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Abstract

In this thesis, we study the random-field approach for solving a class of parabolic stochastic
partial differential equations and study some properties exhibited by their solutions, some

of which include intermittency, chaotic character and fractal behaviour.
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Chapter 1

Introduction

Stochastic Partial Differential Equations, SPDEs for short, are used to model dynamics of
systems in a random environment. They generalize partial differential equations by adding
random forcing terms. It has deep applications in various fields such as statistical physics,
where it is used to model the random growth of surfaces (see KPZ [26, 31]), fluid dynamics

(stochastic Navier -Stokes equation [12]) and mathematical finance just to name a few.

The study of SPDEs is an interesting field which combines methods from probability the-
ory, functional analysis and the theory of partial differential equations. The approach taken
here would be the random-field one, wherein the solutions are random elements in a suitable
space of random-fields. The other approaches to solving SPDEs are: the infinite-dimensional
method of Da Prato and Zabczyk [13] and the functional analytic approach developed by
Krylov [29]. Each of these approaches has it’s own advantages. The random-field approach
discussed here allows us to study the probabilistic behaviour of the solution to the SPDE
simultaneously in space and time. See [16] for a comparison between the random-field and

the infinite dimensional approach.

In this thesis, we will be focusing on parabolic SPDEs of the form:

%ut(x) = (Luy) () 4 b (ue(x)) + 0 (we(z)) Fi(z) fort >0, z € R™ (1.1)

Here, L is the generator of a Lévy process with transition densities, and the random forcing

term F}(z) is a (spatially) colored noise. Informally speaking, this is a Gaussian random field



indexed by time and space such that is if (¢,2) # (s,y), then the random variables F;(z)
and F,(y) are correlated in space but not in time. If the random field F}(z) were sufficiently
smooth, then we can use Duhamel’s principle from the theory of partial differential equations

to write the mild solution as follows:

t t
w@) = Pan) @)+ [ [ ey = ot dsdy+ [ [ ety = 0o () Flasdy)

v v (1.2)
where {P;};>¢ is the transition semigroup of the Lévy process generated by £ and {p;} are
the transition densities. Unfortunately, this is not the case. The noise is of a very rough na-
ture and therefore, it is not possible to make sense of the third integration on the right hand
side of (1.2) in the usual sense. To circumvent this technical difficulty, Walsh introduced a
method of stochastic integration in his 1984 lectures [33] at the Saint-Flour summer school.

This is a natural extension of the It integral to higher dimensions.

Once the existence and uniqueness of the mild solution is determined, we study various
properties of the solutions. Among these are intermittency, chaotic behaviour and the frac-
tal nature of the solution. Intermittency refers to the fact that the solution exhibits large
peaks at large times, atypical of the expected behaviour of the process. The chaotic charac-
ter describes the sensitive dependence of the global behaviour of the solution to the nature

of the initial function.

We now briefly give the organization of the various chapters. Chapter 1 introduces the
necessary preliminaries required for the thesis. We assume the reader is familiar with ad-
vanced probability theory including stochastic integration and will only be reviewing some
important definitions and results. In Chapters 2 and 3 we introduce the notion of Walsh
integral and find a unique random-field solution for (1.1) using a Picard iterative scheme.
Chapter 4 introduces a very important SPDE, the Anderson model, and we study some well
known results regarding its solution. From Chapter 5 onward, we look at and study some
results of various properties of the random-field solution including intermittency, chaotic

character and multifractality of the solutions.

This thesis is a survey of the existing literature on SPDEs as expounded in [8, 10, 14,
15, 19, 18, 20, 25, 30].



Chapter 2

Preliminaries

Throughout this thesis, we fix a complete probability space (2, F,P). We denote by E
the expectation operator with respect to the probability measure P. Whenever there is a

filtration {F;}i>0 of F involved, we assume it to be right continuous and complete.

2.1 Stochastic Integration

In what follows, {M;}+>o is a continuous square-integrable martingale on € with M, = 0.
We review some standard results regarding {M;};>o. For the proofs, the reader is referred
to [32].

Lemma 2.1.1 (Burkholder-Davis-Gundy) For any p > 2, there exists a constant z, such
that
E(|M;]") < 2, E((M);)

where My = sup,, M, and (M), is the quadratic variation process of M. Moreover zj, < 2k
(see [6]).

The next result due to Lévy characterizes the Brownian motion among all continuous
square-integrable martingales.

Lemma 2.1.2 (Lévy) If (M), =t, then M is the standard Brownian motion.

3



Lemma 2.1.3 (Ito’s formula) Let f € C*(R). Then, f(M,;) is a continuous (local) semi-

martingale and

f(My) = f(Mo) +/t 8fgsws)dMs+1/0t 82f(MS)al<M>s (2.1)

B 2 0s?

An important application of Itd’s formula gives stochastic representation of solutions to

some partial differential equations.

Lemma 2.1.4 (Feynman-Kac formula) Let up : R — R be a constant function and G :
(0,00) x R = R, be continuous. Suppose that u € C([0,00) x R) N CH?((0,00) x R) solves

the Cauchy problem

o 1 0%
o) = 55 u(w) + w(2)G(x)

Then u admits a stochastic representation given by
Ut($) — E(Uo(]} —l— Bt)efot ths(Bs‘HU)dS)

where { B, }i>0 1s a standard Brownian motion on the real line.

Now we present some important results in the theory of local times. These will be used
in Chapter 6.

Theorem 2.1.5 (Tanaka’s formula) For any x € R, there exists an increasing process L*(M)
called the local time of M at x such that

t
|M; — x| = |z| +/ sgn(Mg — z)dMs+ LY (M) a.s. (2.2)
0

Lemma 2.1.6 For every even integer k > 2, there exists a constant Cy > 0 such that for
allz,y € R, s,t >0,T >0,

sup B (|LF (M) — L (M)[) < Cylt — 5|2 (2.3)
xTe
sup B (|L7(M) — LYM)|) < Gy T |z — y|> (24)
re[0,T]

Thus, the process L(M) has a modification that is locally Hélder continuous of index < 1/2

i both time and space.



Lemma 2.1.7 (Occupation density formula) For every p € C°(R) and t > 0, the following
holds:

/Otgo(Ms)ds: / T @) LMYz as. (2.5)

—00

Using the above integration by parts formula with a sequence {p, }22 ; of smooth mollifiers
approximating the indicator function 1. ..., the following representation of LF(M) is

evident: .
1
L2 (M) = lim — / Vo emsg (M,)ds (2.6)
0

e—0 25

Thus, informally, L7 (M) measures the amount of time in [0, ¢] that the process M spends at

the point x. Hence the name local time.

2.2 Lévy Processes

Definition 2.2.1 An R"—walued stochastic process X = {X;}i>0 is a Lévy Process if

1. Xog=0 a.s.
2. Xy — Xg~ Xy Vs <t.
3. Xy — X is independent of o(X,,r < s) Vs <t.

4. t — Xy 1s a.s. cadlag.
Examples include:

e the standard Brownian motion on R where X; ~ N (0,1).

e the compound Poisson process where X; = Z;iv;1 &k, Ny ~ Poisson(At) and {&; }i>1

are i.i.d random variables independent of {N;}:o.



The following theorem characterizes Lévy processes. For a proof, see [4].

Theorem 2.2.1 (Lévy-Khinchtine) If X = {X;}i>0 is a R"—valued Lévy process, then there
1s a unique function W : R™ — C such that

E[€i<£,Xt>] — o t¥(©)

where

n

V() = i(a.€) + 3606 + [ (1 (6, 0) L in) TUda) for cvery € € R

where a € R, () is a n X n positive semi-definite matriz, and Il is a o—finite measure
concentrated on R™\{0} satisfying [, (1 A |z|?) (dz) < co.

The constant a corresponds to the drift term, ) to the Gaussian or diffusion process and
IT gives the distribution of the jumps of the process. Moreover, the triplet (a, @, IT) uniquely

determines V.

Examples:

e the standard Brownian motion: ¥(§) = c|¢]?

e the compound Poisson process: W(¢) = e Jen (¢! —1)I(da)

A symmetric stable process of index o (0 < v < 2) is the Lévy process with Lévy exponent
V(&) = c[&]*, where ¢ > 0 is a fixed constant. The case a = 2 is the Gaussian case, and

a = 1 corresponds to the Cauchy distribution.

2.3 Fourier Analysis

Definition 2.3.1 The Schwartz class S(R™) is defined as the space of rapidly decreasing test

functions on R™. That is,
S(R") = {p € C(R"™) such that lim |2°0°¢| = 0 Va, B € N}
T—r00

6



endowed with the semi-norm ||¢|la.s = SUp,egn |10 @] or equivalently ||¢la.s = Sup,egn |(1+

2208 p| for a, 3 € N.

For ¢ in S(R"), define the Fourier transform of ¢ by:

ple) = [ o

Theorem 2.3.1 (Plancherel) The map ¢ — @ is an isomorphism from S(R™) onto S(R™)
which, by density of S(R™) in L*(R") extends to an isometry from L*(R™) to L*(R"). That
18,

lellz2@ny = (1@l 2@n)
For a proof, see [22].

Let S'(R™) be the set of continuous linear functionals on S(R™), also known as the set

of tempered distributions on R™. Examples include:

e a (tempered) function ¢g : R* — R which satisfies sup,cgn (1|f|(§‘)2|),€ < oo for some k € N.

The distribution generated by g acts on S(R™) as: Ty(¢) = [5. geda.

e a (tempered) measure p which satisfies [, (HTW < oo for some k € N. The distri-

bution generated by p acts on S(R™) as: Ty,(¢) = [, @dp.

The Fourier transform of a tempered distribution 7" is the tempered distribution T defined
by:

A~

T(p) =T(p), v € S(R").

We recall that a function g : R” — C is called positive-definite if szzl g(z; — 1)6E >0
for all x1,29...2, € R" and &,&...&, € C. One can extend this definition to tempered
distributions: to say that 7' € S§’(R") is positive-definite if T'(p * @) > 0 Vo € S(R™), where
o(x) = p(—x). The following theorem classifies all positive-definite tempered distributions.

The proof can be found in [22].

Theorem 2.3.2 (Bochner-Schwartz) A tempered distribution T is positive-definite if and

only if it is the Fourier transform of a nonnegative tempered measure f.

7



2.4 Semigroup Theory

As before, assume X = {X;};>¢ is a Lévy process on R™. It is easy to see that X is also a
Markov process. Henceforth we shall assume for all the Lévy processes X, the distribution

of X, is absolutely continuos with respect to the Lebesgue measure with density given by p;.

Definition 2.4.1 The transition semigroup of X is the family of linear operators {P;}i>o0

on the space of bounded measurable functions defined as follows:

(B@@ﬂZE@Mx+XU%=/ ol — 2)dy

n

= (p*pr) (x)

where py(x) = py(—2x).

From the Markov property of Lévy processes, it is easy to see that PP, = P,,,, hence

the name transition semigroup.

Definition 2.4.2 The resolvent operators associated to {Pi},, is defined as follows:

Ra:/ e “P.ds
0

If p : R — R, is Borel measurable, then
(Fa) (@) = [ o0)rale — v)dy
0

= (¢ 7a) (2)

where ro(x) = [7 e py(2)dt for « >0 and x € R.

The symmetrized Lévy process X is defined as X = X + X*, where X* is an independent
copy of —X. The associated transition semigroup, transition densities and resolvents are
denoted by {P;}i>0, {D;}+>0 and { R, }as0 respectively. It is not hard to see that P, = P} P;,
where P} is the adjoint of P;.



Definition 2.4.3 The L?*—generator of the Lévy process X is defined as the linear operator

L which acts as: P
t—0 t

whenever the limit exists. The domain of L is defined as:

Po—
Dom[L] = {(p : lim % exists in L2}

t—0

The domain can also be defined as:

Dom[L] = {p € L*(R") : U§ € L*(R™)}

t Pro—¢

°—2 exists in L?, then

To see this, note that I/Dtg\p = (px*xpy) = @i = e O, If limy_yg
Pp—p
t

due to Plancherel’s theorem, and thus,

CPo—¢ (e o1\
A Y

so does lim;_q

Hence ¥ € L*(R) and ZQ\O = —VUy. Examples:

e the Laplacian %A is the generator of the standard Brownian motion.

e More generally, the fractional Laplacian (—A)Zz is the generator of the symmetric

a—stable process (0 < o < 2).
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Chapter 3

Walsh Integration

3.1 Introduction

In this chapter, we will define the stochastic integral with respect to colored noise. The
idea is in the same vein as the definition of the Ito integral: define it for a class of simple
functions and then extend the definition to a larger class using an isometry. The material in

this chapter is borrowed from [33].

3.2 Walsh Integral

Let B(R™) be the set of all sets of finite measure in R” and f be the Fourier transform of a

nonegative tempered measure on R".

Definition 3.2.1 The (spatially) colored noise F' on R™ is a mean zero Gaussian random

field indexed by sets in B(R™) with covariance function given by

Cov(F(A), F(B)) = / n / La(@)15(9)f ( — y)dndy

It is easy to see that, f being positive-definite and symmetric implies Cov(-, -) being the

same. Thus, by the general theory of Gaussian process, colored noise exists. In order to define

11



stochastic integrals with respect to colored noise, we would require the colored noise process

{Fi}i>0 defined as Fi(A) = F([0,t] x A), where A € B(R™) and F' is colored noise on Ry x R™.

Let F denote filtration associated with the {Fi}i>o. That is, F; is the o—algebra gener-
ated by {F(A4) : 0<s<t, AeBR"}.

Lemma 3.2.1 {F;(A)}>0,4epmn) is a martingale measure in the sense that:

o VA € B(R"), Fy(A) =0 a.s.
o Vt > 0, then F is a o-finite, L*(P)-valued signed measure

o VA € B(R"),{Fi(A)}+>0 is a mean-zero martingale.
Proof. The proof is not hard and can be found in [33]. O

Henceforth, F' will denote the martingale measure {F;(A)}i>0 acB@n).-
Definition 3.2.2 The covariance functional of the martingale measure F' is defined as

where {{F(A), F(B)):}t>0 is the covariation process of the martingales { F(A); }i>0 and { F(B); }1>o0-

Now, define a random set function () on R" x R" x R, as follows:
Q(A X B x (s,1]) = Q(A, B) — Q,(A, B)

If {A; x B; x (s;,t;]}™, are disjoint sets, then we can define
QUi x By x (sit) ) = ZQ JO85)
i=1

In general, it is not possible to extend this definition of @) to all sets of R x R™ x R,. For

that, we need the martingale measure to be worthy.

Definition 3.2.3 A martingale measure F' is worthy if there is a random o— finite measure

K(AxBxC,w) on B(R")x B(R") x B(R,) X called the dominating measure, such that:

12



1. the map A x B K(A x B x C,w) is symmetric and nonnegative definite
2.Vt >0 and A, B € B(R") such that they are compact, we have E[K(Ax Bx(0,t])] < oo

3.Vt >0 and A, B € B(R"), we have |Q(A x B x (0,t])] < K(A x B x (0,t]) a.s.

Fortunately, all the martingale measures considered in this thesis will have K = Q.

Definition 3.2.4 A function g : Ry X R" x Q — R is called elementary if there exists
0<a<b, Aec B(R") and a bounded F,—measurable random variable X such that

g(s,z,w) = L (s)la(z) X (w)

Denote the set of all finite linear combinations of elementary functions by £. The
o—algebra generated by the elements of £ is termed the predictable oc—algebra, and functions

measurable with respect to this c—algebra are called predictable, denoted by P.

Definition 3.2.5 For an elementary function g, the stochastic integral with respect to the

martingale measure F' is defined as,

/0 /B gdF = (g F)i(B)(w) = X(@)[F(AN B) - Fua(ANB)w)  (3.1)

This definition can be naturally extended to any g € €. It is easy to see that, if g € £, then

g - F is a martingale measure.

Proposition 3.2.2 For g € &,

E(((Q'F)t(B)Q) =E(/Ot/jg/jgg(Jf,t)g(y,t)Q(dxdydt)) (3.2)

Proof. First we do this when ¢ is elementary. The case when g € £ follows easily.

E((g- F)}(B)) = E(X? (Fm(ANB) — Fuo(ANB))?)
=E(X’F,(ANB)) = 2E(X°F;\)(AN B)Fino(AN B)) + E(X?F., (AN B)).

Since X is F, -measurable, we have by the definition of quadratic variation,

E(X? (F,,(ANB) = (F(ANB),F(ANB))i) ) = E(X? (FA.(ANB) — (F(ANB),F(AN B))na) ).

13



Using this in (3.2), gives
E((g- F){(B)) = E(X*((F(AN B),F(AN B))i — (F(AN B), F(AN B))ia) )

In other words, for elementary functions, we have

B/ g ngr =] [ s gt )iy

In the present case, Q(dxdydt) can be formally written as f(z — y)dzdydt. When F is
space-time white noise, Q(dzdydt) = 6(x — y)dxdydt. In that case, the noise will be denoted
by the more standard notation .

Here onwards, we shall fix a T > 0 and study the processes in the time interval [0, T].

Before defining the stochastic integral for arbitrary predictable functions, define a norm on

. 1/2
E( I Rn\g(x,t>g<y,t>|@<dxdydt>>] .

Let Pr denote the set of predictable functions g which satisfies E(||g|#) < co. With this

new notation, we can rewrite (3.2) as

o[ [ [ o] <o 83

Lemma 3.2.3 (Pp, | - ||r) is a Banach space and € is dense in it.

P as follows:

lgllr =

Proof. See [33]. O

Consequently, if g € Pp, then there exists a sequence {g,, }°°, in £ such that ||g—gn|r — 0
as n — oo. From (3.3), the sequence fOT Jan gndF converges in L* as n — co. We define this
limit as fOT fR” gdF.

Theorem 3.2.4 Let F' be a worthy martingale measure. Then ¥g € Pp, [[ gdF is also a

14



worthy martingale measure and

Qg r(dzdydt) = g(z,t)g(y, t)Q(dxdydt).

Moreover, for allt € (0,T] and A, B € B(R")

((g- F)(A). (g~ F)(B)): = / / /B 9(z. $)g(y. $)Q(dxdyds)

T 2
B[ [ sr| <o
0 n

Proof. See [33].

15
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Chapter 4

The Nonlinear Stochastic Heat

Equation

4.1 Introduction

In this chapter, we derive an existence and uniqueness result for the solution to the following

nonlinear stochastic heat equation:

%ut(x) = (Lwy) () 4 b (ue(x)) + o (w(z)) Fi(z)  fort >0,z € R, (4.1)
where £ is the L2—generator of a Lévy process with transition densities and F is a spatially
colored and temporally white noise with covariance function 6(t—s) f(z—y). We also assume
the initial data ug is a bounded measurable function and o, b are globally Lipschitz functions
on R"™. Dalang, in [14] has given a sufficient condition for the existence and uniqueness of
solutions to a large family of SPDEs with colored noise. In [18], Khoshnevisan and Foondun
gave an equivalent potential theoretic condition for the same. While in [14] the author had
assumed the initial function ug to be a constant, Khoshnevisan and Foondun have relaxed

the assumption to ug just being bounded and measurable. This is the content of this chapter.

Recall from Chapter 3 the definition of the resolvent operators associated with the Lévy

process generated by £. Henceforth, we shall make the following assumption:

17



Assumption 4.1.1 (R.f)(0) < oo for all a > 0

Now we state the main result of this chapter:

Theorem 4.1.2 Under Assumption 4.1.1, (4.1) has a.s. unique mild solution satisfying
SUP(o 71 SUP e B(|u(2)[*) < 00 for all T >0 and k > 1, given by

t ¢
wie) = (Po) @+ [ [ pesty = o la)dsay+ [ [ pely - 0)o () Fdsdy)

v v (4.2)
where the second integral on the right hand side is to be understood in the Walsh sense and
{P:}i>0 and {p:}+>0 are the transition semigroup and densities of the Lévy process generated

by L respectively.

4.2 Proof Of Theorem 4.1.2

As is the case for many existence theorems for ODEs and PDEs, the proof follows by the
Picard iterative scheme in a carefully chosen Banach space. In this vein, define for all

predictable random fields v and real numbers 3,k > 0

=

vl = sup sup [e”gtE (\vt(x)\kﬂ
t>0 z€R

n

Definition 4.2.1 Let Ny, denote the set of predictable random fields modulo indistinguisha-
bility such that ||v||gx < oo.

It is easy to see that Ng; with this norm is a Banach space. This will be the space for

our Picard iteration procedure. Now define for all v € Ng,
t
Sou@) = [ [ ey = 2)o () Fldsdy)
O n
t
B = [ [ pesy= ol dsiy
0 n
The next two lemmas give estimates on ||Sv||sx and [|Bvl|g in terms of ||v]|g .

18



Lemma 4.2.1

Let u,v be predictable random fields. Then Yk > 2,5 € (0,00), we have:

ISullsn < 2z (|o(0)] + Lollullg.x) \/ (Res/ef) (0)

1Su = Svllax < 2z Lollu = vl g1/ (Rapsnf) (0)

where L, 1s the Lipschitz constant of o.

Proof. By the BDG inequality,

I(Sv)e(@) Ik <

IN

IN

2
Z,

/ot /n /n Pe—s(y = 2)pe—s(z = 1) f(2 = y)o(us(y))o(us(2))dydzds

k

zz/o /n /npt—s(y —2)p—s(z —x)f(z — y)||0(u5(y))0(us(z))||%dyd2d8
zz/o /n /n Pi—s(y — 2)pi—s(z — ) f(z — Y)||lo(us(y)) ||k llo(us(2)) || xdydzds,

where we have used Minkowski’s integral inequality followed by Holder’s inequality in going

from the first to third line. Now, || (us(y))||x, [|o(us(2)) ||z < e

Bs
o(u)llpe <ew (

o(0)] + Lo [ull.x)-

Substituting this into the above equation and then doing a change of variables from s — t—s

(o)l < ¥ (o) + Lollllan®st [~ [ [ e

kﬁsps(y —x)ps(z— ) f(z —y)dydzds

After some simple calculus, the second integral on the right hand side can be seen to be

exactly Egﬁ /kf(0). Now raise both sides of the above equation to the power g, multiply by

e P raise again to the power % and finally take the supremum over time and space to see

that:

Lemma 4.2.2

ISullr < 2z (|o(0)] + Lollull.x) \/ (Res/ef) (0)

Let u,v be predictable random fields. Then Vk > 2,5 € (0,00), we have:

k (1b(0
e L)

kL
|Bu — Bulg < 7||U — gk

where Ly is the Lipschitz constant of b.
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The proof of the above lemma is similar to that of the previouus one and we shall skip
it.

We now begin the iterative procedure to prove the existence of the solution. Set ul(x) = ugy(z)
and for all n > 0, define:

uft(z) = (Pug) (z) + (Bu™), (z) + (Su™), (z)

Lemma 4.2.3 Choose and fir a § > 0 and a k > 2 such that:

% 2y Lo/ (Rasjef) (0) < 1

Then sup,,>q |[u"||r < 0o.

Proof. Since ug is bounded, so is Piug. By the triangle inequality,
o < s fuala)| + 1B+ 1S

By Lemmas 4.2.1 and 4.2.2, we have

k[b(0)|
Be

kLy

+2, [0(0)] \/ (Ragynf) (0)+<7+2p Lo/ (Rasyi f) (0)> [l .

el < sup fuo(a)1+

Repeating this procedure and using the fact that % +2, L, (Rg[g/kf) (0) < 1,

. supepr [uo()] + 52 + 2,10(0)] y/ (Rapyuf) (0)
sup [|u"| . < o = <00
= 1 -3t —2,L, (Rogyrf) (0)
Since [[u’| 5, < sup,egn [uo(x)| < oo, the lemma follows. O

The above lemma says that u" € Ngy for all n > 0. Now we apply Lemmas 4.2.1 and
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4.2.2 see that

n+l

Hu HBU Bun_1”5k+ HSU"—SU"_IHg,k

kL B
< fur = < 5 ke (Fad) (0))

W <

Because % +2,L, (Egg/kf) (0) < 1, the above implies that:

Z ”un+1 u Hﬁk <C- Z <@ + 2z, L (}_%2,8/k:f> (0)) < 00,

where C' is some constant. Since Ngj is a Banach space, this implies that there exists a
predictable u € Ngj, such that

Tim fu® —ully ) =0.
Again, by Lemmas 4.2.1 and 4.2.2 we have,
kL,
[Bu"™ — Bul[gx < 7”” — ullg,k
|Su™ — Sullgr < 2y Lol[u" — ul|g5\/ (Rapyif) (0).

Taking limits as n — oo, we see that Su” — Su and Bu" — Bu in Ngj;. Consequently,
u = Pyug + Bu + Su and hence u solves (4.1). As for uniqueness, say u; and uy are two
solutions to (4.1). Then, by Lemmas 4.2.1 and 4.2.2,

kL —
|ur —usllgr < [|Bus — Bus||gp + || Sur — Suz|gr < (717 +72p Lo/ (Rapyif) (0)> |y —uall gk

As B — o0, (Ragif) (0) = 0 and hence [ju; — us||g, = 0 for large 8 implying u; = us in
Np .
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Chapter 5

A Comparison Principle

5.1 Introduction

It is well known in the theory of partial differential equations that the heat equation satisfies
the comparison principle. That is, if © and v are two functions that solve the heat equation
with ug(z) < vg(x), then u < v at all times. A similar theorem exists for finite dimensional
SDEs (see [24]). In this chapter, we prove the same theorem for white noise SPDEs, originally
due to Mueller [30, 15]. Consider the following one-dimensional stochastic heat equation with
a nonnegative, bounded and continuous initial function u:

0 0?

aut(l’) = @ut(x) + 0 (u(2)) Wy(z)  fort >0,z €R. (5.1)

In addition to the usual Lipschitz condition, we assume o(0) = 0.

The following theorem is the main result of this chapter:

Theorem 5.1.1 Let uy(t,x) = (u1):(x) and us(t,x) = (u2)i(x) be solutions to (5.1) such
that uy(0,2) < us(0,2). Then,

ur(t, ) <wsg(t,x) a.s.
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5.2 Proof Of Theorem 5.1.1

First, we prove the theorem when the initial data is of compact support. We then show how
to relax this assumption. The main idea is to discretize the SPDE in time and space and

then use the comparison theorem for SDEs.

First, we discretize space: for n € N, we divide the real line into intervals of the form
I, = {% <z< 2’;—:1}, where k runs over the integers. Let A be the discrete Lapla-

cian operator defined as:

i) oo (52)-+(2) (5]

for an appropriate class of functions and let G (¢, %, S) be the fundamental solution to the

discrete heat equation:

oG -
= _AMG
ot
with initial conditions: »
A IRy
G (O, E, g) =N 5j,k

We extend G to arbitrary real numbers z,y by defining:

—-—n

Gt ) =T,

[ 2k —1 2k +1 20 —1 20 +1
—) if <z< + and <y< +
n n 2n 2n 2n

Next, we discretize time: for each n € N, we divide the time axis ¢t > 0 into intervals of the

form T, ; = {# <t< ‘7:—21}, where j runs over the nonnegative integers. Set

n2

—(n 2t _ 2
G(”)(t, S,x,Y) = G )<M,x,y> for s,t >0
and let u(™ (¢, 2) be the solution to the integral equation:

fe'e) t [e'e)

W™ (t,z) = / GO (t,0, 2, y)u™ (0, y)dy + / / GO (1, 5,2, y)o (u™ (5, )W (dsdy)
—00 0 J—-o0

(5.2)
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with the initial condition

2n 2k —1 2 1
u™ (0, z) :n/ u(0,y)dy k <z < s :

2k—1 n - 2n

Given t € T,; we have [nt] = j, thus G (¢,0,2,y) = a" (n%,:r,y). In addition, for
0<s< Tf—;, we have G(t,s,x,y) =G (#, s, x,y) . Hence we may re-write (5.2) as:
. t
ul™(t, z) = u™ (%x) + / / G (t, 5,2, y)0 (u™ (s,y)) W (dsdy) (5.3)
n 71]72 R

Next, for € I,,;,t € T, ;, and # < s < t, we have:

—(n k
G(n)(ta S,%y) - G( ) (07 Evy> = nl]n,k(y>

Equation (5.3) then becomes

. t k
u™(t, x) = ul™ (i,x) + n/ / o <u(”) (s, —)) W (dsdy)
2 .
n n% Ik n

This can be written as

du™ (t,z) = v/no (u(") (t,z)) dBy, (5.4)

where

But) = Vi [ t / W)

is a standard Brownian motion by Lévy’s Characterisation Theorem (2.1.2). By assumption,
up(0,2) < uh(0,z). By the standard existence and uniqueness result for SDEs, we can
solve (5.4) in T, ;. Since, o is globally Lipschitz, we can extrapolate this solution to all
times. We then use the comparison theorem for finite dimensional diffusions [24] to yield
u(t,x) < uh(t,z). The proof involves a lot of computations and can be found in [30]. Now,

we use the following lemma to conclude that u; (¢, z) < us(t, ).

Lemma 5.2.1 Let u(0,x) : R — R be a continuous function which is compactly supported.
Then,
lim |u("’“)(t,x) —u(t,z)| =0 Vi>0,z€R as.

k—o0

for some subsequence {ny}.
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Now let 4, (0, ) and u; (0, z) be two bounded continuous initial functions not necessarily

of compact support. Introduce the following functions:

u1(0, ), if |[z] <N

uw(0,N)(—ze+N+1), fN<z<N+1,

u (0, —N)(x+N+1), if —(N+1)<z<-—N,
0 if |z] > N + 1.

uM(0,2) =

and an analogous one for uy. Clearly, ul (O x) and u2 (O x) have compact support for

every N. By the comparison principle above, u[l }(t x) < u[2 ](t x). We can then use the
following lemma to conclude that uy (¢, z) < us(t,x). For a proof, see [10].

[N

Lemma 5.2.2 Let uj u™ be as defined above. Then,

hm |u1 (t z)—u(t,x)]=0 Vt>0,z€eR a.s.

for some subsequence {Ny}. The same holds for us.
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Chapter 6

The Parabolic Anderson Model

6.1 Introduction

In this chapter, we study a special case of the stochastic heat equation (3.2) called the

parabolic Anderson model, given by:

0 102 :

with a bounded and measurable initial function u.

This equation arises in a number of quite different scientific scenarios, especially in sta-
tistical physics where it is connected to the KPZ equation (see [26, 31]). From the results of
Chapter 4, we see that (6.1) has an a.s. unique mild solution whose k—th moment grows at
most . In this chapter, we show that this growth rate is sharp. The following theorem

due to Bertini and Cancrini [3] captures this phenomenon.

Theorem 6.1.1 If ug is the constant function, then Vk > 1,t > 0 and x € R,

>\4k(k2—1)t)

E (ju()") > (M
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6.2 Proof Of Theorem 6.1.1

Consider the situation when the white noise Wt(;v) is replaced by a non-random function

Gy(x) which satisfies some growth conditions. To wit,

0 1 97

5,Ue(@) = 555 Ui(x) + AU(2) G () (6.2)

with initial condition Uy. Then, the Feynman-Kac formula [32] tells us that the solution to

the above equation can be represented in terms of a standard Brownian motion. That is,
Uy(z) = E (Uo (x+ B,) - e Vo Gt—s<Bs+x>d8)> . (6.3)

Consequently, whenever x1, 25 - - - 2, € R, we have

k k .
H Ut (x]) =E <H UO (xj + Bt(])> . eAZ?Zl fo Gts(BgJ)-i-zj)ds) (64)
j=1

j=1

where {BY}*_ are i.i.d standard Brownian motions.
Let p., p, be smooth approximations to identity. Consider a Gaussian random field G with

covariance function given by
E[Gi(z) Gs(y)] =p(s—t) -py(x —y) foralls,t>0andz,yeR. (6.5)

As e and n — 0, p. and p, both tend to the Dirac distribution. Therefore, intuitively, the
random field G converges to the space-time white noise in distribution. This will be the
approach in proving Theorem 6.1.1. Since the covariance function in (6.5) is sufficiently reg-
ular, by the general theory on Gaussian random fields, we can conclude that G is sufficiently
regular too. Hence, by using conditional expectations and a Gaussian variance formula in
(6.4), we get

k k 5 . ; '
’ (I] Uy (:z:ﬂ) =B (I] Us (5 + BY) L Ve (S B Gee (B 5)as) ) | o (Bi g > 0,0 < i < k))
=1

j=1
(6.6)
koot kok

Var (Z/ Gt—s (B§1)+J]Z)d8|0'<BZtZO,CLSZSk))) =
1=1 = =

0

i=1 j=1

(6.7)
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Letting ¢ — 0, we see

(Z/Gts +$)ds|a(BZ t >0, a<2<k;)> NoTT +2 Z /pn B(J
1<i<j<k
(6.8)

Since B® and BY are independent, X" = B — B! is also a Brownian motion. Therefore,

the occupation density formula yields,

(Z/ GtsB()+x,)ds|B) J_

whenever n = 0. Therefore,

E (H U, (xj>> o eAth/ME (H Us <$Z + By)) (A Zl<2<]<kL (X( ' >>>> . (610)
j=1

FT(XED) (6.9)

1<i<j<k

Theorem 6.2.1 For every integer k > 1, and for all real numbers t > 0 and x4, ..., x, the

) (6.11)

solution u to (6.1) satisfies

E(jljlut(xj))Z (Huo (xHB ) o [AZ 5 i

(=1 I<i<j<k ¢

where BY ... B® qre i.i.d. standard Brownian motions.

For a proof of the above theorem, see [3, 23, 9]. We will use this to prove Theorem 6.1.1.

Before that, we state as simple combinatorial lemma without proof.

Lemma 6.2.2 Fix an integer k > 2, and let x4, ..., x) denote k distinct real numbers. Then,

2
k

Ck(k2-1)
DD Clasey—1)| = — 5

j=1 | 1<igk
i#j

Now we come to the proof of Theorem 6.1.1.
Define:
Li= ) L} (BY-BY) (t=0). (6.12)

1<i<j<k
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Substituting 1 = x9-- -2 = x in (6.11), we get

E ((ut(x))k> = 'E <eA2£tt> (6.13)
Now let

t
My= Y WY where W/ = / sgn (BY — BY) d (BY — BY) . (6.14)
0

1<i<j<k

Then by Tanaka’s formula, it is not hard to see that £, > —%Mt and hence E <e>‘2£t> >

. - . g
E <e‘%>- Because W7 = W and W) = 0, we can write

E Kk k ¢k

1 (i) _ U) _ p@Y gRG)

M=33 YW, _Z/O > sen (B9 BY) ag)
7j=1 =1 7j=1 =1

M, is seen to be continuous square-integrable martingale with quadratic variation
k(k*—1)
(M), = Tt. (6.15)
k(k2—1)

Therefore, by Levy’s characterization theorem, M; = By, for some standard Brownian

3
motion. By raising both sides to the power of e and taking expectations, the result follows.
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Chapter 7

Intermittency

7.1 Introduction

In this chapter, we focus on the concept of intermittency in the context of the stochastic
heat equation. A random field {u;(z)}i=0zern is said to be physically intermittent if, as t

gets large, uy(x) develops large peaks, atypical of its expected behaviour.

Recall the (nonlinear) stochastic heat equation:

0 i
aut(x) = (Lug)(x) + o(ug(x))Fy(x) fort >0,z € R", (7.1)
where F' is a spatially-colored temporally-white noise, £ is the generator of a Levy process
with transition densities, o : R® — R is Lipschitz continuous, and the initial function u is
bounded and measurable. In order to translate the physical definition of intermittency into

mathematical terms, we introduce the notion of Lyapunov exponents:

() = limsup logE(!ut(x)| ) )

t—o00 t

(7.2)

Definition 7.1.1 A random field u is (fully) intermittent if, Vo € R", the map k — W’“ng)
15 strictly increasing Vk > 2.

Note that by Jensen’s inequality, the function k& — |lu;(z)[|x and hence k — TkT(x) is
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always non-decreasing. So intermittency only occurs when it is strictly increasing. To see
how this mathematical definition explains the physical intermittency, the reader is referred
to [7].

The following proposition yields a useful method to prove intermittency:

Proposition 7.1.1 If7,(x) < oo for all k and x € R", then it is convezr (w.r.t k on (0,00)).
Furthermore, if 3, (x) > 0 and 7,(x) = 0 for some ko > 1 and all z € R, then the function

k— W’CT(QU) is strictly increasing on (0,00) for all x € R™.

Proof. For any o € (0,1), p > 1 and a,b > 0, by Holder’s inequality,

B(fue) ) < (E(u(o)) ) (B(u( "))

where ¢ = z% is the Holder conjugate of p. Now substitute p = é, take logarithms on both

sides, divide by ¢ and take the limit as ¢ — co to see that:

Vaa+(1-ap(T) < ¥, (7) + (1 — )7, (7).

Hence the function %, (x) is convex on (0,00). Now let %, (x) > 0 for some ky > 1 and all
r € R". Without any loss of generality, assume k; > ko > ky. Then ks can be written as
a convex linear combination of k; and 1. That is ko = Ak; + (1 — ), where A = % As
7, (x) = 0, we use the convexity of 7 to see that

ko —1_
kl _ 17]61(:1;)

Vi, () <

Since % < Z—j, the conclusion follows. O

Thus, we see that, in order to show that u is intermittent, it suffices to show the much
easier condition 7,(x) > 0 for all x € R™ provided that 7,(z) < oo for all k and z € R™ and

7, is identically zero. This brings us to the next defintion.

Definition 7.1.2 A random field u is weakly intermittent if 7,(x) > 0 for all x € R™,

In [18], the authors have proved a sufficient condition for the solution to (7.1) to be

weakly intermittent under some additional assumptions on the covariance function f of the
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noise. This will be the main content of this chapter.

Henceforth, we shall assume the following about the covariance function f:

-~

Assumption 7.1.2 e f(&) is a function of ||, ..., |&]
o Forj=1,...,n, the map || — f(f) is nonincreasing
e ReV (&) is a function of |&1], ..., &l

Some examples of covariance functions which satisfy this condition include:

e Riesz kernels: f(z) = &5 and f(§) = s Where § <n

e Poisson kernels: f(z) = ﬁ and f(g) = cqe—calél
2

e White noise: f(z) = d(z) and f({) =0

Now we state the main theorem of this chapter:

Theorem 7.1.3 The solution to (7.1) satisfies

ISy

p(x) < inf {ﬂ >0:2, L, (Ez

f) (0) < 1}

for all k > 2 and v € R™. Here, L, s the Lipschitz constant of o.

=]

Theorem 7.1.4 Suppose Assumption (7.1.2) holds and ov = inf zegn up(z) > 0. Also, assume
there exists l, > 0 such that o(x) > l,|x| for all x € R™. Then,

zER"™ l2

o

inf 7,(z) > sup {B >0: (Rgf) (0) > in}

Theorem 7.1.3 tells that 7,(x) < oo Vk > 2 and x € R™. Theorem 7.1.4 tells that
Fy(x) > 0V € R™ If uy(x) > 0Vt > 0and z € R”, then |jullzga < oo would imply
,(x) = 0 Vo € R™. Thus, Theorem 7.1.4 proves the solution to (7.1) is intermittent provided
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ug(x) > 0Vt > 0and x € R™.. In the case of space-time white noise and £ = A, this
automatically follows by the Comparison Principle (Chapter 5) as ug(x) > a > 0 Vo € R".

7.2 Proof Of Theorem 7.1.4

By our assumption that vy > « and o(x) > I,|x|, we have for all z,y € R",

E(|ui(z)u(y)|) > E(uy(x

- +/ / " / n D)o (s (¥) prs(@’ = 2)pes (v = y) f (¢ = ¢) da'dy/ds
Zott lg/o /n /n E(fus(2)us(y))pe—s(@" — 2)pr—s (v —y) f (2" —y') da'dy'ds
(7.3)

Define the following functions on R™ x R"™ :

H(y) = / " PE (ju)u () dt, (7.4)
Gao) = [ e @)t 75)
F(z,y) = f(x —y). (7.6)

Now consider a linear operator: Lg acting on Hg as
(LoHp)(x,y) = (FHy * G)(x,y).
This can be explicitly calculated as:
Lo tay) = [ [ P )Gt~y = o )da'dy

- /0°° / " / @ = O (e () (e’ = 2y = y)da'dy/dt.

This is exactly the second term in (7.3). Hence we can rewrite (7.3) as
o?
Hg > 7 + 2LgHg
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Applying this inequality repeatedly,
042 o L
> — > 2L,
A i=0

The first term of this infinite series of functions is clearly "“T;X the constant function. The

second term is much more involved. It is

2 Ly(a,y) = (FxGs) @,y)

/ //n P =y )p( = 2)puly’ — y)da'dy'dt

efﬁtf(g)efﬂ Re ¥( f)ezE- z—Yy) dfdt

n

where we have used Plancherel’s theorem. Using Fubini’s theorem yields

1 &0 f(£)
Lo Ly (,y) 2 (27" /R BT 2Re\IJ(§)d€'

By induction, it is not hard to see that the k—th term in the series is

k
(&) iYE (o)
12 Li(z,y) (2m)kn /n / /n (H +2Re V(& + -+§i)>> ’ E e

=1

Now set z = y to get

k

o Ny fie) )
xleanf”/O E(|Ut =3 Z /n/n /n L (B+2Re W (& + ...+§j))df1d§2

1= 1=

Setting x; = & + & - - - §; and using the change of variables formula,

00 2 o© l2z k 2 1)
> s - & / / / j-1
seR /0 (luel) ) dt > =5 ZZ - E 5+2Re\11(x]))dxldx2 dai

where o = 0.

We now want to use Assumption 7.1.2. Before that, define

S={z=1(z1,22...,2,) € R" : sign(z;) = sign(zy) - - - = sign(z,)}
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Because f > 0 (Theorem 2.3.2) and Re W > 0, the following holds:

nf [ B (Ju(e a_2i e // / — i) g e e
weRn ’ 3 B—|—2Re\11(x])) e b

- (7.7)
Recall our assumption that ]?(5) and Re ¥(¢) both only depend on |&y ], ..., |&a|. Ifxy, 20+ 2y €
S, then |(x;—xj_1)i| < |(z;)i| forl =1,2,---n. Hence, by the assumption on 7, f(xj—xj_l) >
]?(x]) Consequently,

PR o® f(z) i
a:lean"/O “PE (Jug(x) E; ( / G 2Re Uz ))dz> : (7.8)

As there are 2"~! quadrants of R” where the sign of the coordinates are the same,

f(2) 1 (2) 1
/g (B+2Re \I/(z))dz - on-l /Rn (8+ 2Re q;(z))dz = on1 (Bs.f)(0).

Now, if there is a 3 such that

1

(Raf)(0) = ;

Qo

then the term in the parenthesis in (7.8) will be greater than 1 and the series will diverge to
infinity. That is,
/ e I'E (\ut(x)\z) dt = oo for all z € R™.
0

This implies inf,cgn 75(x) > [. Indeed, assume inf,cgn 75(x) < f . Then it is not hard to
see for some x € R", ¢ € (0, ) and C > 0 such that

E (]ut(x)IQ) < CelP it > 0.

This would mean [° e #'E (|ut(x)|2) dt < oo, hence a contradiction.
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Chapter 8

Strong Invariance And A Noise

Comparison Principle

8.1 Introduction

We present in this chapter two theorems from the work [25]. The first shows that a system
of interacting SDEs on the integer lattice, under suitable scaling, converges to a solution of
the one dimensional stochastic heat equation driven by a fractional Laplacian. The second

is a moment comparison principle for stochastic heat equations with different nonlinearities.

Consider the following SPDE on the real line

D on(w) = (~(=8)"12) (2) + o () Wi(a) (8.1

with ug(z) = 1 for all x € R and ¢ as usual is assumed to be nonrandom and globally

Lipschitz. Recall that the solution is given by

ulr) =1+ /( y / Prosly — )0 (ua(y)) W(dsdy)

Let {X:}:>0 a rate 1 continuous-time random walk on Z with X, = 0 and denote by £
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it’s generator. That is,
(ﬁ@@)ZEZQQ—jﬂwﬁ%—WUD

for some probability measure ¢ on Z and bounded measurable functions ¢ : Z — R.

{X:}>0 can also be seen as a compound Poisson process:

I
Xe=) Ji
=0

where {J;} are i.i.d random variables with jump distribution v and {Il;}+>¢ is a Poisson
process of rate 1 independent of {J;}. By the Lévy-Khinchtine formula, the characteristic

function of X is:,
Eeint _ e—t(1—¢(w))

where ¢ is the characteristic function of v. Henceforth, we shall assume the following about

Assumption 8.1.1 e {w € [-m, 7] : ¢(w) =1} = {0}

e There is a constant a > 0 such that:

1= ¢(w) = [w|* + O (Jw|"*)

For every € > 0, define the rescaled random walk on €Z as Xt(a) = X . From the

€

definition of the generator, it is easy to see that
(£99) (@) =™ (L(m9)) (2) Va € €L,

where (7.¢) () = p(ex) for all ¢ : eZ — R and = € Z.

Consider the system of interacting SDEs on eZ:

AU () = (LOVP) ()t + \%a (U9@) as. (%) (8.2)

subject to U\ (z) = 1.
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It is possible to show that the characteristic function of the finite dimensional distri-
butions of the scaled random walk converge to that of the symmetric a-stable process. An
application of Lévy’s continuity theorem then tells us that the scaled random walk converges
in distribution to the a-stable process. One might imagine, as ¢ — 0, Ut(g) () approximates

u(z). This is the subject of the main theorem in this chapter.

Theorem 8.1.2 Under Assumption 8.1.1, there is a coupling of {U(E)}0<E<1 and u such
that: {U(E)} and u such that VT > 0,k > 2 and 0 < p < aANa —1, the following holds:

)

It is intuitively clear that the above theorem implies the following one:

€€(0,1)

w‘}

sup sup E (
te[0,T) x€eZ

U© () — ut(@"“) =o(=

Theorem 8.1.3 For all K,T > 0 and p € (0,aANa—1), the coupling in the previous theorem

satisfies:
—P (5) P
e2 sup sup |U'(x)—u(x)| — 0,
tE(O,T) |zeeZ:
le|<e— K
as e — 0.

An important corollary of Theorem 8.1.4 is that the normalized finite-dimensional dis-

tributions of U®) converge to that of u as ¢ — 0.

Another important consequence of Theorem 8.1.2 is the following theorem about com-

parison of moments.

Theorem 8.1.4 Let u be the solution to (8.1) with uy(z) = 1Vax € R and a Lipschitz
nonlinearity ¢ such that 0 < o(z) < &(x) Y € R. ThenVt >0 and x1,25... 2, € R,

E (H s (%‘)) <E (H Uy (%‘)) (8.3)

forallt >0 and xq,...,x, € R.
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8.2 Proof Of Theorem 8.1.2

Before we move to the proof of Theorem 8.1.2, we first state a key lemma which will be used
in the proof. We shall not prove this lemma here as it is very technical and instead guide
the reader to [25] for the full details.

Lemma 8.2.1 Let {Pt(e)}tzo be the transition semigroup of the scaled random walk X
Then, VT > 0,

(ata)
pe efflne| o t> Ke|1 (ato)
oup | P )| s ¢ e Hr= Rl 8.0
zeel € t= + % otherwise,
Vit € (0, T] uniformly and € € (0,¢&).
)
The lemma basically says that PtT(x) ~ py(x) for small €. Moreover, this approximation

is uniform for all ¢ > goto(),

Let us say that X ~ Y whenever X©© = {X,(z)}and Y = {Y;(E) (x)} satisfy (8.1.2). It is
easy to see that if X ~ Y and Y =~ Z, then X =~ 7.

Introduce the following random fields:

u(z) =1+ /(O’t_ga) /R ps(y —z)o <u ( [ D) W (dsdy),
01 L]
1+é/w/P (L] =<))o (- HiD)Mw
eI LS CHE H)a(w(li]))

T9@) =14+~ Z// 135235—950( )stdy)
(je,(5+1)e

]_—OO

o<

The aim would be to show the following assertions:

1. u~u,
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8.2.1 wu~u®

Using the BDG inequality, we have

|

u() — ) (a)| <2%i/“§/ Py — )2 [l (us(w)) |2 dsdly

i/ts/’u%s ~a)’ <%@»—U(M@Eb)2

k
Now by Plancherel’s theorem,

G = A
/ / ps(2)|? dsdz < Ce®t,
0 —00

As for the second term, by Walsh isometry and Plancherel’s theorem, we see that when-

dsdy

Q\»—‘| Q

and hence

ever |z —a'| <e,
n%uwmxmﬁs0/ / Des(y — ) — por (10 — Y drdy

_ / / (5=l
Ce* / / e 2 UHE) (1 A |z — 2| €)° drrde.
0 0

llafl

, 2
ile=aE _ 1‘ drde

IN

This integral can be computed to be at most C|z — x < Ce* ! For more details, see

[25].
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8.2.2 18 ~

By Walsh isometry and the fact that ||o(us(y))||x < oo uniformly for all y € R an € (0,77,

|9 ) —ut(e)(x)Hi < c/t /_Z (ps(y) . <g E]))stdy.

Now we use the following property of the stable process density

C
/
|p1($)| < W for all x € R,
to see that
‘ ul® (z) — v(g)(x) ’ < Ot
t t p

Again, p < a — 1, the assertion follows.
We shall not prove the rest of the assertions here as they are quite technical and instead
guide the reader to [25].

8.3 Proof Of Theorem 8.1.4

By a theorem of [11], the said comparison of moments principle holds for a system of inter-
acting diffusions of the form (8.2). The rest follows from applying Theorem 8.1.2 and using
Holder’s inequality.
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Chapter 9

Chaotic Character Of The Stochastic
Heat Equation

9.1 Introduction

In the previous chapters, we studied the intermittency property of the stochastic heat equa-
tion (9.1) wherein the focus is on the large t—behaviour of the solution to (9.1).

0 0? . .

aut(x) = wut(:ﬂ) + o (u(x)) Wy(x)  fort >0,z € R. (9.1)
In this chapter, we focus on the large x-behaviour of the solution at a fixed ¢ as detailed in
[10]. Foondun and Khoshnevisan in [17] showed that if 0(0) = 0, inf,cg ’@‘ > 0 and the

initial function ug is Lipschitz continuous and compactly supported, then V¢ > 0,

supui(z) < oo a.s.

z€eR
By contrast, if inf cpyg) > 0, the solution is unbounded. Furthermore, the solution grows
at a predescribed rate which depends on the nature of the nonlinearity of the equation. This
sensitive dependence on the initial data is termed the chaotic behaviour of the stochastic

heat equation. These results are encapsulated in the theorems stated below.
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Theorem 9.1.1 If0 < inf,cr o(x) < sup,cpo(z) < oo and t > 0, then

0 < lim sup M

T < 00. (9.2)
lz|»oo  (log|z])2

Theorem 9.1.2 When o(z) = A(z) for A > 0, that is, in the case of the parabolic Anderson
model, we have

1
0 < limsup M
lz|»o0  (log|z])3

(9.3)

Here we present a sketch of the proof of Theorem 9.1.2 only, as the actual proofs are
extremely long and computational. First, we invoke the comparison principle to reduce to
the constant initial function case. Then, we obtain some tail probability bounds using some
moment estimates of the parabolic Anderson model followed by an application of Cheby-
shev’s/ Paley-Zygmund. Theorem 9.1.2 follows from this and the Borel-Cantelli lemma,
provided that we prove that if x; and x5 are ’sufficiently far apart’, then w;(zq) and w;(xs)
are approximately independent. To achieve this, we construct a localization of the original
stochastic heat equation. This localization has the property that, for two points sufficiently

far apart, the random variables are exactly independent.

9.2 Tail Probability Estimates

Theorem 9.2.1 For allt > 0,

log P {Jus(2)| > 2} _

3
2

— 00 < liminf log P {]ut(x)3| > 2} < limsup
Z2—00 (10g z)i 2—500 (10g Z)

0. (9.4)

For the proof of the upper bound in the above theorem, we need the following lemma:

Lemma 9.2.2 Let X be a random variable taking values in Ry such that there exists a,C' > 0
and b > 1 for which
E(Xk) S C«keakb

for all k > 1. Then
E<ea(log+X)bbl) < o0,
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for all a € (O, 1_—”11>

(ab)b—T

Proof. With no loss of generality, we assume that C'= 1. Let log, (z) =log(z Ae). If 2 > e,
then by Chebyshev’s inequality,

b—1
P{ea(logJﬁX)ﬁ > Z} < e(akb_k;(loiz) b )

Now define:

Clearly,
p [eons )7 2} lomesn)

By differentiating, we find that

=cl
rilzagg(k‘) clog 2,

where ¢ = 1207 Thus, it follows that

(ab)b—T

p {ea(1°g+X>bbl > z} —0(=).

_b
Integrating both sides with respect to dz, we find that the E(e"‘(long X )'H) < oo provided

¢ > 1. This proves the lemma. O

Recall from the existence and uniqueness result that the solution to (9.1) satisfies E(|u,(2)|*) <
C*e®™’ Hence, we can use the above lemma for b = 3 and Chebyshev’s inequality to prove
the upper bound in Theorem 9.2.1. As for the lower bound, we use the moment estimate for

the Anderson model (see Chapter 6) combined with Paley-Zygmund inequality [27].
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9.3 Localization

Consider the following random fields indexed by real numbers 5 > 0,
)] '
0@ =1+ [ [ piealy — 1) (U (0)) W (dsdy).
0 J[z—VBta+vBY

Lemma 9.3.1 For a fized B > 0, the above equation has an unique solution a.s. U®) such
that

8 F k_ak3
sup sup sup E ( U, (1’)‘ ) < CFe™,
B8>0t€[0,T] zeR

The proof of the above lemma is very similar to the Picard iteration scheme used to

derive the existence result in Chapter 4 and hence, we shall not do it here.

The next lemma shows that, if f >> 1, then u ~ U®).

Lemma 9.3.2 For T > 0, there are constants C, D > 0 such that for § >> 1 and all k > 1,

k 2
sup sup E ( u(z) — Ut(ﬁ)(:p)‘ ) < CFk3 PR =6).

te[0,T] z€R

Now, us define Ut(ﬂ’"ﬂ)(m) to be the nth Picard iteration to U”. That is, U"* = 1 and

t
Ut(ﬁ,n-&-l)(x) 1 +/ / Pes(y — )0 (Us(B,n) (y)) W (dsdy). (9.5)
0 Jz—/Btz+Bt|

From the existence proof, for large n, Ut(ﬁ’nﬂ)(x) ~ Ut(’g(x). Hence, for large n, f3, Ut(ﬂ’nﬂ)(x) ~

u(x).

Lemma 9.3.3 Let z1,22,... € R such that |z; — x;| > 2n+/pt whenever i # j. Then

{Ut(ﬁ’n) (:E])} is a collection of i.i.d. random variables.
jez

Proof. The proof is by induction on n. For n = 1, we have

t
U (z) =1+ 0(1) / / pes(y — )W (dsdy).
0 [m_\/ﬁ’r""\/ﬁiﬂ
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If {z;} are such that |z; — x;| > 2/ft, the nonrandom integrands in the above equation

have disjoint supports and hence have correlation zero. Since they are Gaussian random

variables, they are hence independent. Now assume {(_]t(’g ) (azj)} are independent. Then
JEL

from (9.5), we see that:
E(Ut(ﬁ’nﬂ)(xi)Ut(ﬁ’nH)(%’))
t
- / / Doy — ) praly — x»E(o (UE™ () o (U (y)) )W(dsdy>,
0 AiﬂA]'

where A,ﬂAJ = [IZ—\/E, x,—h/m]ﬂ[xj—\/m, CL’J—f—\/E] If |ZL’Z - [Ej| Z QTL\/E, then A,ﬂAJ =
) and so E(Ut(ﬁ’"ﬂ)(xi)Ut(ﬁ’nH)($j)) = 0. Again, since U™ (z;) and U™ (z;) are
Gaussian variables, this implies that they are independent.

Hence the assertion is true for n + 1. By induction, the lemma is proved. O

The rest of the proof of Theorem 9.1.2 follows from a series of continuity estimates and

Borel-Cantelli lemma.
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Chapter 10

Boundedness Trichotomy Of The
Stochastic Heat Equation

10.1 Introduction

In this chapter, we discuss the results of the paper [8] where the authors have proved that
under some mild conditions, the rate of decay of the initial condition wug characterizes the
boundedness of the solution wu;(z) of the stochastic heat equation with white noise. To be
specific, recall the stochastic heat equation:

0 0? .

Eut(x) = @ut(x) + o (u(x)) Wi(x)  fort >0,z € R, (10.1)

with a bounded, measurable and non-negative initial condition uy. Additionally, we will also

make the following assumptions:

Assumption 10.1.1 o there exists a A C R with |A| > 0 such that ug >0 on A
o lim, .o up(z) =0
o uy(z) = up(—x)

o up(x) = uo(y) if0<z <y
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As for o, in addition to the usual Lipschitz continuity, we shall assume o(0) = 0 and

l, = infer |22 > 0

Define

Y

Jloguo(a)]
et (log [])}

and
M (t) = sup uy(x).

zeR

Theorem 10.1.2 Then, under the above assumptions, the following trichotomy holds:

1. if A = o0, then P(M(t) < oo for allt >0) =1
2. if A =0, then P(M(t) = 0o for allt >0)=1

3. if 0 < A < 00, then there exists a random variable T and constants t1,ts € (0,00) such
that:

(a) t1 <T <ty a.s.

(b)
PM({t)<oco VE<Tand M(t)=00 Vt>T)=1.

10.2 Sketch Of Proof

The key step in the proof is the following tail bound:
Lemma 10.2.1 There exist finite, positive constants K, L such that Ve > 0,

3/2 3/2
LA g e Plw@) > e o JloePlu(@) >} - KA

Vi T oo log || T oo log || R

uniformly for all t in every fixed compact subset of (0,00)

Proof. We shall present the key ideas in the proof here, as it is quite technical and long. For
the full details, see [8].
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To establish the lower bound, we use the moment comparison principle (Chapter 8) to
bound the moments of the solution to the SPDE (10.1) by the moments of the solutions
corresponding to the Anderson model . We then use the Paley-Zygmund inequality [27] to
bound the tail probability from below. As for the upper bound, the proof is similar except
that we use Chebyshev’s inequality to bound the tail probability from above. m

Now we move to the proof of Theorem 10.1.2. We consider the three cases on A separately:

10.2.1 A>0or A =

Fix A € (0,A) and 7,7 such that 0 < 7 < T = % where K is the constant in Lemma
10.2.1. The proof begins by showing

lim sup w(x)=0 as. (10.2)
IO te(1,T)
The proof of this begins by showing the above holds over discrete intervals of (7, 7") using the
Borel-Cantelli Lemma and then using some continuity estimates to extend to the whole inter-
val (7, 7). Once this is done, due to symmetry, this also implies that lim, ., sup,e(, 7 w(z) =

0 a.s. Since u is continuous,

P (sup u () < oo for all t € (7, T)) =1
zeR

If A = oo, then 7 can be chosen as close to 0 as possible and T as close to co. This proves

(1) of Theorem 10.1.2. Now if A < oo, then we can prove half of Theorem 10.1.2 (3). That

is, choose T arbitrarily close to Kéfs and set t; = KZfs. This would imply sup,cp ui(x)

Vt < t; a.s.

o1



10.2.2 A<ocoorA=0

Fix T > 7 > 4L2A3, where L is the constant in Lemma 10.2.1. The proof begins by showing
that :

inf = 8. 10.3
tel(rTl’T) ;Svlel]lg w(r) =00 as (10.3)

The proof of the above is similar to (10.2). If A > 0, then set t, = 4L*A3 and (10.3)
would imply sup,cg u(x) = oo a.s. for all t > to = 4L2A?, thus proving the other half of
Theorem 10.1.2 (3). If A = 0, then 7 can be chosen arbitrarily close to 0 order to yield

SUp,ep Ut(x) = oo a.s. for all ¢ > 0.

10.2.3 0<A <o

Let 0 < A < oo. For every integer N > 1, define the stopping time:
Ty =inf{t >0: M(t) > N}.
Clearly, Ty < Ty for all N > 1, and hence
N—oo
exists. According to Parts (1) and (2) of Theorem 10.1.2,
O<t1i<T<ty<oo as.

where t; and ¢, are non-random and depend only on A. Now if there exists an w such that
t < T(w), then we can find an integer N(w) > 0 which satisfies t < Ty (w) < T(w). This
would imply that M (t)(w) < N(w) < 0.

On the other hand, if there exists an w such that ¢ > T (w) then we can find an integer
Ni (w) > 0 such that t > T, (w) Vn > Nj (wy). This would imply M (t) (w) > n for all
n > Nj (w), and hence M (t) (w) = co. Thus (3) of Theorem 10.1.2 is proved.
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Chapter 11

Moment Bounds For The Fractional
Stochastic Heat Equation

11.1 Introduction

In Chapter 7, we saw that the second moment of the solution to

%ut(x) = (Lwy) (z) + 0 (ue(z)) Fy(x)  fort > 0,2 € R" (11.1)

grows exponentially with respect to ¢t whenever v, is bounded below. In [20], the authors
focus on the case where L is the fractional Laplacian and show that, under some additional
assumptions on ¢ and ug, the second moment does in fact grow exponentially with ¢ even if

the ug is not bounded below. The said assumptions are:
Assumption 11.1.1 There exists l,, L, > 0 such thatV x € R",

lylz| < o(x) < Ly (z).

Assumption 11.1.2 uy : R" — Ry is a bounded function such that there exists A C R"
with |A| > 0 and

/Auo(:z:)dx > 0.
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Here F is space time colored noise with the Riesz kernel. That is,

E(Fy(z)Ey(y)) = do(t — 8) f(z — y)

where
1

f(x—y):m

for some 8 < n.

Recall the mild solution to (11.4) given by

() = (Pow) @)+ [ [ sl = ) (ua(0) Pldsdy) (112

The existence of the above solution will impose 3 < a (see Chapter 4, Assumption 4.1.1).

Theorem 11.1.3 There exist ¢1,co > 0 such that

2a
coAa—B
sup E |u(z)]* < cle< t) for allt > 0.

r€ER™

As for the lower bound, there exists c3,cs and T > 0 such that Vt > T,

2
' \Na—B )
inf  E|u(z)]* > 03e<c4 Y.
mEB(O,té)

An immediate corollary of the above bounds is that, for any v € R"

2 2
iAo ? < liminf log B Juy () < limsup Log B fu(z)|

2
S CQ)\&*»B .

11.2 Preliminaries

We start this section with some results concerning heat kernels of a—stable processes on R™.

Lemma 11.2.1 There exists ci,co > 0 such that:

(t" A t ) < po( ) < (t" A ! )
C1 « T o | ST —Y) S Ce @ -
’x_y’nJra t ’m_y’nJra
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A proof for this can be found in [5][21]. We then have the following proposition:

Proposition 11.2.2 There exists ty such that Yt > t

(Pryrot)(z) > ert = whenever x € B(0, (t + to)=).

Proof. Recall that p,(z) = [, e "¢ "d¢. Clearly, py(0) decreases with ¢ and by Dom-
inated Convergence Theorem, lim; ., p;(0) = 0. Fix a large enough ¢, so that py, (0) < 1.

We then have o )
x —
pto (x - y) - pto (Ty)

Z Dty (21’) DPto <2y)

1

=5, P (¥) P (29) -

The above follows from the decreasing nature of p;, and its scaling property. See [5][21] for

the full proof. This immediately gives:

(Pou)(z) = / pio (2 — ) uoly)dy

n

> apu (¢) / Pug (2y) uo(y)dy

Using the semigroup property of the transition densities,

(Pryot)(z) = / Praso (& — ) to(y)dy

_ / pile = y)(Byu) (y)dy
> CaPtito (z)

]

Now we present some renewal inequalities which will be used in the proving Theorem
11.1.3. The proofs can be found in [20].

o
Lemma 11.2.3 Let 0 < p < 1. Then there exists c; > 0 such that for all b > <%>

i (zﬁf’)Z > RS

1=0
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Lemma 11.2.4 Let 0 < p < 1. Then there exists c1,co > 0 such that

[e'e) bi 1
< cobr
E —F(z'p T S cie for all b > 0,

i=0
where I' is the Gamma function.

Proposition 11.2.5 Let p > 0 and h(t) € L{ (R) such that

loc

h(t) <c + ,u/t(t —5)P" f(s)ds Wt >0,
0

for some ¢y > 0. Then, there exists co,c3 > 0 such that:

D=

1
h(t) < cpe LD rrt g (.

Proposition 11.2.6 Let p > 0 and h(t) € L] _(R) and nonnegative such that

loc

t
h(t) > ¢ + u/ (t —s)P ' f(s)ds  for allt >0,
0
for some ¢y > 0. Then, there exists co,c3 > 0 such that:

1 1
h(t) > oo TRt s ST (p) )5,
p

11.3 Proof Of Theorem 11.1.3

Proposition 11.3.1 There exist ¢, co > 0 such that ¥Vt > 0,

! SUp,epn B |us ()]

(t—s)a

2
ds

sup B |uy(z)]* < ¢ + ¢ ()\LU)Q/
0

zeR?
Proof. Taking the second moment of the mild solution,
t
Blu(@) = [(R)@F 3 [ [ [ b= ypeade = 27 = DB (1(0)) 0 (0() dydads
0 n n

Since ug is bounded, so is |(Pu)(x)[*. As for the second term, using Holder’s inequality and
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Assumption (11.1.1),

Y2 < 12 sup B Juy ()]

reR”™

E (0 (1s(y)) o (15(2))) < L2E (Jus(y)us(2)]) < L2 (Blus()]?) " (B Jus(2) )

As for [o Jan Pi—s(@ —y)pi—s(x — 2) f(y — 2)dydz, changing the variables first from y — y+ 2
and then from z — x — z followed by the fact that p; is symmetric,

/ ) / npt_s(x—y)pt_s(x—Z)f(y—Z)dydz= / ) / npt_s(y—z)pt_s(z) f(y)dydz = / ) Pat—s) (W) f (y)dy

By the scaling property of the heat kernel,

pl __iL—r

1 <Q(t—s)a) c (T c
/ Pai—s) () f(y)dy = / dy = / 1(5) <
v " R 7]

2(t — )= lyl° (t — )= (t— )5

by Lemma 11.2.1. Combining the above bounds proves the proposition. O]

From here on out, fix a t;5 > 0 and let

inf  (Poru)(z) = m(t) (11.3)
zeB(O,(t+to)E>

for 0 < s < t. Proposition 11.2.2 guarantees the existence of such an m. We then have the

following key proposition:

Proposition 11.3.2 There exists c; > 0 such that the following holds ¥t > 0:

o k(a—p)

E|Ut+t0 >m 22 Cl)\l ( )

=0

Vz € B (0, (t + to)i>

Proof. Taking the second moment on both sides of (11.2) and using Assumption 11.1.1,

Elui it (@)[* > [Prsou(

a2 / / / Press (& — 20)Prsn (@ — ) (21— @) Bty s10 (@1 sy 400 (&) [drr dty sy
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Now,

E|tg, 140 (21) g, 440 (27) | > Ettgy 14 (21) sy 14, (27)

= (P81+t0u)(x1)( s1+toU 271 +>‘2l2/ / / Psy— 52 - )

Ps;— 32( - 952)f(952 )E’usz+to($2)u52+to(x2)‘dx?dedSQ
[terating this, we get,
Elu i, (2)]? > |Prygou(x)

3 %/ N A R

/ ’ / /
Sk+t0 xk Hpsz 1—S; xl 1= 7:>p5i71*5i (xi—l - ajz)f(xz - Q?l)) deJrl*ide—i-l—idSkJrlfi

where sy = t. Restricting the integration to B (O, (t+ to)é> and using (11.3),

Bt 1, ()2 >m(t)? + mi(t)? iwﬂ / ! [ [

k
Sk—1
’ / / / Hpsi—l—si (xi—l - xi)psi—l_si (I;—l - l’;)f(l‘z - $;>dzk‘+1—idz;c+1—id8k+l—i
0 By, J B

to =1

where B;, = B (O, (t+ t0)§>. Regarding the integral on the right handside of the above

equation, it is greater than or equal to

k
S0 Sk—1
/ / / /
[ L Tl = aopamalely = o) o = sy dsien
so—% JR?XR" Sp—1—% BtOthoi 1

/ / / / [ s @izt — zo)ps, () — 7)) f (s — 2 dzpir—idzyyy dspa—
R xR™ BtOXBtO i=1
(11.4)

where in the second line, we have used change of variables from s;_; — s; — s;.

We want to use Lemma 11.2.1. To that end, choose {z;} and {z} according to the fol-
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lowing rule:

xieB< S2>HB<:I:Z 1,@):&
a ,
x;eB< 321>m3(“,2> B!

1 1
The above choice of {z;} and {z}} satisfy |x; — 2| < s7,|z; — x| < sf and
1

|2t — x| < sf W}iich imply that f(x; —2%) > s; @, ps, (zio1 — 2i) > clsﬁ and

ps; (21 —2!) > ¢18,% respectively. Note that |B;|, |Bi| > 023?. Using this, we see that (11.4)

is greater than or equal to

1 i3 k
k k
/ / / /
/ / T / / HpSi(mi_l — @)D, (Ti_y — ) [ (@ — ) d2pg1—id 2y dSpr1i
k2 t
A L
¢ 3]
0 0 go
51
k(a—B)
_ok(t) "
=C —
k

Combining the above results, we obtain

E|us g (2)> > mi(t Qi cAly) ( ) (11.5)

k=1

O

Now we come to the proof of Theorem 11.1.3. For the upper bound, we use Propositions
11.3.2 and 11.2.5 with p = # and u = (AL,)% Now for the lower bound, setting ¢t — t — t,

in Proposition 11.3.2 gives

o k(a—8)
t—1 o
E (o) > mt — )2 S (e Al) (TO)
k=0

Choosing a T large enough so that the assumptions of Lemma 11.2.3 are satisfied and using

the same gives the required lower bound.
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Chapter 12

Multifractality Of The Stochastic
Heat Equation

12.1 Introduction

In Chapter 5, we studied the intermittency properties of the general nonlinear stochastic
heat equation. In [28] the authors have studies a closely related concept called multifractal-
ity which is related to the fractal behaviour of the tall peaks of a process. This will be the

content of this chapter.

Let X = {X;}ern be real-valued continuous stochastic process. We wish to study the frac-
tal nature of the peaks of X. In this regard, let us first introduce an increasing real-valued
function gauge function g such that lim, ., g(x) = co and

X
lim S,upM =1 as.

tl—oe 9([T])

where [t| is the sup-norm on R™. Let us fix such a g and consider the random set:

_ n . ’Xt’
Pr) = {t e R i1 > 1 174 >4} (12.1)
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where v > 0 is the length scale at which the tall peaks of the process X are viewed. Just like
we have the usual Hausdorff dimension for ordinary fractals, there is an analogous measure
for multifractals, called the macroscopic Hausdorff dimension originally due to Barlow and
Taylor [1, 2].

Definition 12.1.1 The peaks of a process X are multifractal in gauge g if there exists a

strictly decreasing sequence of real numbers 1 > o ... > 0 such that

Dimy (Px ¢(vit1)) > Dimu(Px (7)) Vi > 1

We will focus on two equations here: The linear stochastic heat equation:

0 1 9 : .
5 (x) = 5@&@) + Wi(z) on (0,00) x R, subject to Zy(z) = 0. (12.2)
and the Anderson model:
0 0? : :
aut(x) = @ut(x) + u(x)Wi(z) fort > 0,2 € R subject to up(z) =1 (12.3)

Since ugp(z) > 0 for all x € R, Mueller’s comparison principle tells us that u,(z) > 0 for all ¢
and z. Therefore, hy(x) = logu,(x) is well defined and the tall peaks of h are in one-to-one

correspondence with those of u. For ease of calculations, we shall be working with h instead.

Now, we present the main theorems of this chapter.

rol—

Theorem 12.1.1 Let g(z) = (logx)? and consider Z;(z) as in (12.2). Define Vt,y >0,

} (12.4)

Zy(z)
(logx)2

PN

Pz,s(7) = {93 > e > 7t

Then,
) T
Dimpy (Pz(t)g(’y)) =1- \/7_72 a.s.

where Dimy (F) < 0 means that E is bounded. Hence the tall peaks of Z;(x) are multifractal

a.s.
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Theorem 12.1.2 Let g(z) = (logx)® and consider hy(z) as in (12.3). Define Vt,y >0

h X 1
Phityg(v) = qz =€ d )g > 3 (12.5)
(log )’
Then,
: 42 5
Dimyr (Phiry (7)) =1 - 3o as (12.6)

where Dimy (F) < 0 means that E is bounded. Hence the tall peaks of hi(x) are multifractal

a.s.

The idea of the proof is to derive the upper and lower bounds on the dimension using
results from Section 3. Before that, we give a brief introduction to macroscopic Hausdorft

dimension.

12.2 Barlow-Taylor Dimension

We recall the macroscopic dimension for F C R™ as expounded in [1, 2]. Define for n > 0,
Vi=[-e"e")", So=Vy and  Spi=Ved\ Wi (12.7)
Definition 12.2.1 Let B be the family of sets of the form:
Qz,r) = [x1, 21 +7) X [X2, 20 +7) X -+ [T, Ty, + 7) (12.8)

where © = (x1,Z9, -+ x,) € R™ and r > 0. Here the side length of Q is set as side(Q) = 7.

Now, define for every E C R" | p > 0 and integer n > 0,

Vi(E) = infizm; (%)p (12.9)

where the infimum is taken over all {Q;}7, C B such that side(Q;) > 1 and ENS;, C U2, Q.

The reader should compare this with the definition of the usual Hausdorff measure of E.
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Definition 12.2.2 The Barlow-Taylor macroscopic Hausdorff dimension of a set E is

Dimy(E) = inf {p >0: iuﬁ(E) < oo} (12.10)
k=1

Clearly, any bounded set has Dimy(E) = 0.

12.3 General Bounds

In this section, we state some methods to estimate find upper and lower bounds for the
macroscopic Hausdorff dimension of the sets in Theorems 12.1.1,12.1.2 to prove the corre-

sponding theorems.
Let X = {X;}iern. For b € (0,00), define

L log P{X
c(b) = — limsup o Pterr 08 b{ () >y} (12.11)
Yy—00 y
inf,cpn log P{X
C(b) = — lim inf €& 208 b{ () >y} (12.12)

Yy—00 y

Clearly, 0 < ¢(b) < C(b) < 0.

First, we have a theorem to estimate the upper bound of the macroscopic Hausdorff di-

mension of a random set.

Theorem 12.3.1 Let b > 0 be such that c(b) > 0 and Vv € (0,n),

0
sup P< sup X(¢) > <L log s) < s s s — o0, (12.13)
weR? teQ(w,1) C(b)
Then,
%
Dimy {t eR™: Jt| > e X(t) > (%log |t|) } <n-—~ (12.14)
c

The corresponding theorem for the lower bound is:
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Theorem 12.3.2 Let b > 0 be such that C(b) < co. Also assume there is a § € (0,1) and

an increasing measurable function S : R — R such that

1
lim — max max inf logP{|S(X (t;))—5(;)]>1}=—o0

n—00 M {t;};L, €lln(d) 1sjsm {Y;}j2, €T

where m = |I1,,(8)| and Z is the set of all independent finite sequences of independent random

variables. Then for all v € (0,n)

1
X(t b
Dimy {t eT: |t > e, ®) > <CL) } >n—7v a.s. (12.15)

o=

(logt)

Here I1,,(8) is a collection of m points such that {t;}7, C S, and |t; 11 — t;] > ™.

12.4 The Linear Stochastic Heat Equation

In this section, we focus on the linear stochastic heat equation (12.2) and give a proof of
Theorem 12.1.1. Recall that the solution to (12.2) is given by

20 = [ [ sty = awasay)

where p;(z) is the usual heat kernel. It is known that b = 2 and C(b) = ¢(b) = (£)*. In

order to use Theorem 12.3.2 for S(x) = x for the lower bound we need to find an appropriate

coupling. In this regard, define the following random fields for every B > 0,

t
7P (z) = / / Pe—s(y — z)W (dsdy) (12.16)
0 [m—@,x-{—@]
If x1,29,...,2m € R are such that |v; —z;| > /2(Bt) forl < i # j < m, then the
random variables Z.”) (x1),..., s () are independent as the integrands are nonrandom

with disjoint supports.

Lemma 12.4.1

supP{ Zy(z) — Zt(B)(:c)‘ > )\} < 26(—%2\/533/2) (12.17)

z€R
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Proof. Clearly,

Zy(x) — 2 (x)

=

2) - /Ot/|z>\/@[ps(2)]2dsdz

| | Bt
< / P|X| >/ —ds
0o V27s S

where X is a standard normal variable. We then use the following fact

P {|X| > (@) } < P{|X| > VB} (12.18)

along with an elementary Gaussian tail bound to conclude the lemma. O]

Now fix § € (0,1). Choose n large enough such that 2v/nt < €™ and m points in S,
such that e" < xy < -+ < 1, < "™ and z;,; — z; > exp{dn}. By the first equation and
Chebyshev’s inequality we have

max P{|Z,(z;) - Yi| > 1} < 2(3VE?)

1<i<m

In particular,
1
lim — max log P {|Z;(z;) — Yi| > 1} = —©

n—oo N 1<i<m
9\ 2
y
! <1-—-
(ﬁ)}— !

Substituting v — */7;72, we obtain the required bound.

By Theorem 12.3.2,

Zy(x)
(log z)2

N

DimH{xZee: >t

12.5 The Anderson Model

We know from the results of Chapter 9 that

h
lim sup t(x)Q <00  as.
T—00 (log {13)§
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Hence a good candidate for the gauge function ¢ is g(x) = (log x)% For the upper bound,
we begin with a tail probability estimate akin to (9.4) in Chapter 9.

Lemma 12.5.1 For allt > 0,

. S -
lim inf infyer longht(ac) = 2} = lim sup SUPsep 108 Pjht(x) > 2} = _4\/§
zmroo 22 Z2—00 22 3\/]?

The above lemma suggest we can use b = 2 and C'(b) = ¢(b) = —% in Theorems 12.3.1
and 12.3.2.

Lemma 12.5.2 For all v € (0,1),

2
1 (3ylogs @ (1)
supP <  sup logus(x) > [ t3 ( ) <s77
yeR {xe[y,y—i—l] 4\/§

The proof of the above lemma uses some continuity estimates ([10]) similar to those used

in proof of 9.1.2. Thus the conditions of Theorem 12.3.1 are satisfied and we can use it to

see that ,
. 3V/ty )3
Dimg<x e R:z > e h(x) > log x <1-
{ 0= (20 }_ ;
Hence,
he() 37\ 37\
; z 1 Y . Y
Dimp{zeR: x> e, — >t3 | ——= = Dimy [ P, — <1-
H{ (logxﬁ B (4\/5) } H< ek ((4\/5) )) N K

3
4y/2v2

5, we obtain the required upper bound.

Substituting v —
Now we proceed to derive the lower bound. For this, we would need some results from
Chapter 9. Recall the definition of the random fields {U#*™} 5. ,,50. Our first step towards

proving the lower bound is the following lemma:

Lemma 12.5.3 There exists K > 1 such that ¥Vt > 0 and X\ > 1, and all integers B > 1,

_ (B+logn)3/?
supP{ w(z) — Ut(B’B)(a:)‘ > A} < Ke( KV )

z€R
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The proof of the above lemma follows from a minor variation of the moment bound (9.3.3)

and Chebyshev’s inequality.

To use Theorem 12.3.2, set S(z) = ¢” and B = n?. Choose and fix § € (0,1) and con-
sider m points {x;}/", such that e” < z; < xy---2,, < " and |7, — 25| > . Define
Y; = Ut("2’n2)(:cj). By Lemma 9.3.3, Y7, Y5 - - - Y,, are independent as long as €’ > 2n3t. And
by Lemma 12.5.3,

max P {[S (s (2)) = § ()] > 1} < Kel"57)

1<j<m

In particular,
1
lim — max P {|S (h:(z;)) =S (Y;)] > 1} = —0

n—oo N 1<5<m

By Theorem 12.3.2, we have

2
3Vt 3
DimH{xER:$>ee,ht(x)2( fvlogx) }21—7

42

Hence,

win

hi(z)
(log 2)?

wl—=

DimH{xeR:x>ee, >t

(4379 } — o (Ph“)“" ((%))) S

3
Mﬂ, we obtain the required lower bound.

Substituting v — ==
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