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Abstract

This thesis provides a succinct summary of some of the research work in the field of Coding Theory
with regard to convolutional coding. Specifically, it explores the MacWilliams Identity and its
derivation for the case of convolutional coding. It also extends the idea of LCD codes to the
convolutional case while verifying important results that were known to hold for block codes in the
convolutional setting.

ix



x



Contents

Abstract ix

1 Preliminaries 1

1.1 Block Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Convolutional Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 MacWilliams Identity for Convolutional Codes 19

2.1 Weight Adjacency Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 MacWilliams Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3 MacWilliams Identity for Convolutional Codes . . . . . . . . . . . . . . . . . . . . . 35

3 Convolutional LCDs and other Hull Properties 43

4 Conclusion 47

xi



xii



Chapter 1

Preliminaries

Coding theory is the study of error-correcting codes. These are methods of encoding data for
transmission such that the original message can be decoded despite noise from the medium of
transmission. One adds redundancy to the data in such a way that errors induced by noise from the
channel of transmission have little to no e!ect on the data received post-decoding of the transmitted
message. This process is known as encoding. The encoded data is then transmitted through a noisy
channel, which induces errors in the transmitted data. This corrupt message is then received, and
the best possible estimate of the original data is recovered through a process called decoding.
Let F be a set of cardinality q called the alphabet. Words formed by the combination of elements
of the alphabet of length m are assumed to be “vectors” of length m. The coordinates are also
sometimes called bits. Assume that all messages are words of length k. Thus, the set of messages
can be treated as a subset of F k, let it be denoted by M.

Figure 1.1: This figure is from [7]
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1.1 Block Codes

The code C is a subset of Fn, i.e. each codeword is a vector of length n. Every message is individually
mapped to a codeword, also known as a block. The mapping is done through an injective function
called the encoder, ω : M → C . Assume that the size of the code, i.e. #C , is M , then the code is
known as a (n,M)q-code.

1.1.1 Weights and Distances in Fm

In coding theory, the most commonly used notion of weight of a vector is the Hamming weight,
which is the number of non-zero coordinates of a vector. The Hamming distance of two vectors is
then the number of coordinates where they do not coincide. It is easy to see that this notion of
distance is a metric if F is a field F:

1. for any x, y ↑ Fm, d(x, y) ↓ 0 holds because the number of coordinates can not be negative.
d(x, y) = 0 implies that x and y di!er in 0 coordinates, i.e. x = y. On the other hand, x = y

implies that they do not di!er at any coordinate, i.e. d(x, y) = 0.

2. if d(x, y) = d then x and y di!er at d coordinates which also implies d(y, x) = d.
Therefore, d(x, y) = d(y, x).

3. for any x, y, z ↑ Fm, let D(x, y) = {i|xi ↔= yi}, where xi is the i
th coordinate of x.

Therefore, |D(x, y)| = d(x, y). D(x, y) = D(x, z)!D(z, y) ↗ D(x, z) ↘D(z, y), thus d(x, y) ≃
d(x, z) + d(z, y), satisfying the triangle inequality.

For any set S, we define the weight enumerator polynomial as:

weS(z) =
∑

i→0

#{u ↑ S|wH(u) = i}zi

Where wH is the Hamming weight.
If for an (n,M)q-code C , the least distance between a pair of non-equal codewords is denoted by d,
then we say that the code C is an (n,M, d)q-code.

1.1.2 Linear Codes

A linear code is a code that has a subspace structure to it. In this case, the code is a k-dimensional
subspace of Fn

q . For linear codes, we can call a (n,M)q code a (n, k)q code where M = q
k since C
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is a k-dimensional space over Fq.
For a linear code, the least distance between a pair of non-equal codewords coincides with the least
weight of non-zero codewords of C . This is because for any pair of codewords c1 and c2, c := c1⇐ c2

is also a codeword. Assume that the least distance for this code is d. We can then call the code C

an (n, k, d)q-code. We can drop q from the above notation when the base field is obvious.
Since the code is a k-dimensional space over Fq, we have a k element basis for the code C . Let it
be {gi}ki=1. Consider the k ⇒ n matrix

G =





⇐g1⇐
...

⇐gk⇐





It is immediate that the code is the Fq rowspace of the matrix G. Any such matrix is known as a
generator matrix for the code C , and the encoding function can be seen as matrix multiplication
with G. Since the code is k-dimensional, rank(G) = k for any generator matrix G of the code C .
Any matrix L of rank n⇐k such that for any codeword c, cL = 0 is known as a parity check matrix
for the code C .

1.1.3 Dual of a Code

On Fn
q , we define the bilinear form

(·, ·) : Fn

q ⇒ Fn

q → Fq : (x = (x1, ..., xn), y = (y1, ..., yn)) ⇑→
n∑

i=1

xiyi

Since we are working in a field, this form is symmetric. It is also bilinear, which is evident to see.
We are now ready to define the dual of a code.

Definition 1.1.1. For a code C , its dual, C
↑, is defined as

C
↑ = {u ↑ Fn

q |(u, c) = 0⇓c ↑ C }

If C is a (n, k, d)-linear code, then its dual C
↑ is a (n, n⇐ k, d)-linear code, generated by the parity

check matrix of C . [7]
In the finite case, it is not necessary that the dual of a space and the space are orthogonal comple-
ments. Thus, their intersection is not necessarily empty. It is possible to have a vector that is orthog-
onal to itself; consider the field F3 and the vector (1, 1, 1) in F3

3. Clearly, (1, 1, 1)(1, 1, 1)T = 3 = 0.
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Thus, given a code C , we define the following [9]:

Definition 1.1.2. The hull of a code is the space C ⇔ C
↑.

1.1.4 MacWilliams Identity

The MacWilliams Identity, discovered by FJ MacWilliams in 1963 [8], is a linear transformation
that relates the weight enumerator of a code to its dual. Given a linear code C and its dual C

↑,
we have

weC→(z) =
(1 + (q ⇐ 1)z)n

qk
weC

(
1⇐ z

1 + (q ⇐ 1)z

)

Which can then be written as weC→(z) = q
↓k

H(weC (z)), where H is defined as follows:

H : C[z] → C[z] : h(z) ⇑→ (1 + (q ⇐ 1)z)nh

(
1⇐ z

1 + (q ⇐ 1)z

)
(1.1)

When C is a non-linear code, there is no concept of a dual and the weight distribution, denoted by
we↔

C
(z), is derived as follows:

Define Ai(x;C ) := #{c ↑ C |d(x, c) = i}, and Ai(C ) := 1
|M|

∑
x↗C

Ai(x;C ). Then

we↔C (z) =
n∑

i=0

Ai(C )zi

The above weight enumerator and the usual definition coincide when applied to a linear code (or
any “distance-invariant” code).
When applying the MacWilliams transfer to the weight enumerator for a non-linear code, we get
some interesting combinatorial properties, in spite of the dual not being well defined for it.

1.1.5 Linear Code with a Complementary Dual (LCD Code)

The code and its dual are not to be seen as orthogonal complements [7]. The linear codes whose
duals are indeed orthogonal complements are known as Linear Codes with Complementary Duals,
or LCD codes for short.[9]

Definition 1.1.3. Let C be a linear code and C
↑ be its dual. C is an LCD code if and only if

C ⇔ C
↑ = {0}.

Another way of characterising LCD codes in terms of their generator matrix is (from [9]):
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Theorem 1.1.1. Let G be a generator matrix for the code C . Then C is an LCD Code if and only
if the matrix GG

T is invertible.
Moreover, the linear operator ”C = G

T (GG
T )↓1

G is the orthogonal projection from Fn to C for an
LCD code C .

Proof. If we assume that GG
T is non-invertible, then there exists a non-zero u ↑ Fk such that

uGG
T = 0. Since u is non-zero, uG is a non-zero codeword. Any non-zero v in C can be written

as u
↔
G for some non-zero vector u

↔ in Fk. Thus,

uGv
T = uG(u↔G)T

= uGG
T
u
↔

= 0

Therefore, uG lies in C
↑ ⇔ C and is non-zero. Hence, C is not an LCD code.

If we conversely assume that GG
T is invertible, then consider the linear transform

T : Fn → Fn;u ⇑→ uG
T (GG

T )↓1
G

For any non-zero codeword, v = uG,

Tv = uGG
T (GG

T )↓1
G = uG = v

Moreover for any vector v in C
↑,

Tv = vG
T (GG

T )↓1
G = 0

Any vector v in Fn goes to C as vGT (GG
T )↓1 is a vector in Fk. Hence, T is an orthogonal projection

for C , and C is an LCD code.
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1.2 Convolutional Codes

These di!er from standard block codes in the sense that the encoder for a convolutional code takes a
sequence of messages u = (u(0), u(1), ...), each u(i) from the set of messages M ↗ Fk to a sequence of
codewords x = (x(0), x(1), ...) each x(i) ↑ Fn, but the i

th codeword depends on previous codewords
as well. This is done through a state vector s(i), of dimension m. We can describe the encoder as
follows: s(0) = 0 and ⇓i ↓ 0

s(i+ 1) = s(i)A+ u(i)B

x(i) = s(i)C + u(i)D

Where A ↑ Fm↘m, B ↑ Fk↘m, C ↑ Fm↘n, and D ↑ Fk↘n. This is known as the State Space
description of a convolutional code. One then takes the code to be the set of all possible outputs x.
One could also take the code to be the set of generating functions. Given a sequence, (a0, a1, ...),
the generating function associated with the given sequence is the power series

∑
i
aiz

i where z is an
indeterminate, i.e. a variable.
In terms of the generating functions, S(z) =

∑
i→0 s(i)z

i, U(z) =
∑

i→0 u(i)z
i, and X(z) =

∑
i→0 x(i)z

i, the state space description is

z
↓1

S(z) =
∑

i→0

s(i+ 1)zi + 0 = S(z)A+ U(z)B

X(z) = S(z)C + U(z)D

Solving these equations,

z
↓1

S(z)⇐ S(z)A = U(z)B

=↖ S(z) = U(z)
(
B(z↓1

I ⇐A)↓1
)
= U(z)E(z)

and

X(z) = U(z)E(z)C + U(z)D

=↖ X(z) = U(z) (E(z)C +D) = U(z)G(z)

Thus, by enlarging the possible sequence of messages to come from F((z)), it is easy to see that
the convolutional code associated with (A,B, C,D) is just the F((z))-rowspace of G(z), which from
the preceding equation has rational functions as entries. G(z) is therefore known as the generator
matrix of the code. Any (A,B, C,D) that satisfies the above is known as a realisation of the generator
matrix G. This means that the basis of C is entirely in F(z), which is a subfield of F((z)); thus we
can just consider the rational subcode, i.e. C = C ⇔ F(z) without giving up too much.

6



Definition 1.2.1 (Convolutional Code). An (n, k) convolutional code is a k-dimensional subspace
of F(z)n, where F(z) is the field of Rational functions with coe!cients in F.

Certain definitions consider convolutional codes as submodules of n-dimensional modules over the
ring Fq[z]. This treatment of convolutional codes is used prominently in Chapter 2.

1.2.1 Polynomial Generator Matrices (PGM)

A polynomial generator matrix is a generator matrix for C with all entries in F[z]. All codes have a
polynomial generator matrix: consider G(z) to be a generator matrix with entries in F(z), then one
can multiply the entire matrix by the lcm of the denominators of the entries and produce a matrix
G

↔(z) with entries in F[z]. The row spaces of the two matrices are the same, as they di!er only by
a scalar factor. Thus, they generate the same code.
For any row vector a(z) = (a1(z), ..., am(z)) ↑ F[z]m for any m, we define the degree of a(z) as

deg(a(z)) = max
i

{deg (ai(z))}.

Let G(z) be a k ⇒ n PGM for C , with rows gi(z) ↑ F[z]n. Let deg(gi(z)) = hi, then we define the
external degree of G(z) as

extdeg(G(z)) =
k∑

i=1

hi

and the internal degree of G(z) as

intdeg(G(z)) = max {deg (full size minors of G(z))}

Clearly, for any polynomial matrix G(z), intdeg(G(z)) ≃ extdeg((G(z)), as any k ⇒ k minor will
select only one entry from each row and column and the degree of this entry is ≃ hi.

The following result proves to be instrumental in deriving multiple results about PGMs:

Lemma 1.2.1. [10] Let G(z) be a k ⇒ n polynomial matrix and T(z) be any k ⇒ k non-singular
polynomial matrix, then

intdeg(T (z)G(z)) = intdeg(T (z)) + intdeg(G(z))

Thus, intdeg(T (z)G(z) ↓ intdeg(T (z)), with equality if and only if intdeg(T (z)) = 0, which implies
that !(T (z)) ↑ (F[z])↘ = F \ {0} (T (z) is unimodular).
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Proof. The set of k⇒k minors of T (z)G(z) is exactly the set of k⇒k minors of G(z) each multiplied
by !(T (z)). Thus, the degree of each full-sized minor of T (z)G(z) is the degree of the corre-
sponding full-sized minor of G(z)+ intdeg(T (z)). Therefore, intdeg(T (z)G(z)) = intdeg(G(z))+

intdeg(T (z)). The second part follows trivially.

Definition 1.2.2 (Basic Matrices). A k⇒n polynomial matrix G(z) is known as basic if it satisfies
any of the following equivalent conditions [10]:

1. Among all polynomial generator matrices of the form T (z)G(z), where T (z) is a non-singular
k ⇒ k matrix, G(z) has minimal internal degree

2. The Smith Normal Form of G(z) is
(
Ik↘k 0

)

3. The gcd of the k ⇒ k minors is 1

4. G(ε) has full rank ⇓ε ↑ F̄

5. G(z) has a right inverse in F[z]n↘k

6. If x(z) = u(z)G(z) is in F[z]n, then u(z) ↑ F[z]k

7. G(z) is the submatrix of an unimodular matrix.

Definition 1.2.3. [G(z)]hr is the matrix in which each row has the coe!cients of the highest degree
term in that row, i.e.

[G(z)]hri,j = coe"
D

hiG(z)i,j

Definition 1.2.4 (Reduced Matrices). A k ⇒ n matrix is said to be reduced if any of the following
hold [10]

1. Among all PGMs of the form T (z)G(z), where T (z) is a unimodular k ⇒ k matrix, G(z) has
minimal external degree

2. [G]hr has rank k

3. extdeg(G(z)) = intdeg(G(z))

4. (Predictable Degree Property). For any polynomial vector u(z) ↑ F[z]k,

deg (u(z)G(z)) = maxi{deg(ui(z)) + hi}

Definition 1.2.5 (Canonical PGM). Among all PGMs for a convolutional code C , a canonical
PGM is one with a minimal external degree.
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Definition 1.2.6 (Degree of a Code). The degree of a code C is the minimal external degree of all
PGMs of the code, denoted by deg(C ).

Theorem 1.2.2. [10] Let G(z) be a PGM for C ; G(z) is a canonical matrix if and only if it is both
reduced and basic.

Proof. ( =↖ ) Let G0(z) be a basic PGM for C such that among all basic PGMs, it has minimal
external degree. Then,

intdeg(G0(z)) ≃ intdeg(G(z)) ≃ extdeg(G(z)) ≃ extdeg(G0(z)) (1.2)

For any unimodular k ⇒ k matrix T (z), we have

intdeg(G0(z)) = intdeg(T (z)G0(z))

i.e. T (z)G0(z) is another basic PGM. Thus, by our assumption about G0(z), we have

extdeg(G0(z)) ≃ extdeg(T (z)G0(z))

=↖ G0(z) is reduced

=↖ intdeg(G0(z)) = extdeg(G0(z))

Combining this and 1.2, we get

intdeg(G0(z)) = intdeg(G(z)) = extdeg(G(z))

=↖ G(z) is basic and reduced.
( ↙= ) Let G(z) be a basic and reduced PGM for C , then for any PGM for C , G0(z),

extdeg(G(z)) = intdeg(G(z)) ≃ intdeg(G0(z)) ≃ extdeg(G0(z))

thus G(z) has minimal external degree among all PGMs for C , i.e. G(z) is a canonical PGM for
C .

Corollary 1.2.3. [10] If G(z) is a basic PGM for C , then deg(C ) = intdeg(G(z)), which is also
the minimal internal degree among all PGMs of C .

Theorem 1.2.4. Let h1 ≃ h2... ≃ hk be the row degrees of a canonical k⇒n PGM of C , G(z), and
let F (z) be a k⇒n PGM of C with the row degrees f1 ≃ f2... ≃ fk, then hi ≃ fi⇓i ↑ [k] = {1, 2, ..., k}

Proof. Assume the contrary. Then ∝j ↑ [k] such thatfj < hj but fi ↓ hi⇓i < j. Each row of F (z)

is in C and thus is a linear combination of rows of G(z). Since G(z) is a basic PGM (1.2.2) and
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rows of F (z) are polynomial vectors, the coe"cients of the rows are also polynomials, and since
G(z) is a reduced PGM, by predictable degree property, the first j + 1 rows of F (z) have to be
linear combinations of the first j rows of G(z) which implies that they are not linearly independent,
thus has rank < k, and thus cannot generate C which is a contradiction.
Therefore, hi ≃ fi⇓i ↑ [k]

From this, it follows that any two canonical matrices have the same row degrees. These common
row degrees are known as Forney indices. Throughout this paper, they are denoted by {ϑi}ki=1. The
maximum row degree is known as the memory of the code, it is usually denoted by m. The sum of
the Forney indices,

∑
ϑi = ϑ, gives the external degree of a canonical matrix and, thus, the degree

of the code. An (n, k) convolutional code with degree ϑ is called an (n, k, ϑ) convolutional code.
Given a PGM G(z), one can write it as

G(z) =
m∑

i=0

Giz
i

Where Gi are constant matrices. A generator matrix is known as delay-free if G0 has full rank.

1.2.2 Duals

Analogously to the bilinear form defined on Fn
q , we define the following bilinear form on Fn

q (z)

(·, ·) : Fq(z)
n⇒Fq(z)

n → Fq(z) : (x(z) = (x1(z), ..., xn(z)), y(z) = (y1(z), ..., yn(z))) ⇑→
n∑

i=1

xi(z)yi(z)

We can then define the dual C
↑ of any code C as follows:

C
↑ = {y(z) ↑ Fq(z)

n|(c(z), y(z)) = 0⇓c(z) ↑ C }

If C is an (n, k) convolutional code, then C
↑ is an (n, n⇐ k) convolutional code.[10]

We can also define another bilinear form on Fn
q (z), which is related to the sequence interpreta-

tion of the codewords, as we see in the system theoretic description at the beginning of this section,

< ·, · >: Fn

q (z)⇒ Fn

q (z) → Fq :

(
u =

∑

i

uiz
i
, v =

∑

i

viz
i


=

∑

i

(ui, vi)

10



Where (ui, vi) is the bilinear form on Fn
q as defined in the section regarding block codes.

The Dual concerning this bilinear form, called the trellis dual, is then defined as the set

C
↑
t = {u =

∑

i

uiz
i ↑ Fn

q (z)| < u, c >= 0⇓c ↑ C }

This treatment of the dual can be seen in [6].

1.2.3 Free Distance Bounds

Let c(z) be a codeword; then we can write each component of c(z) as a Laurent series and thereby
write c(z) as a vector Laurent series,

∑
ciz

i, ci ↑ Fn. We define the weight of c(z) as the sum of
Hamming weights of each ci. Similar to the block code case, we define the distance between two
code words c and c

≃ as dist(c, c≃) = w(c⇐ c
≃). This concept of weight allows for vectors of infinite

weight.
The free distance d of a convolutional code C is defined as the minimum distance between a pair
of non-equal codewords. Due to the linear nature of C , this is equivalent to the minimum weight
of any non-zero codeword. If an (n, k, ϑ) code has free distance d, it is referred to as an (n, k, ϑ, d)

code. One can also denote the free distance of a code C as dfree(C ).

Definition 1.2.7 (Optimal Code). An (n, k, ϑ) code that has maximal free distance among all
(n, k, ϑ) codes is known as an optimal code.

By polynomial codewords, we refer to x(z) ↑ C such that all entries of x(z) are polynomials. For
any L ↓ 0, we define CL to be the set of polynomial codewords of C with degree ≃ L. This is a
vector space over F, and we set dimF(CL) = ϖL.

Theorem 1.2.5.

ϖL =
k∑

i=1

max (L+ 1⇐ hi, 0) (1.3)

[10]

Proof. Let G(z) be a canonical PGM for C with row indices h1 ≃ h2... ≃ hk, and let its rows be
{gi(z)}. Let x(z) ↑ CL, then x(z) = u(z)G(z). Since G(z) is basic, u(z) has all polynomial entries.
By the predictable degree property (applies since G(z) is reduced), we have maxi{hi + deg(ui)} ≃
L =↖ deg(ui) + hi ≃ L ⇓i ↑ [k]. Thus, the F-span of X = {zjgi(z)|j + hi ≃ L} is CL. For
any F-linear combination of elements of X , one can collect the terms with each gi(z), and write
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it as a F(z)-linear combination of gi(z)
k

i=1, which form a F(z)-basis of C and hence are linearly
independent. Thus, X is a F-basis of CL.

ϖL = #X

= #


k

i=1

{zjgi(z)|j + hi ≃ L, i is fixed}


=
k∑

i=1

#{zjgi(z)|j ≃ L⇐ hi, i is fixed}

=
k∑

i=1

#{j ↑ N ↘ {0}|j ≃ L⇐ hi}

=↖ ϖL =
k∑

i=1

max (L⇐ hi + 1, 0)

Corollary 1.2.6.

∑
ϖLt

L =

∑
k

i=1 t
hi

(1⇐ t)2

Note: This series is known as the Hilbert series associated with the code.

Proof.

∑
ϖLt

L =
∑

L→0

k∑

i=1

max (L⇐ hi + 1, 0) tL

=
k∑

i=1

(0 +
∑

L→hi

(L⇐ hi + 1)tL)

Setting j = L⇐ hi,

∑
ϖLt

L =
k∑

i=1

t
hi
∑

j→0

(j + 1)tj

=↖
∑

ϖLt
L =

∑
k

i=1 t
hi

(1⇐ t)2

Corollary 1.2.7. Let C be an (n, k, ϑ)-convolutional code with Forney indices h1 ≃ h2... ≃ hk,
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then
ϖL ↓ max((L+ 1)k ⇐ ϑ, 0)⇓L ↑ N ↘ 0 (1.4)

We have equality in (1.4) ⇓L i" hk ⇐ h1 ≃ 1. A code for which this is true is called a compact code.

Proof. For any L ↑ N↘ {0}, the i
th term of the series that is equal to ϖL is greater than or equal to

L+ 1⇐ hi. Therefore,

ϖL ↓
k∑

i=1

(L+ 1⇐ hi) = k(L+ 1)⇐ ϑ

and we know that ϖL is non-negative. Therefore,

ϖL ↓ max((L+ 1)k ⇐ ϑ, 0)⇓L ↑ N ↘ 0

If either L + 1 ≃ h1 or L + 1 ↓ hk, all the terms in (1.3) are 0 if L + 1 ≃ h1 and L + 1 ⇐ hi if
L+ 1 ↓ hk and equality holds in (1.4).
If hk ⇐ h1 ≃ 1, one of the above two cases holds ⇓L ↑ N ↘ {0}, thus equality holds in (1.4) ⇓L.
If hk ⇐h1 > 1, ∝ at least one L ↑ N such that hk > L+1 > h1. There is a largest index j such that
hj ≃ L + 1 ≃ hj + 1, for any i ↑ [k] ↓ j + 1, the terms in (1.3) are 0, as L + 1 ≃ hi, but for any
i ↑ [k] ≃ j, the terms of (1.3) are L+1⇐ hi, and so ϖL = j(L+1)⇐

∑
j

i=1 hi, which is not equal to
max((L+ 1)k ⇐ ϑ, 0). This establishes the second part of the corollary.

For a compact code, hk ⇐ h1 ≃ 1, i.e. they are either equal or di!er by one, as they are integers.
Since they add up to ϑ, if they are equal, we get khi = ϑ implies that hi =

ω

k
⇓i ↑ [k]. If they di!er

by one, the Forney indices are all equal to h1 or h1 + 1 = hk. Say j of them are equal to h1 + 1,
then kh1 + j = ϑ. Since k is the total number of indices, j < k, which implies that j = ϑ mod k,
h1 = ′ω

k
∞ and hk = ∈ω

k
∋.

Since ⇓L, CL forms a subcode over F, the minimum distance of CL has to be greater than or
equal to dfree(C ). Since ϖL ↓ (L+ 1)k ⇐ ϑ and the fact that each code of lower dimension can be
written as a subcode, we have !q((L+1)n, (L+1)k⇐ ϑ) ↓ !q((L+1)n, ϖL), where !q(n, k) is the
maximum possible minimum distance of a (n, k)q block code.

13



1.2.4 Physical Realisation of Encoders

Definition 1.2.8 (Abstract Linear Encoder). A linear onto function that maps F(z)k to C is known
as an abstract linear encoder for C .

# : F(z)k ϱ→ C

There exists a bijective correspondence between the set of abstract linear encoders and the set of
generator matrices for C . This is illustrated by the following.
Let # be an abstract linear encoder. ei(z) := (0, ..., 0, 1, 0, ..., 0) ↑ F(z)k such that 1 is at the i

th

coordinate. This forms a basis of F(z)k. Let gi(z) = #(ei(z)). Thus, gi(z) ↑ F(z)n and there are k

of them.

G(z) :=





g1(z)
...

gk(z)



 is a k ⇒ n matrix.

Let u(z) ↑ F(z)k, then u(z) can be written as an F(z)-linear combination of the hi’s, let it be
∑

k

i=1 hiui(z). Then for any x(z) ↑ C ,

x(z) = #(u(z)) = #(
k∑

i=1

hiui(z)) =
k∑

i=1

ui(z)#(hi) =
k∑

i=1

ui(z)gi(z) =↖

the row space of G(z) is C . In fact, the rows form a basis for C , as they are images of a set of
linearly independent elements of F(z)k under a linear function.
On the other hand, given a generator matrix, G(z), we define the function as # : F(z)k → C ,
u(z) ⇑→ u(z)G(z). This is clearly onto and linear; thus, # is a valid abstract encoder function for
C .

Definition 1.2.9 (Physical Realization). Given an encoder # for an (n, k)-convolutional code C ,
its physical realisation E is a k-input n-output circuit such that when one feeds in the coe!cients
of u(z) at each time step expressed as a Laurent series, one gets as the output the coe!cients of
x(z) = #(u(z)) at each time step.

It can be made using the following elements: Memory Elements, Delays, Adders, and Multipliers.
The degree of a physical realisation is the number of delay elements in it.
Circuits in which the intermediate wires carry the signal from only one input, with or without
delays, are known as direct form realisations (or controller canonical form).
Let G(z) be the generator matrix associated with #. # has multiple physical realisations. The
McMillan degree of G(z) is the lowest degree of any physical realization of #.
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Any rational function p(z)
q(z) , with q(z) ↔= 0, can be written as a Laurent series, p(z)

q(z) =
∑⇐

i=l
aiz

i.
The causal part of a ration function is thus

∑⇐
i=max(0,l) aiz

i. We can then define the causal part of
a codeword x(z) by taking the causal part of each coordinate. We denote the causal part of x(z) by
x
≃(z). A causal codeword is one that is equal to its causal part, whereas an anti-causal codeword

is one with causal part 0.
Given an (n, k,m) convolutional code C with Forney indices (h1, .., hk), we define C

≃ := {x(z) ↑
C |x≃(z) ↑ C }, i.e. the set of codewords whose causal part is also a codeword. C

≃ is an infinite
dimensional vector space over F. It is also a subspace of C over F.

Definition 1.2.10 (Abstract State Space). The quotient space $C = C /C
≃ over F is known as the

abstract state space of C .

Theorem 1.2.8. If $C is the abstract state space for a convolutional code C , then

degC = dimF($C ) = ϑ (1.5)

[10]

Proof. Let G(z) be a generator matrix for C with rows {gi}ki=1 and deg(gi(z)) = hi.

bi,j := z
j
gi(z) i ↑ [k], j ↑ {⇐hi, ...,⇐1}

Let x(z) be any codeword in C . Then, ∝u(z) ↑ F(z)k such that x(z) = u(z)G(z) =
∑

k

i=1 ui(z)gi(z).
Let

∑
j
ui,jz

j be the Laurent series expansion of ui(z). Define u
↔(z) :=

∑↓1
j=↓hi

ui,jz
j and x

↔(z) :=
∑

k

i=1 u
↔
i
(z)gi(z) =

∑
k

i=1

∑↓1
j=↓hi

ui,jz
j
gi(z) =

∑
k

i=1

∑↓1
j=↓hi

ui,jbi,j . Therefore, x↔(z) lies in spanF{bi,j}.
Now,

x(z)⇐ x
↔(z) =

k∑

i=1

0∑

j=↓hi

ui,jz
j
gi(z) +

k∑

i=1

∑

j→0

ui,jz
j
gi(z)

Which is the sum of a causal codeword and an anticausal codeword. Thus, x(z) ⇐ x
↔(z) ↑ C

≃, i.e.
x(z) ↑ x

↔(z) + C
≃. Since x(z) is arbitrary, we see that $C is spanned by cosets of {bi,j}.

Given a F-linear combination of bi,j ,
∑

k

i=1

∑↓1
j=↓hi

ui,jbi,j =
∑

k

i=1 ui(z)gi(z), where ui(z) =
∑↓1

j=↓hi
ui,jz

j

and not all ui,j are 0, we have to show that this isn’t 0 in $C , i.e. ↔↑ C
≃. deg(ui(z)gi(z)) ≃ hi ⇐ 1

as deg(ui(z)) ≃ ⇐1 as if any ui,j is non-zero, then it is the coe"cient of z
↓j , and there is no

positive power in ui(z), if all are 0 for some i, then deg(ui(z)) = deg(0) = ⇐△ for that value
of i. Assume to the contrary, then the causal part of x(z), x

≃(z) is a codeword as well. Then
∝v(z) ↑ F(z)k such that x(z) = v(z)G(z). Since x(z) has finite terms with positive power, x≃(z)
is a polynomial vector, therefore by the basic nature of G(z), v(z) = (v1(z), ..., vk(z)) is also a
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polynomial vector. Looking at the anticausal part of x(z),

x(z)⇐ x
≃(z) =

∑
(ui(z)⇐ vi(z))gi(z)

Since ui(z) only has terms of negative power, if any coordinate of v(z) is non-zero, then, by the
predictable degree property, the degree of the anticausal part of x(z) is non-negative, which is a
contradiction by the definition of anticausal. Thus the causal part of x(z) has to be 0. but if this is
the case, deg(x(z)) < 0, which is only possible if all ui,j are 0, thus contradicting the fact that not
all ui,j are 0. Therefore, x(z) ↔↑ C

≃, therefore {bi,j} are linearly independent.
This means that {bi,j} forms an F-basis for $C and there are exactly m of them, thus dimF($C ) =

m = deg(C ).

Corollary 1.2.9. For any physical encoder K of C , deg(K) ↓ ϑ [10]

We can now describe the state space diagram, as in [2], of a Convolutional code.
The state space diagram is a labelled directed graph with the vertex set $C and edge set {(X,Y ) ↑
$C ⇒Fω

q |∝ at least one u ↑ Fk such that Y = XA+ uB} where (X,Y ) is an ordered pair indicating
the direction of the edge. The edge (X,Y ) is labelled by

(
u

v

)
where u satisfies

Y = XA+ uB

and v is the corresponding output:
v = XC + uD

It is clear that the labels of the graph are in no way unique, especially when not all the Forney
indices of the code are non-zero.
As we shall see later, the concept of weight distribution used for convolutional codes is closely re-
lated to the state space diagram.

We shall now describe a method for constructing a minimal realisation given a polynomial gen-
erator matrix

G = (gi,j(z))i,j ; gi,j(z) =
hi∑

k=0

g
(k)
i,j

z
k

with row degrees h1, h2, ..., hk and setting h as sum of row degrees, a minimal realisation is one
in which the dimensions of (A,B, C,D) are (h ⇒ h, k ⇒ h, h ⇒ n, k ⇒ n). One can now construct a
state space description of the code known as the controller canonical form. As shown in [2], this is
achieved as follows:
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⇓i ↑ {1, 2, 3, .., k}

Ai :=





0 1
. . . . . .

. . . 1

0





hi↘hi

;Bi :=
(
1 0 . . . 0

)
↑ Fhi ;

Ci := (g(k)
i,j

)k,j ↑ Fhi↘n where k lies in {1, 2, ..., hi}

Where k varies from 1 to hi. When the hi are 0, the corresponding matrices are taken to be 0. We
then define the following matrices:

A :=





A1

. . .
Ak



 ;B :=





B1

. . .
Bk



 ; C :=





C1
...
Ck





As well as
D :=

(
g
(0)
i,j

)

One can then easily calulate that G(z) = B(I ⇐AD
↓1)C +D, i.e. (A,B, C,D) is a valid state space

description of C . Clearly, given a canonical matrix, the row degrees are replaced by the Forney
indices {ϑi}.
Assume that G is a canonical PGM with row degrees {ϑi} such that ϑ1, ϑ2, ...ϑr > 0 = ϑr+1 =

... = ϑk. Let (A,B, C,D) be the controller canonical form of G as described above. We define the
following index sets that are used frequently in what follows.

J = {ϑ1, ϑ1 + ϑ2, ..., ϑ}

I = {1, 1 + ϑ1, 1 + ϑ1 + ϑ2, ..., 1 +
r↓1∑

i=1

ϑi}

Keeping in mind the above conditions, a few important properties of this realisation that are used
extensively in Chapter 2 are:

1. ABT = 0

2. BBT =

(
Ir 0

0 0



3. ATAi,j =





1 i = j ↔↑ I

0 else
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4. BTBi,j =





1 i = j ↑ I

0 else

5. {uB|u ↑ Fk
q} = SpFq({ei|i ↑ I}) and kerB =


u

(
0(k↓r)↘r Ik↓r

)
, which can also be written

as SpFq({ei|i ↑ {k ⇐ r + 1, ..., k}})

Where SpF (·) denotes the space generated by · over F and ei denotes the vector that has all 0’s
except at the i

th coordinated, where it is 1. The first four can easily be confirmed by simple matrix
multiplication, while the 5th is obvious by taking a look at the matrix B.

1.2.5 Catastrophic Generator Matrices

Definition 1.2.11. A generator matrix G(z) is said to be catastrophic if ∝u(z) ↑ F(z)k such thatwt(u(z)) =
△, but x(z) = u(z)G(z) is of finite weight.

Theorem 1.2.10 (Massey-Sain). Let G(z) be a PGM for C , a convolutional code. The following
are equivalent:

1. No infinite weight input u(z) can produce a finite weight codeword x(z) = u(z)G(z)

2. The gcd of k ⇒ k minors of G(z) is a power of D

3. G(z) has a finite weight right inverse.

If a PGM satisfies any of the above conditions, it is known as a non-catastrophic PGM. Otherwise,
it is known as a catastrophic PGM.
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Chapter 2

MacWilliams Identity for Convolutional

Codes

For this chapter, let C be an (n, k)⇐convolutional code and G be a canonical generator matrix
for C with forney indices {ϑ1, ..., ϑk} such that the first r are positive and the rest are 0 and
deg(C ) =

∑
r

i=1 ϑi = ϑ. We also fix (A,B, C,D) to be the controller canonical realisation for G. Let
the dual of C be denoted by Ĉ . We also chose to work in the framework of the polynomial ring
Fq[z] instead of the field of rational functions Fq(z) over the finite field Fq, where q = p

s, making
the code a k-dimensional submodule of the module F[z]n. For any object ς related to the code, let
ς̂ denote the analogous object for the dual code. This is not to be confused with the objects ς

↑

when ς is a set associated with the code, as ς
↑ denotes the orthogonal to said set.

Definition 2.0.1 (Concatenated Codewords). A polynomial codeword v ↑ C is said to be concate-
nated at l if it can be written as

v = v
≃ + v̂

where v
≃ and v̂ are both non-zero codewords such that deg v≃ = l ⇐ 1 and z

↓l
v̂ is a polynomial

codeword as well.

Definition 2.0.2 (Atomic Codewords). A polynomial codeword that is not concatenated for any
non-negative integer l is known as an atomic codeword.

Since, in the convolutional case, the weight of a codeword is just the sum of the weights of the
coe"cient vectors when written as a Laurent Series, there can be infinite vectors of a given weight.
Instead, the weight enumerators, in this case, only count the atomic atomic codewords. The reason
for this becomes apparent with the following lemma from [2].
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Lemma 2.0.1. Let the maximum Forney index for G be m.

1. Let v = uG be a codeword where u =
∑

L

i=0 uiz
i such that u0 ↔= 0 ↔= uL. If for m consectutive

indices ui = 0 then v is concatenated.

2. For all non-negative integers ε, the number of atomic codewords with weight lesser than or
equal to alpha is finite.

We can now define the weight distribution for convolutional codes

Definition 2.0.3. For all positive integers ε and l, let φl,ε = #{v ↑ C |v is atomic, wt(v) =

ε, deg(v) = l ⇐ 1}. The weight distribution of the convolutional code C is the generating function:

%(W,L) =
⇐∑

l=1

⇐∑

ε=1

φl,εW
ε
L
l

Unfortunately, as shown by Shearer and McEliece in [11], a MacWilliam’s type identity does not
exist for the weight distribution as given above. Thus, we look at another way of enumerating the
weights, known as the Weight Adjacency Matrices.

2.1 Weight Adjacency Matrices

We now describe an alternative way to enumerate the codewords by weight first introduced in [1].

Definition 2.1.1. For all X,Y in the state space, and ε ↑ {0, 1, 2, ..., n} let

↼
(ε)
X,Y

= #{u ↑ Fk|Y = XA+ uB,wt(XC + uD) = ε}

The adjacency matrix is then defined as:

&G =

(
n∑

ε=0

↼
(ε)
X,Y

W
ε



X,Y

↑ Z[W ]q
ω↘q

ω

We also define

↼X,Y =
n∑

ε=0

↼
(ε)
X,Y

W
ε

One can see that this is just the weight enumerator for the set of labels on the edge (X,Y ) in the
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state space diagram for the code related to the above realisation.
Clearly, the adjacency matrix, unlike the Weight Distribution given above, depends on the generator
matrix used and the realisation of said generator matrix.
Since any two minimal realisations, (A↔

,B↔
, C↔

,D↔) and (A,B, C,D) of a given generator matrix for
a code are related as follows:

(A↔
,B↔

, C↔
,D↔) = (TAT

↓1
,BT↓1

, TC↔
,D↔)

for some invertible ϑ ⇒ ϑ matrix T , we see that for all X,Y in the state space:

↼
↔(ε)
X,Y

= #{u ↑ Fk|Y = XA↔ + uB↔
,wt(XC↔ + uD↔) = ε}

= #{u ↑ Fk|Y T = (XT )A+ uBT↓1
,wt((XT )C + uD) = ε} = ↼

(ε)
XT,Y T

Thus, for any minimal representation of a fixed canonical generator matrix, the adjacency matrices
are just "reorderings" of each other.
One can recover the weight enumerator from the matrix through a process described by McEliece
and summarised in [4].
The problem with the adjacency matrices is that they are not an invariant for a code since they
depend on the chosen generator and its state space description. To get around this, we define 2
matrices M and M

↔ in Z[W ]q
ω↘q

ω to be related (M ▽ M
↔) if there exists an ϑ⇒ ϑ invertible matrix

T such that
MX,Y = M

↔
XT,Y T

for all X and Y in Fω .
This relation is clearly symmetric, reflexive, and transitive; hence, it is a valid equivalence relation.
Let M̄ be the equivalence class of M in Z[W ]ω

m↘ω
m . Clearly, given a canonical generator matrix G,

the adjacency matrices of every minimal realisation of G lie in the same equivalence class. In fact,
this equivalence class is an invariant of the code[2]. This class is known as the generalised adjacency
matrix for the code C and is denoted by &̄(C ).

Definition 2.1.2. By µX,Y , we denote the set of inputs u ↑ Fk
q such that Y = XA+ uB, i.e.

µX,Y := {u ↑ Fk

q |Y = XA+ uB}

Definition 2.1.3. We use µ to denote the subset of Fω ⇒ Fω consisting of pairs of states (X,Y )

such that the set µX,Y is non-empty. Such a pair of states is known as a connected pair. Thus,

µ := {(X,Y ) ↑ Fω ⇒ Fω |µX,Y ↔= ̸}
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Proposition 2.1.1. [4]

µ =


(X,u)

(
Iω A
0 B


|(X,u) ↑ Fω

q ⇒ Fk

q


↗ Fω

q ⇒ Fω

q

as vector space over Fq, and therefore, it has rank ϑ + r

This is easily verified by looking at the state space description of the code.

Proposition 2.1.2. [4] The orthogonal of µ is given by

µ
↑ = {(X,⇐XA)|Xj = 0⇓j ↑ J }

Proof. Let (A,B) be in the orthogonal. Then,

(A,B)(X,Y )T = 0

for all connected pairs of states (X,Y ). Therefore,

(A,B)




(
Iω A
0 B


T

(X,u)T



 = 0

From this, we arrive at the following:

A+BAT = 0

=↖ BATA = ⇐AA

=↖ B = ⇐AA

And the equation

BBT = 0

This implies that B = ⇐AA is zero at all the indices coinciding with 1 in B, i.e. the indices in
J . Thus, A is also zero at the indices in J . Therefore, any (A,B) orthogonal to µ is of the form
(A,⇐AA) where A is 0 at the indices in J .

2.1.1 Useful Block Codes

We consider the two block codes:
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1. CC =


u

(
C
D


|u ↑ Fω+k

q



2. Cconst = SpFq({gi(z)}ki=r+1), where SpF () denotes the space generated by the object inside
the parentheses over F . In this case, the space is generated over Fq

As is obvious, for a delay-free code, as we assume from here on, the dimension of CC is at least k.
Let it be k + r̂, where r̂ lies in {0, ..., n⇐ k}. Similarly, the dimension of Cconst is k ⇐ r.
Since we are working with the polynomial ring, we see that Cconst is the same as Fq ⇔ C . Also, we
can clearly see that Cconst is contained in CC since the generator of Cconst is just the last k⇐ r rows
of D. From the properties of the controller canonical form, we know that

kerB = SpFq({ei|i ↑ {r + 1, ..., k}}) =

u

(
0 Ik↓r

)

Thus, we see that the rowspace of the last k ⇐ r rows of D is exactly (kerB)D.
The following lemma from [4] gives a glimpse into the utility of these codes when it comes to
MacWilliams Identities:

Lemma 2.1.3. For information as in this chapter,

(CC)
↑ = Ĉconst

Proof. Recall the notation as in the definition of the controller canonical form for the canonical
generator matrix G of C . We define g

(k)
i

as the vector of coe"cients of zk in row gi of the generator
matrix.
For any c ↑ (CC)↑

(c, g(k)
i

) = 0⇓i, k

↙↖ (c, gi) = 0⇓i

↙↖ c ↑ Ĉ ⇔ Fq = Ĉconst

Where the 2nd equality holds since c is a constant vector.

From the above proposition, we can conclude that the dimension of Ĉconst is n⇐ k ⇐ r̂. Since Ĉ is
an (n,n-k) convolutional code, we can conclude that the number of non-zero Forney indices of Ĉ is
r̂.
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2.1.2 Relation between Cconst and The Adjacency Matrix

The nontrivial entries of &G can be described in terms of the weight enumerator of cosets of Cconst.
For any two states X and Y , define

↽(X,Y ) : Fω

q ⇒ Fω

q → Fn

q such that(X,Y ) ⇑→ XC + Y BTD

This is a vector space homomorphism.
We can now prove the following,

Lemma 2.1.4. For any pair of states (X,Y ) in µ,

↼X,Y = we(↽(X,Y ) + Cconst) (2.1)

Proof. For any pair of states (X,Y ) in µ, there exists atleast one u ↑ Fk
q such that

Y = XA+ uB

=↖ Y BT ⇐XABT = uBBT

Through the definitions of the controller canonical form, it is easy to see that ABT = 0, and that

BBT =

(
Ir 0

0 0



Thus, for any u ↑ FK
q satisfying the above, the first r coordinates are determined by the state Y ,

while the other k ⇐ r can be anything, as the last k ⇐ r rows of B are 0. Therefore,

{u ↑ Fk

q |Y ⇐XA = uB} = Y BT +

v

(
0 Ik↓r

)
|v ↑ Fk↓r

q


= Y BT + kerB

Let M = {u ↑ Fk
q |Y ⇐XA = uB} Now, ↼X,Y can be written as the weight enumerator polynomial for

the set of outputs with starting state X and ending state Y , which becomes the set {XC+uD|u ↑ M}

{XC + uD|u ↑ M} = XC + (Y BT + kerB)D

= (XC + Y BTD) + (kerB)D

= ↽(X,Y ) + Cconst

Thus, ↼X,Y = we(↽(X,Y ) + Cconst), as we claimed.
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From this, we can conclude that for any pair of states (X,Y ) in µ such that ↽(X,Y ) ↑ Cconst

↼X,Y = we(Cconst)

If ↽(X,Y ) is not in Cconst, since for all ⇀ ↑ F↘
q , w(⇀u) = w(u), we have for any ⇀ ↑ F↘

q

we(↽(X,Y ) + Cconst) = we(⇀(↽(X,Y ) + Cconst)) = we(⇀(↽(X,Y )) + Cconst)

Since ↽(X,Y ) ↔↑ Cconst, these sets are disjoint for all values of ⇀ ↑ Fq. Therefore, we can write
the space generated by ↽(X,Y ) and Cconst, SpFq(Cconst,↽(X,Y )) as a disjoint union of the sets
⇀(↽(X,Y )) + Cconst over all ⇀ ↑ Fq. Thus,

we(Sp(Cconst,↽(X,Y ))) =
∑

ϑ↗Fq

we(⇀(↽(X,Y )) + Cconst)

= we(Cconst) +
∑

ϑ↗F↑
q

we(⇀(↽(X,Y )) + Cconst)

= we(Cconst) + (q ⇐ 1)we((↽(X,Y )) + Cconst)

we((↽(X,Y )) + Cconst) =
1

q ⇐ 1
(we(Sp(Cconst,↽(X,Y ))⇐ we(Cconst)))

We can then conclude that for any pair of states (X,Y ),

↼X,Y =






0 (X,Y ) ↔↑ µ

we(Cconst) (X,Y ) ↑ µ;↽(X,Y ) ↑ Cconst

1
q↓1 (we(Sp(Cconst,↽(X,Y ))⇐ we(Cconst))) (X,Y ) ↑ µ;↽(X,Y ) ↔↑ Cconst

(2.2)

To simplify notation, we define the set ’ as

’ := {(X,Y ) ↑ µ|↽(X,Y ) ↑ Cconst} (2.3)

An alternative way of characterising this set from [3] is:

Proposition 2.1.5.

’ = {(X,Y ) ↑ µ|∝u ↑ µX,Y such that 0 = XC + uD}

Proof. Let (X,Y ) be in ’.
Since ’ ↗ µ, we can write Y as XA+ uB for some u ↑ Fk.
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Now,

↽(X,Y ) = XC + Y BTD

= XC +XABTD + uBBTD

= XC + uBBTD ↑ Cconst

From the previous subsection, we know that Cconst = (kerB)D, thus for some u ↑ kerB

xC + uBBTD = u
↔D

=↖ XC + (uBBT ⇐ u
↔)D = 0

(uBBT ⇐ u
↔)B = uB, since from the proof of lemma 2.1.4, we know that

BBT =

(
0 Ir

0 0



and u
↔ ↑ kerB, hence uBBT ⇐ u

↔ ↑ µX,Y and therefore (X,Y ) lies in the set on the right.
To prove the reverse inclusion, let (X,Y ) lie in the set on the right, i.e. for some u ↑ µX,Y ,

Y = xA+ uB

0 = XC + uD =↖ XC = ⇐uD

↽(X,Y ) = XC +XABTD + uBBTD

= ⇐uD + uBBTD

= u(Ir ⇐ Ik)D

By the properties of kerB, we can see that u(Ir ⇐ Ik) is just r 0’s followed by an element in kerB,
hence the element above is in Cconst, i.e. ↽(X,Y ) ↑ Cconst which implies (X,Y ) ↑ ’.
We can now conclude

’ = {(X,Y ) ↑ µ|∝u ↑ µX,Y such that 0 = XC + uD}
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Since Cconst is a subspace of CC and

↽(X,Y ) = (X,Y BT )

(
C
D



also lies in CC , we see that the function

⇁(X,Y ) : µ → CC/Cconst : ↽(X,Y ) + Cconst

as defined in [4], is well defined. From the definition of ’ (2.3), it is obvious that

ker ⇁ = ’

It also has the following properties,

Lemma 2.1.6. ⇁ is a surjective homomorphism that satisfies

dim(’) = ϑ ⇐ r̂

Proof. The fact that ⇁ is a homomorphism follows directly from the homomorphism nature of ↽.
As for the surjectivity, we notice that for any v ↑ ↽(µ),

v = u

(
I A
0 B

(
C

BTD



= u

(
C +ABTD
BBTD



= u

(
C

BBTD



Thus, clearly, any vector of the form

u

(
C

BBTD



is in ↽(µ). Observe that the matrix (
C

BBTD



is just the rows of the matrix (
C
D



excluding the last k⇐r rows which generate Cconst; since ⇁(µ) = ↽(µ)+Cconst, we can then conclude
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that ⇁(µ) = CC/Cconst, and hence ⇁ is surjective.
As for the dimension of the kernel, by the first isomorphism theorem and the fact that ⇁ is surjective,
we have that

dim(µ)⇐ dim(ker ⇁) = dim(CC)⇐ dim(Cconst)

=↖ dim(ker ⇁) = ϑ + r ⇐ (k + r̂) + (k ⇐ r)

dim’ = ϑ ⇐ r̂

From this, one can conclude that ⇁(µ) + Cconst = CC .

Definition 2.1.4. The set µ↓ is defined as

µ
↓ := SpFq({(0, ei) ↑ Fω

q ⇒ Fω

q |i ↔↑ I}

Where ei is the unit vector with 1 at the i
th coordinate and zero elsewhere.

Proposition 2.1.7. Let µ≃ be any subspace of µ such that µ = µ
≃⊕’. Then µ

≃⊕’⊕µ
↓ = Fω

q ⇒Fω
q

Proof. µ ⇔ µ
↓ = {0} since none of the generators of µ↓ can be written as

u

(
I A
0 B



for some u in Fω+k
q since none of the ei for i ↔↑ I are in the rowspace of B and we know that this

matrix generates µ from Proposition 2.1.1
dimµ

↓ is ϑ ⇐ r and thus, dimµ
↓ + dimµ = 2ϑ. We can then conclude that

Fω

q ⇒ Fω

q = µ⊕ µ
↓ = µ

≃ ⊕ ’⊕ µ
↓ (2.4)

Where the second equality holds from the assumption in the statement of the proposition.

For any pair of states (X,Y ) in µ
↓, (X,Y ) = (0,

∑
i ⇒↗I aiei). Thus,

↽(X,Y ) = XC + Y BTD = 0C +
∑

i ⇒↗I
ai(eiBT )D = 0

The last equality follows from the fact that eiBT = 0 for any i ↔↑ I. Therefore, ↽|µ↓ = 0.
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Lemma 2.1.8 (Invariance of ↼). Let (X,Y ) be in µ
≃ and (X ↔

, Y
↔) be in ’, then

↼X,Y = ↼X+X↔,Y+Y ↔

Proof. From the linearity of ↽, we have

↽(X +X
↔
, Y + Y

↔) = ↽(X,Y ) + ↽(X ↔
, Y

↔)

By (2.3), ↽(X ↔
, Y

↔) ↑ Cconst, ↽(X +X
↔
, Y + Y

↔) + Cconst = ↽(X,Y ) + Cconst. Therefore, by (2.1),

↼X+X↔,Y+Y ↔ = we(↽(X +X
↔
, Y + Y

↔) + Cconst)

= we(↽(X,Y ) + Cconst)

=↖ ↼X+X↔,Y+Y ↔ = ↼X,Y

2.2 MacWilliams Matrices

Let q = p
s and η be a primitive p

th root of unity in C. Then the group of complex valued characters
on Fω

q is given by
{τX := η

Tr((X,·))|X ↑ Fω

q}

Where Tr : Fq → Fp : x ⇑→
∑

s↓1
i=0 x

p
i is the trace defined on Fq and (·, ·) is the bilinear form on Fω

q

Definition 2.2.1. For any invertible ϑ⇒ϑ matrix P over Fq, we define the P-MacWilliams Matrix
as

M (P ) = q
↓ω
2 (τ(XP )(Y ))X,Y X,Y ↑ Fω (2.5)

Thus, the MacWilliams matrices are q
ω ⇒ q

ω complex-valued matrices. Let M (I) be denoted by M .

For any invertible matrix P in GLω(Fq), define the complex-valued q
ω ⇒ q

ω invertible matrix P(P )

as

P(P )X,Y =





1 Y = XP

0 else
(2.6)

Let ” denote the set of all such permutation matrices, i.e. {P(P )|P ↑ GLω(Fq)}.
Clearly, P is a group homomorphism from GLω(Fq) to ”.
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Thus, for any P ↑ GLω(Fq), through simple matrix multiplication,

(P(P )M )X,Y =
∑

Z

P(P )X,ZMZ,Y

= MXP,Y + 0

= M (P )X,Y

=↖ (P(P )M ) = M (P )

From the following result, which appears in [4], along with the above conclusion, we can calculate
the inverse of any P -Macwilliams Matrix.

Theorem 2.2.1.

M
2 = P(⇐I)

And thus, M
4 = I

Proof.

q
ω
M

2
X,Y =

∑

Z↗Fω
q

τX(Z)τZ(Y )

=
∑

Z↗Fω
q

τX(Z)τY (Z)

=
∑

Z↗Fω
q

τX+Y (Z)

=





q
ω

X = ⇐Y

0 else

=↖ M
2 = P(⇐I)X,Y

Hence, M
4 = P(⇐I)2 = P(I) = I.

From this, it is easy to see that the inverse of a MacWilliams Matrix is another MacWilliams Matrix.

As we shall see, the matrix M&(G)M will prove to be useful in a MacWilliams type identity
for convolutional codes. We define

f(X,Y ) := (M&(G)M )X,Y (2.7)

The following two theorems from [4] help set up the framework for the main result
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Theorem 2.2.2. [4] For any (X,Y ) in Fω ⇒ Fω,

f(X,Y ) =






0 (X,Y ) ↔↑ ’↑

q
↓r̂we(CC) (X,Y ) ↑ µ

↑

1
qω(q↓1)

(
q
∑

(Z1,Z2)↗ (Sp((X,Y )))→ ↼Z1,Z2 ⇐ q
ω↓r̂we(CC)

)
(X,Y ) ↑ ’↑\µ↑

(2.8)

Proof. By definition (2.7),

f(X,Y ) = (M&(G)M )X,Y

=↖ q
ω
f(X,Y ) =

∑

(Z1,Z2)↗Fω
q↘Fω

q

τX(Z1)↼Z1,Z2τZ2(Y )

=
∑

(Z1,Z2)↗Fω
q↘Fω

q

τX(Z1)↼Z1,Z2τY (Z2)

=
∑

(Z1,Z2)↗Fω
q↘Fω

q

τ(X,Y )((Z1, Z2))↼Z1,Z2

Where, τ(X,Y ) is a character on F2ω . If (X,Y ) = (0, 0), the character is trivial and we get

q
ω
f(0,0) =

∑

(Z1,Z2)↗Fω
q↘Fω

q

↼Z1,Z2

For (X,Y ) ↔= (0, 0), let (V1, V2) ↑ Fω
q ⇒ Fω

q such that Fω
q ⇒ Fω

q = (Sp((X,Y )))↑ ⊕ Sp((V1, V2))

Using above to further simplify the expression for f(X,Y ),

q
ω
f(X,Y ) =

∑

ϖ↗Fq

∑

(Z1,Z2)↗ (Sp((X,Y )))→

τ(X,Y )((Z1 + ▷V1, Z2 + ▷V2))↼Z1+ϖV1,Z2+ϖV2

=
∑

ϖ↗Fq

τ(X,Y )((▷V1, ▷V2))
∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1+ϖV1,Z2+ϖV2

=
∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 +
∑

ϖ↗F↑
q

τ(X,Y )((▷V1, ▷V2))
∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1+ϖV1,Z2+ϖV2

Since the last term is summing over all (Z1, Z2) in a particular space, we could just write it as
summing over (▷Z1, ▷Z2), which allows us to write ↼(Z1+V1,Z2+V2) since for any ▷F↘

q , ↼(X,Y ) =

↼(ϖX,ϖY ). Thus,

q
ω
f(X,Y ) =

∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 +
∑

ϖ↗F↑
q

τ(X,Y )((▷V1, ▷V2))
∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1+V1,Z2+V2

Since (X,Y ) ↔= (0, 0), the function ▷ ⇑→ τ(X,Y )((▷V1, ▷V2)) is a valid non-trivial character on Fq. We
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now have

q
ω
f(X,Y ) =

∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 ⇐
∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1+V1,Z2+V2 (2.9)

Sp((V1, V2)) forms the complement of (Sp((X,Y )))↑ and therefore, the second term is just

1

q ⇐ 1

∑

(Z1,Z2) ⇒↗ (Sp((X,Y )))→

↼Z1,Z2

We conclude

q
ω
f(X,Y ) =

∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 ⇐
1

q ⇐ 1

∑

(Z1,Z2) ⇒↗ (Sp((X,Y )))→

↼Z1,Z2 (2.10)

If (X,Y ) ↔↑ ’↑, ’ ↔∀ (Sp((X,Y )))↑, and thus in (2.9), we can choose (V1, V2) such that it lies in ’,
and hence ↼Z1+V1,Z2+V2 = ↼Z1,Z2 and hence for (X,Y ) ↔↑ ’↑,

f(X,Y ) = 0

If (X,Y ) ↑ µ
↑, µ ∀ (Sp((X,Y )))↑ which means that none of the elements (Z1, Z2) not in

(Sp((X,Y )))↑ are in µ and hence ↼Z1,Z2 = 0. Therefore, from (2.10)

q
ω
f(X,Y ) =

∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 ⇐
1

q ⇐ 1

∑

(Z1,Z2) ⇒↗ (Sp((X,Y )))→

↼Z1,Z2

=
∑

(Z1,Z2)↗µ

↼Z1,Z2

=↖ f(X,Y ) = q
↓r̂we(CC)
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Finally, if (X,Y ) ↑ ’↑\µ↑, from (2.10), we have,

f(X,Y ) =
1

qω(q ⇐ 1)



(q ⇐ 1)
∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 ⇐
∑

(Z1,Z2) ⇒↗ (Sp((X,Y )))→

↼Z1,Z2





=
1

qω(q ⇐ 1)



(q)
∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 ⇐




∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 +
∑

(Z1,Z2) ⇒↗ (Sp((X,Y )))→

↼Z1,Z2









=
1

qω(q ⇐ 1)



(q)
∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 ⇐
∑

(Z1,Z2)↗Fω
q↘Fω

q

↼Z1,Z2





=
1

qω(q ⇐ 1)



(q)
∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 ⇐ q
ω↓r̂we(CC)





Let (U, V ) ↑ µ
↑ ∀ ’↑, for the data as in the theorem above, in the first two cases for f(X,Y ),

f(X+U,Y+V ) = f(X,Y ) immediately. As for the third case, we have

∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 =
∑

(Z1,Z2)↗ (Sp((X,Y )))→⇑µ

↼Z1,Z2

=
∑

(Z1,Z2)↗ (Sp((X+U,Y+V )))→⇑µ

↼Z1,Z2

Since (U, V ) ↑ µ
↑. Hence, we can conclude that for any (U, V ) ↑ µ

↑,

f(X+U,Y+V ) = f(X,Y ) (2.11)

We are now ready to apply the MacWilliams Transform on these polynomials, and this is valid
since these are complex coe"cient polynomials of degree at most n. Applying the transform, we
get values related to the dual code Ĉ .

Theorem 2.2.3. [4] For (X,Y ) ↑ Fω
q ⇒ Fω

q and H is the MacWilliams Transform as in (1.1)

q
↓k

H(f(X,Y )) =






0 (X,Y ) ↔↑ ’↑

we(Ĉconst) (X,Y ) ↑ µ
↑

1
q↓1

(
we(SpFq(Ĉconst, c(X,Y ))⇐ we(Ĉconst))

)
(X,Y ) ↑ ’↑\µ↑

(2.12)

Where c(X,Y ) is any element in [↽((SpFq(X,Y )))↑ ⇔ µ
≃) + Cconst]↑\Ĉconst
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Proof. The first two cases are immediately obvious from applying the MacWilliams Transform to
(2.8). As for the third case, let (X,Y ) lie in ’↑\µ↑.
Thus, ’ ∀ SpFq(X,Y )↑ and µ ↔∀ SpFq(X,Y )↑. This implies ’ ∀ µ⇔SpFq(X,Y )↑. Since µ = µ

≃⊕’,
we can write

µ ⇔ SpFq(X,Y )↑ = (µ≃ ⇔ SpFq(X,Y )↑)⊕ ’

From the above discussion and the dimension of ’ as calculated in Lemma 2.1.6,

∑

(Z1,Z2)↗ (Sp((X,Y )))→

↼Z1,Z2 =
∑

(Z1,Z2)↗ (Sp((X,Y )))→⇑µ

↼Z1,Z2

= (qω↓r̂)
∑

(Z1,Z2)↗ (Sp((X,Y )))→⇑µ↗

↼Z1,Z2

= (qω↓r̂)
∑

(Z1,Z2)↗ (Sp((X,Y )))→⇑µ↗

we(↽(Z1, Z2) + Cconst)

= (qω↓r̂)we






(Z1,Z2)↗ (Sp((X,Y )))→⇑µ↗

↽(Z1, Z2) + Cconst





Let
S(X,Y ) :=



(Z1,Z2)↗ (Sp((X,Y )))→⇑µ↗

↽(Z1, Z2) + Cconst (2.13)

By definition of µ≃ as any direct complement to ’ in µ, we have ker↽ ⇔ µ
≃ = {0} since ker↽ ∀

ker ⇁ = ’. Therefore,

dim{↽((Sp((X,Y )))↑ ⇔ µ
≃)} = dim{(Sp((X,Y )))↑ ⇔ µ

≃} = dimµ
≃ ⇐ 1

It is easy to see that
↽(µ≃) ⇔ Cconst = {0}

and from (2.4), dimµ
≃+dim’ = dimµ implies that dimµ

≃ = r+ r̂ and we know from the definition
of Cconst that dimCconst = k ⇐ r.
Since S(X,Y ) can also be written as ((Sp((X,Y )))↑ ⇔ µ

≃) + Cconst, we see that

dimS(X,Y ) = dimµ
≃ ⇐ 1 + dimCconst = k + r̂ ⇐ 1

Therefore, dim(S(X,Y ))↑ = n + 1 ⇐ k ⇐ r̂ = dim Ĉconst + 1. We also observe that S(X,Y ) ↗ CC

which, upon taking the dual on either side becomes Ĉconst ↗ S(X,Y )↑.
By the dimension and the inclusion, we can see that there exists some c(X,Y ) ↑ S(X,Y )↑\Ĉconst

such that
S(X,Y )↑ = SpFq(Ĉconst, c(X,Y ))
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Now, applying the MacWilliams Transform to f(X,Y ) in this case yields:

q
↓k

H(f(X,Y )) = q
↓k

H



 1

qω(q ⇐ 1)



q

∑

(Z1,Z2)↗Fω
q↘Fω

q

↼Z1,Z2 ⇐ q
ω↓r̂we(CC)









=
q
↓r̂↓k

q ⇐ 1
(qH(we(S(X,Y )))⇐H(we(CC)))

=
q
↓r̂↓k

q ⇐ 1

(
q(qk+r̂↓1)we((S(X,Y ))↑)⇐ q

k+r̂we(Ĉconst)
)

=
1

q ⇐ 1

(
we(SpFq(Ĉconst, c(X,Y ))⇐ we(Ĉconst)

)

2.3 MacWilliams Identity for Convolutional Codes

To reiterate, for any object ς related to the code, let ς̂ denote the analogous object for the dual
code. This is not to be confused with the objects ς

↑ when ς is a set associated with the code, as
ς
↑ denotes the orthogonal to said set.

Define the 2ϑ ⇒ 2ϑ matrix

W0 :=

(
ĈCT ĈDTB
B̂D̂CT 0


(2.14)

Some properties of this matrix[4]:

1. Rowspace of W0 is a subset of ’↑. Let it be denoted by W0

2.
’̂⊕ µ̂

↓ ∀ kerW0 (2.15)

3. {uW0} ⇔ µ
↑ = {0}

4. W0 is injective on µ̂
≃

5. rank(W0) = r + r̂ and W0 ⊕ µ
↑ = ’↑

Lemma 2.3.1. [4] For W0 as defined above and any (X,Y ) ↑ µ̂,

↼̂X,Y = q
↓k

H(f(X,Y )W0
) (2.16)

Where H is the MacWilliams Transform used in the block code case.
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Proof. For (X,Y ) = (0, 0), we can immediately see that the above holds by Theorem 2.2.8 and
(2.2). So we assume that (X,Y ) ↔= (0, 0).
We have µ̂ = µ̂

≃ ⊕ ’̂, thus, every element of µ̂ can be written as (X,Y ) + (X ↔ + Y
↔), such that

(X,Y ) ↑ µ̂
≃ and (X ↔ + Y

↔) ↑ ’̂. From the invariance of ↼(Lemma 2.1.8), we have

↼̂X+X↔,Y+Y ↔ = ↼̂X,Y

and from the invariance of f(2.11), we have

f(X,Y )W0+(X↔,Y ↔)W0
= f(X,Y )W0

Due to these results, it su"ces to prove this lemma for (X,Y ) ↑ µ̂
≃.

From the above discussion regarding the properties of W0, we can see that (X,Y )W0 ↑ ’↑\µ↑.
Therefore, from Theorem 2.2.3,

q
↓k

H(f(X,Y )W0
) =

1

q ⇐ 1

(
we(SpFq(Ĉconst, c((X,Y )W0))⇐ we(Ĉconst))

)

Claim: ↽̂(X,Y ) is a suitable candidate for c((X,Y )W0).
Clearly, ↽̂(X,Y ) ↑ ĈC = C

↑
const, which follows from Lemma 2.1.3.

Since (X,Y ) ↑ µ̂
≃\0, ↽̂(X,Y ) ↔↑ Ĉconst.

Finally, from the properties of W0, we see that for (X ↔
, Y

↔) ↑ (SpFq((X,Y )W0)) ⇔ µ
≃

↽̂(X,Y ) ↑ ((SpFq(X,Y )))↑ ⇔ µ
≃)↑

And therefore,
↽̂(X,Y ) ↑ [↽((SpFq(X,Y )))↑ ⇔ µ

≃) ⇔ Cconst]
↑
/Ĉconst

and thus, along with (2.2) for the dual, we can conclude that

q
↓k

H(f(X,Y )W0
) =

1

q ⇐ 1

(
we(SpFq(Ĉconst, ↽̂(X,Y ))⇐ we(Ĉconst))

)
= ↼̂X,Y

Definition 2.3.1. Let G be a direct complement of ’↑ in Fω
q ⇒ Fω

q , i.e.

G ⊕ ’↑ = Fω

q ⇒ Fω

q

The following weak version of the MacWilliams identity was proven in [4]. Given the two ways of
decomposing Fω

q ⇒ Fω
q and the dimensions of the components, one can set up a diagram as follows

where each arrow’s label is a function mapping the space near the tail end of the arrow to the space
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near the head of the arrow.

Fω
q ⇒ Fω

q = µ̂
≃ ⊕ ’̂ ⊕ µ̂

↓

Fω
q ⇒ Fω

q = W0 ⊕ µ
↑ ⊕ G

g g0
g1 g2 (2.17)

Theorem 2.3.2. Assume information as in (2.17), and let the isomorphism g0 be the one induced by
the matrix W0 as defined above. Fix any isomorphisms g1 and g2, which exist due to the dimensions
being the same over the same base field, and let g =

2
i=0 gi be the automorphism on Fω

q ⇒Fω
q . Then,

↼̂X,Y = q
↓k(H(M&M ))g(X,Y )

For all (X,Y ) ↑ Fω
q ⇒ Fω

q .

Proof. By definition of f ,
f(X,Y ) = (M&M )(X,Y )

There are the following three cases to consider:

1. (X,Y ) ↑ µ̂
↓, then ↼̂X,Y = 0 and g(X,Y ) ↑ G, more importantly, g(X,Y ) ↔↑ ’↑, hence

q
↓k

H(fg(X,Y )) = 0 by (2.12)

2. (X,Y ) ↑ ’̂, then ↽̂(X,Y ) ↑ Ĉconst, which implies ↼̂X,Y = we(↽̂(X,Y ) + Ĉconst) = we(Ĉconst).
We also have g(X,Y ) ↑ µ

↑, and thus by (2.12), q↓k
H(fg(X,Y )) = we(Ĉconst) = ↼̂X,Y .

3. Finally, for (X,Y ) ↑ µ̂
≃, the result follows directly from (2.16).

We use this as a starting point to prove a stronger result, as in [3].

Since the weaker version of the identity leaves the isomorphisms g1 and g2 arbitrary, as well as
the spaces µ

≃ and G, we try to fix them to get an expression for the identity which is easy to
calculate.
Define the projection mapping

◁1 : Fω

q ⇒ Fω

q → Fω

q : (X,Y ) ⇑→ X

Lemma 2.3.3. The map ◁1 restricted to ’ is injective.
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Proof. Let (X,Y ) ↑ ’. If (X,Y ) ↑ ker◁1, then X = 0. Since (X,Y ) lies in ’, we have ↽(X,Y ) lies
in Cconst. Therefore, Y BTD ↑ Cconst. For some u, Y = uB. Thus, we have uBBTD ↑ Cconst. Now,
Cconst = (kerB)D along with the previous discussion implies that uBBT lies in kerB.
Since

BTBi,j =





1 i = j ↑ I

0 else

We can see that BBTB = B. Hence,

uB = uBBTB = (uBBT )B = 0

Thus, (X,Y ) = (0, 0) Since (X,Y ) is arbitrary, we can conclude that ker◁1|! = {0}, i.e. ◁1|! is
injective.

A few more useful properties:

Proposition 2.3.4. For the controller canonical forms of the code and its dual,

1. rank (CD̂T B̂) = r̂

2. ker(CD̂T B̂) = ◁1(’)

Corollary 2.3.5. Let E := ker CD̂T B̂, then the function

0 : E → Fϱ

q : X ⇑→ Y such that (X,Y ) ↑ ’

is a well-defined linear injective map. Moreover, E doesn’t contain a non-zero subspace that is
invariant under 0

Define the Matrices:
J0 := BTD; Ji := BTBAi↓1Ci ↓ 1

and analogously, Ĵ . We also define:

K :=
∑

m→2

m↓1∑

i=1

i↓1∑

j=0

(ÂT )i↓1
ĴjJ

T

m↓jA
m↓i+1

And analogously, K̂ associated with the dual code. The following straightforward properties of
these matrices are proved in [3]

1. K + K̂
T = ⇐ĈCT
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2. Ĉ J
T

0 + Ĵ0C
T = KA+ ÂT

K̂
T

3. KAAT = K

We define the matrices

W1 :=

(
K ⇐KA
0 0


(2.18)

W2 =

(
K̂

T 0

⇐ÂT
K

T 0


(2.19)

Moreover,

W1

(
I 0

AT BT


=

(
K ⇐KA
0 0

(
I 0

AT BT



=

(
K ⇐KAAT ⇐K(ABT )

0 0



=↖ W1

(
I 0

AT BT


= 0

From this, we can conclude that

{uW1} ∀ ker

(
I A
0 B



=↖ {uW1} ∀ µ
↑ (2.20)

Which upon taking the orthogonals and writing in terms of the dual implies

µ̂ ∀ kerW2 (2.21)

From the definitions and properties above, we can see that W2 = Ŵ
T

1 and that W = W0+W1+W2

is (
0 P

⇐P 0



Where P := ĈJT

0 ⇐KA. We claim that P lies in GLω(q) and that the functions gi induced by Wi

have the desired properties for the diagram and that for all (X,Y ) ↑ Fω
q

&̂ = q
↓k

H((M&T
M

↓1)XP,Y P )

Thus, we can conclude that
&̄(Ĉ ) = q

↓k
H(M &̄(C )TM

↓1)
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Where &̄(C ) is the Generalised Adjacency Matrix for the code C .

Proof of P ↑ GLω(q). [3] For any X ↑ kerP ,

XP = 0

=↖ X ĈJT

0 = XKA

=↖ XKA = X ĈDTB

Therefore, XKA ↑ {uA} ⇔ {uB} = {0}. This implies, X ĈDTB = 0, i.e. X ↑ Ê. Therefore,
kerP ∀ Ê.
Thus, (X, 0̂(X)) ↑ ’̂.
From (2.21), µ̂ ∀ kerW2 and ’̂ ∀ kerW0, (X, 0̂(X)) ↑ kerW0 ⇔ kerW2.
Moreover, (X, 0̂(X))W1 = (XK,⇐XKA) = (XK, 0). Since KAAT = K and XKAAT =

(XKA)AT = 0, XK = 0, i.e. (X, 0̂(X)) ↑ kerW1.
Therefore,

(X, 0̂(X)) ↑ kerW

By the definition of W and P , we can conclude that 0̂(X) ↑ kerP , which implies that kerP is
invariant under 0̂, which means that it is either Ê or {0}. It can’t be the whole space since P is
non-zero, hence kerP = {0}, thus P ↑ GLω(q)

The following properties of the map g, along with the fact that kerW0 = ’̂ ⊕ µ̂
↓ allow for the

description of the MacWilliams Identity as above.

Proposition 2.3.6. [3] Let µ̂≃ := kerW1 ⇔ µ̂ and G := {uW2}, then:

1. kerW1 = µ̂
≃ ⊕ µ̂

↓

2. kerW2 = µ̂

3. {uW1} = µ
↑ and Fω

q ⇒ Fω
q = ’↑ ⊕ G

Proof.

1. The sum on the right is clearly a direct sum by definitions of the sets involved. Since

µ̂
≃ ∀ kerW1
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and looking at the structure of µ̂↓ from Definition 2.1.4 and W1 from (2.18),

µ̂
↓ ∀ kerW1

Hence, µ̂≃ ⊕ µ̂
↓ is contained in kerW1.

Now, we have that ’̂ ∀ kerW0 from (2.15) and from (2.21) ’̂ ∀ µ̂ ∀ keruW2,

’̂ ∀ kerW0 ⇔ kerW2

Hence, for any (X,Y ) ↑ ’̂, (X,Y )W = (X,Y )W1. Since W is invertible (follows from the
invertibility of P , which is shown above), we have to have (X,Y )W1 ↔= 0 for any non-zero
(X,Y ) in ’̂, i.e. ’̂ ⇔ kerW1 = {0}, which implies that ’̂ ∀ {uW1}. Hence,

ϑ ⇐ r = dim ’̂ ≃ rank W1 ≃ dimµ
↑ = ϑ ⇐ r

Therefore, rankW1 = ϑ ⇐ r and {uW1} = µ
↑.

dim µ̂
≃ = dimkerW1 + dim µ̂⇐ 2ϑ = r + r̂ = dim µ̂⇐ dim ’̂

This along with µ̂
≃ ⇔ ’̂ = {0} and the fact µ̂

≃ ∀ µ̂ as well ’̂ ↗ µ̂, we see that µ̂ = ’̂⊕ µ̂
≃.

This lets us conclude that Fω
q ⇒ Fω

q decomposes as in diagram (2.17).
Now,

dimkerW1 = ϑ + r = 2ϑ ⇐ dim ’̂ = dim(µ̂≃ ⊕ µ̂
↓)

Which allows us to conclude that

kerW1 = µ̂
≃ ⊕ µ̂

↓

2. W2 = Ŵ
T

1 , hence rankW2 = ϑ ⇐ r̂. Thus, dimkerW2 = ϑ + hatr = dim µ̂. Since we know
that kerW2 ↗ µ̂, we can then conclude that kerW2 = µ̂.

3. The first part is shown in proof 1. As for the other part, one can observe that dimG = ϑ ⇐ r̂

and dim’↑ = ϑ + r̂.
Assume that (X,Y )W2 ↑ ’↑ for some (X,Y ). Since we don’t want (X,Y )W2 to be 0, we can
assume that (X,Y ) ↑ µ̂

↓, hence (X,Y )W = (X,Y )W2.
’↑ = µ

↑ ⊕W0 = {uW1}⊕W0, therefore for some (X1, Y1) and (X0, Y0), we have

(X,Y )W2 = (X1, Y1)W1 + (X0, Y0)W0)

Again, we can assume that (X0, Y0) ↔↑ kerW0 which implies (X0, Y0) ↑ µ̂
≃ and (X1, Y1) ↔↑
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kerW1 which implies (X1, Y1) ↑ ’̂

Therefore,
(X,Y )W = ((X0, Y0) + (X1, Y1))W

Which implies (X,Y ) = (X0, Y0) + (X1, Y1) ↑ µ̂
↓ ⇔ µ̂, thus (X,Y )W2 = 0, which lets us

conclude that G ⇔ ’↑ = {0}, and Fω
q ⇒ Fω

q = ’↑ ⊕ G.

This proposition fixes µ≃ and G instead of just leaving them as any complement of previously defined
sets as in Proposition 2.1.7 and Definition 2.3.1.
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Chapter 3

Convolutional LCDs and other Hull

Properties

Definition 3.0.1. The (Euclidean) Hull of a code is the intersection of the code with its dual. Let
it be denoted by H, then

H = C ⇔ C
↑

Analogously to Massey’s definition of LCD codes in the block code case [9], one can define CLCD
codes as follows:

Definition 3.0.2. A convolutional code is said to be a convolutional linear code with complementary
dual if the intersection of the code with its dual (Hull of the Code) is trivial, i.e. {0}

Definition 3.0.3. A convolutional code C is said to be self-orthogonal if C is a subset of C
↑. It is

said to be self-dual if C = C
↑. In either of these cases, the hull coincides with the code.

The alternative characterisation provided by Massey in [9] is also valid for the convolutional case
without any change in the argument.

Proposition 3.0.1. For any Convolutional Code with a Complementary Dual, and G any non-
catastrophic Generator for C , the matrix GG

T is of full rank.
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Proposition 3.0.2. A convolutional code, C with generator matrix G is self orthogonal if and only
if

GG
T = 0

Proof. ( =↖ ) Obvious since each row is in the code and its dual.
( ↙= ) Any codeword c is a linear combination of the rows of G. Since we define the dual using a
bilinear form, (c, c) can be written as a linear combination of {(gi(z), gj(z)}i,j where gi(z) denotes
the rows of G. Since GG

T is 0, all {(gi(z), gj(z)}i,j are 0, and we get that for any code word c,
(c, c) = 0. Thus, C is self-orthogonal.

Theorem 3.0.3. For any k-dimensional code C , let G be any k ⇒ n generator matrix of the code
and H be the hull of the code. Then,

dim{H } = k ⇐ rank{GG
T }

Proof. Let the dimension of the code C be m. Then m ≃ k. Since the hull is the intersection of 2
vector spaces, it is a vector space over F(z)n. Therefore, there exists a basis

{li(z)}mi=1

for the Hull consisting of m linearly independent vectors. Define L(Z) as:

L(z) =





⇐l1(z)⇐
...

⇐lm(z)⇐





Therefore,
L(z)LT (z)i,j = (li(z), lj(z)) = 0

as each row lies in the dual of the code and the code itself. Since the hull is a subspace of the code,
we can extend the basis of the hull to a basis of the code, say {li(z)}ki=1. Define G(z) as

G(z) =





⇐l1(z)⇐
...

⇐lk(z)⇐




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Thus, G is a generator matrix for the code. Looking at the matrix G(z)GT (z),

GG
T =

(
0m↘m 0

0 M



Where M is such that none of the rows are identically 0.
Consider the code generated by the basis elements that do not lie in the hull. Since any vector in
this code is a linear combination of the non-hull basis elements, one can see that none of the vectors
in this code annihilate the code and, thus, are not in the dual of this code. Therefore, this code
has to be an LCD code. Hence, for any generator matrix K of this code, KK

T is non-singular, and
hence so is M . Thus, the rank of the matrix GG

T is k ⇐m. Any generator matrix of C is then of
the form G

↔ = WG, where W is an invertible k ⇒ k matrix. Hence,

G
↔(G↔)T = WGG

T
W

T

Since W and W
T are full rank matrices, rank

(
G

↔(G↔)T
)

= rank
(
GG

T
)

= k ⇐m.

From the above, we can conclude that the dimension of the hull is exactly the nullity of the matrix
GG

T where G is any generator matrix for the code. A similar result with regards to the block code
case can be found in [12]

We continue to show a method of construction of Convolutional LCD codes, which is based on
a method for the construction of Block LCD codes in [9]:
For this, we first need Lagrange’s 4 square theorem, that is, any positive integer p can be written
as the sum of 4 squares, allowing for repetitions and 0s,

p =
4∑

i=1

ε
2
i

For a Proof of the same, please refer to chapter 20 in [5].

Theorem 3.0.4. For a code C over Fq(z), with a generator matrix of the form

G =
(
Ik P

)
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such that the characteristic of the field is p =
∑4

i=1 ε
2
i
, the matrix

G
↔ =

(
Ik ε1P ε2P ε3P ε4P

)

generates a convolutional LCD code.

Proof. The fact that G
↔ generates a convolutional LCD code is immediately obvious from the fact

that G
↔(G↔)T = Ik +

∑4
i=1 ε

2
i
(PP

T ) = Ik + p(PP
T ) = Ik

We end with an example of Convolutional LCD codes:
Consider the matrix

G =

(
1 0 z

0 1 1 + z
2



over the field F2(z).
Then 2 = 12 + 12 + 0 + 0, hence the matrix

G
↔ =

(
1 0 z z

0 1 1 + z
2 1 + z

2



generates a (4, 2)-Convolutional code with a complementary dual.
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Chapter 4

Conclusion

In this thesis, we have looked at the definition of Convolutional Codes and associated properties.
We then turned our focus onto the properties of the dual of a convolutional code, in particular, the
MacWilliams Identity for convolutional codes and properties of the hull of the code.

Further work includes examining the MacWilliams Identity for the trellis duality. The presence of a
MacWilliams Identity also allows to investigate the self-duality through the use of Invariant Theory.

The translation of a few fundamental properties of Hulls and LCDs into the convolutional case
provides hope that we can expect a similar “extension” of other properties into the convolutional
case.
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