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Abstract

Periodic modulation of interaction strength or external trap can create spontaneous for-
mation of patterns in a Bose-Einstein condensate (BEC), arising from the excitation of its
elementary modes. This thesis explores the dynamics of two condensate systems under pe-
riodically modulated interactions: a cylindrically confined spin-0 BEC and a homogeneous
spin-1 spinor BEC.

In elongated traps, periodic driving of interaction induces spontaneous longitudinal den-
sity waves. Experiments have shown that driving the system at its transverse breathing mode
frequency leads to density wave formation even at very weak modulation strength, due to
coupling between transverse and longitudinal motion. We generalize this phenomenon by
deriving resonance conditions for the excitation of radial modes, in a cylindrically confined
BEC. These resonances are the precursor for longitudinal pattern formation, which are cre-
ated as the resonantly excited radial modes spontaneously decay to lower branches of excita-
tion spectra. Resonantly excited transverse breathing mode always decays to form longitudi-
nal density waves. The second resonantly excitable radial mode can decay to create density
waves at weaker interactions and centre-of-mass oscillations (zig-zag pattern) at larger inter-
actions. Away from radial resonances, pattern formation occurs via second-order parametric
resonance, producing density waves at the quasi-one-dimensional limit of interaction, but
can also excite centre-of-mass oscillations at larger interactions.

Spin degrees of freedom significantly influence the dynamics of a driven spin-1 BEC.
Condensate initialized in the ferromagnetic phase behaves like a spin-0 BEC and exhibits
transient density patterns under periodic driving. We observe density and spin pattern forma-
tion in the condensate in polar and antiferromagnetic (AFM) phases. The pattern wavelength
at a given driving frequency can be predicted from the Bogoliubov spectrum. Competi-
tion between density and spin dynamics exists, and the dominant process depends on the
relative strength of spin-independent and spin-dependent interactions. In the polar phase,
spin-density waves give rise to transverse spin textures featuring vortices and antivortices,
and the radial spin-spin correlation follows a Bessel function. In the AFM phase, driving
at a frequency less than the spin-mode gap creates domain structures, while higher driving
frequencies lead to vortex–antivortex formation.
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Chapter 1

Introduction

At low enough temperatures, a gas of non-interacting bosons undergoes a phase transition
in which a macroscopic fraction of particles occupies the same quantum state [45, 140].
This phenomenon, known as Bose-Einstein condensation, is among the most striking con-
sequences of quantum mechanics. Although the Bose-Einstein condensate (BEC) was pre-
dicted in 1924, it remained elusive for many decades, as most atomic gases are too strongly
interacting to undergo this transition. Nevertheless, the concept remained relevant, having
been hypothesized to play a role in phenomena such as the superfluidity in helium and the
superconductivity. A breakthrough occurred in 1995, when BECs were experimentally re-
alized in weakly interacting alkali gases of rubidium [3], sodium [46], and lithium [19], by
independent research groups. This achievement was made possible by decades of research
progress in laser cooling and magnetic trapping of atoms [138, 190]. Since then, BECs were
also realized using atoms with internal spin degrees of freedom (spinor BEC) [11, 168], mix-
ture of different species or states of atoms [70, 71, 119], long-range interacting dipolar atoms
[65, 107], and most recently, in polar molecules [10].

Early experiments in BEC focused on probing the fundamental properties of the conden-
sate and its response to external perturbations [22, 166, 167]. BEC behaves as a single coher-
ent matter wave rather than as a collection of individual atoms [90]. It exhibits phenomena
such as interference [4], long-range phase coherence [14], and quantized vortices [2, 108],
similar to those observed in superfluid helium and superconductors. A key development in
the field was using Feshbach resonances [15, 35], which enabled tuning the interaction in the
ultracold atoms using external magnetic or optical fields. Since the experimental realization
of BEC, ultracold atomic systems have also proven useful in studying other areas of physics
by providing a platform for quantum simulation. In a seminal experiment, the Bose-Hubbard
model was realized using ultracold atoms in an optical lattice, where a quantum phase transi-
tion between the superfluid (condensate) and a strongly correlated Mott insulator phase was
observed [64]. Since then, ultracold atoms have been used to simulate various theoretical
models [44, 68, 110, 170].

Ultracold atomic systems possess features that make them exceptionally suitable for
quantum simulations. They exhibit a high degree of tunability of system parameters through
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Figure 1.1: Spontaneous density wave formation in an elongated 7Li condensate under
periodic driving of s-wave scattering length. Reproduced from Ref. [124]

effective interactions and artificial gauge fields, excellent isolation from environmental de-
coherence, and slow dynamical timescales that allow precise control and observation. These
characteristics also render them ideal for probing nonequilibrium quantum dynamics [141],
including quantum quench dynamics [1, 78, 112, 149] and thermalization of isolated quan-
tum many-body systems [38, 88, 91, 179]. Nonequilibrium dynamics also includes that of a
periodically driven system. In certain scenarios, periodic driving of system parameters can
be used to realize an effective Hamiltonian with desired properties. This is known as Floquet
engineering [21, 48, 189]. Another class of periodically driven systems known as discrete
time crystals exhibits unusually slow or a lack of thermalization and sub-harmonic response
[196]. In this thesis, we are interested in the nonequilibrium dynamics of BEC under peri-
odically modulated interactions, with particular emphasis on the spontaneous emergence of
spatial patterns observed in them.

The formation of density patterns in BEC under periodic modulation of the interaction
was first predicted by Staliunas et. al. [162]. This is analogous to the classical phenomena
of Faraday waves observed standing wave patterns in the vertically shaken fluids [53, 114].
Both the classical Faraday wave and its quantum counterpart are sub-harmonic responses,
i.e., the patterns themselves oscillate at half the driving frequency. The underlying mecha-
nism that creates the pattern formation can be understood in terms of parametric resonance
[61], where the surface modes of the fluid with natural frequencies half the driving frequency
become resonantly excited.

Faraday waves in BEC were first observed experimentally in 2007 [49] in a condensate
of 87Rb atoms in an elongated trap. Here, they modulated the condensate’s transverse trap,
creating effective modulation of the interaction [163]. Under the periodic driving, sponta-
neous density modulations were created along the longitudinal direction, and the wavelength
of the pattern decreases with increasing driving frequency. The relation between the pattern
wavelength and the driving frequency gives us the dispersion relation of the longitudinal
excitations of the condensate. Faraday waves are, thus, useful in probing the collective
excitation of the condensate. In 2019, Faraday waves were observed in an elongated 7Li
condensate [124] by direct modulation of the s-wave scattering length of the system using
Feshbach resonance [35]. Here too, they observed spontaneous formation of density patterns
(Fig. 1.1), whose wavelengths are related to the driving frequencies as mentioned before.
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Figure 1.2: Pattern formation in BEC of Cs atoms under periodically driven s-wave inter-
action. In-situ images taken at three different times, showing the spontaneous emergence
of the pattern(top row), and corresponding to its Fourier transforms (bottom row). Repro-
duced from Ref. [201] with permission from Springer Nature

In the experiments we discussed so far, the patterns formed were one-dimensional due
to the geometry of the condensate trap. In pancake-shaped condensate, which is trapped
tightly along one direction and weakly in the perpendicular plane, the Faraday waves form
in the 2D plane. This was observed experimentally in a BEC of 133Cs atoms [201] where the
interaction was periodically modulated using the Feshbach resonance (Fig. 1.2), and later in
39K BEC as well [103, 104]. The patterns we discussed so far originate from excitation of
bulk modes, but periodic driving can also excite surface modes at appropriate driving fre-
quencies. This was experimentally observed in a condensate of 7Li atoms [96], where the
excitation of various surface waves creates star-shaped patterns in the condensate (Fig. 1.3).
The orientation of the pattern occurs at different angles for each set of realization [Fig. 1.3
(h)], demonstrating the spontaneous breaking of symmetry in the system under the peri-
odic driving. Interestingly, this experiment in the driven superfluid has, in turn, led to the
discovery of the same phenomena in a vertically shaken classical fluid [105], providing an
example where exploring quantum fluids can, in turn, deepen or broaden our understanding
of analogous behaviours in classical fluid systems.

The driven dynamics of multicomponent condensate are also interesting, since they can
exhibit both density and spin excitation. Experimentally, this was explored by Cominotti et.
al. [39] using a binary mixture containing two internal states of 23Na atoms. The excitation
spectra of such a condensate will have two branches, one corresponding to the total density
excitation n1 + n2, and another to the “spin” excitation n1 − n2, where n1,2 are the densities
of each of the components. Periodic driving creates patterns in both these quantities with
distinct wavelengths that can be related to the density and spin excitation spectra. Thus,
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Figure 1.3: Star shaped pattern formation in driven 7Li BEC. (a) Experimental setup.
(b)-(g) Snapshots of the density pattern obtained for various driving frequencies. (h)
Histogram of orientation angle ϕ of the pattern obtained for various realizations. (i),(j)
Numerical simulation obtained from Gross-Pitaevskii. Reprinted figure with permission
from [96]. Copyright (2021) by the American Physical Society.

Cominotti et. al [39] were able to fully map the spectra by observing the patterns, including
the gap in the spin branch that arises when the sodium spin states are coherently coupled
under a microwave field.

There have also been many theoretical studies on Faraday wave formation in BEC. In a
dipolar condensate, for instance, it was predicted that the presence of the roton minima in the
spectra can significantly change the response of the system at low frequency driving [122].
It was also shown that periodic driving of interaction can cause collective response from an
array of dipolar BECs that are not overlapping [97, 120]. Other studies discuss the creation
of dark soliton lattice [182] and pattern formation in binary [6, 32, 187], spin-orbit coupled
[102, 198], and Rydberg-dressed [159] BEC, under periodic driving.

The study of Faraday patterns in BECs connects to the broader topic of pattern forma-
tion, specifically that in nonequilibrium systems [41, 63]. The main question is: how does an
ordered pattern form spontaneously from a disordered state? This is a fundamental problem
that appears in many areas, including biology [92], geology [82, 94, 111], cosmology [160],
condensed matter physics [118], and more. Even though these systems are very different
at the microscopic level, they often exhibit universality. Ultracold atomic systems offer a
controllable setup to study pattern formation, and the insights gained can help understand
similar processes in other fields. The formation of ordered patterns with square or hexagonal
symmetries was observed in Ref. [103, 104, 201], and understanding this involves consider-
ing the dynamics of the system beyond the initial excitation of the modes. It has been found
that decay of the excitation and other nonlinear processes can reinforce the pattern, giving
it even more order [162]. More recently, long-lived square and stripe pattern formation was
observed in a driven pancake condensate, which exhibited supersolid-like properties [104].



Chapter 1. Introduction 5

As mentioned, the origin of the pattern formation in the condensate is the parametric
excitation of quasiparticles. In the presence of a shallow trap, the excited matter waves were
observed to emit out in a coherent, narrow stream, resembling a firework [37, 58, 59], as pe-
riodic driving excites pairs of particles with opposite momenta, each with energy E = ℏΩ/2,
with Ω being the driving frequency. This process of pair creation was also proposed as anal-
ogous to the dynamical Casimir effect, where the quantum fluctuations present in the system
are amplified under periodic driving [27, 83, 151, 161]. The parametric excitation creates
squeezing in spinor BEC [75]. Periodic driving is also used to probe collective excitation of
system [84, 113, 155], and to generate quantum turbulence in superfluids [123].

Motivated by the wide range of fascinating phenomena exhibited by driven condensates,
this thesis investigates the driven dynamics and emergent patterns in two specific systems.
In the first part, we consider a spin-0 cylindrical BEC, which is trapped in the transverse
plane and free along the longitudinal direction [81, 166]. We examine the role played by the
transverse modes of this system in the driven dynamics. In the second part of the thesis, we
look at the dynamics of a spin-1 spinor BEC under the periodic driving of interaction. The
internal spin degrees of freedom give a new dimension to the driven dynamics, induced by
spin-changing collisions in the system. The outline of the thesis is as follows.

In Chapter 2, we discuss the necessary background theory used in the thesis. Here we
discuss the phenomena of BEC and introduce the mean-field and Bogoliubov theory. We
also introduce spinor BEC and discuss the ground state phases of a homogeneous spin-1
condensate. We also take a brief look at Floquet theory, a mathematical tool used extensively
in this thesis, and the Mathieu differential equation, which is particularly important to driven
condensates. We then apply these tools to a driven, initially homogenous, spin-0 condensate,
and discuss how the driving can cause spontaneous formation of patterns. We show that the
dynamics of a driven spin-1 condensate in the ferromagnetic phase is similar to those of a
spin-0 BEC.

In the next two chapters, we study the dynamics and pattern formation in a cylindrically
confined condensate. Here, we explicitly look at how the transverse degrees of freedom
affect the condensate dynamics, under a small amplitude driving of its s-wave scattering
length. In Chapter 3, we study the resonant excitation of radial modes in cylindrically con-
fined condensate under periodic driving of scattering length. Here we discuss in detail, the
“direct excitation” (as opposed to parametric excitation) of radial modes and its subsequent
decay that creates pattern formation. This phenomena of radial mode excitation occur only
at specific driving frequencies, and we obtain the resonance condition through Bogoliubov
theory calculations. We also examine the dynamics using numerical simulations of the 3D
Gross-Pitaevskii equation (GPE). We show that excited transverse monopole mode, which
is the lowest energy mode that can be directly excited under periodic drive, always decay to
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create longitudinal density waves. But the second directly excitable mode decays to create
density patterns at weaker interaction of condensate, and centre-of-mass (COM) oscillations
(zig-zag) pattern arising from dipole branch excitation at larger interaction.

In Chapter 4, we look at the parametric excitation of the cylindrically confined con-
densate under periodic driving, which occurs at driving frequencies away from the direct
resonance points. First, we use a quasi-one-dimensional (Q1D) approximation to address
the problem, which predicts density wave formation under drive. Then we use a fully 3D
analysis, using both an approximate Bogoliubov approach and a linear stability analysis, us-
ing which we verified that the Q1D approximation remains valid even for a higher driving
frequency, in the limit of weak interaction. For higher interactions, we find a frequency-
dependent behaviour, where driving causes formation of density patterns or COM oscilla-
tions.

In the next two chapters, we study the dynamics of a driven homogeneous spin-1 con-
densate with antiferromagnetic interaction. A driven spin-1 BEC that is fully magnetization
evolves similar to a spin-0 condensate due to conservation of the total magnetization under
driving, as we saw in Chapter 2. This is no longer the case when the initial state is unmag-
netized, where the internal degrees of freedom become relevant.

In Chapter 5, we study the dynamics of a quasi-two-dimensional (Q2D) spin-1 conden-
sate initialized in the polar phase, where all atoms occupy the m = 0 spin-state. Periodic
driving creates the density Faraday waves, as well as spin-patterns. These two dynamics can
occur simultaneously only when the spin-independent and spin-dependent interaction coeffi-
cients are of nearly equal magnitudes. When the spin-independent coefficient is much larger,
the spin-pattern formation dominates, creating spin-texture containing a gas of spin-vortices
and anti-vortices. On the other hand, if the spin-dependent coefficient is much larger, we see
density Faraday waves.

In Chapter 6, we look at the driven dynamics of condensate in the antiferromagnetic
(AFM) phase, where particles are in a superposition of m = ±1 states, for both Q1D and
Q2D systems. We show that when the driving frequency is below the gap of the transverse
spin excitation spectrum of the system, the dynamics is similar to that of a binary condensate
in the miscible phase. When the frequency exceeds the gap, the m = 0 component becomes
populated, creating transverse spin density patterns in the system. In this case, we observe
that the spin density vector is oriented along a particular direction in the transverse spin
space, reflecting the underlying broken symmetry of the initial state.

We summarise the thesis and provide future outlook in Chapter 7.
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Chapter 2

Background and theory

2.1 Ideal Bose-Gas

In this section, we will discuss the phenomenon of Bose-Einstein condensation in an ideal
Bose gas [87, 140]. The non-interacting classical gas is described by the Maxwell-Boltzmann
distribution, which treats them as distinguishable point-like objects. This theory fails at very
low temperatures, where the quantum nature of the system becomes important.

Any quantum particle can be classified as a boson or a fermion based on whether its
many-body wavefunction remains symmetrical under the exchange of two particles. Bosonic
wavefunctions remain the same under this exchange, but fermionic wavefunctions acquire an
overall negative sign. This property has huge implications for the properties of the bosonic
and fermionic systems. Bosons can have multiple particles occupying the same single-
particle state. In contrast, such a configuration is forbidden for fermions since it is impossible
to construct a many-body wavefunction that is antisymmetric under exchange if any two par-
ticles occupy the same single-particle state. The ground state of a gas of non-interacting
bosons is thus simply the product state with each boson occupying the single-particle ground
state, whereas for a fermionic gas, the particles will stack up in available energy levels.

Consider an ideal gas of bosons, whose single-particle eigenstates are plane-wave mo-
mentum states. At temperature T , the occupation number of each of the momentum states is
given by,

⟨nK⟩ =
1

eβ(Ek−µ) − 1
(2.1)

where Ek = ℏ
2k2/2M and µ denote the energy of the momentum state and chemical potential

of the system, respectively, and parameter β = 1/kBT . Since ⟨nK⟩ must be non-negative, the
chemical potential µ must remain less than or equal to the ground state energy, which is zero
in this case; thus, µ ≤ 0. When µ attains this maximum value, the occupancy of the lowest
energy state diverges, whereas for other states it remains finite.
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The total number of particles in the excited state (k , 0) is given by,

Ne =
∑
k,0

⟨nK⟩ ≈ V
∫

d3k
8π3

1
z−1eβEk − 1

≡
V
λ3 g3/2(z), (2.2)

where we have replaced the summation with an integral, assuming a 3D system. Here, V

denotes the volume, z = eβµ is called the fugacity, and the function g3/2(z) = 2
√
π

∫ ∞
0

dx
√

x
z−1ex−1 .

We also have the thermal de Broglie wavelength,

λ =
h

√
2πMkBT

. (2.3)

At high temperatures, the chemical potential is large and negative, and it increases as
the temperature decreases until reaching zero. Decreasing the temperature further does not
change µ. At the critical temperature TC, µ = 0 and NE ≈ N, therefore we have,

TC =
h2

2πMkB

(
n

g3/2(0)

)2/3

, (2.4)

where n = N/V is the density of the gas. Reducing the temperature below this value causes
Ne < N, and particles start macroscopically occupying the lowest energy state. The fraction
of excited population when T < TC follows the relation,

Ne

N
=

(
T
TC

)3/2

. (2.5)

The transition can also happen at a fixed temperature by increasing the system’s den-
sity(reducing the volume). The critical density nC in this case is given by

nCλ
3 = g3/2(0) ≈ 2.612. (2.6)

The quantity nλ3 is known as the phase space density of the gas, which should be greater
than g3/2(0) for condensation to occur. The above result tells us that the thermal wavelength
of the gas, which is interpreted as the extent of the individual wave packets of the particles
[87], must be greater than the average interparticle spacing.

2.2 Two-body interaction

In the last section, we discussed the BEC formation in a non-interacting gas of bosons be-
low a critical temperature. However, in practice, gaseous systems are never non-interacting,
and interactions play an especially greater role at lower temperatures. Most systems transi-
tion to a solid phase at low temperatures, with the notable exception of liquid helium. The
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gaseous BECs produced in the laboratory are metastable, since the true ground state of the
system is a solid. This metastable state is maintained by keeping the gas extremely dilute,
which prevents three-body collisions that can lead to the formation of bound molecules [5].
Even at these dilute conditions, interactions have a significant effect on the properties of the
condensate.

The true interaction potential between two interacting atoms is fairly complex. However,
since the particles have a large interparticle distance and low energies, the s-wave scattering
length as is often sufficient to describe the interaction. This is because for low-energy col-
lisions, the scattering cross-section is dominated by the l = 0 (s-wave) contribution arising
from the partial wave expansion.

At large distances, the interaction experienced by atoms is described by the van der Waals
potential that varies as ∼ −α/r6, where r is the inter-atomic distance. A calculation of s-wave
scattering length using an interatomic potential modelled by van der Waals interaction when
r > rc and an infinite hard core potential when r < rc has been discussed in Ref. [134]. Here,
the distance rc depends on the details of the actual potential, which is repulsive at shorter
distances. This calculation shows that as also depends on the details of the interaction at
short distances, and that the scattering length can be positive or negative, which indicates
a repulsive or attractive effective interaction, respectively. There can also be two different
interaction potentials that produce the same as. In ultracold systems, the actual potential is
usually replaced by a pseudo-potential given by [77, 134],

Ueff(r) =
4πℏ2as

M
δ(r), (2.7)

where M is the mass of the interacting particles. This approximation allows one to focus on
long-wavelength scattering processes.

2.2.1 Feshbach resonances

In the discussion so far, we have assumed scattering in a single channel. The scattering chan-
nel refers to a specific combination of incoming and outgoing atomic states [134]. Atoms
have internal spin structure, which gives rise to multiple scattering channels and correspond-
ing interaction potentials. This also gives rise to the possibility of inelastic collisions, which
result in incoming and outgoing atoms having different internal states and kinetic energies.
The scattering lengths obtained from multichannel problems can thus have an imaginary part
as well, which describes the channel’s atoms’ loss under scattering. Usually, in the cold atom
experimental setups, such losses are small, and the system can be described by an effective
single-channel model.

One scenario where the inelastic scattering becomes particularly useful is the Feshbach
resonance [35]. Consider a system where atoms interact via two channels: an open channel



10 Chapter 2. Background and theory

Figure 2.1: (a)Schematic of open and closed channel interaction potential. (b)Variation
of s-wave scattering length near a Feshbach resonance

that supports scattering states, and a closed channel that supports only bound states [see
Fig. 2.1(a)]. Feshbach resonance occurs when the energy of a scattering state in the open
channel becomes equal to that of a bound state in a closed channel, leading to strong coupling
between these channels. Such a resonance can effectively change the scattering length in the
open channel. If the energies of the atomic states of the two channels can be tuned relative
to each other using a magnetic field, we can induce the resonance by varying the field. If
B0 the magnetic field at which Feshbach resonance occurs, then the scattering length of the
open channel varies near this field as,

as(B) = a(bg)
s (B)

(
1 −

∆B
B − B0

)
, (2.8)

where B is the magnetic field applied and a(bg)
s is the background scattering length, far

from the resonance and ∆B is known as the resonance width. The behaviour of the scatter-
ing length near a Feshbach resonance is shown in Fig. 2.1(b). At resonance field B = B0,
scattering length diverges, and by varying the magnetic field near this value, one can tune
the effective interaction between the atoms and even change the sign of the scattering length
[40, 80].

Besides the magnetic Feshbach resonance, one can also optically tune the interaction,
known as the optical Feshbach resonance. Here, a laser field couples the scattering state to
an excited molecular state, and by tuning the intensity and detuning, the effective scattering
length can be varied. This was first proposed in [56], and later observed experimentally
[54, 174, 175]. Optical Feshbach resonance suffers from atom loss due to the spontaneous
emission processes occurring in the excited state.

The ability to tune the interaction of cold atom systems has opened up a whole new
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range of possibilities, including the experimental implementation of periodically driven in-
teractions [37, 124, 142, 201], which is of central interest in this thesis.

2.3 Mean-Field theory of Bose-Einstein condensate

Theoretically describing a many-body system with a large number of particles is often im-
practical. Mean-field theory captures the properties of BEC at very low temperatures well
and heavily simplifies the system, and we use it throughout this thesis. Generally speaking,
there are two approaches to the mean-field theory. The first approach involves replacing the
field operator ψ̂(r) with its expectation value ψ(r) ≡ ⟨ψ̂(r)⟩, which breaks the number con-
servation, to obtain a semiclassical description for the condensate. We can also assume that
the total number of atoms is conserved and get the same results [29, 89]. In this section, we
describe the mean-field theory using the number-conserving approach.

At low temperatures, a weakly interacting gas of bosons can be described by the many-
body Hamiltonian,

Ĥ =
∫

dr
{
Ψ̂†(r)

[
−
ℏ2∇2

2M
+ VT (r)

]
Ψ̂(r) +

g
2
Ψ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r)

}
, (2.9)

where the bosonic field operators Ψ̂†(r) and Ψ̂(r) creates and annihilates a particle at po-
sition r, respectively. The first term in the integrand of Eq.(2.9) describes the single-body
contribution to the Hamiltonian that includes the kinetic energy and the external trap poten-
tial VT (r). The second term describes the two-body interaction between the bosons, with
interaction strength g = 4πℏ2as/M being proportional to the s-wave scattering length as.
This is obtained using the pseudo-potential described in Eq. (2.7), which is valid for dilute
and cold gas. Here, the diluteness condition is given as n|as|

3
≪ 1, where n is the density of

the gas [45].
Particles macroscopically occupy a single mode in BEC. Let’s denote this state using

ψC(r), and let the operator â0 annihilate a particle in this state. We can then construct a BEC
many-body state as,

|Ψ⟩C =
(
â†0

)N
|Φ⟩ , (2.10)

with |Φ⟩ denoting the vacuum state and N being the total number of particles. The expec-
tation values of the following correlation operators for the state in Eq. (2.10) are obtained
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as,

⟨Ψ̂†(r)Ψ̂(r′)⟩ = Nψ∗C(r)ψC(r′)

⟨Ψ̂†(r1)Ψ̂†(r2)Ψ̂(r3)Ψ̂(r4)⟩ = N(N − 1)ψ∗C(r1)ψ∗C(r2)ψC(r3)ψC(r4)

≈ N2ψ∗C(r1)ψ∗C(r2)ψC(r3)ψC(r4). (2.11)

We used N(N − 1) ≈ N2 since N ≫ 1 in the last step, and the expectation value of the
Hamiltonian is given as,

⟨Ĥ⟩ = N
∫

dr
{
ψ∗C(r)

[
−
ℏ2∇2

2M
+ VT (r)

]
ψC(r) +

gN
2
|ψC(r)|4

}
≡ E0[ψC]. (2.12)

This is the mean-field energy functional of the system, and ψC is the condensate order pa-
rameter, also called the condensate wavefunction. While deriving this, we have completely
neglected the population outside the condensate wavefunction.

For a time-independent system, the ground state order parameter, denoted by ξ0(r), can
be obtained by minimizing the mean-field energy functional under the constraint that the
norm of ξ0 is conserved. We can do so by minimizing the functional F[ψC] = E0[ψC] −
µN

∫
dr|ψC(r)|2, where the the Lagrangian multiplier µ represents the chemical potential.

From the minimization condition δF[ψ]/δψ = 0, we obtain the time-independent Gross-

Pitaevskii equation (GPE),[
−
ℏ2∇2

2M
+ VT (r) + gN |ξ0(r)|2

]
ξ0(r) = µξ0(r). (2.13)

In the absence of interaction (g = 0), this order parameter would be the single-particle
ground state of the trap potential VT , but the interaction introduces a nonlinearity in the
system, which can significantly change the condensate profile.

The dynamics of the condensate wavefunction ψ(r, t) (we dropped the subscript “C”) is
given by the the time-dependent GPE,

iℏ
∂ψ

∂t
=

[
−
ℏ2∇2

2M
+ VT (r) + g|ψ|2

]
ψ(r). (2.14)

Several approaches to derive the time-dependent GPE [29, 140] exist. One way is to mini-
mize the action S =

∫
Ldt, where the Lagrangian is given by,

L =
∫

dr
(
ψ∗
∂ψ

∂t
− Φ

∂ψ∗

∂t

)
− E0[ψ]. (2.15)

A rigorous derivation of the time-independent GPE under number-conservation has been
discussed in Ref. [29]. As we can see, Eq. (2.14) is a nonlinear equation due to the presence
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of the interaction.

2.3.1 Bogoliubov-de Gennes equation

The ground state wavefunction ξ0(r) [Eq. (2.13)], is a stationary solution of the time-dependent
GPE (2.14), and acquires only a phase factor ψ(r, t) = ξ0(r)e−iµt under evolution. The lin-
earized solutions of the fluctuations about the ground state are often important in understand-
ing the system, as they give us information about the stability of the condensate, as well as
its response to external perturbation [45]. Consider a perturbed ground state solution,

ψ(r, t) =
[
ξ0(r) + δψ(r, t)

]
e−iµt/ℏ, (2.16)

where µ is the chemical potential of the system, and the perturbation δψ is of the form,

δψ(r, t) = u(r)e−iωt + v∗(r)e+iωt. (2.17)

Here we are looking to find solutions for amplitudes u, v with frequency ω. From the
GPE. (2.14), we obtain the linearized equation for the amplitudes as, L̂ gNξ2

0

−gNξ2
0 −L̂

 u(r)
v(r)

 = ℏω u(r)
v(r)

 . (2.18)

Here, L̂ = (−ℏ2∇2/2M) + VT + 2g|ξ0|
2
− µ. This is known as the Bogoliubov-de Gennes

(BdG) equation, and it can be solved as an eigenvalue problem to obtain the eigenvalues
ω and eigenvectors (u, v). In the absence of interaction, the BdG energy spectrum coincides
with the energy levels of the single particle Hamiltonian. Interaction can significantly modify
this. If there are any frequencies with a non-zero imaginary part, for the system, the solution
is dynamically unstable against perturbations, and small deviations can exponentially diverge
from the ground state.

2.4 Quasi-one and -two dimensional condensates

For a homogeneous gas, Bose-Einstein condensation cannot occur in the dimension d < 3,
due to divergence of Ne even when chemical potential µ = 0. But in a highly anisotropic
trap, the system can be described using effective 1D and 2D equations. These are called the
quasi-one dimensional (Q1D) and quasi-two dimensional (Q2D) condensate [135, 136].

Consider a system of a Bose gas in a harmonic trap given as VT = (1/2)M(ω2
ρρ

2 + ω2
z z2),

where ρ2 = x2 + y2. A Q1D condensate is obtained in an elongated trap, whose radial
trap frequency ωρ is much larger than the trap frequency ωz, i.e. ωρ ≫ ωz. If all the
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other energies present in the system, including the kinetic and the interaction energies, are
much smaller than the trap energy, then we can approximate that the transverse profile of the
condensate is with the radial harmonic ground state. We then express the order parameter
ψ(r, t) = ψ̃(z, t)Φ(ρ), where Φ(ρ) = (1/πl2

ρ)
1/2 exp

[
−ρ2/l2

ρ

]
with lρ =

√
ℏ/Mωρ being the

characteristic length of transverse trap. We use this decomposition in the 3D GPE (2.14),
multiply both sides with Φ∗(ρ) and integrate over x, y directions to obtain the following Q1D
GPE for longitudinal condensate wavefunction,

iℏ
∂ψ̃

∂t
=

[
−
ℏ2

2M
∂2

∂z2 +
1
2

Mω2
z z2 + g1D|ψ̃|

2
]
ψ̃. (2.19)

Here, g1D = g/2πlxly denotes the effective 1D interaction parameter. The validity condition
for Q1D can be given as µ1D ≪ ωx,y, where µ1D is the 1D chemical potential of the system.

Similarly, by applying a strong trap along the longitudinal direction, i.e., ωz ≫ ωρ, we
obtain the Q2D condensate. Following the same logic as in Q1D case, we can write the
3D order-parameter as ψ(r, t) = ψ̄(x, y)Φ′(z), where Φ′(z) = (1/πl2

z )1/4 exp
(
−z2/2lz

)
is the

ground state of the longitudinal trap. From the 3D GPE, we can then obtain the equation of
motion of the 2D wavefunction as,

iℏ
∂ψ̄

∂t
=

−ℏ2∇2
ρ

2M
+

1
2

Mω2
ρρ

2 + g2D|ψ̄|
2
 ψ̄. (2.20)

The Q2D interaction strength is given as g2D = g/
√

2πlz.
Note that although the Q1D and Q2D gases are described by lower-dimensional theory,

they are not truly lower-dimensional, as we are still using a 3D model for the two-body
interaction. In fact, the lower dimensional GPEs are valid only when lρ ≫ as for Q1D and
lz ≫ az for Q2D gases. Additionally, for cigar shaped systems, the mean-field theory is valid
only when the condition n1Dl2

ρ/as ≫ 1 is met, where n1D is the 1D density of the condensate,
as it otherwise enters the highly correlated Lieb–Lininger regime [91, 137, 140].

2.5 Bogoliubov theory

The central assumption in the mean-field theory is that all the bosons occupy a single quan-
tum state. This is not the case when interaction exists, as there is a non-zero population
outside the condensate mode, even at zero temperature. Bogoliubov theory [16] gives us the
framework for describing the elementary excitation present in the condensate, when most of
the atoms are in the condensate mode. In this section, we discuss the theory of uniform and
non-uniform condensate and show that under the Bogoliubov transformation, the weakly
interacting gas can be expressed as a non-interacting gas of quasiparticles. We also show
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the equivalence between the Bogoliubov quasiparticles and the BdG excitations described in
Sec. 2.3.1.

2.5.1 Uniform BEC

In this section, we discuss Bogoliubov theory in its simplest setting, a weakly interacting
uniform Bose gas, and derive its elementary excitation spectrum using a number-conserving
approach. The Hamiltonian for a uniform gas of bosons with mass M is given in momentum
space as

Ĥ =
∑
k

Ekâ†
k
âk +

g
2V

∑
k1,k2,k3,k4

â†
k1

â†
k2

âk3 âk4δ(k1 + k2 − k3 − k4). (2.21)

The bosonic operator âk annihilates a particle in the kth momentum state. The first term
in Eq. (2.21) represents the single-body contribution to the Hamiltonian, with the energy of
the momentum state given by Ek = ℏ

2|k|2/2M. The second term describes the interaction
between particles, where g = 4πℏ2as/M denotes the s-wave interaction coefficient and V

denotes the volume of the system. The interaction conserves the total momentum of the
colliding particles, which is ensured by the delta function in the Hamiltonian.

At a very low temperature, the condensation occurs in the zero momentum state, whose
population ⟨â†0â0⟩ = N0 ≈ N. We define the number operator that counts the non-condensate
population as,

δN̂ =
∑
k,0

â†k âk. (2.22)

Since the total number of particles in the system N is conserved, we can write â†0â0 = N−δN̂.
When N ≫ 1, we can also expand

â†0â†0â0â0 = â†0â0â†0â0 − â†0â0

= (N − δN̂)2 − (N − δN̂)

≈ N2 − 2NδN̂ + O(δN̂2).

Making these replacements in the Hamiltonian in Eq. (2.21), and keeping only terms that are
linear in δN̂, we get,

Ĥ ≈
gnN

2
+

∑
k,0

Ekâ†
k
âk +

gn
2

∑
k,0

{
âkâ−k + â†

k
â†
−k
+ 2â†

k
âk

}
. (2.23)

Here, we have made two main approximations. First, we retain only the interaction terms
between the condensate and the excited modes. Second, we replace the condensate mode
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operators with a c-number, consistent with a mean-field-like treatment. However, unlike
the usual U(1) symmetry-breaking approach, we employ a number-conserving formalism
throughout.

We now perform the following transformation,

âk = ukb̂k + v∗−kb̂†
−k
, â†

k
= u∗kb̂†

k
+ v−kb̂−k, (2.24)

where bk are the quasiparticle operators which obey bosonic commutation relations,

[b̂k, b̂
†

k′
] = δ(k − k′), and [b̂k, b̂k′] = [b̂†

k
, b̂†

k′
] = 0. (2.25)

The coefficients uk and vk are chosen so that the bk satisfy commutation relations and the
Hamiltonian Eq. (2.23) becomes diagonal. This is achieved when

uk =

√
Ek + gn
2ϵ(k)

+
1
2
, vk = −

√
Ek + gn
2ϵ(k)

−
1
2
, (2.26)

where ϵ(k) =
√

Ek(Ek + 2gn). Under such a transformation, the Hamiltonian becomes

H ≈ E(B)
0 +

∑
k

ϵ(k)b̂†
k
b̂k, (2.27)

where E(B)
0 = gnN/2 −

∑
k ϵ(k)|vk|2. This energy, when calculated for the three-dimensional

system, can shown be diverging. This divergence can be avoided by considering a higher-
order correction to the interaction potential, where we replace g by g + (g2/V)

∑
k(1/Ek),

which would introduce an extra term to the ground state energy [140]. The Bogoliubov
dispersion relation ϵ(k) gives us the energy of the quasiparticles. In the absence of inter-
action, this reduces to the kinetic energy Ek. For a weakly interacting BEC, the dispersion
becomes linear in the limit |k|/M ≪ gn, indicating phonon-like excitations. In the other
limit, |k|/M ≫ gn, the spectrum is quadratic and free-particle-like.

2.5.2 Non-uniform gas

The approach developed in the previous section can also be extended to non-uniform sys-
tems. In this section, we show the equivalence between the Bogoliubov theory applied to the
second-quantized Hamiltonian and the linearized Gross-Pitaevskii equation (GPE) around
the ground state [section (2.3.1)]. As before, we adopt a number-conserving formalism [29,
30].
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We start with the second-quantized Hamiltonian for the weakly interacting gas in a trap,

Ĥ =
∫

drΨ̂†ĥ0Ψ̂ +
g
2

∫
drΨ̂†Ψ̂†Ψ̂Ψ̂, (2.28)

where ĥ0 = −(ℏ2∇2/2M)+VT . Then the macroscopically occupied ground state mode ξ0 can
be obtained from the time-independent GPE (2.13). We expand the field operator about the
condensate mode as,

Ψ̂(r, t) =
[
ξ0(r)â0 + δΨ̂(r, t)

]
e−iµt/ℏ. (2.29)

Here, â0 annihilates a particle in ξ0, and δΨ̂ denotes the (non-condensate) part of the field
operator that is orthogonal to ξ0. We assume that the condensate population, N0 = ⟨â

†

0â0⟩,
is much larger than the non-condensate population given by δN =

∫
dr⟨δΨ̂†δΨ̂⟩. Therefore,

as we did in the uniform case, we can replace â†0â0 = N − δN̂ and â†0â†0â0â0 ≈ N2 − 2NδN̂,
where the operator δN̂ ≡

∫
drδΨ̂†δΨ̂. Here we assume that the total number of particles in

the system is conserved and N ≫ 1.
After substituting Eq. (2.29) and using the replacements for operators â0 mentioned

above, we can expand the Hamiltonian in powers of δΨ̂, as Ĥ = H0 + Ĥ1 + Ĥ2 + . . . , where,

H0 = N
∫

dr
(
ξ∗0ĥ0ξ0 +

gN
2
|ξ0|

4
)

Ĥ1 = â0

∫
drδΨ̂†

[
ĥ0 + gN |ξ0|

2
]
ξ0 + H.c.

Ĥ2 =

∫
drδΨ̂†ĥ0δΨ̂ +

g
2

∫
dr

[
â†0â†0δΨ̂δΨ̂(ξ∗0)2 + H.c.

]
+ 2gN

∫
dr|ξ0|

2δΨ̂†δΨ̂ − µδN̂.

(2.30)

H0 is the mean field energy of the ground state given in Eq. (2.12). We can show that
the linear term Ĥ1 vanishes, as the integrand in it reduces to µδΨ̂ξ0 [see GPE (2.13)], and
since the condensate mode is orthogonal to δΨ̂. We now introduce the following number-
conserving operator [29],

Λ̂(r) =
â†0δΨ̂(r)
√

N
, (2.31)

which destroys a non-condensate particle and creates one in the condensate. We can write
â†0â†0δΨ̂δΨ̂ = Λ̂Λ̂. The term δΨ̂†δΨ̂ is replaced in an approximate manner as δΨ̂†δΨ̂ ≈
N−1δΨ̂†â0â†0δΨ̂ = Λ̂

†Λ̂. The quadratic term in the Hamiltonian thus becomes,

Ĥ2 ≈

∫
drΛ̂†

(
ĥ0 − µ + 2gN

∫
dr|ξ0|

2
)
Λ̂ +

g
2

∫
dr

[
Λ̂†Λ̂†(ξ∗0)2 + H.c.

]
. (2.32)
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The above Hamiltonian can be shown to become diagonal when expanded in the Bogoli-
ubov basis given by,

Λ̂(r, t) =
∑

i

b̂i(t)ũi(r) + b̂†i (t)ṽ∗i (r), (2.33)

where the amplitudes {ũi, ṽi} can be obtained from the BdG amplitudes we derived from
(2.18) as,

ũi = ui(r) − ξ0ai, ṽi = vi(r) + ξ0ai, (2.34)

where ai =
∫

drξ∗0ui = −
∫

drξ0vi. The above projection ensure that δΨ̂ is orthogonal to â0

[57]. These new amplitudes also obey the orthonormality condition,∫
dr

[
ũiũ∗j − ṽiṽ∗j

]
= δi j,

∫
dr

[
ũiṽ j − ṽiũ j

]
= 0, (2.35)

and also has the property
∫

dr
[
ξ∗0ũi + ξ0ṽi

]
= 0 [13, 117]. Using the expansion in Eq.(2.33)

and simplifying, the quadratic term takes the form,

Ĥ2 =
∑

i

ℏωib̂
†

i b̂i −
∑

i

ℏωi

∫
dr|vi|

2. (2.36)

Here, we can see the correspondence between the Bogoliubov quasiparticles and the lin-
earized solutions obtained from the BdG equation. Both approaches give us the same set of
frequencies and amplitudes1.

2.6 Spinor BEC

In our discussion so far, we assumed that the bosons present in the condensate do not have
any internal degrees of freedom, i.e. they are spin-0. Condensate of atoms with spin degrees
of freedom can be attained in labs using an optical trap [89, 164]. The spin originates from
the electronic and nuclear level structure of the bosonic atoms. For example, consider 87Rb,
which has an electronic spin j = 1/2 and nuclear spin of i = 3/2. This gives rise to total spin
f = i ± j spin manifolds, which take values f = 1, 2. For the 133Cs atom, the electronic and
nuclear spins are given as j = 1/2 and i = 7/2, respectively, resulting in f = 3, 4 hyperfine
spin manifolds. At weak magnetic fields, f is a good quantum number, and the different
total spin manifolds are energetically well separated. In a given spin- f manifold, there are
2 f +1 Zeeman sublevels denoted by m = − f ,− f +1, . . . , f . When energy separations of the

1In the number-conserving approach, the amplitudes are related through Eq. (2.34)



2.6. Spinor BEC 19

sublevels due to magnetic fields are much smaller than the hyperfine splitting, the condensate
retains its internal spin degrees of freedom [164], and they are called the spinor BEC.

The spin-1 bosons have three internal spin levels, denoted by m = 1, 0,−1. The Hamil-
tonian of a weakly interacting gas of these bosons can be expressed as,

Ĥ =
1∑

m=−1

Ĥ(0)
m + V̂ . (2.37)

Here, Ĥ(0)
m is the single body Hamiltonian for a boson in spin state m, which is given by,

Ĥ(0)
m =

∫
drΨ̂†m(r)

[
−
ℏ2∇2

2M
+ VT (r) − pm + qm2

]
Ψ̂m(r), (2.38)

where bosonic field operator Ψ̂†m destroys a boson in state m at position r. The external
trapping potential VT is assumed to be the same for all three components, and p and q denote
the linear and quadratic energy shifts due to external magnetic or microwave fields [89].

Now we shall look at the two-body interaction in a spin-1 Bose gas. Unlike the spin-0 gas,
spin- f bosons can interact via multiple scattering channels. These channels can be labelled
using the total spin of the interacting bosonic atom pairs, since the collisions conserve the
total spin. For example, total spin can be F = 0 or F = 2 for two spin-1 bosons interacting
via s-wave scattering. Only even F channels are allowed as s-wave states with odd F are
not symmetric under exchange of particles, which is required under bosonic commutation
relations [89].

Therefore, we can express the interaction between the two spin-1 bosons as V̂ = V̂ (0)+V̂ (2)

[73, 89, 129], where

V̂ (F ) =
gF
2

F∑
M=−F

∫
drÂ†

FM
(r, r)ÂFM(r, r) (2.39)

represents the two-body interaction in the total spin-F channel. Here, Â†
FM

(r, r′) creates a
pair of particles at r and r′ in the total spin state |FM⟩, whereM represent the projection
of spin along quantization axis. We also have the interaction coefficient gF = 4πℏ2aF /M.
The interaction can be represented in terms of single-particle field operators Ψ̂m(r), using
Clebsh-Gordon coefficients as,

ÂFM(r, r′) =
1∑

m,m′=−1

⟨F ,M|1,m; 1,m′⟩ Ψ̂m(r)Ψ̂m(r′), (2.40)
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where | f ,m; f ′,m′⟩ represents the product state of two bosons with spin and projection values
f , f ′ and m,m′, respectively. Using Eq. (2.40) in (2.39), we arrive at,

V̂ (F) =
gF
2

∑
m1,m′1
m2,m′2

〈
1,m1; 1,m′1

∣∣∣ P̂F
∣∣∣1,m2; 1,m′2

〉 ∫
drΨ̂†m1

(r)Ψ̂†m′1(r)Ψ̂m2(r)Ψ̂m′2
(r), (2.41)

where operator P̂F =
∑F

M=−F |F ,M⟩ ⟨F ,M| projects a two particle spin-state onto the total
spin-F subspace.

Now, the spin-1 spin matrices fν are given as,

fx =
1
√

2


0 1 0
1 0 1
0 1 0

 , fy =
i
√

2


0 −1 0
1 0 −1
0 1 0

 , fz =


1 0 0
0 0 0
0 0 1

 . (2.42)

Then, the two body operator f1 · f2, where vector f = ( fx, fy, fz), can be expressed as,

f1 · f2 =
1
2

[
(f1 + f2)2 − f 2

1 − f 2
2

]
. (2.43)

The total spin operator (f1+f2)2 has eigenvalue given by (f1+f2)2 |F,M⟩ = F (F +1) |F ,M⟩,
in the total spin-F subspace. Since we are only dealing with spin-1 particles, f 2

1 , f 2
2 can

be replaced with their eigenvalue f ( f + 1), where f = 1. Using these relations, and the
projector operator, we can write f1 · f2 =

1
2

∑
F=0,2 [F (F + 1) − 4] P̂F = P̂2 − 2P̂0. The

projection operator also satisfies I = P̂0+ P̂2, where I is the identity matrix in F = 0, 2 space.
Therefore, the projection operators in Eq.(2.41) can be replaced as P̂0 = (I − f1 · f2) /3 and
P̂2 = (2I + f1 · f2) /3, which gives us [73],

V̂ =
1
2

∫
dr

[
c0 :n̂2(r): + c1 :F̂ (r). · F̂ (r):

]
(2.44)

Here, c0 = (g0 + 2g2)/3 and c1 = (g2 − g0)/3 are called the spin-independent and spin-
dependent interaction coefficients, and the operators,

n̂(r) =
∑

m

Ψ̂†m(r)Ψ̂m(r)

F̂ν(r) =
∑
mm′
Ψ̂†m(r)( fν)mm′Ψ̂m′(r), (2.45)

with : : denoting the normal ordering of operators inside it.
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2.6.1 Mean-field theory

In the mean-field theory (Sec. 2.3), we assume that all particles occupy the same quantum
state. For the spin-1 spinor BEC, the mean-field state will have a spin part in addition to
the spatial part, and can be expressed as ψ = (ψ1, ψ0, ψ−1)T . Here, ψm(r) represents the
wavefunction of the mth spin state, and a many-body state can be constructed as,

|Ψ⟩ =

∑
m

â†m

N

|Φ⟩ . (2.46)

Here, operator âm annihilates a particle in ψm(r) in spin-state m. We can show that the
expectation value for the mean-field state for the following operators to be [89],

⟨Ψ̂†m(r)Ψ̂m′(r′)⟩ = Nψ∗m(r)ψm′(r′)

⟨Ψ̂†m1
(r1)Ψ̂†m2

(r2)Ψ̂m′1
(r′1)Ψ̂m′2

(r′2)⟩ ≈ N2ψ∗m1
(r1)ψ∗m2

(r2)ψm′1
(r′1)ψm′2

(r′2), (2.47)

where we have used N(N − 1) ≈ N2 for N ≫ 1. Using the above relation, we obtain the
mean-field expectation value for the spin-1 Hamiltonian (2.37) as,

E[ψ] =
∫

drψm
∗(r)

[
−
ℏ2∇2

2M
+ VT (r) − pm + qm2

]
ψm(r) +

1
2

∫
dr

[
c0n(r)2 + c1|F (r)|2

]
.

(2.48)

Here, n(r) =
∑

m |ψm(r)|2 denotes the total density of the condensate. The spin-density vector
F (r) has components, Fν(r) =

∑
mm′ ψ

∗
m(r)( fν)ψm′(r), where ν ∈ {x, y, z} and the fν are the

spin-1 spin matrices defined in (2.43). Note that here we have renormalized the mean-field
order parameter to the total number of particles as

∫
dr

∑
m |ψm|

2 = N. The interaction energy
can be split into a spin-independent energy (containing coefficient c0) and a spin-dependent
energy (containing coefficient c1). Spin-independent energy depends only on the total density
profile of the condensate, whereas the spin-dependent energy also depends its the spin-state.

The ground state of the system can be obtained by minimizing Eq. (2.48) with the con-
straint that the norm of the order parameter is N. The evolution of the order-parameter is
also derived similar to the spin-0 boson case [89], which gives us,

iℏ
∂ψ1

∂t
=

[
−
ℏ2∇2

2M
− p + q + c0n + c1Fz

]
ψ1 +

c1
√

2
F−ψ0 (2.49)

iℏ
∂ψ0

∂t
=

[
−
ℏ2∇2

2M
+ c0n

]
ψ0 +

c1
√

2

[
F+ψ1 + F−ψ−1

]
(2.50)

iℏ
∂ψ−1

∂t
=

[
−
ℏ2∇2

2M
+ p + q + c0n − c1Fz

]
ψ−1 +

c1
√

2
F+ψ0. (2.51)



22 Chapter 2. Background and theory

Note that the ground state can also be obtained as the stationary solution to the time-dependent
GPE by solving,

iℏ
∂ψ(r)
∂t

= µψ(r), (2.52)

where µ is the chemical potential of the condensate.

2.6.2 Quantum phases of homogenous gas

Even a homogeneous spinor gas has multiple ground-state phases due to its internal degrees
of freedom. By varying the parameters such as the Zeeman terms p and q, one can traverse
across these phases, and this is an example of a quantum phase transition [17, 78, 148].

Consider a homogenous spin-1 gas with density n. The general form of the mean-field
order parameter describing the system is given as,

ψ =
√

n


ζ1

ζ0

ζ−1

 , (2.53)

where the complex numbers ζm satisfy
∑

m |ζm|
2 = 1, and the density of the spin-component

m being nm = n|ζm|
2. The mean-field energy per particle for this state is,

ϵ = −p
(
|ζ1|

2
− |ζ−1|

2
)
+ q

(
|ζ1|

2 + |ζ−1|
2
)
+

1
2

[
c0n + c1|F |

2
]
, (2.54)

where Fν = n
∑

mm′ ζ
∗
m( fν)mm′ζm′ denotes the uniform spin-density vector.

The ground state value of ζ is obtained by minimizing the energy ϵ. To see how various
phases arise, we first consider the case when p = q = 0. In this case, the minimum energy
configuration depends on the sign of c1. If c1 > 0, a state which has F = 0 would be the
ground state, whereas if c1 < 0, it would have maximum spin-density |F | = n. The presence
of non-zero Zeeman terms adds additional complexity. For example, a large positive p cor-
responds to the m = 1 spin state having much lower energy than the other two states. Thus,
for sufficiently large p, all particles will be in the m = 1 state regardless of c1, which gives us
a fully magnetized condensate. The phase diagram for the spin-1 homogeneous condensate
is given in Fig. (2.2) for positive and negative c1.

In the following, we shall briefly discuss the different phases present in the spin-1 BEC.
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Figure 2.2: Phase diagram of homogeneous spin-1 BEC for spin-dependent interaction
coefficient (a) c1 > 0 and (b) c1 < 0.

Ferromagnetic (FM) phase

In the ferromagnetic (FM) phase, the condensate is maximally polarized (i.e. |F |/n = 1). In
the absence of any external field (p = q = 0), the spin-density vector can be oriented in any
direction due to the rotational symmetry, and the order-parameter (when c1 < 0) takes the
general form,

ζFM = eiϕ


e−iα cos2(β/2)

sin β/
√

2
eiα sin2(β/2)

 , (2.55)

where components of the spin-density vector is related to angles α, β as F = n(cosα sin β,
sinα sin β, cos β). In this case, the system would spontaneously choose an orientation upon
entering the ground state.

The rotational symmetry is lost by applying a magnetic field, and the spin vector is ori-
ented along the field to minimize energy. If the quantization axis and the external field are
along the z-direction, then in the FM phase, all the atoms occupy m = 1 state (FM+) or
m = −1 state (FM−). When c1 > 0 , the FM state is the ground state when |p| > c1n and
|p| > q + c1n/2 (Fig. 2.2). On the other hand, when c1 < 0, it would be the ground state if
|p| > q.

Polar (P) phase

In the polar phase, the population is present only in the m = 0 state, with the order-parameter
being ζ = (0, 1, 0)T . The system will have zero spin density (F = 0) in this phase. We can
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show that, by minimizing the energy [Eq. (2.54)], the polar state would be the ground state
if q > |p| − c1n/2 and q > p2/2c1n if the spin-dependent interaction coefficient is positive
(c1 > 0), or q2 > p2 + 2|c1|nq, if the coefficient is negative (c1 > 0) [89].

Antiferromagnetic (AFM) phase

In the antiferromagnetic (AFM) phase, boson are in a superposition of m = ±1 components
with the order-parameter being ζ = (n/

√
2)([1 + Fz]1/2, 0, eiϕ[1 − Fz]1/2)T , where Fz = p/c1

being the component of magnetization. The phase ϕ is chosen spontaneously, making the
AFM phase a symmetry-broken phase. The details of this broken symmetry are discussed in
detail in chapter 6. AFM phase can only exist when c1 > 0, and it would be the ground state
when |p| < c1n and q < p2/2c1n.

When p = q = 0, polar and AFM are energetically degenerate. In this case, the general
form of the ground state (when c1 > 0) is given as,

ζP = eiϕ


−e−iα sin(β)/

√
2

cos β
eiα sin(β)/

√
2

 , (2.56)

where change in angles α, β corresponds to rotation in spin-space. We can also define unit
vector d̂ = (cosα sin β, sinα sin β, cos β), called the director. For the polar phase, d̂ is ori-
ented along the z-axis, whereas for the AFM phase at p = 0, it is perpendicular to the axis.
Thus, polar and p = 0 AFM phases can be transformed into each other via spin space rota-
tion.

Broken axisymmetry phase

We shall also briefly touch upon the broken axisymmetry(BA) phase, which occurs when
c1 < 0. In this case, the presence of a positive quadratic Zeeman term q implies that it is
energetically favourable to have the spin-density vector with a component perpendicular to
the spin-space z-axis. The condensate is generally not fully magnetized in this case, with
|F | < n when q > 0. The order-parameter for this system, when p = 0, is given as,

ζBA =
1
2


eiϕ

√
1 + q/2c1n√

2(1 − q/2c1n)
e−iϕ

√
1 + q/2c1n

 . (2.57)

In this case, the spin component Fz = 0, and F⊥ = q
√

(4c2
1n2 − q2)/2|c1|n. The direction

of the spin-density vector in the xy plane is determined by the phase ϕ, and by choosing a
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particular direction, the state breaks the rotational symmetry of the system about the z-axis.
BA phase exist only when c1 < 0 and it is stable when |p| < q and q2 < |p|2 + 2|c1|nq.

2.6.3 Elementary excitations in spinor BEC

In this section, we discuss the Bogoliubov theory of spin-1 condensate. An operator approach
to this, similar to the one discussed in Sec . 2.5.1, is detailed in Ref. [89]. In this section,
however, we outline the BdG approach, which can also be used to obtain the same results.

The BdG equations for the spin-1 homogeneous gas are obtained by using the perturbed
ground state solution given by,

ψ(t) = [
√

nζ + δψ(t)]e−iµt, (2.58)

and the perturbation δψ is expanded as,

δψ(t) = eik·r


u1

u0

u−1

 e−iωt + e−ik·r


v∗1
v∗0
v∗
−1

 eiωt. (2.59)

Here we see that the Bogoliubov amplitudes u and v are also three-component vectors. We
have also used a plane wave ansatz for amplitudes due to the translational symmetry of the
system. Using Eq. (2.58) in the GPE (2.49)-(2.51) and linearizing in um, vm, we obtain the
following eigenvalue equation, B0(k) B1(k)

−B1(k)∗ −B∗0(k)

 u
v

 = ℏω(k)

u
v

 , (2.60)

where u = (u1, u0, u−1)T and v = (v1, v0, v−1)T , and B0,1(k) are 3 × 3 matrices. We can
diagonalize the matrix to obtain three distinct eigenvalues, as eigenvalues occur in pairs as
±ϵ. Thus we obtain three branches in the Bogoliubov spectra for spin-1 BEC, due to their
spin degrees of freedom. The nature of the excitation can be understood from the amplitudes
u, v. For different phases, distinct excitations occurs [179], and the dynamical stability
of various phases for a given set of parameters can be seen from the excitation energies of
the quasiparticles, as the energies attain an imaginary part when the system is dynamically
unstable.

2.7 Floquet theory

Floquet theory is a powerful mathematical tool for analysing systems with periodic time de-
pendence [109]. It has been applied to a wide range of driven problems, including quantum
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tunnelling [67], strongly correlated systems [86, 178], atoms in laser fields [36], and Floquet
engineering of quantum systems [130], and its spatial analogy is Bloch’s theorem in con-
densed matter. Although Floquet theory is only applicable to linear time-periodic systems,
it remains useful for nonlinear systems as well, particularly when analyzing the linearized
dynamics of small perturbations, where the theory still holds.

In this section, we introduce Floquet’s theory and present a sketch of its proof, following
the lecture notes by M. J. Ward [188]. We also outline a method for computing the Floquet
exponents, which are crucial for understanding the stability of periodically driven systems.
Finally, we discuss the Mathieu differential equation, an important example of a Floquet-type
system, and examine its stability diagram.

We consider a general coupled linear differential equation of the form,

dx
dt
= A(t)x, (2.61)

where the variable are written as a column vector x = (x1, x2, . . . , xn)T andA(t) is an n × n

matrix is periodic with period T , A(t + T ) = A(t). The solution to the above differential
equation need not be periodic, but it will have the form,

x(t) = eσtp(t), (2.62)

where p(t) = p(t + T ) is a periodic function. This is the Floquet theory, and σ is called the
Floquet exponent. Over one period of evolution, the solution will acquire a factor x(t+T ) =
eσTx(t). This property means that you only need to solve the solution for a single period to
obtain the full information regarding the system’s dynamics. The long-term dynamics of the
system are determined by the value of the exponent; if Re{σ} > 0, then the solution will grow
exponentially, and if Re{σ} < 0, it decays exponentially. If Re{σ} = 0, then the solution is
periodic or quasi-periodic. Thus, the value of the exponent will have implications for the
stability of the driven system.

The Floquet exponents are a property of the differential equation (2.61) alone, and do not
depend on the choice of initial state. In fact, we can show that it follows,

n∏
i=1

eσiT = exp
(∫ T

0
tr(A(t))dt

)
, (2.63)

where σi, with i = 1, 2, . . . , n are the n Floquet exponents of the system.
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2.7.1 Proof of Floquet theory

In this subsection, we discuss the proof of the Floquet theory and how to find the Floquet
exponents. First, we defined the fundamental matrixX(t), which is an n × n matrix, with its
columns being x(i)(t), the linearly independent solutions of Eq. (2.61). That is,

X(t) =


x(1)(t)


x(2)(t)

 . . .

x(n)(t)


 . (2.64)

Therefore we have dX(t)/dt = A(t)X(t). We can then show that if X(t) is a fundamental
matrix, then so isX ′(t) =X(t)B0, whereB0 is a non-singular constant matrix. This can be
proved by simply taking the derivative ofX ′(t),

d
dt
X ′(t) =

d
dt
X(t)B0 = A(t)X(t)B0 = A(t)X ′(t). (2.65)

Now, we define matrix B such that X(t + T ) = X(t)B, where B can be proven to be
time-independent. First, we note thatX(t + T ) is a also a fundamental matrix,

d
dt
X(t + T ) = A(t + T )X(t + T ) = A(t)X(t + T ). (2.66)

ConsiderX ′(t) ≡X(t)B(0), which is also a fundamental matrix asB(0) is a constant. Then
we have, X ′(0) = X ′′(0), where we defined X ′′(t) ≡ X(t + T ) = X(t)B. Since both X ′

and X ′′ have the same initial condition and both satisfy the same equation, they must be
equal at all times. This implies thatB(t) = B(0), i.e. the matrix is time-independent.

Now, as a final step of proof, we show that there exist solutions of the form x(t) = eσtp(t).
Let ρ and b be an eigenvalue and corresponding eigenvector, respectively, to matrix B. The
function x(t) =X(t)b is a solution to Eq. (2.61).

dx(t)
dt
=

dX(t)
dt

b = A(t)X(t)b = A(t)x(t). (2.67)

We can also show that x(t + T ) = ρx(t) for such a solution. Now chose exponent σ =
(1/T ) log(ρ) or ρ = eσT . If we define p(t) = e−σtx(t), then p(t) is periodic with period T .

p(t + T ) = e−σ(t+T )x(t + T )

= ρ−1e−σtρx(t)

= e−σtx(t) = p(t). (2.68)

Thus, we have proved the Flqouet theory for equation Eq. (2.61).
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Calculating the Floquet exponent

In order to numerically calculate the Floquet exponent for a linear differential equation with
periodic coefficients, we obtain the fundamental matrix for a single time periodX(T ). Then
the monodromy matrix can be found as BT = X(0)−1X(T ). We usually chose X(0) = I
without loss of generality, thus BT = X(T ). The characteristic multipliers ρ are then the
eigenvalues of BT and the Floquet exponents are given as σ = (1/T ) log(ρ). Solving for
X(T ) can be implemented using methods such as RK4, where we solve for n different initial
conditions chosen fromX(0) = I .

2.7.2 Mathieu equation

Consider the equation of the following form,

d2u
dt2 + [A + 2B cos(2t)] u = 0. (2.69)

Choosing u0(t) = u(t) and u1(t) = du/dt, we get,

d
dt

u0

u1

 =  0 1
− [A + 2B cos(2t)] 0

 u0

u1

 , (2.70)

which is of the form given in Eq. (2.61). Therefore, we can use Floquet theory and look for
solutions of form u(t) = eσt p(t). From the relation Eq. (2.63), we can see that ρ1ρ2 = 1, or

σ1 = −σ2. (2.71)

The stability of the solutions is determined from the exponent. For the Mathieu equations,
two cases can occur,

1. If Re{σ} > 0 for any of the exponents, the system is unstable

2. If Re{σ} = 0 for all of the exponents, the system is stable.

The stability diagram is obtained by numerically solving the equation for various values of
A and B, shown in Fig. 2.3.

When the coefficient of the periodic term, B, is zero, the system is always stable. For
infinitesimally small B, the instability occurs near A = j2, where j = 1, 2, 3. These are the
resonance points where even a weak driving cause an instability, and the strongest resonance,
as characterized by magnitude of σ, occurs at A = 1(m = 1)
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Figure 2.3: Stability diagram for Mathieu equation (2.69)

We shall also briefly discuss Bloch’s theorem, which is the Floquet theory applied to a
quantum system of a particle in a periodic potential. We have the Schrödinger equation,

ℏ2

2M
d2ψ

dx2 + [V0 cos(k0x) − E]ψ = 0, (2.72)

where V0 is the depth of the potential. Bloch’s theorem states that the solutions are of the
form ψ(z) = eikxu(x), where u(x + 2π/k0) = u(x) is a periodic function. After converting
it into standard form Eq. (2.69), we can show that the instability region corresponds to the
energy gaps, where the exponentially diverging unphysical solution occurs.

2.8 Faraday waves in driven condensate

The phenomenon of formation of regular standing waves on the surface of a vibrating fluid
was first reported by Michael Faraday in 1831 [53, 114]. He noted that the frequency of the
waves was half that of the driving frequency. Benjamin and Ursell gave a theoretical expla-
nation for this phenomenon in 1954 [9] using linear stability analysis of the surface modes
of the fluids. Analogous phenomena occur in BEC as well [49, 162] under modulation of
the interaction between the particles. In this section, we discuss the theory of Faraday wave
formation in BEC, and find that we obtain a Mathieu equation for the linearized dynamics
for the unstable modes, which explains the wave number selection and the sub-harmonic
response of the system.

In the second part of this section, we look at the driven dynamics of a spin-1 spinor BEC
which is initialized in the ferromagnetic phase, where we see that the dynamics are analogous
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to those of a spin-0 condensate [85].

2.8.1 Quasi-two dimensional spin-0 condensate

Here, we consider a homogeneous Q2D condensate [see Sec. 2.4] with its s-wave scattering
length driven as,

as(t) = ās [1 + 2α cos 2ωt] , (2.73)

where ās is the mean scattering length, and α andω are the amplitude and (half the) frequency
of the periodic driving. The following Q2D GPE describes such a system,

iℏ
∂ψ̄

∂t
=

−ℏ2∇2
ρ

2M
+ g2D(t)|ψ̄|2

 ψ̄, (2.74)

where ψ̄(x, y) is the Q2D mean-field order parameter of the system, and g2D(t) = ḡ2D[1 +
2α cos 2ωt] with ḡ2D = 4πℏ2ās(t)/

(√
2πMlz

)
is Q2D interaction coefficient. Here, lz =√

ℏ/Mωz is the characteristic length of the longitudinal trap of the system, with trap fre-
quency ωz. We assume that the trap is sufficiently strong to confine the dynamics along the
xy-plane, thus allowing us to use the Q2D GPE (2.74).

In the absence of periodic driving, i.e. as(t) = ās, the ground state of the system is
homogeneous in the xy-plane, due absence of transverse trap. In presence of the driving
as given in Eq. (2.73), the uniform solution ψ̄H(t) =

√
nH exp[iθ(t)] satisfy the GPE (2.74),

where the time dependent phase is given as,

θ(t) = ḡ2DnH

[
t +

α

ω
sin(2ωt)

]
. (2.75)

Here, nH denotes the 2D homogeneous density of the condensate. Although the driven GPE
has a uniform solution, it’s not stable against the growth of density patterns when perturbed.
To see this, we consider the ansatz ψ̄(t) =

[√
nH + w(t) cos(k · ρ)

]
exp[iθ(t)], where ρ =

xx̂ + yŷ. Here we have the amplitude of the modulated perturbation w(t) = u(t) + iv(t),
with |w(0)| ≪ 1, and k represents the amplitude and the wave vector of the plane wave
perturbation, respectively. Using this ansatz in the GPE (2.74), and linearizing in u, v, we
arrive at the following equations of motion for the perturbation amplitude,

ℏ
du
dt
= Ekv, ℏ

dv
dt
= −[Ek + 2g2D(t)nH]u (2.76)

which can then be expressed as [162],

ℏ2 d2u
dt2 +

[
ϵ2(k) + 4Ekαḡ2DnH cos(2ωt)

]
u = 0. (2.77)
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Figure 2.4: Formation of Faraday waves in driven condensate: The [(a)-(c)] real space
density n2D = |ψ̄|

2 and [(e)-(f)] the log of moment space density ñ2D = |ψ̄
′|2 at three

different times for driven spin-0 condensate. The system parameters are ḡ2DnH = 0.2ℏωz,
α = 0.4, and ω = 0.4ωz.
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Here, Ek = ℏ
2k2/2M and ϵ(k) =

√
Ek(Ek + 2ḡ2DnH) is the Q2D dispersion relation of the

system (see Sec. 2.5.1). Eq. (2.77) is a Mathieu equation. As discussed in Sec . 2.7.2, the
Mathieu equation has unstable solutions if its Floquet exponent σ has a positive real part. For
very weak driving amplitude, α→ 0, the instability occur if jℏω = ϵ(k), where j = 1, 2, . . . .
The strongest resonance, i.e. the one with largest Re{σ}, occur for mode with momenta ku

which satisfy ℏω = ϵ(ku) ( j = 1). Since the growth of the unstable mode is exponential, the
most unstable mode dominates the dynamics. The condensate density under the perturbation
is given as,

n(x, y) = nH + 2
√

nHu(t) cos(ku · ρ) + O(w2). (2.78)

Thus, the presence of unstable modes results in pattern formation in the initially homoge-
neous condensate. In 1D geometry, instability causes sinusoidal patterns with wavelength
2π/ku, whereas in 2D geometry, there are many unstable wave vectors with magnitudes
|k| = ku, which lie on a ring in the kx-ky momentum space. The superposition of these in-
dividual density waves gives rise to a distinct pattern that features a Bessel function density
correlation [128].

In Fig. 2.4, we show the density formation under periodic driving of scattering length in
a Q2D condensate, obtained from the numerical simulation of the GPE (2.74). To trigger the
instability, we add a small random noise to the initial wavefunction at each grid point [58],
which mimics the quantum fluctuations present in the real condensate. Under the modulation
of scattering length, the uniform state becomes unstable to the formation of patterns, which
can be seen in Fig. 2.4 (a)-(c). From the momentum space density of the system (Fig. 2.4
(d)-(f)), defined as ñ(kx, ky) = |ψ̄′(kx, ky)|2 with ψ̄′ being the Fourier transform of ψ̄, we see
population spike in the annular region in the kx-ky plane with radius ku. This shows how the
driving excites modes with the momentum satisfying the resonance condition.

We also note the condensate response is sub-harmonic, resulting from the parametric
excitation of the modes. The condensate is driven with a frequency 2ω, and the density
patterns oscillate with frequency ω. The linear stability analysis only captures the dynamics
during the initial phase of the driving, when the population in the excited (k , 0) states is
much lower than the condensate mode (k = 0) population. The patterns that we observe
are transient, and under the continuous modulation, the system absorbs energy, leading to
heating and eventual destruction of the condensate of the BEC.

2.8.2 Quasi-two dimensional spinor condensate in ferromagnetic phase

This section has been adapted from the research article titled "Patterns, spin-spin correla-
tions, and competing instabilities in driven quasi-two-dimensional spin-1 Bose-Einstein con-
densates" [85].
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In this section, we look at a driven spin-1 spinor Q2D condensate, which is initially in
a ferromagnetic phase. Here, all the atoms are in the m = 1 spin state, and the Q2D order
parameter can be expressed as,

ψ̄FM =
√

nH


1
0
0

 , (2.79)

where nH is the uniform density of the system. This state is maximally magnetized in the
z-direction in spin space.

For the spin-1 condensate, there are two relevant scattering lengths, a0 and a2, which
arise due to the total spin F = 0 and F = 2 channel of collision. For the ferromagnetic
phase, however, a0 scattering length is not relevant, since the colliding pair will always have
total spin F = 2 due to their polarization. Under the periodic driving of scattering length
a2 as a2(t) = ā2[1 + 2α2 cos(2ω2t), while a0(t) = ā0 remains constant, the spin-independent
coefficient c0 and spin-dependent coefficient c1 evolve as,

c̃0(t) = c̄0 + (4α2ḡ2/3) cos(2ω2t)

c̃1(t) = c̄1 + (2α2ḡ2/3) cos(2ω2t), (2.80)

where the Q2D interaction coefficients c̄0 = (ḡ0 + 2ḡ2)/3 and c̄1 = (ḡ2 − ḡ0)/3 with ḡ j =

4πℏ2ā j/(M
√

2πlz).
Under this drive, the coupled GPE (2.49)-(2.51) has the uniform solution of form, ψ̄(t) =

ψ̄FM exp(−iθ(t)/ℏ) where ψH(t) = (ψ1, ψ0, ψ−1)T is the spinor order parameter, and ψ̄FM is
defined in Eq. (2.79). The evolution of the overall phase is given as,

θ(t) = qt + nH

∫ t

0

[
c̃0(t′) + c̃1(t′)

]
dt′. (2.81)

The stability of the uniform phase is analyzed by looking at the perturbed state given by,

ψ(r, t) =
[
ψ̄FM +w(t) cos(k · ρ)

]
e−iθ(t)/ℏ, (2.82)

where w(t) = (w1,w0,w−1)T is the amplitude of modulations. We use the ansatz in the Q2D
coupled spin-1 GPE [of form Eqs. (2.49)-(2.51)] with driven interactions, and linearize in
w(t). Writing w(t) = u(t) + iv(t) where u = (u1, u0, u−1)T and v = (v1, v0, v−1)T are real-
valued vectors, we obtain the relevant Mathieu equation [85, 150],

d2u1

dt2 +
1
ℏ2

[
ϵ2

k,1 + 4nHEkα2ḡ2 cos(2ω2t)
]

u1 = 0, (2.83)
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Figure 2.5: Formation of Faraday waves in driven spinor condensate in ferromagnetic
phase: The most unstable mode ku as a function of driving frequency. The inset shows
pattern formation under periodic driving at two frequencies ω2 = 0.3ωz and ω2 = 0.5ωz.
The other parameters are c̄0nH = 0.3ℏωz, c̄1nH = −0.1ℏωz, p = −0.3ℏωz, and q = 0. The
driving amplitude is α2 = 0.4.

where
ϵ1(k) =

√
Ek[Ek + 2(c̄0 + c̄1)nH], (2.84)

is the Bogoliubov dispersion describing the density excitations. The equation of motion
of the fluctuations in two components does not accommodate any instability. Therefore,
the population of those modes remain close to zero. The Mathieu equation (2.83) remains
valid even in the presence of a0 modulation, as this has no effect on the dynamics of the
ferromagnetic condensate. Like the scalar case, the momenta ku of the most unstable mode
can be obtained as ℏω2 = ϵ1(ku).

In Fig. 2.5, we show the results for the patterns observed in the driven ferromagnetic
phase spin-1 condensate. We see the formation of density patterns similar to a spin-0 BEC.
There is no transfer of population to other modes, which is expected as the system is maxi-
mally magnetized and the magnetization remains conserved during dynamics. Similar to the
spin-0 Faraday waves, these patterns are also transient, and driving eventually destroys the
BEC.

The dynamics of the spinor BEC crucially depend on its initial state. In Chapter 5 and
Chapter 6, we examine the driven dynamics of spin-1 spinor BEC initialized in the polar
phase and antiferromagnetic (AFM) phase, where the spin degrees of freedom play a role in
the dynamics.
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Chapter 3

Excitation of radial modes and pattern
formation in driven cylindrical BEC

This chapter is adapted from a manuscript currently under preparation titled “Excitation of
radial modes and pattern formation in driven cylindrical BEC”.

3.1 Introduction

The simplest models used to study Faraday wave formation in driven Bose–Einstein con-
densates (BECs) often assume a uniform condensate, in which the trapping potential merely
reduces the system’s effective dimensionality [27, 100, 162, 201]. This approach has also
been extended to BECs confined in nontrivial geometries, such as bubble [20] and ring traps
[202]. While such simplified models can capture the essential features of the dynamics, they
may overlook significant effects introduced by the trap itself. In many cases, the trap plays
a direct role in shaping the condensate’s response to external driving. Notable examples in-
clude the emergence of star-shaped patterns at specific resonant frequencies, triggered by the
excitation of surface modes [96], and the stabilization of square-shaped patterns due to trap-
ping effects [103]. Several theoretical studies have also investigated the dynamics of driven
trapped systems [144, 145, 183, 184].

Faraday waves in BECs were first observed experimentally in 2007 in an elongated trap,
where the transverse confinement was periodically modulated [49], and later through in-
teraction modulation in a similarly elongated geometry [124]. These elongated traps ef-
fectively realize a quasi-one-dimensional (Q1D) system when the transverse confinement is
sufficiently strong [136]. However, under certain conditions, transverse (radial) modes can
significantly influence the condensate’s dynamics [34, 116]. For instance, when the driv-
ing frequency resonates with the transverse monopole mode, the resulting dynamics deviate
qualitatively from the one-dimensional picture [49, 124], necessitating a description that
accounts for the coupling between radial and axial excitations [126]. In this chapter, we in-
vestigate a periodically driven condensate, focusing on the resonant excitation of transverse
modes and their subsequent decay, which gives rise to longitudinal density patterns. Using
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Bogoliubov theory and numerical simulations based on the Gross–Pitaevskii equation (GPE),
we show that under certain conditions, the driving can lead to the excitation of dipole-branch
modes.

The outline of this chapter is as follows. In Sec . 3.2, we introduce the setup of cylin-
drically confined BEC, and in Sec . 3.3, we study its Bogoliubov spectrum, which consists
of multiple branches due to the transverse trap [55, 176]. In Sec . 3.4 we use Bogoliubov
theory to examine the dynamics of the condensate under periodic driving of interaction. We
find that at specific driving frequencies, the radial modes can get “directly excited” [77], a re-
sponse which dominates the parametric resonance of the modes that causes the usual Faraday
waves. Such a radial mode excitation can spontaneously decay to lower branches, creating
a longitudinal density pattern. In Sec . 3.5, we study this phenomenon using 3D GPE simu-
lations. Here we find that, when the driving directly excites the transverse monopole mode,
its subsequent decay creates longitudinal density waves [49, 125]. The dynamics under the
excitation of the second radial mode (nr = 2), excited at a higher driving frequency, turned
out to be more complex. For very weak interaction strengths, its decay creates longitudinal
density waves; however, as the interaction increases, we observe a zig-zag (centre-of-mass
oscillation) pattern from dipole branch excitation at higher interaction strengths.

3.2 Cylindrically confined Bose-Einstein condensate

Our system consists of a dilute gas of bosons with mass M trapped in the xy-plane and free
along the z-axis (See Fig. 3.1). It is described by the second-quantized Hamiltonian,

Ĥ(t) =
∫

drΨ̂†
[
−
ℏ2∇2

2M
+ Vρ

]
Ψ̂ +

g(t)
2

∫
drΨ̂†Ψ̂†Ψ̂Ψ̂. (3.1)

Here, Ψ̂(r) is the field operator that annihilates a boson at position r, Vρ(ρ) = Mω2
ρρ

2/2 is the
transverse harmonic trap, and g(t) = 4πℏ2as/M is the time-dependent interaction coefficient,
with as being the s-wave scattering length. At very low temperatures, the system can be de-
scribed using the mean-field theory, where the dynamics of the condensate order-parameter
ψ(r, t) is governed by the Gross-Pitaevskii equation (GPE),

iℏ
∂ψ(r, t)
∂t

=

[
−
ℏ2∇2

2M
+ Vρ(ρ) + g(t)|ψ(r, t)|2

]
ψ(r, t). (3.2)

The interaction strength in cylindrically confined BEC can be characterized by the following
dimensionless quantity [125, 176],

η(t) ≡ 4πas(t)nH = g(t)nH
M
ℏ2 . (3.3)
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Figure 3.1: Schematic of the setup: Gas of bosons confined in the transverse plane with a
harmonic trap of frequency ωρ, and free along the z-direction.

Here, nH = N/Lz denotes the linear density of the condensate along the z-axis, with N being
the total number of bosons and Lz, the length of the system along the z axis. For a time-
independent system with constant interaction g(t) = ḡ, the ground state order parameter can
be obtained from the time-independent 2D GPE,−ℏ2∇2

xy

2M
+ Vρ(ρ) + ḡnH |ξ0|

2
− µ

 ξ0 = 0, (3.4)

where the operator ∇2
xy = ∂xx+∂yy and µ is the chemical potential. Here, we have also chosen

the following normalization for the ground state,∫
dxdy|ξ0|

2 = 1. (3.5)

The 3D ground state is then obtained as, ξ(3D)
0 =

√
nHξ0. The ground state is translationally

symmetric along the z-direction and rotationally symmetric about the z-axis.

3.3 Bogoliubov spectrum

To understand the response of the condensate to the periodic driving, we need to first study
elementary excitations of the undriven condensate. The excitation spectrum of the elongated
condensate has been studied theoretically as well as experimentally [55, 166, 176, 197], and
can be obtained by solving the Bogoliubov-de Gennes (BdG) equation,ĤGP + ḡnH |ξ0|

2 ḡnHξ
2
0

−ḡnH(ξ∗0)2 −ĤGP − ḡnH |ξ0|
2

 uv
 = ℏω uv

 . (3.6)

Here, ĤGP = −ℏ
2∇2/2M+Vρ(ρ)+ ḡnH |ξ0|

2
−µ, and {u(r), v(r)} and ω are the amplitudes and

frequency of the Bogoliubov quasiparticle, respectively. Due to rotational and translational
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Figure 3.2: (a) The Bogoliubov spectrum of the cylindrically trapped condensate for mode
with quantum numbers ν = 0,±1,±2, for interaction strength η̄ = 10.0. The red arrows
indicate the modes that can be excited under the periodic driving of interaction at fre-
quency Ω = ωnr ,0(0) [Eq. (3.25)]. (b) The gap of branches with quantum number {nr, ν}

as a function of interaction strength.

symmetries of the system, we can parametrize the quasiparticle amplitudes as,

u(r) =
1
√

2πLz
ū(ρ)eikzzeiνφ, v(r) =

1
√

2πLz
v̄(ρ)eikzzeiνφ, (3.7)

where ν (integer) and kz (real number) denote the azimuthal number and longitudinal momen-
tum of the mode, respectively. The radial amplitudes are normalized such that

∫
dρρ[|ū(ρ)|2−

|v̄(ρ)|2] = 1. We use Eq. (3.7) in Eq. (3.6) to obtain the following equation for the radial am-
plitudes,  L̂νkz(ρ) ḡnHξ

2
0

−ḡnH(ξ∗0)2 −L̂νkz(ρ)

 ūνkz

v̄νkz

 = ℏω ūνkz

v̄νkz

 . (3.8)

Here, we have defined L̂νkz(ρ) = −ℏ2[∇2
ρ − (ν/ρ)2 − k2

z ]/2M + VT + 2ḡnH |ξ0|
2
− µ, where,

∇2
ρ =

1
ρ

∂

∂ρ

(
ρ
∂

∂ρ

)
.

We diagonalize Eq. (3.8) for various {kz, ν} to obtain the excitation frequencies and ampli-
tudes. The excitation frequencies are plotted as a function of kz in Fig. 3.2(a), for inter-
action strength η̄ = 10. The spectrum contains branches, each labelled as ωnr ,ν(kz), where
nr = 0, 1, 2 . . . denotes the number of nodes in the radial amplitude ū and v̄. We note that
ωnr ,±ν are degenerate pairs of excitations due to the rotational symmetry of the system about
the z-axis.
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Figure 3.3: Density patterns under excitation of the modes from (a) gapless density (ω0,0)
branch and (b) dipole (ω0,±1) branch.

Lowest lying branches

In the following, we discuss the properties of a few of the lowest lying branches that would
become important during the later discussions in this chapter. The lowest branch, ω0,0(kz),
is gapless and phonon-like at small kz. These are purely axial excitations and in the quasi-
one-dimensional limit µ ≈ ℏωρ takes the form ω0,0(kz) =

√
Ekz(Ekz + 2ḡ1DnH), where Ekz =

ℏ2k2
z /2M and ḡ1D = ḡ/(2πl2

ρ) with the characteristic trap length lρ =
√
ℏ/Mωρ. The ex-

citations in the gapped branches (nr > 0 or ν , 0) at kz → 0 represent the purely radial
excitations. The second branch, ω0,±1(kz), is the dipole branch, which in the limit kz → 0
describes collective centre-of-mass (COM) oscillation of the condensate in the transverse
plane. As the result, the gap of this branch ω0,±1(0) = ωρ, is independent of the interaction
strength [169].

We also have ω1,0(kz), called the monopole branch, which at kz → 0, describes the trans-
verse breathing oscillations of the condensate. The gap of this branch ω1,0(0) = 2ωρ is also
independent of the interaction strength due to the symmetry properties of the effective two-
dimensional equations obtained at kz = 0 [34, 139]. The gap of ω0,±2(kz) (quadrupole branch)
decreases with increasing interaction strength η̄, varying from 2ωρ in the non-interacting
limit to

√
2ωρ in the Thomas-Fermi limit [33, 169]. The gaps of the monopole, dipole, and

quadrupole branches are given in Fig. 3.2 (b) as a function of increasing repulsive interaction
strength.

Excitations from different branches at non-zero kz induce distinct dynamics in the con-
densate [see Fig. (3.3)]. For instance, excitation from the lowest branch ω1,0(kz) generate
density modulations along the z- axis with wavelength 2π/kz, and ω0,±1(kz) branch excitation
causes modulations in the radial COM of the condensate along the z- axis with wavelength
2π/kz. Therefore, excitations from the gapped branches can create patterns besides the usual
density modulations in the condensate.
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3.4 Dynamics of modes under driven interaction

In this section, we discuss the dynamics of the Bogoliubov modes under the periodic driving
of the scattering length. First, we discuss the resonant excitation of radial modes and de-
rive the resonance condition using the Bogoliubov theory. Then, we look at the spontaneous
decay of the excited mode, which creates excitations in the lower branch. We identify the
dominant channels of decay using Beliaev theory approach [8, 62].

We start from the ground state ξ0 of the system with interaction η̄, and when t > 0, the
interaction is periodically driven as,

as(t) = ās + ∆as cos(Ωt). (3.9)

Here, ∆as and Ω are the driving amplitude and frequency, respectively. The interaction
coefficient is therefore modulated as g(t) = ḡ + ∆g cos(Ωt) [η(t) = η̄ + ∆η cos(Ωt)], with
the amplitude ∆g = 4πℏ2∆as/M [∆η = 4π∆asnH]. This can be experimentally implemented
using Feshbach resonance [35, 124], which we have discussed in Sec . 2.2.1.

3.4.1 Excitation of radial modes

The initial dynamics of the condensate under the periodic driving of interaction [Eq. (3.9)]
can be described under Bogoliubov theory. First, we write the Hamiltonian (3.1) as Ĥ(t) =
Ĥ0 + V̂I(t), where,

Ĥ0 =

∫
drΨ̂†

[
−
ℏ2∇2

2M
+ Vρ

]
Ψ̂ +

ḡ
2

∫
drΨ̂†Ψ̂†Ψ̂Ψ̂, (3.10)

is the time-independent part, and the time-dependent perturbation is given by

V̂I(t) =
∆g cos(Ωt)

2

∫
drΨ̂†Ψ̂†Ψ̂Ψ̂. (3.11)

We then expand the field operator about the initial state as

Ψ̂(r, t) =
[

1
√

Lz
ξ0(ρ)â0 + δΨ̂(r, t)

]
e−iµt. (3.12)

Here, â0 annihilates a particle in the ground state ξ0(ρ). The second term in Eq. (3.12)
denotes the component that is orthogonal to ξ0(ρ), i.e.

∫
drξ∗0δΨ̂ = 0, and the population

outside this mode is defined as δN̂ =
∫

drδΨ̂†δΨ̂. In our formalism, we assume that the
total number of particles in the system, N = nHLz, is conserved. Therefore, we define the
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following number-conserving operator [29],

Λ̂(r, t) = â†0δΨ̂(r, t)/
√

N, (3.13)

which creates a particle in the ξ0 mode and destroys one outside this mode.

Time-independent Hamiltonian

When the population in the excited modes ⟨δN̂⟩ ≪ N, the time-independent Hamiltonian
can be approximated using the expansion Eq. (3.12) and Eq. (3.13) as (Appendix A),

Ĥ0 ≈ E0 +

∫
drΛ̂†

(
L̂
)
Λ̂ +

ḡnH

2

∫
drξ2

0

[
Λ̂†Λ̂ + H.c.

]
, (3.14)

where E0 is the mean-field energy of the ground state and L̂ = ĤGP + ḡnH |ξ0|
2, with ĤGP

being defined below Eq. (3.6). The field operator Λ̂(r, t) is then expanded in the Bogoliubov
basis of Ĥ0,

Λ̂(r, t) =
∑

nr ,ν,kz

b̂nr ,ν,kz(t)ũnr ,ν,kz(r)e−iωnr ,ν(kz)t + b̂†nr ,ν,kz
(t)ṽ∗nr ,ν,kz

(r)e+iωnr ,ν(kz)t, (3.15)

where each excitation is labelled using quantum numbers nr, ν, kz. Here, b̂nr ,ν,kz(t) is the
(number-conserving) Bogoliubov operator that creates an excitation and ωnr ,ν(kz) is the cor-
responding quasiparticle frequency. The functions ũnr ,ν,kz and ṽnr ,ν,kz are related to the usual
Bogoliubov amplitudes unr ,ν,kz and vnr ,ν,kz [Eq. (3.7)] as ,

ũnr ,ν,kz(r) = unr ,ν,kz(r) −
∫

drξ∗0(ρ)unr ,ν,kz(r). (3.16)

Such a projection ensures the orthogonality of Bogoliubov modes with the ground state
modes [29]. Note that, in Eq.(3.15), we have assumed that the quasiparticle operators are
time-dependent while the amplitudes are not.

Upon expansion using Eq. (3.12) and Eq. (3.15), Ĥ0 becomes diagonal as (Appendix A),

Ĥ0 = Const. +
∑

nr ,ν,kz

ℏωnr ,ν(kz)b̂
†

nr ,ν,kz
b̂nr ,ν,kz + O(Λ̂3). (3.17)

Here, the constant term contains ground state energy of the system , and terms that contain
quasiparticle operators in linear order vanish (see Sec. 2.5.2). In deriving this, we have used
the relation â†0â0 = N − δN̂ and â†0â†0â0â0 ≈ N2 − 2NδN̂. As expected, the excited modes
population remains constant under Ĥ0. We have ignored terms of cubic order and higher in
non-condensate operators, since those terms describe the interactions between the excited
particles, and are negligible when the non-condensate population in the system is small.
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Periodic driving: Resonant excitation of modes

Now we shall look at the time-dependent part of the Hamiltonian, V̂I(t). Here, we use
Eq. (3.12) and expand it in powers of Λ̂ as V̂I(t) ≈ V̂ (0)

I (t) + V̂ (1)
I (t) + V̂ (2)

I (t), with

V̂ (0)
I (t) =

∆gn2
H cos(Ωt)

2

∫
dr|ξ0|

4 (3.18)

V̂ (1)
I (t) = ∆gn3/2

H cos(Ωt)
∫

dr|ξ0|
2
[
ξ0Λ̂ + H.c.

]
(3.19)

V̂ (2)
I (t) = ∆gnH cos(Ωt)

∫
dr

{[
(ξ∗0)2Λ̂Λ̂ + H.c.

]
+ [2|ξ0|

2
− Ξ]Λ̂†Λ̂

}
, (3.20)

where we have defined the quantity Ξ =
∫

dxdy|ξ0|
4. We can see that the linear term V̂ (1)

I (t)
no longer vanishes when periodic driving is present. In the Bogoliubov basis (Eq. (3.15)),
we have,

V̂ (1)
I,B(t) = ∆gn3/2

H

∑
nr

Fnr b̂nr ,0,0(t)e−iωnr ,0(0)t + H.c., (3.21)

with the coefficient given as,

Fnr =

∫
dr|ξ0(ρ)|2

[
ξ0(ρ)ũnr ,0,0(r) + ξ∗0(ρ)ṽnr ,0,0(r)

]
. (3.22)

Operator V̂ (1)
I,B(t) creates and annihilates quasiparticles with quantum numbers {ν = 0, kz =

0}. Only such modes are created due to conservation of angular and linear momenta. The
dynamics of b̂nr ,ν,kz(t) under the linear Hamiltonian is obtained from the Heisenberg equation
of motion,

iℏ
db̂nr ,ν,kz

dt
=

[
b̂nr ,ν,kz , V̂ (1)

I,B(t)
]
= ∆gn3/2

H cos(Ωt)F̄ ∗nr
δν,0δkz,0, (3.23)

The above equation can be integrated to obtain excite mode populations as [13],

〈
b̂†nr ,0,0

(t)b̂nr ,0,0(t)
〉
≈
∆g2

∣∣∣F̄nr

∣∣∣2n3
H sin2[

(
ωnr ,0(0) −Ω

)
t/2]

[ωnr ,0(0) −Ω]2 +
〈
b̂†nr ,0,0

(0)b̂nr ,0,0(0)
〉
, (3.24)

When the driving frequency matches with excitation frequency of a particular mode as

Ω = ωnr ,0(0), (3.25)

that mode gets resonantly populated. Such a coherent mode excitation under the periodic
driving only occurs for trapped systems [27], as V̂ (1)

I,B vanishes if the system is uniform. We
have plotted coefficient F̄nr for different nr in Fig. 3.4(a). The coefficient is greatest for the
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Figure 3.4: (a) The excitation coefficient F̄nr , defined in Eq. (3.22), for various values
of radial node number nr, at η̄ = 10.0. (b) The coefficients for the two lowest modes
(nr = 1, 2) for various interaction strengths.

lowest lying mode, i.e. the radial monopole mode (nr = 1, ν = 0, kz = 0), and falls off
for higher modes, indicating that the higher modes are significantly harder to excite under
driving.

We have neglected the quadratic terms V (2)
I (t) in the analysis so far, as the dynamics

will be dominated by the linear terms when the resonance condition (3.25) is satisfied. The
quadratic terms are responsible for the parametric excitation of modes, which leads to the
formation of Faraday waves in the condensate [27, 49, 124]. The parametric resonance
causes excitation of modes with quasiparticle frequencies half the driving frequency, i.e. at
Ω = 2ωnr ,ν(kz), whereas in this chapter we look at the “direct resonance” of the modes, which
dominates for driving frequencies given by Eq. (3.25). Such a direct resonance was observed
in trapped 3D gas under modulation of scattering length [142]. This phenomenon is studied
in detail in chapter 4.

3.4.2 Decay of the excited modes

In the last section, we saw that certain radial modes get resonantly excited under driving of
the two-body interaction [Eq. (3.25)]. The Bogoliubov theory captures the initial dynamics
under driving when the excited population is much smaller than the ground state population.
However, at longer times, this approximation breaks down as the quasiparticle population
becomes significant. At this point, the interaction between the excited modes can no longer
be ignored, and it will lead to the decay of modes [132]. At very low temperatures, this
occurs via a process known as Beliaev damping [8, 62], where the excited mode decays
to create a pair of modes. Since this process conserves energy, Beliaev damping is rare in
trapped systems due to its discrete energy levels [69, 76]. However, the elongated structure
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Figure 3.5: The energetically allowed decay processes for (a) nr = 1 (monopole) and
(b) nr = 2 modes. The decay coefficients for each of these processes as a function of
interaction strength η̄ for (c) nr = 1 (monopole) and (d) nr = 2 modes. Here decay of the
excited mode into gapless, dipole and quadrupole branches are indicated by (G), (D), and
(Q), respectively in (c), (d) plots and kG, kD, and kQ denotes the longitudinal momenta of
the modes that are creates under the decay from each of these branches.
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of our system allows several transitions that conserve energy as well as linear and angular
momenta [see Fig. 3.5 (a), (b)].

The probability of decay into various channels can be compared by calculating the damp-
ing rate [62, 147],

γ(e)
i, j = 4πḡ2nH |B

(e)
i j |

2
, (3.26)

where the matrix element associated with the decay is given by,

B(e)
i j =

∫
dr

[
ue(u∗i v∗j + v∗i u∗j + u∗i u∗j) + ve(u∗i v∗j + v∗i u∗j + v∗i v∗j)

]
ξ0, (3.27)

where ui, j and vi, j denote the quasiparticle amplitudes of the modes that are created as a result
of the decay, and ue, ve denote the amplitudes of the mode that has undergone the decay.
This formula was obtained using a perturbative approach, assuming a weak quasiparticle
interaction. For simplicity, we also assume that the periodic driving has been terminated
once the modes are excited.

Consider the excitation of the monopole mode (nr = 1) at kz = 0 under the resonant driv-
ing. The allowed transitions via which this mode can decay are given in Fig. 3.5(a). A single
monopole excitation can decay to create two excitations with momenta ±kG in the gapless
density branch. The energy conservation under this process implies 2ω0,0(±kG) = ω1,0(0),
and thus the decay creates longitudinal density waves with wavelength 2π/kG. It is also ener-
getically allowed for the monopole mode to decay into two dipole modes with ν = ±1, kz = 0.
The damping rates associated with these two processes are plotted against the interaction
strength η̄ in Fig. 3.5(c), where (G) and (D) labels indicate the decay to gapless and dipole
branches, respectively. The damping rates show that the decay occurs predominantly into
the gapless branch, while that to the dipole branch is heavily suppressed.

We also examine the excitation of the nr = 2, ν = 0, kz = 0 mode. Since it is a high-
lying mode, more allowed decay transitions exist for it as compared to the monopole mode
[Fig. 3.5(b)]. At very low interaction η→ 0, the nr = 2 mode has twice the frequency of the
monopole mode at ω2,0(0) → 4ωρ [see Fig. 3.2(b)], and the decay process is dominated by
the transition to this mode. This is due to the decay rate of this transition, calculated at η̄ = 2,
being an order of magnitude larger than for other transitions. At higher interactions, however,
the decay to monopole mode is suppressed due to energy conservation. By comparing the
decay rate for three channels, we see that the damping rate for the decay to dipole and
quadrupole branches is relatively higher than to the gapless branch.
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3.5 Numerical simulation using GPE

In this section, we numerically solve the 3D GPE (3.2) with periodically driven interaction,
where we consider the resonant excitation of the two lowest (ν = 0, kz = 0) modes, with
nr = 1 (monopole mode) and nr = 2 mode. The linear dynamics of the Bogoliubov modes
are captured within the time-evolution of the order parameter under GPE [29]. However,
the decay process requires us to consider the quantum fluctuation present in the system. We
mimic the fluctuations by adding a small random noise to the initial condensate. We compare
the GPE results with the predictions from the Bogoliubov theory and the Beliaev damping
calculations.

3.5.1 Excitation of the monopole mode

First, we consider the excitation of the monopole mode (nr = 1) under a periodically driven
interaction. Here, the resonant driving frequency,

Ω = 2ωρ, (3.28)

is independent of the interaction parameter η̄ [Fig. 3.2(b)]. Excitation of the monopole mode
induces radial breathing oscillation in the condensate, which is seen from the dynamics of
the average root-mean-square (RMS) radius of the condensate in the xy-plane given by

ρ2
rms(t) =

∫
drρ2|ψ(r, t)|2∫
dr|ψ(r, t)|2

, (3.29)

From Fig. 3.6(a), we see that ρ2
rms(t) oscillates with frequency 2ωρ, with the oscillation am-

plitude increasing linearly in time under the driving. At this stage, radial breathing occurs
uniformly along the z-direction.

The excited monopole mode eventually decays into the gapless branch [Fig.3.5(a)], cre-
ating excitations with wavenumber ±kG that satisfy the energy conservation criteria

ω0,0(±kG) = ω1,0(0)/2 = ωρ. (3.30)

The decay process can be seen from the population in modes with non-zero kz [Fig. 3.6(a)]
defined as,

Nk(t) =
∫

kz>0
dk|ψ̃(k, t)|2, (3.31)

where ψ̃(k, t) is the momentum space wave function. This quantity will remain close to zero
in the initial stage of monopole excitation. Later, we see Nk(t) increasing simultaneously as
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ρrms oscillation amplitude dips, indicating the decay of the monopole mode. We observe sev-
eral oscillations of the population between the axial and radial excitations. The condensate
is later destroyed as excited modes become highly populated. The GPE results at the later
stages are unreliable due to a large non-condensate population.

Density modulations form along the z-direction due to the monopole decay to the gapless
branch. We see this from the integrated 2D densities in the xy and xz planes given by,

ny(x, z) =
∫

dy|ψ(r)|2, nz(x, y) =
∫

dz|ψ(r)|2, (3.32)

which are shown in Fig. 3.6 (b)-(e). The wavelength of the density patterns observed indeed
matches the predicted value at λ = 2π/kG, where kG can be determined from Eq. (3.30).

We note that density patterns also form for nonresonant driving frequencies due to the
parametric resonance of the phonons [127, 162] which creates the usual Faraday waves. But
pattern formation under parametric resonance requires continuous driving, whereas direct
excitation of the radial mode can lead to pattern formation even after the termination of pe-
riodic driving, since the decay of the mode is spontaneous. Triggering parametric pattern
formation also requires a much larger driving amplitude, as it originates from a higher-order
process. The decay of the radial breathing mode and subsequent creation of density pat-
terns have been observed experimentally [49, 124]. Theoretically, the pattern formation at
the resonant driving frequency has been explored using variational techniques in Ref. [127].
Monopole decay has also been discussed recently for an elongated condensate in two dimen-
sions, in the context of analog simulation [24].

We observe qualitatively similar dynamics across various interaction strengths for monopole
excitation and decay. However, the time scales associated with the excitation and decay pro-
cess may vary depending on the interaction and amplitude of the periodic driving and the
quantum fluctuation present in the system, and accurately capturing it requires one to con-
sider the beyond-mean-field effects systematically.

3.5.2 Excitation of nr = 2 radial mode

Now we consider the resonant excitation of the {nr = 2, ν = 0, kz = 0} mode, for which the
resonance condition given in Eq. (3.25) becomes,

Ω = ω2,0(0). (3.33)

The frequency ω2,0(0) depends on the interaction strength [see Fig. 3.4], unlike for the
monopole mode. For the non-interacting gas, the nr = 2 mode frequency is twice that
of the monopole frequency at ω2,0(0) = 4ωρ, and it decreases as the interaction increases.
This mode also has a smaller excitation coefficient as compared to the monopole mode, i.e.
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Figure 3.6: nr = 1 (monopole) mode excitation: (a) Dynamics of ρrms(t) and Nk(t) under
modulation of scattering length with frequency Ω = 2ωρ. (b)-(e) The integrated 2D
densities (left) nz(x, y) and (right) ny(x, z)at times [(b), (c)] ωρt = 120 and [(d), (e)] ωρt =
150, under the periodic driving of interaction with frequency Ω = 2ωρ and amplitude
∆η/η̄ = 0.016. Here η̄ = 10.0.
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Figure 3.7: nr = 2 mode excitation: (a) Dynamics of ρrms(t) and Nk(t) under modulation
of interaction at resonant frequency. [(b)-(i)] The snapshot of integrated 2D densities
(left) nz(x, y) and (right) ny(x, z). Results are given for two values of interaction strengths,
[(b)-(e)] η̄ = 10.0 (Ω = 1.90ωρ) and [(f)-(i)] η̄ = 20.0 (Ω = 1.86ωρ), before and after
longitudinal patterns formation. The snapshots are taken at [(b), (c)]ωρt = 70, [(d), (e)]
ωρt = 100, [(f), (g)] ωρt = 70, and [(h), (i)] ωρt = 110. The interaction is driven with
amplitude ∆η = 1.6 in both cases. The driving is terminated at tD = 70/ωρ.



50 Chapter 3. Excitation of radial modes and pattern formation in driven cylindrical BEC

F̄2 < F̄1, thereby requiring a larger driving amplitude ∆g to observe the excitation dynamics
around the same time-scales.

In this set of simulations, we drive interaction at the resonance frequency as,

g(t) =

 ḡ + ∆g cos(Ωt), 0 < t < tD

ḡ, t > tD

. (3.34)

where we terminate the driving after time tD. During the drive (t < tD), the nr = 2 mode
excitation causes change in the radial density profile condensate. This can be seen from the
average RMS radius ρrms(t) plotted in Fig. 3.7 (a), which increases steadily under driving.
Once the driving is terminated, ρrms(t) oscillates about its new value at a frequency close to
the original monopole frequency.

The nr = 2 mode excitation can also be seen from the radial density profile of the con-
densate, which develops annular patterns [Fig. 3.7 (b), (d), (f), (h)]. During the initial phase
of the periodic driving, the longitudinal density remains uniform as kz , 0 modes are mostly
unpopulated. We terminate the drive before observing longitudinal pattern formation. This
ensures that the patterns formed are due to the decay of the resonantly excited mode alone,
not parametric excitation.

The longitudinal pattern formation formed after the termination of the drive, at two dif-
ferent interaction strengths η̄, is given in Fig. 3.7 (e) and (i). At the weaker interaction,
the decay creates the formation of longitudinal density waves [Fig. 3.7 (e)], whereas for
the larger interaction values, we see a zig-zag pattern in the ny(x, z) density resulting from
oscillation of radial COM [Fig. 3.7 (i)].

We also see that the wavenumber of the density pattern, denoted as kG, formed at the
weaker interaction strength, in Fig. 3.7(e), indicates that its does not occur due to the decay
of nr = 2 mode to gapless branch, i.e. ω0,0(kG) , ω2,0(0)/2. Instead, it is closer to the
wavenumber expected under monopole mode decay, at ω0,0(kG) ≈ ωρ. This suggests that the
monopole mode may have played an intermediate role in the axial density wave formation.
At larger interactions, however, wavenumber of the COM oscillations (kD) that emerge does
satisfy the ω0,±1(kD) = ω2,0(0)/2, indicating that it does originates due to the decay of nr = 2
mode to the dipole branch.

To quantify the growth of different types of patterns, we define the following quantities.
The longitudinal density is given by,

nxy(z, t) =
∫

dxdy|ψ(r, t)|2. (3.35)
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Figure 3.8: nr = 2 excitation: The dynamics of [(a), (b)] nxy(z) , [(c), (d)] xcom(z), and
[(e), (f)] q(z), for interaction strengths [(a), (c), (e)] η̄ = 10.0 (Ω = 1.90ωρ) and [(b), (e),
(f)] η̄ = 20.0 (Ω = 1.86ωρ). The interaction is driven with amplitude ∆η = 1.6. The
driving is terminated at tD = 70/ωρ.

The x component of the COM of the condensate in the radial plane,

xcom(z, t) =

∫
dxdy x|ψ(r, t)|2

nxy(z, t)
, (3.36)

We also define the quantity associated with the radial quadrupole branch excitation,

q(z, t) =

∫
dxdy (x2 − y2)|ψ(r, t)|2

nxy(z, t)
. (3.37)

In Fig. 3.8, we plot the dynamics of these three quantities for the two interactions, η̄ = 10 and
η̄ = 20. For the weaker interaction [Fig. 3.8 (a)-(c)], longitudinal density patterns form, while
the dipole and quadrupole excitation signatures are very weak. For the stronger interaction,
on the other hand, [Fig. 3.8 (d)-(f)], the excitations from dipole and quadrupole branches
become prominent. The wavenumber of the quadrupole excitation kQ satisfy the relation
ω0,±2(kQ) = ω2,0(0)/2, indicating that it originate from the decay of the nr = 2 mode.

The decay of the excited mode is triggered by the noise present in the simulation, and the
exact moment it occurs varies from one run of the simulation to another. A more qualitative
assessment requires considering the role of quantum fluctuations in the system. The trun-
cated Wigner method (TWA) [12] accomplishes this task, but the divergences in 3D systems
such as ours make it difficult to implement. In general, larger ∆g and tD would create the
pattern form faster as these would transfer a larger population to the nr = 2 mode.

To better under the transition between two types of pattern a function of the interaction
strength, we consider the Fourier transform of the nx,y, xcom, and q, denoted as ñx,y(kz), x̃com(kz)
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Figure 3.9: nr = 2 excitation: The dynamics of Fourier peak values (a) ñx,y(kG), (b)
x̃com(kD), and (c) q̃(kQ) for two different interaction strengths. The peak values taken
near three different times ωρt1 = 75, ωρt2 = 100, and ωρt3 = 125, as a function of inter-
action strength. Here, we take the peak value at the nearest maxima of the particular time.

and q̃(kz), respectively. These quantities develop peaks at their respective pattern wavenum-
bers under the decay of the nr = 2 mode. The peak values, given by ñx,y(kG), x̃com(kD) and
q̃(kQ), as plotted as a function of time for the two values of interaction strengths in Fig. 3.9
(a)-(c). These function oscillates in time, with x̃com(kD) and q̃(kQ) oscillating at half the
driving frequency Ω, while ñx,y(kG) having a much smaller frequency, closer to ωρ. We can
also see that the density pattern dominates at smaller interactions, whereas the dipole and
quadrupole mode signatures are prominent at higher interactions. We also plotted the value
of ñx,y(kG), x̃com(kD), and q̃(kQ) , at three times t1, t2, and t3, as a function of interaction η̄

in Fig. 3.9 (d)-(f). We chose the maxima of the Fourier peak closest to these times. Here
we see a transition of pattern type, which is clearly showing the density pattern formation
dominating at lower values of interaction, whereas x̃com(kD) and q̃(kQ) become prominent for
larger interactions.

3.6 Comparison: GPE numerics and analytical results

In this section, we compare the results obtained from the theoretical calculations in Sec. 3.4
with those obtained by the GPE simulations in Sec. 3.5, for the driven cylindrical conden-
sate. The initial excitation of the radial modes is a coherent process [13, 27, 29] which is
captured well within the mean-field GPE evolution. The mode decay, however, is beyond
the Bogoliubov theory and cannot be captured in the mean-field picture [66]. We introduce
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a small perturbation to the initial state by adding a random noise to the mean-field state. The
GPE results remain qualitatively independent of the strength noise, which only influences
the decay time of the excited mode. Methods such as the Truncated Wigner approximation
(TWA) [12] fail in our system, as it causes divergence of energy. This issue has been noted
for 3D systems [143]. Ref. [24] has studied the spontaneous decay of excited modes using
TWA in a two-dimensional elongated condensate.

From the GPE dynamics, for weaker interaction values, we saw that the decay of the
nr = 2 mode created density waves with wavelength much larger than what was expected
from the Beliaev theory predictions. Here, the wavelength of the pattern is closer to that
obtained from monopole (nr = 1) decay. This, along with the fact that at vanishing inter-
action strength, the Beliaev theory predicts the decay of nr = 2 mode into radial monopole
modes, suggests that at weaker interaction, monopole mode may have played an interme-
diate role. However, we do not observe any increase in radial breathing motion at weaker
interactions. At larger interaction, both the theory and simulations show that nr = 2 radial
mode decays predominantly to dipole and quadrupole branches, leading to interesting longi-
tudinal patterns. We do observe weak nx,y density wave formation for larger interactions, but
the pattern wavenumber kD now satisfies ω0,±2(kD) = ω2,0(0)/2.

Thus, GPE simulation qualitatively matches the Beliav predictions. We note that Beliaev
decay could be understood in terms of non-linear mixing of modes under the GPE [146];
however, no rigorous connections have been established to our best knowledge.

3.7 Conclusion

In this chapter, we have looked at the resonant excitation and subsequent decay of radial
modes in a cylindrically confined and axially free condensate, under the periodic modulation
of s-wave scattering length. We found that the condensate exhibits several direct resonance
points, and driving at these frequencies leads to strong radial excitations in the condensate,
and the nature of the excitation depends on the quasiparticle that is resonant under driving.
When the driving frequency matches the transverse monopole frequency, the condensate ex-
hibits radial breathing that gets amplified in time, whereas when it matches the second reso-
nance point (nr = 2), the radial density profile of the condensate develops annular patterns,
along with the RMS radius of the condensate steadily increasing under drive.

The radial modes excited under such resonant drive spontaneously decay to create pairs
of excitation in the lower branches of the Bogoliubov spectrum via Beliaev damping. The
monopole mode decays to create density waves with half its characteristic frequency. The
wavelength of the pattern can be determined from the gapless density branch of the excita-
tion spectra. For the resonantly excited nr = 2 mode, the decay process is more complex
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due to the existence of multiple decay channels. When the initial interaction of the sys-
tem is relatively weak, the decay creates density waves, whose wavelength suggests that
monopole modes may have an intermediate role. In a condensate with larger values of in-
teraction strengths, the decay creates density and COM oscillation (zig-zag) patterns along
the condensate, with COM oscillations being more prominent, and their wavelength can be
determined from the Bogoliubov spectrum.

We have used both Bogoliubov theory and GPE simulation to study the dynamics, and
the results are in agreement. We look at the response of the system driven with frequencies
away from these direct resonances in the next chapter.
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Chapter 4

Parametric resonances in a cylindrically
confined BEC

This work in this chapter is currently ongoing.

4.1 Introduction

Parametric resonances arise in many driven systems, including optical [52], superconducting
[193], and plasmonic systems [153], as well as in vibrating fluids [31] and driven Bose-
Einstein condensates (BECs), where they can lead to the spontaneous formation of density
waves [49, 162]. The classical parametric oscillator is described by the equation

d2x
dt2 + ω

2
PO(t)x = 0, (4.1)

where the oscillator’s natural frequency is periodically modulated as ω2
PO(t) = ω̄2

PO[1 +
α cos(Ωt)], with α ≪ 1. This equation models, for instance, a pendulum with a vertically
oscillating suspension point, or an LC circuit with a periodically varying inductance. Equa-
tion (4.1) admits the trivial solution x0(t) = 0, ẋ0(t) = 0, indicating that an initially stationary
oscillator remains at rest despite the periodic drive. However, this solution is not always
stable. A linear stability analysis shows that when the driving frequency satisfies,

Ω = 2ωP0, (4.2)

the trivial solution becomes unstable, and any small perturbation grows exponentially. This
phenomenon is known as parametric resonance [25, 99]. In BECs, periodic modulation
of the interaction strength or the trapping potential can similarly induce spontaneous pattern
formation. Such modulations have led to observations of periodic density waves in elongated
condensates [49, 124], two-dimensional density patterns [103, 104, 201], and star-shaped
surface waves in pancake-shaped condensates [96]. Similar effects have also been reported
in two-component condensates [39]. Beyond pattern formation, parametric resonances in
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BECs have been used to generate squeezed states [75], simulate the dynamical Casimir effect
[83], and are of particular relevance in Floquet engineering, where they can cause unwanted
heating [100, 192].

In Chapter 3, we saw that the radial modes of a driven cylindrical condensate exhibit
resonances at specific driving frequencies given by

Ω = ωnr ,0(0), (4.3)

where denotes the frequency of the Bogoliubov mode. Away from these direct resonance
points, the condensate dynamics are dominated by parametric resonances, which we examine
in detail in this chapter.

The outline of the chapter is as follows. In section 4.2, we briefly reintroduce the system
under consideration. In section 4.3, we study its response to periodic driving of interaction,
under a quasi-one-dimensional (Q1D) approximation. Here, we use a linear stability analysis
of the uniform mean-field state and the Bogoliubov theory. The Q1D approach does not
consider the role of radial modes in the dynamics. In section 4.4, we consider the dynamics
of the excited modes in a 3D driven cylindrical condensate, using an approximate approach
which allows Floquet theory and a linear stability of the driven GPE solution. The results are
compared with the GPE evolution of a perturbed initial ground state in sections 4.5 and 4.6.
We find that the Q1D approximation captures the relevant dynamics for weak interaction,
away from the resonances in Eq. (4.3). For interaction strength beyond the Q1D limit, radial
modes play a more substantial role.

4.2 System

The system we study in this chapter is the same as the one described in the last chapter. We
consider a weakly interacting gas of bosons with mass M that is harmonically trapped in the
radial xy-plane, with the trap potential Vρ(ρ) = (1/2)Mω2

ρρ
2, and free along the longitudinal

z direction. The trapped bosons interact via two-body collisions, characterized by the s-wave
scattering length as. The dimensionless parameter characterizing the interaction is given by

η = 4πasnH, (4.4)

where nH = N/Lz is the linear density, with N and Lz being the particle number and length
of the system along the z-direction, respectively. The second quantized Hamiltonian describ-
ing this system is given in Eq. (3.1). At very low temperature, when the system is Bose
condensed, it is also described using the mean-field order-parameter ψ(r) that obeys the
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Gross-Pitaevskii equation,

iℏ
∂ψ(r, t)
∂t

=

[
−
ℏ2∇2

2M
+ Vρ(ρ) + g(t)|ψ(r, t)|2

]
ψ(r, t). (4.5)

At time t = 0, the system is at the ground state with constant interaction η̄, and when
t > 0, the scattering length is driven periodically. as,

as(t) = ās + ∆as cos(Ωt). (4.6)

The interaction coefficient also evolve periodically as η(t) = η̄ + ∆η cos(Ωt) with ∆η =
4π∆asnH.

4.3 Quasi-one-dimensional driven BEC

The system we mentioned above can be described using a quasi-one-dimensional (Q1D)
approximation when the transverse trap energy is much larger than all other energy scales in
the system [see Sec. 2.4]. In this case, the radial motion of atoms is assumed to be frozen in
the harmonic ground state, and dynamics can be reduced to that in the longitudinal direction.

The approximation is valid if µ1D ≪ ℏωρ, where µ1D is the 1D chemical potential of
the system and ωρ is the transverse trap frequency. However, in a time-periodic system,
the approximation can break down even if this condition is met. The simplest example is
periodically driving the system at a frequency resonant with a radial excitation. We discussed
this scenario in the last chapter, where we saw the condensate exhibiting radial dynamics
even at a very small driving amplitude. Despite these shortcomings, the quasi-1D picture
can capture the qualitative dynamics when the driving frequency is not resonant with the
radial modes.

In this section, we look at the dynamics of a periodically driven Q1D homogeneous sys-
tem. We do so using two approaches: the linear stability analysis of the mean-field solution
and the Bogoliubov theory. We show that these methods give us the same quantitative pre-
dictions for the system.

4.3.1 Linear stability analysis of mean-field solution

In Sec. 2.8.1, we discuss the pattern formation in a driven homogeneous 2D system,
where linear stability analysis was used to predict the wavelength of the patterns formed in
the system. Here, we employ the same analysis to a Q1D driven BEC.
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The dynamics of the Q1D wavefunction ψ̃(z) of the condensate is given by the GPE,

iℏ
∂ψ̃

∂t
=

[
−
ℏ2

2M
∂2

∂z2 + g1D(t)|ψ̃|2
]
ψ̃, , (4.7)

where the 1D coefficient interaction g1D(t) = 2ℏ2as(t)/Ml2
ρ. In the absence of any driving, the

ground state of the equation is uniform given by ψ̃0(z) =
√

nH and the 1D chemical potential
being µ1D = ḡ1DnH, where ḡ1D = 2ℏ2ās/Ml2

ρ denoting the constant interaction.
Under the periodic driving of interaction as given in Eq. (4.6), the 1D coefficient evolve

as g1D(t) = ḡ1D + ∆g1D cos(Ωt), where ∆g1D = 2ℏ2∆as/Ml2
ρ. In this case, the uniform state

becomes unstable to the formation of density modulation. To see this, we do a linear stability
analysis on the uniform solution of the driven GPE (4.7) [162], given by ψ̃(t) = e−iθH(t) with

θH(t) = ḡ1DnHt + ∆g1DnH
sin(Ωt)
Ω

. (4.8)

A spatially modulated perturbation is added to this solution as ψ̃(t) = [1+w(t) cos(kz)]e−iθH(t),
where w(t) and k are the amplitude and momentum of the perturbation, respectively. We then
seek linearized solutions to w(t) from the GPE (4.7), and after simplifying we arrive at,

ℏ2 d2u
dt2 +

[
ϵ2

1D(k) + 2Ek∆g1DnH cos(Ωt)
]

u = 0, (4.9)

where,

ϵ1D(k) =
√

Ek(Ek + 2µ1D), (4.10)

is the Bogoliubov spectrum of the homogeneous 1D system, with Ek = ℏ
2k2/2M. Eq. (4.9)

is a Mathieu equation. Floquet theory states that solutions of the form u(t) = eσt p(t) exist for
Eq. (4.9), where p(t + 2π/Ω) = p(t) is a periodic function and σ is the known as the Floquet
exponent. If Re{σ} > 0 for a particular k, the uniform state is unstable to the formation of
density modulation at that wavenumber under driving. The most unstable momentum ku is
the momentum for which Re{σ} is the largest. We can show when ∆g1D → 0, ku satisfy,

ℏΩ = 2ϵ1D(ku), (4.11)

and Floquet exponent at this point is given as Re{σ}∆g1D→0 = ∆g1DnHEku/ℏ
2Ω [122]. This

is parametric resonance, where surface modes with a characteristic frequency half that of
the driving frequency get excited. Here we have ignored dissipation, which introduces a
minimum amplitude above which one has to modulate if wave formation is to be observed
[162].
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4.3.2 Bogoliubov theory calculation

We now demonstrate that the same results as above can be obtained using Bogoliubov theory.
Similar calculations were done in Ref. [27], focusing on density correlations. The second-
quantized Hamiltonian for a Q1D Bose gas is given by [140],

Ĥ1D(t) =
∑

k

Ekâ
†

k âk +
g1D

2Lz

∑
k1,k2
k3,k4

â†k1
â†k2

âk3 âk4 δ(k1 + k2 − k3 − k4), (4.12)

where âk annihilates a particle in the longitudinal momentum state k, in the ground state of
radial trap. As in the previous section, we assume that the transverse degrees of freedom are
frozen to the ground state of the harmonic trap. The delta function in the second term ensures
the momentum conservation of interacting pair of particles under the two-body interaction.

Under Bose–Einstein condensation, the zero-momentum mode becomes macroscopically
occupied, thus the population in this mode N0 = ⟨â

†

0â0⟩ ≈ N. We define the number of
particles in the non-zero momentum modes as,

δN̂ =
∑
k,0

â†k âk. (4.13)

Assuming particle number conservation, we can write â†0â0 = N − δN̂. For small non-
condensate population ⟨δN⟩ ≪ N, we also have â†0â†0â0â0 ≈ N2 − 2NδN̂. Substituting these
into the Hamiltonian,

Ĥ1D(t) ≈
∑
k,0

Ekâ
†

k âk +
g1D

2Lz

∑
k,0

[Nâkâ−k + H.c.] + 4Nâ†k âk + N(N − 2δN̂)

 . (4.14)

Here, we have neglected cubic order and higher order terms in âk,0, which is justified for
a small non-condensate population. Under the periodic driving of the scattering length, we
can split the Hamiltonian into a time-independent part,

Ĥ(0)
1D =

1
2

g1DnHN +
∑
k,0

Ekâ
†

k âk +
g1DnH

2

∑
k,0

{
âkâ−k + â†k â†

−k + 2â†k âk

}
, (4.15)

and a periodic perturbation,

V (T )
1D (t) =

1
2
∆g1DnH cos(Ωt)

N +∑
k,0

{
âkâ−k + â†k â†

−k + 2â†k âk

} . (4.16)
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The time-independent Hamiltonian can be diagonalized by the Bogoliubov transforma-
tion of the operators [see Sec. 2.5.1],

âk = ukb̂k + v∗−kb̂
†

−k, â†k = u∗kb̂†k + v−kb̂−k, (4.17)

Here, the Q1D Bogoliubov operators satisfy bosonic commutation relations [b̂k, b̂
†

k′] = δkk′

and the coefficients are given by

uk =

√
Ek + µ1D

2ϵ1D(k)
+

1
2
, vk = −

√
Ek + µ1D

2ϵ1D(k)
−

1
2
, (4.18)

where ϵ1D(k) is the homogeneous 1D spectrum defined in Eq. (4.10). Under the transforma-
tion, we get,

Ĥ(I)
1D = E(1D)

0 +
∑
k,0

ϵ1D(k)b̂†k b̂k. (4.19)

From here, we see that the Bogoliubov quasiparticle population remains constant as ⟨b̂†k(t)b̂k(t)⟩ =
⟨b̂†k(0)b̂k(0)⟩ in the absence of modulation. The evolution in the presence of modulation is
given by the Heisenberg equation of motion,

iℏ
∂

∂t
b̂k =

[
b̂k, Ĥ

(I)
1D + V (T )

1D (t)
]

(4.20)

Using the commutation relations of the Bogoliubov operators, we arrive at the following
equation of motion for the operators under driving given by,

iℏ
∂

∂t

 b̂k

b̂†
−k

 =

ℏωk,1D +

∆g1DnHEk

ϵ1D(k)
cos(Ωt)

∆g1DnHEk

ϵ1D(k)
cos(Ωt)

−
∆g1DnHEk

ϵ1D(k)
cos(Ωt) −ℏωk,1D −

∆g1DnHEk

ϵ1D(k)
cos(Ωt)


 b̂k

b̂†
−k

 . (4.21)

We can seek solution to this equation of the following form,

b̂k(t) = ck(t)b̂k(0) + c̃k(t)b̂
†

−k(0)

b̂†
−k(t) = c′k(t)b̂k(0) + c̃′k(t)b̂

†

−k(0). (4.22)

The time-dependent coefficient can then be shown to follow the same set of equations as
b̂k, b̂

†

−k. Since this is a linear equation with periodic coefficients, we can apply Floquet theory
(Sec. 2.7), which predicts solutions of the form,ck

c̃∗k

 = eσkt

p1,k

p2,k

 , (4.23)
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Figure 4.1: Mean-field evolution of driven cylindrical BEC: Dynamics of RMS radius in
the xy-plane, ρrms(t) = (1/Lz)

∫
drρ|ψ(r, t)|2, under modulation for scattering length at

mean-interaction and driving amplitude values (a) η̄ = 2 and α = 0.1, (b) η̄ = 10 and
α = 0.05, and (c) η̄ = 20. The results are given for various driving frequencies Ω.

where p1/2,k(t + 2π/Ω) = p1/2,k(t) is a periodic function, and σk is the Floquet exponent.
At timescales larger than the driving period, the evolution determined by σk, and the mode
population grows as,

⟨b̂†k(t)b̂k(t)⟩ ∼ e2 Re{σk}t. (4.24)

If Re{σk} > 0, the corresponding mode becomes unstable as its population increases ex-
ponentially under the drive. We show that (Appendix B) that when ∆g1D is infinitesimally
small, the instability occur for the mode with momentum ku satisfying,

ℏΩ = 2ϵ1D(ku), (4.25)

and the Floquet exponent for the most unstable mode is Re{σk} = ∆g1DnHk2
u/2ℏ

2Ω. These
predictions match the ones we obtain from the linear stability analysis.

4.4 Theory of driven condensate in three-dimensions

In the Q1D analysis, we have neglected the radial degrees of freedom of the condensate. In
this section, we look at the full 3D dynamics of the driven cylindrically confined system,
which allows us to verify the validity Q1D approximation for low interactions. We also
extend the study to higher interaction regimes beyond this approximation.
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Extending the quasi-1D analysis to 3D trapped condensate is challenging due to the mo-
tion of the background condensate, due to the driving [180]. For the homogeneous 1D sys-
tem, the uniform state satisfies the driven GPE, and the perturbations about this solution
can be expanded in the momentum basis. For an inhomogeneous condensate, there are no
stationary solutions under periodic driving, as the condensate expands and contracts radi-
ally under the modulation. Therefore, the dynamics of the longitudinal excitation are not
only affected by the driving itself, but they can also be affected by the radial motion of the
condensate [126]. The radial dynamics of the mean-field solution are also not periodic [see
Fig. 4.1], thus making the use of Floquet theory questionable.

In this section, we attempt to include the radial degrees of freedom of condensate into
the theoretical analysis in two ways.

i. Floquet theory approach: In this method, we ignore the radial dynamics of the GPE
mean-field solution and derive the equations of motion of the Bogoliubov operators of
the 3D cylindrical system. This is an extension of the method discussed in Sec. 4.3.2,
and we use the Floquet theory to find the unstable modes in the system

ii. Linear stability analysis of mean-field solution: Here we follow the method developed in
Ref. [29], using which we study the dynamics of the Bogoliubov modes. This approach
is more tedious, but it enables us to take into account the effect of radial motion in the
mode dynamics.

4.4.1 Floquet theory approach

Here, we expand the field operator as follows,

Ψ̂(r, t) =
ξ0(ρ)
√

Lz

â0 + δΨ̂(r, t)
 e−iµt. (4.26)

where ξ0(ρ) is the mean-field ground state of the condensate in the absence of driving. This
expansion holds an implicit assumption that the condensate wavefunction is stationary in
time, which we justify by assuming that the driving amplitude of the scattering length is
weak enough to ignore the radial motion of the condensate. We have already discussed the
expansion of the Hamiltonian using Eq. (4.26) in Sec. 3.4, where we saw that the term V̂ (1)

I (t)
that is linear in δΨ̂ causes radial mode excitation at resonant driving frequency Ω Eq. (4.3).
When Ω is not at these resonant values, the quadratic Hamiltonian V̂ (2)

I (t) can no longer be
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ignored. Expanding the V̂ (2)
I (t) in the Bogoliubov basis Eq. (3.15), we arrive at the following,

V̂ (2)
I (t) = ∆gnH cos(Ωt)

∑
nr ,n′r
ν,kz

P(ν,kz)
nr ,n′r

b̂†nr ,ν,kz
(t)b̂n′r ,ν,kz(t) +

[
Q(ν,kz)

nr ,nr
b̂†nr ,ν,kz

(t)b̂†n′r ,−ν,−kz
(t) + H.c.

]
,

(4.27)

where the coupling coefficients are given as,

P(ν,kz)
nr ,n′r
=

∫
ρdρ

(
|ξ0|

2[ū∗nr ,ν,kz
v̄n′r ,ν,kz + v̄∗nr ,ν,kz

ūn′r ,ν,kz] + (2|ξ0|
2
− Ξ)[v̄∗nr ,ν,kz

v̄n′r ,ν,kz + ūnr ,ν,kz ū
∗
n′r ,ν,kz

]
)

Q(ν,kz)
nr ,n′r
=

∫
ρdρ

[
|ξ0|

2

2
(ū∗nr ,ν,kz

ū∗n′r ,ν,kz
+ v̄∗nr ,ν,kz

v̄∗n′r ,ν,kz
) + (2|ξ0|

2
− Ξ)v̄∗nr ,ν,kz

ū∗n′r ,ν,kz

]
. (4.28)

As we can see in Eq. (4.27), V (2)
I (t) describes the creation and annihilation of pairs of exci-

tations with quantum numbers ±ν and ±kz. Thus, the dynamics of Bogoliubov modes are no
longer uncoupled when driving is present.

We now restrict our analysis to the modes with non-zero ν and kz quantum numbers, for
which the lowest order dynamics is given by V̂ (2)

I (t). The equations of motion of these modes
are obtained using the Heisenberg equation,

iℏ
db̂nr ,ν,kz

dt
= ∆gnH cos(Ωt)eiωnr ,ν(kz)t

∑
n′r

P(ν,kz)
nr ,n′r

b̂n′r ,ν,kze
−iωn′r ,ν

(kz)t + Q̃(ν,kz)
nr ,n′r

b̂†n′r ,−ν,−kz
eiωn′r ,−ν

(−kz)t,

(4.29)

where Q̃(ν,kz)
nr ,n′r
≡ Q(ν,kz)

nr ,n′r
+ Q(ν,kz)

n′r ,nr
. By making the transformation b̂nr ,ν,kze

−iωnr ,ν(kz)t → b̂nr ,ν,kz , we
finally arrive at the following set of equations,

iℏ
d
dt

 Bν,kz

B̄−ν,−kz

 =  M(0)
ν,kz

M(1)
ν,kz

−
[
M(1)

ν,kz

]∗
−

[
M(0)

ν,kz

]∗  Bν,kz

B̄−ν,−kz

 . (4.30)

Here the column vectors Bν,kz = (b̂0,ν,kz , b̂1,ν,kz , . . . )
T and B̄ν,kz = (b̂†0,ν,kz

, b̂†1,ν,kz
, . . . )T and the

matrices contains the following elements,[
M(0)

ν,kz
(t)

]
nrn′r
= ℏωnr ,ν(kz)δnr ,n′r + ∆gnH cos(Ωt)P(ν,kz)

nr ,n′r
, (4.31)[

M(1)
ν,kz

(t)
]

nrn′r
= ∆gnH cos(Ωt)Q̃(ν,kz)

nr ,n′r
, (4.32)

The set of coupled equations can be solved numerically to obtain the population of various
excited modes. We use Floquet theory to further simplify the problem, as described in the
next section.
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Floquet theory

We can apply Floquet theory to Eq. (4.30), since it is a set of linear equations with periodic
coefficients. The long-time dynamics (as compared to the driving period) of the modes
are contained within the Floquet exponents, which can be used to definitively identify the
instability of the modes.

First, we note that the solution to Eq. (4.30) can be sought of the forms,

b̂nr ,ν,kz(t) =
∑

n′r

cnrn′r (t)b̂n′r ,ν,kz(0) + c̃nrn′r (t)b̂
†

n′r ,−ν,−kz
(0). (4.33)

The time-dependent coefficients follow the same equations as modes, given by

iℏ
d
dt

Cnr

C̃∗nr

 =  M(0)
ν,kz

M
(1)
ν,kz

−
[
M

(1)
ν,kz

]∗
−

[
M

(0)
ν,kz

]∗ C∗nr

C̃nr

 , (4.34)

where the column vector Cnr =
(
cnr ,1, cnr ,2, . . .

)T and C̃nr =
(
c̃nr ,1, c̃nr ,2, . . .

)T . Floquet theory
states that there exist solutions of the form,Cnr (t)

C̃∗nr
(t)

 = eσt

Pnr (t)
P̃ ∗nr

(t)

 , (4.35)

where Pnr (t) and P̃nr (t) are periodic with time-period T = 2π/Ω. The Floquet exponents
σ can be obtained numerically by solving the set of equations over one modulation period,
using the method we outlined in Sec. 2.7. If Re{σ} > 0, it indicates an instability under
driving that creates an exponential increase in the population of excited modes.

There are n distinct exponents for a system of n coupled differential equations, but the
solution with the exponent having the largest real part dominates the dynamics. We use σν,kz

to denote the exponent with the largest real part for a given value of |ν|, |kz|. If Re{σν,kz} > 0,
we expect the instability to cause longitudinal pattern formation with wavelength 2π/kz.

Q1D interaction limit

We first look at the Floquet theory results for driven condensate interaction in the Q1D limit.
We restrict our analysis to driving frequencies 0 < Ω < 4ωρ, which lie in the experimentally
achievable region [124]. The unstable modes are determined by solving Eq. (4.34) for
various ν, kz values, after truncating it to include coupling between nr = 0, 1 modes only. We
verified that including more modes in the calculation does not affect the result.
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Figure 4.2: (a) The momenta (marked by "+") of the most unstable modes in the gapless
branch (ν = 0) and dipole branch (ν = ±1) obtained from Eq. (4.34) plotted as function
of driving frequency Ω (y-axis). Solid lines indicate the Bogoliubov dispersion relations
ω0,ν(kz). The real part of the Floquet exponent σν,kz for various kz at driving frequencies
(b) Ω/2 = 0.75ωρ, (c) Ω/2 = 1.2ωρ, and (d) Ω/2 = 1.8ωρ. Peaks indicate instability at
the corresponding momenta. Here η̄ = 2.0 and ∆η = 1.2.

Here we see that, under periodic driving, parametric resonance occurs for modes from
radial branches as well, with the general resonance condition being,

Ω = 2ωnr ,ν(kz). (4.36)

In Fig. 4.2 (a), we plot the axial momenta kz of the most unstable modes for ν = 0 and
ν = ±1, as a function of driving frequencies. The predictions for the modes from the gapless
branch match those from the Q1D analysis. The resonance in Eq. (4.36) occurs due to the
strong mixing between modes with ±ν and ±kz, creating pairs of such excitation with total
energy ℏΩ [201].

Although we see instability arising from both the gapless branch (nr = 0, ν = 0 ) and the
dipole branch (nr = 0, ν = ±1), the condensate dynamics will be dominated by the unstable
mode with the larger Floquet exponent. Fig. 4.2 (b)-(c) show the Re

{
σν,kz

}
for ν = 0,±1 for

different driving frequencies. The peak position in these plots gives us the momenta of the
unstable modes. When driving frequency Ω < 2ωρ, the dipole branch (ν = ±1) modes are
not unstable. When Ω > 2ωρ, dipole branch modes are unstable, but the Floquet exponent
Re

{
σ0,kz

}
> Re

{
σ±1,kz

}
. The dynamics are thus dominated by the gapless branch modes,

which create longitudinal density waves upon excitation.
The pair creation process can also occur for modes with different radial node numbers nr.

This process must conserve energy, longitudinal momentum, and angular momentum, which
gives us the most general resonance condition as,

Ω = ωnr ,ν(kz) + ωn′r ,−ν(−kz) (4.37)

This describes a process that creates a pair of excitations with quantum numbers {nr, ν, kz} and
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{n′r,−ν,−kz}. In Fig. 4.2 (b)-(c), as well as in the later GPE simulations, we see a signature
of resonance creating pairs of modes with nr , n′r. This is seen as the smallest peak in these
figures. Due to the very small value of their Floquet exponent, such processes do not play
any significant role in the dynamics.

Thus, the 3D analysis here shows that, although the modes from the gapped radial
branches are unstable under driving, the dynamics are dominated by the density pattern for-
mation resulting from the lowest branch instability. Thus, Q1D theory remains valid at weak
interaction, even when driving frequency Ω > 2ωρ.

Interactions beyond Q1D limit

The Q1D interaction picture is not expected to be valid at regimes where µℏ ⪆ ωρ. We also
find, however, that the Floquet Hamiltonian approach incorporating the radial modes also
fails to accurately capture the dynamics of the condensate, as we find discrepancies with the
GPE results. The Floquet calculations predict the dipole branch modes to be more unstable
than the gapless branch modes at driving frequencies greater than but close to 2ωρ, and vice
versa when the driving frequency is larger. The GPE results predict the exact opposite results.
In order to understand this deviation, we turn to an approach that does not ignore the radial
oscillations of the condensate under periodic driving (Fig. 4.1).

4.4.2 Linear stability analysis of the mean-field solution

To understand the effect of radial condensate motion under driving on the evolution of quasi-
particles, we use the method described in Ref. [29]. First, we will briefly discuss some
background here.

In general, the response of a condensate in the presence of a time-dependent interaction
or trap can be classified into two types;

i. The collective motion of the condensate mode

ii. The evolution of the non-condensate atoms

Condensate mode is the macroscopically populated mode, which in the number-conserving
formalism is defined as the eigenvector of the one-body density matrix with the largest eigen-
value. The corresponding eigenvalue, N0 ≈ N, gives the condensate population. For the
cylindrically confined system, the condensate mode dynamics is given by time-dependent
2D GPE,

iℏ
∂ψ0(ρ, t)

∂t
=

−ℏ2∇2
x,y

2M
+ Vρ(ρ) + g(t)|ψ0(ρ, t)|2

ψ0(ρ, t), (4.38)
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as the system remains uniform along the z-direction under the driving. Here, we use the
subscript to differentiate the condensate mode ψ0(ρ, t) from the 3D GPE solution ψ(r, t),
which is the evolved from a perturbed initial ground state, and these two solutions diverge
from each other due to the parametric instabilities in the system.

The particles can also leave and enter the condensate mode, and the mean-field does not
capture this dynamics. The dynamics of the non-condensate particles can be expressed in
terms of the evolution of Bogoliubov modes, and at the lowest/ linear order, it follows the
equation [28, 29],

iℏ
d
dt

|un(t)⟩
|vn(t)⟩

 = L̂Q(t)

|un(t)⟩
|vn(t)⟩

 . (4.39)

Here |un(t)⟩ and |vn(t)⟩ denote the quasiparticle amplitude at time t. In this formalism, we
assume the quasiparticle operator b̂n is time-independent, while the amplitudes evolve. At
time t = 0, the |un(t)⟩ and |vn(t)⟩ are the Bogoliubov amplitudes of the undriven condensate
as defined in Eq. (2.34) (see Sec. 3.3 as well), and these functions are orthogonal to the
condensate mode. The operator L̂Q(t) is given by,

LQ(t) =

ĤGP(t) + gnHQ̂(t)|ψ(t)|2Q̂(t) gnHQ̂(t)ψ2
0(t)Q̂∗(t)

−gnHQ̂
∗(t)(ψ2

0)∗(t)Q̂(t) −ĤGP(t) − gnHQ̂(t)|ψ0(t)|2Q̂(t)

 . (4.40)

Here we have ĤGP(r, t) = −(ℏ2∇2/2M) + Vρ(ρ) + g(t)nH |ψ0(t)|2 − µ, with ψ(t) being the
GPE solution with ψ0(0) = ξ0 (ground state of order-parameter). We also have the operator
Q̂(t) which projects a function to the space orthogonal to the condensate mode ψ0(t), i.e.
Q̂(t) = I− |ψ0(t)⟩ ⟨ψ0(t)|, where I is the identity matrix. The initial solution of the amplitudes
un(0), vn(0) also turned out to be the eigenfunctions of LQ(0) (Appendix C).

The non-condensate population can be obtained from |un(t)⟩ and |vn(t)⟩ as,

⟨δN̂(t)⟩ =
∑

n

⟨vn(t)|vn(t)⟩ + ⟨b̂†nb̂n⟩[⟨un(t)|un(t)⟩ + ⟨vn(t)|vn(t)⟩]., (4.41)

The first and second terms in the above equation give us the quantum and thermal depletions
of the condensate, respectively. Since we assume zero temperature, the contribution from
thermal depletion remains zero, i.e. ⟨b̂†nb̂n⟩ = [exp(ϵn/kBT ) − 1]−1 = 0. We are then left with
the quantum depletion,

⟨δN̂(t)⟩ =
∑

n

⟨vn(t)|vn(t)⟩ . (4.42)

The exponential growth of δN(t) indicates condensate instability [28]. Eq. (4.39) is valid as
long as the condensate population is much greater than the non-condensate population, thus
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capturing the early time-dynamics in the presence of instability.
We note that the perturbations in mean-field solutions evolve under equations similar to

Eq. (4.39) [29]. Therefore, here we are effectively doing a linear stability test on the time-
dependent mean-field solution of the GPE.

In Bogoliubov basis

The equations of motion (4.39) can be efficiently solved in the Bogoliubov basis of undriven
condensate, i.e., in the basis of L̂Q(0). First, we obtain |un(0)⟩ , |vn(0)⟩ by diagonalizing
L̂Q(0), or equivalently, solving the usual BdG equation (2.18) and then orthogonalizing the
amplitudes using Eq. (2.34). The solution at a later time, |un(t)⟩ , |vn(t)⟩, can then be expanded
in the Bogoliubov basis of the initial Hamiltonian as (see Appendix C),|un(t)⟩
|vn(t)⟩

 = α(n)
0 (t)

|ξ0⟩

|0⟩

 + β(n)
0 (t)

 |0⟩∣∣∣ξ∗0〉
 +∑

n′,0

α(n)
n′ (t)

|un′(0)⟩
|vn′(0)⟩

 + β(n)
n′ (t)


∣∣∣v∗n′(0)

〉∣∣∣u∗n′(0)
〉 . (4.43)

Here, the summation is over the Bogoliubov modes with frequency ω , 0, and the coeffi-
cients are given as,

α(n)
n′ (t) = ⟨un′(0)|un(t)⟩ − ⟨vn′(0)|vn(t)⟩

β(n)
n′ (t) = −

〈
v∗n′(0)

∣∣∣un(t)
〉
+

〈
u∗n′(0)

∣∣∣vn(t)
〉
. (4.44)

This expansion transforms the partial differential equations (4.39) to a set of ordinary linear
equations of α(n)

n′ , β
(n)
n′ .

The problem can be further simplified by considering the symmetries of the condensate.
We know that for the cylindrically confined system, the amplitudes are of the form,

unr ,ν,kz(r, 0) = ūnr ,ν,kz,0(ρ)eiνφeikzz

vnr ,ν,kz(r, 0) = v̄nr ,ν,kz,0(ρ)eiνφeikzz. (4.45)

We also note that the mean-field solution ψ0(t) = ψ0(ρ, t) retains its translational symmetry
along the z axis and rotationally symmetry about the z-axis. Using these facts, it is possible to
show that evolution only couples modes with the same |ν|, |kz| (Appendix C). The dynamics
of the coefficients become separated as,

iℏ
d
dt

α(ν,kz)
nr

β(ν,kz)
nr

 =  M̃ (1)
ν,kz

M̃ (2)
ν,kz

−
(
M̃ (2)

ν,kz

)∗
−

(
M̃ (1)

ν,kz

)∗ α(ν,kz)
nr

β(ν,kz)
nr

 . (4.46)
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Here, column matrices are given by α(ν,kz)
nr = (α(ν,kz)

nr ,1
, α

(ν,kz)
nr ,2

, ...)T and β(ν,kz) = (β(ν,kz)
nr ,1

, β
(ν,kz)
nr ,2

, ...)T

where the coefficients of the radial modes given by

α
(ν,kz)
nr ,n′r
=

∫
dρρ[ūn′r ,ν,kz(0)ūnr ,ν,kz(t) − v̄n′r ,ν,kz(0)v̄nr ,ν,kz(t)]

β
(ν,kz)
nr ,n′r
=

∫
dρρ[ūn′r ,ν,kz(0)v̄nr ,ν,kz(t) − v̄n′r ,ν,kz(0)unr ,ν,kz(t)]. (4.47)

And the elements of the matrices are given by,

[M̃ (1)
ν,kz]nr ,n′r =

(〈
ūnr ,ν,kz(0)

∣∣∣ ,− 〈
v̄nr ,ν,kz(0)

∣∣∣) L̂ν,kz
Q (t)


∣∣∣ūn′r ,ν,kz(0)

〉∣∣∣v̄n′r ,ν,kz(0)
〉

[M̃ (2)
ν,kz]nr ,n′r =

(〈
ūnr ,ν,kz(0)

∣∣∣ ,− 〈
v̄nr ,ν,kz(0)

∣∣∣) L̂ν,kz
Q (t)


∣∣∣v̄n′r ,ν,kz(0)

〉∣∣∣ūn′r ,ν,kz(0)
〉 . (4.48)

with matrix L̂ν,kz
Q is obtained from the relation L̂Q(t)unr ,ν,kz = eiνφeikzzL̂

ν,kz
Q (t)ūnr ,ν,kz .

We can see that Eqs. (4.46) is similar to the Eqs. (4.30) obtained from the Floquet theory
approach. The difference here is that the M (t) matrices used in the Floquet approach are
periodic in time, whereas M̃ (t) matrices defined in the equation set above are not due to
their dependence on the mean-field solution ψ0(t).

The steps for solving the equation of motion for the quasiparticle amplitude under driving
are as follows.

i) Solve for the Bogoliubov amplitudes of the undriven cylindrical condensate to obtain∣∣∣ūnr ,ν,kz(0)
〉

and
∣∣∣v̄nr ,ν,kz(0)

〉
.

ii) Obtain the mean field ψ0(ρ, t) from GPE. (4.38).

iii) Obtain M̃ (1)
ν,kz(t) and M̃ (1)

ν,kz(t) using Eqs. (4.48).

iv) Solve Eq. (4.46) to obtain the dynamics of various modes, with the initial conditions
α

(ν,kz)
nr ,nr = δnrn′r and β(ν,kz)

nr ,nr = 0

The population of each mode can be calculated from the coefficients as,

⟨vn(t)|vn(t)⟩ =
(
α†n β†n

) Cαα Cαβ

Cβα Cββ

 αn

βn

 , (4.49)

where n = {nr, ν, kz} denotes the mode index and the time-independent matrices are given by,

Cαα
n,n′ = ⟨vn(0)|vn′(0)⟩ , Cαβ

n,n′ =
〈
u∗n(0)

∣∣∣vn′(0)
〉

Cβα
n,n′ =

〈
vn(0)

∣∣∣u∗n′(0)
〉
, Cββ

n,n′ =
〈
u∗n(0)

∣∣∣u∗n′(0)
〉
.
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In the rest of the chapter, we look at the dynamics of excited modes under periodic driving
using the linear stability analysis of the mean-field GPE solution, and compare the results
with the dynamics of the perturbed ground state.

4.5 Driven dynamics in the Q1D limit of interaction

In this section, we examine the dynamics of a weakly interacting 3D cylindrical condensate
in the quasi-1D (Q1D) regime, using linear stability analysis of Bogoliubov modes as dis-
cussed in Sec. 4.4.2. We compare these predictions with Gross-Pitaevskii equation (GPE)
simulations of an initially perturbed ground state, which also exhibit instability of the lon-
gitudinally uniform state. To initiate the dynamics, we perturb the ground state by adding
small random noise of the form,

ψ(ri, t) =
√

nHξ0(ρi) + |ξ0(ρi)|(si + iti), (4.50)

where i denotes the grid point index, and si and ti are small uniform random variable.
The perturbation added mimics the inherent quantum fluctuations in the system [50, 58],
which triggers the pattern formation. We also assume a weak modulation with amplitude
∆as/ās ≪ 1, and the modulation frequencies restricted to Ω < 4ωρ.

Here, the mean interaction strength is η̄ = 2, which corresponds to a chemical potential
µ ≈ 0.28 ℏωρ, well within the Q1D limit. The driving does not cause significant excitation in
the modes with |ν| > 1 in the driving frequency range we consider. The population dynamics
of the excited mode from the gapless branch (ν = 0) and dipole branch (ν = ±1), at the initial
stages of modulation, is given in Fig. 4.3 for four different driving frequencies. Here, we
defined the excited population for the unstable mode as,

δNν,kz(t) =
〈
v0,ν,kz(t)

∣∣∣v0,ν,kz(t)
〉
, (4.51)

which gives the population of modes which was at t = 0 in the lowest branches (i.e. nr = 0).
In Fig. 4.3, we see that the population in the modes grows sharply under the periodic

driving. These are modes with excitation frequency half the driving frequency as ωnr ,ν(kz) =
Ω/2, indicating the parametric excitation. The unstable gapless density mode population
grows at a faster rate than that of dipole branch mode, fully in agreement with the Floquet
theory calculations done in Sec. 4.4.1. We compare the growth of unstable modes from the
two branches in Fig. 4.4, where we see the gapless mode (ν = 0) being more unstable than
the dipole mode (ν = ±1), at the three different driving frequencies considered.

We also look at the 3D GPE dynamics of the perturbed ground state under periodic
driving of the interaction. The results are shown in Fig. (4.5) for three driving frequencies.
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Figure 4.3: Dynamics of population δNν,kz(t) at Q1D limit of interaction for ν = 0 (top
row) and ν = ±1 (bottom row), for various driving frequencies. Here, interaction η̄ = 2.0
and η̄ = 1.2.

Figure 4.4: The dynamics of the most unstable modes with ν = 0 and ν = ±1 at Q1D limit
of interaction, for driving frequencies (a) Ω = 2.4ωρ, (b) Ω = 3.0ωρ, and (c) Ω = 3.6ωρ.
Here, interaction η̄ = 2.0 and η̄ = 1.2.
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Figure 4.5: The integrated densities nz(x, y)(left) and nx(z, y) (right) for obtained from
GPE evolution for Q1D limit of interaction at driving frequencies [(a), (b)] Ω = 2.4ωρ
(ωρt = 120), [(c), (d)] Ω = 3.0ωρ (ωρt = 140), and [(d), (e)] Ω = 3.6ωρ (ωρt = 150).
Here, interaction η̄ = 2.0 and η̄ = 1.2.

Here, we plot the integrated 2D densities in the xy and yz planes, given by,

nz(x, y, t) =
∫

dz|ψ(r, t)|2 and nx(y, z, t) =
∫

dx|ψ(r, t)|2. (4.52)

From the nx(y, z) (Fig. (4.5)), we see the formation of longitudinal density patterns with
wavelength λ ∼ 2π/k(0)

u , where k(0)
u is the momenta of the unstable mode from the lowest

branch, given by ω0,0(k(0)
u ) = Ω/2. These are the usual Faraday waves observed in driven

BEC [49, 124, 163]. The density patterns do not reveal any sign of the dipole branch mode
excitation, but it can be seen from the momentum space density of the system. In Fig. 4.6, we
plot the momentum space density of the condensate along the z-direction, which is defined
as,

ñz(kz, t) =
∫

dkxdky|ψ
′(k, t)|, (4.53)

where ψ′(k, t) is the momentum space wavefunction. Here, we can see the peaks (beside
at kz = 0) at ±k(0)

u arising due to excitation of axial density modes. We can also see smaller
peaks at the momenta ±k(1)

u , given ω0,1(k(1)
u ) = Ω/2, due to resonant dipole mode.

Since only the lowest branch plays a significant role in the pattern formation, the Q1D
picture captures the dynamics well, even when the driving frequency is large enough to cause
excitation of modes from radial branches.
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Figure 4.6: Momentum space linear density of the condensate obtained from GPE evolu-
tion, for driving frequencies (a) Ω = 2.4ωρ (ωρt = 120), (b) Ω = 3.0ωρ (ωρt = 140), and
(c) Ω = 3.6ωρ (ωρt = 150). Here, interaction η̄ = 2.0 and η̄ = 1.2.

4.6 Beyond the Q1D limit of interaction

In this section, we look at the dynamics of a driven cylindrical BEC, whose chemical poten-
tial µ ⪆ ℏωρ is no longer in the Q1D limit. Unsurprisingly, the Q1D approximation fails here
to capture the important aspects of the dynamics. Despite considering the radial modes, the
Floquet theory approach in Sec. 4.4.1 also fails. Here, consider a mean interaction strength
of η̄ = 10, corresponding to a chemical potential µ ≈ 1.06ωρ.

In Fig. 4.7, we show the population of modes from the branches with ν = 0±1 for various
kz under periodic driving of the scattering length, obtained using the linear stability analysis
discussed in Sec. 4.4.2. We generally see parametric excitation, where the modes with an
excitation frequency that is half the driving frequency are resonantly populated. When the
driving frequency Ω < 2ωρ, we do not observe any excitation in the dipole branch modes
(ν = ±1), as frequency is not sufficient to cause the parametric excitation. The growth of
unstable gapless density modes (ν = 0) is significantly slower at these frequencies than at
larger driving frequencies.

When Ω > 2ωρ, both the axial density modes and the dipole branch modes are unstable,
but we see a frequency-dependent behaviour in the system in this frequency range. For in-
stance, when Ω = 2.4ωρ [Fig. 4.7 (b),(f)], the gapless density modes are more unstable than
the dipole branch, causing formation of longitudinal density waves in the system, which is
also seen from the GPE dynamics [Fig. 4.9 (b)]. But when the driving frequency is increased
to Ω = 3.6ωρ [Fig. 4.7 (d),(h)], this behaviour seems to be reversed, as the dipole branch
mode grows at a faster rate than the density branch mode. The growth rate of the most un-
stable modes from both branches is given in Fig. 4.8, where a clear switching of behaviour
is seen as driving frequency is varied.

This transition of response under driving can also be seen from the GPE dynamics of the
perturbed ground state, Fig. 4.9 when the frequency Ω = 2.4ωρ, the periodic driving creates
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Figure 4.7: Dynamics of population δNν,kz(t) for ν = 0 (top row) and ν = ±1 (bottom row)
for interaction beyond the Q1D limit, at various driving frequencies. Here η̄ = 10.0 and
∆η = 2.

Figure 4.8: The dynamics of the most unstable modes with ν = 0 and ν = ±1 for interac-
tion beyond the Q1D limit, at driving frequencies (a) Ω = 2.4ωρ, (b) Ω = 3.2ωρ, and (c)
Ω = 3.6ωρ. Here, the interaction η̄ = 10.0 and ∆η = 2.
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Figure 4.9: The integrated densities nz(x, y)(left) and nx(z, y) (right) for obtained from
GPE evolution interaction beyond the Q1D limit, at driving frequencies [(a),(b)] Ω =
2.4ωρ, [(c),(d)] Ω = 3.2ωρ, and [(d),(e)] Ω = 3.6ωρ. Here, interaction η̄ = 10.0 and
∆η = 2.

formation of density waves with wavelength 2π/k(0)
u [Fig. 4.9 (a)], where the momenta is de-

termined from the relation ω0,0(k(0)
u ) = Ω/2. At a higher driving frequency (Ω = 3.6ωρ), the

pattern resembles the centre-of-mass oscillation (zig-zag) waves arising from dipole branch
excitation, The wavelength of the is pattern is given by 2π/k(1)

u , where the momenta of the
unstable dipole mode is determined from ω0,±1(k(0)

u ) = Ω/2. The 1D momentum space den-
sity along kz Eq. (4.53) is given in Fig. 4.10. Here we see a larger population at the kz = ±k(0)

u

for the smaller driving frequency, whereas kz = ±k(1)
u also attains a significant population at

the larger driving frequency.

Note that the driving frequencies we consider throughout this chapter do not cause the
direct excitation discussed in the last section. The pattern formation occurs due to the para-
metric excitation alone. We also note that the linear stability predictions are only valid when
the population of the excited modes are much smaller than the condensate population, thus
only capturing the initial time dynamics. Continuous driving eventually causes the heating
and destruction of the condensate.
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Figure 4.10: Momentum space linear density of the condensate obtained from GPE
evolution for interaction beyond the Q1D limit, at driving frequencies (a) Ω = 2.4ωρ
(ωρt = 160), (b) Ω = 3.2ωρ (ωρt = 150), and (c) Ω = 3.6ωρ (ωρt = 150). Here, interac-
tion η̄ = 10.0 and ∆η = 2.

4.7 Conclusion

In this chapter, we looked at the parametric excitation of a cylindrically confined BEC with
a periodically driven scattering length. The driving causes excitation of Bogoliubov modes
with frequency half the driving frequency, away from the direct resonance points [Eq. (4.3)].
When the interactions are weak enough to be in the Q1D limit, the prominent excitation arise
from the lowest branch of the Bogoliubov spectra, leading to longitudinal density patterns
with wavelength 2π/ku, and where the momenta of the unstable mode ku can be obtained
from the parametric resonance condition Ω = 2ϵ1D(ku). The density mode remains the most
unstable even for large driving frequencies (Ω > 2ωρ), where dipole branch modes are also
unstable. When the interaction is beyond the Q1D limit, the unstable dipole branch modes
play a more prominent role, and we see frequency-dependent pattern formation.

Further work is needed to explore the condensate dynamics across a broader range of
interaction strengths.
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Chapter 5

Faraday and spin waves in Q2D spin-1
BEC in polar phase

This section has been adapted from the research article titled "Patterns, spin-spin correla-
tions, and competing instabilities in driven quasi-two-dimensional spin-1 Bose-Einstein con-
densates" [85].

5.1 Introduction

Spinor Bose-Einstein condensates, composed of bosons with non-zero spin, offer a rich plat-
form to explore phenomena such as spin textures and magnetic phases [89, 149, 164] in
quantum fluids. Driven spinor condensates have been shown to exhibit interesting phenom-
ena, including dynamical stabilization [74], spin squeezing [75, 151], Shapiro resonances
[51, 79], parametric resonances [194], and quantum walks in momentum space [42, 43]. As
we already discussed in Sec. 2.8.2, a spin-1 condensate in the ferromagnetic phase behaves
similarly to a spin-0 condensate [49, 162], when a density pattern forms under periodic driv-
ing. But this is no longer the case with the polar phase BEC, where the particles can scatter
from m = 0 state to m = ±1 states while conserving magnetization.

In this chapter, we investigate the formation of density and spin patterns under periodic
modulation of the s-wave scattering lengths in a quasi-two-dimensional (Q2D) homogeneous
spin-1 condensate in the polar phase. We consider three driving protocols: modulating a0

alone, a2 alone, and both simultaneously. In all cases, the modulation affects both spatial and
spin degrees of freedom.

Unlike the ferromagnetic phase, a polar-phase condensate exhibits non-trivial dynamics,
as both density and spin Bogoliubov modes become unstable. This results in a competi-
tion between density modulations and spin-mixing dynamics. When spin-mixing dominates,
polar core vortices (PCVs) and antivortices with distinct spin textures emerge, producing
spin-density patterns described by Bessel functions, with their argument determined by the
momentum of the unstable spin mode. The momentum of the unstable density mode sets the
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wavelength of the Faraday pattern, while that of the spin mode controls the vortex density.
If spin-dependent interaction is stronger than the spin-independent one, density Faraday pat-
terns dominate the dynamics, and conversely, when spin dynamics dominate, the spin-spin
correlations follow a different scaling behaviour.

When both scattering lengths are modulated at the same frequency, the driving ampli-
tudes can be tuned to excite the density or spin mode selectively. If the modulation fre-
quencies differ, competing instabilities arise—two modes (from density or spin channels)
can become equally unstable, leading to interference between patterns of different wave-
lengths. In classical fluids, such competing instabilities lead to the coexistence of patterns
with distinct symmetries [95]. This results in a superposition of Faraday patterns or spatial
correlations with different wavelengths and time-dependent amplitudes.

5.2 Setup

5.2.1 System

We consider a weakly interacting gas of spin-1 bosons with mass M, which is tightly trapped
along the z-direction, while free in the xy-plane. For sufficiently strong axial trap Vz(z) =
(1/2)Mω2

z z2, the order parameter of each component takes the form Ψm(r) = ψm(ρ)ϕ(z),
where ϕ(z) is the single-particle ground state of the axial trap. The dynamics of the two-
dimensional order-parameter ψm(ρ) can then be shown to follow the quasi-two-dimensional
Gross-Pitaevskii equation (Q2D GPE),

iℏ
∂ψ1

∂t
=

−ℏ2∇2
ρ

2M
− p + q + c̃0ñ + c̃1F̃z

ψ1 +
c̃1
√

2
F̃−ψ0 (5.1)

iℏ
∂ψ0

∂t
=

−ℏ2∇2
ρ

2M
+ c̃0ñ

ψ0 +
c̃1
√

2

[
F̃+ψ1 + F̃−ψ−1

]
(5.2)

iℏ
∂ψ−1

∂t
=

−ℏ2∇2
ρ

2M
+ p + q + c̃0ñ − c̃1F̃z

ψ−1 +
c̃1
√

2
F̃+ψ0. (5.3)

Here, p and q are the linear and quadratic Zeeman terms. The interaction between the par-
ticles is characterized through c̃0 and c̃1, the two-dimensional spin-independent and spin-
dependent coefficients, respectively. These are related to the 3D coefficients c0,1 through
the relation c̃0,1 = c0,1/

√
2πl2

z , where lz =
√
ℏ/Mωz is the length scale associated with the

axial trap and c0 = 4πℏ2(a0 + 2a2)/3M and c1 = 4πℏ2(a2 − a0)/3M, with aF being the s-
wave scattering length in the collision channel with total spin F. We also have 2D total
density ñ(ρ) =

∑
m |ψm(ρ)|2 and spin-density vector F̃i(ρ) =

∑
mm′ ψ

∗
m(ρ) ( fi)mm′ ψm′(ρ), and

F̃± = F̃x ± iF̃y.
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Figure 5.1: The polar phase dispersion relation for c̃0ñ0 = 0.2ℏωz, c̃1ñ0 = 0.05ℏωz,
q = 0.1ℏωz, and p = 0.

5.2.2 Polar phase

In the absence of trap in the xy plane, the system will have a uniform ground state density.
We chose the Zeeman terms p and q such that the ground state of the system will be the polar
phase, in which all atoms occupy the m = 0 spin state [89]. The ground state order parameter
for this state is given by ψP =

(
0,
√

ñ0, 0
)T

, where ñ0 = N/(LxLy) is the 2D density of the
system, where N is the total number of particles and Lx and Ly are the system lengths along
the x and y directions, respectively. In this state, the spin density vector F̃(ρ) vanishes in all
three spin directions.

In the polar phase, the Bogoliubov excitation spectrum of the homogeneous condensate
consists of three branches. The gapless density dispersion branch,

ϵ0(k) =
√

Ek(Ek + 2c̃0ñ0), (5.4)

where Ek = ℏ
2k2/2M, describes the phonon excitations that occur within the m = 0 compo-

nent. We also have two spin-dispersion branches,

ϵ±1(k) =
√

(Ek + q)(Ek + q + 2c̃1ñ0) ∓ p, (5.5)

that describe spin-waves in F̃x and F̃y spins-space and arise from the elementary spin-
changing collisions of form (0, 0)+ (0, 0)⇄ (k,±1)+ (−k,∓1), where the condensate atoms
scatter into m = ±1 spin states.
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5.3 Periodically driven scattering length

We prepare the system in the ground-state polar phase and then subject it to periodic modu-
lation of the s-wave scattering lengths, described by

aF(t) = āF [1 + 2αF cos(2ωFt)] , (5.6)

where αF andωF denotes the amplitude and frequency of the drive in total spin-Fchannel,respectively.
We consider three scenarios;

i) a0 being modulated, while a2 remain constant

ii) a2 being modulated, while a0 remain constant

iii) Both scattering lengths, a0 and a2, are modulated simultaneously

For case (i), where only a0 is driven, the interaction coefficients evolve as

c̃0(t) = c̄0 +
2
3
α0ḡ0 cos(2ω0t),

c̃1(t) = c̄1 −
2
3
α0ḡ0 cos(2ω0t), (5.7)

while for case (ii), with only a2 modulated, the coefficients take the form

c̃0(t) = c̄0 +
4
3
α2ḡ2 cos(2ω2t),

c̃1(t) = c̄1 +
2
3
α2ḡ2 cos(2ω2t). (5.8)

In the general case (iii), where both a0 and a2 are independently driven with a relative
phase Φ, the interaction coefficients evolve as

c̃0(t) = c̄0 +
2
3
α0ḡ0 cos(2ω0t) +

4
3
α2ḡ2 cos(2ω2t + Φ),

c̃1(t) = c̄1 −
2
3
α0ḡ0 cos(2ω0t) +

2
3
α2ḡ2 cos(2ω2t + Φ). (5.9)

Here, effective 2D coupling constant ḡF = (4πℏ2/Mlz
√

2π)āF and mean values of coefficients
c̄0 = (ḡ0+2ḡ2)/3 and c̄1 = (ḡ2− ḡ0)/3. In this work, we explore all three scenarios mentioned
above.

Tuning the scattering length in a spinor BEC using magnetic Feshbach resonance [35]
is challenging due to the large magnetic fields required. Alternative ways to control the
interaction using radio-frequency or microwave [47, 72, 133, 177], and independent control
of two scattering lengths [199] have been proposed in the literature.
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5.4 Details of numerical simulation

We numerically study the dynamics of the driven spin-1 condensate by solving the time-
dependent Gross-Pitaevskii equations (5.1)–(5.3), incorporating the periodic interaction co-
efficients described previously. The equations are integrated using the second-order sym-
plectic algorithm introduced in Ref. [172].

Although the initial state is stationary under the periodic modulation, it is unstable with
respect to small perturbations. The quantum fluctuations are simulated in the numerics by
choosing a perturbed initial state based on the truncated Wigner prescription [7, 12, 151,
191] in the limit q → ∞ at zero temperature. Here we have ψ(ρ, t = 0) = ψP + δψ(x, y),
with ψP the uniform polar phase state and

δ(ρ) =
1√
LxLy

∑
k


α1
k exp(ik · ρ)

α0
kuk exp(ik · ρ) + vk

(
α0
k

)∗
exp(−ik · ρ)

α−1
k exp(ik · ρ).

 (5.10)

Here αm
k are complex Gaussian random variable with zero mean and satisfy ⟨αm

kα
m′
k′ ⟩ =

(1/2)δmm′δ(k − k′). The amplitudes are given as,

uk =

√
Ek + c̄0ñ0

2
√

Ek(Ek + 2c̄0ñ0)
+

1
2
, vk =

√
1 − u2

k
. (5.11)

We also note that qualitatively similar results are obtained for the initial state perturbed using
uniform random noise,

ψ(ρ, t = 0) =
√

ñ0


p1 exp(iθ1)

[1 − p2
1 − p2

−1] exp(iθ0)

p−1 exp(iθ−1)

 , (5.12)

where p±1, θ0 ∈ [0, ϵ] and θ±1 ∈ [0, 2π] are uniform random variables, with ϵ ≪ 1.

5.5 Linear stability analysis of driven state

Under the periodic driving of the scattering lengths, the uniform state becomes unstable to
the spontaneous formation of density and spin patterns. The state given by ψH(t) = ψPeiθ(t),
where θ(t) =

∫ t

0
dt c̃0(t)ñ0, is the uniform polar phase solution of the coupled GPE with

modulated interaction. We employ a linear stability analysis on the uniform solution. We
consider a perturbed ground-state solution of the form,

ψ(r) = {ψP + [u(t) + iv(t)] cos(k · r)} eiθ(t), (5.13)
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whereψP is uniform state in polar phase and u(t) = (u1, u0, u−1)T and v(t) = (v1, v0, v−1)T are
the real-valued amplitudes of the spatially modulated perturbation. Using Eq. (5.13) in the
coupled GPE with driven interactions and linearizing, we arrive at the equation of motion for
um(t), vm(t). The first set of equations gives us the evolution of the perturbation in the m = 0
component,

ℏ
d
dt

u0

v0

 =  0 Ek

− [Ek + 2c̃0(t)ñ0] 0

 u0

v0

 , (5.14)

which can be written as a second-order differential equation,

d2u0

dt2 +
Ek

ℏ2 [Ek + 2c̃0(t)ñ0] u0 = 0. (5.15)

For the perturbation in m = ±1 components, we obtain a set of four coupled equations,

iℏ
d
dt


u1

u−1

v1

v−1

 =


0 0 E
(+)
k c̃1(t)ñ0

0 0 c̃1(t)ñ0 E
(−)
k

−E
(+)
k −c̃1(t)ñ0 0 0

−c̃1(t)ñ0 −E
(−)
k 0 0




u1

u−1

v1

v−1

 . (5.16)

Here, we have defined E(±)
k = Ek + q ∓ p + c̃1(t)ñ0. If the linear Zeeman term p = 0, these

equations simplifies as,

ℏ2 d2u+
dt2 + (Ek + q)

[
Ek + q + 2c̃1(t)ñ0

]
u+ = 0 (5.17)

ℏ2 d2v−
dt2 + (Ek + q)

[
Ek + q + 2c̃1(t)ñ0

]
v− = 0, (5.18)

with u± = u1 ± u−1 and v± = v1 ± v−1. The quantities u0, u+, and v− are related to the
fluctuations in various physical quantities in the system. For instance, the total density under
the perturbed system is modulated as,

n(r, t) = n0 + 2
√

ñ0u0(t) cos(k · r) + O(u2
m, v

2
m). (5.19)

We can see that the density fluctuation about the mean value is linearly proportional to u0.
Similarly, transverse spin-density vectors become,

Fx(r, t) =
√

2ñ0u+ cos(k · r) + O(um, vm) (5.20)

Fy(r, t) =
√

2ñ0v− cos(k · r) + O(um, vm), (5.21)
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which are proportional to u+ and v−. The longitudinal spin component Fz(r, t) is perturbed
only in quadratic order of um, vm. Therefore, the instabilities in u0 manifest as density mod-
ulations, while that in u+ and v− cause the formation of spin-texture in transverse spin com-
ponents Fx(t) and Fy(r, t). In the following sections, we look at the specific modulation
protocols where we use these equations to gain insight into the system dynamics.

5.6 Modulation of a0 scattering length

5.6.1 Mathieu equations

When a0 driven periodically while a2 is held constant, the time evolution of c̃0 and c̃1 are
given by Eq. (5.7). In this scenario, the density amplitude equation (5.15) becomes,

d2u0

dt2 +
1
ℏ2

[
ϵ0(k)2 +

4
3

Ekα0ḡ0ñ0 cos(2ω0t)
]

u0 = 0, (5.22)

where α0 and ω0 are the amplitude and frequency of the periodic driving. Eq. (5.22) is
a Mathieu differential equation, for which Floquet theory predicts solutions of the form
u0(t) = b0(t) exp

(
σ(0)t

)
, with b0(t + π/ω0) = b0(t) being a periodic function. The stabil-

ity of the equation depends on the Floquet exponent σ(0), and the system is unstable against
perturbation if Re{σ(0)} > 0, where, even a small initial value of u0(t) grows exponentially in
time.

For vanishing driving amplitude α0 → 0, the instability occur when for the momenta k
that satisfies ϵ0(k) = jℏω0, where j ∈ N [109] (see Sec. 2.7.2). Although multiple k values
satisfy these conditions, at various j, the solution with the largest Floquet exponent will
dominate the dynamics due to the exponential growth rates. The strongest instability occurs
for j = 1 (first resonance). When α0 → 0, the Floquet exponent’s value at first resonance
is given by σ(0) = (k(0)

u )2α0ḡ0ñ0/6Mω0. Here, k(0)
u is the wave number of the most unstable

mode that satisfies

ϵ0(k(0)
u ) = ℏω0. (5.23)

The instability leads to the formation of density Faraday patterns in the density of wavelength
λ ∼ 2π/k(0)

u . Using the resonance condition Eq. (5.23) we get the Floquet exponent,

σ(0) ≈
α0ḡ0ñ0

3ℏ2ω0

[√
c̄2

0ñ2
0 + ℏ

2ω2
0 − c̄0ñ0

]
, (5.24)

which gives us the growth rate of the density patterns in the system.
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Now we turn to the spin-wave excitations governed by Eqs. (5.17) and (5.18). When only
a0 is modulated, these equations take the form,

d2u+
dt2 −

1
ℏ2

[
ϵ2

1 (k) +
4
3

(Ek + q)α0ḡ0ñ0 cos(2ω0t)
]

u+ = 0,

d2v−
dt2 −

1
ℏ2

[
ϵ2

1 (k) +
4
3

(Ek + q)α0ḡ0ñ0 cos(2ω0t)
]

v− = 0, (5.25)

which are Mathieu equations as well. Similar to the case of density equation Eq. (5.22),
spin equations will have solutions of the form u+, v−(t) = b±(t) exp

(
σ(±)t

)
, with b±(t +

π/ω0) = b±(t) being a periodic. For small driving frequencies, the instability occurs for
spin modes satisfying ϵ±1(k) = jℏω0. The Floquet exponent at the first resonance is σ(±) ≈

[(ℏ2(k(±)
u )2/2M) + q]α0ḡ0ñ0/3ℏ2ω0, where k(±)

u is the wavenumber of the most unstable spin-
mode,

ϵ±1(k(±)
u ) = ℏω0. (5.26)

Transverse spin-density patterns of wavelength λ ∼ 2π/k(±)
u form as a result of spin-mode

instability, and the growth rate of the spin-waves is given by,

σ(±) ≈
α0ḡ0ñ0

3ℏ2ω0

[√
c̄2

1ñ2
0 + ℏ

2ω2
0 − c̄1ñ0

]
. (5.27)

5.6.2 Degenerate density and spin branches

When the interaction coefficients are equal, i.e. c̄0 = c̄1, and the quadratic Zeeman term
q = 0, all three branches of the polar-phase condensate spectrum are degenerate. Therefore,
the density and spin instabilities that occur under periodic driving of scattering length a0 will
have the same Floquet exponent, i.e σ(0) = σ(±), causing the density patterns and the spin
patterns to grow at the same rate. The wavelengths of the spin and density patterns are equal
as well, since k(0)

u = k(±)
u ≡ ku.

In Fig. 5.2, we show the mean-field dynamics of population in each spin-level, defined as
Nm(t) =

∫
dρ|ψm(ρ, t)|2 under a0 modulation, where we can see transfer occurring from m = 0

to m = ±1 modes under the driving. The spin-mode instability causes the population transfer
and occurs at a rate determined by σ(±). The total magnetization along Fz remains zero due to
conservation of angular momentum, thus N+(t) = N−(t). We have also given the population
of non-zero momentum modes in m = 0, denoted by N0,k,0, which grows due to the density
mode instability. The population growth in the excited modes is exponential during the
initial period, as predicted from the stability analysis, with the exponent matching the linear
stability analysis predictions. At later times, as the perturbations grow larger, the linear
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Figure 5.2: Population dynamics under a0 modulation. The population of the states m =
±1 is defined as N±1 =

!
|ψ±1(x, y)|2dxdy. The excited population in m = 0 is N0,k,0 =!

k,0

∣∣∣ψ̃0(kx, ky)
∣∣∣2dkxdky. The driving frequency and amplitudes are ω0 = 0.2ωz and α2 =

0.4 respectively. Other parameters are c̄0ñ0 = c̄1ñ0 = 0.2ℏωz and q = 0. The dashed lines
show the exponential fit to the data.

approximation becomes invalid and the growth rate deviates from the initial exponential
behaviour.

Density pattern formation

The periodic driving creates density patterns in all three components [Fig. 5.3(a)-(c)]. In
the m = 0 component, the excited modes interfere with the condensate, creating patterns
with wavelength 2π/ku, whereas in m = ±1, we observe density waves with wavelength
∼ π/ku. The pattern in the total density is only affected by the m = 0 component contribution,
as the density patterns in the other two components are orders of magnitude smaller. The
excitations also appear in the momentum space density [Fig. 5.3(d)-(f)], where momenta
modes with |k| ≈ ku are populated under the driving.

Later on, we see population growth in other momentum modes as well. These are
formed due to secondary scattering processes where initially excited atoms with momenta
(k1,k

′
1), where |k| = |k′| = ku, scatter into (k2,k

′
2) states, satisfying momentum conservation∣∣∣k1 + k

′
1

∣∣∣ = ∣∣∣k2 + k
′
2

∣∣∣. These excitations can be seen as a fainter halo in Fig. 5.3 (e) around
the ring at radius ku. We also note an enhancement of population in the modes that satisfy
the second resonance condition given by ϵk,m = 2ℏω0. These density patterns are transient as
continuous driving eventually destroys the BEC due to depletion [18, 200].
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Figure 5.3: Density pattern formed under periodic driving of scattering length a0 in (a) m = 1,
(b) m = 0, and (c) m = −1 components, snapshot taken at ωzt = 570. Bottom row contains the
momentum space density of (d) m = 1, (e) m = 0, and (f) m = −1 The driving frequency and
amplitudes are ω0 = 0.2ωz and α2 = 0.4 respectively. Other parameters are c̄0ñ0 = c̄1ñ0 = 0.2ℏωz.

Magnetization dynamics

The initial state has a null spin-density vector F (ρ). The spin-mode instability creates spin-
texture in the transverse spin components, shown in Fig. 5.4 (a). Interestingly, the velocity
field of the transverse spin-density vector F⊥ in Fig. 5.4 (b) reveals the formation of polar-
core vortices (PCVs) and antivortices [81, 115, 149]. The polar-core spin vortices appear
due to phase windings m = 1 and m = −1 components, which create a vortex and antivortex
in these components, respectively. The density of the m = ±1 components vanishes at the
centre of the spin-vortex, which is filled with particles in the m = 0 component.

In Fig. 5.5 (a), we show the dynamics of the spin-vortex density Nv/L2, L being the length
of the box. The vortex number is numerically computed by taking small loops around each
grid point to determine the phase winding of the spin-vector Fx, Fy along it. This method
outputs a large vortex number for the initial state, although |F | is nearly zero. This is due to
the random noise added at the initial state that introduces a small spin-density, oriented along
arbitrary directions, at each grid point. As a result, the decrease in the vortex density due to
the driving should be interpreted as the growth of polar-core spin vortices, which mask the
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Figure 5.4: Spin textures formation under a0 modulation. (a) The transverse spin density F⊥(x, y)
and (b) the velocity field of F⊥(x, y) = (Fx, Fy), i.e., ∇⃗ϕ/|∇⃗ϕ|, where ϕ = arctan

(
Fx/Fy

)
at ωzt = 670

or σ(+)t = 14.74. Other parameters are the same as in Fig. 5.3. Vortex (green) and antivortex (red)
are marked using circles.

initial random noise. Once the spin-texture growth attains a certain amplitude, the number
of vortices settles to a constant value [region shown in inset of Fig. 5.5 (a)], at which point,
almost all of the spin-vortices counted are PCV. The decay rate of the vortex number is thus
determined by the spin Floquet exponent σ(+).

The number density of PCVs once the spin-texture is formed is determined by the un-
stable momentum ku, as shown in Fig. 5.5 (d), and it is proportional k2

u. This implies that
the larger the modulation frequency is, the denser the spin-vortex gas is. At longer times
(σ(+)t > 16), we observed that the m = 0 homogeneous condensate gets significantly de-
pleted, and PCVs disintegrate into independent gases of vortices in the m = 1 and m = −1
components.

Further, we analyze the scaled spin-spin correlations,

Cν =
1
Aν

"
dρ′Fν(ρ + ρ′, t)Fν(ρ′, t) (5.28)

where ν ∈ {x, y, z} and Nν =
!

dρF2
ν (ρ). The radial correlation function for the transverse

and longitudinal spin-components is given in Fig. 5.6 (a). The radial correlation function
Cν(ρ, r) = (1/2π)

∫ 2π

0
Cν(ρ, t)dφ is a Bessel function [Fig. 5.6 (b)]. The Bessel function rela-

tion indicates that the patterns are formed from the superposition of spin-waves of the same
wavelength λ = 2π/ku travelling in random directions in the xy-plane, and such correlations
have been predicted for quantum quenches as well [7, 98, 152].
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Figure 5.5: (a)The dynamics of spin-vortex number density Nv/L2, where L is the box
size, as a function of scaled time σ+1 t. The inset indicates the vortex dynamics after
the formation of the patterns. The results are averaged over 10 runs. (b) The vortex
number density at σ(+)t = 14.74 for various driving frequencies is proportional to the k2

u.
Parameters are the same as in Fig. 5.3.

5.7 Non-degenerate spin and density modes

So far, we have discussed the case where the density and spin Bogoliubov branches are
degenerate. However, this is no longer the case when a non-zero Zeeman term q is present
or if the spin and density interaction coefficients are unequal, i.e. c̄1 , c̄0. In such cases,
the momenta of the unstable density and spin modes under periodic driving are different,
i.e. k(0)

u , k(+)
u , and corresponding Mathieu exponents σ(+), σ(0) are unequal as well. The

dynamics of the driven condensate are significantly altered if the magnitudes of the two
interaction coefficients differ substantially.

When c̄1 ≪ c̄0, the spin-mode is soft and hence k(0)
u ≪ k(+)

u and the spin Mathieu ex-
ponent is much greater than the density exponent as σ(0) ≪ σ(+). Under periodic driving,
spin mixing dominates the dynamics. At the same time, excitation occurs in the non-zero
momentum modes of m = 0 spin component remains small due to a relatively small density
exponent, as seen from Fig. 5.7 (b). The transverse spin-spin correlation would be a Bessel
function in this case.

On the other hand, when c̄1 ≫ c̄0, the density mode is soft and k(0)
u ≫ k(+)

u . Therefore,
σ(0) ≫ σ(+) and the density pattern formation dominate the dynamics over spin-mixing
[Fig. 5.7 (a)], and the spin-spin correlation in this case would be exponentially decaying,
instead of a Bessel function as in the previous cases.
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Figure 5.6: Spin-spin correlations for a0 modulation. (a) The transverse magnetization correlation
Cx(ρ, t) in the xy-plane and (b) the radial correlation function Cx,z(ρ) at ωzt = 500. Other parameters
are the same as in Fig. 5.3. We see that Cx,y(ρ) ∝ J0(kuρ) and Cz(ρ) ∝ J2

0(kuρ). The plots are obtained
by taking an average of the results from ten different realizations of initial noise.

5.7.1 Non-zero quadratic Zeeman term

When the quadratic Zeeman term is non-zero, the density and spin modes become non-
degenerate as it introduces a gap, ∆ =

√
q(q + c̄1ñ0) [Fig. 5.8 (a)], in the spin modes. When

the driving frequency ℏω0 < ∆, none of the spin modes satisfy the first resonance condition.
The spin-mixing dynamics and spin pattern formation only occur when ℏω0 > ∆.

Consider c̄0 = c̄1 and ℏω0 > ∆. In this case, Mathieu exponent for the density and spin
modes are equal and exponents are independent of q [see Eqs. (5.24) and (5.27)]. However,
momenta of the unstable spin and density pattern will be different, i.e. k(0)

u , k(±)
u .

In Fig. 5.8 (b), we see the implicit dependent of Mathieu exponentσ(+) on q. When ℏω0 >

∆, the exponent values are determined from the first resonance of the Mathieu equation,
whereas when ℏω0 < ∆, it is determined from the second resonance at which the exponent
is much smaller. Thus, in the second scenario, density pattern formation dominates the
dynamics. A case of particular interest is when c̄1 ≪ c̄0, where the density pattern formation
dominates when ℏω0 < q and spin-dynamics dominates when ℏω0 > q.

5.8 Modulation of a2 scattering length

The discussion so far has been on the modulation of a0 scattering length. In this section, we
will discuss the dynamics of a2 scattering length, highlighting the main differences from the
previous case.
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Figure 5.7: The population dynamics under modulation of the scattering length a0 for q = 0. (a)
c̄0ñ0 = 0.2ℏωz, c̄1ñ0 = 4.0ℏωz , α0 = 0.03, and ω0 = 0.3ωz. (b) c̄0ñ0 = 0.4ℏωz, c̄1ñ0 = 0.05ℏωz ,
α0 = 0.25, and ω0 = 0.1ωz. Nm denotes the population of each component and N =

∑
m Nm is the

total population. N0,k=0 denotes the population in the zero momentum mode in the m = 0 component,
while N0,k,0 is the population of the non-zero modes in the same component.

5.8.1 a2 Modulation: Mathieu equations

When the a2 is driven as a2(t) = ā2 [1 + 2α2 cos(2ω2t)], equation describing the density
fluctuation Eq. (5.15) becomes

d2u0

dt2 +
1
ℏ2

[
ϵ2

0 (k) +
8
3

Ekα2ḡ2ñ0 cos(2ω0t)
]

u0 = 0, (5.29)

Similarly from the spin equation (5.17) we get,

d2u+
dt2 +

1
ℏ2

[
ϵ2
±1(k) +

4
3

(Ek + q)α2ḡ2ñ0 cos(2ω2t)
]

u+ = 0,

d2v−
dt2 +

1
ℏ2

[
ϵ2
±1(k) +

4
3

(Ek + q)α2ḡ2ñ0 cos(2ω2t)
]

v− = 0. (5.30)

These are Mathieu equations as well, and the condition for instability in a mode has been
discussed before, which is given by ϵ0(k) = jℏω2 for the density mode and ϵ±1(k) = jℏω2 for
the spin mode, for j = 1, 2, .... The density and spin Floquet exponents for a2 modulation are
given by,

σ(0) ≈
2α2ḡ2ñ0

3ℏ2ω0

[√
c̃2

0n2
0 + ℏ

2ω2
0 − c̃0ñ0

]
σ(±) ≈

α2ḡ2ñ0

3ℏ2ω0

[√
c̃2

1ñ2
0 + ℏ

2ω2
0 − c̃1ñ0

]
. (5.31)

By inspecting the above exponent, we can see an extra factor of two for σ(0). This is due
to the difference in the dependence of c0 and c1 on the scattering length a2. Driving a2 causes
twice the modulation in c0 as compared to that in c1 [Eq. (5.8)]. Hence, density dynamics
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Figure 5.8: (a) The Bogoliubov spectrum for c̄0ñ0 = c̄1ñ0 = 0.2ℏωz, ω0/ωz = 0.3, and
q = 0.1ℏωz. The unstable momenta as a function of ω0 map the spectrum in the limit
α → 0. (b) The Mathieu exponents of density and spin modes as a function of q for
c̄0ñ0 = 0.4ℏωz, c̄1ñ0 = 0.05ℏωz, ω0/ωz = 0.3 and α0 = 0.3. ∆ is the gap of the spin
modes at k = 0. In (b), the primary resonance associated with the spin mode changes
from ϵk,±1 = ℏω0 to ϵk,±1 = 2ℏω0 as a function of q, leading to a significant decrease in
the Mathieu exponent σ(+).

dominates when c̄0 = c̄1, unlike in the case of a0 modulation, where both dynamics occur at
the same rate. This is see from Fig. 5.9, where σ(0) = 2σ(+) for equal interaction coefficients.

We also see an interesting frequency-dependent behaviour with a2 modulation, when
c̄1 ≪ c̄0, where dominant spin-dynamics occur at smaller driving frequencies and dominant
density dynamics occur at larger frequencies. The crossover from spin to density-dominant
dynamics is given in Fig. 5.9.

5.9 Simultaneous modulation of two scattering lengths

In this section, we look at the case of simultaneous modulation of the two scattering lengths
as given in Eq. (5.9). First, we discuss two specific scenarios, where the scattering lengths are
driven such that only one of the interaction coefficients is modulated, by modulating a2 with
a relative phase as a2(t) = ā2[1 + 2α2 cos(2ω2t + ϕ)]. We also discuss a general case, where
the modulation with multiple frequencies with appropriately chosen amplitudes is shown to
create instabilities with different wavelengths.

5.9.1 c0 modulation

When ω0 = ω2, α2ḡ2 = α0ḡ0 and ϕ = 0, we have the c0(t) being varied in time, whereas
modulation in c1 is cancelled out. From Eq. (5.15), we get a Mathieu equation for density
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Figure 5.9: The ratio of the density and spin Mathieu exponents σ(0)/σ(+) under a2 modulation, as a
function of the driving frequency ω2 for three different c1 values, for c̄0ñ0 = 0.2ℏωz. The grey dotted
line indicates σ(0) = σ(+). When c̄1 = 0.25c̄0, we see a change in the dynamics as a function of
driving frequency as the σ(0)/σ(+) crosses unity at the critical frequency ω2 ≈ 0.18ω2.

fluctuations

du0

dt2 +
1
ℏ2

[
ϵ0(k)2 + 4Ekα0ḡ0ñ0 cos(2ω0t)

]
u0 = 0, (5.32)

which indicate that density modes with wavenumber ϵ0(k(0)
u ) = ℏω0 are unstable, whereas

spin-fluctuations evolve under [Eq. (5.17), (5.18)]

d2u+
dt2 +

1
ℏ2 ϵ

2
±1(k)u+ = 0. (5.33)

All the spin-modes are stable in the absence of c1 modulation, thus spin-pattern formation
and spin-mixing do not occur.

5.9.2 c1 modulation

Now, consider when ω0 = ω2, 2α2ḡ2 = α0ḡ0 and ϕ = π. In this case, we have c1 being mod-
ulated while c0 is held constant. The equation of evolution of density fluctuations becomes,

d2u0

dt2 +
1
ℏ2 ϵ

2
0 (k)u0 = 0. (5.34)
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Figure 5.10: The real space density pattern for (a) m = 0 and (c) m = ±1 components under simul-
taneous modulation of a0 and a2 scattering length with phase difference π. The momentum space
density of the component (b) m = 0 and (d) m = ±1 is also given. Here c̄0ñ0 = c̄1ñ0 = 0.2ℏωz,
α0 = 0.2,α2 = 0.05, and ω0 = ω2 = 0.2ωz. The results are taken at time ωzt = 800.

which indicates that the density modes are stable under driving. As for the spin modes, we
get,

d2u+
dt
+

1
ℏ2

[
ϵ2
±1(k) + 2ñ0(Ek + q)α0ḡ0 cos(2ω0t)

]
u+ = 0, (5.35)

which indicate instability for modes with wavenumber k(+)
u satisfying ϵ±1(k(+)

u ) = ℏω0. The
instability leads to population transfer to m = ±1 components and spin texture formation.
The depletion of the density in the m = 0 component causes the formation of a local depletion
in the same [Fig. 5.10 (a), (c)]. In the momentum space density of m = ±1, we see the
bright ring arising from the instability [Fig. 5.10 (d)]. For the m = 0 component, we see a
distribution of density pattern as an array of rings [Fig. 5.10 (b)]. This is due to secondary
mixing processes that scatter atoms back into m = 0 from m = ±1 under the process (k,±1)+
(−k,∓1)↔ (k + k′,±1) + (−k − k′,∓1).

5.9.3 Competing instabilities

In this section, we discuss the modulation of both scattering lengths with different frequen-
cies, i.e. ω0 , ω2. Here, we stick to two cases; when c̄1 ≫ c̄0 and when c̄1 ≪ c̄0.

When c̄1 ≫ c̄0, the density dynamics are given by

d2u0

dt2 +
1
ℏ2

[
ϵ2

0 (k) +
4Ekñ0

3
(α0ḡ0 cos 2ω0t + 2α2ḡ2 cos 2ω2t)

]
, (5.36)

which is a quasi-periodic Mathieu equation. Such a system can be non-trivial, and the Flo-
quet theory may no longer apply. They have been explored using an approximation method,
which revealed a very complex stability diagram [93]. The problem simplifies if ω0/ω2 is a
rational number, as the system will then have an overall periodicity and we can still apply
the Floquet theory. We numerically solve Eq. (5.36) for various momenta k to obtain the
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Figure 5.11: Competing instability among the density modes. (a) The two primary peaks in Mathieu
exponent vs k from the simultaneous modulation of a0 and a2 for c̄0ñ0 = 0.2ℏωz, c̄1ñ0 = 4ℏωz, q = 0,
α0 = 0.024, ω0 = 0.1ωz, α2 = 0.01, and ω2 = 0.3ωz. The solid line is for a0, and the dashed line is
for a2 modulations. (b) and (c) show the density of m = 0 component at ωzt = 420 and ωzt = 460,
respectively, exhibiting the change in wavelength of patterns in time. (b) has a wavelnegth of 1/k(0)

u0
and (c) has a wavelength of 1/k̄(0)

u with k(0)
u < k̄(0)

u .

Floquet exponents (see Sec. 2.7.1), which are plotted for a given set of driving frequencies
in Fig. 5.11(a). For small modulation amplitudes, the instability occurring under driving
with two different frequencies is then found to be a union of the individual scattering length
modulations [158]. The two unstable momenta k(0)

u and k̄(0)
u found from,

ℏω0 = ϵ0(k(0)
u ), ℏω2 = ϵ0(k̄(0)

u ). (5.37)

The density pattern contains both wavelengths, and when amplitudes are chosen so that the
exponents are nearly equal for the two unstable momenta, we observe oscillations between
the two patterns [Fig. 5.11(b),(c)]. When c̄1 ≫ c̄0, spin dynamics does not happen within the
same time-scales, as we discussed in 5.7, thus we do not observe it.

Conversely, when c̄1 ≪ c̄0, we observe the spin, but not density, pattern formation. And
the equation for the dynamics of spin fluctuations is given by,

d2u+
dt2 +

1
ℏ2

[
ϵ2

k,±1 +
4(Ek + q)ñ0

3
(α0ḡ0 cos 2ω0t − α2ḡ2 cos 2ω2t)

]
, (5.38)

and v−(t) also obeys the same equation. Similar to the case before, Floquet theory can be
applied if ω0/ω2 is a rational number, and the corresponding exponents are given in Fig. 5.12
(a). The unstable spin modes have momenta that are obtained from,

ℏω0 = ϵ±1(k(+)
u ), ℏω2 = ϵ±1(k̄(+)

u ). (5.39)
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Figure 5.12: Competing instability among the spin modes. (a) The two primary peaks in Mathieu
exponent vs k from the simultaneous modulation of a0 and a2 for c̄0ñ0 = 0.4ℏωz, c̄1ñ0 = 0.05ℏωz,
q = 0, α0 = 0.205, ω0 = 0.1ωz, α2 = 0.1, and ω2 = 0.3ωz. The solid line is for a0, and the dashed
line is for a2 modulations. (b) shows the spin-spin correlation functions Cx(ρ) and Cz(ρ). Fit-1 and
Fit-2 are respectively the Eqs. (5.40) and (5.41). The numerical results in (b) are obtained by taking
the average over ten realizations of noise.

The spin pattern is thus a combination of patterns with both wavelengths, as this is reflected
in the radial transverse spin-spin correlation function,

Cx,y(ρ, t) = D(t)J0(k(+)
u ρ) + [1 − D(t)]J0(k̄(+)

u ρ), (5.40)

which is the sum of two Bessel functions, with D(t) being a time-dependent amplitude and
k(+)

u and k̄(+)
u being the momenta of unstable mode for modulation frequencies ω0 and ω2. The

longitudinal spin-spin correlation is given by

Cz(ρ, t) = J0(k(+)
u ρ)J0(k̄(+)

u ρ). (5.41)

We have plotted these functions in Fig. 5.12 (b).

5.10 Experimental considerations

Here, we briefly examine the experimental possibilities of our study. The emergent spin tex-
tures leading to PCVs can be observed as long as |c̄1| ≤ c̄0 for which the spin mode dominates
the instability dynamics. This condition is satisfied by spin-1 system of for 23Na, where the
ratio c̄1/c̄0 is 0.036 [89]. In a given atomic setup, Feshbach resonances are required to access
different regimes of interaction strengths we consider, and in particular, independent control
of a0 and a2 is needed. The latter has been proposed to achieve via combining magnetic and
rf-field-induced Feshbach resonances [199]. Note that longitudinal and transverse spin-spin
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correlations are computed once the corresponding magnetizations are measured and demon-
strated in Ref. [78].

5.11 Conclusion

In conclusion, we analyzed the density patterns and spin textures in a periodically driven
Q2D spin-1 condensate for two initial states in polar phase, which revealed interesting dy-
namics; for instance, a gas of polar core vortices and antivortices is seen, with its density
determined by the momentum of the unstable spin mode. We see competition between den-
sity patterns and spin-mixing dynamics, which can be controlled by tuning the interaction
strengths, quadratic Zeeman field, or driving frequencies. When spin-mixing dynamics dom-
inate, the spin-spin correlation functions exhibit a Bessel function behaviour as a function
of the relative distance. Otherwise, they decay exponentially with a correlation length of the
order of a spin healing length. Modulating both scattering lengths creates an exciting sce-
nario of competing instabilities among density or spin modes. It produces the superposition
of density patterns or spin correlation functions of two distinct wavelengths.
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Chapter 6

Pattern formation in driven spin-1 BEC
in AFM phase

6.1 Introduction

The driven dynamics of a spinor condensate can depend critically on which scattering length
is modulated and on the initial magnetic phase of the system. For instance, in the ferro-
magnetic phase, modulating the a0 scattering length has no effect, whereas modulation of
a2 leads to dynamics similar to those observed in a driven scalar condensate. In contrast, a
polar phase quasi-two-dimensional condensate a competition between density modulations
and spin-mixing dynamics exists. When the latter dominates, this competition can lead to the
formation of polar-core spin vortices. In general, the characteristic wavelengths of the pat-
terns emerging during the driven dynamics can be predicted from the Bogoliubov spectrum
of the condensate’s initial state.

In this chapter, we investigate the response of a spin-1 Bose-Einstein condensate (BEC)
in the antiferromagnetic (AFM) phase to periodic modulation of the s-wave scattering length.
In a spin-1 condensate with antiferromagnetic interactions (c1 > 0), the spin density mini-
mized in the ground state of the system. When the quadratic Zeeman energy q is positive,
the polar phase, where all atoms occupy the m = 0 component, is energetically favored.
However, for q < 0, the condensate forms a coherent superposition of the m = ±1 compo-
nents, realizing the AFM phase [89]. In the absence of a linear Zeeman shift, both the polar
and AFM phases exhibit vanishing spin density across all spin components, but they are dis-
tinguished by the expectation value of the spin nematic tensor, Nνν′ = (1/2)⟨ fν fν′ + fν′ fν⟩,
which exhibits anisotropy in the xy spin plane, perpendicular to the quantization axis [89,
171, 203]. As a result, the condensate shows spin-nematic order without magnetic ordering.

Similar nematic phases also appear in spin-1 lattice models [121, 131, 165], where the
magnetization vanishes isotropically, but components of the spin-nematic tensor still break
symmetry spontaneously. The AFM phase in a spin-1 BEC supports novel topological ex-
citations, including half-quantum vortices [101, 156, 157] and nematic spin vortices [106,
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173, 181]. Quenching the quadratic Zeeman shift q from positive to negative across the phase
boundary has been shown to induce such excitations [17, 172, 185, 186].

In this work, we examine the formation of density and spin-density patterns in quasi-one-
dimensional (Q1D) and quasi-two-dimensional (Q2D) homogeneous systems. Our findings
reveal that the system’s response depends on the driving frequency. When the frequency
is below the energy gap of the transverse spin branch in the Bogoliubov spectrum, the dy-
namics resemble those of a two-component BEC without coherent coupling between com-
ponents [39]. However, when the driving frequency exceeds this gap, the response becomes
anisotropic in the xy spin space, reflecting the broken spin symmetry of the AFM phase. We
analyze in detail the spin textures formed in both Q1D and Q2D systems and discuss the
distinct features of the emergent patterns.

6.2 Anti-ferromagnetic phase

In this section, we briefly discuss the properties of the AFM state in a spin-1 homogeneous
BEC. In the absence of linear Zeeman shift p, the order parameter of the condensate in the
antiferromagnetic (AFM) phase is given as [89],

ψAFM =

√
n
2


1
0

eiϕ

 , (6.1)

where n is the condensate density. Here, the bosons are in a coherent superposition of m =

±1 states, while the population in the m = 0 state remains zero. Energy of the system is
independent of the phase difference between the m = ±1 states, and choosing a particular
value of ϕ breaks the symmetry of the system in the Fx-Fy spin-space. This can be seen from
the expectation value of the spin nematic tensor given by,

Nνν′ =
1
2

∑
mm′

ψ∗m ( fν fν′ + fν′ fν)ψm′ , (6.2)

where fν are the spin-1 matrices defined in Sec. 2.6. Nνν′ describes the fluctuation of the
spin-components. The anisotropy of the AFM phase can be seen from the tensor components
Nxx = cos2(ϕ/2) and Nyy = sin2(ϕ/2), which indicate the spin-fluctuation in xy spin space.
Another way to understand the anisotropy is by noting that ξ = (1, 0, 1)/

√
2 is an eigenvector

of spin matrix fy with eigenvalue zero, while ξ = (1, 0,−1)/
√

2 is an eigenvector of fx

with the same eigenvalue. Thus, these states exhibit anisotropic properties in the xy plane
despite both having null spin vector ⟨f ⟩. We can also define the spin nematic director d̂ =
(dx, dy, dz) = (sin ϕ,− cos ϕ, 0) [181] which characterises the AFM phase. In the polar phase,
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Figure 6.1: The Bogoliubov excitation spectra of homogeneous AFM condensate. Here,
c0 > c1, and the gap of the spin-mode is indicated by ∆.

the director points along the Fz direction, whereas for the AFM phase, it spontaneously
chooses a direction in the Fx- Fy plane.

Now we shall look at the elementary excitation of the homogeneous spin-1 BEC in the
AFM phase. The excitation spectrum contains three branches. The first two are the gapless
density and spin branches, given respectively by,

ϵ1(k) =
√

Ek(Ek + 2c0n), (6.3)

ϵ−1(k) =
√

Ek(Ek + 2c1n), (6.4)

where Ek = ℏ
2k2/2M, and c0 and c1 are the spin-independent and -dependent coefficients

of interactions, respectively. These modes describe coupled in-phase and out-of-phase ex-
citations in m = ±1 components. The density mode excitation creates patterns in the total
density, and the spin mode excitation creates patterns in the Fz spin density. The third branch
is gapped when the quadratic Zeeman energy q is negative, given by,

ϵ0(k) =
√

(Ek − q)(Ek − q + 2c1n). (6.5)

These modes describe anisotropic spin-excitation in xy-spin space (transverse spin-density).
If the phase between the spin-components ϕ = 0 (ϕ = π/2), the excitation are spin-wave in
Fx (Fy) spin-density. The three branches are plotted in Fig. (6.1), where ∆ =

√
q(q − 2c1n)

denotes the gap of the spin mode. By inspecting the modes, we see that the AFM phase is
stable only when c1 > 0 and c0 > 0.

In the absence of an external magnetic field, i.e. when q = p = 0, the polar and AFM
phases are degenerate, and can be interconverted by a spin space rotation [89].
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6.2.1 Quasi-one- and quasi-two-dimensional systems

As we have discussed in Sec. 2.4, the Q1D system is obtained by applying a strong radial
confinement which freezes its motional freedom along the confined plane, while being ho-
mogeneous along the third, unconfined direction. Similarly, the Q2D system is obtained by
applying a strong external confinement along the z-direction while homogeneous in the xy-
plane. In this case, we assume that along the tightly trapped direction, atoms in all three spin
states are in the ground state of the harmonic trap, and remain so during the dynamics.

The spectra of excitations of the Q1D (Q2D) condensates, along the untrapped direction,
have the same form as given in Eqs. (6.3)-(6.5), except we replace the interaction coefficients
with their 1D (2D) counterparts given by,

c(1D)
0,1 =

c0,1

2πl2
ρ

c(2D)
0,1 =

c0,1
√

2πlz

 , (6.6)

and 3D density n with the uniform 1D (2D) density. Here lρ =
√
ℏ/Mωρ (lz =

√
ℏ/Mωz)

denotes the characteristic length of the radial (longitudinal) harmonic trap with frequency ωρ

(ωz).
The validity of the Q1D approximation under periodic driving has been discussed for a

spin-0 condensate in chapter 4, where we found that the approximation remains valid as long
as the interaction energies are weak compared to the trap energy and the driving frequencies
are not resonant with radial (in Q1D) modes.

6.3 Periodic driving of the scattering length

In this section, we discuss the stability of the uniform AFM condensate under the periodic
driving of the s-wave scattering length. We only consider the periodic driving of scattering
length a0, which is given as,

a0(t) = ā0[1 + 2α0 cos(2ω0t)], (6.7)

while a2 is assumed to be constant in time. The results, however, remain qualitatively the
same under a2 modulations. Under the modulation of a0, both c0 and c1 interaction coefficient
evolve periodically as given by,

c0 = c̄0 +
2α0ḡ0

3
cos(2ω0t), c1 = c̄1 −

2α0ḡ0

3
cos(2ω0t), (6.8)

where ḡ0,2 = 4πℏ2a0,2/2M and c̄0,1 are the mean-value of the interaction coefficients.
The response of the system to the modulation can be understood using a linear stabil-

ity analysis of the homogeneous AFM state. The uniform solution of the Gross-Pitaevskii
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equation (GPE) [Eqs. (2.49)-(2.51)] under the periodic driving can be obtained as,

ψ0(t) =
√

nH

2


1
0
1

 eiθ(t), (6.9)

where the phase θ(t) is time dependent. Here, nH denotes the constant density, and we have
chosen ϕ = 0. The overall phase of the uniform state evolves as θ(t) = µt+(α0ḡ0nH/3ω0) sin(2ω0t),
where µ = q+ c̄0nH is the chemical potential of the condensate in the absence of the periodic
driving.

We then consider a perturbed solution of the form ψ = [ψ0(0) + w(t) cos(k · r)]eiθ(t),
where the amplitude of the perturbation is given by,

w(t) =


w1(t)
w0(t)
w−1(t)

 =


u1(t)
u0(t)
u−1(t)

 + i


v1(t)
v0(t)
v−1(t)

 , (6.10)

with um, vm being real numbers. The equation of motion for thew(t) is obtained by inserting
the perturbed solution in the coupled GPE and linearizing in um, vm. We obtain the following
second-order differential equation for the dynamics of u0,

ℏ2 d2u0

dt2 +

[
ϵ2

0 (k) +
4α0ḡ0nH(Ek − q)

3
cos(2ω0t)

]
u0 = 0. (6.11)

This equation governs the excitation in the m = 0 component, which is uncoupled from the
other components at linear order. We get two more equations which describe the excitations
in m = ±1,

ℏ2 d2u±
dt2 +

[
ϵ2
±1(k) +

4α0ḡ0nHEk

3
cos(2ω0t)

]
u± = 0, (6.12)

where u± = u1 ± u−1. We can see that the dynamics of m = ±1 components are coupled.
Eqs. (6.11) and (6.12) are Mathieu equations [109]. Floquet theory states that these

equations have solutions of the form u0,± = p0,±(t)eσ0,±t where p0,±(t + π/ω0) is a periodic
function, and σ0,± is the complex Floquet exponent. The instability of the uniform solution
occurs is Re

{
σ0,±

}
> 0 at any value of momenta k, as it leads to the exponential growth of

the initially small perturbation. When the driving strength is vanishingly small (α0 → 0), the
instability occur if the momenta k of the perturbation satisfy the condition

ϵ0,±1(k) = jℏω0, (6.13)

where j = 1, 2, . . .. The primary resonance, with the largest Re{σ0,±}, occur at j = 1.
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As we can see, three primary resonances occur for the spin-1 condensate when the inter-
actions are periodically driven. The first two resonances results in the excitation in m = ±1
spin states, with k(+)

u and k(−)
u being the momenta resulting instability. The value of the mo-

menta of unstable modes is given by,

k(+)
u =

[
2M
ℏ2

(√
c̄2

0n2
H + ℏ

2ω2
0 − c̄0nH

)]1/2

(6.14)

k(−)
u =

[
2M
ℏ2

(√
c̄2

1n2
H + ℏ

2ω2
0 − c̄1nH

)]1/2

. (6.15)

This instability can be understood as the parametric excitation of the Bogoliubov modes in
the gapless density and longitudinal spin branches of the AFM phase under driving. The
instability of the density modes induces total density patterns with wavelength 2π/k(+)

u , and
that of the spin modes induces fz spin patterns with wavelength 2π/k(−)

u .
The third resonance results in excitation in the m = 0 state with momentum k(0)

u given by,

k(0)
u =

[
2M
ℏ2

(√
c̄2

1n2
H + ℏ

2ω2
0 − c̄1nH + q

)]1/2

. (6.16)

This instability occurs due to the parametric excitation of the mode from the gapped trans-
verse spin branch ϵ0(k), resulting in the formation of a spin-density pattern in the xy-spin
space. The direction of the transverse spin-density pattern vector depends on the spin ne-
matic order of the initial system. It will be perpendicular to the nematic director d̂. Thus, if
ϕ = 0, we see pattern formation in the Fx spin density, and if ϕ = π/2, it will be along the Fy

spin density. The transverse spin mode instability only occurs when the driving frequency is
greater than the spin branch gap, i.e. ℏω0 > ∆.

The growth rate of the unstable modes is determined by the real part of the Floquet
exponents σ±,0. For the most unstable density modes, the exponent is obtained as [122],

σ+ =
α0ḡ0

3ℏ2ω0

(√
c̄2

0n2
H + ℏ

2ω2
0 − c̄0nH

)
, (6.17)

and for the most unstable spin-modes,

σ− = σ0 =
α0ḡ0

3ℏ2ω0

(√
c̄2

1n2
H + ℏ

2ω2
0 − c̄1nH

)
. (6.18)

The Floquet exponents of unstable longitudinal and transverse spin modes are equal. But
their momenta of the unstable mode might differ, resulting in F⊥ and Fz spin density patterns
with different wavelengths. While three primary resonances exist for the spinor condensate,
the dynamics will be dominated by density pattern formation if σ+ ≫ σ−, which occurs
when c0 ≪ c1. Similarly, spin-density pattern formation dominates when σ+ ≪ σ−, i.e.
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when c0 ≫ c1. This scenario is similar to what we have seen from the case of polar phase,
where a larger spin-independent coefficient leads to dominant spin-dynamics, while a larger
spin-dependent coefficient leads to dominant density pattern (Faraday wave) formation.

The linear stability analysis predictions are valid when fluctuations about the initial states
are small. Therefore, in the presence of an instability, it only captures the initial stages of the
dynamics.

6.4 GPE simulation

We study the driven dynamics in Q1D and Q2D geometry by solving the spin-1 GPE equa-
tions numerically. To simulate the quantum fluctuations that trigger the pattern forma-
tion, we add random noise to the initial AFM state under the TWA prescription [12] as
ψ(r, 0) = ζAFM + δψ(r), where the fluctuations about the mean field is given by

δψ1(r, 0) =
∑

k

[β(1)
k ūk,1 + β

(−1)
k ūk,−1]eik·r + [β(1)

k v̄k,1 + β
(−1)
k v̄k,−1]∗e−ik·r

δψ0(r, 0) =
∑

k

β(0)
k ūk,0eik·r + (β(0)

k )∗v̄k,0e−ik·r

δψ−1(r, 0) =
∑

k

[β(1)
k ūk,1 − β

(−1)
k ūk,−1]eik·r + [β(1)

k v̄k,1 − β
(−1)
k v̄k,−1]∗e−ik·r, (6.19)

where β(m)
k are independent Gaussian random variables with mean zero and variance 1/2.

The coefficients are given as [89],

ūk,1 =

√
Ek + c̄0nH + ϵ1(k)

4ϵ1(k)
(6.20)

ūk,0 =

√
Ek − q + c̄1nH + ϵ0(k)

2ϵ0(k)
(6.21)

ūk,−1 =

√
Ek + c̄1nH + ϵ−1(k)

4ϵ−1(k)
, (6.22)

and v̄k,m =
√

ū2
k,m − 1. Thus, the noise present in m = ±1 components is correlated. The

results remain qualitatively the same if the noise is a uniform random variable between ±ϵ
for ϵ ≪ 1.

In the rest of the chapter, we analyze the driven dynamics of spin-1 BEC in an ini-
tial AFM state. Here, we assume spin-independent and dependent coefficients of the same



104 Chapter 6. Pattern formation in driven spin-1 BEC in AFM phase

orders of magnitude, thereby observing both density and spin-density pattern formation si-
multaneously under periodic driving. However, in the experimentally realized system of
antiferromagnetic 23Na condensate [11, 154], the spin-dependent interaction is about 3% of
the spin-independent interaction. In this case, we assume that the spin-pattern formation
dominates, whereas the total density of the condensate remains nearly constant.

6.5 Driven Q1D BEC

In this section, we look at the driven dynamics of Q1D BEC in an initial AFM state. The
evolution of the Q1D spinor order-parameter ψ̃(z, t) is follows the coupled GPE,

iℏ
∂ψ̃1

∂t
=

[
−
ℏ2

2M
∂2

∂z2 − p + q + c(1D)
0 n(1D) + c(1D)

1 F(1D)
z

]
ψ̃1 +

c(1D)
1
√

2
F(1D)
− ψ̃0 (6.23)

iℏ
∂ψ̃0

∂t
=

[
−
ℏ2

2M
∂2

∂z2 + c(1D)
0 n(1D)

]
ψ̃0 +

c(1D)
1
√

2

[
F(1D)
+ ψ̃1 + F(1D)

− ψ̃−1

]
(6.24)

iℏ
∂ψ̃−1

∂t
=

[
−
ℏ2

2M
∂2

∂z2 + p + q + c(1D)
0 n(1D) − c(1D)

1 F(1D)
z

]
ψ̃−1 +

c(1D)
1
√

2
F(1D)
+ ψ̃0. (6.25)

The Q1D interaction coefficients c(1D)
0,1 are defined in Eq. (6.6), and n(1D) = n(1D)

1 +n(1D)
0 +n(1D)

−1

the denotes the linear density of condensate, with n(1D)
m = |ψ̃m|

2 being the density of spin state
m. The spin density components are given as F(1D)

z = |ψ̃1|
2
− |ψ̃−1|

2, and F(1D)
+ = (F(1D)

− )
∗
=

√
2(ψ̃1ψ̃

∗
0 + ψ̃

∗
0ψ̃−1). The transverse spin-density vectors is obtained from F(1D)

x = Re
{
F(1D)
+

}
and F(1D)

y = Im{F(1D)
+ }.

Under the periodic driving of scattering length a0 as specified in Eq. (6.7), the interactions
coefficients evolve as,

c(1D)
0 = c̄(1D)

0 +
α0ḡ0

3πlρ
cos(2ω0t)

c(1D)
1 = c̄(1D)

1 −
α0ḡ0

3πlρ
cos(2ω0t). (6.26)

In the following, we look at the driven dynamics of the condensate by solving the GPEs (6.23)-
(6.25). Here we add an initial noise to the system, which triggers the growth of instabilities,
as discussed in Sec. 6.4.

6.5.1 Modulation frequency less than spin-mode gap

We first look at the case when a0 is driven with frequency ℏω0 < ∆1D, where ∆1D =√
q(q − c̄(1D)

1 n(1D)
H ) denotes the gap of Q1D transverse spin branch ϵ0, with n(1D)

H being uni-
form linear density of the condensate. In this case, the primary instabilities only occur in the
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Figure 6.2: Driven Q1D condensate (ℏω0 < ∆1D): The dynamics of the (a) total density
n(1D)(z, t) and (b) spin-density F(1D)

z (z, t). (c) The dynamics of the momentum state popu-
lation of the condensate. The frequency and amplitude of the driving of scattering length
a0 areω0 = 0.3ωρ and α0 = 0.4 respectively. The other parameters are c̄(1D)

0 n1D = 0.3ℏωρ,
c̄(1D)

1 n(1D)
H = 0.2ℏωρ, q = −0.3ℏωρ, and p = 0.

gapless branches ϵ±1, whereas the modes in the transverse spin branch ϵ0 are not unstable.
As a result, the m = 0 population remains close to its initial value of zero.

The dynamics of the total density n(1D)
1 + n(1D)

−1 and spin-density n(1D)
1 − n(1D)

−1 is given in
Fig. 6.2 (a),(b). Here we see the spontaneous emergence of patterns in both quantities due
to the parametric instability of the Bogoliubov modes. In the driven Q1D condensate, the
density and spin density patterns arising are sinusoidal, with wavelengths λd ∼ 2π/k(+)

u and
λs ∼ 2π/k(−)

u , respectively. The momenta of the unstable mode can also be observed from
the momentum space density shown in Fig. 6.2 (c), where ñm denotes the momentum space
density of the spin state m. The peak near kz = 0 corresponds to the condensate mode, and
two new peaks emerge at ±k(±)

u under periodic driving.
When the AFM condensate is driven at a frequency below the spin-mode gap, the re-

sulting dynamics resembles that of a driven binary condensate in the miscible phase. Such
parametric excitation and pattern formation in binary condensates have been observed exper-
imentally in Ref. [39]. This analogy holds in the absence of coherent coupling between the
two components of the binary condensate. The phase difference between the two components
does not influence the dynamics when the driving frequency remains below the transverse
spin-mode gap.

6.5.2 Modulation frequency greater than the spin-mode gap

When the driving frequency ℏω0 > ∆1D, transverse spin-mode also become unstable, along
with the density mode and the longitudinal spin-mode. Therefore, under the periodic driving,
we observe a transfer of population to the m = 0 mode [Fig.6.3(a)]. The population growth
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Figure 6.3: Driven Q1D condensate (ℏω0 > ∆1D): Dynamics of (a) spin state population
under periodic driving of scattering length a0. Dynamics of transverse spin-densities (b)
F(1D)

x (z, t) and (c) F(1D)
y (z, t). The frequency and amplitude of the driving are ω0 = 0.45ωρ

and α0 = 0.3 respectively. The other parameters are given as c̄(1D)
0 n(1D)

H = 0.3ℏωρ,
c̄(1D)

1 n(1D)
H = 0.2ℏωρ, q = −0.3ℏωρ, and p = 0.

Figure 6.4: Driven Q1D condensate (ℏω0 > ∆1D): The dynamics of the momentum
state population of the condensate under periodic driving of scattering length a0. The
frequency and amplitude of the driving are ω0 = 0.45ωρ and α0 = 0.3 respectively. The
other parameters are c̄(1D)

0 n(1D)
H = 0.3ℏωρ, c̄(1D)

1 n(1D)
H = 0.2ℏωρ, q = −0.3ℏωρ, and p = 0.
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Figure 6.5: Q1D spin-spin correlations of for driving frequency [(a),(b)] ω0 = 0.2ωρ
(ℏω0 < ∆1D) and [(c),(d)] ω0 = 0.4ωρ (ℏω0 > ∆1D). Here we show [(a),(c)] Cx and Cy and
[(b),(d)] Cz. The solid red line is obtained from a Gaussian envelope fit. The correlation
is time-averaged from [(a),(c)] ωρti = 300 to ωρt f = 650 and [(b),(d)] ωρti = 200 to
ωρt f = 600. We further take an average over 40 realizations of TWA noises. The other
parameters are c̄(1D)

0 n(1D)
H = 0.1ℏωρ, c̄(1D)

1 n(1D)
H = 0.1ℏωρ, q = −0.2ℏωρ, p = 0, and

α0 = 0.45. The central peak, Cα(z = 0) = 1 is removed for clarity.

is initially exponential, with the rate determined by the Floquet exponent σ0 [see Eq. (6.18)].
We can also see an additional peak at k(0)

u in the momentum space densities of the condensate
[Fig. 6.4], which arises from the transfer of particles occurring to the m = 0 spin state. Here,
we define the total population for spin state m as,

Nm =

∫
dz

∣∣∣ψ̃m

∣∣∣2, (6.27)

and N =
∑1

m=−1 Nm denotes the total population. Due to the conservation of total longitudinal
magnetization, we have N1 = N−1.

Along with the spin transfer to the m = 0 spin-state, we can also see formation of spin-
texture in the transverse spin components [Fig.6.3 (b)]. The initial phase difference between
the m = ±1 components plays a significant role here, as it determines the orientation of the
transverse spin-density vector F⊥. In our simulations, we chose the initial phase ϕ = 0,
causing the spin-density pattern formation along Fx. The wavelength of the transverse spin-
density patterns is λs⊥ ∼ 2π/k(+)

u . We can also see weaker patterns forming in the Fy spin
component as well [Fig.6.3 (c)], and we attribute this to the fluctuations of the nematic order
along the condensate.
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6.5.3 Spin-spin correlation in quasi-1D condensate

We analyse the spin-texture using the 1D spin-spin correlation defined by,

Cν(z) =

∫
dz′F(1D)

ν (r′)F(1D)
ν (z′ + z)∫

dz′(F(2D)
ν (z′))

2 , ν ∈ {x, y, z}. (6.28)

which is shown in Fig. 6.5. Here, the spin-correlation is averaged over time period between
ti and t f , during which the pattern formation is prominent. It is further averaged over 40
different realization of initial TWA noise. As we can see, when ω0 < ∆, the spin-texture in
the Fx,y spin-densities exhibit zero correlation, whereas that in the Fz spin-density exhibit a
sinusoidal correlation with wavelength 2π/k(−)

u and an overall Gaussian envelope. The width
of the Gaussian envelope is found to be related to the driving amplitude α0, with smaller α0

leading to wider envelope. When the driving frequency ω0 > ∆, we see such oscillation in
Cx,y as well. The Cy has a narrower envelope, due to the choice of the initial phase difference
ϕ between the m = ±1 spin-components.

6.6 Driven quasi-2D condensate

In this section, we look at the dynamics of the driven AFM condensate in Q2D geometry.
The evolution of 2D order-parameter ψ̄(x, y, t) is given by the following GPE,

iℏ
∂ψ̄1

∂t
=

−ℏ2∇2
xy

2M
− p + q + c(2D)

0 n(2D) + c(2D)
1 F(2D)

z

 ψ̄1 +
c(2D)

1
√

2
F(2D)
− ψ̄0 (6.29)

iℏ
∂ψ̄0

∂t
=

−ℏ2∇2
xy

2M
+ c(2D)

0 n(2D)

 ψ̄0 +
c(2D)

1
√

2

[
F(2D)
+ ψ̄1 + F(2D)

− ψ̄−1

]
(6.30)

iℏ
∂ψ̄−1

∂t
=

−ℏ2∇2
xy

2M
+ p + q + c(2D)

0 n(2D) − c(2D)
1 F(2D)

z

 ψ̄−1 +
c(2D)

1
√

2
F(2D)
+ ψ̄0. (6.31)

The Q2D interaction coefficients are defined in Eq.(6.6), and the n(2D) =
∑

m |ψ̄m|
2 de-

notes the 2D density of the system. We also have the 2D spin-density component F(2D)
z =

|ψ̄1|
2
− |ψ̄−1|

2, and the transverse components F(2D)
x = Re

{
F(2D)
+

}
and F(2D)

y = Im{F(2D)
+ }, where

F(2D)
+ = (F(2D)

− )
∗
=
√

2(ψ̄1ψ̄
∗
0 + ψ̄

∗
0ψ̄−1).

The initial dynamics of the system under periodic driving can be understood from the
linear stability analysis in Sec. 6.3. When the driving frequency less than the Q2D transverse

spin-mode gap, i.e. ℏω0 < ∆2D =

√
q(q + c(2D)

1 n(2D)
H ), only the density mode and Fz spin-

modes are unstable, creating patterns in n(2D)
1 ± n(2D)

−1 . When the driving frequency is greater
than the gap, we observe transverse spin patterns as well. In the following, we discuss the
numerical results for both cases.
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Figure 6.6: Driven Q2D condensate (ℏω0 < ∆2D): Total density n(2D)
1 + n(2D)

−1 in the (a)
real space and (b) Fourier space. F(2D)

z spin-density n(2D)
1 − n(2D)

−1 in the (c) real space and
(d) Fourier space. Here, c̄(2D)

0 n(2D)
H = 0.3ℏωz, c̄(2D)

1 n(2D)
H = 0.2ℏωz, and q = −0.3ℏωz, and

p = 0. The driving parameters are α0 = 0.4 and ω0 = 0.3ωz, and the snapshot is taken at
ωzt = 980.

Figure 6.7: Driven Q2D condensate (ℏω0 > ∆2D): F(2D)
x spin-density in the (a) real

and (b) Fourier space. F(2D)
y spin-density in the (c) real and (d) Fourier space. Here,

c̄(2D)
0 n(2D)

H = 0.3ℏωz, c̄(2D)
1 n(2D)

H = 0.2ℏωz, and q = −0.3ℏωz, and p = 0. The driving
parameters are α0 = 0.4 and ω0 = 0.6ωz, and the snapshot is taken at ωzt = 600.



110 Chapter 6. Pattern formation in driven spin-1 BEC in AFM phase

−20 0 20
x/lρ

−20

0

20
y
/l
ρ

(a)

−20 0 20
x/lρ

−20

0

20(b)

Fz

Fx

Figure 6.8: Driven Q2D condensate (ℏω0 > ∆2D): Fz-Fx spin-texture in the Q2D
condensate formed under periodic driving of scattering length a0, for frequencies (a)
ω0 = 0.2ωz (less than gap) at time ωzt = 980 and (b) ω0 = 0.6ωz (greater than gap)
at time ωzt = 700. A spin-vortex (red circle) and antivortex (blue circle) are marked in
(b). Here, c̄(2D)

0 n(2D)
H = 0.3ℏωz, c̄(2D)

1 n(2D)
H = 0.2ℏωz, and q = −0.3ℏωz, and p = 0.

When the modulation frequency is less than ∆2D, we do not see any population transfer
to the m = 0 spin state, as expected. The pattern formed in the total density n(2D)

1 + n(2D)
−1 and

spin-density n(2D)
1 − n(2D)

−1 are given in Fig. 6.6. The Fourier transforms of total density and
spin density [Fig. 6.6 (b),(c)] reveal the wavelength of the unstable momenta of the density
and the spin mode. In the 2D geometry, momenta of the unstable modes lie on a ring in
the kx-ky space [162]. Again, this is analogous to the case of binary condensate in miscible
phase, and the initial phase difference between the m = ±1 components does not play any
role in this dynamics.

When the modulation frequency is greater than the gap ∆2D, we see a population transfer
to the m = 0 state, similar to what is observed for the Q1D geometry. Here, we see pattern in
the total density and Fz spin-density similar to when the frequency was below the gap, along
with pattern formation in the F (2D)

⊥ spin-component. The initial phase ϕ plays a crucial role
in determining the orientation of the spin-density vector. Since we chose ϕ = 0, the pattern
formation occur in the F(2D)

x spin-density vector. We can see this in Fig. 6.7 (a) and (c),
where the F(2D)

x and F(2D)
y patterns formed under the driving is given. The Fourier transform

of the F(2D)
x also reveals the momenta of the unstable transverse spin-mode k(0)

u . The vortices
appearing are similar to those encountered for the driven system in the initial polar phase.
However, the vortices in the polar phase arise due to the underlying phase vorticity in the
m = ±1 components. For the spin-vortices arising in the AFM phase, such a clear relation
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Figure 6.9: Driven Q2D condensate (ℏω0 > ∆2D): Radial spin-spin correlation in the
Q2D condensate formed under periodic driving of scattering length a0, for frequencies (a)
ω0 = 0.2ωz (less than gap) at time ωzt = 980 and (b) ω0 = 0.6ωz (greater than gap) at
time ωzt = 700. The dashed line denotes the zeroth Bessel function

between the phase vorticity and spin-vorticity could not be identified. Such excitations were
also reported in Ref. [195], where anomalous spin-vortices were formed from an unstable
ferrodark soliton in Q2D geometry.

We can also visualize the spin-pattern formation in Fig. 6.8, when ℏω0 < ∆2D and ℏω0 >

∆2D, where we see that nature of the Fx-Fz spin-texture patterns are completely different.
When ℏω0 < ∆2D, we see spin domain formations, with the spin-vector aligning along the
F(2D)

z axis, whereas when ℏω0 > ∆2D, we see formation of vortices and antivortices in the
spin-texture. Since the F(2D)

y remain close to zero, the spin-vectors are confined to the 2D
F(2D)

x -F(2D)
z space.

Finally, we also look at the spin-spin correlation function defined as,

Cν(r) =

∫
dr′F(2D)

ν (r′)F(2D)
ν (r′ + r)∫

dr′(F(2D)
ν (r′))

2 , ν ∈ {x, y, z}. (6.32)

This function is rotationally symmetric in the xy-plane; therefore, we look at the radial cor-
relation function defined as C̄ν(ρ) = (1/2π)

∫
dφCν(ρ, φ). The radial correlation for the spin

density patterns is a Bessel function, and as we can see in Fig. 6.9, the unstable momenta
can also be determined from the argument of the Bessel function, as,

C̄z(ρ) ≈ J0(k(−)
u ρ), C̄x(ρ) ≈ J0(k(0)

u ρ). (6.33)

This Bessel function formation is expected as the patterns formed in the condensate are a
superposition of many spin-waves travelling along random directions in the xy-plane, but
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with the same momenta [128].

6.7 a2 Modulation

In this section, we briefly discuss the case of a2 scattering length modulation. The Mathieu
equations, in this case, is given by,

ℏ2 d2u+
dt2 +

[
ϵ2

1 (k) +
8α2ḡ2nHEk

3
cos(2ω2t)

]
u+ = 0, (6.34)

ℏ2 d2u−
dt2 +

[
ϵ2
−1(k) +

4α2ḡ2nHEk

3
cos(2ω2t)

]
u− = 0, (6.35)

ℏ2 d2u0

dt2 +

[
ϵ2

0 (k) +
4α2ḡ2nH(Ek − q)

3
cos(2ω2t)

]
u0 = 0. (6.36)

and resulting the density and spin Floquet exponents are,

σ+ =
α2ḡ2

3ℏ2ω2

(√
c̄2

0n2
H + ℏ

2ω2
2 − c̄0nH

)
, (6.37)

σ− = σ0 =
2α2ḡ2

3ℏ2ω0

(√
c̄2

1n2
H + ℏ

2ω2
2 − c̄1nH

)
. (6.38)

Here, an extra factor of two appear for the spin-mode density. The consequence of this
factor is similar to what had been discussed in case of a2 modulation in the polar phase.
For instance, spin-dynamics dominates for a2 modulation when c̄1 = c̄0. In general, the
spin Floquet exponent is larger when 0 < c̄1nH <

(
5c̄0nH − 3

√
c̄2

1n2
H + ℏ

2ω2
2

)
/4, a condition

which dependents on frequency as well.

6.8 Modulation of both frequency

In this section, we analyze the dynamics that occur under the simultaneous modulation of
a0 and a2, particularly focusing on the competing instability when modulated at different
frequencies (ω0, ω2), or equivalently by modulation one scattering length with a combination
of two frequencies [201]. Here, we only discuss the results for the Q1D geometry, although
qualitatively similar results are obtained for the Q2D geometry as well. With an appropriate
choice of driving amplitude, two modes from the same branch (with different momenta)
become equally unstable [see. Sec. 5.9.3], i.e. with the same Floquet exponent. The example
of such a scenario is given in Fig. 6.10. Here we see competing instability of two unstable
modes in the ϵ−1(k) branch, which is observed from the structure factor (Fourier transform
of Cz) plotted in Fig. 6.10 (b) as two distinct peaks. Similar instability can also be observed
in the density pattern formation, for instance if c̄1 ≪ c̄0, when the condensate is modulated
with two frequencies and appropriately chosen amplitudes.
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Figure 6.10: Results for simultaneous modulation of a0 and a2 with c̄1 ≪ c̄0 and ℏω0,2 <

∆1D in Q1D geometry. The values of the parameters c̄(1D)
0 n(1D)

H = 0.4ℏωρ, c̄(1D)
1 n(1D)

H =

0.05ℏωρ, q = −0.6ℏωρ, α0 = 0.2, ω0 = 0.6ωρ , α2 = 0.15 and ω0 = 0.3ωρ. (a) Spin
texture for simultaneous modulation of a0 and a2 at ωρt = 268. (b) The structure factor
reveals the two dominant unstable momenta of the magnon mode. The corresponding Cz

correlation is shown in the inset of (b). The correlation is obtained by taking an average
from ωρti = 180 to ωρt f = 270 over 40 different realizations of TWA noise.
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Figure 6.11: (a)-(e) The Bogoliubov modes ϵm of a Q1D condensate in AFM phase for
c̄(1D)

1 n(1D)
H = 0.4ℏωρ, c̄(1D)

1 n(1D)
H = 0.05ℏωρ (a) q = −0.2ℏωρ, (b) q = −0.25ℏωρ, (c)

q = −0.3ℏωρ, (d) q = −0.5ℏωρ and (e) q = −0.55ℏωρ. The modulation frequencies
ω0 = 0.6ωρ and ω0 = 0.3ωρ are indicated by dashed lines. (f)-(j) The Mathieu exponents
associated with the unstable spin-mode shown (a)-(e) for modulation amplitudes α0 = 0.3
and α0 = 0.217. The blue peak arises from the a0 modulation and the orange one arises
from the a2 modulation.
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Figure 6.12: (a) and (b) shows the population dynamics for different values of |q| (given
in the inset in units of ℏωρ ), given in the inset for c̄1 = c̄0 and c̄1 ≪ c̄0 , respectively.
(c) and (d) show the total population transferred after two different instants (given in the
inset in units of ω−1

ρ ) for c̄1 = c̄0 and c̄1 ≪ c̄0, respectively. For (a) and (c), we took
c̄(1D)

0 n(1D)
H = c̄(1D)

1 n(1D)
H = 0.1ℏωρ, α0 = 0.4 and α2 = 0.235. For (b) and (d), we took

c̄(1D)
0 n(1D)

H = 0.4ℏωρ, c̄(1D)
1 n(1D)

H = 0.05ℏωρ, α0 = 0.3 and α2 = 0.217. For all cases,
ω0 = 0.6ωρ and ω0 = 0.3ωρ.

We also investigate the effect of varying the quadratic Zeeman term across the point
ℏω2 = ∆1D(q), where ω0 < ω2 are the driving frequencies. We chose the amplitudes α0,2

such that the Floquet exponents of the two unstable modes are nearly equal Fig. 6.11 [(f)-
(g)]. Here, the exponents of the two unstable modes with two different momenta can be
approximated as the union of the cases where only one frequency is present [85]. As the
gap of the spectrum varies, the exponents of the unstable modes remain constant, since they
are independent of q. However, once the ∆1D > ℏω0, we see a sudden dip in the population
transferred to the m = 0 component. This is shown in Fig. 6.12 for and c̄1 = c̄0 [(a),(c)] and
c̄1 ≪ c̄0 [(b), (d)], as there is only one unstable mode in ϵ0(k) branch when ∆1D > ℏω0. Even
though the Floquet exponent is independent of q, we see a change of population transfer in
the simulation. This is attributed to the increase width of the unstable momenta-region near
the ∆1D = ℏω0,2 points Fig. 6.11 [(f)-(j)].

6.9 Conclusion

In this chapter, we looked at the dynamics of homogeneous condensate in AFM phase, when
the s-wave scattering length is driven about its mean value, in Q1D and Q2D geometry. Sim-
ilar to the polar phase BEC, density and spin patterns arise in the AFM phase under driving.
Using linear stability analysis, we find that spin and density modes become parametrically
excited under driving. We also found the relationship between the momenta of the unstable
modes, denoted by k(±,0)

u , and driving frequency as ℏω0 = ϵ0,±1(k(±,0)
u ). The transverse spin

mode is only unstable if the driving frequency ω0 > ∆, the gap of the ϵ0 branch. The Floquet
exponent of the unstable density mode σ+ depends on the mean spin-independent coeffi-
cient c̄0, and that of the unstable spin modes σ−,0 depends on the spin-dependent interaction
coefficient. By inspecting the exponent, we see that the density dynamics dominates when
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c̄1 ≫ c̄0, whereas the spin dynamics dominates when c̄0 ≫ c̄0, when the longitudinal and
transverse spin modes are both unstable, i.e. when ω0 > ∆, the pattern formation occur at
the same rate as σ0 = σ−.

We study condensate dynamics in Q1D and Q2D geometry by numerically solving the
coupled GPE. The initial AFM state was perturbed by adding noise under the TWA prescrip-
tion, which simulates the quantum fluctuations present in the system. For the Q1D system,
the parametric excitation of modes results in sinusoidal density and spin density pattern for-
mation. When the driving frequency ω0 < ∆1D, we see patterns in the total density and
Fz spin-density with wavelengths 2π/k(+)

u and 2π/k(−)
u , respectively. In this case, the system

is equivalent to a two-component BEC. When ω0 > ∆1D, we also see pattern formation in
the transverse Fx,y spin densities, and a transfer of population to m = 0 spin state. The
wavelength of the transverse spin density pattern is given by 2π/k(0)

u . When the initial phase
between the m = ±1 components is ϕ = 0, the spin density pattern forms mainly along Fx.
We also see the formation of patterns in Fy, we attribute this to inherent fluctuations of the
nematic order.

We see similar dynamics in the Q2D condensate as well, where 2D total density patterns
form with wavenumber k(+)

u and Fz spin density patterns form with wavenumber k(−)
u . When

ω0 > ∆2D, we also see spin density pattern in Fx component (for initial phase ϕ = 0). The
radial spin-spin correlation functions are Bessel functions with argument k(−)

u and k(0)
u for Fz

and Fx spin patterns, respectively. Therefore, in the Fx-Fz, the spin-texture formed under
the periodic driving will be domains along the Fz spin-direction when ω0 < ∆2D, and spin
vortex antivortex gas when ω0 > ∆2D. The patterns formed in all cases are transient due to
the initial excitation of the resonant mode, and the condensate destroys continuous driving.
We briefly discussed the case of a2 modulation and competing instability in the presence of
two driving frequencies.
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Chapter 7

Summary and Outlook

In this thesis, we have investigated the dynamics of driven Bose-Einstein condensates (BECs),
focusing on the instabilities that give rise to pattern formation.

In the first part of the thesis, we examined the driven dynamics of a cylindrically confined
spin-0 BEC, focusing on the explicit role of the trapping potential. In Chapter 3, we stud-
ied the resonance of radial modes in a cylindrical condensate when the interaction strength
is modulated at the natural frequencies of these modes, using both Bogoliubov theory and
Gross–Pitaevskii equation (GPE) simulations. We established a general resonance condition
and explored the resulting dynamics under resonant excitation. Excitation of the transverse
monopole mode leads to amplified breathing oscillations, which subsequently decay into
pairs of longitudinal density modes, producing longitudinal density patterns. When the driv-
ing frequency matches that of the higher radial (nr = 2) mode, annular patterns emerge in
the radial density profile. The decay dynamics of these higher modes are more complex due
to its high lying nature. At low initial interaction strengths, the decay leads to density waves,
while at stronger interactions, the system exhibits centre-of-mass (COM) oscillations due to
excitation of the dipole branch modes. We analyze the crossover between these regimes for
various interaction strengths.

In Chapter 4, we extend this study to parametric resonances in the cylindrically confined
system, focusing on the excitation of Bogoliubov modes at half the driving frequency under
periodic modulation of the interaction. Using linear stability analysis and Bogoliubov theory
within the quasi-one-dimensional (Q1D) approximation, we show that the unstable wave-
lengths of the resulting density patterns are determined by the Bogoliubov dispersion. This
analysis is validated by extending it to the full three-dimensional condensate, confirming that
the Q1D approximation remains valid for weak interactions even at higher driving frequen-
cies. For stronger interactions, radial modes become important and give rise to complex,
frequency-dependent pattern formation. In particular, for a certain frequency range, insta-
bility of the gapless branch leads to density wave formation, while at higher frequencies,
instability of the dipole branch leads to longitudinal COM oscillations.

In the second part of the thesis, we explore the driven dynamics of a spin-1 spinor BEC
initialized in various magnetic phases. For a condensate prepared in the fully magnetized
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ferromagnetic state, the dynamics resemble those of a spin-0 BEC, with parametric excitation
resulting in the formation of density waves. However, when the initial state is in the polar
or antiferromagnetic (AFM) phase, qualitatively different dynamics emerge. In Chapter 4,
we examine the formation of density and spin-density patterns under periodic modulation of
the scattering length in quasi-two-dimensional spin-1 BEC initialized in polar phase, where
all atoms are in the m = 0 spin state. The wavelength of these patterns can be predicted
from the Bogoliubov spectrum of the initial state. When the driving frequency is below the
spin-mode gap, only density patterns form. When it exceeds the gap, competition between
density and spin pattern formation arises. If the spin-independent interaction coefficient c0 is
much larger than the spin-dependent coefficient c1, the dynamics are dominated by density
pattern formation and the reverse leads to dominant spin dynamics. The latter case involves
population transfer into the initially unoccupied m = ±1 and the emergence of spin textures
in the transverse spin plane (Fx-Fy). These textures consist of a gas of spin vortices and
antivortices, whose number density depends on the driving frequency. Each spin vortex
corresponds to a polar-core vortex, composed of a vortex-antivortex pair in the m = ±1 spin
state densities. The radial spin-spin correlation function exhibits a Bessel profile.

We further investigate the AFM condensate in Chapter 6, where both density and spin
patterns emerge under periodic driving. Similar to the polar case, dominant spin-independent
interactions (c0 ≫ c1) favor spin pattern formation, while dominant spin-dependent interac-
tions (c0 ≪ c1) favor density patterns. When the driving frequency is below the transverse
spin-mode gap, we observe in-phase and out-of-phase oscillations of the m = ±1 compo-
nents, resulting in patterns in total density and longitudinal spin density. This behaviour
closely resembles the response of a binary condensate in the miscible regime. The AFM
phase is a symmetry-broken phase. Although the magnetization vanishes isotropically, the
spin-nematic tensor exhibits anisotropy in the Fx-Fy plane. This broken symmetry plays a
central role when the driving frequency exceeds the transverse spin-mode gap, leading to the
formation of transverse spin-density patterns oriented along a specific direction determined
by the initial nematic order. The resulting spin texture forms domains below the gap, and
a vortex-antivortex gas above the gap. The wavelengths of the longitudinal and transverse
patterns are distinct and can be extracted from the Bogoliubov spectrum, which is typically
degenerate in the AFM phase. The radial spin-spin correlation again follows a Bessel func-
tion profile, and the momenta of the unstable modes can be inferred from its arguments.

Now we outline a few of the possible future outlooks of this thesis. The study can be
extended to the nonlinear dynamics of the parametrically excited modes in trapped conden-
sates, as such effects have been shown to cause formation of regular patterns in Q2D systems
[60, 162, 201]. The damping of the excitations can also modify the dynamics significantly
[162]. Such effects in driven spinor condensates are an interesting problem to look at [23].
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The entanglement generation under pair production is also an intriguing topic to explore,
in both spinless and spinor condensates. The studies can also be extended to higher spin
systems, which host many more ground state phases.
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Appendix A

Hamiltonian transformation in
Bogoliubov basis

In this appendix, we show that the time-independent Hamiltonian becomes diagonal in its
Bogoliubov basis, within a number-conserving framework. Although we consider a cylin-
drically confined BEC in the thesis, this derivation has not made any assumption on the trap
geometry.

Consider the following Hamiltonian,

Ĥ0 =

∫
dr

[
Ψ̂†ĥ0Ψ̂ +

ḡ
2
Ψ̂†Ψ̂†Ψ̂Ψ̂

]
(A.1)

where ĥ0(r) = −(ℏ2∇2/2M) + VT (r) with VT (r) being the 3D harmonic trap. Here, ḡ is the
coefficient of the two-body interaction. We expand the field operator about the mean-field
ground state of the Hamiltonian as,

Ψ̂(r, t) =
[
ξ0
√

Lz
â0 + δΨ̂(r, t)

]
eiµt (A.2)

where ξ0 satisfy the time-independent GPE, [−(ℏ2∇2/2M) + VT (r) − µ + ḡnH |ξ0|
2]ξ0 = 0. â0

annihilates a particle in the condensate mode and δΨ̂ contain the portion of the field operator
that is orthogonal to the condensate mode, thus representing the non-condensate contribution
to it.

Expanding the Hamiltonian around the condensate mode using (A.2), we get,

Ĥ0 =
â†0â0

Lz

∫
drξ∗0ĥ0ξ0 +

1
√

Lz

∫
dr

[
â0δΨ̂

†ĥ0ξ0 + H.c.
]
+

∫
drδΨ̂†ĥ0δΨ̂

+
ḡ
2

â†0â†0â0â0

L2
z

∫
dr|ξ0|

4 +
ḡ

Lz
√

Lz

∫
dr

[
â†0â0â0 |ξ0|

2ξ0δΨ̂
† + H.c.

]
+

ḡ
2Lz

∫
dr

[
â†0â†0 (ξ∗0)2δΨ̂δΨ̂ + H.c.

]
+ 2

ḡ
Lz

â†0â0

∫
dr|ξ0|

2δΨ̂†δΨ̂ + O(δΨ̂3), (A.3)

where the terms that are of order δΨ̂3 and higher are neglected. This is a valid assumption
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when the non-condensate population is smaller than the condensate population. Since the
total number of atoms N in the system is conserved, we have â†0â0 = N − δN̂, where â†0â0 and
δN̂ =

∫
drδΨ̂†δΨ̂ are the number operators for the condensate mode and non-condensate

modes, respectively. δN̂ is of order δΨ̂2, therefore we have â†0â†0â0â0 ≈ N2 − 2Nδ̂N when
N ≫ 1.

We collect terms in order of δΨ̂, where the Hamiltonian becomes Ĥ0 ≈ Ĥ(0)
0 + Ĥ(1)

0 + Ĥ(2)
0 .

The zeroth order term is given by,

Ĥ(0)
0 = nH

∫
dr

[
ξ∗0ĥ0ξ0 +

ḡnH

2
|ξ0|

4
]
≡ E0 (A.4)

This is the mean-field energy of the system, which is obtained by completely neglecting the
non-condensate contribution. The linear order term in Hamiltonian vanishes,

Ĥ(1)
0 = â†0

∫
dr δΨ̂†

[
ĥ0 + ḡnH |ξ0|

2
]
ξ0 + H.c.

= µâ†0

∫
dr δΨ̂†ξ0 + H.c.

= 0. (A.5)

Here, in the first step, we have used the fact that ξ0 satisfy the time-independent GPE, and
the integral vanish in the second step as δΨ̂ is orthogonal to the condensate mode.

Finally, collecting the terms of O(δΨ̂2), we get,

Ĥ(2)
0 =

∫
drδΨ̂†ĥ0δΨ̂ +

ḡ
2Lz

∫
dr

[
â†0â†0 (ξ∗0)2δΨ̂δΨ̂ + H.c.

]
+ 2ḡnH

∫
dr|ξ0|

2δΨ̂†δΨ̂ − µδN̂ (A.6)

Now, we introduce the number-conserving operator Λ̂(r, t) = (1/
√

N)â†0δΨ̂(r, t), which de-
stroys a non-condensate particle and creates one in the condensate. Here we have â†0â†0δΨ̂δΨ̂ =

NΛ̂Λ̂. The term δΨ̂†δΨ̂ is replaced in an approximate manner as δΨ̂†δΨ̂ ≈ N−1δΨ̂†â0â†0δΨ̂ =

Λ̂†Λ̂ [29, 30]. Thus we arrive at the following form for the quadratic Hamiltonian,

Ĥ(2)
0 ≈

∫
drΛ̂†

(
L̂
)
Λ̂ +

ḡnH

2

∫
drξ2

0

[
Λ̂†Λ̂ + H.c.

]
(A.7)

where the operator L̂ = ĥ0 − µ + 2ḡnH |ξ0|
2.
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A.1 Bogoliubov basis

We expand the operator Λ̂ in the Bogoliubov basis as,

Λ̂(r, t) =
∑

i

b̂i(t)ui(r)e−iωit + b̂†i (t)v∗i (r)eiωit (A.8)

Here b̂i and ωi are the quasiparticle operator and corresponding frequency. b̂i satisfies the
bosonic commutation relations,

[
b̂i, b̂

†

j

]
= δi j and

[
b̂i, b̂ j

]
=

[
b̂†i , b̂

†

j

]
= 0. The the amplitudes

{ui, vi} are the projection of the usual Bogoliubov amplitudes {ũi, ṽi} to the space orthogonal
to ground state function ξ0. That is,

ui = ũi − ξ0ai, vi = ṽi + ξ0ai (A.9)

where ai =
∫

drξ0ũi = −
∫

drξ0ṽi [13]. This ensure that Λ is orthogonal to â0. Bogoliubov
amplitudes ũi, ṽi satisfy the Bogoliubov de-Gennes equation, L̂ ḡnHξ

2
0

−ḡnHξ
2
0 −L̂

 ũi

ṽi

 = ℏωi

ũi

ṽi

 , (A.10)

and the orthonormality condition,∫
dr

[
ũiũ∗j − ṽiṽ∗j

]
= δi j,

∫
dr

[
ũiṽ j − ṽiũ j

]
= 0 (A.11)

These functions also posses the following property [13, 117],∫
dr

[
ξ0ũi + ξ

∗
0ṽi

]
= 0 (A.12)

which justifies (A.9). Note that here we assume that ξ0 can be expressed as a real function
which is true for our case. It is not possible to do so in certain cases, such that when ground
state contains a vortex. The more general expansion is discussed in Ref. [13].
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The following steps are similar to approach done in Ref. [57], which uses a U(1) sym-
metry breaking approach. Substituting Eqs. (A.8) into Eqs. (A.7) we arrive at,

Ĥ(2)
0 =

∑
i

ℏωib̂
†

i (t)b̂i(t)
∫

dr[u∗i ui − viv∗i ] +
∑

i

ℏωi

∫
dr|vi|

2

+
1
2

∑
i, j

b̂†i (t)b̂ j(t)ei(ωi−ω j)t
∫

dr
{
ℏω j[u∗i u j − v∗i v j] + ℏωi[u ju∗i − v jv∗i ]

}
+

1
2

∑
i j

ℏωib̂
†

i (t)b̂†j(t)e
i(ωi+ω j)t

∫
dr

{
−u∗jv

∗
i + v∗ju

∗
i

}
+

1
2

∑
i j

ℏωib̂i(t)b̂ j(t)e−i(ωi+ω j)t
∫

dr
{
v jui − u jvi

}
(A.13)

where we used the relation, ∫
dr f ∗1 (L̂ f2) =

∫
dr f2(L̂∗ f ∗1 ) (A.14)

where f1,2 are two arbitrary functions.
We can use Eq.(A.9) and Eq.(A.11) that {ui, vi} to show that,∫

dr
[
uiu∗j − viv∗j

]
= δi j∫

dr
[
uiv j − viu j

]
= 0 (A.15)

Using the above relation in Eq.(A.13) and simplifying we finally,

Ĥ(2)
0 =

∑
i

ℏωib̂
†

i (t)b̂i(t) −
∑

i

ℏωi

∫
dr|vi|

2 (A.16)

which is diagonal as expected, with the second term being the energy correction due to the
quantum fluctuations.
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Appendix B

Floquet theory calculation

B.1 Mathieu equation

Consider the following equation,

ℏ2 d2u
dt2 +

[
ϵ2

1D(k) + 2Ek∆g1DnH cos(Ωt)
]

u = 0 (B.1)

This can be written in the standard form as below,

d2u
dt̃2 +

[
a + 2q cos 2t̃

]
u = 0 (B.2)

where we used new dimensionless scale of time t̃ = Ωt/2, and a = 4ϵ2
1D(k)/ℏ2Ω2 and

q = 4Ek∆g1DnH/ℏ
2Ω2. It is known that the resonances (instability) then occur when a = n2,

where n = 1, 2, . . . and the first resonance occur form n = 1, and the real part of the (dimen-
sionless) Floquet exponent σ̃ is given by Re{σ̃} ≈ q/2 for q ≪ 1. Therefore the resonant
driving frequency satisfy ℏΩ = 2ϵ1D(k) and the exponent in units of t is given by,

Re{σ} =
σ̃Ω

2
=
∆g1DnHEk

ℏ2Ω
(B.3)

B.2 Floquet exponent

In this appendix, we give the details of calculation of Floquet exponents of Eq. (4.21). Here
we follow the method used in Ref. [26] for coupled parametric oscillator.

The general solution to the equation can be expressed in the form,

b̂k(t) = ck(t)b̂k(0) + c̃k(t)b̂
†

−k(0)

b̂†
−k(t) = c′k(t)b̂k(0) + c̃′k(t)b̂

†

−k(0) (B.4)
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The coefficients here follow the same equations as the Bogoliubov operators, given by,

d
dt

ck

c′k

 = −i

A + B cos(Ωt) B cos(Ωt)

−B cos(Ωt) −A − B cos(Ωt)

 ck

c′k


d
dt

c̃k

c̃′k

 = −i

A + B cos(Ωt) B cos(Ωt)

−B cos(Ωt) −A − B cos(Ωt)

 c̃k

c̃′k

 (B.5)

where we defined A = ϵ1D(k)/ℏ and B = ∆g1DnHEk/ℏϵ1D. Since the Floquet exponents for
both set of equations will be the same, we shall just focus on the the first set of equation, i.e.
that of ck, c′k. Using Floquet theory, we express the solutions in the form ck(t) = eiσ̄t p(t) and
c′k(t) = eiσ̄t p′(t), where functions p and p′ are periodic with time period T = 2π/Ω. Here we
use eiσ̄t instead of the usual eσt used elsewhere in the thesis, with σ̄ = −iσ. These function
can then be expanded in Fourier series, which gives us,

ck(t) = eiσ̄t
∑
n∈Z

PneinΩt, c′k(t) = eiσ̄t
∑
n∈Z

P′neinΩt, (B.6)

Differentiating both side with respect to time and comparing with Eqs. (B.5),

ċk = eiσ̄t
∑
n∈Z

i(σ̄ + nΩ)einΩtPn

= −ieiσ̄t
∑
n∈Z

einΩt [[A + B cos(Ωt)] Pn + B cos(Ωt)P′n
]

This can be expressed as,

ċk = −ieiσ̄t
∑
n∈Z

einΩt
[
AP(1)

n +
B
2

(Pn−1 + Pn+1) +
B
2

(P′n−1 + P′n+1)
]

(B.7)

We follow the same procedure for c′k, finally arrive at the following recursive relationship
between the Fourier coefficients,

(A + σ̄ + nΩ)Pn +
B
2

(Pn−1 + Pn+1) +
B
2

(P′n−1 + P′n+1) = 0

(A − σ̄ − nΩ)P′n +
B
2

(P′n−1 + P′n+1) +
B
2

(Pn−1 + Pn+1) = 0 (B.8)
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This can be can expressed as a matrix equation,

. . .
...

...
...

...
...

...

. . . D1 D(n−1)
0 D1 0 0 . . .

. . . 0 D1 D(n)
0 D1 0 . . .

. . . 0 0 D1 D(n+1)
0 D1 . . .

...
...

...
...

...
...

. . .





...

Pn−1

Pn

Pn+1
...


= 0 (B.9)

where Pn =
(
Pn, P′n

)T is a column vector and,

D(n)
0 =

(A + σ̄ + nΩ) 0
0 (A − σ̄ − nΩ)

 , D1 =
B
2

1 1
1 1

 (B.10)

are 2 × 2 matrices. So far during the analysis, we have not made any approximation.
Now, we note that the coefficient B is proportional to the driving amplitude of the inter-

action ∆g1D. Therefore, in the absence of driving, the Fourier coefficients are uncoupled to
each other. In presence of a very weak driving, i.e. B → 0, Pn is coupled strongest to Pn±1.
We can then neglect the coupling between Pn and Pn±m, where m > 1, when the driving
amplitude is sufficiently weak. We consider the equation of P0 and P1, whose solution will
exist only if the following determinant should vanish,∣∣∣∣∣∣∣D

(0)
0 D1

D1 D(1)
0

∣∣∣∣∣∣∣ = 0 (B.11)

We can solve for the Floquet exponent σ to get four roots,

σ̄ =
1
2

[
−Ω ±

√
4A2 + Ω2 ± 4A

√
B2 + Ω2

]
And assuming B≪ Ω,

σ̄ ≈
1
2

−Ω ±
√

4A2 + Ω2 ±

(
4AΩ +

2AB2

Ω

) (B.12)

The instability occur when σ̄ has an imaginary part, which require,

(2A −Ω)2 <
2AB2

Ω
(B.13)

We can see that when B → 0, having instability condition implies Ω → 2A. This gives
us resonant driving frequency, where even an infinitesimally small driving amplitude causes
instability. which gives us the resonance condition. At Ω = 2A, the imaginary part of the
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exponent becomes,

Im{σ̄} = ±
B
2

(B.14)

Reiterating the results, we have obtained the resonant condition for driving frequency as,

ℏΩ = 2ϵ1D(k) (B.15)

and the imaginary part of exponent σ̄ (real part of σ) that determine the rate of growth of
instability at the resonance point

Re{σ} =
∆g1DnHEk

ℏ2Ω
(B.16)

We see that the Floquet exponents obtained from both Bogoliubov method and linear
stability analysis matches.
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Appendix C

Properties of L̂Q operator

The operator L̂Q given in Eq. (4.40) is similar to the usual BdG matrix L̂BdG in Eq. (3.6),
except for the presence projection operator Q̂. For a time-independent system, L̂Q and L̂BdG

has the same spectrum of eigenvalues,and he eigenvectors (|un⟩ , |vn⟩) of L̂Q is related to the
BdG amplitudes (|un⟩

(BdG) , |vn⟩
(BdG)) as |un⟩ = Q̂ |un⟩

(BdG), and |vn⟩ = Q̂ |vn⟩
(BdG).

We need to first discuss some properties of the eigenvectors of time-independent matrix
L̂Q. If (|u⟩ , |v⟩) is an eigenvector with eigenvalue ϵ > 0, then (|v∗⟩ , |u∗⟩) is also an eigenvector,
with eigenvalue −ϵ. In addition to this, two eigenvectors with eigenvalues zero, which has
the form (|ξ0⟩ , |0⟩) and (|0⟩ ,

∣∣∣ξ∗0〉), where |ξ0⟩ is the ground state of the GPE. The eigenvectors
also has the orthonormal properties [28],

⟨un|un′⟩ − ⟨vn|vn′⟩ = δnn′ (C.1)〈
vn

∣∣∣u∗n′〉 − 〈
un

∣∣∣v∗n′〉 = 0 (C.2)

This also ensure that the excited modes, with ϵ , 0, are always orthogonal to the condensate
mode as ⟨ξ0|un⟩ =

〈
ξ∗0

∣∣∣vn

〉
= 0 Using the orthonormal properties described above, we can

show that any arbitrary set of functions ( fu, fv) can be expanded in the basis of L̂Q as,| fu⟩

| fv⟩

 = α0

|ξ0⟩

|0⟩

 + β0

 |0⟩∣∣∣ξ∗0〉
 +∑

n>0

αn

|un⟩

|vn⟩

 + βn


∣∣∣v∗n〉∣∣∣u∗n〉

 (C.3)

The coefficients αn and βn are then given by,

α0 = ⟨ξ0| fu⟩ , αn = ⟨un| fu⟩ − ⟨vn| fv⟩

β0 =
〈
ξ∗0

∣∣∣ fv
〉
, βn = −

〈
v∗n

∣∣∣ fu
〉
+

〈
u∗n

∣∣∣ fv
〉

(C.4)
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