I.

Theorem 2.2.1. (Poincaré-Birkhoff- Witt) Consider an ordered basis (xy1,2a,...) for a
Lie algebra L. Then, the set {m(x;1)® - @ Timy) : 1 <i(1) < -+ <i(m) and m > 0} U {1}
forms a basis for the universal enveloping algebra ALL. Additionally, for any subalgebra H of
L, the natural map UH — UL induced by the inclusion map H — L is an injection.

Moreover, the map L — ML is a natural inclusion.

Let H be a Cartan subalgebra of a semisimple Lie algebra L. So, we can identify H* as
H, and the Weyl group acts on H such that (o -«)(h) = a(c™t-h) for all c € W, a € H*
and h € H. Then the Weyl group acts on YH, and let L{H" be the set consisting of all

W —invariant elements.

Theorem 2.2.2. (Harish-Chandra Isomorphism in [21]) Let Z(ML) be the center of
L. Then Z(ML) = AH"Y | considering UH" C $A{H C UL.

2.2.2 Weights

Let L be a semisimple Lie algebra with a Cartan subalgebra H and the corresponding root
system ®. The weight space is denoted by A = {\ € H* : 200) ¢ 7 for all a € o}

(a,@)

An element in the weight space is referred to as a weight. It is important to note that
A forms a subgroup of H* and includes the set of roots, ®. By fixing a base A C P, the
Q(Ai,Oé')

(aj,aj]) = 6i,j for A = {061, . ,Oél}.
A weight A is called a dominant weight with respect to A if 2((25))

weight is a non-negative integer linear combination of fundamental weights.

weights {A,..., \;} are called fundamental weights if

> 0. Any dominant

2.2.3 Representation Space

For any representation V' of L, the action of H on V is semisimple since H is a toral
subalgebra. Let V), ={v €V : h-v = A h)v Yh € H} be the eigenspace for A € H*.

Lemma 2.2.3. If V is any Lie algebra representation of L then L, maps Vy into Vyi, for
a€d and V' => V) is a direct sum. Moreover, V. =V' if V is finite-dimensional.

10



A non-zero vector v € V) is called a maximal vector of weight \ if z - v* = 0 for all
x € L, with a = 0. Then UL -v™" is called a standard cyclic module of L with the highest
weight \. Let I(\) be the left ideal generated by {z, : @ € T} U {hy — A(hy) - 1: a € D},
then the quotient 4L /I(N) is a cyclic module with the highest weight .

Lemma 2.2.4. For every weight X\, there exists a cyclic module with the highest weight A

and it 1s unique up to isomorphism.

In a finite-dimensional irreducible representation V' of the Lie algebra L, there exists a
maximal vector vt € V with the highest weight A\. Since V is irreducible, the highest weight
is unique. Furthermore, the action of the Lie subalgebra B = H + %" ., L, on v* is such
that UB - vt = Fuvt. For each o; € A, a copy of sl(2,C) denoted as S; (as per Theorem
2.1.3) exists in L. Consequently, V' can be viewed as a finite-dimensional representation of
each S;. Therefore for the highest weight, A(h;) = 201) gt be non-negative integers,

(ai,on)

emphasizing that the highest weight must be dominant.

Let A be a dominant weight then m; := % are non-negative integers for all o; € A.

Let J()) be the left ideal generated by I(\) together with the elements {y™ " : 1 <i <1}

Then $4L/J()) is a finite-dimensional representation of L with the highest weight A.

Theorem 2.2.5. For the dominant weight A, there exists a unique (up to an isomorphism)

finite-dimensional irreducible representation with the highest weight ).

The Killing form x| is nondegenerate for the Cartan subalgebra H of a semisimple Lie
algebra L. Let ey, ..., e, be a basis of H and €', ..., ¢e" be a dual basis, i.e., kp(e;,e’) = ;.
Now consider C;, = Y e;e¢’ as an element in L, known as the Casimir element. Then
C1, belongs to the center of L. Moreover, the action of C; on any finite-dimensional

representation is nontrivial unless it is a trivial representation.

Let Z(4UL) be the center of the universal enveloping algebra (L. Then Z(HL) also acts
on V for any V € UL-Mod. For any algebra homomorphism y : Z(UL) — F, consider the
subspace V, = {v € V : z-v = x(Z)v for all z € Z(UL)}. Note that V, is stable under the
action of ML. If V is an irreducible representation, then there exists x such that V), = V.

Such y is called an infinitesimal character of V| denoted as yy .

Lemma 2.2.6. (Lecture 5 by Anthony Knapp and Peter Trapa in [22]) Let V' and W be finite-

dimensional irreducible representations of L with the highest weights X\ and p, respectively.
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Let x» and x,, are infinitesimal characters of V- and W, respectively. Then, xn = x, if and
only if X and p are in the same orbit for the action of the Weyl group.

Proof. Theorem 2.2.2 implies that Z({L) = UH"Y C UH. Since H is a toral subalgebra,
$LH is isomorphic to the polynomial algebra in dim H many variables. So, any character A
on H uniquely extends to an algebra homomorphism X of UH.

Any characters A and p of H are in the same orbit if and only if extended algebra homo-
morphisms agree on UH"Y. So, infinitesimal characters are equal.

Let A and p be characters that are not in the same orbit, then there exists a multivariable
polynomial f such that A(f) =1 and fi(f) = 0 and (o - \)(f) = (¢ - fi)(f) = 0 for all non-
trivial o € W. Let g be the sum of all W conjugates of f. Then g € UH" and X(g) =1,
f(g) = 0. So, xn # Xx,. Hence, Lemma follows. ]

2.3 Lie Algebra Cohomology

Let L be a Lie algebra over a field F'. Consider the abelian category L-Mod of L-modules
or Lie algebra representations of L. For any ¢ : L — gl(V'), there exists a natural algebra
homomorphism ¢ : UL — End(V). Any UL-module M naturally becomes an L-module,
given the inclusion L — UL (see Theorem 2.2.1). This establishes a natural equivalence of
categories between L-Mod and $L-Mod.

Let V be an L-module then define the ‘trivial’ subspace of V' as
Vi={veV:z-v=0foralazcL}.

f0o—- M —- N — P — 0 is an exact sequence of Lie algebra representations, then
0 — MEF — N — PLis exact. Therefore, V + V1 is a left exact functor. The Lie algebra

cohomology is defined as the right-derived functors of the above left exact functor.

Consider F' as a trivial L-module, i.e., x -a =0 for all x € L and a € F'. Since a map
Homy (F,V) — VI defined as f — f(1) is an isomorphism, the Lie algebra cohomology is

isomorphic to { Ezt?} functors. In summary,

Theorem 2.3.1. For any L-module V', the Lie algebra cohomology H1(L,V') = Extl, (F,V).
Moreover, H°(L,V) = VI = Homy (F, V).
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Theorem 2.3.2. (Wigner’s Lemma) Let V and W be L—modules with infinitesimal
character xy and xw respectively. If xv # xw then Extl, (V,W) =0 for ¢ > 0.

Corollary 2.3.3. Let V' be a finite-dimensional irreducible non-trivial representation of a

semisimple Lie algebra L. Then the Lie algebra cohomology vanishes for all degrees.

Proof. Since F' is a trivial representation of L, the highest weight A\ for F' is zero. So, any
W—conjugate of A is also zero. If V' is a non-trivial finite-dimensional irreducible represen-
tation then the highest weight A of V' is non-zero. So, p and A are not in the same orbit.
Then the corollary follows from Lemma 2.2.6, Theorem 2.3.1 and Theorem 2.3.2. ]

Theorem 2.3.4. Let V and W be finite-dimensional irreducible representations of L. If
HY L,V @W) #0 for some q then V is contragredient representation of W.

Proof. Note that V @ W = Homp(W*, V') as a representation of L if the action defined as
(x-T)f) =a-T(f) —T(x-f)forany x € L, f € W*and T : W* — V. Since Vo W
is a finite-dimensional representation, it is a direct sum of irreducible representations. The
hypothesis and Corollary 2.3.3 implies V' ® W has a trivial subrepresentation. So, there
exists T' € Hom(W*, V') such that x - T = 0 for all € L implying 7' € Hom,(W*, V). So,

the theorem follows since V' and W are irreducible representations and Schur’s Lemma. [J

Let AL denote the ¢'* exterior product of L for ¢ > 0. Then UL ®p AL are free
$IL-modules, since AYL are free F' vector spaces. This forms the Chevalley-Eilenberg
Complex UL ® A*L < F with € : {L ® A°L — F as the natural map and the differential

map

1<i<q

+ Z D'y ® | [T, T ) ATy AN N AN NN - Ay
1<i<j<q

The Chevalley-Eilenberg complex is a projective resolution of ' as Theorem 7.7.2 in [35].
For any V' € L-Mod, Lie algebra cohomology is the cohomology of the cochain complex:
Homgy,(ULRA*L, V) = Homp(A*L, V). Let C%(L,V) = Homp(AYL, V'), and the differential
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map d on the cochain complex is given by:

(df)(xo A Awg) =Y (=1)fm;- flwg Ao Ny Ao Ay)

Y (D) ([ g Axo A NE A N A A ),
1<J

(df)(x) = x- f(1) = f(1) if ¢ = 0.

Hence the Lie algebra cohomology is isomorphic to the cohomology of the cochain complex,

ie., HI(L,V) = HY(C*(L,V)).

2.4 Relative Lie Algebra Cohomology

For any = € L, define 0, : C4(L,V) — C4(L,V) and i, : C4(L,V) — CT YL, V) as:

Onf) (@1, wg) =D fn A A A Aag) + 2 o, 1),
(i f)(@1, .. xge1) = flx, 21, ..., Tg1).

Let H be any subalgebra of L. Define CY(L, H, V') as the subspace of C?(L, V') consisting of
elements annihilated by both 6, and i, for all x € H. This subspace remains stable under the
differential map since 6, = d o i, + 1, o d. The cohomology of the resulting cochain complex,
denoted as H*(L, H,V'), is called the relative Lie algebra cohomology. Considering L/H
as an H-module through the adjoint action, we can establish an identification: C?(L, H,V)

corresponds to Hompy (AY(L/H), V) ( a set of the morphisms between representation spaces).

2.5 Cartan Involution

Let L denote a finite-dimensional real semisimple Lie algebra. The Killing form on L is
defined as B(X,Y) = tr(ad(X)ad(Y)). Let 6 be an involution on L (i.e., §? = id) is called
Cartan involution if the form By(X,Y) = —B(X,0Y) is symmetric and positive definite.

Lemma 2.5.1. A semisimple real Lie algebra admits a Cartan involution. Any two Cartan

mvolutions are conjugate via an inner automorphism.
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Proof. Let g be a semisimple real Lie algebra, and let gc be its complexification. The
complexification can be expressed as gc = g @ ig = u @ iu, where u is a compact real form.
The complex conjugation 7 on g with respect to u ensures that g is 7-stable. Furthermore,

7|, satisfies the criteria of the Cartan involution. O]

2.6 Example sly(C) ®r C

Let go = sly(C) = {X is N x N matrix with entries in C : Trace(X) = 0} be a real Lie
algebra. Let g = go ®r C be a complexified Lie algebra, then g is a Lie algebra over C. Let
ho be the diagonal subalgebra of gy and h be the corresponding subalgebra of g. Then b is

a toral subalgebra of g and the root space decomposition is

s=be P g

ac®(g,h)

where ®(g,h) = {(Ef — E}) £ (E; — E,): 1 <i# j < N}. Here, (B} — E¥) + (E; — ) is
defined on b as diag(zy,...,7y)® 1+ z; —z; and similarly, (£ — E7) — (E; —E;) is defined
on b as diag(zy,...,on8)®1 — T —7;. Let A= {(E; —Ef, ) +(E, —F,,,): 1 <i<N-1}
is a base for ®(g,b).

Let 6 : go — go be an automorphism of real Lie algebra defined as fy(X) = —X. Since
6o is an involution (i.e., 62 = 1,,), go = po D ¥, where po and € denotes the eigenspace of

eigenvalues —1 and 1, respectively. Then

£y = "t @ ( P r-(E,- Ej,i)) ® ( P r-V-1(E, +Ej7i)>,

1<i<j<N 1<i<j<N
Po = o P < P Rr-(E, +Ej,i)) ® < P R V-IE,- EN-)),
1<i<j<N 1<i<j<N

where °ty = EBlgigN—lR'\/—_1(Ei,z‘—Ei+1,i+1)7 ap = @1§z’§N—1R'(Ez‘,z‘—Ez‘+1,z‘+1) and Ei,j is the
matrix with 1 in the (i, j)-th entry and 0 elsewhere. Note that £, is a Lie subalgebra, since
[0, 8] C £y. Let p, ¥, a and °t are complexified Lie algebra of pg, &, ag and °ty, respectively.
A map 0 := 0y ® 1¢ is also an automorphism of complex Lie algebra g. Moreover, g = p & ¢

is the Cartan decomposition and

15



e:%@<@cx§>@(@c-yj>,

acdt acd—
p=ad ( @C-Xg) @ ( <5 C-ng),
acdt acd—
where @t ={(E, — F.):1<i<j< N} and ® o* ) and
= (Eij — Eji) @ V=1+V-1(Ei; + Ej;) ® 1,
(EM EJZ)® V1= V_l(El,j"i‘Ej,i)@l’
(EZ]+E]Z>® \ + \ (E'LJ E]Z)®17
Observe that °t acts on itself and on a by 0. On the elements X}, and XP. & it acts by

(Ei* —E;), while on Yi, j* and Yi, 57, it acts by (Ej —E,). Recall that (E; — Ej) is defined
as diag(v/—1z1,...,V—1lzy) ® 1 = v/ —1(z; — z;).

2.7 Example sly(R) Qg C

Let go = sly(R) = {X is N x N matrix with entries in R : Trace(X) = 0} be a real Lie
algebra. Let g = go ®r C be a complexified Lie algebra, then g is a Lie algebra over C. Let
ho be the diagonal subalgebra of gy and h be the corresponding subalgebra of g. Then b is

a toral subalgebra of g and the root space decomposition is

g= ho 6{} Gas

a€®(g,h)

where ®(g,h) = {(Ef — Ef) : 1 < i # j < N}. Here, (Ef — EJ) is defined on b as
diag(zq,...,2n)®1 = 2, —z;. Let A = {(Ef — E},;) : 1 <i < N —1} is a base for (g, h).

Let 6y : go — go be an automorphism of real Lie algebra defined as 6(X) = —'X. Since
6y is an involution (i.e., 62 = 14,), 80 = po @ €y, where py and €, denotes the eigenspace of

eigenvalues —1 and 1, respectively. Then
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g = 6}9 ]R'(E%j__f%ﬂ%

1<i<j<N
Po :( P RrR-(Ei- Ei—l—l,i—l—l)) D ( P RrR-(E;+ Ej,i))>
1<i<N—1 1<i<j<N

where E;; is the matrix with 1 in the (,j)-th entry and O elsewhere. Note that £, is
a Lie subalgebra, since [fy, 8] C €. Let p and £ are complexified Lie algebra of py and
£y, respectively. A map 6 := 0y ® 1¢ is also an automorphism of complex Lie algebra g.
Moreover, g = p @ ¢ is the Cartan decomposition. Let tg = R - (Eg;—19; — Ea;2;-1) be a
subalgebra of £y, then it is a maximal toral subalgebra of ;. Let t be the complexification of
ty, then we will discuss the action of t on the g in Subsection 2.7.1 if N = 2M and Subsection
272 i N =2M + 1.

2.7.1 Case N=2M

The eigenspace decomposition for the action of t on € and p are as following:

e:t@(@cxgv’f)@<@C.Y;»’f)@(@C-Xﬁ»’f)@(@CYf”“),

acdf aEdy acdy acdy
p-as(@exr)e(@ev)e(@exr)e(Ber)
acdf aEdy acd} acdy
o(@exr)e(@e)
acdd acdy

where

t

{t = (Bai—1,2i — Baigi1) @tV =11 t; € (C},
1<i<M

a

{ Z (Egi—12i-1 + E9i2i) ® a; : a; € C such that Z a; = O},

1<i<M
O = {(E — ) :1<i<j<M}and by = —0f,
Oy ={(Ef+Ej):1<i<j<M}and &; = -7,
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OF ={2E:1<i< M} and &; = —d7,

Xz{f = (E2i,2j — E2j,2i> ® 1+ <E2i—1,2j — EQj,Qi—l) ® V-1

— (Baigj1 — Eaj121) @ V=1+ (Ei_19j-1 — Eaj_1i1) ® 1,
Y;lgk = (BEainj — Fajoi) ® 1 — (Bai—12) — Eajoii1) ® V-1

+ (Eaigj—1 — Eoj—12i) ® V—1+ (Eaic12j-1 — Baj_12i-1) ® 1,
ngk = (E2i,2j - E2j,2i) ®1+ (E2171,2j - E2j,2i71) ® \/—_1

+ (E2izj—1 — Eaj_12) ® V—1- (Egic19j—1 — Eoj_192i-1) ® 1,
Yfgk = (Esinj — Eaj2i)) ® 1 — (Egi_12j — Eajoin1) ® V-1

— (Egigj—1 — Eoj_12i) ® V—1- (Eaic12j-1 — Eaj_12i-1) ® 1.
Xil,’]p = (Egioj + E2joi) @ 1+ (Eoi—12j + E2j2im1) ® V-1

— (Baij-1 + Eaj_12) ® V—1+ (Eai—12j-1 + Eaj_12i-1) ® 1,
VP = (Eninj + Fajai) © 1 — (Eaio19j + Eajaic1) @ V—1

+ (Eigj—1 + E2j_12i) ® V—1+ (Egi—19j-1 + Eoj_192i-1) @1,
Xz’jp = (Ei9j + E2joi) ® 1 + (E9i—19; + E2joi1) ® vas)

+ (Egigj—1 + Eaj_12i) ® V-1 - (Eaic12j-1 + Eaj_12i-1) ® 1,
Y;’sz = (Baigj + Eojoi) @ 1 — (Egi—19j + Egjoi1) ® V-1

— (Baij-1 + Eaj_12) ® V—1- (Eai—12j-1 + Eoj_12i-1) @ 1,
Xf’p =F5i0i @1+ Ey_19;® V—1+ Eyi0i1 ® V—1- FEoi 121 ® 1,
Yig’p = Foi0i®1 — Foyi 1@ vV—1— Egi0i 1 ®vV—1—Ep_19;1® 1.

Note that t acts on itself and a by 0. It acts on Xif and Xi’jp by (Ef — E7), on Y;ljk
1, * * 2,](3 27 * * 2,]{3 2, * *
and Y; P by (B} — Ef), on X;5" and X;7 by (Ef + E7), on Y; " and Y;” by —(E} + EY).
Additionally, it acts on X* by 2E#, and on Y;>” by —2E. Recall that E? is defined as
t—t; forallt et
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2.7.2 Case N=2M-+1

The eigenspace decomposition for the action of t on € and p are as following;:

t=t® ( @C-Xj;’“) o ( b C-Y;”“) &) ( b (C-Xf;’“) o ( b C-Yj’k)
acdf aEdy acdy a€dy
& ( . C-Xf;’“) ® ( . Oij),

acdy a€dy

p:a@<EBC_X;,;)@(@@.yal,p)@(@C.Xgp)@(@c%f’p)

acdf a€dy acdf agdy

@(EB(C-XE;O@(@C-YQ’P>@<@C-X§P>@(@C-Y;m),

aE‘I’; acdy ae@j acd,

where

t= {t = Z (Eoi—19; — Eaini1) @tivV/—1: t; € (C},

1<i<M

M
a= {EMN ® api1 + Z (Eai—12i—1 + E92;) ® a; : a; € C such that a1 + 2 Zai = O},

1<i<M i=1

O = {(E — ) :1<i<j<M}and by = -0},
oy ={(Ef+E;):1<i<j<M}and ®; = -7,
OF ={FEf:1<i< M} and &; = —P7,
Of = {27 :1<i < M} and & = —0f,
Xi}k = (Baigj — Eaj2i) ® 1+ (Baic125 — Eajai1) @ V-1
~ (Baigj1— Eaj12) @ V—1+ (Eyi 1951 — Egj_12i1) ® 1,
Yzljk = (Ey2j — Fajoi) ® 1 — (Eai_195 — Eajgi1) ® V-1
+ (Ei2j—1 — Eaj_12) ® V—1+ (Egi—19j—1 — Eaj_192i-1) ® 1,
ijk = (Eai9j — Enjoi) @ 1 + (Egi—19; — Enjoi1) ® V-1
+ (Egi2j-1 — Eoj_12i) ® V-1 - (Eaic12j-1 — Eaj_12i-1) ® 1,
Y2F = (Byigj — Bojoi) @ 1 — (Baio19j — Bajaio1) @ V-1
— (Eaigj—1 — Fajo12i) ® V-1- (Eoi12j-1 — Eajo12i-1) ® 1,
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XP% = (Engic1 = Baicin) ® 1= (Engi — Bain) @ V-1,
Y = (Engict — Baicin) @ 1+ (Engi — Esiy) © V-1,
X;P = (Baipj+ Eajoi) ® L+ (Esic19) + Eajoi1) ® V-1

— (Baigj1+ Egj12i) © V=14 (Bgii19j-1 + Eaj12i1) ® 1,
Y;jzp = (Egmj + Ezjygi) ®1-— (E2i71,2j + E2j,2i71) ®v-1

+ (Baigj1 + Eaj12i) @ V=1+ (Eyi_19j-1 + Eaj_12i1) ® 1,
X = (Baigy + Eajai) @ 1+ (Bair95 + Eajoi1) @ V-1

+ (Baigjo1 + Byjo120) @ V=1 = (Baic19j-1 + Eajo10i-1) ® 1,
Yf]zp = (Egigj + Bajoi) @ 1 — (Bai—195 + Bajoio1) @ V—1

— (Baigj1 + Byjo120) @ V=1 = (Bicrgjo1 + Enjo12i-1) ® 1
Xf”p = (Engic1+ Eoic1n) @1 — (Engi + Eain) @ V-1,
Yi&p = (Engio1 + Foiin) @1+ (Engi + Esin) @ V-1,
Xf’p = Fai0i @1+ Foi 10 @ V=14 Egii 1 ®V—1— Esi12i1®1
}/;44’ = Fnii ®1— By 19 @ V—1— Enii 1 @ V—1— En; 19,1 ® 1.

Observe that t acts on itself and a by 0. It acts on Xlljk and Xil,’jp by (Ef — E5), on Y;ljk
and Y;¥ by (E} — E;), on X% and X[ by (E; + E}), on Y* and Y;” by —(E; + E}).
Moreover, it acts on X" and X>* by E, on Y;*? and Y;** by —E?, on X"’ by 2E7, and
on Y;*? by —2E#. Recall that E* is defined as t — t; for all ¢ € t.
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Chapter 3

Algebraic Groups

This chapter contains a brief discussion of affine algebraic groups, with a particular emphasis

on reductive groups. It is based on the references:[7],[21], [25], [20], [27], [35], and [37].

Throughout the chapter, K denotes a field of the characteristic 0, and K is an algebraic
closure of K. Moreover, F' denotes a subfield of K and F is a field extension of F in K.

3.1 Affine Algebraic Varieties

The affine n—space A" is identified with the Zariski topological space K™. An algebraic
subset V' of A" is defined as the zero set of a collection of polynomials in K[z,...,x,].
For a given algebraic set V', we denote I(V') as the set of polynomials that vanish simul-
taneously on V', making I(V) an ideal in K{zi,...,x,]. Furthermore, I(V) is a radical
ideal, meaning \/m = I(V). The coordinate ring of an algebraic set V' is given by
K|V] = Klzy,...,z,)/I(V).

If V' is the union of smaller algebraic sets V; and Vs, then I(V') = I(Vy) N I(V3). In this
case, we say that V' is a reducible algebraic set. An algebraic set is irreducible if and
only if I(V) is a prime ideal. An affine algebraic variety is an irreducible algebraic set,

implying that the coordinate ring of an affine algebraic variety is an integral domain.
The dimension of an affine algebraic variety is the supremum of the length of the chains
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of irreducible closed subsets, i.e.,
dimV =sup{d: 3 Vo C Vi C ... C Vj for irreducible closed subspaces V,, for 0 < n < d}.

Example 3.1.1. The affine n—space A" is an affine algebraic variety of dimension n, and

the coordinate ring K|xq, ..., x,).

Example 3.1.2. The multiplicative group K* is an affine algebraic variety of dimension 1,

and the coordinate ring K|x,y]/(zxy — 1).

Let V and W be affine algebraic varieties. A map T : V' — W is a morphism between
algebraic varieties if and only if the induced map T : K(W) — K(V) is a K—algebra

homomorphism.

Consider affine algebraic varieties X C A" and Y C A™ with coordinate rings K[X] and
K[Y], respectively. The product X x Y is also an affine algebraic variety with coordinate
ring K[X x Y], which is isomorphic to K[X]| ®x K[Y]. Suppose [(X) C K[xy,...,x,] and
I(Y) C K[y1,-..,ym] are sets of polynomials, vanishing on X and Y respectively. Then,
X xY is a zero set for radical of ideal generated by I(X) and I(Y)in K[z1,...,Zn, Y1, - - Ym]-

3.2 Affine Algebraic Groups

An affine algebraic group G/K is an affine algebraic variety together with a group struc-
ture such that the multiplication map p : G x G — G and the inverse map ¢ : G — G are

morphisms of affine algebraic varieties.

Example 3.2.1. G,/K is the affine algebraic variety over K with the coordinate ring
K[G,] = K[z]. And, group operations are defined as u(x,y) = x +y and 1(x) = —zx.

Example 3.2.2. G,,/K is the affine algebraic variety over K with the coordinate ring

K[G,,] = K[z,y]/(zy — 1). And, the group operations are u(z,y) = zy and t(z) = 7 .

Example 3.2.3. The general linear group GLy/K = GLx(K) is an affine algebraic variety
over K with the coordinate ring K[GLy] = K[{z;; : 1 <1i,7 < N}U{y}|/(ydet([z;;]) — 1),

and dimension N2.
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For any commutative K-algebra A, the A-points of the algebraic group G are given by
G(A) = Hompg a15(K[G], A). Consequently, an algebraic group over K can be viewed as a

representable functor from the category of K-algebras to the category of groups.

An algebraic group G/ K C A} is deemed to be defined over a subfield F' if the coordinate
ring K[G] = K ®p F|G], where F[G] represents the coordinate ring of G/F := G N A%}. In
simpler terms, this implies the existence of a collection I of polynomials in F'|xy,. .., z,]| such
that G is the zero set of I in A%. In such cases, the group G/ K maintains its definition over

any extension F of I inside K. This persistence arises from the isomorphism
K®pFIGI=2 K ®p E®p FIG) =2 K ®5 E|G].

Furthermore, a morphism 7" : G/K — H/K between affine algebraic groups is considered to
be defined over F if the induced map T : K ® F[H] — K ® F[G] is identical to idgx ®T" for
some F-algebra homomorphism 7" : F[H] — F[G].

An algebraic group G/K is called a simple if no proper normal subgroup exists. An
algebraic group is called an absolutely almost simple if it does not have proper connected

normal algebraic subgroups.

The derived subgroup [G, G] of G is the subgroup generated by {xyz~'y™! : 2,y € G}.
The derived series of (G is a descending sequence of subgroups of G by setting G° := G
and G"™! := [G",G"]. An algebraic group is called solvable if G" = {1} for some n > 0. A
connected component of the identity in the maximal solvable normal subgroup of G is called
radical of GG, denoted by Rad(G). An algebraic group is called a semisimple if the radical

of G is trivial.

Lemma 3.2.1. Let G/K be an algebraic group defined over K then G/ Rad(G) is a semisim-
ple algebraic group. Moreover, the derived subgroup of G/ Rad(G) is equal to G/ Rad(G).

An algebraic group homomorphism is a morphism of varieties and a group homo-
morphism also. A surjective algebraic group homomorphism is called an isogeny if it has a
finite kernel. An algebraic group G is called a simply connected if any isogeny ¢ : H — G

is an isomorphism given that H is connected.

Example 3.2.4. The special linear group SLy/K = SLy(K) is an affine algebraic variety
over K with the coordinate ring K[SLy] = K[{z;; : 1 <1i,j < N}|/(det([z;;]) — 1), and
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dimension N? — 1. It is an absolutely almost simple algebraic group since only the proper
normal subgroup is isomorphic to uy = {x € K : 2% = 1}. Moreover, it is a simply

connected semisimple algebraic group (refer to Chapter 21 of [25]).

3.3 Base Change and Weil Restriction of Scalars

3.3.1 Base Change

Let G/F be an affine algebraic group and consider a field extension E of F. The base
change Gg or G xp FE is defined such that Gg(A) = G(A) for any FE-algebra A. The
coordinate ring of G is E[Gg] = E ®p F|G]. Therefore, the functor — x p E' maps algebraic

groups over F' to algebraic groups over E.

3.3.2 Well Restriction of Scalars

Let G/E be an affine algebraic group, and let F' be a subfield of E. The Weil restriction
of scalars of G/E to F is denoted as Resg/p G and is defined by Resg/p G(A) = G(E®F A)
for any F-algebra A. Consequently, Resg/p is a functor from the category of E-algebraic
groups to the category of F-algebraic groups.

The coordinate ring for the Weil restriction is a ‘universal object’ F[Resg/p G] with an
E-algebra homomorphism i : E[G] = E ®p F[Resg,p G| such that for any F-algebra A and
E-algebra homomorphism j : E[G] — E®p A there exists a unique F-algebra homomorphism
J : F[Resg/p G] — A satisfying j = (idg ®J) o i.

Let {x1,...,2z4} be a basis of E as F- vector space, and {z7,...,z5} is a dual basis of
E*. For any B € E — Alg, let S(B) = Sym(E* ®p B) be the symmetric algebra on a F-
vector space E* ®p B. Let I(B) be the ideal of S generated by

{y* ® ab — Z Y (ziz;)(r; ®a)(z; ®b) 1 y* € E* and a,b € B}
1<i,j<d

U {y"@z—y*(x)-1:y" € E* and x € E}.
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It is not necessary that for any B € E — Alg, I(B) # S(B). We say R(B) = S(B)/I(B)
exists if S(B) # I(B) or equivalently R(B) # 0. Note that R(B) may not be E-algebra but
it is F-algebra. If B is an affine algebra then R(B) exists (see Corollary 11.4.3. in [37]). If
R(B) exists then it also satisfies a universal property mentioned in the second paragraph of
Subsection 3.3.2. So, R(E[G]) exists and it is the coordinate ring for Resg/p G.

Example 3.3.1. The coordinate ring of the Weil restriction of scalars to R of G = SLy/C
18
R['Ia Y, 2, W, T, Y, 2, w]

RIR G| = )
[ €Sc/Rr ] (xw_yz_fw_{_gg_l’xw—yi—l—wf—zg)

and the map i : C[SLq] = (gl‘il;ffll]) — CorR[Resc/r G is defined as i(1) = 1®1, i(1) = 1®1,

ila)=1z+.:®2,i(b) =10y+:1Qy,i(c) =1®z+:1®z and i(d) = 1 @ w + 1 ® 0.
Example 3.3.2. Let F' be a number field. Let {wy = 1,...,wq} be an integral basis of the
ring of integers of F', and so it is a basis for F' over Q also. Let G = SLy/F be an algebraic
~ Flz; ;:1<i,j<N]
group and F[G] = W

restriction of scalars to Q is

be the coordinate ring. Then the coordinate ring of Weil

Q[mf)jzlgi,jSNandlgrSd]

Q[ReSF/Q SLy| = (fi—1,fay..., fa) ’

where fo € Zlxj; 1 <4,j <N and 1 <r < d] suchthatdet[zr1 afwr| =3 frwp. The
map i : F[G] — F ®q Q[Respyq G] is defined as x;j — Y w, @ x];

Note that any FE-algebraic group automorphism of G, induces an F-algebraic group
automorphism of Resg/p GG, but not all F-algebraic group automorphism of Resg/rp G are

obtained from F-algebraic group automorphism of G.

Example 3.3.3. Continue with the notations in Fxample 3.3.1. Let ¢* be an R- algebm auto-
morphism of R[Resc/r SLo| defined as x,y, z,w, 2,7, Z,w maps to x,y, z,w, -, —Z, —W0,
respectively. Let ¢ be the algebraic group homomorphism of Resc/r SLo mduced by ¢ on
R[Resc/r SLs], then ¢ is not obtained by any C-algebraic group automorphism of G.

Example 3.3.4. Continue with the notations in Erample 3.3.2. Let 7, : E — E be an
F-algebra automorphism and 7.(w,) = ) a,sws for some a,, € Z then 7*(x};) = > as, T
define a Q-algebra automorphism on Q[Resp/q SLy]. Let T be the algebmzc group auto-
morphism of Respjg SLy induced by 7. on Q[Resp/q SLy], then T is not obtained by any
F-algebraic group automorphism of SLy/F .
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Lemma 3.3.1. The Weil restriction of scalars serves as the right adjoint functor to the base

change functor, denoted as

HomE—Alg.Grp<G XF E7 H) = HomF—Alg.Grp(Ga ReSE/F H)

Proof. 1t is equivalent to show that
HomE,Alg(E[H], E[G XF E]) = HomF,Alg(F[ReSE/F HL F[G])

It follows from the universal property of F[Resp/r H] and E[G xp E] = E @ F[G]. O

3.4 Torus

An algebraic group T//K defined over F is called a torus if T% is isomorphic to G’, /K for
some r > 1. This is expressed as T(K) = (K ), where r is called the absolute rank of
the torus. A torus 7T is labeled as an E-split torus if T'/F Xy E is isomorphic to G}, /E
for the field extension E over F'. The splitting component of 7" over E is maximal among
the subgroups of T/ F' x p E which splits over E. The E-rank of the torus T is defined as the
maximum rank among subgroups of T'/F X r E that split over E. An anisotropic torus is

characterized as a torus with K-rank 0, signifying the absence of any split subtorus.

A character on a torus 7/ K is an algebraic group homomorphism x : T% — G,,,/K. The
collection of characters on a torus is an abelian group, denoted as X (7T') since the product
and inverse of characters are also characters. Similarly, a one-parameter subgroup of a
torus is given by p : G,,/K — T. The set Y (T)- consisting of one-parameter subgroups,
is an abelian group. Let X (T')g be the character group consisting of the characters defined

over F.

Example 3.4.1. If T = G,,/K, then X(T) = Y(T) = Z since any character or one-
parameter subgroup can be defined as x +— x" for any r € Z. Moreover, X(T)x = X(T). In
general, if T = Gl /K, then X(T)x = X(T) = X(G,,)" 2 Z" =Y (T).

Lemma 3.4.1. X (1) = X(Ts,) where Ty is a splitting component of torus T/ K.
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Example 3.4.2. Let G = GLy(K) be the general linear group defined over K, and let Ty
be a subgroup consisting of diagonal metrics. Then Ty is a mazximal torus defined over K of

absolute rank N.

A character of an algebraic group GG/K is an algebraic group homomorphism from the
base change Gz to G,,/K. Similar to the torus case, the collection of characters of G also

forms an abelian group, denoted by X (G).

Lemma 3.4.2. Let G/K be an algebraic group defined over K, then the natural restriction
map X (G) — X(Rad(G)) is an injective homomorphism.

Proof. Let x : G — G,, be a character such that x|raae) = 1. Lemma 3.2.1 implies
|G/ Rad(G),G/Rad(G)] = G/Rad(G), so the image x(G/Rad(G)) is trivial. Hence, x is
trivial. []

3.5 Linear Algebraic Groups

An affine algebraic group G is called a linear algebraic group if an injective homomorphism
¢ : G — GLN(K) exists for some positive integer N. This implies that G is a Zariski closed
subgroup of the general linear group GLy(K).

An element x € G is called a semisimple if it is diagonalizable in G. An element = € G

is called an unipotent if (x — )" = 0 for some n.

An element x € G is called a elliptic if it is semisimple and the maximal split subtorus

of the center of the centralizer is equal to the maximal split subtorus of the center of G.

The unipotent radical Rad,(G) is the set comprising of all unipotent elements within
Rad(G). A linear algebraic group G is called a reductive group if the unipotent radical
Rad,(G) is trivial. If G is connected reductive then the radical is the connected component

of identity in the center.

Lemma 3.5.1. If G is a reductive algebraic group over K with the center Z(G) and the
deriwved subgroup [G,G) then G = Z(G) - |G, G|. Moreover, Rad(G) = Z(G) and [G,G] is a

semisimple algebraic group.
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Let G/K be a reductive algebraic group defined over K. Let T/K be a maximal torus
of G defined over K. Then a rank of GG is a rank of a torus T. An algebraic group G is
split over F if a maximal torus T splits over E. A split component of GG over E is a split

component of T" over E.

An element g € G is called a regular if the dimension of the centralizer is equal to the
rank of G.

Example 3.5.1. Let G = GLy/K, then scalar matrices are not regular but any non-scalar

matrix is regqular.

3.5.1 Lie Algebra of a Linear Algebraic Groups

The Lie algebra associated with a linear algebraic group G/K is defined as the set of deriva-
tives on the coordinate ring K[G], formally denoted by

g = Lie(G) = {0 € Homg A, (K[G], K[G]) [ 6(fg) = 6(f)g + fd(9)}-
This Lie algebra, g, forms a K-vector space equipped with the bracket operation
[51, (52] = (51 e} 52 - (52 o (51.

A linear algebraic group homomorphism ¢ : G — H induces a natural Lie algebra homo-
morphism d¢ : Lie(G) — Lie(H). Notably, as G is a closed subgroup of GLy(K), the Lie
algebra Lie(G) is a Lie subalgebra of My (K) = Lie(GLy(K)).

For an element ¢ in G, the map Int,(z) = gxg~! defines an algebraic group isomorphism,
leading to the induced linear map Ad(g) : ¢ — ¢g. The map Ad : G — GL(g) is a group
homomorphism since Ad(g192) = Ad(g1) Ad(gs); it is called the adjoint representation.

If a linear algebraic group G/ K is defined over a subfield F' then the Lie algebra of G is

also defined over F. Moreover, the adjoint representation is also defined over F'.
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3.6 Root System and Parabolic Subgroups

Consider a connected reductive linear algebraic group G /K defined over the field K, and
let T be a maximal torus in G. The centralizer Zg(T) of T in G is T. Let Ng(T) be
the normalizer of T in G. The Weyl group W := W(G,T) is defined as the quotient
Na(T)/Ze(T). The Weyl group W(G,T') also acts on X (T').

Under the adjoint representation Ad : G — GL(g), Ad(T') consists of commuting semisim-

ple elements. For a character a € X (T'), we define
0o ={X €g|Ad(t)X = a(t)X Vt € T}.

The set & = (G, T') comprises non-trivial characters such that g, # 0, referred to as the
roots of G relative to T'. Let (®) be the subgroup of X (7)) and V = (®) ®z R.

o The Lie algebra of a reductive linear algebraic group G decomposes as g = t&P .4 ga,
where t is the Lie algebra of the maximal torus 7. Moreover, the dimension of each g,

is 1.

e Let T, be the connected component of the identity of the kernel of the character a.
Then Z, := Z5(T,) is a reductive group with Lie algebra Lie(Z,) := 30 = t®ga P g_a-
Furthermore, the group G is generated by the subgroups Z,,.

e There exists a unique connected T-stable subgroup U, C Z, of G such that Lie(U,) =

ga- Moreover, for n € Ng(T'), the conjugation nU,n ™"

W(G,T) = Na(T)/T.

= Uy(a) holds, where n — w in

e If & € ¥, then there exists a reflection s, on V' such that s,(®) C .

The abstract Weyl group generated by {s, : @« € ®} is isomorphic to W(G,T).

A subset A C @ is considered a base if A forms a basis of the vector space V', and each
« is expressible as either a non-positive or non-negative linear combination of elements from
A. The individual elements of the base are termed simple roots. Consequently, the group
G is generated by Z, for each @ € A. Let @1 denote the set of positive roots, signifying

those roots that can be represented as a non-negative linear combination of simple roots.
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The Borel subgroup of a connected reductive algebraic group G is defined as a maximal
solvable subgroup within GG. Let T be the maximal torus in G, and it is included in some
Borel subgroup B. Denoting the unipotent radical of B as U, a unique base A exists such
that U can be generated by U, for a € ®*. Consequently, B takes the form T x U. Any

two Borel subgroups of G are conjugate.

Lemma 3.6.1. (Bruhat Decomposition) Let G be a connected reductive algebraic group
with Borel subgroup B containing the torus T'. Then G can be expressed as the disjoint union
of double cosets: G = Uy,eywBwB.

A parabolic subgroup P of a connected reductive group G is defined as a closed
subgroup containing a Borel subgroup. If P is a parabolic subgroup, it is self-normalizing.
Moreover, when P and P’ are conjugate parabolic subgroups both containing the Borel

subgroup B, they are necessarily equal.

Now, consider a fixed Borel subgroup B in G along with the corresponding base A. Any
parabolic subgroup containing B can be expressed as Py = BW;B, where I C A. Here,
W, denotes the subgroup of the Weyl group generated by S; = {s, : « € I}. Let U; be
the unipotent radical of P, Tt be the connected component of identity in N,e; Ker a;, and
My := Zg(Ty). Then M is also a reductive algebraic group. The decomposition P = M;xU;
is known as the Levi decomposition. Notably, P; includes the Borel subgroup, and so, Uy

is a subgroup of U. The set ® is the collection of roots a for which U, generates Uy.

Example 3.6.1. In the special cases where I = ), Py = B, Uy = U, and Ty = My = T
since T is a maximal torus. When I = A, Px = G, Uxr =Tax =1, and Max = G due to the

reductive nature of G.

Let P be a parabolic subgroup of GG defined over K, and P = M x U be the Levi
decomposition. Let Zp be the center of M, and Ap be a maximal split subtorus of Zp
defined over K.

Lemma 3.6.2. The character group X (P)g consisting of characters defined over K is iso-
morphic to X (Ap).

Since T' (a maximal torus of ) is also a maximal torus of M, we define Wy, := Ny (T)/T.
Let ®(M,T) be the root system of M relative to 7. Fixing a base A for G, we can fix a
base Ay :i= ANS(M,T). Let W' :={weW:w'(a)>0forall « € Ay} = W/ Wiy
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Example 3.6.2. Let G = GL3 be a general linear group. Then T consisting of diagonals

is a mazimal torus, A = {e; — ey, e — €3} is a base, and Weyl group is W = S3. Let

* ok ok * x 0 1 0 =
I:{el—eg}thenPI:{ x % % },Mlz{ * x 0 }andU;z{ 0 1 = }
0 0 = 0 0 = 0 0 1

Moreover, Wy = Wy = Sy, ®(M,T) = {e; — es,e5 — 1} and ®F = {e; — e3,e3 — e3}.

3.7 Real Reductive Groups

We define G as a real reductive group when there exists a reductive algebraic group G/R
and a group homomorphism G — G(R) with finite kernel and cokernel. The torus 7', Borel
subgroups B, and parabolic subgroups P in GG are mapped to the real points of a torus, Borel
subgroups, and parabolic subgroups of G under this homomorphism. The split component
A is the connected component of the identity of the maximal R-split torus in the center of G.
The character group of G consists of characters x : G — C*. We define °G = Nker | x|, where
the intersection runs over all the characters. Thus, G is the product of the split component
and °G.

A p-pair (P, A) is characterized by a parabolic subgroup P with a split component A.
The Levi decomposition of P is given by P = M x U, where M = Zg(A). The set (P, A)
represents the roots of P with respect to A, and A(P, A) is the collection of simple roots.
The character pp on A is defined as pp(a) = |det(Ad al,)|*/?, where Ad denotes the adjoint
action of M on the Lie algebra of U through the adjoint action. In this context, pp can be

considered as an element of a*, then pp = %Zaeqﬁ o if P = Py for some I C A.

Let K be a maximal compact subgroup of G. Let Ay be a maximal R—split subgroup of
G whose Lie algebra is orthogonal to the Lie algebra of K. Let Py be a minimal parabolic
subgroup with a split component Ag. A p-pair (P, A) is called a standard p-pair if Py C P
and A C Ay.

A Cartan involution 6 of GG is an order 2 automorphism whose fixed set is the maximal
compact subgroup K of G. Let df : g — g be its differential. Denoting the —1 eigenspace
of df as s, the map (k,z) — k- exp(z) is an isomorphism of K x s onto G. All Cartan

involutions are conjugate under automorphisms.
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Example 3.7.1. Let G = GLy/R then G = GLn(R) is a real reductive group, and the
Cartan involution is given by 0(z) = ‘=~

Example 3.7.2. Let G = Resc/r(GLn/C) then G(R) = GLy(C) is a real reductive group,
and the Cartan involution is given by 0(z) = T='.
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Chapter 4

Automorphic Forms

We begin by describing some basics of modular forms and their generalization to the theory
of automorphic forms on G Ly over a number field F. Next, for later use, we show that the
space of automorphic forms on GLy/F is induced from automorphic forms on SLy/F (see

lemma 4.2.1). The discussion is based on the references: [1], [13],[14], [23],[34] and [36].

4.1 Automorphic Forms for GL;/Q

4.1.1 Holomorphic Modular Forms

Let G = SLy(R) and X = H denote the complex upper half plane. The action of G
b

“ z = &Z+b. Define

c d cz+d

Jj:SLy(R) x H — C as (g,2) — cz + d. Then j satisfies the cocycle condition:

on X is through linear fractional transformations, i.e., gz =

39192, 2) = j(g1, 922)5 (92, @)
The function SLs(R) x H — C satisfying cocycle condition is called multiplier or type.

Let I" be a discrete subgroup of SLs(R) such that I'\'SLy(R) has finite volume. Let k be

a positive integer. A weak modular form of weight k on I' is defined as a holomorphic

33



function f : H — C satisfying the transformation property f(vz) = j(v, 2)*f(z) forally € T,
where j(7, z) is the multiplier function described earlier. A weak modular form is called a
modular form if j(g, 2) 7% f(g2) has a Fourier expansion around infinity for all g € SLy(R),
ie., j(g,2) " flgz) = ano an€
satisfying the additional property that ag = 0 for all g € SLy(R). The collection of modular

nmiz A cusp form of weight & on I' is a modular form

forms and cusp forms of weight k on I' is denoted by My(I") and Si(I"), respectively.

4.1.2 Automorphic Forms on GL; (R)

6 —sind
Let G = GL3(R) be a topological group and K = SO(2) = < kg = (C?S i )} be
sinf  cos®

the standard maximal compact subgroup. Let || - || be a norm on GLj (R).

Theorem 4.1.1. (Iwasawa Decomposition) G = KAN where N is the subgroup of G
comprising all upper triangular unipotent matrices and A is the subgroup of G comprising

all diagonal matrices.

Let w : R* — C* be a character. A function f : GL] (R) — C is called a slowly
increasing function if there exists n > 0 such that |f(g)] < ||g||*. A slowly increasing
smooth function f : GL3 (R) — C is an automorphic form of weight k, level I' C GL; (Q)
and central character w if f(zygks) = w(2)j(ke,i) ¥ f(g) for all 2 € Z(G), v € T and
kg € K. Let A(T',w, k) denote the set of all automorphic forms of weight k, level T" and

central character w.

A cuspidal automorphic form is an automorphic form f satisfying the condition
Sy f(ng)dn = 0 for all g € GL3 (R). The set of cuspidal automorphic forms is denoted
by A0<F7 w, j7 k)

Example 4.1.1. If f belongs to the space My(I') for some subgroup I' C SLy(7Z), we can
define f : GLI(R) — C by setting f(g) = det(g)*?j(g,1)7*f(gi). Consequently, f lies in
the space A(L,1,4,k). Moreover, if f € S(T) then f € Ay(T, 1,7, k).
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4.2 Automorphic Forms for Reductive groups

Let F' be a number field, G be a reductive group over F, and Z be the center of G. Let
G(F), G(Af), G(Fx) and G(Ap ) denote the F', Ap, F, and Ag points of G, where Ap
and Ag; denotes the adele and finite adele ring, and Fiy = F ®g R. Let go be the Lie
algebra of G(F), U(g) be the universal enveloping algebra, and Z(g..,) be the center of

U(goo)-

A function f : G(A) — C is called a smooth automorphic form with the central
character w: Z(Ap) — C* if

e f(zxg) =w(2)f(g) for all z € Z(Af) and z € G(F),

e f.(y) := f(x x y) are smooth functions on G(Fy) for all x € G(Apy) and f,(z) :=
f(z x y) are locally constant functions on G(Ap ) for all x € G(Fy),

e f.(y) are slowly increasing functions on G(F,),
e there exists an ideal J of finite codimension of Z(g.,) such that J annihilates f,

e there exists &, € C°(G(Fw)) and & € C°(G(Aps)) such that (§eo ® &f) * f = f.

The space of smooth automorphic forms with the central character w is denoted by

A(GFNG(Ap),w)>.

A smooth cuspidal automorphic form is a smooth automorphic form f such that
fU(F)\U(AF) flug)du = 0 for all ¢ € G(Ar) and for all unipotent radical U of any proper
parabolic subgroups P. The set of smooth cuspidal automorphic forms with the character
w is denoted by Ay(G(F)\G(Ar),w)>.

Let w be a unitary character, then f is called a square-integrable automorphic form
if [ Z(0)C(FNG(hrp) |f(9)]Pdg < oo. The collection of square-integrable, smooth automorphic
forms is denoted L?(G(F)\G(Af),w)®. Additionally, the subspace of square-integrable,
smooth, and cuspidal automorphic forms is denoted L3(G(F)\G(Af),w)>.

Let G = GLy/F and G' = SLy/F are algebraic groups, and let w be a character on
Z(Ar), and w' be the restriction of w to Z(Ar) N GY(AF).
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Lemma 4.2.1. (Refer [27]) As G(F)-modules,

o0 ~Y G Foo o0
L2, (T\G(Fu), wloo)™ 2 IndLS ) 1y Lo (TG (Fio), w0 o0) .

Proof. Since G(Fy) = Z(Fx) - [l,eg, O(N) - G'(FL), the subgroup I'Z(F,)G"(Fx) has
finite index in G(F,,). It operates on the space of automorphic cuspidal forms on G'(F,,)

via [(7z2z) - fl(y) = w|eo(2) f(7 'yyx). Now, let us introduce the mapping

0 L2 (D\G(Fu), wloo)® — Indgy)

Lgusp(rl\Gl (FOO)7 wlyoo)oo7

defined by [T'(f)(9)](z) = f(zg) for x € G'(Fy) and g € G(F). It is easy to check
[T(f)(9)] € L2sp(T\G'(Fi), w"|so)>. The map is well defined since

[T(f)(yvzhg)l(x) = f(v~ ayzhg) = w(2)[T(f)(9)](v avh).

The map T is injective since [T'(f)(g)](1) = f(g). To establish the isomorphism of T, we
define an inverse map S such that 7o .S =id and S o T = id, given by S(f)(g) = f(g)(1).
For z € Z(Fy), vy €T, and g € G(F), we have:

S(f)(zvg) = f(zvg)(1)
=w(2)fg)(v 17 1) =w(2)S(f)(9)

The function S(f) is cuspidal since the unipotent radical U is a subgroup of G! for any
parabolic subgroup P of G with the Levi decomposition P = MU. Moreover, S(f) is square

integrable since:

/ S @k = [ o)1)
Z(Foo)T\G (Foo) Z(Foo)P\G(Fno)
-/ ([ owPa )i
Z(Fso) TG (Fso)\G(Foo) \ JTN\G(Fio)
-/ ([ @ )y <o
Z(Fso) TG (Fso)\G(Foo) \ JTN\G(Fio)

So, the map S is well-defined. Therefore, the lemma follows. n
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Chapter 5

Dimension Formulas

Let I" be a congruence subgroup of SLy(Z) and (p,V,) be a finite dimensional complex
representation of I' such that p(I") is a compact and ker(p) has a finite index in I". For an
integer k > 0, a holomorphic function f : H — V, is called a modular form of weight k on I
if f(vz) =7(7,2)%p(7)- f(2) for all v € T and j(g, 2) % f(gz) has a Fourier expansion around
infinity for all g € SLy(R), i.e., j(g,2) " f(gz) = 3,50 an€®™*. A cusp form of weight &
on I' is a modular form satisfying the additional proI_)erty that ap = 0 for all g € SLy(R).
The collection of modular forms and cusp forms of weight & on I" is denoted by M (T, p)
and Sy (T, p), respectively.

The chapter concerns dimension formulas for the space of cusp forms with values residing
in the representation space of SLy(Z) that arise from an irreducible representation of S Lo (F),
where F = Z/qZ is a finite field of prime order ¢ > 5.

5.1 Dimension and Multiplicity

We calculate the dimensions of Sy(SLs(Z), p) by using the character of a certain represen-
tation of SLy(IF) in the space of cusp forms Si(I'(g)). Since I'(¢) is a normal subgroup of
I'(1) = SLy(Z), there is a natural homomorphism

o1 SLy(Z) — GL(SK(T(q))),
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defined as [0(g)f](z) = j(g7%, 2) % f(g7"2). Since o is a representation with T'(q) C ker(o),

it factors through a representation of SLy(F). Suppose o decomposes as,

= D

where the direct sum runs over the inequivalent classes of irreducible representations of

SLy(F), and m, is the multiplicity of the irreducible representation p in o.

Let Sk(I'(q), p) is the space of classical cusp forms taking values in V,, and
0:5Ly(Z) = GL(Sk(I'(q), p)),

defined as [0(g) f](z) = j(g7%, 2)"p(g) - f(g~'2), is also a representation of SLy(Z).

Lemma 5.1.1. §,(I'(q), p) is equivalent, as a representation of SLy(7Z), to the tensor product
of Sp(I'(q))®V,, i.e., 8 ~ o®p. Moreover, xo = Xo-X,, Where Xg, X» and x, are the characters
of 0, o and p, respectively.

Proof. Define a linear map T : Sx(I'(¢)) ® V, — Si(L'(q),p) as [T(f ® v)|(z) = f(z)v.
The map is well-defined since I'(¢) C ker(p). Let {ei,...,e,} is a basis of V, then for any
f € Sk(['(q),p), there exist holomorphic functions fi,..., f, : H — C such that f(z) =
fi(z)er + -+ + fu(2)en. Since I'(q) C ker(p), f; € Sk(I'(¢q)). Then

T(ioer+ -+ fn®e,) = f.

Hence, T is a surjective map. Since dim Sy (I'(¢), p) = dim Sx(I'(q)) x dim V,, the linear map
T is an isomorphism. The lemma follows since for f € S;(I'(q)), v € V, and g € SLo(Z),

() [T(f@v))(g™'?)

[0(g) o T(f ®v)](2) = 4( ) p(
(g7 2)Fp(g) - [f(g"2)v]

]

Lemma 5.1.2. The dimension of Sp(SL2(Z),p) is equal to the multiplicity of the complex

conjugation p of the representation p in o, i.e., dim Si(SL2(Z), p) = my.
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Proof. Since Sy(SL2(Z),p) = {f € Sk(T(q).V,) : 0(9)f = f, Vg € SLy(Z)}, the dimension

is equal to the multiplicity of the trivial representation in #. Then

dim 8 (SLs(Z),V,) = (X0, 1) = (XoXps 1) = (X0 Xp) = M5

Here, the second equality follows from Lemma 5.1.1. O

5.2 The Character Table for Representations

This section is a recall of the classification of irreducible representations of S Ly(F) based on
Section 4.1 of [3] and [18].

Let E be the quadratic extension of F, then E = F(v/A) for A ¢ F*2. Let z = 2+vVAy € E
then define Z := 2 — v/Ay. The norm N : E* — F* is defined by N(z) = 2z € F*. Let E}

denote the kernel of the norm map.

Remark 1. We can view Ef as a subgroup of SLs(FF) via the embedding

A
z:x+\/zyn—><x y)

Yy T

5.2.1 Principal Series Representations

LetB:{(g Z) ESLQ(F)},U:{C) Z;) :beIF}andT:{<g a(_)1> :aEF*}

be the Borel subgroup, its unipotent radical, and the diagonal torus, respectively. For a
character o : T' = F* — C*, it can be extended to the character of B, whose restriction
on T is a. Let p(a) denote the induced representation of B to SLo(F), which is called

parabolically induced representation.

e If a =1 is the trivial character then p(1) = 1@ St, where 1 is a trivial representation,

and St is the Steinberg representation of dimension gq.

e If a is a quadratic character, denoted by (.. Then p(¢.) = p(¢.)T @D p(¢.)~, where p((.)*
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are irreducible representations of dimension %. Note that, a quadratic character exists
and it is unique. Moreover, (.(z) = 1 for all z € F*? and (.(z) = —1 for all x € F*\F*2.

o If o is neither a trivial nor a quadratic character then p(a) is an irreducible represen-

tation of dimension ¢ + 1. Moreover, p(a) ~ p(@).

. 10 _ 0 1 :
Since {ej = ( . 1) 1] € F} U {e = ( . 0) } forms a set of coset representatives of
j —

B in SLy(F), for any coset representative v,

a(b) z=by € By

fy(@) = 0 v ¢ By

forms a basis of induced representations. So, for g € SLy(F) the trace character is

Trace pla)(a) = 3 fy(ug)

5.2.2 Cuspidal Representations

Let 7 : Ef — C* be a non-trivial character and ¢ be any non-trivial character of F. Let
V. ={f:E— C such that f(zz) =7(2)""f(z),Vz € E{}.

Let ¢ : F — C* be a non-trivial character. The group SLs(FF) acts on V, as

e

\]

S~—
VN
O =
— W
=

o

S~—

I

<

N

=

=

=

=

&
—~
\]
SN—
7N
I (@]
—_
O =

= —— Z f () (trace(Ty)).

ye]E

This action of group is called the special Weil representation (refer to [¢]). Note that V;
is stable under the above operations. The representation (w(7),V;) is called a cuspidal

representation for the character 7.
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e If 7 is a quadratic character, denoted by (y then w((y) = w(o)T Bw(y)~, where w((y)*

1

are irreducible representations of dimension 5=.

e If 7 is a nontrivial character such that 7 # (o then w(7) is an irreducible representation

of dimension ¢ — 1. Moreover, w(7) ~ w(7T).
We can choose €, € E* such that N(e,) =y for any y € F*. For every y € F*, define

7(x/ey)™t N(z) =y,

fym =
@ 0 N(z) #y.

Then {f, : y € F*} forms a basis for V; and the trace character for any g € SLy(F),

Trace w(7)(g) = Z[M(T)(g)fy]@)

5.2.3 The Character Table

Class (1 O) (—1 0 ) (1) (1 7) (:Jc Ay) (x 0
Repre. 0 1 0 -1 0 1 y x 0 a1
Sizes 1 1 £-1 q(q—1) q(g+1)
1 1 4 1 3
Repr. | Dim. jg{{fg zeEf —{x1} |z # %l €
pla) [q+1] % [ (¢+1) | (g+1Da(=1) a(=1)" 0 a(z) +a(z)
St q 1 q q 0 —1 1
1 1 1 1 1 1 1 1
wr) lg=1] 5 |- [-Dr(=) | —7((=)") | —7(2) —7(2) 0
p(Ce)i % 2 i21 qJQF_166 _1) ( )ﬂCi(,y) 0 Ce(x)
w(C)* | & 2 . Z60(=1) | (=1)"¢G () —Go(2) 0

Table 5.1: Character Table

where ((1) = 5(1 £ /g€), 5(A) = 51 F vge), (1) = 5(=1 £ /e, (D) =

(=1 F \/ge) and € = ((—1). (The computations left to the reader.)

1 11
Remark 5.2.1. For x € F*, the element (O T) 15 conjugate to either (0 1) if v € F*2,
1 A
or to if v & F*2.
() 3) e
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5.3 The Character of the Representation on Cusp Forms

Since I'y(¢), I'1(¢) and I'g(q) are subgroups of SLy(Z) such that they are the inverse image
under the natural map SLy(Z) — SLy(F) of the Borel subgroup, unipotent subgroup, and
E} respectively. Note that I'g(q)/I'(q) = B, I'1(q)/T'(q) = U and I'g(q)/T'(q) = E

Remark 5.3.1. Since o(=1)f = (=1)*f for all f € Sk(T'(q)), Xo(—9) = (=1)*x,(g) for all
g < SLQ(Z)

Let og be the restriction of o to I'g(q) or Ei. Since Ej is an abelian group,

D SiTel@).7

T:E} =C*

where S (Pe(q),7) = {f € Sk(T(q)) : or(g) - f =7(9)f Vg € Tr(q)}. Since x+(9) = X0z (9)
for all g € T'r(q),

Xol9) = Y 7(g)dimSk(Te(q), 7). (5.1)

TEE—C
Remark 5.3.2. We will say 7 is even (or odd) character if 7(—1) =1 (or 7(—1) = —1
respectively). If k is even (or odd) then Sk(I'r(q), 7) = 0 for all odd (or even) T, respectively.
So,
> 7(=1)dim S (Te(g), 7) = (—1)" dim Sy('(g)).

T:Ef—C*

Similarly, let o7 be the restriction of o to I'1(¢q) or U. Since U = F is an abelian group,

) =@ s

nelf

where Sp(I'1(q), V) = {f € Si(T'(q) : o1(g) - f = vulg)f, Vg € Fl(Q)}~ Since x,(g9) =
X0 (g) for all g € I'(q),

= tn(g) dim Sp(T'1(q), ¥). (5.2)

nelr

Let o be the restriction of o to T'g(q).

Lemma 5.3.1. If f € S;(I'1(q),vy) and g = (a

C

Z) € Do(q) thenoo(g)-f € Sk(T'1(q), Yna2)-
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Ty

Proof. Let v = (
zZ w

) € T1(q) then oy (7) - f = ¥u(y)f = €™ f. Now,

o1(7)oo(g) - f =0(v9) - [ =o00(9)a1(g " v9) - f = Uulg ' v9)00(9) - f
= n(d*y)oo(9) - f = Yuaz(y)oo(g) - f-

[
Lemma 5.3.2. Let g = (a Z) € T'o(q) such that d # +1(mod q). Then
c
Xo(9) = Y ¢(d)dimSi(To(q), 9)- (5.3)

¢:F*—C*

Proof. Since Sp(I'(q)) = @ Sk(I'1(q), 1), we have a basis of Sx(I'(¢)) as an union of bases
of 8§x(I'1(q),¥n). By using Lemma 5.3.1, an element of basis of S(I';1(q),,) contributes to
the trace of o(g) = 0¢(g) if and only if n =0 € F. So, X0,(9) = X55(g9) where 74 : T'o(q) —
GL(Sk(I'1(¢))). Since I'1(q) C ker(gp) and I'g(¢)/T'1(q) = F* is an abelian group,

where Sp(To(q),¢) = {f € Si(l'1(q)) : oo(z) - f = ¢(z)f, Vo € I'i(¢)}. So, the lemma
follows. ]

Remark 5.3.3. We will say ¢ is even (or odd) character if ¢(—1) = 1 (or ¢(—1) = —1
respectively). If k is even (or odd) then Sk(I'o(q), ®) = 0 for all odd (or even) ¢, respectively.
So,

> (=1 dimSi(To(), ¢) = (—1)" dim Si(T'1(g)).

¢:F*—C*

The character function of the representation o is:
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Class Representative size Xo
1 (é (D 1 dim S (I'(q))
() 1 (~1)* dim 8,(I (@)
| (6 1) !  nl1) dim ST (). 5)
| (0 1) |5 Se@amsi.e
(VD) 5 0 S em s
L (0 D) S cr S e s
S (fol g) alg+1) . @) dimSi(To(a). o)
I I ()

Table 5.2: Character of o

5.4 Cusp forms with values in principal series rep.

We will find the dimension of S(SLy(Z), p(ay)), where p(ay) is the parabolically induced

representation for a character ag : F* — C*.

Theorem 5.4.1. For the principal series representation p(a),

dim S, (SLo(Z), p(ar)) = dim Si(Tp(q), ).

Proof. Let F : Sk(Lo(q), ) = Sp(SLa(Z), p(a)) be a linear map defined as

Ff()(x) = j(7,2)7" f(22)

for any z € H and T € SLy(Z) is a pre-image of x € SLy(F). The map is independent of

the choice of ¥ since for any x1, 75 be pre-images of o then z,2," € T'(¢) and

jlar, 2) T far2) = j(aragt, 202) " j (e, 2) 7" flaray  waz) = (22, 2) " f(222).
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So, we will use z instead of . To show the map is well-defined we need to show that
Ff(z) € p(a) and F(f) satisfies the automorphy condition. For b € B, x € SLy(F), 2 € H
and g € SLy(Z),

[Ff(2)](bx) = j(bx,z) " f(bxz) = j(bx, 2) *a(b)j(b, x2)" f(x2)
= a(b)j(z,2) 7" f(xz) = a(b)[Ff(2)](z),
[Ffg2)](x) = j(x, g2) F flxgz) = j(g.2)"j (g, 2) " f(xgz)

( )
(g, ) IFf(2)(wg) = j(@,2) [p(a)(g) - Ff(2)](2).

Let G : Sk(SLa(Z), p(a)) — Sk(To(q), @) be a linear map defined as G f(z) := [f(2)](1). The
map is well-defined since for b € T'y(q),

Gf(bz) = f(bz)(1) = j(b, 2)[p(er) (b) - (2)](1)
=50, 2)"[f(2)](b) = (b, 2)*a(B)[f (2)](1) = j(b, 2)"a(b)G f (2).

To complete a proof of the theorem, we need to show that G is an inverse of F, which is easy
to see. This proof is an effect of Shapiro’s lemma on parabolic group cohomology, isomorphic

to the space of cusp forms via the Eichler-Shimura isomorphism. n
Remark 5.4.1. If a(—1) # (=1)* then Si(SL2(Z), p()) = Si(To(q), ) = 0.

Corollary 5.4.2. For the Steinberg representation,

dim Sy (SLa(Z), St) = dim Sy (To(q)) — dim Sy(SLa(Z)).

Proof. Let a =1 then p(1) = 1 & St. So, Sk(SLa(Z), p(1)) = Sk(SLa(Z),St) & Sk(SLa(Z)).
So, dim S,(SLs(Z), St) = dim S (To(q)) — dim Sp(SL2(Z)) for all k. O

For the quadratic character (. on F*, the parabolically induced representation p((.) is

the direct sum of two irreducible subrepresentation p((.)*. So,

Sk(SLa(Z), p(Ce)) = Sk(SLa(Z), p(Ce) ™) ® Sk(SLa(Z), p(Ce)™)-
Proposition 5.4.3. For the quadratic character (, on F*, if (.(—1) # (=1)F then
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Sk(SL2(Z), p(Ce)*) =0, and if C.(—1) = (—=1)* then

dim S, (SLa(Z), p(¢.)F) = %dlm Sk(To(q),

dlmSk Fl( )7%)-

Proof. Since p(C) = p(C.)" @ p(Ce)™- So,
Si(SLa(Z), p(Ce)) = Sk(SL2(Z), p(Ce) ™) @ Sk(SL2(Z), p(Ge) )

If (.(—1) # (=1)* then by using Remark 5.4.1, dim S (SLo(Z), p(¢.)*) = 0.
So assume (. (—1) = (—1)%. We will use the character formula to find the dimensions of
Si(SLy(Z), p(¢.)*). By using the character tables 5.1, 5.2, Equation 5.2 and Remark 5.2.1,

dim S (SLy(Z), p(C)*) = 2q§;(i>1) dim Sy.(T(q)) + 22;((]__11) (—1)F dim S, (T'(q))
gy O 50 CVAGED) X o) dim (T ) )

zeF* nelF

1 Z (Ce( ) (1j:<e( ) qu(_l))

_l’_
9(q —1) &

1)F> " () dim Sx(Ta (g ),qpn))

nelf

Z Gl Z () dim S;(To(q), )

) HF*C*
dim Sy(SLa(Z), p(C)E) = %dimSk(F(q)) oy 2 (2 0@ ) dimSulTi(a) )
Q<q 1) q q- neIF zelF*
qcfe_ 1 Z ( Z Ce ¢n ) dim Sk(rl (Q)7¢n)

+ﬁ 3 (de )dlmSk(FO( ), 9)

¢ F*—>C* N z€F*

Z @) D o(x) dimSi(To(g), ).

r==1 ¢]F —C*

For a fixed character ¢ on F*, the sum ) _r. (.(z)#(x) is equal to 0 unless ¢ = (.. Similarly,
for a fixed n € F, the sum ) _p9,(x) is equal to 0 unless n = 0. Note that the sum
Y wer Ce(@)n(x) is the quadratic Gauss sum if n # 0, and so it is equal to (.(n)+/qC(—1)
(Chapter 6 in [20]). Note that we are following the usual convention that the sign of /x is
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positive. We conclude the proof of the proposition by using Remark 5.3.3. [

5.5 Cusp forms with values cuspidal representations

We will find the dimension of Sk (SLy(Z),w(7y)) for a character 7 : Ef — C*.

Theorem 5.5.1. For cuspidal representation w(r), if T7(—1) # (=1)* then
Si(SLy(Z),w(T)) =0, and if 7(=1) = (=1)* then
k—1 1

dim 84(SLy(2),w(7)) = —5=(¢ = 1) = 5(a = 1) = —dlmSk(Fnz( );T) = %dimSk(TE(Q),T)-

Proof. We will use the character formula to prove this. By using Character tables 5.1,5.2
and Remark 5.2.1,

dim 8, (SLe(Z),w(m)) = Mdimsk(F(q)) + mo(=1) (—1)F dim S, (T'(q))

q(q+1) q(g+1)
TP 2%% DS,
i q(ql—l) 2 U2 ) dm St o))
+ ﬁ S (@) +7(2) Y. 7(2) dimSi(Te(g). 7)
z#+1 T:Ef—C*
dim Sy(SLa(Z), w(mo)) = TO<<q +1)1(>_ D dim 84(0())
1 -+ ’7'0( .
s Z (Z a) ) i (10, )
"2 1+‘1> >_(0(x) +7(2) Y, 7(2)dim Si(Te(q), 7)
, ¥ TI]E1—>(C.

+ m zzil 279(2) T:gc* 7(2) dim Sk (T'e(q), 7).

For a fixed character 7 on K7, the sum ZzeE; 7(2)10(2) is equal to 0 unless 7 = 7. Similarly

for any n € IF, the sum ) 4, () is equal to 0 unless n = 0. We get the following equality
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by using Remark 5.3.2.
1+ 7(—=1)(=1)* 1+ 7(—=1)(=1)*
qg—1 qg—1
1 . _ 1 .
~3 dim 8, (T'r(q), 7o) — 3 dim S(T'r(q), 70).

dim S (SLs(Z), w(m)) = dim Sx(T'(q)) — dim Si(T'1(q))

If 0(=1) # (=1)% then S.(T(q),70) = Sk(Tr(q),70) = 0 since —1 € T'g(q), and so
Sk(SLa(Z),w(1p)) = 0.

Now assume 7o(—1) = (—1)* then We complete a proof of the theorem by using the following
explicit formula of dimensions of S(I'(¢)) and Si(I'1(¢)) (Figure 3.4 in [13]). For k > 3,

dlmSk(F1<Q)) = kj2_41<q - 1) - %(q - 1)
am&(0(a) = L@~ 1)~ (- 1)

]

If 79 = (o is a quadratic character on Ef then the special Weil representation w((p) is the

direct sum of irreducible representations w({y)*. So,
Sk(SLa(Z), w(Co)) = Sk(SLa(Z),w(G)™) @ Sk(SL2(Z), w(Go)™)-

Proposition 5.5.2. If (o(—1) # (—1)* then Sp(SLy(Z),w(¢0)*) = 0, and if {o(—1) = (=1)*

then
_ " k-1, , 1 1 .
dim S(SLo(Z),w(Go)*) = 7«1 ~1) = (0 - 1)~ 5 dimS(Te(a), &)
_1 %ﬂge Sk q ¢n)

Proof. By using the character formula similar to Theorem 5.5.1, we get the following

dim Sy, (S Ly (Z), w(()*) = = ! dimSk(F(q)) — dimSk(Fl(q)) — %dimSk(FE(q),Qo)

Sk F1 wn)

nel*
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Chapter 6

Admissible Representations

This chapter contains a brief discussion of admissible representations and their differential
cohomology. It is based on the references [7] and [/ 1]. We will compute certain Lefschetz
numbers for the real semisimple Lie groups SLy(R) and SLy(C), which are essential to the

proof of the main result of this thesis.

Introduction

Let k£ be any number field, and F' be a completion of k. Let G be a connected reductive
group over the number field k, and G = G(F'). (We can view G as a F-points of an algebraic
group G x F'.) We assume that G = G(F') is a Lie group if F is an Archimedean completion.

Let V be a locally convex, metrizable, complete Hausdorff topological vector space over
C. Since V is a metrizable and complete vector space, one can talk about the smoothness
of functions G — V. Let (m,V) be a representation of G, i.e., 7 : G — GL(V) such that

G x V — V is a continuous map.

The representation space V' is called finitely generated if there exists a finite set S such
that the subspace generated by {g-v: g € G and v € S} is dense in V. An element v € V' is
called G-finite if the subspace generated by {g-v : g € G} is a finite-dimensional subspace.
Let V(e denote the set of G-finite vectors. Then V() is generated by the images of
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Homg(W,V)®@ W — V defined as 7 ® w — 7(w), for all finite dimensional representations
W of G. A G-module is considered locally finite if every element is G-finite. For any
compact subgroup H and any irreducible representation W of H, let Vi) be the image of
Hompy(W,V)®@ W — V. Then V() is the isotypic component of V' of type W.

A representation V' of G is called admissible if the isotypic components Vi are finite-
dimensional for all irreducible representation W of any compact subgroup H of G. If G
possesses finitely many connected components, then the admissibility condition simplifies to
finite dimensionality for isotypic subspaces V(i) associated with irreducible representations
W of a maximal compact subgroup of G. Let V() denotes the collection of H-finite vectors in
V, then Vi) = ®V(w), where V{y) is finite-dimensional subspaces of V', and the summation

is over all irreducible representations of H.

Let Z be the center of G. If (7, V) is an irreducible representation of G then the central
character of 7 is a group homomorphism x, : Z — C* such that 7(z)(v) = xx(2) - v.

6.1 The Differential Cohomology

Let (m, V) be a representation of G. A vector v € V is called a smooth vector if the
map ¢, : G — V defined by g — ¢ - v is smooth. The collection of smooth vectors in V is
denoted as V>°. A representation is called a differentiable or a smooth representation

if V=V, Note that any finite-dimensional representation is a smooth representation.

The collection of smooth representations with morphisms between representations is an
abelian category. Note that, this category has enough injective (refer to Chapter 9 in [7]).
The group cohomology in the category of smooth representations is called the differential

cohomology.

Since G = G(F) is a Lie group for an Archimedean completion case, then we can talk
about the differential forms. Let K be a maximal compact subgroup of G then M = G/K
is a smooth manifold. Then G acts on M smoothly and properly. So for all g € G, there is a
linear isomorphism Lg, : T,(M) — T,.,M. Let AY(M,V) be the space of smooth differential
q forms then G acts on AY(M,V) by (9-w)(p,x) =g (w(g~'-p,g~'-z)) for p € M and
x e (T,M)".

20



Lemma 6.1.1. (Chapter 9 in [7]) In the case of Archimedean completion, the differential co-
homology is isomorphic to the cohomology of A*(M, V)%, i.e., H(G,V) = HI(A*(M,V)%).

6.2 (g, K)- Cohomology

In this section, we assume that F' is an Archimedean completion of k. Let K be a maximal
compact subgroup of G modulo center. Let g and € denote the complexified Lie algebra of

G and K, respectively.

Let (7, V') be an admissible representation of G = G(F'). The Lie algebra of G acts on the
space V*° (consisting smooth vectors) through the operation dr(X)-v = (4 (exp(tX)) - U)t:O'
This action extends to the complexified Lie algebra as well. Let V := V() N V> be a sub-
space of smooth K-finite vectors. Since g is finite-dimensional K —module via adjoint action,

Vo is stable under the action of g. This motivates the definition of (g, K)-module:

A (g,K)-module is a g-module (7, V), and a locally finite and semisimple K-module
(pr, V) such that 7| = dp, and pr(k)7(X) = 7(Ad(k) - X)px(k) for all k € K and X € g.

An admissible (g, K')-module is an admissible as K —module.

The center of the universal enveloping algebra g is denoted by Z(g). For an admissible
irreducible representation (7, V'), an infinitesimal character is an algebra homomorphism
Xx : Z(g) — C such that 7(z) = x.(z) -1y on V.

The quotient g/t is a K-module via the adjoint action since K stabilizes £ via adjoint
action. So, the wedge product A?(g/€) are also K-modules. Let C'? be a cochain complex,
where C? = C(g, K, V) := Homg (A%(g/t), V) and coboundary map is

(df)(xo A~ Awg) = (=)« flmg Ao Ny Ao Ay)
+Z(—1)i+jf([xi,xj]/\xo/\---Aafi/\---/\fjA---qu),

i<j

(df)(x) = = f(1) — f(1) if ¢ = 0.

The (g, K) cohomology of V' (denoted by H(g, K,V)) is the cohomology of above cochain
complex, i.e., Hi(g, K, V) = H{(C*(g, K, V)).
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Let K° be the connected component of identity. Then the Lie algebra of K and K°
coincide. Then (g, K°) cohomology of coincide with the relative Lie algebra (g, €) cohomology
(defined in Section 2.4). Since K/K° acts naturally on Home(A%(g/€),V), it acts on the

cohomology groups. Moreover,
Hi(g, K,V) = H(g, K°,V)*/5° = {i(g, ¢, V)K/K°

Lemma 6.2.1. (Chapter 9 in [7]) The differential cohomology is isomorphic to (g, K) co-
homology, i.e., HI(G,V) = H%(g, K, V) for any smooth, admissible G-module V.

Proof. Let w € A*(G/K, V)% then w is determined by w(le], ), where [e] is a class of identity
in G/K. Note that T,(G/K) = g/t. The map w([e],") € C(g, K,V) since w([e],-) is
alternating ¢ form and [e] = [k] for all k € K. So, the lemma follows. O

Lemma 6.2.2. IfV is an admissible (g, K) module then Hi(g, K, V') are finite dimensional

vector spaces.

Proof. Since g is a finite dimensional Lie algebra, A%(g/t) are finite dimensional repre-
sentations of K. So, there are finitely many K —types, which appear in AY(g/t) for each
q > 0. Let Wy,..., W, are classes of inequivalent irreducible representations of K, which
appears in A%(g/€). Then Schur’s Lemma and admissibility of the representation imply
that Homy(A%(g/¢), Viw,,,)) are finite-dimensional. So, the cochain complex is also finite-

dimensional. Since cohomology is a subquotient of the chain complex, the lemma follows. [

Let {Va,va,p} be a filtered system of (g, K)-modules, i.e., {V,} is a collection of (g, K)-
modules with the collection of (g, K)- module homomorphisms {v, g : V, — V3} such that
Uq,8 © Uyq = Uy, and for any o and f there exists v such that v, and vs, exist. Then the
colimit of the system is V' = {(va, V4,) : vo € Vo }/~, where (vq, Vo) ~ (v, V3) if there exists
7 such that v, (va) = vg(vs). Let the closed bracket [v,, V,] denote the equivalence class
of (va, V,). Note that V' is also a (g, K )-module.

Remark 6.2.1. The colimit (defined here) satisfies the universal definition of colimit in the
category of (g, K)-modules.

Lemma 6.2.3. Let {My,mas}, {Nasnaps} and {Pa,pas} be the filtered system of abelian
groups such that 0 — M, 2 N, LN P, — 0 is an exact sequence for all o, and no 5o a, =
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ag © Mqg and paps © by = bgopag. Let M, N, and P denote the colimits, respectively then
the induced sequence 0 — M < N L P = 0 is an eract. Moreover, it is a natural.

Proof. Note that a([ma, My]) = [aa(ma), N,] and similarly b also. So, boa = 0.

Let a([mq, M,]) = 0 then there exists 8 such that n, goa,(ms) = 0. Since square commutes,
ag © Mg 3(mMme) = 0. Since ag is an injective, my 3(my) = 0. Hence, [mq, M,] = 0.

Let [pa, Pa] € P then [p,, Py = b([na, Na|), since b, is surjective.

Let [nq, No] € N such that b([n,, No|) = 0, then there exists J such that p, g o by(n4) = 0.
Since square commutes, bg © n, g(na) = 0. The exactness of sequences implies there exists
mg € Mg such that ag(mg) = na.s(n.). So a([mg, Ms|) = [ag(mgs), Ng| = [na, Na.

The naturality follows trivially. O]

Remark 6.2.2. The ‘filtered’ condition is necessary to check the well-definedness in the proof
of Lemma 0.2.3.

Lemma 6.2.4. Let {V,,va5} be a filtered system of (g, K)-modules then H(g, K, V) is
isomorphic to colimit of Hi(g, K, V).

Proof. Since N(g/t) are finite dimensional for each ¢ and system is filtered, any linear map
Ni(g/t) — V factor through V,, for some «, i.e., it equal to A9(g/t) — V, — V. Let Z4
and BZ™! denotes the kernel and image of coboundary maps for V,, respectively. Let Z9 and
Bt denotes the kernel and image of coboundary maps for V, respectively then Z, and B!
are colimit of filtered systems {Z%, v, 5} and {BZ™, v, 5}, respectively. The lemma follows
by applying Lemma 6.2.3 to 0 — BS™' — 71 — H(g, K, V,) — 0. O

6.3 Lefschetz Number

Let « be a finite-order automorphism of G defined over k. Then « induces an isomorphism
of G = G(F), denoted also by a. Let L(F)" = G(F) x («) be the semi-direct product. Let
L(F)={zxa : z € G} be the coset of a.

Let (m,V) be a representation of L(F)*, then T, := m(xz x «) be an isomorphism of V
for all x € G. Let 0 := 7|g and ¢/, := T, o0 o T, ! be the representations of G' on the space

V', then o ~ o, and T, € Homg(o,0.,). Moreover, T, induces a linear isomorphism on the
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differential cohomology groups, denoted by 7'?. Now define Lefschetz Number for z x «
as
Lef(z x a, G,m) := Y _(—1)"trace(T¢|HI(G,V)).

Let y x o € L(F) is an another element then T, = o(yz ') o T).. Since the induced maps on
the cohomology groups by o(yz™!) are identity maps, T, 4 =T}1 for all q. So, the Lefschetz
number does not depend on the choice of elements in L(F). So, it is denoted by Lef(a, G, 7).

Let o and f are finite order automorphisms of G defined over k. Assume there exists g € G
such that § = a0 Ad(g). Let (m,, V) be a representation of G x («) then 74| ~ (7a|c) 0 a.
Note that 7, (1 x ) € Homg(ma|g, (Talg) © @). It implies that 7,|¢ ~ (7a|¢) © 5. So, mala
can be extended to a representation (denoted by (mg,V')) of G x (B). Similarly, let (73, V)

be a representation of G x («) then we have a representation (m,, V) of G x («).

Lemma 6.3.1. The Lefschetz number is invariant under inner automorphism, i.e.,

Lef(a, G, 7o) = Lef (8, G, m3).

Proof. Let f = aoAd(g). Then m5(1 x 5) = ma(a(g) @ 1)ma(1 x ). Since the induced maps

on the cohomology groups by 7, (a(g) x 1) are identity maps, the lemma follows. ]

6.3.1 Lefschetz Number and Induced Representation

Let H be the subgroup of G such that o(H) C H. Let oy := a|y. Consider a representation
(o, W) of H and let p = Ind% o be the induced representation.

Lemma 6.3.2. If o is a-invariant representation of subgroup H then the induced represen-

tation p is also a-invariant representation of G, i.e., “Ho ~ o = “p ~ p.

Proof. Let T : W — W be the intertwining operator, i.e., T o o(h) = *#c(h) o T for all
h € H. Define T as [T(f)](g) = T(f(a"1(g))) on the induced representation space

W ={f:G — W smooth : f(hg) =ac(h)f(g)}.
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This map is well-defined since

[T(N)(hg) =T(f(e (h)a™ (g))) =T oo(a™ (h))(f(a (9)))
=o(W)T(f(a"(9))) = a(W[T(f))(g).

Hence, T is an intertwining operator, as shown by

]

Lemma 6.3.3. (Shapiro’s Lemma) Let (7, V') and (o, W) be smooth representations of
G and H, respectively. The mapping f v f(x) = f(z)(1), where f € Homg(V,W%) and
f € Homy(V,W), induces an isomorphism between the Ext groups, i.e., ExtL(V,W%) and
Extl,(V,W) is isomorphic for all ¢ > 0. Moreover, H}(G,WY) = H$(H,W).

For a proof of Lemma 6.3.3, refer to Proposition 2.3 and Section 5.9 of Chapter 9 in [7].

Corollary 6.3.4. Lef(a, G, Ind$ o) = Lef(a|y, H, o).

Proof. Let 0 — W — I*® be an injective resolution in the category of smooth representations
of H, and a% : I? — I9 be an induced map. Then 0 — Ind% W — Ind% I* is an injec-
tive resolution in the category of smooth representations of G since Indg functor preserves

injectives, and let af : Indg 19 — Indg 19. Moreover, the following diagrams commute:

HiY(H, W) » HI(G,Ind$ W)
al; aqck
HI(H,W) » HI(G,Ind$ W)

The horizontal arrows are isomorphism due to Shapiro Lemma (Lemma 6.3.3). So,

trace o, = trace ;. So, the corollary follows. O
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6.4 Admissible Representations and Differential
Cohomology of GLy(F') for non-Archimedean Case

Let F' be a non-Archimedean completion of k& and | - | be the normalized absolute valuation
on F. Then G = GLy(F) is a totally disconnected locally compact group. Note that every
point has a neighborhood basis consisting of compact open neighborhoods, and e € G has
a neighborhood basis consisting of compact open subgroups. For more details, we refer to
Chapter 10 in [7].

6.4.1 Admissible Representations and Cohomology

Let Ay = {z := diag(z1,...,2y) : x; € F*} be the k—split torus in G. Let W be the
Weyl group Ng(Ag)/Za(Ap). Let Py be the minimal parabolic subgroup of G consisting of
upper triangular matrices and Py = MyNy be the Levi decomposition then My = Zg(Ay).
The character group of M consists of characters y : My — F*. We define °My = Nker |y,
where the intersection runs over all the characters. Let K = GLy(Op) be a maximal

compact subgroup where Op is a ring of integers of F'. Then °My = MyNK and G = K - P.

We call a character x an unramified character if x|op, is the trivial.

Let (m, V) be any admissible representation of G. Let P be a parabolic subgroup and
P = MN be the Levi decomposition. Let (m, V') also denote the restriction to P. Let V(N)
is a P—submodule of V' generated by {v —7(n)(v) : v € V,n € N} then N acts trivially on
V/V(N). So, M acts naturally on Vi, the action is called the Jacquet module (7, V).

Moreover, (7, V) — (7, Vi) is an exact functor.

Let § : Py — R* be the modulus character defined as d(p) = dr,(U -p)/dp(U), where dy, is
a left Haar measure and U is any compact set. Let y be an unramified character on M, then
X can be viewed as a character on Py considering trivial on Ny. Then PS(x) = n—Inng X is

the normalized induced representation of GG on the following space:

PS(x) ={f:G— C smooth : f(pg) = x(p)é(p)"*f(g) for all p € Py, g € G}.

Lemma 6.4.1. (W.Casselman [9]) The semi-simplification of PS(x)n is isomorphic to
Dsew0'/? - as a representation of M, where *x(x) = x (s 'as) for s € Ng(Ap).
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Let P be a parabolic subgroup of GG, and P = M N be the Levi decomposition. Let
IS(1p) = {f : G — C smooth : f(pg) = f(g) ¥p € P}

denote the induced representation of G. Note that PS(y) = I§ (6'/?x). Let P’ O P then
there is a natural injection 7pr p : IS, (1p) — I§(1p). Let Up denotes the submodule of
Ig(l p) spanned by the images of mp p for all parabolic subgroups P’ O P. Let Vp =
I§(1p)/Up. If P = G then Vp is a trivial representation and P = P, then Vp is called the

Steinberg representation.

Theorem 6.4.2. (Chapter 10 in [7]) If V is an admissible irreducible representation of G
such that Hy(G,V') # 0 then the following holds:

e There exists a parabolic subgroup P such that V is isomorphic to Vp as G—module.

o Let prk(P) denotes the rank of radical of P/Z(G), where Z(G) is the center of G then

C = prk(P),
HY(G, Vp) = 1= pri(P)
0 else.

e The irreducible representations Vp occurs in the composition series of PS(51/2).

Theorem 6.4.3. (Section 4, Chapter 11 in [7]) The admissible irreducible representation
Vp is unitary if and only if P =G or P = F,.

6.4.2 Lefschetz Number

Let o be an automorphism of G = GLy(F) defined over Q as g — *¢g = g~'. Since
a(Py) C Py, the Steinberg and trivial representations of GLy(F') can be extended to the

representations of G x (a). The following corollary follows by using Theorem 6.4.2:
Corollary 6.4.4. Lef(o, G, 1) # 0 and Lef(a, G, St) # 0.

Proposition 6.4.5. (Proposition 8.2 in [5]) Let m be a representation of G x («) such that
the restriction T of m to G s a constituent of a representation n—IndIGD o parabolically induced

from a unitary representation o of a proper parabolic subgroup. Then Lef(a, G,m) = 0.
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Proof. The following proof is based on [5].

e Theorem 6.4.2 implies that 7 is the subrepresentation of semi-simplification of n-Indf, §'/2.

e The Frobenius reciprocity, H omg(n-lndgo 62 n-Ind%o) = H omM(/i,(S]lj/ ’0) is non-
trivial, where k := Resg n—Indg0 5},{) 2, Therefore, o is a subrepresentation of the semi-

simplification of the Jacquet module of k.

e Since the semi-simplification of Jacquet module of & is sum of n-Ind}j, P 5113{) *ow for w

running through a subset of the Weyl group, ¢ is a subrepresentation of k.

e The central character of n—Ind%Egm Po(F) 5]13{) ? 0 w is non-unitary unless P = G. This

contradicts the fact that o is unitary.

6.5 Admissible Representations of GLy(F)

for Archimedean Case

Let G = SLy(F), it is a semisimple Lie group (see Section 3.7) for either F' =R or C, K
be a maximal compact. Let Ty, Ag and °Ty be a diagonal, R-split and a compact torus,
respectively, i.e., Ty = {diag(z1,...,2n) € G}, Ay = {diag(a1,...,an) € G: a; € RL} and
Ty = Ag x°Ty. Let By be a subgroup consisting of upper triangular matrices, then By = Ty N
is the Levi decomposition, Ay is R-split component of By, and (B, Ag) be the standard
p-pair. Let g, ¢ and ay be the complexified Lie algebra of G, K and Ay, respectively.

Let n = (n4,...,n,) be a partition of N. Let P, be a parabolic subgroup consisting
of block upper diagonal matrices, and A, = 1—[:;11 R* be a maximal R-split component of
P. Let M,, =GN (GL,,(C) x ... x GL,, (C)) be the subgroup consisting of block diagonal
matrices, and U,, be a subgroup consisting of identity matrices on diagonal blocks. Then °M,,
(for definition see Section 3.7) is the subgroup consisting of block diagonal matrices where
the modulus of the determinant of each block is 1 then M,, = A,, X °M,,. Then (P,, 4,,) is a
standard p-pair with the Levi decomposition P, = M, x U,. Let pp, be a character on A,

defined in Section 3.7.
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Let (0, H,) be a unitary tempered smooth representation of °M,, and v € aj, - be the
character on A,,. Let C>*(G, H,) be the space of smooth functions on G taking values in H,.
The parabolically induced representation of G is the right regular representation of G

in the following subspace of functions:
Ip, o0 = {f € C™(G, Hy) : f(maug) = (v+ pp,)(a)o(m)f(g) Ym € My, a € Ap,u € U@}-

The induced representation Ip, ,, has a unique non-zero irreducible quotient, denoted by
Jp,.o0 (Corollary 4.6 of Chapter 4 in [7]).

6.6 (g, K) Cohomology and Lefschetz Number
for SLy(C)

Let G = SLy(C) be a semisimple Lie group, and K = SU(N) be a maximal compact. Let
Ty, Ao and °Ty be a diagonal torus, R-split torus and a compact torus, respectively, i.e.,
Ty = {z = diag(z1,...,2n) € G : z; € C*}, Ay = {a = diag(ai,...,an) € G: a; € R}
and °Ty = {z = diag(z1,...,2y) € G: 2z = e%}. Let By be a subgroup consisting of upper
triangular matrices, then By = Ty N be the Levi decomposition, Ay is R-split component of
By, and (By, Ag) be the standard p-pair. Let ® = {(Ef —E}) £ (E; —E;):1<i#j <N}
be the root system and A = {(E — Ef,) £ (£ — Ef,,) : 1 <i < N — 1} be a base (see
Section 2.6 for more details). Let W be the Weyl group generated by the reflections by roots
and isomorphic to Ng(Tp)/Tp. Let g, € and ag be the complexified Lie algebra of G, K and

Ay, respectively.

Let A= (A, X*) = ((b1,...,bn), (bf,...,by)) be a dominant weight for the real Lie group
GLN(C) (for definition see Subsection 2.2.2), i.e., b; — biy1 and b — b}, are non-negative
integers. It is a character on the diagonal torus of GLy(C) defined as diag(x;...,zy) —
I1 xfflb . Let (px, M) be the finite-dimensional irreducible representation of GLx(C) with
the highest weight A, i.e., My = M@ My and px(g) = pr(g) @ pr«(g) for any g € GLx(C).
In other words, there exists a non-zero vector my such that the diagonal torus of GLy(C) acts
according to the character A, and the unipotent subgroup N acts trivially on my. Note that
the unipotent radical of the Borel subgroup consisting of the upper triangular matrices in

GLy(C) is equal to the unipotent radical N of the Borel subgroup By consisting of the upper
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triangular matrices in SLx(C). Let (pa, M) also denote the restriction of a representation

to G = SLy/(C).

If H*(g, K, H@ M) # 0 then A satisfies the purity condition (see [11]), i.e., bj+by_, . =
w constant for all i. Let («, 5) = ((al, an), (B, ... ,BN)) be the cuspidal parameter for
the pure weight A, i.e.,

N - (2i—1)
2

N - (2i—1)

Bi:_bi_ 9

;= —bn_iy1 +

Let yx be a character on °Ty defined as diag(z, ..., zy) = [] 252", Let Jx = IndCB"0 xx be

a parabolically induced representation.

Theorem 6.6.1. (Lemma 3.14 in [11]) The parabolically induced representation Jy is an

admissible unitary irreducible representation of SLy(C). Moreover, if ty = w then

H(g, K,Jx ® My) = A4-t¥)gr,
Recall that (g, K) cohomology groups are subquotient groups of Homg (AY(g/€),Jx ®
M.,). By Proposition 9.4.3. in [37], the differential map is zero, and so
H(g, K,Jx ® Mx) = Homg (A%(g/t), Jx @ Ma). (6.1)

Lemma 6.6.2. Ind% (x» ® M) = (Ind§, x») ® M.

Proof. The map f — [C(f)](z) := pa(z)~! (f(x)) for all x € G defines an isomorphism of

representations. ]

Since g = sl (C) ®r C, we will use notation from Section 2.6. Let g = €@ p be the Cartan
decomposition, so g/ = p. Since (g, K') cohomology depends only on K-types appearing in
A%p and Indf, (xa ® M) and Res§ Ind%, (xa ® Mx) = Indjn g, (xa ® M),

Hg, K,Jx ® My) = Homg (A%p, Indj 5, (xa @ My)),
i.e., the differential map is zero (Proposition 9.4.3. in [37]).

By using Frobenius reciprocity: Homg(p, Ind$, ¢) = Homy (p|y, 1) for every subgroup
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H of any group G, and p and ¢ be any representation of G and H, respectively,
Hi(g, K,Jx ® My) = Homgnp, (AP, xa ® M), (6.2)

Note K N By is the compact torus °Ty. Let & = {(E; — Ej) 11 <i<j <N} beaset of

positive roots (see Section 2.6) and = = —®* and

X} = (Eij + Eji) @ V—1+V-1UE;; — Ej;) @1,

)

ij - (Ez‘,j + Ej,z’) LV—1—-+ —1(Em- - Ej,i) ® 1.

Then p = a®u as °Ty—module, where u = (@aeqﬁ C- Xg) > (@a@, C- ng) (see Section
2.6). Since °Tj acts trivially on ay,

H(g, K, Jx ® My) = @D Homer, (A ag ®c A'w, xa @ My) (6.3)
s+t=q

=~ @ HOHloT0 ( /\t U, X' X ./\/l)\) R /\SC[S (64)
s+t=q

By computing the dimension and using Theorem 6.6.1, we can get the following lemma.
Lemma 6.6.3.

C t=ty="0"1

2
0 t+#ty,

I

HOHloT0 ( /\t U, Xx (024 MA)

i.€., there is a unique character of the compact torus °Ty denoted, say, the canonical character

Xo, that appears in N'u and in xx ® Maxlet,; this character xo appears in the unique degree

t = tn; furthermore, xo appears with multiplicity one in A'™Nu and in xx @ Mylor, .

So, we will find the canonical character y, by using the following Lemmas 6.6.4 and 6.6.5.
For any compact Lie group K (such as K or °Tp), and a K-module V, the set of isomorphism
classes of irreducible representations of K that appear in V' is denoted Specy-(V'). Let A™ be
the set of all dominant integral weights for X, and let 7, denote the irreducible representation
of IC with the highest weight y. For any unitary admissible representation II of I, the map

v® f+— f(v) defines an isomorphism between representations

@ <7TX ®@ Homy(my, H)> =11

xEAT
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Lemma 6.6.4. Let m be an irreducible representation of K that appears in Indf(TO(XAQ?M)\)
and also in N, then Specor, (1) N Specor, (xa ® M) = {xo}. Moreover,

Homp (, Ind%, xo) & Homp (m, Ind2, (xa @ My)).

Proof. If m = 1k is the trivial representation then Homg (A%, Jx @ My) # 0. Similarly, if
the trivial character 1oq, € Specoy, (xa ® M) then Hom g (A%, Jx ® My) # 0 by Frobenius
reciprocity. It contradicts Theorem 6.6.1. So, let m be a non-trivial representation.

Since 7 is an irreducible rep, it embeds in A%p. If x € Specoq (m) N Specor, (xa ® Ma),
then x € Specoy, (A%). Since x is non-trivial character, x € Specoy, (A%u). So, the equality
holds for the intersection because of Lemma 6.6.3. The second conclusion follows by using

Frobenius reciprocity and the first conclusion. O]

Lemma 6.6.5. Let v be a character of °Ty that appears in N%. Then there exist subsets A
and B of ®F, with |A| + |B| < q, and written additively,

=Ya-30

a€cA peB

Furthermore, for the usual partial ordering on weights and p = % > «, one has
acdt

—2p <~y < 2p.

Proof. Note that u = (@aew (C-Xg)%(@a@, (C-Yo{’) as °To-modules. Let {Hy, ..., H, 1}

be a basis of ag. Then the following set is a basis for A%p:

{(Hil/\---/\HiT)/\</\X§>/\(/\Yé’) :Acqﬁ,Bc@,r:q—yA\—yB\}.

acA BeB
The action of °Ty is by v = >, a— > [ on a basis vector. So, the lemma follows. [
acA peB

Lemma 6.6.6. The canonical character xo =2p= >, a=(N—-1,N—-3,...,1—N).

acdt

Proof. From Lemma 6.6.5 one sees that the character 2p is realized by the weight vector
Awecar X2 in A™ p. It is sufficient to show 2p € Specor, (Ya ® My) due to Lemma 6.6.3.
Since A = ((b1,...,bn), (b],...,by)) is the weight satisfying the purity, i.e., b+ by_;,; = w
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for all i. Let vx € My be the highest weight vector, i.e., pxr(z) - va = (Hzfiz}b;)v)\,
then for all z € °Tj. Since the root system ® is reducible, there exists wg in the Weyl
group W such that wg - A = ((bN,...,bl), (b{,...,b*N)). Since A is the highest weight,
Wp - A is an extremal weight, and so there exists a non-zero vector vy € My such that

1

pa(z) - vy = (Hsz”'“z}b:)v;, then for all z € °Tp. Since for any z € °Ty, z; = z; - and

H Zi = 17
(@ pa)(@) -0k = ([T =0a) (T] =2 )os = (TT="" )i = o) (@)
So, 2p € Specor, (xa ® May). O
For x a character of °T", which is a dominant integral weight for the Lie group K, let ,
denote the irreducible representation of K with highest weight y.

Lemma 6.6.7. The irreducible representation m, of K with the highest weight X, appears in
Np then x = xo. Moreover, the embedding: m, — IndfTO(X)\ ® M) induces equality, i.e.,

Homg (A%, 7y, ) = Homg (A%, Indf(T0 (xa ® My)). (6.5)

Proof. Let m, be the representation of K with the highest weight x, appears in A% then
—2p < x < 2p because of Lemma 6.6.5. If 7, appears in Indf(To(XA ® M) then m, also ap-

pears in Indf(TD Xo due to Lemma 6.6.4. By using the Frobenius reciprocity, Homer, (7, X0) #

0. So, xo appears in m,|oq,. Since Yy is the highest weight for m,, and xo = 2p, we have

X = Xo- The second part of the lemma follows due to the first part and the multiplicity of m,,

in Indf(T0 Xo is equal to the dimension of Homg (7, Indg(T0 Xo0) = Homory (my0, x0) = C. O

Let 6 be a Cartan involution on G = SLy(C) defined as 0(g) = ‘g~'. Note that, 6 also
denotes the induced map on g. Then #(X) = X for all X € tand #(X) = —X for all X € p.
We are interested to compute Lef(6, SLx(C),Jx ® M) (defined in Section 6.3)

Lemma 6.6.8. There exists an isomorphism Iy : My — My with the intertwining property:

Ioopa(g) = pa(0(g)) o Lo, Vg€ G =SLy(C).

Proof. Let 0'(g) = wof(g)w, ' be an automorphism, where wy = [(—1)"*§; ny_i11] is N x N
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matrix. Let vy € My be the highest weight vector. Then for any diag(zy,...,zyN) € T,

(0 (diag(zy, ..., 2x))) - va = pa(diag(an ™, ..., 217 1)) - va
_—b; —by
= ( TN Ty, +1)'U>\

(1 )-

pA(0' (diag(z1, ..., zN))) - va = A(diag(z1, . .., N ))va

Since for any u € N unipotent radical of the Borel subgroup By, §'(u) € N, a vector vy is
also the highest weight vector for an irreducible representation py o6’ with the highest weight
A. By Theorem 2.2.5, there exists I]) : My — My such that I) o px(g) = pa(6'(g)) o I for
all g € G. Then Iy := px(wy ') o I}, is satisfies the required intertwining property. O
Lemma 6.6.9. There exists an isomorphism I : Indgo XA — Indg0 X with the intertwining
property:

Io 0 ha(g) = ¥a(0(9)) 0 I, Vg €G.

Proof. Consider the operator f ~ ’f where % (g) = f(0(g)) for f € Jx which has the
correct intertwining property except f lives in the induced space where we induce from
the opposing Borel subgroup of all lower triangular matrices; then appeal to the fact that a
parabolically induced representation depends only on the representation of the Levi subgroup

and is independent of the choice of parabolic subgroup with that Levi subgroup. O

The operator I = I, ® Iy defines an isomorphism on Jy ® M such that

o (Ya®@pxa)(9) = (va @ pa)(0(g)) oI, Vg e€QG.

Since 0(k) = k for all k € K, the operator [ intertwines ¥y ® px. The map induced by 6 on
the cohomology groups Hi(g, K,Jx ® My) = Homg (Alg/, Jy @ My) is:

F (09F)(X) = I[f(B(X))] VX € g/t.
To compute Lef(0, SLy(C),Jx ® My), we need to compute Trace(67).

Let m, be the irreducible representation of K with the highest weight x. Let V, be the
isotypic component for 7, in Indg0 XA ® My, i.e., each map 7, — Jn ® Mj; factors through
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7y — Vr,. For the canonical character xq of °Ty, ,, has multiplicity 1 in Jx ® M because
of Lemma 6.6.7.

Theorem 6.6.10. Lef(6, SLy(C),Jx ® My) = ¢,,2V 71 £ 0.

Proof. Since an operator I intertwines Jy ® My and m,, has multiplicity one, I(V,,) = V,,.
By Schur’s Lemma, there exist ¢,, € C such that I(v) = ¢,,v for all v € V,,. Since [ is an
isomorphism, ¢,, # 0. Since g/¢ = p and §(X) = —X for all X € p,

Trace(6?) = (—1)%¢,, dim H(g, K, Jx @ MJ).

The theorem follows by using Theorem 6.6.1. O

6.7 (g, K) Cohomology and Lefschetz Number
for SLy(R)

Let G = SLy(R), it is a Real reductive Lie group (Section 3.7), K = SO(N) be a maximal
compact subgroup. Let Ty = {diag(x,...,zy) € G : x; € R*} be a diagonal torus in G.
Let ® = {E; —E} : 1 <i# j < N} be the root system and A = {Ef —E},, : 1 <i < N-1}
be a base. Let W be the Weyl group isomorphic to Ng(T)/To-

Let A = (by,...,by) be a dominant weight for a real Lie group GLx(R) (for definition
see Subsection 2.2.2), i.e., a; := b; — b;;1 are non-negative integers. It is a character on the
diagonal torus of GLy(R) defined as diag(z; ..., zy) — [[22. Let (px, M) be the finite-
dimensional irreducible representation of GLy(R) with the highest weight A. Let (px, M)

also denote the restriction of a representation to G = SLy(R).

For any integer [ > 1, let D; be the discrete series representation of GLs(R) (see Chapter

2 in [8] for more details) such that

G ~

Resgory D= D Vi
|k|>1+1
k=l+1(mod 2)

where Vi & C and 6 € SO(2) acts on V; by e*.
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If H*(g, K, H, ® M) # 0 then X\ satisfy purity condition (see [11] or Chapter 3 in [17]),

ie., b; + by_;11 = w constant for all 7.

Let’s define the cuspidal parameter for the pure weight A\ (see Section 3.1.4. in [17]):
l,~:—al—...—ai_1+ai+...+aN_1.

Note that lz = _lN—i—i-l = bz - bN—i—l—l + (N — 21+ 1)

Let N := (2,2,...,2) be the partition of N if N = 2M and N := (2,2,...,2,1) be the
partition of N if N =2M + 1. Let Py, An, My and °My are subgroups defined in Section
6.5 corresponding to the partition /N. Let x, be a representation of °My defined as

Reseny Dy, @ Dy, @ ... & Dy, N =2M,
ReSoMM D, ®D,®...0 D, & 1{11} N =2M + 1.

X\ =

Let (¢, Jy) = IndIGDN X be a parabolically induced representation. Note that y, is an irre-
ducible if N = 2M +1 and Y, is a direct sum of two inequivalent, irreducible representations
X)j\t it N =2M. Let ay be complexified Lie algebra of Ay.

Theorem 6.7.1. (Lemma 3.14 in [11]) If N = 2M then J, is a direct sum of two inequiv-
alent, admissible, unitary, irreducible representations Ji = Indg}va Xf, and if N = 2M + 1
then Jy 1s an admissible, unitary, irreducible representation. Sup];ose tn = M? if N = 2M,
and ty = M(M + 1) if N =2M + 1, then

+ (q—tn) o ATMECMEL N =2,
Hi(g, K,J5 @ M) =2 AN g}, =
. NTMMANCM N = 2M + 1.

Remark 2. Hereafter, we will use Jy (respectively, x») to denote either JI (respectively,

Xy ) when N = 2M, unless otherwise specified.

Recall that (g, K') cohomology groups are subquotient groups of Homg (A%(g/), Jx®@M,,).
By Proposition 9.4.3. in [37], the differential map is zero, and so

Hi(g, K,Jx ® M) = Homg (A(g/t), I @ M,). (6.6)
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Since g = sly(R) ®g C, we will use notation from Section 2.7. Let g = € & p be the
Cartan decomposition. Since (g, K') cohomology depends only on K-types appearing in A%

and Jy, and ResS (( Ind§, x,) ® MA) > Res$ (Indgﬂ(x,\ ® MA)) = Indfp, (0 ® My),
H(g, K, I © M») = Homg (A%p, Indier,p, (X2 ® M)
By using Frobenius reciprocity,
H(g, K,J\ ® M)) = Homgnp, (AP, xa ® My). (6.7)
Note that Ky := KNPy = K NK ~ is a compact non-abelian subgroup unless N = 2, where

O2) x...x0(2) N =2M,

O2)x...x0(2) x {£l} N=2M+1.

Let K3 be the connected component of identity in K then it is a maximal abelian normal
subgroup and the complexified Lie algebra of K7} is t. Moreover, Ky is a maximal torus in
K also. Recall from Section 2.7,

t = {t = Z (EQZ‘_LQZ‘ — E2i72i—1) & ti\/ —1: tl € C} CcCtcC g.

1<i<M

The decomposition of p as t-module (or equivalently Kj3-module) in Section 2.7, is also
stable by the action of Ky. Then p = a @ u as Ky-module, where u is a sum of non-zero

eigenspaces of K%. Since Ky acts trivially on a,

Hg, K,J, ® M)) = P Homg, (A°a®c Alu,xy ® M,) (6.8)
s+t=q
>~ P Homy, (A'u,x) ® M) @c A'a” (6.9)
s+t=q
Since ay = a as a subalgebra of g, we can get the following lemma by computing the

dimension and using Theorem 6.7.1.

Lemma 6.7.2.
C t=ty,

0 ¢#tn,

I

Homy,, ( A u,xy ® MA)
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i.e., there s a unique representation of Ky denoted, say, the canonical representation ¢,,,
that appears in AN'w and in ® M|y this representation ¢y, appears in the unique degree
t = tn; furthermore, it appears with multiplicity one in A'Nu and in xy ®@ Mgy . Here, ¢y,

is an irreducible representation of Ky with the highest weight xo for a torus K.

So, we will find the canonical representation ¢,, or equivalently the character xo of K3.

Lemma 6.7.3. Let m be an irreducible representation of K that appears in IndﬁN (XA ®@M,)
and also in Ap, then Specy (m) N Specg (X ® My) = {dy,}. Moreover,

Hom (7, IndgM byo) = Hompg (7, Indgﬂ()o\ ® M))).

Proof. If T = 1k is a trivial representation of K then Homg (A%, Jy ® M,) # 0. Similarly,
if the trivial representation 1, € Specg, (x» ® M,) then Hompg (A%, Jy ® My) # 0 by
Frobenius reciprocity. It contradicts Theorem 6.6.1. So, let 7 be a non-trivial representation.
Since 7 is an irreducible rep, it embeds in A?p. If ¢ € Specy, (7) N Specy,. (x» ® M), then
¢ € Specy, (A7p). Since ¢ is non-trivial representation, ¢ E%pecKN (/\%)ﬁ So, the equality
holds for the intersection because of Lemma 6.7.2. The second conclusion follows by using

Frobenius reciprocity and the first conclusion. O

Lemma 6.7.4. Let y be a character of Ky, that appears in N%. Let’s assume the notations
in Section 2.7. Then there exist subsets A and B of ®* := &F U dF U DS if N = 2M (or
O = &f UD; UDS UDS if N = 2M + 1, respectively), with |A| + |B| < q, and written

additively,
v = Z a— Z B.

acA peB

Furthermore, for the usual partial ordering on weights and p = % > «, one has
acdt

—2p <~y < 2p.

Proof. Assume N = 2M. Note that u = ,_; , <( Bocor C-X2) ® (P C- Yg’)) as
K&-modules. Let {Hy,...,Hy 1} be a basis of a. Then the following set is a basis for A%:

{(Hil/\---/\HiT)/\(/\X@/\(/\Yé’) :AC(I)*,BCCD‘,r:q—]A\—]B\}.

acA BeB
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The action of K3 is by v = Y. a— > S on a basis vector. So, the lemma follows in the
o acA BEB
case N = 2M. For N = 2M + 1, the similar proof works. O]

Lemma 6.7.5. The canonical representation my, has the highest weight

(N,N—2,...,2) N =2M,
XOZZPIZQ:
= (N,N—=2,...,3) N=2M+1.

Proof. From Lemma 6.7.4 one sees that the character 2p is realized by the weight vector
Noco+ XE in A% p. If we show 2p € SpeCK;\,(XA ® M) then m, appears in A'™p and
Xa ® M. So the lemma follows due to Lemma 6.7.2.

Since A = (by,...,by) is the weight satisfying the purity, i.e., b; + by_;»1 = w for all i.
Since the finite-dimensional irreducible group representations of G = SLy(R) have bijec-
tive correspondence with the finite-dimensional irreducible Lie algebra representations of
g = sly(C), we will view M, as a representation of Lie algebra. If N = 2M then there
exists wo in the Weyl group W such that wo - A = ((b1,bn), (b2, by-1),- - -, (bar, bars1))-
Similarly, if N = 2M + 1 then there exists wqg in the Weyl group W such that wg - A =
((bl, bn), (b2, bn_1), .., (bar, bars2), bM+1). Since A is the highest weight, wg- A is an extremal

weight, and so there exists a non-zero vector vy, € M, such that
M
pa(@) - vx = (Hebe"(b’v‘i“_bi))w VO = (0,...,0u) € K}
i=1

Since the lowest non-negative SO(2) type in the discrete series representation D is [ + 1,

there exists a vector wy € x, such that
M
XA(0) - wy = (Hebei(liJrl))wA VO = (01,...,00m) € Ky.
i=1

S0, (xa @ pa)(0) - wx ® vy = 2p(B)wy @ vy for all § € K} So, 2p € Specgs (xa ® My). O

Lemma 6.7.6. The irreducible representation m, of K with the highest weight x, appears in
Np then x = xo. Moreover, the embedding: m, — IndﬁN (x» ® M,) induces equality, i.e.,

Hom g (A%, my,) = Homg (A?p, Indgﬂ(x)\ ® M,)). (6.10)

Proof. Recall that K} is a maximal torus in K = SO(N). Let m, be the representation of
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K with the highest weight x, appears in AYp then —2p < y < 2p because of Lemma 6.7.4.
If m, appears in Indj (x, ® M,) then 7, also appears in Indj_ ¢y, due to Lemma 6.7.3.
By using the Frobenius reciprocity, Homg (7y, ¢y,) # 0. So, ¢X07appears in 7|k, Since x
is the highest weight for m,, and xo = 2p, we have x = xo. The second part of the lemma
follows due to the first part and the multiplicity of m,, in Imdf(T0 Xo is equal to the dimension

of Hompg (my, Indf(TD Xo) = Homory (y,, x0) = C. []

Let 6 be a Cartan involution on G = SLy(R) defined as 6(g) = 'g~!. Note that, 6 also
denotes the induced map on g. Then #(X) = X for all X € £ and §(X) = —X for all X € p.
We are interested to compute Lef(0, SLx(R),J) ® M, ) (defined in Section 6.3)

Lemma 6.7.7. There exists an isomorphism Iy : My — My with the intertwining property:
Ioyo pa(g) = pa(0(g)) o Lo, Vg € G =SLy(R).

Proof. Let 0'(g) = wof(g)wy* be an automorphism, where wy = [(—1)""16; x_i41] is N x N
matrix. Let vy € M, be the highest weight vector. Then for any diag(z1,...,xy) € T,

pa(0 (diag(zy, ..., 2n))) - va = pa(diag(zn ™, ..., 2171)) - vy

= ( H xNI]ii+1) Ux
— ( 11 xibi‘w) Ux

(0 (diag(zy, ..., zN))) - vy = MN(diag(zy,...,xN))vr

Since for any v € N unipotent radical of the Borel subgroup By, 6'(u) € N, a vector v, is
also the highest weight vector for an irreducible representation p, o6 with the highest weight
A. By Theorem 2.2.5, there exists I{) : My — M, such that I} o px(g) = pA(#'(g)) o I for all
g € G. Then Iy := px(wy ') o I} is satisfies the required intertwining property. ]

Lemma 6.7.8. There exists an isomorphism I, : Ind}GDN XA — IndIGDN X with the intertwining
property:
Ic 0 Pa(g9) = ¥a(0(g)) o Is, Vg E€G.

Proof. Consider the operator f ~ f, where %f(g) = f(6(g)) for f € J, which has the

correct intertwining property except ?f lives in the induced space where we induce from
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the opposing Borel subgroup of all lower triangular matrices; then appeal to the fact that a
parabolically induced representation depends only on the representation of the Levi subgroup

and is independent of the choice of parabolic subgroup with that Levi subgroup. O

The operator I = I, ® I defines an isomorphism on Jy ® M, such that

To(a@pa)(g9) = (La®pr)(B(g) oI, Vged.

Since 0(k) = k for all k € K, the operator I intertwines 1, ® px. The map induced by 6 on
the cohomology groups HY(g, K,J) ® M,) = Homg (A1g/t, T\ @ M,) is:

Fs (07F)(X) == I[f(0(X))] VX € g/e.
To compute Lef(8, SLy(R),Jy ® M, ), we need to compute Trace(6?).

Let m, be the irreducible representation of K with the highest weight x. Let V, be the
isotypic component for , in Indg0 X) ® My, ie., each map m, — Jy ® M,; factors through
7y — V. For the canonical character xo of Ky, 7, has multiplicity 1 in Jy ® M, because
of Lemma 6.7.6.

21 £0 N =2M,

Theorem 6.7.9. Lef(0, SLy(R),J\ @ M,) =
co2M A0 N =2M +1.

Proof. Since an operator [ intertwines Jy ® M, and m,, has multiplicity one, I(V,,) = V,,.
By Schur’s Lemma, there exist ¢,, € C such that I(v) = ¢,,v for all v € V. Since [ is an
isomorphism, ¢, # 0. Since g/€ = p and §(X) = —X for all X € p,

Trace(6?) = (—1)%c,, dim H(g, K, J) @ M,).

The theorem follows by using Theorem 6.6.1. ]
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Chapter 7

Review of paper by

Borel-Labesse-Schwermer

This chapter serves as a brief review of the seminal work of Borel-Labesse-Schwermer in [5],

which is fundamental to this thesis. They proved the following result:

Theorem 7.0.1. Let G be an almost absolutely simple connected algebraic group over a
number field k of strictly positive k—rank, and E be a finite-dimensional irreducible repre-
sentation of the Lie group G . If there exists an algebraic automorphism « of finite order
on G such that E extends to a representation of G x (), and there exists an admissible
irreducible unitary representation (T, Hr_) of Goo such that Lef(a, Goo; Hr,, @ E) # 0, then

cuspidal cohomology does not vanish for any set S containing all infinite places, i.e.,

H?,, (G, S, E) i= H(Gs; Lz, (G()\G (&)™ @ E) # 0.

cusp

Notations

Let k£ be a number field, O be its ring of integers, and V (a union of V., and Vy) denote the
set of places (infinite and finite, respectively) of k. For a place v € V, the completion of k

at v is denoted by k,, and | - |, denote the normalized absolute value.

Let S be a finite set of places that includes V., and Sy := V, and Sy := SNV;. For any
v € kg = [[,eq kv, define |z|g =[] cq [To|o. Let Og:={z € k:|z|, <1 forallv ¢ S;} be
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the subring of k consisting S—integers. If S = S, then Og = O.

Let G be an algebraic connected reductive group over k. Let G(k,) denotes k,—points
of G for v € V. Then Gs := G(ks), Gs, := G(ks;) and G =[] G(k,). Let go be the

complexified Lie algebra of G, and U(g,,) denote the universal enveloping algebra of g...

veEVoo

Since G is a reductive group, it is isomorphic to the almost product of its center Z and its

derived group DG.

Let K, be a compact subgroup of G, for all v € V such that K, is a maximal open
compact subgroup for v € V;\Sy, K, is an open compact subgroup for v € Sy, and K, is
a maximal compact subgroup for v € V.. Then K, =[]
subgroup of G, Ky := Hvesf

a compact subgroup of Gg.

ves.. Kv 18 @ maximal compact

K, is an open compact subgroup of G, and K := KKy is

Let I" be an S-arithmetic subgroup of G(k), i.e., it is a subgroup of finite index in G(Og).
We can view I' as a subgroup of Gg via the diagonal embedding. Then, I'\Gs has a finite

volume. An arithmetic subgroup is a special case when S = S..

Example 7.0.1. Let G = SLy/Q, and S = {oo,p} for some prime p. Then SLs(Z) is an
arithmetic subgroup, and SLo(Z[1/p]) is S—arithmetic subgroup of G(Q).

If f and g are strictly positive functions on a set X, we say f is essentially bounded
by g if there exists a constant ¢ > 0 such that f(x) < cg(z) for all z € X, denoted by f < g.

Let (p,V) be a faithful finite-dimensional representation of G' over k. The height || - ||
on Gy is defined as a product of local heights, i.e., |[z|| = [[,cq|lo(z0)]| for z € Gs. For
Archimedean places, ||p(z,)|| is the Hilbert-Schmidt norm, and for non-Archimedean places,

l|p(x,)]| is the supremum norm.
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7.1 Decomposition of function space of uniform

moderate growth on I'\GGg.

7.1.1 The vector space ap and the function 7p.

Let P be a connected parabolic subgroup defined over k, with the Levi decomposition P =
MN. The group X(P) := Hom(P,G,,) consists of characters of P, and X(P); is the
subgroup of characters defined over k. If P is a split group over k, then X (P), = X(P).
Let A be a maximal k—split component of P, then there exists a bijection between X (P)y
and X (A). Let

ap = Homz (X (P), R)

and its dual

Let Hp : P — ap be the Harish-Chandra homomorphism defined such that

eMIPE) = |x(2)[

for all z € Ps and A = x @ r € a}. Let P{ denote the kernel of Hp. Then there exists a
section ap — A(R)° C Ps. Let ap be the composition of the section and Harish-Chandra
homomorphism. Then for all z € Ps there exists unique y € P such that z = y-ap(x). The
Langlands decomposition of Ps is Ps = NgA(R)°ML, where M} is a kernel of the Harish-
Chandra homomorphism on Mg. Additionally, G = PsK. So, we can extend ap to Gg by

ap(pk) = ap(p).

Lemma 7.1.1. P} contains Ng, all compact subgroups and S—arithmetic subgroups of Ps.

Proof. e Let z € Ng, then x(z) =1 for all y € X(P);. So, z € PL.

e Let K be a compact subgroup of Pg, then x(Kj) is also a compact subgroup of kf
for all xy. By the structure of the multiplicative group of local fields, |x(Ks)|s = 1.
Hence, Ks C P2.
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e Let I' be an S—arithmetic subgroup of P, and x be a character. So,
x(I') € x(P(Os)) € Gm(0Os) = O.

For z € 0%, the absolute value |z|, = 1 if v ¢ S. Then |z|g = 1 since [] ), |z|, = L.
So, |x(P(Os))|s = 1. Hence, Hp(P(Os)) = 0.

]

Example 7.1.1. Let G = GLy(k). Then X(G), = {det"} = Z. Thus, ag — R is an
isomorphism defined as o +— «a(det). Similarly, af, — R is an isomorphism defined as
det" @r — n-r. Then Hg(x) : n— nlog|detx|s. So, the kernel of Hg is

Gy ={z € G : det(x,) € O, Vv € S}.

Example 7.1.2. Let P be a proper parabolic subgroup of GLn(k) of type (mq,...,m;).
Then X(P)y = {det™ ®@--- @ det""} = Z". Hence, ap — R" is an isomorphism defined as
a— (aler),...,ale)), where ey, - - e, are standard basis of Z".. Similarly, aj, — R" is an
isomorphism defined as (ny,...,n,) @t (ny-t,...,n,-t). The kernel of Hp is a set of all

matrices such that the determinant of each diagonal block is a unit for all v € S.

Since P — (@, there is a natural map ap — ag. Let aIGJ denote the kernel of this map.
Let A(P, A) be the set of simple roots of P with respect to A (defined in 3.6), which can be

identified with the elements of a}.

7.1.2 The decomposition theorem

A function f € C*(Gy) is said to be of moderate growth if there exists m € N such that
|f(z)| < ||=||™. Recall that a function f : Gg — C is smooth if there exists an open compact
subgroup K such that f(zk) = f(x) for all k € K; and x € Gg, and f,(y) = f(x x y) are

smooth functions on G, for all z € G, .

A function f € C*(Gg) is called of uniform moderate growth if there exists m € N
such that |Df(x)| < ||x||™ for every D € U(g) and = € Gs. Let Vi denote a space consisting
of smooth functions of uniformly moderate growth on I'\Gg. For an open compact subgroup

Ky C Gg;, let VFKf denotes Ky invariant subspace. Then Vr is an inductive limit of VFKf .
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A function f € C*(T'\Gg) is a cusp form if for all proper parabolic subgroup P of
G and the Levi decomposition P = MN, the constant term f along P is fP(z) :=
fFN\ g J(nz)dn vanishes for all z € G's, where dn is the normalized Haar measure on I'y\ N

(this means fFN\NS dn =1).

Let I'p =T'NP(k), 'y =T'NN(k), and I'y;y = Ty \I'p. If f is a ['p-left invariant function,
then define fZ : m — fF(mx) on M} for any x € Gs. Then fI is I'j-left invariant. A
function f € Vi is called negligible along P if fI is orthogonal to the cusp forms on
Ly \M} for all z € G,. Let A be the set of classes of associate parabolic k-subgroups.
For P € A, denote Vi (P) as the space of functions negligible along @ for every parabolic
subgroup @ ¢ P.

Example 7.1.3. Let G = GLy/Q and S = Sw. Let I be a congruence subgroup of SLo(Z).
Let B be the Borel subgroup of G. For any cusp form f for level I', the constant term along
B, denoted as f2, vanishes. Hence, any cusp form is negligible along the Borel subgroup.
Suppose [ is an Eisenstein form for level T', then f¢ = f. Since the Fisenstein forms are

orthogonal to cusp forms on GLs/Q, Eisenstein forms are negligible along G.
Lemma 7.1.2. (Proposition 2.3 in [5]) If a function is negligible along all parabolic sub-

groups, then it is zero. If it is negligible along all proper parabolic subgroups, it is cuspidal.

As a consequence of the lemma, we conclude that Vi-(A) := > Vi(P) is a direct sum.
Theorem 7.1.3 (Langlands). Vr = Vi (A) = @ Vi (P).

Remark 7.1.1. In the context of Example 7.1.3, Langlands’s theorem asserts that every
function with uniform moderate growth can be expressed as a linear combination of cusp
forms and Fisenstein forms. Specifically, the space Vi(G) corresponds to the set of cusp

forms, while Vr({xBsz™ : x € Gs}) consists of Eisenstein forms.

7.2 Decomposition of Cohomology

Let E be a finite-dimensional irreducible complex representation of G, which can be viewed
as a G5 module by considering the trivial action of Gg;,.

For S-arithmetic subgroup I', we have H*(I', F) = H3(Gs,C*(I'\Gs) ® E).
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Lemma 7.2.1. (Section 3.4 in [9]) If S = Se, then H*(I', E) = H}(Goo, VI @ E).
Lemma 7.2.2. The embedding ¢ : Vi — C*(I'\Gs) induces an isomorphism

H(;(Gs, r® E) — H(;(GS, OOO(F\Gs) X E)

Proof. The following proof is given by Borel, Labesse and Schwermer in [5].

Consider the spectral sequences
EP? = Hp(Gsf, HY(Goo,Vr ® E)) and E'Y? = Hg(Ggf, H}(Goo, C*(T\Gs) ® E)).

These sequences converge to H3(Gs,Vr ® E) and Hj(Gg,C>*(I'\Gg) ® E), respectively.
To establish the isomorphism, we need to prove that the induced map EY? — E'0 is an
isomorphism of spectral sequences. Since ¢ is G s,-equivariant, it suffices to show the following

map is an isomorphism:
H}(Goo,Vr @ E) » Hi(G, C*(I'\Gs) @ E).

By restricting to the K,,— finite vectors in Vr and C*(I'\Gg), we can replace differential
cohomology with (goo, K ) cohomology. Note that Vi and C*(I'\G) are inductive limits of
Vi i and C=(I'\Gg)™ 7 over compact open subgroups K’ of Gis,. Since (goo, K o) cohomology
commutes with inductive limits (refer Lemma 6.2.4), it suffices to prove that the following

maps are isomorphisms:

!

H* (900, Koo, Vi @ E) = H*(goo, Koo, C*(T\Gs/K"}) ® E).

Since F\Gs/Kf is a finite disjoint union of I'.\ G, and V is a subspace of C*(I'\Gs/K}),

we have V = @®Vr,, where Vp, = O3 (I':\Go). So, it reduces to prove the lemma for
S = S.. So, the lemma follows by using Lemma 7.2.1. O

For any S, C 9, the cohomology of I' with coefficients in a finite-dimensional irreducible

complex rational representation F of G, can be decomposed as

E) =@ H(T. E),
P
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where Hp(I', E) = H3(Gs, Vi (P) ® E).

Corollary 7.2.3. The cuspidal cohomology of T, denoted as HE, (', E), is defined as
H3(Gs,Vr({G}) ® E), and it naturally embeds into H*(T', E).

Remark 7.2.1. (Remark in [5]) Note that Vo({G}) = L2,,(T\Gs)®. So, the cuspidal
cohomology H?,. (T, E) = H3(Gs, L2, (T\Gs)™ @ E).

cusp cusp

7.3 Cohomology with Coefficient in Discrete Spectrum

Let (7, H;) be an admissible irreducible unitary representation of Gg then
(7T7 Hﬂ) = (7?00, Hﬂoo) ® (7rf> H7Tf)’

where (7o, Hy,) and (7y, H

x;) are representations of G, and G, respectively.

Now onwards, we assume that G is semisimple, almost absolutely simple over k of strictly
positive k—rank. Let G be the universal covering of G and 7 : G — G the canonical isogeny.

It induces a morphism 7y : és — (g with finite kernel and cokernel.

Lemma 7.3.1. Let (7, H,) be an irreducible admissible unitary representation of Gs occuring

: 2
m Ldisc

either G is simply connected or Hy(Gg; H>° @ E) # 0.

(I'\Gs). Suppose m has non-compact kernel. Then w is the trivial representation if

Proof. The following proof is given by Borel, Labesse and Schwermer in [5].
Since G is almost absolutely simple over k, G(k,) is simple modulo its center. Then there

exists vy € S such that G(k,,) C ker(r), since 7 has a non-compact kernel.

If we assume G = G, then G(k) is dense in G(AY), where AY be the restricted direct
product H;¢S k, with respect to O, (Theorem 2.3 in [31]). Then I' - G(k,,) is dense in
Gs. Since HX can be realized as a space of smooth functions on I'\Gg/G(k,,), 7 is trivial

representation.

Now, we drop the assumption G = G. Let G’ := 74(G s) be the normal subgroup of finite
index in Gg. Then H, is the direct sum of finitely many irreducible G'—modules (m;, H,),

which are permuted transitively by Gg. So, the kernel of H;—modules is isomorphic, i.e.,
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either all compact or all non-compact. Since G’ is an open subgroup of finite index in Gg,
G’ Nker(m) is not compact. Hence, ker(m;) are non-compact. So, (m;, H,,) are trivial repre-
sentations for all i. Consequently, (7, H,) is an irreducible finite-dimensional representation

of Gg. Since the cohomology groups are non-trivial, and (7, H,) = ®yes(my, Hy,), we have
H3(G(ky); Hy, ® Ey) # 0 for all v € S and Hy(G(k,); Hr,) # 0 for all v € Sy.

If v € Sy, then Hy is trivial. Now let v € S, then H, ®F, contain the trivial representation
since differential cohomology is isomorphic to relative Lie algebra cohomology. By using
Theorem 2.3.4, E, is the contragradient representation to H,,. So, E, also has a kernel of

finite index, and so FE, is trivial. Hence, 7, is also trivial. O

Let L*(T'\Gs) be the space of square-integrable measurable functions on I'\Gs. Note
that Gg acts on L?*(I'\Gg) by right translation. Let L3, (T'\Gg) be the direct sum of Gg

disc

invariant subspaces of L*(I'\Gs). Let L2 (I'\Gs) be the subspace consisting of the cuspidal

cusp

functions on I'\Gs.

Let St denote the Steinberg representation of Gg,. Then St & ®,es,S5t(G(k,)). Let
GCUSP(S, ', St) (respectively @diSC(S, [, St)) are the sets of equivalence classes of irreducible
unitary admissible representations m = 7., @7y of Gg that occur in the cuspidal (respectively
discrete) spectrum in L*(I'\Gg) such that 7; = St.

Remark 3. (Refer [12] by Clozel) Let 1 = ®m, be an irreducible unitary admissible rep-
resentation that occurs discretely in the L? spectrum. If w, is tempered for some v, then 7

occurs with full multiplicity in the cuspidal spectrum.

Note that the Steinberg representation of G(k,) is a tempered representation for v € S;.
Therefore, if Sy # (0, then écusp(S, [, St) = GdiSC(S, I, St).

Theorem 7.3.2. Let ry be the sum of semisimple k, ranks of G for v € Sy. Let I, ® Hy
denote the isotypic subspace of (w, H) in L2 (I'\Gs). Then,

cusp

H,T.E)= @ Hi " (GxIX®E).
7€Geusp(S,T,5t)
[f Sf 7£ @, then H(;isc(rvE> = H; (FvE) D H&(Goo; E)

cusp
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Proof. We assume that H}(Gg, L3 (I'\Gs)*® E) and H}(Gg, L?
dimensional. By the Kunneth Rule,

['\Gs)>®® E) are finite

cusp (

Hi(Gs, HX @ )= ) HJ(Go, HY © E) ® H}(Gs,, HE).

m+n=q

If 7 is trivial, then H}(Gs, H® @ F) = H}(Gw, E).
If 7 is non-trivial and has non-vanishing cohomology, then 7; is isomorphic to St, since
lemma 7.3.1. Moreover,

Hi(Gs,HX @ E) 2 Hy (G, HX. @ E) ® H}' (Gs,, St).

e

7.4 Lefschetz Functions for an Automorphism

Let o be an automorphism of G of finite order I. Let L := G x (a) be the semi-direct
product. Let L be the coset of a in L. For a k — Algebra A, let L(A)™ be the subgroup
generated by L(A).

Let F' be a completion of k, and let E be a finite-dimensional representation (trivial if F'is
a non-Archimedean completion). Let (7, H,) be an irreducible admissible representation of
L(F)*. For 5 € L(F), let 8 also denote the action 7(3) on H, ® E. It induces isomorphisms
of the cohomology groups HJ(G(F'), H, ® E). Recall the Lefschetz number (see Section 6.3)
of 8 with respect to H, ® E is given by:

Lef(8, G(F), H, ® E) = (—1)"trace(8" : H}(G(F), H, ® E)).

Note that H3(G(F),H, ® E) is a subquotient of {z € I* : g -2 = x Vg € G(F)},
where 0 — H, ® E — I°® is an injective smooth resolution. Thus, G(F') acts trivially on
cohomology groups. Let f’ € L(F'), then ' = fxq for some xy € G(F'), then the induced
maps on cohomology groups by 8 and ' agree. Consequently, the Lefschetz number is
independent of elements in L(F'), so we can denote it by Lef(a, G(F), H; ® E). (For more
detail, see Section 6.3)
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Let Py be a minimal parabolic subgroup of GG defined over F' with Levi decomposition
Py = MyNy. Choose 3y € L(F) such that 3yPy3,' = Py and SoMyB,"' = My. Let P
be a [y-stable parabolic F-subgroup of G with Sy-stable Levi decomposition P = MN.
Then, P(F)" and M(F)*" are subgroups of L(F)" generated by 5y with P(F) and M(F),

respectively.

Let K be an a-stable maximal compact subgroup of G(F'). Consider f € C*(G(F))
such that it is K-finite. Define f* on L(F)" as x x o" — f(xz). We say f* is cuspidal if
trace 7(f*) = 0 for all parabolically induced representations  on L(F)" from an irreducible

representation 7 on M (F)", where P = M N is a [y-stable proper parabolic subgroup.

We say f* is very cuspidal if for any [y-stable proper parabolic subgroup P = M N,
and for all m € M(F)p,,

fp(m) = 5P(m)1/2/K e (k™ 'nmk)dndk = 0.

Lemma 7.4.1. If f is very cuspidal then f is cuspidal.

Proof.

£y _ 1/2 pxf —1
So, trace w(f*) /M(F)+/K/N(F) dp(m)~“f*(¢g~ " mng)T(m)dndgdm
— [ fpm)rtmyam.
M(F)*

]

Lemma 7.4.2. (Proposition 8.4 in [5]) There exists K-finite, cuspidal and compactly sup-
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ported smooth function f, g on G(F) such that for any admissible representation © of L(F)™,
trace 7(f, p) = Lef(a, G(F), H ® E).

Moreover, if F' is an Archimedean, we can choose it very cuspidal.

Such functions are called Lefschetz functions. Let 7 — ®,c9m, be a representation of
LJSr = GS X <Oé> and fa,E = Hfa,Ev' Then

trace mg(f, Htrace mo(fo r,)
veS

= [ [ Lef(e, G(ky), He, ® E,)
= HZ —1)" trace(a|H} (G(ky), Hr, ® E))
Z "trace(a|Hy (Gs, Hy ® F))
trace ms(fo p) = Lef(a, Gs,H, ® F).

7.5 Extension of Representations

Consider a locally compact topological group H* with a closed normal subgroup H such
that the quotient group H*/H is a compact abelian group. We define a representation of
H™ to be ‘good’ if it satisfies Schur’s Lemma, meaning that any operator commuting with

the image of H* is a scalar.

Let 7 be a good irreducible representation of H*. Denote by X (7) the group of characters
x of H"/H such that y @ m & 7. Let 0 = Resg+7r be a restriction to H.

Lemma 7.5.1. Let U € Hompy(o,0). Define U, = fHWHx(x)W(x)UW(x)*l dx. This opera-

tor serves as an intertwining operator between m and ™ & X.

Proof. Forany g € H, consider Uyor(g) = [;+ y X(2)m(2)Un (g™ x)~" dz. By changing the

1

variable to y = ¢~ 'z, we obtain U, o m(g) = fH+/H X(gy)7(gy)Un(y)~* dy. This expression
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verifies that U, acts as an intertwining operator. O

Lemma 7.5.2. Let m be an irreducible representation of H™. Then

e The representation o is reducible if and only if there exists a non-trivial character x
of HY /H such that m = 7 ® X.

o [f X(7) is finite. The algebra I(c) = Hompy(o, o) is a finite-dimensional and dim I (o) =

| X (7)|. Moreover, o is a finite direct sum of irreducible representation.

o [f X(7) is a cyclic of order 1 then I(o) is commutative. Moreover, o is a direct sum

of | inequivalent irreducible representations.

Proof. If X(m) is a finite group of order I then we can choose I, such that I = id. Then by
Fourier Inversion, U = ) ¢, I,.. So, the dimension of I(¢) = | X (7)|.

If X () is cyclic then clearly I(c) is commutative. If o is a direct sum of two equivalent

irreducible representations then /(o) can’t be commutative. ]

Let H"/H be a cyclic group of order [. Consider an element o € H™ such that its
image in the quotient group generates H*/H. Consequently, o' € H. Define o as a good

representation of H. The transformation o is given by x — o(aza™!).

We say o is a-invariant if o and ¢® are equivalent. In the case of a-invariance, there exists
an operator A such that 0®(z) = Ao(z)A~'. Consequently, 0 (z) = o(al)o(z)o(a™) =
Alg(x)A™L. Therefore, o(a~')A! is a scalar, and we can choose A such that o(a!) = Al
Define 7 on H* by m(za*) = o(x)A’. Clearly, 7 is an irreducible representation. Since o is

irreducible, X (7) is trivial.

We say that 7w exists as a distribution if ¢ +— tr 7(¢) is a continuous linear form on
C>®(HT).
Corollary 7.5.3. If an irreducible 7 exists as a distribution such that o is reducible to H.
Then tr w(¢p) vanishes on the subspace CX(aH).

Proof. Since X (7) is non-trivial, there exists non-trivial x such that xy ® 7 = 7.

tr 7(¢) = tr x @ m(¢) = x(a) tr w(¢).
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7.6 Trace Formulas

Let A, be the ring of adeles, and A7 be the restricted direct product H;¢ g Ky with re-
spect to O,. Then L(Ag)t = G(A;) x (o), LE = G(ks) x (@), and L(A7)T = G(AY) x
(). Let p be the representation of L(Ay)* in L*(G(k)\G(Ay)) given by p(z x o) f(y) =
f(a™"(yz)). Let paisc and peysp be the restrictions of this representation on L2 (G (k)\G(A))

and L2 (G(k)\G(Ay)), respectively. For any f € C°(L(Ay)"), the trace of pais(f) is given

by
trace paise(f) = Zmdisc(w) trace w(f).

Lemma 7.6.1. (Theorem 7.1 in [1]) Let f = [[fo = far X h, where f, g is Lefschetz
function for S and h € C2®(AY). Further, assume there exists w ¢ S such that supp(f,,) lies

in the set of reqular elements. Then

trace paic(f) = Y ar(y)Jr(y. ),

where summation runs through regular elliptic G(k) conjugacy classes of L(k)™, arp(vy) is

measure of G(k)\G~(Ay) divided by index of G,(k) in G(k), and Ji (v, f) is the orbital
integral fG'y(Ak)\G(Ak) flzlyx)dx.

According to the definition of the Lefschetz number,
Lefgisc(a, h, G, E) = Z(—l)" trace (o x h|H}(Gg; L3 (G(K)\G(Ay)) ® E)).

Since L2

Jise Can be expressed as a sum of irreducible representations, the cohomology also

admits a similar decomposition. By using Corollary 7.5.3, the trace of an irreducible rep-
resentation m of L(Aj)* is non-trivial if its restriction, denoted by o, to G(Ax) remains
irreducible. For such 7, we can express o = o0g ® 0, where og and ¢ are irreducible repre-
sentations of Gs and G(AY). Let g and 7 be the extended representations (as described

in Section 7.5) of L and L(A7)*, respectively. Then, 7 is a restriction of mg ® 79 from
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LY x L(AY)T to L(Ay)". Hence,

Lefgise(a, h, G, E) Zmdmc Z (—1)" trace (ax h|H}(Gs; H ® F))
= ZmdlsC ) Lef(a, Gg,mg ® E) trace ’/TS(h*)

= Zmdisc ™) trace ms(f, p) trace 5 (h*)
Lefaic(er, h, G, E) = trace(p(fa p % 1*)| Li(G(R)\G(Ar)) ® E).

Therefore, by using Lemma 7.6.1, the discrete Lefschetz number is given by

Lefgise(a, b, G, E) = > an(M)Je(y, fap X bY);
regular elliptic

(L) D aw)

where Jp(y, f2p x h*) = fGy(ks)\G(ks) fopla™ ya)de wa(AS)\G(AE) h*(z~'yx)dx. Similarly,
the cuspidal Lefschetz number is

Lefeusp(at, h, G, E) = trace(p(fi g x h)| L (G(K)\G(Ay)) @ E).

7.7 Non-vanishing of Cuspidal Cohomology

We will say that the cuspidal cohomology of G over S with coefficients in £ does not vanish
if, for every S—arithmetic subgroup I' C G(k), there exists a finite-indexed subgroup I'y C T’
exhibiting non-trivial cuspidal cohomology with coefficients in E. Consequently, we define
the cuspidal cohomology of G over S with coefficients in E' as the inductive limit of the

cuspidal cohomology of S—arithmetic subgroups of G(k) with coefficients in E, i.e.,

G, 5, E) = lim Hy (T, E) = H3(Gs, L2, (G(K)\G(Ar)™ ® ).

cusp ( cusp

The isomorphism follows from Remark 7.2.1.

7.7.1 Proof of Theorem 7.0.1

Proof. The following proof is by Borel, Labesse, and Schwermer in [5].
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In the case where S C T and includes all Archimedean places, the first part of Theorem
7.3.2 implies

H3(Grp, L2 (G(K\G(Ap))® ® E) — H(Gs, L (G(E)\G(Ap)® ® E).

cusp cusp

Now, let us consider the scenario where S contains at least one finite place. By utilizing

Theorem 7.3.2, we have the relationship
Lefgisc(v, h, G, E) = Lefousp (v, h, G, E) + 1(fo, g X h),

for any h € C2®(G(AY)), and 1(fo. g x h) = tr 7(fa.g x h) where 7 is the trivial representation.
To establish the result, we need to prove that the cuspidal Lefschetz number is non-zero for
some h € C®(G(AY)). Given that Lef(a, G, Ho @ E) # 0 and the Lefschetz number
Lef(a, G(ky); Hy,) is not identically zero for v € Sy, there exists a unitary and irreducible

representation (7g, Hy,) of Gg such that
trace ms(f, p) = Lef(a,Gs,ms ® E) # 0.

By the trace formula, there exists a regular elliptic element xy € L(k)™ such that the orbital

integral Jp(zo, f3 ) # 0. By choosing a small enough support for h, we have
Lefdisc(a, h, G, E) = Lefcusp(a, h, G, E) + ]-(fa,E' X h) = CLL<LU0)JL(£EO, f;:E)JL(wo, h*)

Since z is a regular element and the rank of G is non-zero, the dimension of G, (k,)\G(k,)
is strictly lesser than the dimension of G(k,) for any finite place v. Choosing h,, for all v ¢ S
except one place w ¢ S, we fix h,, as the characteristic function of a decreasing sequence of

open neighborhoods of xy such that

Jr(xo, h*) = cl/ hE(x  agx)dr = 1,
Gag (kw)\G(kw)

1(far X h) = 02/ hy(x)dz — 0 as the neighborhood decreases.
Gkw)

Since ar(xg) # 0, the cuspidal Lefschetz number is non-zero. Hence, the theorem follows.

]
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We say GG admits Cartan-type automorphism if there exists an algebraic automorphism

a and z € G, such that oo Ad(z) is a Cartan involution on G, (defined in Section 3.7).

Theorem 7.7.1. If G admits Cartan-type automorphism over k then Hg,. (G, S,C) # 0.

Proof. As the involution 6 acts by —1 on g/, the Lefschetz number of 6 in the (g, K)
cohomology of the trivial representation does not vanish. Since Lef(«, G, C) = Lef(0, G, C) #
0, the theorem follows. O

Example 7.7.1. Consider the algebraic group G = SLy/Q or G = Resp/o(SLn/F) where
F is an imaginary quadratic extension of Q. Let a be an automorphism of G defined as

g~ g7t The automorphism « is a Cartan involution since Ezamples 3.7.1 and 3.7.2.

Hence, Theorem 7.7.1 implies H% (G, S,C) # 0.
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Chapter 8

Cuspidal Cohomology

Let F' be a number field, and ¥ = Hom(F,C) be the set of embeddings into C. Then
Yp = 2, UX,., where X, and Y. are the sets of real and complex embeddings, respectively.
Let S, and S, denote the sets of real and complex places, respectively. There is a surjective

map Yp — S, defined as 7, — v if v is real, and {7,,7,} — v if v is a complex place.

Since the composite of totally real subfields is also a totally real subfield, let Fj be the
maximal totally real subfield of F'. Let F) denote a totally imaginary quadratic extension
of Fy in F'. Note that F} may not exist, but if it does, it is unique. If F; does not exist, set
Fl = F(].

8.1 Algebraic Group and Character group of Torus

Let Gy = GLy/F be the algebraic group and F|[Go| be the coordinate ring. Let G =
Resg/g G be the Weil restriction of scalars to Q, and let G x C be the base change of the
algebraic group to C. Since G is defined over Q, for any A € C-Alg, we have

G x C(A) = Go(F ® A)
= Homp(F @¢ Q[GLN/Q], F ®q A)
= [ Homp(F ®q QIGLy/Q],A) = [] Go(A).

F—C F—C
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Let Zy be the center of Gy, By be the Borel subgroup consisting of upper triangular matrices
in Gy, and Ty C By be the diagonal torus in Gy. Let Z, B, and T' denote the restrictions of
scalars of Zy, By and Ty to Q, respectively. Also, let Z x C, B x C, and T x C be the base
changes of algebraic groups Z, B, and T to C, respectively.

Let X*(T x C) be the character group. Then

(TxC)= P X (Th).
T:F—C
If A € X*(T x C), then A = (\")r.psc, where A" = SN a7 — 1) -7 +d7 -0y = (b],..., bRy).
Here, v; are normalized fundamental weights on SLy extended to GGLx such that they are

trivial on the center, and dy is the determinant character of GLy. Then Nd™ = ) b7 and
b — b, =aj forall1<i< N -1

Define X§(T' x C) = X*(T x C) ®z Q. A weight A € X3(T x C) is called an integral
weight if one of the following holds:

aj € 7,
b €L+  Nd™ € Z,
Nd™ =SV Vi(aT — 1) (mod N).

An integral weight A is dominant for the Borel subgroup By if b] > 0] > ... > b}, or a] > 1.
The collection of dominant integral weights is denoted by X (T x C).

8.2 Adelic Locally Symmetric Space

The group G(R) is isomorphic to [[¢ GLn(R) X [[g GLy(C), and similarly, Z(R) is isomor-
phic to HST R*In X HSC C*Iy, where Iy denotes the N x N identity matrix. Then C,, =
[Is, O(N) x [[g, U(N) is the standard maximal compact subgroup. Let K, = CiZ(R)

then S¢ := G(R)/K2, is a symmetric space.

Let K; be any open compact subgroup of G(Ag ) then the adelic symmetric space is

defined as follows:
G(Ag)/KL Ky = S x G(Agy)/K;.
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Since G(Q) is a discrete subgroup of G(Ag), it acts properly discontinuously G(Ag)/ K2 K.
The adelic locally symmetric space for G of level K is denoted by

Sk, = GQ\G(Ag)/KLK.
Let m: G(Ag)/ K Ky — S% = G(Q)\G(Ag)/ K3 Ky be the natural surjection map.

Note that K, = [[ G(Z,) is the standard maximal open compact subgroup of G(Ag f),
where the product runs over primes and Z, denote the ring of p-adic integers. Then, the
strong approximation (Theorem 3.3.1 in [3]) implies that G(Q)\G(Ag,r)/ Ky is finite. Since
K is an open compact subgroup, K¢NKj is an open subgroup with finite index in K and Ky
also. So, G(Q)\G(Aq,r)/ Ky is a finite discrete space. Let {ggf)} be a set of representatives
of this discrete space and I'; ;== G(Q) N ggf)Kf(ggf))’l be the stabilizer of ggf)Kf in G(Q).
Consequently, locally symmetric adelic space is homeomorphic to the disjoint union of locally

symmetric spaces, i.e.,

Sg = |T\GR)/K2,.

8.2.1 Sheaves on Locally Symmetric adelic Spaces

Let A\™ be a dominant integral weight, let M- be a finite-dimensional absolutely irreducible
complex representation of Gy X g, C with the highest weight A™. If X is a dominant integral
weight in X (T x C), then M), := ®,.p_,cM,- is an absolutely irreducible finite-dimensional
complex representation of G x C with the highest weight A. The action of G(Q) on M, is
via diagonal embedding. Now, let us define the sheaf M A, Where sections over an open set

vV c 5% ; are given by

{s: 71 (V) — M, smooth : s(ax) = pr(a)s(z) for all a € G(Q),z € V'}.
A sheaf is zero if py(a) # 1 for some a € Z(Q) N K Ky. Thus, (Nd"),.r_c should be the
infinity type of an algebraic Hecke character (defined in [29], Lemma 17):

o If X # (), then there exists w € Z such that Nd™ = w for all T € Y.

o If X = (), then there exists w € Z such that Nd**"™ + Nd*°™ = w for all 7 € X and
t:C— C.
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A dominant integral weight is called algebraic if the determinant character satisfies the
above conditions. The set of algebraic dominant integral weights is denoted by X ;{g(T x C).
If Ky is sufficiently small, then the stalk at any point is isomorphic to M. Thus, the sheaf

forms a local system on the adelic locally symmetric space SIGQ.

8.3 Cohomology of Sheaves

Let ?f{f be a Borel-Serre compactification of Sﬁf (refer to [6]). The boundary of SIG(f,
denoted as 85’[%, is the union of boundary components 8pS§f, where the union runs over
G(Q) conjugacy classes of proper parabolic subgroups defined over Q. A sheaf M A haturally

—G . Vi . . =G . :
extends to S K; and is denoted by M. The inclusion S[G(f — S K, isa homotopy equivalence,

so it induces an isomorphism on cohomology groups: H*® (?i = M z) — H*(S¢ f,Mv NE

Let HE ;= C(G(Agy)//Ky) be the set of locally constant and compactly supported
functions f : G(Ag,s) — Q such that f(gzh) = f(x) for all g, h € K. The Haar measure on
G(Ag,r) is a product of normalized local Haar measures. Then, 7—[% forms a Hecke algebra

under convolution. There exists a long exact sequence of HIG(f—modules:
—_— —G —_— —_— —_—
c = HIMSE,, My) = H™(Sg,, My) = H™(9SE,, My) = HI'MH(SE,, My) — -+
This sequence involves two key components:

e The inner cohomology: H{”(Sfcéf,/f\ZA) = Image(Hcm(SICéf,/T/l/A) — Hm(gf(f, MA))

e Eisenstein cohomology: Image(Hm(gif,//\/lvA) — Hm(OS[Céf, MVA))

8.3.1 Inner Cohomology

The inner cohomology of the symmetric space SIG(f with coefficients in the sheaf M A de-
composes into a direct sum over absolutely irreducible representations (7, V) of the Hecke

algebra HE ; on C-vector spaces:

H(SE, My = @@ HI(SE, M),

ﬂfECOhg(G,Kf,)\)
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where Cohi(G, K¢, \) is a collection of absolutely irreducible representations with strictly
positive multiplicities and 7, is a representation of H ;- The set Cohy(G,\) denotes the
inner spectrum of G with coefficients in A and is defined as Cohy(G, \) = U, Cohy(G, Ky, ).

Note that there exists a finite set S of places such that K, = G(Z,) be the maximal
compact subgroup for any p ¢ S. So, the local Hecke algebra H}G(p is a commutative algebra.
Since the irreducible representations for a commutative algebra, are one dimensional, let
Tp HIGQ) — C be a local representation of 7y at place p ¢ C. The vector space Vi,
associated with the representation 7y decomposes as V;, = ®,V,, =V, s ® C. Here, V7, 5

represents the product of local representations at places in the set S.

8.3.2 Cuspidal Cohomology

respectively. The cohomology of

o)

Let goo and €., denote the Lie algebras of G(R) and K7
the sheaf M A can be expressed as the cohomology of the De Rham complex associated with

(g0, K3,) modules:
Q°(S%,, M») = Hompes, (A* (800 /), C(GQ\G(AQ)/ Ky, oy Mz ) @ M),

where the function space consists of C-valued smooth functions ¢ on G(Ag) satisfying
P(agksze) = Wy (200)0(g) for a € G(Q), ks € Ky, and z,, € Z(R)°. Here, wy : Z(R) — C is
a central character (defined in Introduction of Chapter 6). This implies that our interesting

cohomology is (goo, tx) cohomology, i.e.,
H*(S%,, M) = H* (g, K2; C*(G(Q\G(Ag) /K, w3 M zm)r) © M),
Since the space of smooth cusp forms is a subspace of smooth forms, i.e.,
Cap(GQN\G(Ag) /Ky wi') C CX(GQN\G(Ag)/ Ky, wy!),

it induces inclusion at relative Lie algebra cohomology (isomorphic to differential cohomol-

ogy) as well (Corollary 7.2.3). Therefore,

H2,o (S5, M) 2 H (g0, K31 C2 (GIQ\G(Ag) /K p,wil) @ M),

007 Ycusp
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Let Ky C Ky, are open compact subgroups of G(Aq, ). A natural map exists between the
cohomology groups associated with these subgroups. Consequently, we define the cuspidal

cohomology SE¢ M ,\) as the limit of all such cohomology groups. Therefore,

cusp(
H2,p (59, M) 22 H* (900, K23 50 (GQ\G(Ag)) ™ ® M),
Since the smooth cusp form has rapid decay, it is square integrable. So

Hp (S9 M) = H (800, K52 L (GIQ\G(Ag))™ @ M),

8.4 Cuspidal Cohomology for SLy and GLy

Let G§ = SLy/F be the algebraic subgroup of Gy = GLy/F. Similarly, Ty and B are
torus and Borel subgroups of G§. Moreover, G!, B!, and T" are Weil restrictions of scalars of
algebraic group to Q, and G' x C, B! x C, and T x C are base change to C. Then, G}(R) ~
[Tocs, SLn(R) X [],cs, SLa(C); its Lie algebra is denoted gl,, and its maximal compact
subgroup is K, ~ [],cq SO(n) x [,cq. SU(n). Let \' = X|p1c and let (py1, My1) be the
restriction of representation (py, M) to SLy/F, i.e., My = M. Similar to GLy/F case,
for an open-compact subgroup K } of G*(Ag.s), the definitions for the locally symmetric space
Sgl = G'(Q\G'(Ag)/CL K}, the sheaf My of C-vector spaces on SG17 its cohomology

groups H (SGl,MM), and cuspidal cohomology Cusp(SGl,M)\l) works Just the same for
SLy/F as for GLN/F. So, the cuspidal cohomology for Gl SLy/F is

cuSp(SG1 '//\—\/l/)\l) H.(géle Lgusp( I(Q)\GI(AQ))OO@MAl)

Recall that, we defined the cuspidal cohomology in Section 7.2 and 7.7. Since the differ-
ential cohomology and relative Lie algebra cohomology are isomorphic, the two notions of
cuspidal cohomology coincide. In other words,
G, oo, M) = SE Mo).

cusp( cusp(

Theorem 8.4.1. The cuspidal cohomology of G = Respg GLn/F in a finite-dimensional
representation space My does not vanish if the cuspidal cohomology of G = Respyg SLn/F
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i a finite-dimensional representation space My1 does not vanish, i.e.,

cusp(SG1 MAl) 7& 0= cusp(SG MA) 7é

Proof. Since L2, (G(Q\G(A),w)>* = lim | L2 (GQ\G(A)/Ky,w)>, by using Lemma
K;CG(hAj)

6.2.4, we have

H3p(SO Mo) = lim | H3(G(R), L2,y (GQ\G(AR) /K, )™ @ M),

KpCG(Ay)

Since G(Q)\G(A)/K; is homeomorphic to finite disjoint union UI';\G(R) (refer Section 8.2),
Lgusp(G(Q)\G(A)/Kf, w)> = @Lzusp( \G(R), w|s )™ and the cohomology groups

H3(G(R), Ly (GQ\G(A) /K, ) @ My) = @HF(G(R), L, (TAG(R), w]oe)* @ M.

We need to show that H3(G(R), L2, (I\G(R), w|s)™ ® M) # 0 for some ' C G(Q) to get
our result. By using Lemma 4.2.1 and Shapiro’s Lemma 6.3.3, we can express the cuspidal
cohomology for any I' C G(Q) as

Hy(Z(R)TGH(R), L, (TG (R), ') ™ ® M),

where T' = T'N GY(Q). Since Z(R) acts trivially on L
further simplify it to

cusp(Fl\Gl(R)uwl‘OO)oo ® M)w we

H3(TGH(R), L (TG (R), w'[00)™ © My).

As TGY(R)/G'(R) 2 T'/T'! is a finite abelian group, we can further refine this expression by
using Proposition 2.5 in Chapter 9 of [7],

H(GM(R), Ly (TG (R), w'o0) @ M)/
By using hypothesis, there exists I'' € G'(Q) such that
Hj(G'(R), Ly (TG (R), w'[00)* © M) # 0.
So, there exists an admissible irreducible representation 7 C L2 (I"\G'(R),w"|)> of
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G'(R) such that
H3(G(R), 7 & My) £0.

For v € T/T!, we define n7(z) := w(y 'z7y) as representations of G'(R). As a result,
> erm T € (L24pTNGH(R), w!|0e)>)T/T" | establishing the theorem. O

8.5 Strongly Pure weight

When an algebraic dominant integral weight A = (A7) supports cuspidal cohomology, it must

satisfy the purity condition ([11]), i.e.,

af =ay_;forall7: F—C <«  there exists w € Z such that b] + by_,,; = w for all 7.

)

The integer w is called the purity weight of . A set of pure weights is denoted by X (T'x C).
Since the cuspidal cohomology of GLy/F admits a rational structure ([11]), it is evident that
for any ¢ € Gal(Q/Q), ¢\ also supports cuspidal cohomology, consequently, ¢\ = (A7) is
also a pure weight, where AT = X6 '°7. A pure weight is called strongly pure if é) is pure
for all ¢ € Gal(Q/Q), and a set of strongly pure weights is denoted by X (T x C). The

following statements are equivalent:

° )\EXJ)(TX(C).

° afOT = a%’: for all 7: F — C and ¢ € Gal(Q/Q).

£oT

e There exists an integer w € Z such that b5°" 4 by_i;1 = w holds for all 7: F' — C and
¢ € Gal(Q/Q). This integer w is referred to as the purity weight of ).

Moreover, the following inclusions hold in the character group of T'x C, with strict inclusions

in general:

Xo(TxC)c Xf(TxC)c X (T'xC)c XHT xC)cC X*(T xC).

alg
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8.5.1 Examples F' = @(\/g, \?/5)

Consider the embeddings 7., : F' — C defined by 7,,(v/3) = (—1)*v/3 and 7,,(V/5) = w¥V/5
for z € {0,1} and y € {0, 1,2}, where w is the cube root of unity. The embeddings 7o and
710 are real, while (791,792) and (711, 712) form pairs of complex embeddings and their
conjugates. Note that, F; = Q(+/3) is the maximal totally real subfield. Furthermore, we

ObSGI‘VG that TO,O|F1 = T071|F1 = 7-0,2’F1 and T1’0’F1 = 7—1,1|F1 = 7'1’2’}71.
Let A7 = (a” — 1) -y +d" - 3, let us denote it [a7,d"]. For strongly pure weight A,

aTO,O — aTD,IOTO,2 — aT0,10T0,1 — aTO,Q

Q™0 = 7110702 — 47119701 — 71,2

Then any pure weights and strongly pure weights have the following structures.

Embeddings Pure Weight | Strongly Pure Weight
70,0 [a,d] [a,d]
10 [b,d] [b,d]
(7'071, 7'0’2) [X,d] [a,d]
(T1,1,71,2) [y,d] [b,d]

8.5.2 Strongly Pure Weights as Base Change

Let Q be an algebraic closure of Q, and let G = Gal(Q/Q). Let ¢ € G be the complex
conjugation. Let N7 be a normal subgroup of G generated by {ycy~'c:~v € G}.

Remark 8.5.1. The fizved subfield of Q by N is the mazimal CM subfield.

Lemma 8.5.1. Let A € XSB(RGSF/Q To/F xC) be an algebraic dominant strongly pure weight.
Then there exists k € Xd(Resp, o To/F1 X C) such that X is a base change of k from F to
F. In other words, for any 7 : F — C, we have \™ = ™1, (Similar to Prop. 2.6 in [25]).

Proof. Let F be a number field with F; being a subfield (defined as in the introduction of
Chapter 8). Let A = (A\"),.rc be a strongly pure weight. We have b;°" = b;°7" for all
TEYXp, Y€ G, and 1 <i < N due to the purity and strong purity conditions.

Consider two embeddings 71 and 75 of F into C such that 7i|r = 7o|r. This implies the

existence of v € N’ such that 47, = 75. Therefore, b]' = b?, and subsequently, A™ = A™. [
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8.6 Cuspidal Cohomology for SLy

Let F' be a totally real number field or a Galois number field over the maximum totally real

subfield Fj of F. Recall notations: let Go = GLy/F then G} = SLy/F and G = Resp/oGy.

8.6.1 Finite Dimensional Representation

Let )\ be a strongly pure weight, and let A = A|71,¢c. Denote (py, M,) as a finite-dimensional
algebraic irreducible representation of G(C) with the highest weight A, and let pyx1 = px|g1(c)-
Then

(par, M) = @r.pe(parr, Manr) = Ques., (pare, Mato).

where pyi.0 = paire if v is a real place, and pyi10 = pyi,m ® par7 if v is a complex place.

Now, let ¢ : FF — C be an embedding. Since F'is a Galois over Fy, ((F) is also a Galois

over the maximal totally real subfield ¢(Fy). So «(F) = «(F') and consequently, there exists
an automorphism ¢ : F — F such that ¢ o ¢(z) = «(z) for € F. Note that ¢|p, = id and
¢|r, # idif F} is a quadratic totally imaginary extension. Let ¢ also denote the automorphism
of the algebraic group G = Resp/g(SLy/F') induced by an automorphism ¢ (see Section 3.3
for more details). Let ¥ : SLy/F — SLy/F be an algebraic group homomorphism defined

as g — *g ="'g71. Now, let 0 := (Resp/@ 19) oc. If F'is totally real field then 6 = Resp;q .

Lemma 8.6.1. There exists Iy : My — M, such that

Iyopa(g) = pa(0(9)) o o g € G'(R).

Proof. Let 0'(g) = wof(g)wy "' for a N x N matrix wy = [(=1)""10; y11-;], where 6;; = 1
if i = j and 0 else. Note that det(wy) = 1. Let z = (diag(z],...,2%))res, € TH(C), and
Uy = @,;Uxr € My = ®,M,1.- be a highest weight vector with weight A\'. Then, %py: acts
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on vy by:

“pai () - vx = pai (diag ((23) .-, (1) 1)) - oa
= Mdiag ((z}) 7" ..., (2])71))ua

- @ ((IT ke o

TeXp ~1<iKN

_ T —w+bT, .

= ® ( | | (TN_it1) N Z“)U/\*
resp N1<i<N

o5 (z) - vy = X()vy.

The second last equality holds due to the strong purity of A
Since @' preserves the Borel subgroup, for x € B'(C),

pri () - vx = pra (0'()) - vy = vy

Therefore, vy is also a highest weight vector in %py: with the highest weight A!. As the highest
weight characterizes finite-dimensional irreducible representations of semisimple connected
Lie groups, there exists I, : My — M, such that I opy(g) = pa(€6'(g)) o I} for all g € G*(R).
Then Iy = [ o pxi1(wp) has the required property. O

Remark 8.6.1. If ! is not strongly pure, the extension of paxi to G(C) x (a) cannot be
guaranteed. The extension property relies on the strong purity condition, and without it, the

representation may not have a meaningful extension to the larger group.

8.6.2 Unitary Admissible Representation

For a complex place v, consider the pair of complex conjugate embeddings 7, and 7,. Sup-
pose we use T, to identify the completion at v as F, = C. Let B} denote the standard
Borel subgroup of Gj = SLy/F with Levi decomposition By = T, U;. Define the cuspidal
parameter («, ) = (a”, 8%)s., = ((0/1’, o ak), (BY .. ,ﬁ}’v))soo as

— Ty
Q; = _bei+1 +

N — (20— 1)

N - (2i—1)
2 ’ '

()
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Let yaio be a character on 9Ty(F.,) defined as diag(z1, ..., 2x) — [[2 %% Let Jy. =
1

Indggg,z; X1 be a parabolically induced representation. (Note that Jyi.. is a representation

of SLy(C) defined in Section 6.6.)

For a real place v, consider the real embeddings 7,. Then the completion at v is F;,, = R.
Let Bj denote the standard Borel subgroup of Gj = SLy/F with Levi decomposition Bj =
TyUs. Define the cuspidal parameter | = (I¥)s. = (I¥,...,1%)s.,. as in Section 6.7. Let Jyi.

be the parabolically induced representation defined in Section 6.7.
Proposition 8.6.2. Let Jy1 = Qpes, Jarw be an admissible irreducible unitary representation

of GY(R) then Lef(0, GY(R),Jn @ M) # 0.

Proof. Since F' is Galois over its maximal totally real subfield Fj, either F'is totally real or

totally imaginary. By the Kunneth theorem for cohomology, we have

H3(G'(R), I @ M) = Q) H(G(F,), Taie @ Myio).

UGSOO

As a consequence, Lef(0, G*(R), Iy @ M) = [T, g Lef(0, GH(F,),In0 ® Myiv). Now the
proposition follows by using Theorem 6.6.10 if F' is totally imaginary and by using Theorem
6.7.9 if F is totally real. ]

8.6.3 Application of Theorem 7.0.1

Theorem 8.6.3. Let F' be a Galois extension over a mazximal totally real subfield, and let
M1 be a finite-dimensional irreducible representation of Resp/q SLn/F(C) characterized

by the highest weight \'. If \' = N|p1.c for some strongly pure weight X and N > 2, then,

H® (RGSF/QSLN/F,SOO,M/V)#O.

cusp

Proof. e The algebraic group Resp/g SLy/F is absolutely simple connected semisimple.
e An automorphism 6 is finite order algebraic automorphism.

e A finite-dimensional representation py: is a—invariant since the Lemma 8.6.1.
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e The proposition 8.6.2 implies that there exists an admissile unitary irreducible repre-

sentation of G'(R) such that Lefschetz number does not vanish.

Now, the theorem follows since all the hypotheses of Theorem 7.0.1 are satisfied. O

By using Theorem 8.6.3 and Theorem 8.4.1, we get the following corollary.

Corollary 8.6.4. Consider F', a Galois extension over a maximal totally real subfield, and
let M be a finite-dimensional irreducible representation of Resp/q GLy/F(C) characterized
by the highest weight \. If X is a strongly pure weight then

Hc.usp<SG7'7\\/l/)\) = Hc.usp<ReSF/Q GLN/F7 Soch)\) 7£ 0.
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