Exponential Blow-up in Asynchronous
Automata

A Thesis

submitted to
Indian Institute of Science Education and Research Pune
in partial fulfillment of the requirements for the

BS-MS Dual Degree Programme

by

Joshi Varad

IISER PUNE

Indian Institute of Science Education and Research Pune
Dr. Homi Bhabha Road,
Pashan, Pune 411008, INDIA.

April, 2025

Supervisor: Prakash Saivasan
Co-Supervisor: Anantha Padmanabha
© Joshi Varad 2025

All rights reserved






Certificate

This is to certify that this dissertation entitled Exponential Blow-up in Asynchronous
Automata towards the partial fulfilment of the BS-MS dual degree programme at the
Indian Institute of Science Education and Research, Pune represents study/work carried
out by Joshi Varad at Institute of Mathematical Sciences (Chennai) under the supervision
of Prakash Saivasan, Assistant Professor, Department of Theoretical Computer Science,
Institute of Mathematical Sciences and Anantha Padmanabha, Assistant Professor,
Department of Computer Science and Engineering, Indian Institute of Technology
Madras, during the academic year 2024-2025.

o

Prakash Saivasan

Commiittee:

Prakash Saivasan /@

iy A
Anantha Padmanabha Wwﬂ’ /

Moumanti Podder W w\\/ .






Declaration

I hereby declare that the matter embodied in the report entitled Exponential Blow-up in
Asynchronous Automata are the results of the work carried out by me at the Department
of Theoretical Computer Science, Institute of Mathematical Sciences (Chennai), under
the supervision of Prakash Saivasan and Anantha Padmanabha and the same has not
been submitted elsewhere for any other degree.

Joshi Varad






Acknowledgments

I would like to thank my thesis committee- Prof. Prakash Saivasan, Prof. Anantha Pad-
manabha and Prof. Moumanti Podder. They have always helped me during my thesis. I
thank them for their time and energy.

I thank Prof. Saivasan and Prof. Padmanabha for guiding me for this thesis. It has truly
been a pleasurable experience.

I thank Prof. Prafullkumar Tale for guiding my initial studies in mathematical logic and
automata theory. I thank Prof. Padmanabha for guiding projects in modal logic before the
thesis.

I would like to thank Prof. Anisa Chorwadwala for her timely help during thesis sub-
mission. I would like to thank the thesis checking committee for spending their valuable
time to grade the thesis.

I would like to thank Indian Institute of Science Education and Research Pune. I thank
the Institute of Mathematical Sciences for a nice time at Chennai.

vii



viii



Abstract

Zielonka introduced the concept of asynchronous automata to model some distributed
systems [1]. Asynchronous automata are characterized by the languages they accept-
regular trace languages [2][3][4]. A minimal DFA accepting a regular trace language is
called a Diamond DFA. The characterization of asynchronous automata follows from algo-
rithms converting Diamond DFAs to asynchronous automata accepting the same language
[2]1[3]1[4]. A natural subject of interest is the lower and upper bounds on the size of
minimal asynchronous automata accepting regular trace languages with respect to size of
corresponding Diamond DFA and number of processes. The thesis studies upper bounds
presented in [2][3][4]. A lower bound on locally rejecting asynchronous automata is
studied from [4]. The lower bound result involves a set of regular trace languages- Path,,
(n € N).

The thesis contributes by providing lower and upper bounds on minimal e-non-deterministic
asynchronous automata accepting Path, and by providing lower and upper bounds on
minimal register asynchronous automata accepting Path,. The thesis also contains an
algorithm converting any asynchronous automata accepting Path,, to a locally rejecting
asynchronous automata accepting Path,,.
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Chapter 1
Introduction

Distributed systems are systems of computers which can share information by communi-
cating with each other. Distributed systems are used in many applications to compute
faster and handle sensitive information. Many distributed systems correspond to a set of
DFAs which can communicate with each other when given some input.

Consider an example. There is a building which has 2 groups of elevators- one group
which serves only the ground floor and even numbered floors and another group which
serves only the ground floor and odd numbered floors. The elevators are super fast and can
go from one floor to another instantaneously. The elevator request given by the customer
must specify the floor to which he or she wishes to go. Please note that a customer can
request a service from second floor to third floor. An ‘even floor’ elevator can provide the
service, but will not accept a customer from the third floor. Since the elevators are ‘super
fast’, the service of one request is executed before another input request is given to the
system.

The letters of input alphabet can be thought of as a tuple ( floor,, floor,) where floor,
is the floor from which the customer requests elevator and floor; is the floor to which the
customer wishes to go.

One way of coding for this elevator system is by creating a ‘central computer’ which
can be represented by a DFA. The central computer will have location information about
all elevators. When this computer gets some input ( floor,, floor;), it will



1. Check whether floor, is even, odd or ground floor.

2. If even, it will check which ‘even floor’ elevator is closest to floor, and send it to
fulfil the request. Since the elevators are super fast, it will directly reach floor,. (The
central DFA will change its state accordingly).

3. If odd, it will check which ‘odd floor’ elevator is closest to floor, and send it to fulfil
the request. Since the elevators are super fast, it will directly reach floor,. (The
central DFA will change its state accordingly).

4. If ground floor, it will check which elevator is closest to the ground floor and send it
to fulfil the request. Since the elevators are super fast, it will directly reach floory.
(The central DFA will change its state accordingly).

Computers execute computations based on inputs received.

If the central computer gets damaged, all elevators will stop. It will be desirable if
each elevator has its own computer such that, through communication, the computers
will control the elevator system just like the central computer. If there is no restriction
on communication and no restriction on what input a computer can read, then one can
easily encode the computers for the elevators. However, if there are some restrictions on
communication and reading access of input, the encoding is not so easy and sometimes
even impossible.

The restrictions for the example are mentioned in this paragraph. ‘Even floor’ elevators
can only read inputs from ground floor and even floors. This is because ‘even floor’ eleva-
tors can not receive requests from odd floors. ‘Odd floor’ elevators read inputs only from
ground floor and odd floors for similar reasons. Two or more computers ‘communicate’
only when an input readable by the computers is inputted to the system.

The solution to encoding this multi-computer system is discussed now. The computer
of an elevator will store its current position. Since the number of floors has to be finite,
the possible positions (states) are finite. Hence, the elevator computer can be thought of
as a DFA. Given an input, the computers which can read the input will share their informa-
tion and decide which elevator amongst themselves is closer to the customer. The closer
elevator will service the request. This will ensure that the elevator system controlled by
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multiple computers behaves exactly the same as the central computer controlled elevator
system.

If the system of elevators gets a request (groundfloor,thirdfloor), then all elevators
read the input. The elevators share their locations. The closest elevator is sent to serve the
customer. Since the elevator is super fast, it will instantaneously reach third floor. (The
closest elevator’s DFA will change its state accordingly)

If the system of elevators gets a request (thirdfloor, groundfloor), then ‘even floor’ el-
evators do not receive the input at all as they do not have reading access for that input.
‘Odd floor’ elevators receive the input. They share their current location and decide which
elevator is closest to the third floor. The closest elevator serves the customer. Since the
elevator is super fast, it will instantaneously reach third floor. (The closest elevator’s DFA
will change its state accordingly)

This ‘decentralization’ of the central DFA computer was possible in this case. Zielonka
proved that this decentralization can be done for DFAs accepting a class of languages
called ‘regular trace languages’. The idea of a regular trace language is dependent on
the restrictions on reading access of inputs and communication of the proposed multi-
computer system.

Asynchronous automata mimic the idea of DFAs communicating on some input. An
asynchronous automata has a set of processes, which are DFAs. Like most automata, an
asynchronous automaton has an input alphabet Y. Processes have reading access to some
letters in the alphabet. The alphabet, along with the reading access information 6 of all
processes, is termed as a distributed alphabet or distribution denoted by (3, §). An impor-
tant characteristic of any set of automata is the accepted language. Zielonka proved an im-
portant result- all asynchronous automata accept Regular (3, 6)-Trace Languages (defined
later) and all Regular (X, f)-trace languages can be accepted by an asynchronous automa-
ton. A minimal DFA accepting a Regular (¥, f)-trace language is called (X, #)-Diamond
Automaton. While proving the Zielonka Theorem, an algorithm was made which converts
a (X, 0)-Diamond Automaton to an asynchronous automaton with distribution (X, ) ac-
cepting the same language. In practical sense, the algorithm converts a single computer
program to a distributed programme which has same output as the single computer pro-
gramme for any input.



Several such algorithms are found [2][3][4]. Since, such algorithms might be practi-
cally important, computer scientists have been trying to decrease the storage needed for
the resulting asynchronous automaton. The issue with these algorithms is that the output
asynchronous automaton is at least exponential in the number of processes [2][3][4].

The algorithms in [2][3][4] output asynchronous automata which solve the ‘gossip-
ing problem’. The gossiping problem asks ‘which of the processes reading the new input
has latest information regarding other processes (which may or may not be reading the
input)?’.

Either one of these statements must hold if the exponential blow-up is to be avoided.

1. the gossiping problem is not necessary in general

2. the gossiping problem can be solved without exponential blow-up

Both these statements are unlikely to be true.

An attempt of proving the conjecture uses a set of languages { Path,, },en [4]. The
language Path,, for some n considers n many processes. For all pairs of processes p, and
pp, the alphabet of Path, has a letter (p,,p,) which only p, and p, can read. A string
u = uy...uy, of this alphabet is a string in Path, if for all i € [1...k — 1], there exists a process
p; such that p; reads both u; and u;, 1.

The size of the minimal DFA accepting Path,, is bounded above by n? +2. If it is proved
that the lower bound of asynchronous automata accepting Path,, is exponential in the
number of processes, then the conjecture would be proved.

[4] proves that the lower bound for locally rejecting asynchronous automata for Path,,
is exponential in the number of processes- 2% to be exact.

The thesis discusses the algorithms mentioned in [2][3][4]. The lower bound result
[4] is also discussed. New results are-

1. lower and upper bounds for e-non-deterministic asynchronous automata accepting
Path,,.

2. lower and upper bounds for register asynchronous automata accepting Path,.
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3. an algorithm which converts any asynchronous automaton accepting Path,, to a lo-
cally rejecting asynchronous automata accepting Path,,.






Chapter 2
Preliminaries

Some preliminary results and definitions will be defined in this chapter. Concepts like
Asynchronous automata and Mazurkiewicz traces are introduced

2.1 Asynchronous Automaton

Definition 2.1.1. Asynchronous Automaton [2]

Given an alphabet ¥, (X,0 = {¥,...X,,}) is said to be a distribution of X if |J X, =2X.

mée{l..n}
loc : ¥ — 2112} such that loc(a) = {i € {1,2,...,n}|a € ¥;}

Let (3,0 = (X4, %5...,%,)) be a distribution. For each i € {1,2,...,n}, let Q); be a finite
set of states. For each a € Y, let A, C Q, X @, be the transition relation for a, where

Q.= ]I Qi The asynchronous automaton defined by this data is the following
i€loc(a)

Q=01 X Q2 X Qe
. Let (q1,q2, s qn), (¢4 &b, -, 4h) € Q. Then ((q1, 42, -, qn), (@1s @by -, 4l)) € AIf

- For lOC(CL) - {i],@é...ik}, ((qilaqizu ank)7 (q;17q2{27 JQYR)) € Aa

/

- For each i ¢ loc(a), q; = ¢.



Qi =0l xQ? x ... x Q"

. FgQIXQ2X-~XQn

Formally, the asynchronous automaton A = ({Q;}icn, A, Qin, F, (X,0))

A accepts a string u if A(Qn,u) N F # 0

The set {1,2,...,n} is called the set of processes. It is denoted by P. The motivation
for doing so is that each process can be thought to represent a DFA (computer). Un-
less specifically mentioned otherwise, we consider deterministic asynchronous automata-
asynchronous automata where A, is deterministic for all a € .

The size of an asynchronous automaton is usually defined as |A| = > |5,
i€[l..n]

Close inspection of the definition shows that each process p € P is a DFA which can
synchronize with other processes (DFAs).

1. @, is the set of states

2. Q% are the initial state

3. A is like the transition function, but the function output depends on the live state of
other processes

4. Local p-states of I is like the accepting set, but the other processes must also agree.

With close observation of the definition of asynchronous automaton, one can see that
for two alphabets a,b € 3 such that loc(a) N loc(b) = (), an asynchronous automaton
will transition to same final state on input ab and ba. This motivates the definition of
independence relation.

Definition 2.1.2. (3 : ¥y,3,,...%,) is a distribution. Z;,. C ¥ x X such that (a,b) € T
(said as a and b are independent) if loc(a) N loc(b) = 0.

(32, Zyoe) 1s called a concurrent alphabet
The dependence relation Dj,. = (X X X)\Zjoe
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The independence relation invokes an equivalence relation on strings. As discussed in
a previous paragraph, if loc(a) N loc(b) = 0, then the final state of input ab and ba will
be the same. Shuffling adjacent independent letters causes no change to the final state of
input. The following equivalence relation captures the idea.

Definition 2.1.3. Let (X,Z) be a concurrent alphabet. ~C ¥* x ¥* is the Mazurkiewicz
trace relation. For u,w € X*, u ~ w if there exists a sequence of strings of ¥ such that
U = vy, Vg, ..., = w such that for all i € {1,2,....,k — 1} there exists v,,v] € ¥* and a;, b;

1) 71
satisfying
V; = vg.aibi.vg’, Vit1 = ’Ul.biCLi.U;/ and (CLZ‘, bz) el
In short, for u,w € ¥*, u ~ w if w can be obtained by a sequence of position swapping
of adjacent independent letters.

For a distribution (3, ), if two strings « and w are such that u ~ w, then the final global
state after transition on u equals the final global state after transition on w. Particularly,
the transition on « ends in an accepting state if and only if the transition on w ends in an
accepting state. So, asynchronous automata accept languages closed under this relation.

Definition 2.1.4. A language L C >* is said to be a Regular (3, 0)-trace language if

1. we Lifand only if w € L for all w ~ w.

2. Lis regular.

Since regular languages have an accepting DFA, the following definitions are natural.

Definition 2.1.5. If A is the minimal DFA accepting a Regular (X, 0)-trace Language, A is
called a (X, 0)-Diamond Automaton.

If Ais a (X, #)-Diamond Automaton, and the independence relation corresponding to (3, 6)
is Z, then A is a (X, Z)-Diamond automaton (or Z-Diamond Automaton if ¥ is clear from the
context.)

Minimality of (¥,6) and (X,Z) Diamond automata gives the following lemma.
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Lemma 2.1.1. Let (X, 6) be a distribution and D = (S, 9, qo, F,X) be a (X, 0)-Diamond au-

tomaton.

If u ~ w be words in >*, then 6(q,u) = 0(q,w) for all g € S.

Proof. This is a corollary of the following lemma. O

Lemma 2.1.2. Let (3, 0) be a distribution and D = (S, §, qo, F,X) be a (X, §)-Diamond au-
tomaton.

If a,b € ¥ are independent, then 6(q, ab) = d(q,ba) forall ¢ € S

Proof. This comes from the minimality of D and the Myhill-Nerode Theorem. The proof is
mentioned in [2]. O

The example of letters a and b such that loc(a) N loc(b) = () is referred again. The
local states of processes in loc(a) after transition of a, ab and ba are going to be same.
Similarly, the local states of processes in loc(b) after transition of b, ab and ba are going
to be same. This is because processes in loc(a) are oblivious to b. Similarly, processes in
loc(b) are oblivious to a. Assume there was another letter ¢ such that loc(a) N loc(c) # )
and loc(b) N loc(c) # 0. The local states of processes in loc(a) after transition on bca and
ca can be different. Previously, it was as if processes in loc(a) were oblivious to the b. But
now, with the addition of ¢, the occurrence of b can cause a difference.

For a given (3, 0) and u € ¥*, a structure can be defined to keep track of which occur-
rences of letters affect which processes. The structure is called the Mazurkiewicz trace of
u for (%, 0).

First, the notion of Mazurkiewicz trace will be defined. Then the notion of trace of a
word will be defined. Mazurkiewicz traces are partial orders.

Definition 2.1.6. [2] A Mazurkiewicz trace over (3,7) is a labelled partial order T = (£, <
, A) such that

1. & is called set of events

2. \: & — X is a function
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3. <is a partial order on & satisfying (e, f € £)

(@) (A(e),\(f)) € Dimpliese < for f<e

(b) e < fimplies (\(e), A\(f)) € D, where < is the immediate successor relation of <.

Now for Mazurkiewicz trace of a string

Definition 2.1.7. Let v = v;...v;, be a linearization of a Mazurkiewicz trace T' = (€, <, \). If
u = A(v1)...A\(vg), then T is the Mazurkiewicz trace of u.

Note: The thesis assumes that all processes synchronize before execution of any tran-
sition. This is like the initiation of the programme. This zeroth event is called e¢,. e, <e
for all events of the trace.

An example of a Mazurkiewicz trace is [2]

€1 €1 €9 €3 €4 €5 €6 €7
-~ P = P p

P - - -
o a a a
o q 9 — 94 q

q : > - > >
I r T — T

ro. ™ » C > »
ro b b b
A S S S

S - > > >

Example 1.13. Let P = {p,q,r, s} and ¥ = {a,b,c} where a = {p,q}, b = {r, s}
and ¢ = {¢,r, s}. Figure 1.3 has another picture of the trace t = (£, <,\) corre-
sponding to the word bacabba. The dashed box corresponds to the event e , which
we insert at the beginning for convenience.

In the figure, the labelled arrows between the events denote the relations <,
<4, <, and <. From these, we can compute < and <. Thus, for example, we have
e1 < ey since e <, ez <, €4, and the events e5 and e; are unordered.

The following definitions make future discussion convenient.

11



Definition 2.1.8. [2] Let e be an event, p be a process and P be a set of processes

1. An event e is a p-event for some p € P if p € loc(A(e))
2. For P C P, eis a P-event if P = loc(\(e)).

3. If e is a P-event, we say the processes in P ‘meet’, ‘participate’ or ‘synchronize’ at e. All
processes in P are participants in e.

For two strings s; ~ s,. Let their respective traces be ¢; and ¢,. ¢; and ¢, are graph
theoretically isomorphic. There are much more similarities between t; and t,. However,
understanding the similarities will require more definitions introduced later.

In the thesis, the motivation to define the Mazurkiewicz trace of a string was to answer
the question- Given a string u, ‘which occurrences of letters of u affect which process’. The
following ideas of the trace give us this information.

Definition 2.1.9. Given a Mazurkiewicz trace T

1. The maximum p-event is called mazx,(T).
2. 0,(T) = {ele < max,(T)}
0,(T) is the set of all events (occurrences of letters in string u) which affect the final

local state of p. If ¢’ ¢ 0,(T), then removing that occurrence of \(¢’) will not change the
final local state of p.

The following conventions are followed

Definition 2.1.10. Given a Magzurkiewicz trace T

1. 9y(T) =0

2. Forany P CP,0p(T) = U 0,(T)

peP

The main theorem is the Zielonka’s theorem. It is stated.
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Theorem 2.1.3. (Zielonka)[2]

1. An asynchronous automaton on (X, 6) accepts a regular (%, 0)-trace language.

2. Let L be a recognizable trace language over a concurrent alphabet (X,Z). Then, for
every distributed alphabet (3, 6) such that 7,,., = Z, we can construct an asynchronous
automaton A over (3, 0) with language of A, L(A) = L

Proof. of part 1

Proving the first part of Zielonka’s theorem does not require many lemmas. Let A =
({Sp}pep: A, Qin, F, (X,0)) be a asynchronous automaton.

First, we prove that the language accepted by 4 is regular. We prove this by construct-

ing a DFA which accepts same languages. Consider the DFA with set of states [[ .S, and
pEP
the transition function is A and accepting states F' and initial state );,. We can prove that

this DFA accepts the same language of .A. Hence, the language accepted by A4 is regular.

Induction on length of u will show that if u € £(.A), then for all v’ ~ u, v’ € L(A)

The proof of part 2 is difficult and discussed in 3.1.1. O

2.2 Locally Rejecting Asynchronous Automata

All algorithms which will be mentioned in the thesis create asynchronous automata which
are ‘locally rejecting’.

Definition 2.2.1. For a word u and a language L (it may be that u ¢ L)
1. prefy(u) is a linearization of 0,(T),)

2. pref(L) is the set of all prefixes of all words in L

Definition 2.2.2. A deterministic asynchronous automaton B is called locally rejecting if for
every process p, there is a set of states R,, C S, such that for every word w:

prefy(u) ¢ pref(L(B)) if and only if the p-local state reached by B on u is in R,

13



[4] proves that for regular trace languages Path,, (n stands for number of processes), a
locally rejecting asynchronous automaton must have at least 2% local states. It also proves
that for all n € N, Path, has a minimal DFA of order n%. This means that the smallest
asynchronous automaton accepting Path,, is exponentially larger than the minimal DFA.
Hence, for every algorithm creating locally rejecting automata, the resulting locally reject-
ing asynchronous automaton will be exponential larger (in number of processes) than the
minimal DFA for Path,,. We now define Path,,

Definition 2.2.3. Let n € N,n > 1

1.5 =(")

2
2. Yiepom) = {(pr,pj)|li =k Vi=j}
3. u= (Pky, Pjr) Phos Djo)---(Pren s Djny ) € 2y is an element of Path,, if for every i € [1...N—1],
{pki7pji} n {pki+17pji+l} 7é 0
Now the proof of the lower bound of locally rejecting asynchronous automata accepting

Path,, is presented.

Theorem 2.2.1. The lower bound of locally rejecting asynchronous automata accepting Path,,

is 2 where k = |2 ].

Proof. The following proof is for the case where n is a multiple of 4- 4k. The general case
follows closely.

Assume that for some locally rejecting asynchronous automaton accepting Path,,, A,
there exists some process p which has less than 2% local states. Without loss of generality,
p = p,. (Simple renumbering).

Definition 2.2.4. For m € [0...k — 1]

1. a, = (Am,4m+ 1)(4m + 1,4m + 2)(4m + 2,4m + 4)

2. by, = (dm,dm + 1)(4dm, 4m + 3)(4m + 3,4m + 4)

The idea is that a,, skips m + 3 whereas b,, skips and m + 2

14



Definition 2.2.5. P, = (ag + by)(ay + by)...(ax—1 + bx_1) is the set of strings u = cp...Cx_1
where C;, = a; Or ¢; = bi

There are 27 many strings in P,. Hence, by the famous pigeon-hole principle, there
must be u; = (¢jch...ck_1),us = (3c3...ci_,) € P, such that the local state of p, after
computation on both strings is same. Call this state s.

Let d € [0...k — 1] be the first moment of difference between u; and u,. To be more
formal, let d € [0...k — 1] be such that ¢} = ¢7 for all i < d and ¢}, # 3

Without loss of generality, ¢} = a4 and ¢ = b,.

Proposition 2.2.2. 1. py, pas1, Pdr2, Para participate in u, and not py. 3

2. Dd,Pd+1,Pits, Pa+a participate in uy and not pyo.

u1(pa, pa+s) and us will have same p, view and p,, view. This means that the local state
of p, after computing u;(pg, par3) and u, will be same. Same for p,,.

This means that the local state of p,; after computation of w;(pg, pays)(pa, pn) Will be
same as local state after computation of uy(py, p,,). Similarly, this means that the local state
of p,, after computation of u;(pg, pa+3)(pa, pn) Will be same as local state after computation

of ua(pa, Pn)-

But, prefp, (Tu pupars)papn)) ¢ pref(Pathy). But, prefy, (Tu,pup.)) € pref(Pathy,).
Since, A is locally rejecting, the local state of p, after A reads u(pg, pa+3)(pa, pn) must

be in R,. The local state of p, after A reads us(pq, p,) must not be in R,. But the local
state of p,, in both cases is same. This is a contradiction.

Hence, p, has more than or equal to 27 states.

The conjecture is proved for the locally rejecting automata. O
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Chapter 3
Gossiping Automata

Most proofs of the Zielonka’s theorem require an asynchronous automata solving the gos-
siping problem. In short, the gossiping problem among participating processes is ‘which of
the participants has latest information about a process (participating or otherwise)?’. It is
formally defined in the next section.

3.1 The Gossiping Problem

Definition 3.1.1. [2] Let P = {p1,p2,...,pn} be a set of processes which synchronize with
each other from time to time and exchange information about themselves and others. When-
ever P C P synchronizes, the processes in P must decide amongst themselves which of them
has the latest information, direct or indirect, about each process p € P. We call this the Gossip
Problem.

Given a trace T' = (£, <, \), the latest information p has about g is the <-largest g-event
eq such that e, < e, where ¢, is the <-largest p-event.

One can create an algorithm solving the gossiping problem. Each process will asso-
ciate every other process with a timestamp (number). When a set of processes P meet,
each process will select a timestamp greater than every timestamp stored by the partici-
pants. Each participating process will associate this timestamp with the participants. All

17



participants also update timestamp associated with non-participants. The timestamp now
associated with non-participant ¢ will be the greatest associated timestamp for ¢ among all
participants.

For any set of processes P, the process p with largest timestamp associated with ¢ has
latest information about q.

Algorithm 1 Algorithm for one of the participating processes p

1: Every participating processes fixes m, a number greater than any timestamp remem-
bered by participating processes.

2: for g € P do

3 if ¢ participates then

4 Timestamp for ¢ set to m

5 else

6: Let m’ be greatest timestamp of ¢ any of the participants have

7 Time stamp of ¢ is updated by all participants to m’

8 end if

9: end for

The issue is the size of the associated timestamps. The size of these numbers can
become large and cannot be bounded. Formally, Vn € N, there exists input string s such
that timestamps used for s are greater than n.

DFAs cannot store unbounded information as the number of states is finite. Similarly;,
asynchronous automata can’t store the infinite information either. Hence, we need a way
to be able to use finitely many timestamps. The idea is to re-use timestamps

Having a finite amount of timestamps will work. The remaining part of this section is
dedicated to proving this.

In any trace T, for any p € P, the set of all p-events is totally ordered.

As discussed in 1, 0,(T), also called the ‘view of p’ in T, is the set of events which decide
the final local state of p. Absence or presence of any event outside of 9,(7") will not affect
the final local state of p. One could use d,(7") to timestamp, but just like numbers, the size
of information stored will be finite, but unbounded.

The whole 0,(T’) is not needed to determine which process has latest information about
another process. The following information of 9,(7’) is all that is required.
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Definition 3.1.2. Given a trace T, for all processes p,q € P, latest, .,(T) = maz,(9,(T))

This is the latest information process p has about other processes. Assume all the events
are timestamped chronologically. The process p with highest timestamped latest, ., has
the latest information about g.

Hence, the idea is that all processes p will store latest,_,, for all q. This will allow
processes to select which process has latest information about another process.

Definition 3.1.3. Primary information for p in T is

primary,(T) = {(p, q, latest,,)|q € P}

For convenience, sometimes we will ignore the (p, q) and simply consider primary,(T) =
{latest, q4|lq € P}

Definition 3.1.4. For P C P, primaryp(1) = | primary,(T)

peP

Assume that the events are chronologically timestamped and every process caries their
finite primary information, then the gossiping problem will be solved.

Note that asynchronous automata can be designed to handle primary information if
the timestamp set is finite. The remainder of this chapter will discuss why. Till now we
looked at the infinite timestamp set (natural numbers). We introduce primary graphs and
secondary information to create and use a viable finite timestamp set.

Definition 3.1.5. The primary graphof p € Pintrace T = (£,<,\)is (V = primary,(T), E =
{(e,€)le’ <e})

The primary graph uses F to account for the relation of events in the main trace. To be
particular, if event e; is descendent of event e,, then (e,¢1) € E
Definition 3.1.6. For all processes p,q,r € P, latest, 4, = max,(0,(0,(T)))

This can be thought of as the latest information of r that ¢ had during the event
latest,—,(T).
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Definition 3.1.7. Secondary information of p in T is
secondary,(T) = {(p, ¢, r, latest, 4, )|q, 7 € P}.

For P C P, secondaryp(T) = |J secondary,(T)
peP

The idea is to create a finite re-usable timestamp. The secondary information helps the
participating processes decide which of the timestamps is being used in primary informa-
tion of other processes. This ensures that for a given moment, a label in primary graphs of
all processes is unique to a certain event in the trace. The primary graph can then decides
which of the participating processes have latest information.

For example [2]

Fig. 1.5. Keeping track of active labels

Example 1.22. Let P = {p,q,r, s} and ¥ = {a,b,c,d,e} where a = {p,q}, b =
{g,7}, c={r,s}, d = {p, s} and e = {q, s}. Figure 1.5 shows the trace t = (£, <, \)
corresponding to the word cbadecc.

At the end of this word, es = latest,—,(E), but ez ¢ primary,(£), since
primary, () = {(r,p, ea), (r,q,€5), (r,r,e7),(r,s,e7)}.

In the example, ¢, is in the secondary information of r. More precisely, e; = latest, ., ()

Surprisingly, this is all the information needed from 0,(7"). If timestamps are finite, the
information is finite. Due to finiteness of this information, asynchronous automaton can
store this information. However, designing automaton which can handle this information

requires some theorems and definitions.

Definition 3.1.8. For a trace (£,<,)\) an ideal is a set of events I C & such that if e € I,
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then for all f <e, f € I. The maximal elements of an ideal are called its generators.

Lemma 3.1.1. [2] The maximal events of 0,(1)NJ,(I) are events in primary,(I)Nprimary,(I)

Proof. The proof can be found in [2] O

Lemma 3.1.2. Let I be an ideal and p, q,r € P. Let e = latest,,,(I) and f = latest,,,(I).
Then e < f if and only if there exists g € primary,(I) N primary,(I) such that e < g. .

Proof. The proof follows from 3.1. It is also found in [2]

O

Note that 3.1 says that ¢ has latest information of » than p. e will be in primary graph of
p and f in the primary graph of ¢. g will be in both the primary graphs. The < relation re-
stricted to primary information is in primary graph. Hence, primary graphs of participating
processes can give the information. This is where the primary graph comes in handy.

As discussed before, primary information and chronological timestamping is enough
to decide which participant p had latest information about ¢q. The primary graph has the
required chronological data about the timestamped events.

Primary graph has more information about 0,(7"). Let P be set of participating pro-
cesses. If for every event e, every process p either labels e with fixed timestamp or does not
label e, then primary graph of participating process can decide which process has latest
information about a process. Please note that the timestamp set need not be an ordered
set where greater number means later event. The primary graph will give all required
chronology information. The formal proof will be presented later.

Lemma 3.1.3. Let {p;...p,,} be participating processes in the last event of u.a. Let p; and p,
be two of the participating processes. If latest,, _.,(u) < latest,, ,(u), then there exists v in
the primary graph of p, and p, such that latest,, _,,(uv) < v and latest,,_,,(u) £ v

Proof. The proof follows from 3.1 O
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This shows that two processes can decide which process has latest information. For the
general asynchronous automaton, more processes can participate. In that case, the idea is
to tell the processes to decide ‘latest information’ pairwise.

As discussed earlier, it is enough to ensure that events in the primary graph have unique
timestamp at a time. The timestamps will look like (P, L), P C P, L € £ where P is the set
of participating processes in the event and L is a set of labels (discussed later).

Secondary information is used to ensure that for each process p, all p-events in
primaryp(I) have unique timestamps. The following theorem allows this

Theorem 3.1.4. Let I be an ideal, p € P and e be a p-event in 1. If e ¢ secondary,(I), then
e & primaryp(I).

secondary,(I) is like a storage of all ‘relevant’ events labelled by p. The theorem is a
corollary of the following lemma.
Lemma 3.1.5. Let [ be an ideal and p € P. If e € primary,(I) then for every q € P such
that e is a ¢ — event, e € secondary,([).

Proof. Proof is in [2] O

The set secondaryp(T) = {latest, ,,(T)|p,q,7 € P} has n®> many elements where
n = |P|. Hence, at most n*® many timestamps can be in the secondary information of
processes. Hence, n® + 1 many timestamps are enough timestamps. [2] also shows that
n? + 1 many timestamps work.

Now the gossiping automaton will be constructed.

3.1.1 Gossiping Automaton

(Note that the automaton constructed here for a concurrent alphabet (3, 7) is not the most
efficient gossiping automaton possible. We are considering a distribution (X, ) such that
T =1y

Definition 3.1.9.
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1. T =[1..n* + 1] is a set of pre-timestamps. (T is not ordered)

2. L = P(P) x T where P denotes power set. This set is the set of timestamps. The set of
processes mentioned in the timestamp are the processes which were participating in the

event.
3. Pr={f:P L}
4. Sec={f:PxP L}
5 G={(V,E)[VCLECV xV}

Definition 3.1.10. The Gossiping automaton for a distribution (X,0) is G = ({S,}, A, (£,0), )
such that

1. S, =PrxSecxgforallpeP

2. Let (P,ly) be the timestamp for e,. For process p € P,py = {(pr : P — {(P,ly)} for
some ly € T,sec: P x P = {(P,lo)},G = (V={(P,l)},E=10))}

3. g = IIpo

pEP

4. A will basically do the following

(a) If globalstate = A(Qo, u) for some u € ¥*, A(globalstate,a) = globalstate’ where
the primary graph, primary information and secondary information are calculated
based on previous theorems

(b) If globalstate # A(Qo, u) for any u € ¥, then A(globalstate, a) doesn’t matter to
us and can be whatever.
More specifically, during A(globalstate, a), the following happens-

(Note that subscript , means that the value belongs to process p and ' means updated
value. For example sec, is the sec function of p before transition and sec), is the sec function
of p after transition)

1. Participating processes decide a t € T such that ({p € loc(a)},t) is not in any participat-
ing process’s secondary information. The timestamp of the new event is ({p € loc(a)},t).

23



For every participating process p, the primary information pr,(q) is changed to ({p €
loc(a)}, t) for all participating process q.

2. Participating processes pairwise decide who has the latest information about a non-
participating process. How do a pair of processes py, po decide which has latest informa-
tion about non-participant ¢?

(a) Check the primary graph

(b) If pry,(q) > prp,(q), then 3g € Gy N Gy such that pr,, £ g and pry,, < g
(c) (Similarly for pry,(q) = pry, ()

(d) Decide who has latest information about q

3. Consider all the latest information now. The updated graph is G' = (V', E') (same for
every process) such that

(a) V' is the updated primary information

b E=( U Elvny,)U{({p € loc(a)},t),m)|m is maximal without this edge}

p€loc(a)

4. For every participant p and non-participant q, and process r, sec,(q,7) = s€cp,,,...(¢;7)
where piaes: 15 the process which had the latest information of q before the primary
information was updated.

5. For every participant p, q, and every process 1, sec,(q,r) = pri(r)
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Chapter 4
Proofs of Zielonka’s theorem

The paper discusses 3 proofs of Zielonka’s theorem-

1. Residue Method [2]
2. Zone Method [3]

3. Updated Zone Method [4]

All these methods need the gossiping automaton. Formally, all these methods update
the primary information, primary graph and secondary information. Each proof outputs
a locally rejecting asynchronous automaton accepting the same language as input DFA.
Roughly, as one goes from first algorithm to last algorithm, the resulting asynchronous

automaton will be smaller.

4.1 Residue Method

Given B = (S, ¢p,, F's,0p) be a DFA accepting regular (X, Z)-trace language / and (%, 0)
such that 7y = Z. The plan is to create an asynchronous automaton A which accept the
same language as B. For every u € X*, A keeps track of d,(¢p,,v’) for some u' ~ wu.

5b<qBo7 u/) - 51)((]307 u)
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[2] paper is discussed in this section. First, we define the notion of projection

Definition 4.1.1. A string u € X* can be thought of as a function u : [l..n] — X where
n is the length of u. The trace of u is [u] = (£,<,\). Without loss of generality, £ =
{eL,e1,€ea,...,e,} such that \(e;) = u(i). Let X C & where X\{e,} = {e;,e€i,,..., €, } With
i < iy < ... < ig. Then u[X] = u(i)u(iz)...u(ix). If X\{eL} = 0, then u[X] = ¢, the empty
string.

Let |P| = n. Without loss of generality, P = {p1,p2, ..., Pn }-

The definition of ideals is extended to ensure that the empty set () is also an ideal.

[2] tries to ensure that for each trace T, p,, stores the information of the transition
function f,, : Sp — Sp such that f,,(s) = dg(s,u[0p,, (T)\Op, ps,...pm_.3(1)]) for all s € Sp.
Then the transition is accepted by A if f,, o f,,_1 0...0 fi(¢p,) € Fp-

The reason why this works is the following theorem.
Theorem 4.1.1. Let u be a word [u] = (£,<,\)and I; C I, C ... C [, C & a sequence of

ideals. Then u[lg] ~ u[li|u[Io\I1]...u[Tg\ITx_1].

This theorem says that

w =ul€] ~ ulp: (E)Juld{pz. p2HE)\Ip (€]
u[a{pl 1 D2y s pn}(5>\a{p17p2,~-7pn—1} (5)]

Due to definition of B, this means

5B(QO’U) = 53(’&[(9]91(g)]u[a{pg,pg}(f:)\ap] (5)]“'u[a{p1’p2> '”7pn}(5)\8{17171)27---71371—1}(5)]) =
Jno fac10.. 0 fi(gm,)

The theorem is a corollary to the lemma

Lemma 4.1.2. Let u be a word, [u] = (£,<,\), the corresponding trace, and I,J C & be
ideals such that I C J. Then u[J] ~ u[l|u[J\[]
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Proof. The proof is in [2] O

Some calculation gives us

u[a{P1-~-Pj} (5)\8{}71“])]._1}] = u[apj (5)\0{P1~-~P]’—1 } (8)]

Intuitively, u[a{plmpj}(5)\8{171%4}] = u[0y, (8)\8{1,1,”,)],4}(8) is the set of events p; can
view, but {p;...p;_1 } cannot view.

Op..p; 13(€) is an ideal. The thesis will use the notion of ‘what a process p can see
barring an ideal’ many times. This motivates the following definition.

Definition 4.1.2. Let u € ¥* be a word whose associated trace is [u] = (£,<,\), I C &€ an
ideal and p € P. R(u,p,I) = u[0,(E)\I]. This is called the residue of u at p with respect to I.

Keen observation uncovers that u[0,, (T)\(?{pl,pzwpn_l}(T)] = R(t, Pr» Otpy po,.pn_13(T)

Definition 4.1.3. A residue R(u,p, I) is called a process residue if R(u,p,I) = (u,p,p(E))
for some P C P

If observed Carefully; u[a{P1>P2 ~~~~~ Pm}(8)\8{P17P27-~-711m—1}(5)] = R(U7pm7a{p17pz7~'~7pm—1}(5))'
But there is an issue.

Say an automaton can store for all process residues R, the function fr : Sp — Sp such
that fr(s) = 0g5(s, R). The accepting states can be the global states where f,0...f1(q) € Fp
where fi = 5(57 ,R’(uvpia a{pl---pi—l}))'

This will work as u ~ u[0p, (E)|u[0{p2, p2}(E)\Oy, (E)]...

w[0{p1,p2, -, PN HE)\Op1 pa....on 11 (E)], and hence 6(qo, u) € Fp if and only if f,0... fi(qo) €
Fy.

For a string u € ¥* and a € %, let [u] = (&, <u, Ay) and [ua] = (Euay <uas Aua) be the
traces of v and wa. Even if p € P doesn’t participate in the new event of [ual, it can happen
that for some P C P, R(u,p,0p(E,)) # R(ua,p,dp(Eua)). This intuitively means that p
might not know all the instantaneous processes residues for a given trace. This means at a
given moment, some processes might not have correct instantaneous process residues.

So, we introduce a concept which only changes for a process p if p participates in an
event- the primary residue.
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Definition 4.1.4. R(u, p, I) is a primary residue if I is generated by a subset of primary,(T.,).

For each primary residue R of a process p, p stores the function fr : Sgp — Sp such that
fR(S) = 53(8, R)

If an asynchronous automaton is designed properly, every process p can update their
data to store the functions associated with instantaneous primary residues. One can prove
that all process residues are primary residues. Note that process residues of p can change
without participation of p, but primary residues cannot. The next paragraph explains why.

R(u,p,0p(E)) = R(u,p, E)) where E is generated by 7 C primary,(€). The issue is
that when the new event does not involve p, p can’t update which subset 7 generates F.
So, the F changes and p might not be aware of it unless and until p participates in some
event. But, the primary residues stay the same.

For example [2]

€1 €1 €2 €3 €4 €5 €6 €7
p p ] p Nem p ~
f 1
b a a a
b q q9 — 4 q
q : > - > >
L
| 1
A S r T — T
T, o> > C > >
ro b b b
A S S S
S :—b > > >

In the example, R(u, s, d,(£,)), a process residue is equal to primary residue R(u, s, |
{latests_q(EL)})-

Unless p participates, its primary residues do not change- and hence the functions of
the primary residues stay same. Once it participates, it can update its primary residue
functions.

We would like to update primary information functions. This requires some lemmas.
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Lemma 4.1.3. [2]letu € Y*and p € P

1. Forideals I,J C &, let R(u,p,I) and R(u,p, J) be primary residues such that
R(U,p, I) = R(U,p,\l, EI) and R(U,p, J) = R(U,p,\l/ EJ) fOT' EI? EJ g primaryp(gu)-
Then R(u,p, U J) is also a primary residue and R(u,p, [ U J) = R(u,p, | (Er U E))).

2. Let Q C P. Then R(u,p,0g(E.)) is a primary residue R(u, p, | E) for p. Further, p can
effectively compute the set & C primary,(&,) from the information in primarypug(Eu)

3. Let q,r € P such that latest,,.(E,) < latest,,. Then R(u,p,0,(9,(£,))) is a primary
residue R, p,| E) for p. Further p can effectively compute the set E C primary,(E,)
from the information in primary,(&,) and secondary,(&,).

Proof. [2]

1. We can rewrite R(u,p,I U J) as R(u,p,0,(E,) N (L U J)). But 9,(E,) N (I UJ) =
(0p(EL)NI)U(0,(Eu)NJT). Since R(u,p, I) = R(u,p, 0,(E,)NI), we know that 9,(E,) NI
is generated by E;. Similarly, 0,(£,) N J is generated by E;. So, | (E; U E;) =
(0p(Eu) NI) U (0,(E,) N J). Therefore, E; U E; generates d,(£,) N ( U J) and so the
residue R(u,p, I UJ) = R(u,p,| (Er U Ey))

2. LetQ = {q1,¢2, ..., qx - We can rewrite R(u,p,0g(&,)) asn R(u,p. |J 0,4 (&y)). From
i€[1...k]
previous lemma, it follows that for each i € [l...k], p can compute a set E; C

primary,(&,) from the information in primary,,(€,) such that R(u,p, 0, (E.)) =
R(u,p,} E;). From part 1 of this corollary, it then follow that R(u,p,dg(E.)) =
R(u,p, U 0,(&)) =R(u,p,} E) where E= |J E,.

i€[1...k] ie[L...k]

3. Let J = 0,(&,) U 0,(0,(€,)). J is an ideal. By the construction of J, maz,(J) =

max,(E,). From the assumption that latest,,,(E,) < latest,—.(E,), we have
maz,(J) = latestyr(E,). S0, Op(J) = 0,(&,) and 0,(J) = 0, (0y(Ey)).
Since R(u,p,,(J,(E.)) = R(u.p,0y(E) N (B:(0,(E.)) = Rlu,p. () N O,(])), it
suffices to find a subset £ C primary,(&,) which generates 9,(J)N0o,(J). By previous
lemma, 0,(J) N 0,(J) is generated by primary,(J) N primary,(J). Since max,(J) =
maz, (&), primary,(J) = primary,(&,).
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On the other hand, primary,.(J) = primary,.(} latest,.(E,)). By definition, this is
the set {latest,,s(Eu) }sep. So the set B C primary,(&,) generating 0,(J) N 0,.(J)
is given by E = primary,(J) N primary,.(J) = primary,(E)u) N{latest ., s(Ey) }sep
and can be computed from primary,(&,) and secondary,(&,)

O

Using this information, it is proved that primary residue function can be updated locally.

The essence is as follows

1. Initially, every primary residue of every process is the empty string e¢. So the primary
residue function for every residue of every process is Id : Sp — Sp because /(s €
Sg, €) = s for all states. For all processes p, q,r, latest, ., = e, and latest, ., = €.

2. When the asynchronous automaton reads a letter a € ¥, the participating processes
update their primary residue functions based on the primary information, secondary
information and currently stored primary residue functions. (based on upcoming
lemma)

If p ¢ loc(a), then p’s primary residue- and hence primary residue functions-, primary
information and secondary information remain unchanged. So, p doesn’t need to update
anything.

The asynchronous automaton must be able to do all the updates. From the gossip
automaton proof, it is evident that updating the primary and secondary information is
possible. Now it must be proved that primary residue functions can be updated.

Lemma 4.1.4. Let p € loc(a) and E C primary,(E..). The function f,, corresponding to the
primary residue w = R(ua, p,) E) can be computed from the primary residues of processes in
loc(a) at u using the information in primaryc(a)(E.) and secondaryoe(ay(Eu)-

Proof. e, is the event in &,, associated with the last a.

Casel-e, € F
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Hence R(ua,p,| F) = R(ua,p,| e,) is empty. Hence, f,, = Id.

Case 2-¢, ¢ &

The aim is to compute f,, for w = R(ua,p,| E). f, = f. for some v’ ~ w.

w0y (Eu) ~ vall. EJual0y(Ewa)\ | E) ~ ull Eluald,(E)\ L E) as uall. B] = ull E}
Also,
ua[0p(Eua)] ~ ulOloc(a) (Eu)]a ~ ull Elu[Oca)(E)\ | Ela

This yields u[| Elua[0,(E,)\ | E] ~ u[l Elu[0oca)(Eu)\ 4 Ela. This in turn means that
ualOp(E)\ L E] ~ w[Bioc(a) (Eu)\ | Ela

The transition function of B corresponding to u[| E] is already known as it is previous
primary residue. It is enough to find the transition function for «[0)sc(0)(Eu)\ | Ela.

In short, the w' chosen is u[0joc(q) (Eu\ | Ela
Let loc(a) = {p1,p2, ..., pr } Define Q; = {p1, pa, ..., p;} for i € [1...k|. Define I, =| E. For
i€ 1k, I = Iy U do, (E)

Since E C Ojoc(a) (1), u[lx] = u[0oe(a)(Ex)]. By previous lemma, u[0i0(a)(Eu)] = ulli] =
ulloJu[l1\1o]... I\ I—1]. This means that
ua|0y(E)\ L E] ~ u[0,(E)\ | Ela ~ u[[1\Ip]... Iy \ Ir—1].

It is enough to prove that u[I;\[;_;] can be computed by using the primary and sec-
ondary information of processes in loc(a) along with the primary residues. This is what
the rest of the proof does.

To make the statement more precise, it is shown that u[/;\/; ;] is a primary residue
R(u,p;,| F;) and F; can be calculated using primary, secondary and residue information
of participants.

Initially, the statement is proved for ¢ = 1. Later it is generalized to all i € [1...k].
E; = E N primary,,(£,). Please note that it is £, and not &,,.
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This means that E\E; is EN |J primary,, (£,) (because e, ¢ E). If (p/, ¢, e) € E\E;
ke[2...k]
means that latest, ., (&) < latesty g (Ey)-

= E\E,
ulli\Io] = u[0,(E)\ | E] = u[0,(E)\(I E'U | E)]

Lete € E'. e = latest,,_,.(&,) for some i € [2...k]. R(u,p,| €) = R(u,p,0,(0,,(E4)). By

previous lemma, R(u,p, 0,(0,,(&,))) = R(u,p, | Ge) for some G, C primary,(£,). Ge can
be computed from primary,(&,) and secondary,,(E,).

ul[\Io] = u[0p, (E\ L E] = u[dp(E\(} E'U L Ev)] = R(u,p1, | E'U | Ev) = R(u, p1, |
EjlU U \LG): (u7p17\J/(E1U UGP))
eck’ eck’
Now it is proved for general v € [1...k|. The idea is the same.

= E\E,

WI\Ly-1] = u[d,, (E)\(L EU } U ] 1 0,(E.))] = u[d,, (EH\( E'U L Eq,uqe[mg%ﬂ
94(Eu))]

Let e € E'. e = latest,,,,(E,) for some i # v. R(u,p,, | €) = R(u,p,0-(0p,(E4))). By
previous lemma, R(u, p,, 0;(0p,(E4))) = R(u,py,d G.) for some G. C primary,, (E,). Ge
can be computed from primary,,(£,) and secondary,,(&,)

R(u, py,J 94(E,)). By the previous lemma, the generator can be computed from
primary(qp,}(E,). Call the generator F,

ull,\lv—1] = u[0p, (E\ L Lo—1] = u[0p, (E)\ L E'U ] E, ey O (€u)] = R(u,po, L E'U L
B, U Gf€))=Rlupnt B U LG U LF) O

PE[Pot1---Pi] e q€[Py+1---Dk]

The Accepting Asynchronous Automata

Given a minimal DFA accepting L. B = (S, qo, F,6). A = ({Sp}per, A, Qo, F, (X,0))

1. The set of states of pis {(a,b,c¢, |J {fp}} where
PeP(P)
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(@) ais primary information stored in the form {(p, ¢, !)|latest,_,, event is labelled with [/}

(b) b is the secondary information stored in the form
{p,q. 7, l|latest, ,,,, event is labelled with [/}

(c) cis primary graph corresponding to a

(d) fp:S — Ssuchthat fp(s) = (s, R(u,p,0p(EL)))

2. The initial state Qo = ({(p,q,e1)|q € P}, {(p,q,r,e1)|q,r € P}, P(P){fp = Id})
3 F={ L@ U Gy © Ty 800 € F

. A(((aPr, b 2. (aPr b leX) =
4 D@ B U (Dl b, U (D))

p1 lpl /p1 Ipn, /pn /pn
()b PGP { H...(a@? b PeIP’ { })) where
; Ip;  }/pi ’Pi — (qPi }pi
@ I3 ¢ locll), (@ b7, U {fF)) = @b, U {75))

(b) Fori € loc(l),
i. a'P is the updated primary graph of p;
ii. 0’7 is the updated secondary information of p;

iii. f2' are the updated functions

The set F' is chosen such that f{m o ff;;f.p"i?}... 1P (qo) € F. By a theorem proved

before, for an input u[&,] ~ u[0,, (E,)]u[0, 2( Eu)\Op, (Eu)-- 1[0, (E)\Ofpr..pn_1})-

8(qo, w) ~ 8(qo, w[0py (Eu)]1Dpy (E)\Dpy (Eu) [0, (E)\Oipr.. o 3]) =
ffl?l Pn-1} f{m Pn—2}"" fpl( 0)

And hence, 0(qo,u) € F if and only if ff;lmpn_l} o fPnt o fP(q) € F

{P1~~-Pn—2}

4.1.1 The Locally Rejecting States

Let D be the input DFA as mentioned above and A be the corresponding output asyn-
chronous automaton.

Lemma 4.1.5. R(u,p,0) ~ pref,(u)
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For all processes p, consider the local p-states where fr(,,0))(q) = ¢ such that 6(q, u) ¢
F for any u € ¥*. These states will be in R, (locally rejecting states).

4.1.2 Size of Resulting Asynchronous Automaton

After doing the optimization as suggested in [2], the size of the resulting asynchronous au-
tomaton is 2°2"), [4] gives a more accurate size of the resulting asynchronous automaton
of this construction- n™*.|D|/PI?" where m is the size of

4.2 Zone Method

[3] tries to make the algorithm faster.

[2] uses factors called residues. [3] uses factors called zones. Just like how in [2]
the resulting asynchronous automaton tries to understand the transition function on pro-
cess residues, the resulting asynchronous automaton of [3] tries to understand transition
function on zones. To understand transition functions on process residues, the resulting
asynchronous automaton in [2] keeps track of transition functions on primary residues.
The asynchronous automaton of [3] keeps track of transition functions of zones. There
are less zones than there are primary residues. This decreases the number of states of the
asynchronous automaton.

Definition 4.2.1. For a trace (£,<,\), last(T) = {maxz,(T)|p € P}. last(T) will also be
referred to as global primary information.
Now zones will be defined.
Definition 4.2.2. For events e; and ey in a trace T = (£, <, \)
1. S: & — P(last(T)) such that S(e;) = {f € last(T)|ex < f} where P(last(T)) denotes
the power set of last(T"). Similarly for e,
2. If S(e1) = S(ez) then e; = es.
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3. Equivalence class of = relation is called a zone.

The automaton in the paper now stores transition functions for linearizations of zones.

Definition 4.2.3. If Z; and Z, be two zones of (&, <., \,). Let e; € Z; and ey € Z5 be two
elements. If ey <, e, Z1 <z Z3. < is called zone order.

In the last method, u[€,] ~ u[0,, (£.)]u[0p, (Eu)\Op, (Eu)--- [0y, (Eu)\Opy..pn_r}) Was used.
Here, the fact used is u ~ u[Z;|u[Z5]...u[Z,] where Z; are zones of T}, and Z; %, Z;.1.

Zones have quite an interesting property. The property is written in the next lemma

Lemma 4.2.1. [3][4]For a trace T

1. A zone of T is a factor of T.
2. A zone of T contains at most one event of global primary information.
3. The set of zones partitions the set of events of T

4. The relation < on zones is acyclic. It induces a partial order such that S(Z') C S(Z)
and dom(Z) Ndom(Z") # () implies Z < Z'

5. For every zone Z,5(Z) # ()

6. There are at most |P|?> many zones. [3] says |P|> + |P|, but [4] gives this better lower
bound

Proof. We prove each point

1. The proof follows from definition.
2. Assume ey, e5 are two distinct global primary information events.

— Case 1 ¢; < ey. This means e; € S(e;). But, e; ¢ S(ez). Hence, e; and e, can’t be
in the same zone

— Case 2 e¢; > ey. This means e; € S(ey). But es ¢ S(e;). Hence, e; and e, can’t be in
the same zone.
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— Case 3 ¢; and e, are incomparable. e; € S(e;). But e; ¢ S(es). Hence, e; and e
can’t be in the same zone.

3. First proving every event is in a zone. For every event e, there exists p € P such that
e is a p-event. Hence, max,(T) > e and max,(T) € S(e). Hence, for every event
e, S(e) # 0. Hence, for every event e, there is a zone Z, such that e € Z,.

To prove that no two zones intersect. Let Z;, 7, be two distinct zones. Assume
Z1N Zy # 0. Let e € Z; N Zy. By definition of zone, S(e) = S(Z1) and S(e) = S(Z»).
Since 7y # Zy, S(Z1) # S(Z,). Hence, S(e) # S(e). This is a contradiction.

4. Proving that the relation is acyclic. Assume note. Assume 7, < Z, < ... < Z,, = Z;.
By definition, if Z;, < Z;, e; < e; for some e; € Z;,e; € Z; (e; ¢ Zj,e; ¢ Z; (by
partition property)). Since ¢; < e;,S(e;) C S(e;) (any evente > e; = e > ¢;).
Since Z; # Z;,S(e;) € S(e;). This means Z; € Zy € ... € Z,, = Z;. Which means

Z1 C Z,. This is a contradiction.

Proving that if S(Z,) € S(Z,) and dom(Z,) N dom(Zs) # 0, then Z, < Z,. Since
dom(Z1) N dom(Zy) # (), there exists e; € Z; and e; € Z, such that both are p-
events for some p. This means either e; < e; or e; < e; (can’t be equal as zones are
partitions). It is known that S(Z;) C S(Z,). Hence S(e;) € S(eq). Hence, it can’t be

the case that e; < ey. Hence, e, < e;. By definition of the zone relations, 7, < 7,
5. This is proved above. Refer point 3.

6. |P|? = |P|.|P|. Assume that the number of zones is more than |P||P|. This means
that there is a process p such that there are at least |P| + 1 many zones with domain
containing p. Let the set of the zones be Z, = {Z1, Zs, ..., Z,} for some natural
m > 0. Since domains of zones in Z, intersect, (Z, <) is a totally ordered set. Without
loss of generality, Z; < Z, < ... < Zjp|4m. Hence, S(Z1) C S(Z2) € ... € S(Zip4m)-
Since S(Zpjym) # 0,|S(Z1)| > |P| + m + 1. This is a contradiction as there are at
most |P| many events in last(T) and S(Z;) C last(T).

Another lemma is needed for the update of the zones when new letter is read.

Lemma 4.2.2. Let P C P and q ¢ P, T is a trace and e, f be two events in prefp(T).
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S(e) = {e € last(prefp(T))|e < €'}. Similarly for f
S'(e) = {e' € last(prefpugg)le < €'} Similarly for f.

Then if S(e) = S(f), then S'(e) = S'(f).
Proof. Assume not. Without loss of generality, there exists ¢’ € S’(e) such that ¢’ ¢ S’(f).

— Case 1-if ¢’ € prefp(T), it is a contradiction to the fact that S(e) = S(f)

— Case 2-if ¢ ¢ prefp(T)

Let H = {h € prefp(T)|e < h < ¢'}. H must have maximal element due to finiteness and
partial order. Let 2/ be such a maximal event. #’ € prefp(T) and is maz, (prefp(T)) = I
for some p’ € dom(h'). Hence, b’ € last(prefp(T)) and hence b’ € S(f). This means
f < h < €. Hence, ¢ € S'(f). This is a contradiction.

Asynchronous automata for regular trace language £

Let D = {5, %, q, I, —} be a DFA accepting L.

The asynchronous automaton constructed is A = {{S,},ep,d, Qo, F, (£,0)} such that
elements of S, look like (1'S, Sy, (dom(Z;), S(Z;), A(Z;)icr)) where

1. T'S is a state of the gossiping automaton.

2. S; is a set of primary information of p (with labels from the gossiping automaton).

3. Z; are zones in 0,(T,,).

4. dom(Z;) and S(Z;) are as usual.

5. A(Z;) : S — S such that for all s € S, A(Z;)(s) = (s, L;) where L; is a linearization
of Z;

6. I = {1...m} where m is the number of zones.
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The idea is that whenever p participates in the current event, the state of p will transi-
tion to a state with correct information. The S; and 7'S part of the state will be updated
like the gossiping automaton.

Let u be a string (S}, TS, (dom(Z}"), S(Z"), A(Z}'))i=o..m») be the state of p after the
automaton transitioned on u.

The state reached by the process after automaton reads u.a is 6(5(Qo, u), a). It is

(Sy-e, TS™ {dom(Z"*), S(Z;""), A(Z**)Yiz0...mu-a)

1

This local state of processes in dom(a) needs some steps to get computed properly.
Without loss of generality, dom(a) = {p;...p;} and the event corresponding to the new « in

T, 1S e,

— Step 1- For each process p, we update the zone information for zones of 7, , restricted
to 0,(T,) U{e.}

— Step 2- For p,, p», we update the zone information for zones of T,, , restricted to Oy, p,} (Tu)U

{ea}

— Step 3- For py, p2, p3 we update the zone information for zones of T, , restricted to
Oprpaps (Tu) U {ea}

— Step I- For p;...p; we update the zone information for zones of T, , restricted to Oy, . p,3 (10,)U

{6(1} = adom(a) (Tu.a)

This is enough because zones not in d o (a)(7w..) Will not change.
For Step 1

The new state of p will be (S}, TS, (dom(Z]), S(Z!).A(Z]))i=0..m+1) constructed as fol-
lows
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1. S is the primary information of p in 0,(7,,..)

2. TS’ is the state of the gossiping automaton in 9,(7%,.,)

3. dom(Z},,,) = dom(a)

4. S(Zlyr) = {ea)

5. A( ;n+1) ==

6. (dom(Z}), S(Z), A(Z)s-1..m = (dom(Z}), 5(Z,), A(Z,)) 1.
7. Forall Z}, S(Z}) < S(Z;) U {dom(a)}

8. If S(Zj) = S(Z;) with Z; £ Z;, then we merge Z}, Z; and let A(Z]) = A(Z}) o A(Z])
and dom(Z;) = dom(Z;) U dom(Z}) and we delete Z;.

9. Repeat 8 till it can’t be used.

In the construction, 3,4 and 5 ensure that there is a zone Z such that S(Z) = {e,}. Itis
assumed for the time being that Z = {e, }.

6 enforces that for the time being, the other zones are considered unchanged.

Since ¢, > g and g € 0,(T,) U {e,}, all zones for the process must have ¢, in the S
image. This update is done by 7.

Some zones stored as distinct zones by p might have same S image and are not less
than another. This would means that the two zones are part of same zone in 9,(7;,) U {e,}.
So they are merged in 8.

Constructions for Step 2 and onwards

The steps mentioned here convert the zone information about zones restricted to 0p (7, )U
{e,} to zone information about zones restricted to dpyye (7,) U {e,} for new process g. On
step N € {2...l}, use the conversion such that P = {p;...ony_1},q = pn-

The state of ¢ (after undergoing ‘step 1) is (S{,7'SY, (dom(Z}), S(Z}), A(Z]))i=1..m)-
For some state p € P, the state is (51, 7S, (dom(Z;), S(Z;), A(Z;))i=1..m)- (All process in P
have the same state by construction.)
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The updated states of p is constructed as follows. All states of P U {q} will have the
same state.

1. S} is the primary information in 0pyqy (7)

2. T'S' is the state of the gossiping automaton after reading dpyq) (17)
3. Let J ={i € [1..n)|TSUS(Z))NTS(S;) =0}. v=m+|J|

4. (dom(Z;), 5(Z}); A(Z))) jenn..m) = (dom(Z;), 5(Z;), A(Z))) el ..m)

5. (dom(Z;), S(Z3), A(Z])) jepm+1..m+17) = (dom(Z;), S(Z;), A(Z))) jes

6. The partial order <’ on the new zones is given by the transitive closure of the relation
<U<tU{(Z, Z})|li <m < j,dom(Z]) 0 dom(Z}) # 0}

7. Forall Z, <' Z,,8(Z}) « S'(Z) U S'(Z})

8. If S(Z]) = S(Z}) and Z; £ Z;, then we merge Z] and Z| and set dom(Z]) = dom(Z})U
dom(Z;) and A(Z;) = A(Z]) o A(Z])

9. Repeat 8 till it can’t be repeated.

It must be the case that U 7] = 0pyyq(Ty.a). This is done by 3, 4 and 5. Taking Z;

i€[1...v]
for i ¢ J is not necessary. This is because of a previous lemma. The lemma implies that a

zone is either completely in 0p(7,, ) or completely out. For Z i ¢ J, the zone was already
counted as a zone from the view of P. (It is possible that a zone in view of P can have
maximum g¢-event in its ‘S’ image)

6 incorporates new zones with the zone order appropriately. 7 updates the value of
S(Z}). This is needed as some zones in dp(7),,) can have maz,(7,,) in its S image.

As discussed earlier, it can happen that two distinctly stored ‘zones’ have same S image
and one is not less than another. This actually means that they are subsets of a zone in
Opuiqy(T.a)- So they are merged in 8.

For a process p, let S¥ be the primary information at the beginning (like discussed in the
gossiping automaton). 7'S° be the timestamping information (gossiping automaton state)
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at the beginning. The number of zones is 1. Call the zone Z,. Z, is the zone containing
e. dom(Zy) =P,S(Zy) = {eLr}, A(Zy) = Id.

Qo = (57, T'S%(dom(Zo), S(Z0), A(Z0)))

A state s = (Sh TS, <d0m(ZZ-), S(Zl), A(Zz»ze[l'n]) c FlfA(Zzl)OA(ZlQ)OOA(ZZn)(qO> -
F where Z;,, Z,,, ..., Z;, is a linearization of ({Z;|i € [1...n]}, <z)

The automaton thus created accepts the regular trace language L.

4.2.1 The Locally Rejecting States

Let D be the input DFA as mentioned above and A be the resulting asynchronous automa-
ton.

Lemma 4.2.3. Let {Z;};cr, ZO be the zone order of p for string u. lin({Z;}ier) ~ pref,(u)

where lin({Z;}cs is the linearization of Z; with ZO.

For every process p, consider the local p-states where fi;,(1z,},.,)(90) = ¢ such that
d(q,u) ¢ F forallu € ¥*. Thisisin R,

4.2.2 Size of Resulting Asynchronous Automaton

[4] gives the upper bound on size of the resulting asynchronous automaton- 23" | D|IPI**,

4.3 Updated Zone Method

The third algorithm is like the zone algorithm. However, instead of storing the complete
transition function, A(Z;) completely, the processes simply store the image of ¢, for the
transition function of| A(Z;). This requires much less storage. Hence, the algorithm is
quicker. As expected, this algorithm creates asynchronous automaton exponentially larger
(in number of processes) than the input DFA.
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Like usual, let D = {S| F’, qo, 6, 2} be the DFA accepting the regular trace language L.
The resulting output asynchronous automaton is A = {{S,},ep}, (X, 0), F, Qo, A}.

The set of states of a process look like (7'S, ZO, A(Zi)ie[lmm]) where

1. TS is the states of process p in the gossiping automaton.

2. ZO = ({Z;|i € [1...m]}, <z) where Z;s are the zones in p-view and <y is the relation
of the zones

3. A(Z;) = 6(qo, ) Z;) where | Z; is a linearization of | Z;.

The following lemmas is needed to update the state information.
Lemma 4.3.1. For any subtraces T1, 7> of T, there exists subtraces Ty, T\ and Ty of T such
that dom(Tl) N dOm(Tg) = @ and 71 = T()Tl and 75 = TOT2
Proof. The proof can be found in [5]. O

Lemma 4.3.2. Let Ty, Ty, T, be traces such that dom(Ty) N dom(Ty) = (. Then, for an I-
diamond automaton, §(qo, ToT1T3) can be calculated from (qo, Tv), 6(qo, ToT1) and 0(qo, ToT5)
where T;T; is the trace of u;.u; where u; and w; are linearizations of T; and T;.

Proof. The statement is claimed in [4]. O

It is necessary to update the information in the state.

1. T'S- Is updated like in the Gossiping automaton.
2. ZO- Needs some work

3. A- Needs some work

The following lemma helps in calculating S, (%) given ZO,,.
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Lemma 4.3.3. For trace T, and a zone Z, maz,(T) € S,(Z) if and only if Z <y, Z. where
Z,. is the maximum gone with r in the domain.

Proof. (=)

If mazx,.(T) € S,(Z) then for some e € Z, e <, maxz,(T,). This means that 7 <, Z"
where Z" is the zone containing max,(T,). Z" = Z, otherwise max,.(T,) <, e, for some
r-event. This is a contradiction.

(<)

If Z <z, Z., there exists ¢ € Z and ¢ € Z, such that e < €. Since ¢/, maz,(T) €
Zr,max,(T) € S,(¢'). Hence, ¢ <, max,.(T). Hence, e <, max,(T). Hence, maxz,(T) €
Su(Z)

O
Lemma 4.3.4. If zone order ZO,, is given, dom,(Z) and S,(Z) can be computed.
Proof. dom,(Z) is already captured in ZO,,. Hence trivial.
By the previous lemma, S, (Z) can be computed. O

Hence, the S function and domain information can be updated just like the zone algo-
rithm automaton.

If the zone update in the zone algorithm automaton is observed carefully, the new zones
are unions of zones and {e¢, }. Let the current trace be of u € ¥*. We append new input a to
it. e, is the event associated with it. For new zone Z,,.,, let {Cy,Cs,...,C,,} € Z0O, U{e,}

suchthat U C; = Z,c0.
i€[l...m]

Lemma 4.3.5. For i, j € [1...m)], there exists k such that C; <,, Cy and C; <,, Cj.
Proof. If C; <,, C; or C; <,, C; then trivial.

If C; = {e,}, then the zone contains maz;(7T,,) for some participant p. Hence C; <,,, C;
is necessary. If not, then Z7,,.,, will have more than one event of global primary information,
which is a contradiction. Similarly if C; = {e,}.
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Assume C; and C; are incomparable.
Hence, there exists ¢ € P such that ¢ € dom(C;) but ¢ ¢ dom(C}).

If ¢ € dom(a), then max,(Tyy) € Sua(Znew).- Hence, maz,(T,.) € Su(C;). Hence,
Cj <ua {€s}. Hence, C, = {e,}.

If ¢ ¢ dom(a) assume Cj, doesn’t exist. maz,(T,) € Su(C;). mazy(T,) = mazy(Ty).
Since C;, Cj C Zpew, mazy(Tya) € Sua(Cj). Since ¢ ¢ dom(a), mazy(T,,) = mazy(T,) and
hence maxz,(T,) € Su.(Cj). Since ¢ ¢ dom(a), maxy(T,) € Su(C;) only if maz,(T,) €
Su(C}). Let e, be the maximal ¢ event in Z,,.,,. Let C} be the set containing e,.

0

Corollary 4.3.6. For a zone Z,., in T,,, there exists set C,,,, which is a zone in T, or
Cmax = {ea} such that i/ua Znew :\l/ua Cma:n-

This corollary gives the following lemma which can be used to update A.

Lemma 4.3.7. An updated zone Z,.,, in ZO,, is such that | Z,.., =] Cia. Wwhere C,.. €
Z0, or C,,,. is a zone containing e,. And C,,,,. can be computed effectively

Proof. The existence of C,,,, is a corollary of the previous lemma.

Cinax can be computed while updating zone order. Remember the greatest zone or {e, }
merged. O

Definition 4.3.1. Let ZO have linerarization of zones {Zy, Zs, ..., Z }-

Lemma 4.3.8. For a trace T,, if ZO,, and A(Z € Z0O,) is known, then §(qo, B;x) can be
calculated (B;, is a linearization of B; )

This implies that §(qo, 73,) can be calculated as T, = By,

Proof. The proof is based on induction on i.
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8(g0, Bo) = A(Zy)
Hence true for i = 0.
Assume true for i. Prove true for: + 1

By induction hypothesis, d(qo, B; x) is known for all k£ > i. Consider B, j.

— Case 1- Z;y < Zy. Bi11x = B;. Hence by induction hypothesis, we know 6(qo, Bi+1.x)

— Case 2- Zi+1 g Zk Consider TO = Bi,iaTOTl = BZ‘+172‘+1,T0T2 = B@k. Bi—i—l,k = ToTlTQ.
Calculate 6(qg, ToT1T2) (dom(Ty) N dom(Ty) = 0 otherwise, Z;.1 < Z;,

Hence, §(qo, u) can be computed for every u € 3.

The catch is that this is possible only if A can be updated properly. The following
lemma proves that proper update is possible.

Lemma 4.3.9. A can be updated when new letter is appended to input word
Proof. Let initial word be u and new letter a. Z,., be a new zone. Let Z be the max-

imal set of old zones such that Z,.,\{e.} = UZ. The old zone order is ZO. Based on
previous lemma, we can calculate 4 (qp, 7) where Z is a linearization of Z. Anew(Znew) =

6(6(qo,Z), a).

Done O

The Asynchronous Automaton

A= ({S’p}pépa Aa Q07 f, (Z, 9)) where P = {pl"'pn}

1. S, = {TS, ZO, A} such that
(a) TS is a local state of p in the gossiping automaton of the distribution
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(b) ZO is all possible zone orders.

(¢) A is the function mapping every zone in ZO to a state of D.

2. Qo = {T'Sy, ZOy, AO} where T'Sy, ZO,, A, are the initial timestamp, zone order and
A

3. A updates all the three parameters as discussed.

Deciding the states in F needs the knowledge of A stored by all processes. Let G be
a global state Let s € S be the state of the DFA corresponding to B,,,, where m is the
number of zonesin G. If s € F, G € F.

F = {global state|d(qo, Bm.m) € F,where m is the number of zones in global state}

4.3.1 The Locally Rejecting States

Like before, let D be the input DFA and A be the resulting asynchronous automaton.

Lemma 4.3.10. For every process p, for every p-local state, there exists Z, such that it is
unique maximal element of {Z,;};c; with given zone order. p € dom(Z,)

For every process p, consider the set of local states with A(Z,) = ¢ such that §(q, u) ¢ F
for any u € ¥*. This is the locally rejecting state set.

As observed, all these algorithms output asynchronous automata exponentially larger
than the corresponding Diamond DFA. But that is expected as the resulting asynchronous
automata are locally rejecting. It is proved that the exponential blow-up must happen for
Path,, by these algorithms.

4.3.2 Size of Resulting Asynchronous Automaton

[4] gives the upper bound on size of resulting asynchronous automaton- 4" F2lka
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Chapter 5

Lower and Upper Bounds of Automata
accepting Pathy,

Some of the attempts to prove the conjecture try to find an exponential lower bound for
size of asynchronous automaton accepting Path,,. Since Path, has minimal DFA of size
less than equal n? + 2, the lower bound would imply the conjecture.

5.1 e-Non-Deterministic Asynchronous Automata

A asynchronous automata which is non-deterministic and has e moves is a non-deterministic
asynchronous automata

5.1.1 Upper Bound for Minimal ¢-Non-Deterministic Asynchronous Au-
tomaton for Path,

This section will prove that for every n € N, there exists a non-deterministic asynchronous
automaton of linear size which can accept Path,,.

For all n € N the non-deterministic asynchronous automaton accepting Path,, is called

47



Nn = {{Sp}pe'P7 Aa QOa Fa (Ea 9)}

1. S, ={on,of f}

2. (3, 0) is as usual for Path,,

3. Qo= (off.of f....of f)

4. I are the global states with only one process in the on state

5. Defining A. For an input letter (py, ps),

(@) Awpypy)((0f f,0f ), (Pasps)) = {(0on,0n)}

(B) A, p)((0n,0n), (Pa; p1)) = {(on, 0n)}

(© App)((0n,0f ), (Pas ) = {(on,0f f), (0f f,on)}
(D Ag,p)((0f f0n), (pasps)) = {(on, 0f [), (of f,on)}

(e) (e transition) At any time, a process may transition from of f state to on state.

It is clear that the size of the non-deterministic asynchronous automaton is 2n

Some lemmas are required to prove £L(N,) = Path,,
Lemma 5.1.1. If a global state g of N,, has v many processes in on local state, then for every
u € ¥*, a global state in A(g,u) has at least v many states in on local state.
Proof. Proof by induction on length of w.

True if len(u) = 1.

Assume true if len(u) = k. Prove true for len(u) = k + 1.

Let u = v.a for some v € ¥* a € ¥. By the induction hypothesis, A(g,v) is a subset
of the set of global states with at least v many processes in on local states. Invoking
the fact that the lemma is true for len(u) = 1, it can be shown that A(¢” € A(g,v),a)
has at least v many processes in on local states. This in turn means that all states in
A(A(g,v),a) = A(g,w) have at least v many processes in on local state. O
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Corollary 5.1.2. If a global state g of N,, has 2 or more processes in on local state, then g is
such that for all u € ¥*, A(g,u) € F.

Theorem 5.1.3. L(N,,) = Path,

Proof. (Path,, C L(N,))

This is easier than the other part. Let u = (pa,, s, )---(Pay,, Pb,,) € Pathy,. u € L(N,) by
following the following steps.

1. At the beginning, use e-move to turn p,, on
2. Atany z € [1...m],

- Case 1- if state of p,, = on and state of p,. = of f, then transition
i. (on,off)— (on,of f)ifa. € {a., b}
ii. (on,off)— (of f,on)ifa, ¢ {a.,b.} and b.,; € {a.,b.}

- Case 2- if state of p,. = of f and state of p,, = on, then transition
i (of f.on) = (on,of f) if azs1 € {a.,b.)
ii. (of f,on) — (of f,on)ifa,4 ¢ {a.,b.} and b, € {a,,b.}

- Case 3- Another case won’t happen due to design

It can be proved that following these rules will lead to an accepting state. The idea is
to do an ¢ move to turn on the process participating in first letter of string. Then during
every transition, the participating process which is involved in the letter must be turned
on. If both are involved in next letter, then a tie-breaker is used to decide which one to
turn on and which one to turn off.

(L(N,) C Pathy,)
Let u = uy...u;, € X%, but not in Path,,.

Let D C [2...k] be the set of indices such that dom(u;—1) N dom(u;) = 0. Let h be the
infimum of the set.

There are 3 cases about g € A(Qo, uy...up—1)
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- Case 1- If ¢ € A(Qo,u...up—1) has 2 or more processes in on local state. By 5.1.1,
A(g,up...u;) will have more than 1 processes in on local state. Hence, A(g, u...ux) ¢ F

- Case 2- If g € A(Qo, uy...u;—1) has only 1 process in on local state.

- SubCase 1- The process in on local state in global state g is in dom(uy_;). This means
that both processes in dom(u,) are in of f state in g. This means that for all ¢ €
A(g,uyp,) at least 2 processes are in on local state. (if ¢ move is used before u;, move,
at least 2 processes will be in on local state and if ¢ move is not used before u; move,
at least 3 processes will be in on local state). By previous lemma, this means that
A(A(Qo, ur-.up), upy1.up) = A(Qo,u) & F

- Subcase 2- The process in on local state in global state ¢ is in dom(uy). This means
that both processes in dom(u;,_,) are in of f local state. This will cause atleast 2 on
processes to be in on state.

- Case 3-If g € A(Qo,uy...up—1) has 0 processes in on local state. This is not possible as u;
transition has already happened. At least 1 process must be on.

Hence, L(N,,) C Path,. Hence L(N,)) = Path,

5.1.2 Lower Bound for e-Non-Deterministic Asynchronous Automaton

Theorem 5.1.4. A lower bound for e-Non-Deterministic Asynchronous Automaton accepting
Path,, is 2n — 1 (for n > 4)

Proof. Assume there exists a e-Non-Deterministic Asynchronous Automaton
N = {{Sp}pep, (£,0),Qo, I, A} accepting Path,, with size less than 2n — 1. This means that
at least 2 processes, say p; and p;, have at most 1 states.

Let v = uy...ux, € Path, such that dom(ux) N {p;, p;} = 0. Such a u exists as n > 4.

A(Qo,u) = A(Qo, u(p;, p;)) because p;, and p; cannot change state. Hence, A(Qo, u(p;, p;))
is accepted by N. This is a contradiction to that fact that L(N) = Path,, as u(p;,p;) ¢
Path,,. Hence lower bound. O
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5.2 Register Asynchronous Automata

A register asynchronous automaton can be thought of as an asynchronous automaton with
a global register. Whenever a set of processes participate in an event, they can change
what is written in the register.

The following text will show that there exists a register asynchronous automaton of size
polynomial in number of processes for Path,. If one can show that there exists an algo-
rithm converting register asynchronous automaton of size N to asynchronous automaton
of size P(N) for some polynomial P, then there exists an asynchronous automaton accept-
ing Path,, without exponential blowup by number of processes.

Definition 5.2.1. A register asynchronous automaton is a tuple
{Splper, A (1S x B x X)) = (I15, x &), Qo, Fo, (X,0)} where

peP peP
1. S, is the set of local states of process p
2. (%,0) is input distribution
3. Y is the register alphabet. B € Y.

4. Qo € [] 5, is the initial global state

peP

5. F'C [] S, are the final global states
peEP

6. Initially, register is filled with empty symbol B.

A is defined like the asynchronous case. A, C ([[S, x £ x ¥') x ([[ S, x ') where

pEP pEP
P =loc(a).
(1 n, f € X)), 0, (q)..q,, f € X)) € Aif

1. for loc(a) = {ir...ix}, ((qiy--Gips £), (@h, -G, 5 f1) € Da

2. fori ¢ loc(a),q; = ¢

Unless mentioned otherwise, we consider deterministic register asynchronous automa-
ton. Size of register asynchronous automaton is sum of local processes.
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5.2.1 Upper Bound for Minimal Register Asynchronous Automaton
for Path,,

1. S, = {on,of f} for all processes p
2. Y is the same as for Path,

3. Y =% U{B}

4. Qo = (on,on...on)

5. F' = (on,on...on)

From this information, it is clear that the asynchronous automaton is has size 2n where
n is the number of processes.

Now A, »,) will be defined.

L A(Pmpg)(onv on, f = (pa,p)) is equal to

@ (on,on, f = (pi,p;)) if {a, 0} N {3, 5} #0
®) (off,of f, f = (pi,p;)) if {a,b} N {i,j} =0

2. A, py (switchy, switchy, f = B) = (on,on, f = (p;, p;)) for any values of switch, and
switchy- on or of f.

3. A,y (switchy, switchy, f = s € ') = (of f,of f, f = (pi,p;)) (Where switch; or
switchgy is of f.

This register asynchronous automaton accepts Path,,.

5.2.2 Lower Bound for Register Asynchronous Automaton

Theorem 5.2.1. 2n—1 is a lower bound for size of register asynchronous automata accepting
Path,,. (forn > 4)
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Proof. Assume not. There exists a register asynchronous automaton A accepting Path,,
with size 2n — 2 or less. Let ¢q be the initial state of .A. This means that at least 2 processes,
say p; and p; have 1 local state. Consider a word u = uy...u;, € Path,, such that p;,p; ¢
loc(ug). Such a u exists for n > 4.

Consider the word ' = w.(p;,p;). v ¢ Path,. But, since p; and p; have only 1 local

state each, A(qo,u) = A(qo,v). Hence, u € Path, if and only if ' € Path,. This is a
contradiction.

Hence, the lower bound for register asynchronous automata accepting Path,, is 2n — 1
(for n > 4).
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Chapter 6

Asynchronous Automaton Accepting to
Locally Rejecting One (for Pathy,)

In this chapter we prove that there exists an algorithm converting any asynchronous au-
tomaton accepting Path,, to a locally rejecting asynchronous automaton accepting Path,,.

If there exists a polynomial space algorithm converting any asynchronous automaton
accepting Path, to a locally rejecting asynchronous automaton accepting Path,,, the con-
jecture will be proved to be false.

A rough proof for the above statement is given. Assume there exists a polynomial space
algorithm converting any asynchronous automaton accepting Path,, to a locally rejecting
asynchronous automaton. Let P be the polynomial of the algorithm such that if input
asynchronous automaton is of size z, then size of resulting locally rejecting asynchronous
automaton is less than P(z). We know that P(x) has exponential blow-up. Hence,  must
also have exponential blow-up.

6.1 Exploiting Properties of Primary Graphs

This idea exploits the fact that for every process p € P, if pref,(u) € pref(Path,), then
during the transition of gossiping automaton on pref,(u), the primary graph of p is always
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non-branched- i.e. the graph is a total order. The moment the primary graph is branched,
issues arise.

Definition 6.1.1. A ordered set (.S, <) is said to be a linear ordered set if

1. Vs,s € S;s < ¢
2. s <, s < §" implies s < §”
3. s£s

Lemma 6.1.1. Yu € Path,, the trace of u, (€., <., \.) is a linear ordered set.

Proof. Proof by induction on length of w.
For length=1, true
Induction Hypothesis- True for length=m
Prove true for length=m + 1
Let u.a € Path,, such that len(u) = m. len(u.a) = m + 1.

Consider traces T, = (&4, <u, ) and Ty = (Eua, <ua, Mua) Of u and ua respectively.
Event corresponding to last a in T, is e,.

Let e be the maximum element in (&£,, <,) (maximum element exists as &, is finite and
T, is linear ordered set by induction hypothesis). A(e) = (p,,p,). By definition of Path,,
a = (pa, py) such that {x,y} N {a,b} # 0.

Hence, since T,,, is a trace, e <,, e,. Hence, linear ordered set.

Consider the Gossiping automaton for Path,,’s distribution from [2].

Let TS, be the set of states of process p in the Gossiping automaton.

An = ((5p)per, 0, g0 = (59,89, ..., %), f) is an asynchronous automaton accepting Path,,
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Definition 6.1.2. OS(((Sl, TSl, ll), (SQ, TSQ, ZQ), ey (Sn, TSn, ln)) S H Sp) = (31, So, ...

Construct B,, = ((Sp)pepr, A, Qo, I') such that

1. S, = 5,xTS,x{good, bad}. The idea is to ensure that if pre f,(u) is not in pre f (Path,,),

then p goes to a bad-state.

2. Qo = ((s%,®,,,g00d), s, ®,,, good), ..., s°, @, , good) where ®, is the initial state of

ceey Om

process p in the Gossiping Automaton.
3' F = {<(Sp1 ’ TSP] ? QOOd)7 (SPQ’ TSP27gOOd)7 ) (Spn’ TSPn? gOOd))|(Sp] ) SPZ’ ) spn) € f}
4. R, =s, x TS, x {bad}

5. A(Q = ((81, TSl, ll), (32, TSQ, lg), e (Sn,TSn, ln)), a e E) =
(41, TS!, 1), (2, TS}, 03), oy (£, TS" 0)) where

(@ (t1,t2, .. tn) = 0((81, S2, ..., Sn), @)
(b) T'S!is the updated gossiping information from 7'S;
() o;is
i. bad if
A. I is bad for some k € loc(a) OR
B. primary graph of T'S}, is not a linear ordered set for any k € loc(a)
ii. good if
A. i is good for all k € loc(a) AND
B. primary graph of T'Sj. are linear ordered sets for all k& € loc(a)

) STL)
pEP

Lemma 6.1.2. Vu € ¥*, OS(A(Qo, u) = d(qo, u)

Proof. The proof follows from induction on length of .

To talk about ‘locally rejecting’ asynchronous automaton, ‘locally rejecting’ states of

processes must be defined. The following definitions define a set of states called BAD.
It will be proved that for each process, the set of states BAD will be the set of locally

rejecting states.
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Definition 6.1.3. .
1. For a global state ((s1,TS1,11), (s2,TS2,12), ..., (Sn, T'Sn,1n)), l; is the active label of
process p;.

2. BAD is the set of global states where at least one process has active label as bad

Lemma 6.1.3. .
1. If active label of process p is bad, then the active label of p will always be bad in future.
2. For all u € Path,, such that v = v.w, then v,w € Path,,
3. If v’ € pref(Path,,) then v’ € Path,,
4. For all w € Path,,, pref,(u) € Path,

5. For every u € Path,, for every p € P active primary graph in A(Qo,u) is a linear
ordered set

6. pref(Path,) = Path,

Proof. We prove each point.

1. The proof follows from definition of transition function.

2. The proof follows from the definition of Path,,.

3. The proof follows from the definition of Path,,.

4. Since T, is a linear ordered set, pref,(u) is a prefix of u. Hence, pref,(u) € Path,,.

5. Primary graph p is a restriction of of 7,,. By previous lemma, 7, is a linear ordered
set. hence, primary graph of is a linear ordered set.

6. By previous point in this theorem, pref(Path,) C Path,. Path, C pref(Path,,) as
each string u € Path,, is its own prefix
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Lemma 6.1.4. Yu € Path,,, A(Qo,u) ¢ BAD

Proof. Assume A(Qo,u) € BAD. There exists u' = u}, u, ..., u., prefix of u such that

1. A(Qo, ') € BAD AND

2. A(Qo,u") ¢ BAD for all prefixes u” of v'.

By definition of A, for some process p; € loc(u,), g; was not a linear ordered set.
But, by previous lemma, «' € Path,. But, since «' is a prefix of u, v’ € Path,, by the

previous lemma. Hence by previous lemma, for all processes p;, g5, is a linear ordered set
in A(Qo, ). This is a contradiction.

Hence, our assumption is wrong. O

Theorem 6.1.5. £(B,) = Path,

Proof. (L(B,) C Path,)

Say u ¢ Path,,. This means that OS(A(Qo, u)) ¢ f. Hence, by definition of /), A(Qo, u) ¢
F. Hence L(B,,) C Path,

Say u € Path,. This means that OS(A(Qo, u)) € f. By previous lemma, active labels of
A(Qo,u) are good. Hence, by definition of ), A(Qq, u) € F. Hence, Path,, C L(B,).

This means Path,, = L(5,,) O
Lemma 6.1.6. Let T = (£,<,\) be a trace. Let e,e¢’ € £ such that e < €. If active label of
processes in dom(e) are bad, then active label of processes in dom(e’) is bad.

Proof. By the fact that e < ¢, there exists p € dom/(e),dom(e’). Since active label of p is bad

at event e, all processes in dom(e’) must mark their active label as bad at event ¢'. 0

Corollary 6.1.7. Let T' = (£, <, \) be a trace. Let e, e’ € £ such that e < €. If active label of
processes in dom(e) are bad, then active label of processes in dom(e’) is bad.
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Theorem 6.1.8. u € X* is such that active label of p in A(Qy,u) is bad if and only if
pref,(u) & pref(Path,) = Path,
Proof. (=)

Assume active label of p in A(Qo, u) is bad but pref,(u) € pref(Path,) = Path,,. But
by previous lemma, if pref,(u) € pref(Path,), then pref,(u) € Path,,. By another lemma,
A(qo, prefy(u)) ¢ BAD. This is a contradiction

(<)

Case 1-len(pref,(u)) = 0. Trivial done as p starts out with good label

Case 2-len(pref,(u)) > 0.

Let pref,(u) ¢ pref(Path,) = Path,. Hence, pref,(1,) = w.(ps, py)(Pc, pa).v such that
{z,y} N {c.d} = 0 and w € Path,, (This is the first instance of mistake in pref,(7,). In T,
the event corresponding to this particular (p,, p,) is e and to this particular (p., pq) is €.

Let h be the smallest event in d,(T;,) s.t e,e’ < h. Let dom(h) = {q,¢'}.

Proposition 6.1.9. At least one of the following statements hold

1. latest,,, and latest,,,. are incomparable in T, in | h(T,)
2. latest,,,, and latest,_,,, are incomparable in | h(T,)
3. latestq,y,, and latest,_,,, are incomparable in | h(T,)

4. latest,,,, and latest,_,,, are incomparable in | h(T,)
(proved later) (| h(T,) is the ideal generated by h in T,)

This proposition implies primary graph of processes after transition of / is not a linear
ordered set. This implies Vzr € dom(h), active label of 7 is going to be bad from now on.

By definition of 0,(7,), max,(1,,) > h. From previous lemma, active label of p in
maz,(T,) = bad. Hence, states with active label 'bad’ is locally rejecting state of every

process in the locally rejecting asynchronous automaton.
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Proof of the proposition

Proof. (of the proposition)
1 h(T,) the ideal generated by h.

Assume that none of them hold

1. latest,,, (I h(13,)) and latest,,. (1 h(T,)) are comparable.

e < latest,,, (I h(T,)) < hand ¢ < latest,, (| h(T,)) < h.

— Case 1: latest,p, ( h(Ty)) > latest,p, (1 h(Ty))
e <latest,, (4 h(T,)) < latest,—,, (} h(Ty)) < h

This means e, e’ < latest,,, (I h(T,)) < h. Due to minimality of h, latest,,,, (|
h(T,)) = h. Hence p, € dom(h)

— Case 2: latest,p.( h(Ty)) > latest,,, (4 (T, ))
e <latest,,, (} M(T)) < latest,p, (L h(T,)) <

)
This means e, ¢’ < latest,,. (} h(T,)) < h. Due to minimality of h, latest,,,. (]
h(T,)) = h. Hence p. € dom(h)

— Case 3: latest,p, (I h(T,)) = latest,, (I h(T,)) This means e, e’ < latest, ., (|
h(T,)) = latest,—,. (I h(T,)) < h. Due to minimality of h, latest,_,, (I h(T.)) =
latest, . (1 h(T,)) = h. Hence, p,, p. € dom(h)

2. latest,,,, (1 h(T,)) and latest,,,, (| h(T,)) are comparable.
Just like the previous point, this implies that either p, or p, or both are in dom(h)

3. latest,_,, (I h(T,)) and latest,,, (I h(T,)) are comparable. Just like the previous
point, this implies that either p, or p. or both are in dom(h)

4. latesty,y,, (1 h(Ty)) and latest,p, (1 h(T,)) are comparable

Just like previous point, this implies that either p, or p. or both are in dom(h)
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So, for all to hold, one of the possible conditions must hold

— D, py € dom(f) OR

— Pe,pa € dom(f) OR

~ Dz, Py Pe; Pa € dom(f) OR
— P, Py, Pe € dom(f) OR

= Dus Dy, Pa € dom(f) OR

— Py, Pes Pa € dom(f) OR

— DasDe Da € dom(f)

|dom(h)| < 2 by definition of (X, §)
Hence, last 5 options are not possible.
Pu, Dy € dom(h) <= A(h) = (pa, py)-

Pes Pa € dom(h) <= A(h) = (p., pa) by definition of (3, 0).

— Case 1:A\(h) = (pu, y)

Consider path p from €’ to h. Since dom(e’) N dom(h) = (), there is p,-event or p,-event

apart from h in the p. Call this event 7.

¢/ < n by definition of p. Since for all p € P, p-events are totally ordered, e < n. Hence
h is not minimal. This is a contradiction

— Case 2:\(h) = (pe, pa)

Same reasoning ensures a contradiction

Hence, no possible conditions hold.

Hence, primary graph at / is not linear ordered set. Hence, active label of h-processes

is bad. Hence, by previous lemma, active label of max,(T,) = bad O
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Chapter 7
Conclusion

The exponential blow-up in [2][3][4] is caused by the use of gossiping automaton. The
thesis proved that register and e-non-deterministic asynchronous automata can be con-
structed with polynomial size for Path,,. The register and e-non-deterministic asynchronous
automata did not ‘avoid’ solving the gossiping problem. In fact, the register and non-
determinism was used to handle primary information in some sense. The register was
used to keep track of the previous input letter. The non-determinism was used to guess the
next input letter.

The necessity of gossiping problem to create asynchronous automata has not been
proved. The necessity of the gossiping problem can arise when the accepting condition
on a word is related to properties of the word’s trace. A great example is Path,,. A word in
Path,, is accepted if and only if the trace is a path. If a language is defined based on prop-
erties of primary graphs of processes, then the accepting asynchronous automaton might
need to solve gossiping problem. (Please note that every process has a primary graph
during computation whether or not the process is designed to compute or store it)

It is not proved that a gossiping automaton can be constructed with size polynomial
in number of processes. Believing that a gossiping automaton can be constructed with
polynomial size in processes is difficult.

If there is a polynomial space algorithm changing a register asynchronous automaton
into an asynchronous automaton accepting the same language, then the conjecture will be
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proven false. However, this does not seem to be feasible.

Converting NFA to DFA has exponential blow-up. Hence, conversion of e-non-deterministic
asynchronous automata to asynchronous automata has exponential blow-up.

Converting an asynchronous automaton accepting Path,, to locally rejecting asynchronous
automaton accepting Path,, in polynomial space is difficult. The culprit is the gossiping
automaton. Each process must have good amount of information about its primary graph
before locally rejecting. A process can only locally reject if its primary graph is not linear.

Creating a gossiping automaton with size linear in number of processes might prove
the conjecture.
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