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Abstract

This thesis extends the formalism of first detection in quantum walks from the detection of a single
state to the detection of a subspace within the quantum system. Using the insight of bright/dark
state formalism, which effectively calculates the state detection probability, further development
is done to encompass subspace detection. We state the necessary conditions for stationary dark
states in the subspace detection problem. We analytically calculate dark states and the subspace
detection probability for position subspaces on a ring system and give expressions for the subspace

detection probability for subspaces of various dimensions..






Chapter 1
Introduction to quantum walks

Classical random walks have been established as a great mathematical tool for algorithm design
[16],[21][20]. Quantum walks [1], theorized as the quantum version of random walks, was studied
for their interesting physical properties. Later, considerable interest was generated in understand-
ing the properties of quantum walks, which are useful for developing quantum algorithms[3],[10],[2]
that perform better than their classical counterparts. The field of quantum walks explores the in-
terplay between classical random walks and quantum mechanics. Algorithms such as Grover’s
search [10] used the concept of amplitude amplification for efficient search. The two significant
formalisms that define quantum walks are discrete-time quantum walks[4] and continuous-time
quantum walks[7],[15]. Both of these models are used to describe evolution on discrete graphs.
Various problems in computer science can be mapped as problems on graphs for the development
of algorithms and is also considered a universal mode of quantum computation[6]. In particular,
quantum walks provide a natural framework for developing spatial search [8] algorithms where the

graph is used as a database.

1.1 Discrete-time Quantum walk

The discrete-time quantum walk[4] is one formulation of the quantum walk where the evolution
occurs in discrete-time steps. Similar to the case of a classical random walk, we can formulate the
theory of discrete quantum walk as a walker on a one-dimensional infinite line described by the
basis {|n) |[n € Z}. This infinite-dimensional basis forms the position space of the walker, and the
corresponding Hilbert space is denoted as H,,. The walker starts its evolution from position n = 0.
In addition to this, the motion of the walker is governed by a coin which acts as a spin-1/2 particle
with basis {|1) , |{) }, giving us the coin Hilbert space #... Thus, the combined Hilbert space of the
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quantum walk is the tensor product of the position and the coin Hilbert space H, ® H.. The evolu-
tion operator is unitary and is composed of two independent operators, namely, the coin operator
(C’) and the Shift operator (g). The coin operator is a rotation operator acting on the coin, thus
“tossing” the coin into superposition. During this coin operation, the position state of the walker
remains unaltered. Hence, the coin-toss operation looks like I, ® C where C is unitary. An ex-
ample of a coin operator is the Hadamard matrix H = 1/v2[[1) (1] 4+ 1) (L] + [1) (1] = [4) (]
The Hadamard operator changes the |1) and |]) into equal superposition of |1) and ||) with dif-
ferent phases. The shift operator changes the walker’s position depending on the coin state. For a

one-dimensional walk, the shift operator can be stated as

S= Y I+ WM +In—1)(ne[l) L. (1.1)

n=—oo

At each time step, the unitary operator U=25 (I® C ) evolves the walk. So far, the evolution is

deterministic, and therefore, the wavefunction at time-steps ¢ can be calculated as

[W(t)) = U [4(0)), (1.2)

thus, there is no randomness involved in the evolution. However, at any given time step, the
wavefunction of the walk is de-localized over several position states. Hence, upon measurement,
the detection of the walk at a particular position has a probability associated with it. The probability

distribution over the position space is given by

p(nst) = D [ al®) P+ [ (L nlv (@) [ (1.3)
Thus, the randomness in quantum walks arises from the measurements and not from its evolution.
Choosing an initial state [¢/(0)), one can calculate the probability distribution in position space
using Eq. (1.3) for a particular time step ¢. In figure 1.1, we calculate the position probability

distribution of a quantum walk on a 1-D infinite line after 100 time-steps with initial state,

1 +ild)
7

The distribution of quantum walk is symmetric but differs greatly compared to a classical random

[4(0)) = 0) @ (1.4)

walk distribution, as shown in fig. 1.1. Another distinguishing fact is the standard deviation for a

classical walk distribution grows as v/t with time-steps t in the case of the quantum walk; it grows



Distribution of position of quantum walker with initial state |y+> and H coin

0.08 - —— Quantum

—— Classical

0.07 A

0.06 -

0.05 A

0.04

0.03

0.02

0.01

0.00 -

T T T T T T T T T
-100 =75 =50 =25 0 25 50 75 100
Position

Figure 1.1: Probability distribution of quantum walks with the initial state as Eq. (1.4) and
Hadamard coin compared to a random walk unbiased coin starting at the origin.

linearly with ¢ [11] [18]. Note that, unlike classical random walks, the probability distribution
depends on the initial coin state of the walk. In the above example with Hadarmard coin, the state
Eq. (1.4) gives a symmetric distribution as seen in Fig. 1.1. For the coin states |0) |1) and |0) |{),
the resulting probability distribution is asymmetric due to interference. The coin operator also
affects the evolution of a quantum walk. Similar to a biased coin in the classical walk, which has
a higher probability for one of its outcomes, a biased coin operator is such that the action of the

operator on the basis states {|1) , |{)} result into states with unequal amplitudes.

1.2 Continuous-time quantum walks

Another formalism for quantum walks on graphs is the continuous-time quantum walks[7],[15].
As the name suggests, the unitary operator governing the evolution depends on the time ¢ of the
evolution. Defining a unitary operator as a function of time is a regular practice in quantum me-
chanics. The generator for this evolution is the Hamiltonian /, and the corresponding unitary
is defined as U(t) = exp(—iHt). This unitary operator evolves a given initial state |¢)(0)) upto
time ¢ as |¢(t)) = U(t) |¢(0)). Such a generator should be unique to each graph and encapsulate
the graph structure within its definition. The Hamiltonian is defined using the graph’s adjacency

matrix. On a graph G(V, E') where V' is the vertex set and F is the edge set, an adjacency matrix
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is defined as
1 if, (¢,5) € E
Ay = (0:9) (1.5)
0 otherwise.
The adjacency matrix describes the graph in a |V| x |V| matrix. E.g., the adjacency matrix for a

cyclic graph with 6 vertices is

010001
101000

A_]01r o100 (1.6)
001010
000101
1000 1 0]

Using A as our Hamiltonian provides a natural way of generating unitary evolution between ad-
jacent vertices. One defines the Hamiltonian as H = A where ~ controls the dispersion of the
walk. An initial state [¢(0)) is defined on the graph. After a time ¢, the state evolves as |¢(t)) =
U(t) |1(0)) and the probability to detect at vertex v at time ¢ is given by p,(t) = | (v|(t)) |
Many spatial search problems are tackled using continuous-time quantum walk [8],[26].

1.3 Measurement-induced quantum walks

Measurements play a major role in quantum information processing tasks to extract information
from the state. These measurement outcomes are probabilistic, and after measurement, the state
collapses into the eigenstate corresponding to the measurement outcome. Performing repeated
measurements in between the unitary evolution forces the state to collapse and has shown improved
success probability in regular graphs [19]. Hence, the overall evolution of the quantum walk is
non-unitary. In a typical quantum walk evolution, measurements help determine the arrival of the
quantum walk to a desired target state. Typically, the quantum walk is initialized to a particular
state (e.g., a localized vertex state). Repeated detection attempts are carried out throughout the
evolution process to detect the walk in a target state (e.g., a different localized vertex state). Using
these measurement outcomes, one can calculate statistics such as the detection probability of a state
and the first detected arrival time for a particular state [24],[17],[S]. Both of these quantities are
dependent on the measurement protocol. Note that measurement-induced quantum walks involve
periodic strong measurements to detect the quantum particle, which differs from the time-of-arrival

operator [9] approach and other quantum search algorithms [22].
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1.3.1 First detection of state under stroboscopic measurements

We consider a stroboscopic measurement protocol in which the quantum walk is evolved for a fixed
time interval 7 between strong projective measurements. Considering the state to be measured is
|104), a projector can be constructed which projects any wavefunction into |t¢4) upon successful

detection. This projector is

D = [pa) (Yal - (1.7)

Such a detection has a probability associated with it. Similarly, we can fail to detect the walk in the
desired state, leading to the collapse of the state into a subspace orthogonal to |14). This collapse
can be modeled by the projector D, = I — D, which projects the onto the subspace orthogonal
to [1)4). Repeated measurements are performed on the quantum walk evolving as per stroboscopic
measurement protocol until the state |1)4) is successfully detected. This process can be represented

in a diagram as shown in fig. 1.2. The unnormalized state after (n — 1) unsuccessful measurements

Figure 1.2: Stroboscopic protocol

can be written as

[ (n1)) = [(n)) = U(T)[(T— D)U ()" [1(0)) . (1.8)
The first detection probability of |i4) at the n-th measurement, F), [13],[14] is defined as,

Foo= (@) Dd(n), (1.9)
= [{a U [T D)U ()" [ (0) 2, (1.10)

with [¢(0)) as the initial state and U (7) being the unitary operator. The probability of detecting the
walk eventually can be calculated by adding all the F},-. This is called the detection probability,
given by

Py = ZFn (1.11)
=1

The survival probability of the quantum walk at n-th measurement is the probability of the walk

being un-detected for the first n measurements. This is calculated using the survival operator
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S = (I — D)U(r) as follows
Sy =IS" () [P=1-> F, (1.12)
i=1

The total survival probability P, is the probability of a quantum walk to evade the measurement

process,
Pyr= lim S, =1— Py (1.13)
n—oo

Another quantity of importance is the average number of measurements, which is defined as

nk,. (1.14)

To further analyze the first detection probability for quantum walks, let us take a ring with six

vertices (L=6) given in Fig. 1.3.1. The Hamiltonian for this system is given by

L

H=—y) i) (i+1]+]i+1) . (1.15)

=0

One can calculate F}, using the formula given in Eq(1.10). Generally, we expect F}, to decrease
with increasing n as seen in Fig. 1.3. An approximate value of F,.; and 7 can be calculated by
truncating the sum in Eq. (1.11) and (1.14) up to some large /N as shown in Fig. 1.4. P, for
the state |¢);) = |1) and [¢;,) = |0) is independent of the underlying time of evolution 7 and
equal to 1/2. As the system is finite, we expect the quantum walk to be detected at any vertex
as long as we measure repeatedly. However, P;; = 1/2 implies we, in an ensemble of systems

prepared in |0) and measured using the stroboscopic protocol as seen in Fig. 1.2, only half of the

12
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Figure 1.3: Plot of F,, vs. n for quantum walk on on the ring L = 6 with Hamiltonian as Eq. (1.15).
Stroboscopic measurement protocol was followed with 7 = 1.767, and projective measurements
were done to detect the state |1). The initial state of the walk was set to |0).

ensemble will successfully detect the particle in state |1). Another important feature is that P,
drops discontinuously to a very low value and, in some cases, is zero at certain exceptional 7. At
some of these exceptional points, e.g., 7 = 0, 2w, Py.; = 0, there is a zero probability of the walk
being present at the detected state. But, at time 7 = 7, the initial state evolves by a global phase as
U(m) = exp(—iHm) = —I, thus the probability of detection is again zero.

At these exceptional points, we also observe divergences in 7 due to P;.; — 0 as 7 — 7.. These
discontinuities in P,.; and divergences in n occur at resonant times, where the unitary operator

—iE;T —iE;T

used for evolution is degenerate. Considering A = 1, if two eigenvalues of e and e "7 are

degenerate where E; and £ are eigenvalues of the Hamiltonian and E; # E; then,
|E; — E;|yT. = 2nm. (1.16)

Using Eq. (1.16), we can find these exceptional times for any system with Hamiltonian H

1.3.2 Dividing the Energy spectrum into Dark and Bright subspace

The stroboscopic measurement protocol is characterized by the unitary operator and the projective

measurement D defined by the detection state |1)4). Starting from certain initial states, it is possible
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Figure 1.4: Approximate Py, and 7 calculated by truncating the sum up to N = 10000. The
quantum walk is defined on a cyclic graph with L = 6, initial state |s) = |0) and the detected state
|d) = [1).
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to obtain F,, = 0V n = P, = 0, which implies, depending on the initial state, |¢;) is never
detected. Such states are called dark states. On the contrary, there may be certain initial states
such that Py, = 1, i.e., [1)4) can always be detected during the measurement protocol. These
states are called the bright states. A stationary dark state is one that remains invariant under the
action of U(7) and detector D. Such a dark state must be an eigenvector of the unitary. The

TE/h \where

eigenvectors of the corresponding unitary operator have eigenvalues of the form e~
L, is the eigenvalue of Hamiltonian H. Due to symmetries in the graph, the eigenvalue Ej may
degenerate with degeneracy g;. Labelling the degenerate eigenstates as | E ,,,), one can write the
Hamiltonian as

9k
H=Y>"Y"Ei|Ecm) (Exml. (1.17)

k m=1

—iELT
The eigenvectors of U(7) are the same as eigenvectors of H except with an eigenvalue of e R

—iE

However, the degeneracy of e~ #  also depends on 7. As far as full spectrum of U (including
degenerate subspaces) matches with that for H, U(7) can be written as

9k
UT) =Y > e ™M Ey ) (Bl (1.18)

k m=1

which is diagonal. Note that at exceptional 7s, defined by Eq. (1.16), the degeneracy of U(T)
increases compared to /1. Consequently, Eq. (1.18) is no more diagonal. Apart from these excep-
tional 7s, we can classify eigenstates of U(7) into two categories depending on the detector D.
Consider the initial state to be one of the eigenstates of U(7), |¢i,) = |Ek). For n = 1, the first
detection probability using Eq. (1.10) is F; = | (¢)4| E}) |?, which depends entirely on the overlap
(14| E). If this overlap is zero, no detection occurs on the measurement n = 1. In fact, upon mea-
surement, the wavefunction |F)) remains unchanged as it exists entirely in the orthogonal space
of |1)4). Hence, for such an initial state, F,, = 0 and then eventually P;,; = 0 and @ — oo. There-
fore, the initial state is a dark state and an eigenstate of the unitary operator. Hence, a dark energy
eigenstate |Ey) satisfies D | E)) = 0. Due to this,

S|E) = (L~ D)U(r) |Be) = e+ (|Ex) — {4l Bx) |d:)

=€ h |Ek> .

(1.19)

Hence, the state |E}) is invariant under the action of S. We define different types of dark levels as
follows:

Completely dark levels : For an energy Ej, with degeneracy gy, if D |E) ,,) = 0 for all degenerate

15



eigenstates of Iy, the energy level Ej is completely dark.
Partially dark levels : For an energy Ej, such that D |E}, ,,,) # 0 for degenerate states | Ej, ,,,), we
construct the projector corresponding to the energy level Ej, as
9k
Er = |Epm) (Brml - (1.20)

m=1

Using this projector, we can construct a state |7) as

i) = B |va)
V (Wal Ex [tha)

which is an eigenstate of U(7). Ref[23] has shown that this is a bright state. Any orthogonal state

(1.21)

|¢) to |n) will have zero overlap with |14) as

(Clva) = (CI Eg [10a) o< (¢|n) = 0. (1.22)

Hence, |() is a dark state. As the degenerate energy subspace is g-dimensional, there exist g, — 1
dark states denoted by |(j; ) for D = |1)4) (14| corresponding to energy Ej. Thus, the degenerate
energy Fj with Ey [14) # 0 is partially dark as it contains g, — 1 dark states. In this degenerate

energy subspace, any dark state |y ;) is constructed as

|Ek1) |Ek2) . | Ekmt1)
(Ya|Exq) (ValBr2) ... (Yd|Ekms)
Ceg) = Nj | (CealBr1)  (CealBr2) oo (CotlBrmsr) | (1.23)
(Crj-11Br1) (Crj-1lBr2) - (Crj1lBrmr1)

From Eq. (1.23), it can be easily shown that |(y ) is orthogonal to |(j ,,—1). Along with the one
bright state found in Eq. (1.21) span an orthonormal set of the basis for the degenerate energy

subspace.
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1.3.3 Computation of P, from the perspective of dark and bright states

Using the definitions of dark and bright states given in Eq. (1.19) and Eq. (1.21), we can construct

the corresponding dark and bright subspaces. The projectors of these subspaces are

Pre, = Y i) (el (1.24)
k

Pre = 1Gk) (Gl (1.25)
k

These bright/dark states split the Hilbert space H into two orthogonal subspaces H; and H,. An

initial state |1);,) can be split as

i) = Py |%in) + Pag, [Vin) - (1.26)

Any dark state |() is invariant under the action of S; therefore, the subspace # is invariant under
the action of S. Therefore, one can infer that Py, [¢;,) is invariant under the action of S. The
overlap ||S™ |1;,) ||? is the probability that |+;,) survives first n measurements. As n — oo this is
the survival probability of [1s,). As Py [¢);,) stays invariant under S, the survival probability will
be given by

Pa(tir) = im 18" 1) |
= [Py |tin) |I? (1.27)
=1- Pdet(¢in)-

Hence the only subspace contributing to first detection statistics is Py, |¢;,). Therefore the prob-

ability of detection for a state |1);,) is

Pdet(qu)in) = <1/}zn| IP)’HV,, |¢zn> . (128)

Thus any initial state completely in the bright subspace [¢;,) = Py, |¢) and
Py, [in) = 0, then

On the other hand, a state completely in dark subspace Py, [¢i,) = [i,) then

17



Thus, we can give an explicit formula for P,.; from Eq. (1.28) as also seen in [23]

e Wl B ) P
Pdet(wm) - g <77Z)d| Ek |1/}d> ) (131)

where the sum is over only energy levels such that E, [¢)4) # 0.

In this thesis, we extend the formalism of the first detection of quantum walk from detecting a sin-
gle state to detecting multiple states, i.e., the detection of subspace. Chapter 2 lays the formalism
of the first detection of a subspace and gives formal definitions of dark and bright states for sub-
space detection. In Chapter 3, we calculate the subspace detection probability for the ring system
and ring system with the addition of next-nearest connections and discuss the results. Finally, we
conclude the thesis in Chapter 4.
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Chapter 2

Methods

In all our previous analyses of quantum walks, the measurements were carried out on a single state
|1b4). This split the Hilbert space into two orthogonal subspaces, bright and dark. The state in the
dark subspace would remain invariant under the action of the survival operator. On the contrary,
a bright state changes into a superposition of bright states. These (dark/bright) subspaces are
determined by the detector D and are invariant under the survival operator S [23]. In this chapter,

we will further explore the first detection statistics in the case of detection on a subspace.

2.1 First Detection of a subspace

In this section, we formulate the problem of detecting quantum walk in a subspace. Any subspace
of the total Hilbert space can be defined by defining a projector of the Hilbert space. The subspace
to be detected in the evolution can be similarly defined by a projector on the subspace D). The
dimension of a subspace is equal to the number of vectors in the basis set of the subspace. Hence,

for a subspace of dimension 7, the projector D can be written as

D=Y"|d)(dil, @.1)
=1

where {|d;)}I_, are states such that (d;|d;) = d;; i.e. {|d;)}I_; is a basis for the subspace to
be detected. In principle, measurement of the subspace given by Eq. (2.1) can be thought of as
measuring 7 outcomes of some observable corresponding eigenstates {|d;)}7_,. In this thesis, we
consider the set {|d;)}7_, as a set of localized positions on the graph, and the projector in Eq. (2.1)

projects a state onto a subspace spanned by these position states. A “click” from the measurement
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device implies successfully detecting the walk in the subspace as we perform measurements on the
walk. This implies the state of the quantum walk is either at a particular position in the subspace
or is a linear combination of positions in this subspace. The post-measured state is localized on
a few positions only. A “no-click” event describes the scenario of the device falling to detect the
quantum walk. Therefore, in the case of a “no-click” event, the post-measured state is orthogonal
to the detection subspace. This “no-click” event can be modeled as the (I — D) action on the state.
As we detect multiple positions, we expect the first detection probability at n-th measurement to
increase compared to single detection, and consequently, an increase is expected in the detection
probability. Using the stroboscopic measurement protocol, the quantum walk state after (n — 1)

unsuccessful measurement attempts is given by
[(n —1)) = U(D[I = DYU(T)]"" [¢hm) - (2.2)
At the n-th measurement, we successfully detect the quantum walk. Therefore, F), is calculated as
F, = [[DU(T)[(T = D)U(7)]" " [in) [|* = ((n = 1)| D [ih(n — 1)) , (2.3)

where D is the subspace projector as defined in Eq. (2.1). Using this definition of F},, one can calcu-
late the subspace detection probability and average measurement as per Eq. (1.11) and Eq. (1.14).
One can approximate these first detection statistics by calculating their truncated expressions for
large N measurements. By doing so, one can only obtain approximated values, and it is numeri-
cally intensive to calculate detection probability for a range of evolution time 7. A faster method
to calculate first detection statistics for a single state was developed in Ref. [12] and [25], which
uses matrix multiplication of L? x L? matrices. The proposition below extends this method from
single-state to subspace detection.

Proposition 1. In a discrete bounded lattice of L sites, the probability of the first successful de-
tection after an infinite number of measurements (with periodicity T) in a subspace of dimension 1

can be written as

(2.4)
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where the L x L dimensional matrices are,

U — 5 —ZElT
Skp = 5kp <Ep|¢( )> )
VVij = 17

(Tj)kp = 5kp <Ep|dj> )

c=1-3 W,

j=1

with any operator O = O* ® Oand L =1 UC.

Proof. For any operator X, (1| X |¢) in energy representation is

(WX 10) = > _vi X0,
0,
=Tr [ XSWT"],
where ¢; = (E;|¢) , ¢; = (E;|$). The matrices inside trace are

Wz‘j = 1,
S = diag(¢1a ¢27 sy ¢n)7
T = diag(wl, ¢2, 7wn)

The unitary operator is diagonal in this representation i.e.,
U = diag(e™iB7, e7iB1 o=iBaT | omiEnT),
This first detection probability using Eqs. (2.3,2.2, 2.1) is forn = 1 is
Fr= @)D (1))
—Z () U |ds) {di| U 1(0))

- Z Tr [U*TW S T [USWTY]

=1

= T [USWT;| Tr [USWT;],
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(2.5)
(2.6)
2.7)
(2.8)

(2.9)

(2.10)

2.11)

(2.12)

(2.13)



where, 5i; = di; (E;[¥(0)) , (Ti)pg = Opq (Eplds).

Going from the third to the fourth line, we use the cyclic property of trace along with the fact that
U, S, T; commute as they are diagonal matrices.

Similarly, for n = 2,

Fy = (@2 D$(2))
- Z (W(0)|UTNI — D)U |d;) (d;| U (I — D)U [1(0))

*

! ! ! (2.14)
=> Tr|U (11 - ZT;WC/}) USWT;| Tr |U (H - ZT]WTJ) USWT;
i=1 j=1 j=1
=Y T [UCUSWT;]" Tr [UCUSWT;],
=1
where C' =1~ 7" T*WT;. Moving forward for n > 2, F,, is given by,
Fo= (@(n =1 D[y(n —1))
! . . . (2.15)
=Y T [(UC)"'USWT;] Tx [(UC)" ' USWTY] .
=1
Using important properties of trace
Tr[A ® B| = Tr[A] Tr[B],
Tr[A* @ A] = Tr[A"] Tr[A] (2.16)
= Tr[A]" Tr[A].
and defining O = O* ® O, we can rewrite Eq. (2.15) as
F, =) Tr[(UC)"'USWT;]. (2.17)
i=1
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To derive an expression for F,.; and 77, we first write R = UC, and obtaining

P, det

00

= >
n=1
00 T

n=1 i=1

= ) Tr[LT'USWT], (2.18)

where we have summed the infinite geometric series and defined £ = I — R. The average number

7 of measurements conditioned on successful detection is

3|

1 o0 T

n=1 i=1
T

Tr [LT?USWTY]. (2.19)

Notice that we take an inverse of £ in our calculations. If £ is singular, we cannot invert L.

This is due to the existence of dark states [25]. In such cases, we take a pseudo-inverse of £ and

calculate Py;.

2.2 Finding Dark/Bright states in subspace detection

As previously seen in section (1.3.2), the dark and bright states arise in quantum walks due to

the symmetries of the unitary operator and the detector. The dark/bright energy eigenstates help

to determine the detection probability of a state. Similar to the detection of single states, we can

develop the concept of dark and bright subspace in the case of subspace detection.
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2.2.1 Dark States

The definition for dark state |¢) in given in Eq. (1.19) can be extended to the case of subspace

D|¢) =0, and

(2.20)
(I=D)U(7)[¢) = exp(=iExT) |C) -

In Eq. (2.20), the operator D is the projector on the r-dimensional subspace as given in 2.1. Eq.
(2.20) implies (d;|() =0Vi=1,2,...,7T.

A non-degenerate energy F), with eigenvector | Fy) is, therefore, dark if and only if (d;|Ex) =0V
1 = 1,2,...,7. For a degenerate energy [, let E; be the projector corresponding to energy level
E), for the degenerate case. Hence if, Fj, is degenerate with g, degeneracy, then its projector can

be written as
Ik

Er = |Epm) (Biml - (2.21)

m=1

A dark state corresponding to this energy E is the linear combination of eigenvectors within the

energy subspace

9k
Gy =) am | Eim) - (2.22)
m=1
Using Eq. (2.20), we get

D|G) =0=

TGk

> o |di) (di] Egm) =0, (2.23)

i=1,m=1

Ay |a)y = 0.

The existence of |(j) is dependent on the overlaps (d;|E).,). Let us analyse the situation by
considering different cases.

Case 1: (d;|Eym) =0Vi=1,2,....,7fandm = 1,2, ..., g.

In this case, the entire energy subspace is dark, and the dark states are the eigenstates |(y,,) =
| Ex.m). Hence, the entire energy level does not contribute in Pye;.

Case 2: In this case we assume (d;|Ey,,) = 0 for some ¢ or m but not all of them. From Eq.
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(2.23), finding a dark state is the same as finding non-trivial solutions to A |&) = 0.

<d1|Ek71> <d1|Ek72> <d1‘Ek:,gk> (051 O
do| do| .. Ads|E Q 0
(@lEk) (elBia) o (elEig)| || o] 0
(di|Era) (di|Er2) - (di|Erg,)| [, 0
where
(di|Exy) (di|Er2) .. (di|Ekg,)
Ay — <d2|?k,1> <d2|?k,2> <d2’?k,gk> 225)
(dilEk1) (d#|Er2) .. (di|Ekg,)
where |&) = (a1, g, ..., a,, )T is in the basis {| By ,,) }9¢_,. Notice if a column of A, is zero, then

the corresponding eigenstate is dark by definition. In such cases, to find the non-trivial dark states,
we should solve Eq. (2.25) by deleting the column with zero entries. These non-trivial solutions
to Eq. (2.25) are |a@) € N. A, the nullspace of Aj. Therefore, the existence of dark states in an
energy subspace depends entirely on the existence of a non-trivial nullspace of Aj. If there are no
dark states, A4, is the vector |@) = (0,0,0, ...,0)T. The dimension of the nullspace dim(N4, ) is
equal to the number of orthonormal dark states present in the energy subspace. These dark states
are energy eigenstates of the Hamiltonian with eigenvalue £}, and the unitary operator with the
corresponding eigenvalue e "7/, To find the non-trivial solutions of Ay, |&) = 0, we can convert

A;. into its reduced echelon form,

ay1 Aair2 ... Qa1 N
0 aso ... Q21 N
REF(A) =10 0 ... aypy ... Gy, . (2.26)
0 0 0 0
0 o ... 0 ... 0 |._
- = TXgk

where a; ; # Os are the pivots and [;, = rank(.Ay).
Proposition 2. Number of dark states in the subspace {|Ey . ) }or, —; is equal to the dimension of
the null space of Ay, denoted as dim(Ny, ) = g, — rank(Ax) = gx — lg. The basis for N4, i.e,
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the orthonormal dark states are given by

|Ee1) |Er2) -0 |Bry) [Erioen)
ai 1.2 N S Q1,141
|Ce1) =N1| O az2 ... Aoy, ag . +1 |,
0 0 N Q. 1. Q. 1+1
| Ek1) |Er2) o By | Bk 1) | Bk i)
a1 a2 cee ay g, a1 1,41 Q1,0+
0 as 1 as, a2, +1 a2 1 +j
|Cr.g) = Nj
J J O O e alk’lk alk,lkﬂ alk’lkﬂ-
(GlErk1)  (GlEk2) o (GlEw)  (GlErus) o (Gl Brirs)
(GNB) (G B2 o (G By (T EBrpr) - (G Brprs)

(2.27)

where, rank(Ag) = I < g

Proof. It is evident from Eq. (2.23) that the existence of dark states is equivalent to finding non-
trivial solutions (trivial solution is o; = 0 fori = 1,2,..., gx) of the matrix .4, which in turn, is
linked to the determination of its nullspace, denoted as N A4, Therefore, number of dark states
in the corresponding energy subspace is equal to the dimension of the nullspace, i.e., dim (Ny, ).

Moreover, from the rank-nullity theorem, we know

rank(Ay) + dim(Ny;,) = Number of columns of Aj = gy.
dim(Nap) = g — rank(Ay). (2.28)

Therefore, the number of dark states is determined by the rank of matrix .4;, which is equal to the
number of independent rows or columns of the matrix 4.

Observe that the rows of A, are the projections of |d;) in the energy subspace F). These are un-
normalised and can be written as E;, |d;), where Ey, is the corresponding energy subspace projector.
The set {E;, |d;)}/_; may have some linearly dependent vectors, especially when 7 > g;. The
rank(Ay) is equal to the dimension of rowspace the of Ay, which is equal to the number of linearly

independent vectors in the rowspace, i.e. the number of linearly independent vectors in the set
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{E,, |d;)}"_,. Considering the REF(A},) as given in Eq. (2.26) where, rank(.Ay) = Ij. The first [,
rows of REF(.A;) are linearly independent by definition and hence form the basis of rowspace of
Ay. Therefore, any dark state can be defined as a state orthogonal to the basis of rowspace of Ay.
A total of g, — [;.. Such orthonormal dark states can be found. These dark states can be constructed

iteratively as

|Ex1) 1Er2) - [Brn) | Brpeer)
1,1 Qi ... Qyy, ai1,4+1
|Ce1) = Ny 0 g2 ... Q2 asy,+1 |, (2.29)
0 0 e (7P A l+1

where V; is the normalization constant. Similarly,

|Ek’1> \Ek2> .. ’Ek,lk> ‘Ek,lk+1> ‘Ek,lk+j>
al,l a1,2 e a’l,lk al,lk+1 al,lk+j
0 CL271 as i, 2.1, 4+1 a27lk+j
|Ck.j) = NN
J J 0 0 e g, 1y Q141 Ayl +5
(CUER)  (CGHEr2) o (GlEwy)  (CGUEry+1) o (G PBrprs)
i1 i1 i1 i—1 i—1
(B (Y Er2) - (G Er) (G Ernsr) - (T Braess)
(2.30)

Due to such a construction, the inner product of two dark states (( ;|Cx /) is a determinant with
two equal rows which turns out to be zero. Therefore, ((; ;|Cx ;) = 0 and hence the dark states
are orthogonal to each other. Using this method, we can construct all the g, — [ dark states in the

energy subspace. [

This proposition gives a method to calculate dark states in an energy subspace arising in the
case of subspace detection. The method relies on the information of eigenvectors, and their degen-
eracy requires the calculation of row echelon form of A4;. Converting .4, into its echelon form, one
can identify the non-zero rows of REF(.A4;) as the basis for rowspace of Aj. This basis set is not
orthogonal but can be orthogonalized using the Gram-Schmidt technique. Let this orthogonal basis
be {|7k.m) }%_,. Each |1, is a linear combination of the projections Ey |d;). This can be easily
proved as the rows of REF(.Ay) are linear combinations of E;, |d;) the rows of A;. Therefore, after

the Gram-Schmidt process, |7.) can still be represented as a linear combination of Ey, |d;). Thus

9k

a degenerate energy subspace Fj, with basis {|Egm,) }o, =1 is split into two orthogonal subspaces
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spanned by {{|Ck,j)}?’“:_ll’“ , ﬂ’?k,ﬂ}?;l} where [, = rank(.Ay).

2.2.2 Bright States

As defined earlier in the introduction, bright states with respect to the detection state are initial
states such that the detection probability FP,;.; = 1. In single-state detection, we observed the
division of total Hilbert space into mutually orthogonal dark and bright subspaces through which
we can calculate the detection probability as Pye([1))) = (1| Py, 1)) where, Py, was the bright
subspace projector. In the case of subspace detection, we have found dark states in the previous
section and also define a mutually orthonormal set {|77k7j>}§’“:1 which is orthogonal to the dark
states. By construction, |1 ,,) is a linear combination of the projections E; |d;). We will prove
|1k,m) to be bright. Let Py, be the dark subspace projector in case of subspace detection. One can

construct P . as,
Ik

Pre =D D 1Ckm) (Gl - (2.31)

k m=1

For a degenerate energy Ej; the state |y ,,,) lies in the space orthogonal to the dark subspace as

gk/—lk/

PHq Mkm) = Z Z |Chrm ) (St [108,m)
K m/=1

Ik —lk

= Z ‘Ck,m’> <Ck,m”77k,m>

m/=1

Gpr Ly
= > () G| Y cinlr |di)
m/=1 7

Gpr Ly

= Z Z |G ame) i (G | Bor |l

m'=1 1

Gpr Ly

= Z Z Cik ‘Ck’,m’> <Ck’,m/‘di>

m/'=1 1

= 0...By definition of dark states. (2.32)
Therefore, the subspace survival probability of |1 ),

Psur(lnk,m>) = <7]k,m| P'Hg ‘nk,m> = 0. (2.33)
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This implies the subspace detection probability of any state |7 ,,,) iS Puet(|7k.m)) = 1 and hence
|nk.m) is part of the bright subspace. As |n,,) are mutually orthogonal, these can be used to

construct the bright state projector,

Uk
Py, = Y > km) (M (2.34)

k m=1

Thus, the orthonormal set {|7; ;) é-’;l are bright states for the degenerate energy subspace F.

2.2.3 Calculation of subspace detection probability

Using the bright states and dark states found in the previous section, we can construct the bright

subspace projector and the dark subspace projector as follows,

gr—lk

Pre = D) [Gem) (Coanl (2.35)
k. m=1
Uk

Pry = D> |0k (hm - (2.36)
k. m=1

These projectors are useful in calculating the subspace detection probability for a given initial state

|¢m> as,
Piet(|Vin)) = (Pin| Py, [in) - (2.37)

Eq. (2.37) implies the detection probability for a given initial state depends on its projection in
the bright subspace. If |i,) = Hy [tin), Paet(|thin)) = 1. The quantum walk starting from such
an initial state will always be detected deterministically in the subspace. One such class of initial

states is, ~
[Vin) = Z ¢ ld;) . (2.38)
i=1

This initial state belongs to the subspace to be detected and hence the subspace detection proba-
bility corresponds to the probability of a quantum walk to return to the subspace. Another class of

initial states with subspace Py.;(|1);,)) = 1 are states such as,

|Vin) = Z Z cixBr |d;) . (2.39)
i=1 k
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Note these states may not belong to the detection subspace spanned by {|d;)}7_,. Nevertheless,
these initial states lie completely in the bright subspace and can guarantee subspace detection with
certainty. Apart from the initial state, the subspace detection probability also depends on the size
of the dark subspace spanned by the |(;,,). For certain non-trivial subspace {|d;)}_, we may
find no dark states. Therefore, the subspace detection probability is equal to 1 as all the energy
eigenstates are bright. An important feature is that any initial state of the quantum walk is detected
in this subspace with detection probability P;; = 1. This subspace is characterized by certain
conditions, as stated in the theorem below.

Theorem 1. Let H be a degenerate bounded Hamiltonian of a quantum walk with a discrete
spectrum. The Hamiltonian has degeneracy g, for each energy level E}, and, let g be the largest
degeneracy of this Hamiltonian. Measurements are performed on the subspace corresponding to
projector D = S1__ |d;) (d;| where (d;|d;) = 6, ; and (d;|Ey,) # 0. The quantum walk starting
from |;,) = |s) is detected within the subspace deterministically Py.(|s)) = 1 if,

° f Z g
o rank(Ay) = gy for all degenerate energy levels Ej.

Proof. We prove the if side of the theorem first. Consider, a subspace of dimension 7 with basis
{|d:)}i_, (di|d;) = &;;. 7 > g and for each degenerate energy level Ej rank(A;) = gi. Along
with this, we had also assumed (EJ ,,|d;) # 0. Therefore, all the energy states are bright. The

corresponding bright states are the energy eigenstates of the Hamiltonian

Mem) = | Ekm) (2.40)

Therefore the bright state projector is,

rank(A)

Py, = ; Zl |M0.m) (M|

Ik (2.41)
=2 > |Bem) (B
k. m=1
=1
Therefore, any initial state |s) has is detected in the subspace by probability
Pi(]s)) = (s| Py |s
e ([59) = {s] P |5 o1

= (s|s) =1
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We will refer to Pyei(|1in)) = (in| P, |¥in) as our definition of detection probability. Notice,
Pier(|hin)) =1 = Py, =1, the identity operator.

Therefore, the bright states span the complete Hilbert space without dark energy states. Therefore,
each energy subspace F, degenerate or not, must be bright. Going back to the dark states condition
Eq. (2.23), for a non-degenerate energy level to be bright (d;| Ex) # 0. In case of degenerate energy
levels, dark states exist if and only if dim(N4,) > 0, where N4, is the nullspace of Ay Eq. (2.25).
This implies rank(A) = g for all degenerate energy levels Ej. The matrix 4y, is an 7 X g matrix
defined as

(di|Er1) (di|Bro) .. (di|Erg,)
. <d2|f?k,1> <d2|{3k,2> . <d2|?k,gk> 2.43)
(di|Ey,1) (di|Ero) .. (di|Erg,)

The rank(.Aj;) < min(7, gi). Therefore, rank(Ay) = gy, is possible if 7 > g where g is the largest
degeneracy.
0
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Chapter 3
Results and Discussion

So far, we have formulated the problem of subspace detection in quantum walks. To calculate the
first detection statistics such as F},, Py.; and 7, we reformulated the problem and derived an exact
expression for the same in Eq. (2.17) and Eq. (2.18), (2.19). We use this formulation to calculate
Pye; for subspaces in on a ring system. Throughout our analysis the detection subspace {|d;);_, }

is defined by choosing |d;) to be localised position on ring.

3.1 System: Ring with size [ = even

The Hamiltonian of a ring system is the adjacency matrix of a cyclic graph with L sites Fig. (1.3.1).

The Hamiltonian is

L—-1
H=—y) |i+1) @+ i) (i +1] (3.1)
=0

For L =even, the eigenvectors and eigenvalues are given by

2mp
€p = —27yc0S I
L-1 o
1 127p7 \ | .
) = = exp( ) 7) (3.2)
where p =0, 1,..., L — 1. The states |¢;) and ‘e 1/2) are non-degenerate. |e;) has the same energy

as |e;_). For convenience, we will relabel the spectrum with respect to distinct energy levels as

follows
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L (3.3)
{Bu QB Vo o= 12,0005 1)
To study the effects of the size of the detection subspace on the detection probability, we will vary
the dimension of our detection subspace 7. Therefore, the projector of the detection subspace D is
of rank 7. Keeping the rank constant and changing the states |d;) used to construct the subspace, we
can analyze and compare detection probabilities in different detection subspaces but of the same
dimension. We have used the reformulation technique Eq. (2.18) to calculate detection probability

in our results.

311 r=1

A 1-dimensional subspace is just a state. The result seen here is exactly the result of state detection
as discussed in [23]. We repeat the analysis of P,.; and calculate bright and dark states here for
|Vin) = |5), [a) = |d) where d, s are some localized positions on the lattice. The measurement

operator is the projector D = |d) (d|. As shown in [23]

| {d|Ex|s) I d| Ey |s
P = E 34

In this case, the non-degenerate energy states are completely bright as (Fy|d) # 0 and <E L/2 ‘d> #
) = |BLs2) The
doubly degenerate energy levels ¢, = €5 are partially bright, giving one dark and one bright

0. The bright states are the energy eigenstates themselves |1y) = |Ep),

state each.
| > 1 zQ‘irkd | > 127de | >> (3 5)
= — (e € € )
ke 2 k L—k
]_ 127rkd i2mkd
= —|e €,) —e L |er_ 3.6
|Ck) \/5( |ex) ler k>> (3.6)
Using Eq. (3.4) we can calculate P,.; as
2 212 [ork(d—s) 1 dd+ L
J— S = s =
Piy ==+ =Y cos’ [—W i ] = ? (3.7
L L~ L 1/2 o/w
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312 r=2

Here, we detect subspaces of dimension 2. The subspaces are constructed using two localized
positions |d;) and |dy). Notice that the system Eq. (3.1) has a translation symmetry; we can
change the detectors |d;), |d2) and the initial state |1;,) = |s) by a constant number as |d; + ¢),
|d2 + ¢) and |s + ¢) and the detection probability is independent of this translation. This is helpful
as we can fix one of the detectors, say |d;) = |0) and vary the other one as |ds) = |d) with
d # 0. Now we can calculate Py, for initial states |¢;,) = |s) with s = 0,1,... L and cover all

possibilities of subspaces of dimension 2. The projector over these subspaces is
D =0) (0] + |d) (d| withd # 0 (3.8)

Let’s find the dark/bright states in the system. The non-degenerate levels are again completely
bright as (¢|0) # 0 and (e, |d) # 0 for k = 0, L /2. Therefore, the bright states are

n0) = | Eo) (3.9)
nL2) = |Evpa) (3.10)

In case of doubly degenerate energy levels €, = €5, the level is not completely dark as E;, |0) # 0
and Ey |d) # 0. Therefore, using Eq. (2.23) to find dark states the matrix .4 is

(0l (Oless)
A = [<d|ek> <d|eL_k>] G-AD

- 1 ; : (3.12)
-7 exp(%) eXp(—i2L7rkd) .
1
HEFUA) = [0 2isin(2ﬂLﬂ)] (3.13)

For kd # mL/2 where m is an integer, the rank(.A;) = 2. Therefore, the nullspace is trivial, and
no dark states exist in the energy subspace. If kd # mL/2 for all k then there are no dark states

in the entire energy spectrum. The bright subspace projector Py, is the Py, = >, E; = L. This

L

is not possible if there exist some d for which kd = mL/2 for all k. One such example is d = 3,

where matrix Aj is

(DR (11
A = 7 [1 1]
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We can easily calculate rank(A;) = 1 and the dim(/N 4;) = 1. Therefore, the energy subspace is

contains one dark state and one bright state. The dark state is

1G) = % (lex) — lers)) 3.14)

The bright state of the energy subspace, which is orthogonal to the dark state |() is
|7k) = _1 (lex) + | ) (3.15)
€x) t |€n—k)) - .
Nk 2 k L—k

Using this information of bright sates we can provide an expression for detection probability as

Pdet = <¢m| IEDH7, ¢m>
For kd # mL/2, we found no dark energy eigenstates and

Py, = Z | B m) (Egm| = 1. (3.16)
k.m

As Py, =1, Ps(]s)) = 1. Butif d = L/2 then each doubly degenerate energy has one dark state
and on bright state as shown in Eq. (3.15) and Eq. (3.14). The bright subspace projector is

L/2-1
Py, = |Eo) (Eo| + |ELj2) (ELpe| + Z M%) (k| - (3.17)
k=1
Hence, Py (|s)) is
L/2—1
2 2 2ks 1 s=0,L/2
Pit(|s)) = =+ = cos” { ] = (3.18)
L L ; L 1/2 o/w.

Notice that the result for subspace detection probability in the case of d = L /2 matches exactly
with the result of subspace detection on a single state Eq. (3.4) with d = 0 or d = L/2. The dark
and bright states given in Eq. (3.6) and Eq. (3.5) for d = 0 or d = L/2 match precisely with the
bright/dark states Eq. (3.14) and Eq. (3.15) up to an overall phase. This similarity in results will
be discussed later. Using Eq. (2.18) we calculate detection probability for a combination of |d)
and initial state |s) on the ring Eq. (3.1) with L = 10.
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Figure 3.1: ( Color online ) 2-dimensional subspace detection probability for a ring system (L=10)
as defined in Eq. (3.1) and detector as Eq. (3.8)

313 r=3

We now move on to 3-dimensional subspaces spanned by position states |d;) , |da) , |d3). Using
translation symmetry as done previously, we pick dy = 0,dy = 1,2,...L/2 —1,d3 = 1,2,...L
with dy # d3. Notice we only vary dy from 1 to L /2 as the detectors are symmetric with respect to

reflection about (0 — L/2) axis. The subspace projector is
D = 10) (0] + [dz2) {d2| + [ds) {ds| (3.19)

We can calculate the detection probability by analyzing the dark/bright energy eigenstates of
each energy level. The non-degenerate energy levels ¢ and €7/, are completely bright as (e|0) #
0, {ex|ds) # 0, (ex|d3) # 0 for k =0, L/2.

In case of the doubly degenerate energy levels ¢, = ¢ using the dark state condition 2.23
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the matrix Ay, is

(Olex)  (Oler—)

Ak = <d2|€k> <d2|EL_k> (320)
(dsler) (dsler—x)
] 1 1
= T exp ( ?”Lde ) exp ( _%QZW? ) (3.21)
exp ( z?w[]]cd;; ) exp ( —ngkdg )
1 1
ref(Ar) = [0 2isin(2T42) (3.22)
0 2 sm( 2“’£d3 )

We can see that rank(.A4;) = 2 as long as dy # d3 and kdy # moL /2 or kds # m3L/2 for some
integer my, mgs. Therefore, the energy subspace has no dark states; consequently if kdy # moL /2
or kds # m3L/2 is satisfied for all k& then the entire spectrum has no dark energy states. Therefore,
we can conclude that such a subspace will certainly be detected.

In the Fig. (3.2) we calculate 3-dimensional subspace detection probability using Eq. (2.18) for a
quantum walk on a ring (L = 10). Considering the initial state as |1/;,) = |s) a localized position,
and the projector used is Eq. (3.19).

From Fig. (3.2), we see detection probability is independent of the initial state and the detected
position subspace. Thus, here, we can conclude that a quantum walk on aring (L. = 10) is certainly
detected in a 3-dimensional position subspace independent of the initial position state. Note we

state this result in subspaces with projectors given by 3.19.
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[0)(O] + |d2){d>| + |1 )(1] [0)(O] + |d2){d2] +[2)(2]

24 1 1 1 1 1 1 1 1 1 1 1{ 1 1 1 1 1 1 1 1 1 1
34 1 1 1 1 1 1 1 1 1 1 31 1 1 1 1 1 1 1 1 1 1
44 1 1 1 1 1 1 1 1 1 1 44 1 1 1 1 1 1 1 1 1 1

54 54
d2 1 1 1 1 1 1 1 1 1 1 d2 1 1 1 1 1 1 1 1 1 1

64 1 1 1 1 1 1 1 1 1 1 64 1 1 1 1 1 1 1 1 1 1
74 1 1 1 1 1 1 1 1 1 1 74 1 1 1 1 1 1 1 1 1 1
84 1 1 1 1 1 1 1 1 1 1 84 1 1 1 1 1 1 1 1 1 1
94 1 1 1 1 1 1 1 1 1 1 94 1 1 1 1 1 1 1 1 1 1

T T T T T S T T T T T T T T T T S T T T T T

|0)(O] + |d2){d2| +|3)(3] |0)O] + |d2){(d>| + |4){4]

141 1 1 1 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1 1
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Figure 3.2: ( Color online ) 3-dimensional subspace detection probability on a ring system (L=10)
as defined in Eq. (3.1) and detector as Eq. (3.19)
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3.2 System: Ring with additional next nearest neighbor inter-

actions L = 10n

To change the degeneracy in the ring systme, we introduce additional edges. These edges connect

each vertex in the cycle to its next-nearest neighbor. The Hamiltonian is given by
H=—y) |i+1) (i + i) @+ 1]+ i+ 2) (| + |d) (i + 2| (3.23)

The eigenvectors and eigenvalues are as follows

2 4
€p = —27[(:05 (%p) + cos (%p)}
! 127p)
) = Zexp( )b

Due to the addition of next-nearest neighbor interactions, there is a change in the degeneracy

(3.24)

of the spectrum.

For L = 10n and n > 1, we have L/2 distinct energy levels with degeneracy as follows. It
includes non-degenerate levels, doubly degenerate levels, and a 4-degenerate level. They are as
follows

Non-degenerate: ¢ and ¢, > are non-degenerate.

4-degenerate: cr 5 = €a1/5 = €315 = €415

2-degenerate: ¢, = ¢, Vk #0,L/2,L/5,2L/5,3L/5,4L/5 We can re-label the eigenstates as
follows for L = 10.

Degeneracy gy Eigenvalues F; Eigenvectors|Ej, )
1 Eg = €p ’E0> = |€0>
1 E5 = €5 ’E5> = |€5>
2 Ly =ea =¢ [Evy) = &), [Eg) = |€o)
2 E3 =e3=¢; ‘E31> = | 3>,‘E3,2> = ‘€7>
4 Ey =€ =e3=¢ = ¢4 |E2 1) |€2> ) |E2,2> = |€4>,
|Ea3) = |€6) s | Ena) = |€s)

Table 3.1: Spectrum of Hamiltonian Eq. (3.23) with L = 10
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321 r=1

We will briefly state the result in case of single state detection for the Hamiltonian Eq. (3.23) with
L =101s.

| d| Ey |wm |
Paer(|
et Z C{d|Eg|d)

11y [m(d—s)
= 5+5cos[ 5 ]

1, {:ﬁ(d—s)]

—l—g COS 5

Il {COSQ {@} T cos? {@H (3.25)

1 fors =d,d+ L/2
= (3.26)

3/8 ofw

One can also find the dark/bright states for this system. The non-degenerate energy levels ¢
and €5 are completely bright as (e;|d) # 0 for k = 0, 5. Next, 4-degenerate level €5 = ¢4 = €5 = €3
is not dark as [E, |d) # 0. The bright state is

7,71'2d —imdd —im6d —im8d
|12) = [ |Eoq) +e 5 |Eag) +e 5 |Eag) +e 5 |Eay) (3.27)

DO | —

This energy subspace will have three dark states orthogonal to the bright state.

1 127
‘CL/5,1> == ’EL/5,2> — e ‘EL/5,1>
2
1 3 Tl' 147
KL/5,2> = _6 [2 |EL/5,3> 5 |EL/52 5 ‘EL/1>} (3.28)
1 127 141 167
}QL/5,3> = ﬂ [3 ’EL/5,4> —€ 5 ‘EL/5,3> —€ 5 ‘EL/572> —e€ 5 |EL/5,1>}
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In the case of the doubly degenerate levels, there will be one bright and one dark state.

imkd

(75 1Biy) + ¥ | Bia)) (3.29)

) =

Sl

irkd

<e’i’5’“d|Ek,l>—e : |Ek,2>> (3.30)

|Ck) =

Sl

322 r=2

In the case of 2-dimensional subspaces, the projector is constructed as done previously
D =10) (0| + |d) (d| andd # 0 (3.31)

We will analyze this by finding dark/bright states for each energy level.

In the case of non-degenerate energy levels Ey and Ey,/, no dark states as (0| Ej) # 0 and (d|Ey) #
0 for k = 0, %

In the case of a 4-degenerate energy level using Eq. (2.23) and Eq. (2.25) matrix Ay /5 is

A = <0|EL/5,1> <0‘EL/5,2> <0‘EL/5,3> <0|EL/5,4>
! (d|Evjsy) {d|Erssa) (d|Erjss) (d|Epjsa)
exp (’2%1) 1 1 1 1
= —== . . ) 3.32
L2 1 exp ('LQgrd) exp (23;1’(1) exp (z4;rd) ( )
1 1 1 1
f = . . . 3.33
ref(A) [O exp (ZQgrd) —1 exp (135‘1) —1 exp (’4gd) — 1] ( )

For d # 10m where m is some integer, rank(A;5) = 2. Hence, we can construct two bright and

two dark states of the energy subspace.

|CL/5,1> = ./\/1 [e(”d) ’EL/5,1> — 2cos (ﬂ-?d) e(%) |EL/5,2>

13wd

+el8) | Brysg) | (3.34)
1

¢2[1 + cos? ()]
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’CL/5,2> = NQ [22‘0082 (%i) sin <%l) }EL/571>

_Z'e(i8gd> sin (3%03) |EL/5,4>] (335)

= \/[20+27cos( 5¢) G cos (%57) + 7 cos (%59 sin® ()

The bright states are orthogonal to dark states and hence, can be constructed using the basis E, 5 |0)
and Ej, /5 |d). The Gram-Schmidt procedure is used to orthogonalize this basis giving us the bright

states for the energy subspace.

Inssn) = Er/510)
o OE./5 0)
Ls2) = N<]EL/5 \d) — (nrs51|Erys|d) }77L/5,1>>
v 1
\/<d| Erys|d) — (d| Erss [nrssa) (nessa| Eoss |d)
1) = 5 (|Brssa) + [Brse) + [Evsa) + | Erpsa)) (3.36)

< i41rd i6mwd i8md

+e s +es >‘EL/5,1> (3.37)

(eﬂﬂ'd 4 engrd I 61‘8;(1) ‘EL/5,2>

1
2
m52) = N
+
+

z27rd idnd 187rd
e +e 5 +e ) ‘EL/S 3>

I <ei2grd 4 61’4;:(1 Te szl) ‘EL/54>}
1

2\/1 — 1 [cos (%2) + cos (%)]2.
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Next, for d = 10m Rank(.4) = 1 hence there exist three dark and one bright state.

|Ceysa) = UEL/52> |Ersa)]
|CL/5 2> 7 [2 ‘EL/5,3> - ‘EL/5,2> - ‘EL/5,1>] (3.38)
[Cers) = 5= [B1ELssa) = [Erjsa) = [Erysz) = [ Buysa)]

QI

1
|77L/5> =5 HEL/5,1> + ‘EL/5,2> + ‘EL/5,3> + }EL/5,4>} (3.39)

Now we move on to doubly degenerate energy levels, the dark state condition Eq. (2.23) gives

matrix A, as

4 = OB (0B
<d|Ek71> <d|Ek:,2>
1 1 1
= 7 le p(z?wkd) eXp(—zQWk:d)] (3.40)
1 1
ref(Ay) = [ . lon ] (3.41)
* 0 2@5111(%)

rank(Ay) = 1if kd = mL /2 for some integer m. One such example is d = L /2 where the energy
subspace contains one dark state and one bright state. The corresponding dark and bright states are

as follows
|Era) — |Er2)

/2 )
| Eka) + | Er2)
|7w) = T
In all other cases kd # mL/2 we find Rank(Ay)= 2. A; has trivial nullspace, and the doubly
degenerate levels are completely bright. The dark and bright found in the 4-degenerate levels Eq.
(3.39) and Eq. (3.38) are an exact match to the dark and bright states calculated for the problem
of single state detection Eq.(3.27) and Eq.(3.28) with d = 0. Similarly, the dark and bright states
of doubly degenerate levels for d = L/2 Eq. (3.43) and Eq. (3.42) match exactly with dark and
bright state calculated in single state detection in Eq. (3.29) and Eq. (3.30).

|Ck) = (3.42)

(3.43)

Using these bright states, we can give an expression for Py, for a system L = 10 using Eq. (3.36).
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Ford #5 = L/2.

Paer(|s)) = (s| P, |5)

1 2(s+d)m 1 A(s+d)m
- -c — —co
4 ) 4 )
1 2(s + 2d)7 1 2(s —2d)w
— —cos| ———— | — —cos| ————
4 ) 4 )
1 2(2s +d)m 1 2(2s — d)m\12
— o8 (T) — 7 oo (T ] (3.44)
1 s=0,d5d+5
— (3.45)
2/3 o/w.
Andford =5=L/2,
2 2 2ms 2 67s
P o= 2o [T 2 2 (b7s
R TR T R (10)+10C°S (10)
U e (175 e (5
10" o) 7 (o
1 s=0,5
= (3.46)
3/8 ofw.

For L = 10, a numerical calculation is also performed Fig. (3.3) for subspace detection probability
using Eq. (2.18) which matches with the analytical result. Eq.(3.44) shows an increase in the 2-
dimensional subspace probability in the case d # 5 compared to single state detection in the same
system Eq.(3.25). This is expected as an increased number of bright energy states are found in
each degenerate energy subspace, thus increasing the detection probability.

In the case of the subspace d; = 0 and d; = 5 no increase is seen in the subspace detection
probability Eq. (3.46) compared to earlier single-state detection Eq.(3.25).

The subspace d; = 0 and dy = 5 is peculiar as it detection probability is no better than its individual
states |0) and |5) in its basis.
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Figure 3.3: ( Color Online ) 2-dimensional subspace detection probability for a ring with addi-
tional next-nearest neighbor interactions (L=10) as defined by Eq. (3.23) and detector Eq. (3.31).
Note: The values are rounded up to 2 decimal places

323 r=3

Next, we will calculate the detection probability of 3-dimensional subspace constructed by the
position states |d;) ,|ds) ,|d3). Due to symmetry, we will fix d; = 0, dy = 1,2,...L/2 — 1
and d3 = 1,2,..., L. This covers all 3-dimensional subspaces spanned by position states. The

projector for the subspace is given by
D = 0) (0] + |d2) (d2| + |ds) (ds| (3.47)

In the system with L = 10 and Hamiltonian given by Eq. (3.23), we can calculate 3-dimensional
detection probability using the Eq. (2.18). The results are displayed in Fig .(3.4)

1 SZO,dl,d2,5,5+d1,5+d2
Paer(|s)) = 1 2/3 dy=5,dy +5 (3.48)
3/4 o/w.
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[0)(0] + [d2){d2| +|1N1]

Figure 3.4: ( Color Online ) 3-dimensional subspace detection probability for for a ring with
additional next-nearest neighbor interactions (L=10) as defined by Eq. (3.23) and detector Eq.
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3.3 Discussion on P,

In the previous section, we calculated the subspace detection probability using the matrix method
given in Eq. (2.18) for specific sizes and found the dark/bright states for degenerate subspaces of
various dimensions. These dark/bright states determine the detection probability of the subspace
for a given initial state |¢;,). For initial states |1;,) = |d;),|d; + L/2) the subspace detection
probability is Py (|t)in)) = 1 on the ring. This result was also seen in the case of single state
detection as shown in Ref[23] for a ring, and we have found this result to be true in the case of
subspace detection. The initial state |d; + L/2) is unique as starting from this state, we can detect
the quantum walk in the subspace with probability F;; = 1. It is the only initial state other than
|d;) to have P;; = 1 independent of the subspace dimension of the system size. This is due to
the fact that any projection of |d; + L/2) in a degenerate energy subspace can be spanned by the
bright state basis of the subspace, and this is only possible for ring systems. Therefore, |d; + L/2)
has no finite projection in the dark subspace. For general graphs possessing symmetry, one can
find similar states outside the subspace with a detection probability equal to one.

Naturally, in the case of subspace detection, the detection probability is higher than the detection
of a particular state. This is intuitive due to the fact that in subspace detection, the bright energy
states corresponding to each energy subspace generally increase for subspace detection. However,
in a ring, we find subspaces where this general rule is not followed. These exceptional subspaces
are the subspaces that consist of a pair of diametrically opposite position states. Due to the sym-
metry of ring systems, the detection probability of a subspace consisting of a pair of diametrically
opposite positions is no better than the individual state detection probability. The bright energy
states of these two subspaces are equal to an overall phase factor. This hints at a redundancy of
certain higher-dimensional subspaces to subspaces of lower dimension with respect to detection
probability. For example, in subsection [3.1.2], the calculation of detection probability for the 2-
dimensional subspaces with basis |0) and |5) show no increase in Py, for any localized initial state
|s) compared to detection probability found for single state detection in subsection [3.1.2]. The
rank(.Ay) is the dimension of bright subspace in the energy eigensubspace of E which is spanned
by E; |d;). Hence, going from a r-dimensional subspace to r + 1, the detection probability in-
creases if the Ey, |d;) spans a larger bright subspace than the previous one.

Subsection [3.1.3] is an example where the subspace detection probability is one and independent
of the initial state. This is an ideal scenario where no dark states are observed; all energy states
are, therefore, bright, and hence, a quantum walk starting from any initial state is detected with
certainty. Such subspaces are essential and can be deemed targets in quantum search problems

involving multiple solutions.
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Chapter 4
Conclusion

In this thesis, we have formulated the concept of the first detection of a subspace on quantum walks
and defined statistics such as first detection probability and subspace detection probability in case
of detection on subspace. Through stroboscopic measurement protocol, the desired subspace is
detected, and it is found that the subspace detection probability is independent of the time of unitary
evolution between the measurements. The subspace projector D splits the Hilbert space into two
mutually orthogonal subspaces: Dark and Bright. These subspaces are invariant under the survival
operator S. To define the dark subspace, we first find the dark energy states as the nullspace of the
matrix A for each degenerate energy level and also provide definitions for non-degenerate dark
states. Following this, we identify the dark energy states as the states belonging to nullspace of
A, for each degenerate energy level and subsequently provide a method to find all the dark energy
states in the degenerate energy subspace using an iterative cross-product formula. The rank(.A4y)
determines the bright energy states in the degenerate energy subspace and are mutually orthogonal
to dark energy states. These bright states lie in the row space of Ay, and an orthogonal set of
bright states can be found using the Gram-Schmidt procedure. The projection of the initial state
onto the total bright subspace determines the subspace detection probability Py, of the quantum
walk. Subsequently, we have found dark and bright energy states in a ring hamiltonian for position
subspaces of various dimensions. If the initial state lies completely inside the bright subspace, the
subspace detection probability is P;; = 1. This is seen trivially for initial states belonging to the
detection subspace. Another class of initial states with P;.; = 1 are the states in the span of the
bright energy states but are not from the detection subspace. In a ring system, such initial states
are position states diametrically opposite to the detected states.

Increasing the dimension of the detected subspace generally increases the detection probability.

This increment can be obtained by adding an orthogonal state to the existing subspace. However,
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this procedure may not increase the detection probability generally. If the added state belongs to the
bright subspace, then the subspace detection probability does not change. This insight is useful in
quantum searches involving multiple target states. The encoding of the target states should be done
such that the subsequent additions of target states increase the total bright subspace dimension. At
last, we find certain subspaces for which the detection probability is independent of the initial
state, and the quantum walk is detected deterministically in the subspace P,.; = 1. This implies
that the bright subspace spans the total Hilbert space. Such subspaces are of unique importance
from a quantum search perspective, as these are perfect candidates for encoding the target states
in a typical quantum multiple search problem. Such a subspace depends on the system size and
degeneracy, and we provide a theorem listing all the conditions such a subspace needs to satisfy.
One of these conditions requires the dimension of the subspace 7 to be greater than or equal to the
largest degeneracy in the system. The degeneracy in a system is usually attributed to symmetries
present in a system. Hence, this condition relates the existence of such subspaces to the symmetries
present in the system. Further research is necessary to find such subspaces. The degeneracies in

the spectrum are related to the symmetries of the graph and future work must focus on the same.
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